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Abstract

We study the Schr�odinger-Poisson (SP) method in the context of cosmological large-

scale structure formation in an expanding background. In the limit ~ ! 0, the SP

technique can be viewed as an e�ective method to sample the phase space distribu-

tion of cold dark matter that remains valid on non-linear scales. We present results

for the 2D and 3D matter correlation function and power spectrum at length scales

corresponding to the baryon acoustic oscillation (BAO) peak. We discuss systematic

e�ects of the SP method applied to cold dark matter and explore how they depend

on the simulation parameters. In particular, we identify a combination of simulation

parameters that controls the scale-independent loss of power observed at low redshifts,

and discuss the scale relevant to this e�ect.
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1 Introduction

The Large-Scale Structure (LSS) of the universe is a powerful cosmological probe,

with current data from galaxy surveys becoming competitive compared to Cosmic

Microwave Background (CMB) measurements [1] for certain parameters within the

standard �CDM model, and also providing complementary information compared to

the CMB in extended cosmological models [2{6]. During the next decade an even

higher level of precision around the Baryonic Acoustic Oscillation (BAO) peak will be

reached with ground- and space-based surveys including Euclid [7], DESI [8], PFS [9]

and LSST [10].

In view of the exquisite observational precision of future surveys, at or below the

percent level for many LSS observables, it is timely to scrutinize existing frameworks

that are used to obtain theoretical predictions and also explore alternative approaches.

Focusing on dark matter clustering, the standard technique based on N -body simula-

tions [11, 12] is being pushed to higher volumes and resolution, and re�ned in order to

increase the level of precision. Nevertheless, reaching percent accuracy with acceptable

computational e�ort is not a trivial task [13]. The major alternative are well-known

perturbation theory techniques and variants thereof [14{23], as well as e�ective de-

scriptions such as the halo model [24].

The various approaches may be regarded as di�erent methods of sampling the

phase space distribution of dark matter, and obtaining (approximate) solutions of the

Vlasov-Poisson equations that describe its evolution. Inevitably, each method has

its advantages and disadvantages. The collisionless uid approximation breaks down

after shell-crossing, but works well in the weakly non-linear regime. N -body simu-

lations capture non-linear scales and sample regions of high density very well. This

is advantageous for studying, for example, dark matter halo properties and statis-

tics. Nevertheless, low-density regions are poorly sampled, while being interesting for

probing e.g. modi�cations of gravity [25, 26] and neutrino masses [27]. Furthermore,

reconstructing higher moments of the distribution function, including the velocity di-

vergence and vorticity as well as the velocity dispersion tensor, requires to go beyond

the standard N -body method [28{30]. As a matter of principle, it is therefore desirable

to investigate alternatives to the N -body technique.

One such alternative is provided by the Schr�odinger-Poisson framework. This

approach is commonly considered in the context of \fuzzy" dark matter (FDM) { an

axion-like bosonic particle with mass m � 10�22eV [31] { that has a macroscopic de

Broglie wavelength ~=mv of the order of kpc scales, leading to a variety of distinct

observational signatures, see e.g. [32]. On cosmological scales, FDM is described by

a condensate, that, in the non-relativistic limit and when neglecting any interactions

apart from gravity, obeys a Schr�odinger equation governed by the gravitational poten-

tial that is self-consistently determined from the wave-function.
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As proposed already by Widrow and Kaiser [33], the Schr�odinger-Poisson (SP)

system can also be viewed as a technique to sample the phase space distribution of cold

dark matter, with a coarse-graining in phase space determined by ~=m. In this case,

~=m plays a role similar to the number of particles N in a N -body simulation, and in

the limit ~=m! 0 one expects to recover a solution of the full Vlasov-Poisson system.

This expectation has been scrutinized and con�rmed analytically and numerically in

various setups [34{41]. Here, a key point is that the SP system for the wave-function

is solved directly, which, in contrast to the uid-like Madelung representation, is free

of singularities for any value of ~=m. A conceptual advantage of the SP method is

that the coarse-grained six-dimensional phase space can be sampled with only two

real-valued, three-dimensional functions (i.e. the real and imaginary part of the wave-

function). Nevertheless, the SP method remains valid after shell-crossing and can

capture the complex features of the distribution function on non-linear scales. It is

therefore particularly interesting for investigating higher moments of the distribution

function [36, 37], and addressing questions like vorticity generation [37, 38, 40, 41].

In this work, we discuss several systematic e�ects that control the accuracy of

the SP method when applied to cold dark matter clustering on cosmological scales in

an expanding background. We investigate how they depend on the box size L of the

simulation volume, the number of points N in each spatial dimension, the time step,

as well as the coarse-graining parameter ~=m, and scrutinize the problem of amplitude

loss [40]. The structure of the article is as follows: In section 2, we set up our notations

for the SP system and briey review how the uid, N -body and SP methods sample

the phase space distribution. In section 3 we provide details about the numerical im-

plementation. Section 4 explores systematic e�ects in two dimensions, and in section 5

we comment on the three-dimensional case before concluding in section 6. The appen-

dices contain comments on the convergence of the SP code, the energy conservation

test, the initialization redshift, the computational time and the convergence in the

one-dimensional case.

2 Sampling Vlasov phase space

The phase space distribution f(x;p; �) for collisionless cold dark matter obeys the

Vlasov equation [15]

df

d�
=
@f

@�
+

pi
am

@f

@xi
� amriV �

@f

@pi
= 0 ; (2.1)

where � is the conformal time, x are comoving coordinates, and the gravitational

potential V for modes deep inside the horizon is given by the Poisson equation

�V = 4�Ga2 ��(�) �(x; �) ;

∫
dDp

(2�)D
f(x;p; �) = 1 + �(x; �) : (2.2)
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Here D denotes the number of spatial dimensions, � = r2 is the D-dimensional

Laplace operator with respect to comoving coordinates, ��(�) the average matter den-

sity, and �(x; �) = �(x; �)=��(�) � 1 the density contrast. The Vlasov equation (2.1)

is a non-linear partial di�erential equation in 2 �D + 1 dimensions, and hence quite

hard to solve directly.

In the following sections we briey review how the phase space distribution f is

described in the uid approximation (section 2.1), in N -body simulations (section 2.2),

and via the Schr�odinger-Poisson system (section 2.3). We stress again that in the limit

~ ! 0, the SP method should be regarded as an alternative method to sample the

(coarse-grained) phase space distribution of cold dark matter, rather than a dual to

the uid system [33, 34, 36{38]. In particular, the map between the uid and the

SP description through the Madelung representation contains singularities in the limit

~ ! 0 and fails after shell-crossing. While the uid approximation breaks down, the

SP system is free of singularities also after shell-crossing.

2.1 Euler-Poisson (EP)

The Vlasov equation can be converted into a coupled set of equations for the cumulants

of the phase space distribution in momentum space. The generating function for the

cumulants is given by

exp [C(x; l; �)] �
∫

dDp

(2�)D
exp

[
il � p

am

]
f(x;p; �) : (2.3)

The lowest order cumulants are related to the density contrast �, the bulk velocity �eld

u and the velocity dispersion �ij by

Cjl=0 = ln(1 + �); rlCjl=0 = u; rlirljCjl=0 = �ij : (2.4)

The Vlasov equation (2.1) yields the equation of motion for the generating function [42]

@C
@�

+ aH(l � rl)C +rC � rlC + (r � rl)C = �l � rV : (2.5)

By Taylor expanding in l one obtains a coupled hierarchy of equations for the cumu-

lants, with the lowest two being the familiar continuity and Euler equations [15]

@�� = �r � [(1 + �)u] ; (2.6)

@�ui + aHui + (u � r)ui = �riV �
1

1 + �
rj[(1 + �)�ij] : (2.7)

The Euler equation depends on �ij. Its equation of motion is obtained from the second-

order Taylor expansion of (2.4), and in turn depends on the third cumulant due to the

last two terms on the left-hand side of (2.4). Proceeding further, one obtains a coupled

hierarchy of equations for the cumulants.
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The perfect pressureless uid (PPF) approximation corresponds to neglecting �ij.

The perturbative solution of the continuity and Euler equations leads to the well-known

Standard Perturbation Theory (SPT). In terms of the generating function, the perfect

pressureless uid approximation corresponds to the ansatz C = A+ l �B, with a linear

dependence on l. It can be readily checked that this ansatz indeed provides a self-

consistent solution of (2.4), and therefore of the full Vlasov equation. This particular

class of solutions corresponds to the phase space distribution given by a D-dimensional

hypersurface in 2D phase space,

fPPF (x;p; t) = (1 + �(x; �))(2�)D�(D)[p� amu(x; �)] ; (2.8)

that describes a single stream of dark matter particles. Therefore, the PPF approxi-

mation has to break down once shell-crossing occurs. Formally, the density contrast

would become singular at the space-time location of the �rst shell-crossing within the

PPF approximation, such that the PPF solution of the full Vlasov equation cannot

be continued to later times. Instead, non-zero velocity dispersion �ij as well as higher

order cumulants are generated in regions with multiple streams. For realistic initial

conditions, shell-crossing occurs �rst on the smallest scales, while larger scales are still

close to the single-stream regime. This motivates the E�ective Field Theory (EFT)

approach that consists of a uid description for large-scale modes, complemented with

an e�ective expression for �ij on the right-hand side of the Euler equation. At low-

est order, the e�ective velocity dispersion tensor can be parameterized by an e�ective

pressure and viscosity as well as possibly a stochastic noise component [18, 43{45]. For

an approach using a truncation of the hierarchy at the third order, see [46].

2.2 N-body

TheN -body simulation technique can be regarded as a sampling of the 2�D-dimensional

dark matter phase space distribution with discrete point particles with mass m. For a

simulation with comoving box size L and with Nbodies particles, the mass of the hypo-

thetical point particles is chosen such that mNbodies=L
D = ��(t)aD. The corresponding

Klimontovich phase space distribution has the form

fK(x;p; �) =
m

��

Nbodies∑

i=0

�(D)[x� xi(�)] (2�)D�(D)[p� pi(�)] : (2.9)

It is expected to approximate the continuous phase space distribution f in the limit

Nbodies ! 1. By construction, the resolution of fK is higher in the densest regions

but very poor in void regions. This sampling is advantageous when studying the

distribution and properties of dark matter halos, but makes it more challenging to

reconstruct, for example, the velocity �eld or the velocity dispersion. In addition,

warm dark matter models with a suppressed linear power spectrum are challenging

4



due to arti�cial structures on small scales related to the discreteness of the phase

space sampling [47]. For an extension of the N -body technique based on phase space

interpolation, see refs. [28{30].

2.3 Schr�odinger-Poisson (SP)

The Schr�odinger equation

i~@� = � ~2

2am
� + amV  ; (2.10)

with the potential given by

�V = 4�G��(�)a2(j j2 � 1) ; (2.11)

describes a classical bosonic condensate interacting through gravity. One can also think

of this condensate as a superuid, mapped by the Madelung representation

 =
p

1 + � ei�=~ ; (2.12)

such that the density (normalized to the average density) is given by �=�� � j j2. The

phase � represents a velocity potential, with bulk velocity given by u � r�=(am).

From this de�nition, one �nds

u =
i~

2(1 + �) am
[(r �) � (r ) �] ; (2.13)

and we can recover the uid equations:

@�� = �r � [(1 + �)u] ; (2.14)

@�u + aHu + (u � r)u = �rV +
~2

2a2m2
r
(

�
p
�

p
�

)
: (2.15)

The last term is often called \quantum pressure" and is not present in the perfect

pressureless uid equations described in section 2.1. This term { at least at linear order1

{ prevents structure formation at very small scales. Comparing to the gravitational

force term, this corresponds to a (comoving) Jeans scale [31, 48] (see also [32])

kJ =
2(�G��a2)1=4(am)1=2

~1=2
= (6
m)1=4

√
a2Hm

~
: (2.16)

This can be understood as a consequence of the Heisenberg uncertainty principle, in

which at physical (not comoving) scales smaller than
√

~=(mH) the velocity dispersion

increases. This e�ect in our result will become evident in section 4.1.

1At higher orders in wave-perturbation theory, the quantum pressure can act with the same sign

as gravity [40].
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Using the Madelung transformation (2.12), one may be tempted to claim that

the usual PPF uid equations are recovered in the limit ~ ! 0. This a�rmation is

somewhat simplistic, since the Madelung transformation leads to singularities in the

limit ~! 0 and an ambiguity as �! 0. Typically, the wave-function develops strongly

oscillatory features shortly after shell-crossing, including space-time points where both

the real and imaginary parts vanish such that � ! 0. This implies that the mapping

of the wave-function to a uid description becomes ambiguous after shell-crossing.

However, this does not a�ect the description based on the wave-function  , which

remains valid throughout the shell-crossing regime.

We adopt here the point-of-view that the SP system is not a dual of the uid

model but an alternative method for sampling the (coarse-grained) phase space of dark

matter [33, 34, 36{38]. The properties of the SP method for this purpose are di�erent

from the characteristics of the EP or N -body approach, as we discuss below, and may,

therefore, allow to address di�erent questions compared to conventional techniques.

When employing the SP method to describe cold dark matter, the value of ~ should

be regarded as an e�ective parameter that controls the resolution in phase space. In

this sense, ~ is on the same footing as the parameters that are related to the discrete

sampling in N -body simulations (i.e. the N -body particle mass m and force softening

length; these parameters are not required for the SP method).

To simplify the notation hereafter, we de�ne a rescaled potential and a parameter

� that is related to the Jeans scale (2.16) [36],

�(t) =
~

a2mH(t)
and �V =

mV

~H
: (2.17)

Furthermore, for simplicity, we assume a background cosmology described by a matter-

dominated universe, with �� = �0=a
3 and Friedmann equation

H2 =
8�G

3a3
�0 : (2.18)

Changing the time variable to � = ln a, we can write the Schr�odinger and the Poisson

equation as

i@� = ��(�)

2
� + �V  ; (2.19)

� �V =
3

2�(�)
(j j2 � 1) : (2.20)

The cosmic background expansion enters only via the time-dependence of �. Note that

a static background could be described by the same set of equations, with constant �.

In the case of a matter-dominated universe one �nds

�(�) =
~
m

1

a2H(�)
=

~
mH0

1

a1=2
=

~
mH0

exp (��=2) ; (2.21)

where �0 is the value of � today. Notice that ~ enters explicitly only via �.

6



Reconstructing the phase space in SP

In order to reconstruct the phase space density distribution from the wave function,

one can perform a Wigner transformation

fW (x;p; �) =
1

(�~)3

∫
d3x0 exp

[
2
i

~
p � x0

]
 (x� x0; �) �(x + x0; �) : (2.22)

Since the Wigner phase space distribution can assume negative values and features

oscillations on ~ scales, its relation with the classical (Vlasov) distribution function is

de�cient [34]. One can instead �lter both classical and Wigner distribution functions on

these scales, making the correspondence of the coarse-grained versions in phase space

evident [49]. This is equivalent to eliminating quantum uncertainties (see e.g. �gure 1 of

[49]). By convoluting the Wigner distribution with a Gaussian kernel in both position

and momentum space, with widths �x and �p, respectively, one obtains a non-negative

result if �x�p � ~=2. If this inequality is saturated, the coarse-grained distribution

function can be constructed in a simpler way via the Husimi transformation

 H(x;p; � ;�x) =

∫
dDyKH(x;y;p;�x) (y; �) ; (2.23)

with the kernel

KH(x;y;p;�x) =
exp

[
�jx�yj2

4�2
x
� ip�y

~

]

(2�~)
D
2 (2��2

x)
D
4

; (2.24)

such that the �nal distribution is given by

fH(x;p; �) = j H j2 ; (2.25)

which is non-negative by construction.

3 Numerical implementation

In this section, we discuss the algorithm used to solve the SP equations and for setting

up the initial conditions. After studying the impact of the initial redshift, we discuss

the evolution of the density �eld and the power spectrum in 2D.

3.1 Initial conditions

For setting up the initial conditions for the wave function  we use the Madelung

representation (2.12), which is valid up to shell-crossing and should be broken only

at low redshifts for the scales resolved in our simulation. The complex phase � is set

by the velocity potential (2.13). To set its initial condition, we use the Zel'dovich

approximation [50]
�

~
= � �

��
: (3.1)

7



To reduce cosmic variance, we initialize the density contrast � with the absolute value

given by the square root of the power spectrum [51], and a random phase �,

�(k) =
√
P (k)LDei�(k) : (3.2)

For the initial conditions in the 1D and 2D cases we de�ne

P1D =
k2

2�
P3D and P2D =

k

�
P3D ; (3.3)

where P3D denotes the linear power spectrum for a �CDM cosmology generated by

Boltzmann solvers like CAMB [52] or CLASS [53]. The de�nition above ensures that

the (n-th) direction-independent moments of the power spectrum are the same in the

di�erent dimensions
∫ 1

�1

dk

(2�)
kn P1D =

∫
d2k

(2�)2
kn P2D =

∫
d3k

(2�)3
kn P3D : (3.4)

With this normalization, the BAO peak in the linear correlation function has compa-

rable numerical values in the case of 1D, 2D and 3D. For the linear input spectrum,

we used a �CDM cosmology with parameters as in [54]. The D-dimensional matter

correlation function is then given by

�(x) =

∫
dDk

(2�)D
eix�kP : (3.5)

Explicitly, for 1D, 2D and 3D in the isotropic case one �nds

�1D(x) =

∫
dk

(2�)
eixkP1D ; (3.6)

�2D(x) = 2�

∫ 1

0

dk J0(xk)kP2D =
1

(2�)2
H0[P2D] ; (3.7)

�3D(x) =
2

(2�)2

∫ 1

0

dk
sin kx

kx
k2P3D = � 1

(2�)2

1

x
ImfFT(kP3D)g ; (3.8)

where J0 is the zeroth Bessel function and H0 is the Henkel transform of zeroth order.

3.2 SP algorithm

In this section, we explain the numerical algorithm used for solving the Schr�odinger-

Poisson equations. The time evolution in terms of the (time-ordered) Hamiltonian

operator H = ��
2
� + �V is given by

 (x; � + ��) = T e� i
~
∫ η+∆η
η H d� (x; �)

= T e�i
∫ η+∆η
η (�κ2 � + �V  )d� (x; �) ; (3.9)

8



where T denotes time-ordering. Before proceeding, it is convenient to remove the time

dependence in the kinetic term by changing to a new time variable s that is de�ned via

d�=ds = �. Next, for a small time step �s, this can be written in term of the rotation

operators (using leapfrog integration)

 (x; s+ �s) = UK(�s=2)UV (�s)UK(�s=2) (x; s) ; (3.10)

where we de�ned

UK(�s) = exp

(
� i

2
�s k2

)
; (3.11)

and

UV (�s) = exp

(
�i
∫ s+�s

s

( �V =�) ds

)
: (3.12)

The leapfrog integration produces in principle an error of order [UK ; [UK ; UV ]], in case

the operators UK and UV are evaluated at the correct order. In particular, the integral

in the potential term has to be calculated to the order O(�s2). The time dependence

of j 2j is at early times moderate such that the main time dependence in UV results

from the explicit factor 1=�2 (notice �V / 1=� in (2.20)).

However, there is another constraint that one has to ful�ll, coming from the

time ordering of the Hamilton operator. In practice, we �nd that one has to limit the

maximal angle �max that can occur in a time step in arg(UK) or arg(UV ). For �max . 0:4

the precision of the �nal  indeed scales as �s2 (or �2
max) and the error in  is beyond

what we require (of order 10�5). For larger values of �max, however, the precision

quickly deteriorates and the error in  becomes of order unity. In summary, leapfrog

integration improves precision greatly, but unfortunately this does not translate into

a faster algorithm compared to a simple integration. In this work we used �max = 0:1.

For this choice, the main discretization error comes from spatial discretization. See

appendix A for more details about the convergence of the wave-function.

In appendix C, we investigate the dependence on the initial redshift. For our

�ducial choice of parameters, we �nd that the power spectrum changes by less than

� 2% when varying zini between 50 and 150, which is compatible with the expected

sensitivity for Zel'dovich initial conditions in N -body simulations.

3.3 Density �eld evolution

We evolve the 2D wave function in time starting from z = 147 on a box with comoving

side length L = 1000 Mpc=h, N = 8192 grid points in each dimension, and �0 = 1

Mpc2=h2. In �gure 1 we show the density contrast � for the 2D SP system at three

di�erent redshifts. At z � 19, the density uctuations are still almost Gaussian and

� is small. At z = 1:72, structures become visible and, at z = 0, one may recognize

a \cosmic web". We also display the density PDF in �gure 1, con�rming the growth

of non-linear structures. For the PDF we apply a top-hat �lter in position space with

9
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T h e  m att er p o w er s p e ctr u m is s h o w n i n fi g ur e 2 .  T h e ti m e e v ol uti o n of t h e S P
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1.  A str o n g e x p o n e nti al ( J e a ns) s u p pr essi o n at s m all s c al es (s e cti o n 4. 1 );

2. S a m pli n g n ois e o n l ar g e s c al es t h at  w er e n ot pr es e nt i n t h e i niti al c o n diti o ns

(s e cti o n 4. 3 );

3.  A sli g ht l oss of p o w er f or all  m o d es at l o w r e ds hift (s e cti o n 4. 2 ).

T h e first e ff e ct is a p h ysi c al pr o p ert y i n f u z z y d ar k  m att er  m o d els r el at e d t o t h e

J e a ns s c al e ( 2. 1 6 ), b ut s h o ul d b e c o nsi d er e d as a s yst e m ati c li mit ati o n  w h e n a p pl yi n g

t h e S P  m et h o d t o d es cri b e t h e p h as e s p a c e e v ol uti o n of c ol d d ar k  m att er.  N oti c e t h at,
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Fi g u r e 2 .  M att er p o w er s p e ct r u m di vi d e d b y t h e li n e ar p o w er s p e ct r u m at r e d s hift s z =

0 , 1 .7 2 , 6 .3 9 , 1 9 .0 9 , 5 3 .6.

at l at e ti m e, t h e J e a ns s c al e d o es n ot s u p pr ess all p o w er o n s m all s c al es. S o n o n-li n e ar

gr o wt h s e e ms t o b e l ess a ff e ct e d t h a n o n e  w o ul d e x p e ct fr o m t h e li n e ar a n al ysis of t h e

s yst e m.  As s h o w n b el o w, t h e s e c o n d it e m is ess e nti all y a n al o g o us t o s a m pli n g n ois e

i n N - b o d y si m ul ati o ns,  w hi c h is r el at e d t o t h e fi nit e n u m b er of  m o d es.  T h e t hir d

f e at ur e h as alr e a d y b e e n r e c o g ni z e d i n t h e c o nt e xt of f u z z y d ar k  m att er [4 0 ], a n d is a

s yst e m ati c err or of t h e ( dis cr eti z e d) S P  m et h o d f or b ot h f u z z y a n d c ol d d ar k  m att er.

4  T h e s y s t e m a ti c s of t h e  S c h r ö di n g e r- P oi s s o n  m e t h o d

I n t his s e cti o n,  w e q u a ntif y e a c h o n e of t h e t hr e e s yst e m ati cs e ff e cts  m e nti o n e d a b o v e

a n d e v al u at e t h eir d e p e n d e n c e o n t h e si m ul ati o n p ar a m et ers, i n cl u di n g t h e b o x si z e

L , t h e n u m b er of l atti c e p oi nts i n e a c h di m e nsi o n N , a n d t h e p h as e s p a c e r es ol uti o n

c o ntr oll e d b y t h e v al u e of . Si n c e t h e l att er e nt ers i n t h e r es c al e d S P e q u ati o ns (2. 1 9 )

o nl y vi a t h e f u n cti o n κ (η ) (s e e (2. 1 7 )),  w e tr a d e f or κ 0 , t h e pr es e nt v al u e of κ .  We

st u d y v ari ati o ns ar o u n d t h e fi d u ci al v al u es L = 1 0 0 0  M p c / h , N = 4 0 9 6 a n d κ 0 = 1

M p c 2 / h 2 ,  w hi c h  w e f o u n d t o b e p ar a m et ers t h at d es cri b e t h e  B A O p e a k r e as o n a bl y

w ell  w hil e r e q uiri n g a f e asi bl e a m o u nt of c o m p ut ati o n al ti m e (s e e a p p e n di x D ).  F ur-

t h er m or e,  w e us e a fi x e d i niti al r e ds hift z = 1 4 7.  F or c o m p aris o n, t h e ori gi n al  w or k

[3 3 ] us e d N = 2 5 6 a n d L = 1 5 0  M p c / h i n 2 D.

I n fi g ur e 3 ,  w e s h o w t h e d e p e n d e n c e of t h e  P D F o n t h e si m ul ati o n p ar a m et ers

(N , o n t h e l eft; L i n t h e  mi d dl e a n d κ 0 o n t h e ri g ht). I n t h e stri ct li mit of (i n fi nit el y)

c ol d d ar k  m att er, t h e  P D F is n ot e x p e ct e d t o c o n v er g e u nif or ml y ( wit h o ut a n y c o ars e-

gr ai ni n g)  w h e n i n cr e asi n g N / L , si n c e s m all er a n d s m all er str u ct ur es ar e r es ol v e d [5 5 ].

H o w e v er, f or t h e S c hr ö di n g er- P oiss o n s yst e m  wit h fi x e d (i. e. fi x e d κ 0 ), t h e J e a ns

s c al e a cts as a c o ars e- gr ai ni n g l e n gt h  w hi c h s h o ul d i m pr o v e c o n v er g e n c e.  We fi n d

t h at i n cr e asi n g t h e n u m b er of l atti c e p oi nts e n h a n c es t h e d e vi ati o n fr o m a  G a ussi a n

distri b uti o n, a n d i n cr e as es t h e t ails of t h e  P D F.  N e v ert h el ess, f or N = 8 1 9 2 t h e  P D F
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Fi g u r e 3 .  D e p e n d e n c e of t h e  P D F of t h e  m att er d e n sit y o n t h e si m ul ati o n p ar a m et er s:  F or

di ff er e nt gri d si z e s N o n t h e l eft; f or di ff er e nt b o x si z e s L (i n u nit s of  M p c / h ) i n t h e  mi d dl e,

a n d f or di ff er e nt κ 0 ∝ (i n u nit s of  M p c 2 / h 2 ) o n t h e ri g ht.  We u s e a t o p- h at filt er i n p o siti o n

s p a c e  wit h a s m o ot hi n g s c al e of 2  M p c / h .

di d n ot c o n v er g e y et.  As  m e nti o n e d b ef or e, f or t h e  P D F  w e a p pl y a t o p- h at filt er

i n p ositi o n s p a c e  wit h s m o ot hi n g l e n gt h 2  M p c/ h (s e e als o a p p e n di x E , i n  w hi c h  w e

e x pl or e t h e c o n v er g e n c e f or t h e 1 D c as e).  D e cr e asi n g t h e b o x si z e L wit h N fi x e d als o

i m pr o v es t h e r es ol uti o n of t h e n o n-li n e ar  m o d es,  w hil e i n cr e asi n g t h e b o x si z e t o o  m u c h

l e a ds t o a l oss of r es ol uti o n.  D e cr e asi n g κ 0 l e a ds t o si mil ar e ff e cts t h at ar e a c c o m p a ni e d

b y a n o v er all l oss of p o w er i n t h e fl u ct u ati o ns.  L ar g er v al u es of κ 0 , i n t ur n, i n cr e as e

t h e q u a nt u m pr ess ur e  w h at als o s u p pr ess es n o n-li n e ariti es.  F or i nt er m e di at e v al u es of

κ 0 t h e r es ult is r el ati v el y st a bl e.  W hil e n o cl e ar pi ct ur e e m er g es f or t h e  P D Fs, t h e r ol e

of t h e di ff er e nt p ar a m et ers  will b e c o m e  m or e cl e ar i n t h e f oll o wi n g  w h e n  w e st u d y t h e

p o w er s p e ctr u m.

4. 1 J e a n s s u p p r e s si o n

T h e e x p o n e nti al l oss of p o w er at s o m e s c al e k f all r el at e d t o t h e J e a ns s c al e ( 2. 1 6 ) is a

c h ar a ct eristi c pr o p ert y of t h e S P s yst e m.  T h e  H eis e n b er g u n c ert ai nt y pri n ci pl e i n hi bits

t h e f or m ati o n of str u ct ur es t h at ar e s m all er t h a n t h e J e a ns s c al e. I n t h e c o nt e xt of

usi n g t h e S P  m et h o d t o d es cri b e c ol d d ar k  m att er, t h e J e a ns s u p pr essi o n h as t o b e

c o nsi d er e d as a s o ur c e of s yst e m ati c err ors. I n t h e l eft p a n el of fi g ur e 2 ,  w e c a n s e e

t h at s h ortl y aft er i niti ali zi n g t h e si m ul ati o n, t h e J e a ns s u p pr essi o n str o n gl y a ff e cts

t h e p o w er s p e ctr u m a b o v e ar o u n d ∼ 1 h / M p c.  T o q u a ntif y t h e s c al e k f all w h er e t h e

e x p o n e nti al s u p pr essi o n a p p e ars,  w e d e fi n e it t o b e t h e l ar g est  m o d e f or  w hi c h t h e

r ati o of t h e p o w er s p e ctr u m t o t h e c orr es p o n di n g li n e arl y e v ol v e d  Λ C D M i n p ut p o w er

s p e ctr u m P li n(k, z ) is s m all er t h a n 9 0 %

k f all =  mi n( k ) f or  w hi c h
P (k, z r e f )

P li n(k, z r e f )
< 0 .9 . ( 4. 1)

We  m e as ur e t his s c al e at η = − 4 ( z r e f = 5 3 .6),  w h e n t h e ot h er s yst e m ati c e ff e cts ar e

still irr el e v a nt a n d t h e s yst e m alr e a d y h a d e n o u g h ti m e t o d e v el o p J e a ns s u p pr essi o n

aft er b ei n g i niti ali z e d  wit h a  Λ C D M s p e ctr u m at z = 1 4 7.  F or t h e fi d u ci al si m ul ati o ns

us e d h er e  w e fi n d k f all 0 .3 h / M p c.
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Fi g u r e 4 . S c h r ö di n g e r- P oi s s o n s y st e m s i n t h e li n e ar r e gi m e f e at u r e a c h ar a ct eri sti c l e n gt h

s c al e b el o w  w hi c h st r u ct u r e s ar e st r o n gl y s u p p r e s s e d d u e t o t h e u n c ert ai nt y p ri n ci pl e.  We

q u a ntif y t hi s s c al e i n  F o u ri er s p a c e a s k f all,  w hi c h  w e f o u n d t o b e p r o p orti o n al t o 1 / κ .

T h e di a m o n d s c or r e s p o n d t o a v ari ati o n of κ 0 a r o u n d it s fi d u ci al v al u e ( s h o w n b y t h e bl a c k

p oi nt).  T h e li n e c or r e s p o n d s t o k f all = 0 .8 1 / κ (z r e f ).

I n fi g ur e 4 ,  w e s h o w t h e d e p e n d e n c e of t his c ut o ff s c al e o n κ 0 ,  w hi c h  w e fi n d t o

b e t h e si n gl e p ar a m et er t h at a ff e cts k f all.  R e d u ci n g κ 0 all o ws str u ct ur es o n s m all er

s c al es t o f or m a n d t h er ef or e s hifts t h e e x p o n e nti al s u p pr essi o n t o l ar g er  w a v e n u m b ers,

as e x p e ct e d.  P ar a m etri c all y,  w e fi n d

k f all ∝
1

√
κ

, ( 4. 2)

w hi c h i m pli es a sli g ht ti m e- d e p e n d e n c e of t his s c al e (i n c o m o vi n g  m o m e nt a) of κ − 1 / 2 ∝

e x p( η / 4) ∝ a 1 / 4 .  T his c o n fir ms t h e i nt er pr et ati o n as s u p pr essi o n r el at e d t o t h e J e a ns

s c al e ( 2. 1 6 ).  N ot e t h at t h e i nt er pr et ati o n of t h e  w a v e-f u n cti o n o bt ai n e d fr o m t h e

S P e q u ati o ns i n t er ms of t h e  M a d el u n g r e pr es e nt ati o n, a n d t h e ass o ci at e d q u a nt u m

pr ess ur e, ar e p ot e nti all y a m bi g u o us at t h es e s c al es, as dis c uss e d a b o v e.  N e v ert h el ess,

t h e J e a ns a n al ysis a p p e ars t o pr e di ct t h e c orr e ct s c ali n g of k f all at e arl y r e ds hifts.  At

l o w r e ds hift, a d diti o n al str u ct ur e o n s m all er s c al es st arts t o f or m as  m e nti o n e d b ef or e.

4. 2  T h e a m pli t u d e  p r o bl e m

T h e si m ul ati o ns s h o w a n ot h er e ff e ct t h at is a littl e bit  m or e s u btl e a n d h ar d er t o

u n d erst a n d. It is a l oss of p o w er t o w ar ds t h e e n d of t h e si m ul ati o n.  T his l oss of p o w er

is e vi d e nt f or t h e s m all est  w a v e n u m b ers  w h er e o n e  w o ul d e x p e ct li n e ar e v ol uti o n. I n

fi g ur e 5 ,  w e dis pl a y t h e e v ol uti o n of t h e p o w er s p e ctr u m as a f u n cti o n of η f or t hr e e

di ff er e nt  m o d es ( c o nti n u o us li n es).  We c o m p ar e  wit h t h e li n e ar e v ol uti o n ( d as h e d

li n es). It is p ossi bl e t o vis u ali z e a s p e ci fi c ti m e, cl os e t o t h e e n d of t h e si m ul ati o n

(η = 0) f or  w hi c h e a c h of t h e p ert ur b ati o n  m o d es d e c o u pl es a n d st o ps gr o wi n g.  T h e
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Fi g u r e 5 .  A m plit u d e l o s s of t h e ( 2 D) p o w er s p e ct r u m v er s u s ti m e η = l n( a ), f or t h r e e

di ff er e nt  w a v e n u m b er s. S oli d li n e s s h o w t h e si m ul ati o n r e s ult a n d d a s h e d li n e s t h e e x p e ct e d

li n e ar gr o wt h.  T h e p ert ur b ati o n s d e c o u pl e a n d st o p gr o wi n g at a p arti c ul ar ti m e,  w hi c h

d e p e n d s o n t h e si m ul ati o n p ar a m et er s ( s e e  m ai n t e xt, t h e pl ot i s f or o u r fi d u ci al c h oi c e).

T o q u a ntif y t his l oss i n p o w er,  w e fit a str ai g ht-li n e c o e ffi ci e nt A 2 t o t h e r ati o

of t h e  m e as ur e d P (k ) t o t h e r es c al e d p o w er s p e ctr u m of t h e i niti al c o n diti o ns P i ni t a s

e x p e ct e d b y t h e li n e ar gr o wt h f u n cti o n (f or t h e  m o d es k < k f all)

A 2 =
P

P i ni t,r e s c al e d k < k f all

. ( 4. 3)

I n t h e l eft p a n el of fi g ur e 6 ,  w e dis pl a y t h e e v ol uti o n of A 2 wit h ti m e η .  F or o ur fi d u ci al

s et of si m ul ati o n p ar a m et ers, t h e p o w er l oss s ets i n at η − 2 ( z 6 .4),  w h e n t h e

n o n-li n e ar e v ol uti o n b e c o m es  m or e r el e v a nt.  F or l ar g er N , t h e S P p o w er l oss is l ess

t h a n 2 % u p t o η − 1 ( z 1 .7).

I n t h e ri g ht p a n el of fi g ur e 6 ,  w e dis pl a y t h e d e p e n d e n c e of t h e a m plit u d e l oss at

z = 0 o n t h e si m ul ati o n p ar a m et ers N , L , a n d κ 0 .  We fi n d t h at t h e a m plit u d e l oss

d e p e n ds o nl y o n t h e c o m bi n ati o n κ 0 N / L . It h as t h e u nit of a dist a n c e, a n d  w e fi n d

t h e criti c al l e n gt h s c al e a b o v e  w hi c h t h e a m plit u d e l oss e ff e ct b e c o m es irr el e v a nt t o b e

κ 0 N

L
lc ri t ,0 1 0  M p c / h . ( 4. 4)

T his c a n als o b e  writt e n as a c o n diti o n o n t h e l atti c e s p a ci n g L / N ,

L

N
≤

κ 0

lc ri t ,0

=
m

1

H 0 lc ri t ,0

. ( 4. 5)

I n  R ef. [3 2 ] it  w as s p e c ul at e d t h at t h e l atti c e s p a ci n g L / N h as t o b e s m all er t h a n

t h e d e  Br o gli e  w a v el e n gt h λ = / m v ,  w h er e v is t h e t y pi c al gr o u p v el o cit y of a  w a v e
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Fi g u r e 6 .  L eft:  A m plit u d e l o s s v e r s u s ti m e η f or t h e fi d u ci al c h oi c e of p ar a m et er s ( bl a c k)

a n d f or a hi g h er r e s ol uti o n ( N = 8 1 9 2, gr e e n).  Ri g ht:  D e p e n d e n c e of t h e a m plit u d e l o s s

at z = 0 o n t h e c o m bi n ati o n of t h e si m ul ati o n p ar a m et er s κ 0 N / L .  T h e di ff er e nt s y m b ol s

c or r e s p o n d t o v ari ati o n of eit h er N , L or κ 0 w hil e k e e pi n g t h e ot h er p ar a m et er s fi x e d at

t h ei r fi d u ci al v al u e s.  T h e d a s h e d li n e c or r e s p o n d s t o t h e s c ali n g A 2 ∝ ( κ 0 N / L ) 4 / 3 ,  w hi c h i s

i nf e r r e d i n t h e t e xt.

p a c k et.  T his s u g g ests t h at t h e l e n gt h s c al e lc ri t i s r el at e d t o t h e v el o cit y

lc ri t =
1

H a
u 2 , ( 4. 6)

wit h u d et er mi n e d fr o m t h e  w a v e-f u n cti o n as gi v e n b y ( 2. 1 3 ).  H er e,  w e d e fi n e d lc ri t n ot

at r e ds hift z er o b ut at g e n er al r e ds hift as it  w o ul d b e  m e as ur e d o n t h e l atti c e  wit h o ut

i ntr o d u ci n g a d diti o n al f a ct ors a or H a c c or di n g t o ( 2. 1 3 ), s e e dis c ussi o n b el o w.

T o o bt ai n t h e v al u e of lc ri t a p pli c a bl e t o c ol d d ar k  m att er, o n e h as t o e xtr a p ol at e

t h e n u m eri c al r es ults f or u 2 t o → 0 si n c e u als o s u ff ers fr o m a s u p pr essi o n j ust as

t h e p o w er s p e ctr u m.  We fi n d t h at lc ri t ,0 1 5  M p c / h .  Alt er n ati v el y, o n e c a n esti m at e

lc ri t i n li n e ar t h e or y.  Usi n g t h e li n e ar gr o wi n g  m o d e r el ati o n u = − a H ∇ δ / ∆ f or t h e

E d S b a c k gr o u n d c o nsi d er e d h er e gi v es

lli n
c ri t =

d 3 k

( 2π ) 3

P li n(k, z )

k 2

1 / 2

, ( 4. 7)

w hi c h yi el ds lli n
c ri t ,0 1 0  M p c / h .  T his fits  w ell  wit h t h e s c al e i nf err e d fr o m t h e b e h a vi or

of t h e p o w er l oss.

H er e, a c o u pl e of c o m m e nts ar e i n or d er.  First, u r el at es t o t h e a v er a g e p e c uli ar

v el o cit y i n t h e fl ui d a n d h as n o dir e ct c o n n e cti o n t o t h e  mi cr os c o pi c  m oti o n of t h e

p arti cl es or  w a v e p a c k ets.  H e n c e, / (m u 2 ) stri ctl y s p e a ki n g d o es n ot r e pr es e nt

t h e d e  Br o gli e  w a v e l e n gt h.  N e v ert h el ess, it a p p e ars t o pr o vi d e a v ali d esti m at e of t h e

a m plit u d e l oss e ff e ct. I n f a ct, t h e s u p pr essi o n of t h e p o w er s p e ctr u m pr o b a bl y aris es

fr o m t h e f a ct t h at a  m a xi m al v el o cit y e xists o n t h e l atti c e [3 8 ], a n d is pr o b a bl y n ot
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i ntri nsi c of o ur n u m eri c al s c h e m e.  D u e t o t h e s p ati al dis cr eti z ati o n ∇ φ / < π N / L

w hi c h t ur ns i nt o t h e b o u n d
|u |

a H
< κ π

N

L
. ( 4. 8)

S o t h e r el ati o n ( 4. 5 ) c a n b e r e a d as a r e q uir e m e nt o n t h e l atti c e s p a ci n g t o r es ol v e all

r el e v a nt v el o citi es i n t h e si m ul ati o n.  We t est e d t his b y st u d yi n g t h e r el ati v e p h as es

b et w e e n n ei g h b ori n g gri d p oi nts. I n  Fi g. 7 w e s h o w t h e s u p pr essi o n f a ct or A 2 , t h e

a v er a g e of t h e r el ati v e p h as es a n d t h e fr a cti o n of l ar g e r el ati v e p h as es ( >  π / 4).  T h e

s u p pr essi o n h a p p e ns i n t a n d e m  wit h t h e o c c urr e n c e of l ar g e r el ati v e p h as es.  As a cr oss-

c h e c k  w e als o c o n fir m e d t h at e n er g y is a p pr o xi m at el y c o ns er v e d i n o ur si m ul ati o ns (s e e

A p p e n di x B )  w hi c h  w o ul d i n di c at e a f ail ur e of o ur n u m eri c al i nt e gr ati o n of t h e e q u ati o n

of  m oti o n.

− 4 .0 − 3 .5 − 3 .0 − 2 .5 − 2 .0 − 1 .5 − 1 .0 − 0 .5 0 .0
η

0 .0

0 .2

0 .4

0 .6

0 .8

1 .0

1 .2

1 .4
fr a cti o n of l ar g e p h as es ( 2 D)

a v er a g e p h as e ( 2 D)

A m plit u d e ( 2 D)

Fi g u r e 7 .  T h e pl ot s h o w s t h e s u p p r e s si o n f a ct or A 2 , t h e a v e r a g e of t h e r el ati v e p h a s e s a n d

t h e f r a cti o n of l ar g e r el ati v e p h a s e s ( >  π / 4) v er s u s ti m e.

S e c o n d, n ot e t h at t h e q u a ntit y u 2 is d o mi n at e d b y l o n g  w a v el e n gt h  m o d es. I n

li n e ar a p pr o xi m ati o n, t his is a p p ar e nt i n  F o uri er s p a c e, n oti ci n g t h at |u 2 | |δ |2 (a H ) 2 / k 2 .

T h e i nt e gr al o v er t h e c orr es p o n di n g p o w er s p e ctr u m i n ( 4. 7 ) is d o mi n at e d b y  m o d es

k 0 .1 h / M p c.  T his pr o p ert y fits q uit e  w ell  wit h t h e o bs er v ati o n t h at t h e s u p pr essi o n

i n t h e p o w er s p e ctr u m is r at h er  w a v e n u m b er-i n d e p e n d e nt.

T hir d,  w e fi n d t h at at fi nit e r e ds hift ( 4. 5 ) is g e n er ali z e d t o

L

N
≤

κ

lc ri t
=

m

1

a 2 H l c ri t a m u 2
, ( 4. 9)

N oti c e t h at t h e ti m e- d e p e n d e n c e i n ( 4. 7 ) i m pli es lc ri t ∝ a i n t h e li n e ar r e gi m e a n d

h e n c e κ /l c ri t ∝ a − 3 / 2 .  T h er ef or e, t h e a m plit u d e l oss s ets i n  w h e n

a ≥ a c ri t
κ 0 N / L

lc ri t ,0

2 / 3

. ( 4. 1 0)
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For the simulation parameters shown in the left panel of �gure 6, this corresponds

to �crit = ln acrit ' �0:4 (�0:94) for N = 8192 (4096), in good agreement with our

numerical �ndings. The observation that the power spectrum essentially saturates

after the power loss sets in leads to another prediction. Because A2 is dominantly

determined by large scales, for which the conventional linear power spectrum grows as

a2, (4.10) implies that

A2 / (�0N=L)4=3 (4.11)

within the regime acrit � 1, and A2 ! 1 for acrit � 1. This expectation is con�rmed

by our numerical results shown in the right panel of �gure 6.

Finally, we checked that the amplitude loss stems only from the spatial discretiza-

tion. Changing the time-like discretization has no impact on the e�ect, as seen in

appendix A.

4.3 The (sampling) noise problem

The initialization of the wave-function that is used in this work features random phases

for each Fourier mode, while the amplitude is �xed (see section 3.1). The absence

of random uctuations in the initial amplitude tends to decrease sampling variance.

Nevertheless, due to the non-linear dynamics, the measured power spectrum is a�ected

by (sampling) noise resulting from the initial random phases as set up in (3.2). As

expected, in the power spectrum this noise becomes smaller with k due to the grow-

ing number of Fourier modes contained in the simulation volume. This is seen in

�gure 8, where we display the variance measured from 64 simulations with di�erent

initial seeds (and otherwise �ducial parameters). For very small wavenumbers, the

noise is suppressed due to our choice of initial conditions, and since the dynamics is

almost linear. For larger wavenumbers, one expects that the variance of the power

spectrum normalized by P (k) scales as 1=
p
k in 2D and 1=k in 3D, which is repro-

duced in our simulations. For very large wavenumbers, the variance further decreases,

but a drop in the power spectrum leads to the increasing noise in �gure 8 due to the

normalization chosen. We could not identify any `shot noise' in the simulations in the

sense of a wavenumber-independent noise component.

For a �xed comoving momentum, the noise can be reduced by increasing the sim-

ulated volume, since this increases the number of modes that represent this momentum

in Fourier space by (kL=2�)D�1. The sampling noise may also be further suppressed

by using the technique of paired initial phases proposed in [51] for N -body simulations.

In 3D the noise is always strongly reduced due to the di�erent scaling 1=k.

4.4 Summary of systematic e�ects

When using the SP method to describe cold dark matter, one would, in principle, like

to take the limit �0 / ~ ! 0 the same way one would want to set the particle mass

as small as possible in N -body simulations. The price to pay when decreasing �0 is
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1 0 − 2 1 0 − 1 1 0 0

k [h / M p c]

1 0 − 2

1 0 − 1

1 0 0

σ
(k

)/
P

(k
)

k − 1 / 2

Fi g u r e 8 . S a m pli n g v ari a n c e of t h e p o w er s p e ct r u m at z = 0 o bt ai n e d f r o m 6 4 r e ali z ati o n s,

n or m ali z e d t o t h e p o w er s p e ct r u m a s a f u n cti o n of t h e  w a v e n u m b er.  We al s o s h o w a li n e

t h at c or r e s p o n d s t o t h e e x p e ct e d s c ali n g b a s e d o n t h e n u m b er of  F o u ri er  m o d e s i n 2 D.

t w of ol d:  First, t h e c o m p ut ati o n al ti m e i n cr e as es b e c a us e t h e ar g u m e nt of p ot e nti al

r ot ati o ns U V b e c o m es l ar g er,  w hi c h r e q uir es t o r e d u c e t h e ti m e st e p [s e e ( 2. 1 7 )]. S e c-

o n d, l o w eri n g κ 0 m a k es t h e a m plit u d e l oss pr o bl e m d es cri b e d a b o v e  m or e s e v er e.  T h e

b est alt er n ati v e  w o ul d t h e n b e t o r e d u c e κ 0 w hil e i n cr e asi n g N , at t h e c ost of  m or e

d e m a n di n g si m ul ati o ns.

I n or d er t o  miti g at e t h e l oss of p o w er at l at e ti m es, o n e c a n eit h er i n cr e as e κ 0 or

m a k e t h e l atti c e s p a ci n g L / N s m all er.  T h e first alt er n ati v e c o m es  wit h t h e pri c e of a n

e x p o n e nti al s u p pr essi o n at a s m all er k f all. I n cr e asi n g N i n cr e as es t h e c o m p ut ati o n al

c ost (s e e a p p e n di x D ),  w hil e d e cr e asi n g L i n cr e as es t h e s a m pli n g n ois e.  F or t h e 2 D

si m ul ati o n  wit h L = 1 0 0 0  M p c / h , κ 0 = 1  M p c 2 / h 2 a n d N = 8 1 9 2,  w e  m e as ur e d t h e

a m plit u d e l oss, J e a ns s u p pr essi o n a n d s a m pli n g n ois e at z = 0, t o b e

A 2 = 0 .8 , ( 4. 1 2)

k f all = 0 .3 h / M p c , ( 4. 1 3)

σ / P ∼ 1 0 % . ( 4. 1 4)

I n t his c o nt e xt, it is i nt er esti n g t o e x pl or e t h e 1 D c as e, f or  w hi c h  w e c a n s u bst a nti all y

i n cr e as e t h e r es ol uti o n (s e e a p p e n di x E ). I n t h at c as e,  w e c a n d e cr e as e t h e l oss i n p o w er

f or t h e S P s yst e m f or N = 8 0 .1 9 2 d o w n t o t h e p er c e nt l e v el.

I nst e a d of i n cr e asi n g κ 0 N / L , o n e  m a y  w o n d er  w h et h er it is p ossi bl e t o a p pl y a

c orr e cti o n t h at c o m p e ns at es f or t h e a m plit u d e p o w er l oss.  T h e si m pl est p ossi bilit y is t o

r es c al e t h e p o w er s p e ctr u m b y 1 / A 2 .  H o w e v er, t h e e xt e nt t o  w hi c h t his n ai v e r es c ali n g

c a pt ur es n o n-li n e ar gr o wt h is u n cl e ar.  N e v ert h el ess,  w e f oll o w e d t his a p pr o a c h t o

i n v esti g at e t h e c orr el ati o n f u n cti o n ar o u n d t h e  B A O p e a k (s e e b el o w).  Alt er n ati v el y,

o n e c o ul d r u n t h e si m ul ati o n s o m e w h at l o n g er i n t h e h o p e t h at t his c a pt ur es t h e n o n-

li n e ar e ff e cts b ett er t h a n j ust a r es c ali n g.  H o w e v er, it t ur ns o ut t h at t his o nl y  w or ks
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poorly since the growth rate of the power spectrum features a plateau once the power

loss sets in, see �gure 5.

Another naive approach would be to compensate the loss of power by a rescaling

the power spectrum. By construction, this would lead to the correct overall normal-

ization of the power spectrum but will also fail once non-linear features are relevant.

In �gure 9, we display the correlation function measured at two redshifts, which is

obtained by averaging over 64 simulations (with N = 4096). We also display the result

of a single simulation (with N = 8192) for comparison, as well as the linear correlation

function and the prediction in Zel'dovich approximation. Here we rescaled the corre-

lation function obtained from SP by 1=A2, where A2 is the redshift-dependent power

loss determined in section 4.2. The origin of the noise in the correlation function can

partially be attributed to sampling variance, and partially to uctuations of the SP

system at smaller wavenumber. The averaging over 64 simulations reduces the noise

considerably, as expected, such that the BAO peak becomes visible. Notice that the

correlation function at larger redshift appears to be less noisy, which is due to the

suppression of small scale uctuations by the Jeans scale (c.f. the power spectrum in

�gure 2).

The corresponding correlation function is close to the Zel'dovich approximation

at both redshifts, except in the vicinity of the BAO peak. The broadening of the BAO

peak is less pronounced compared to Zel'dovich approximation. Several systematics

could induce the lack of BAO broadening: Apart from the dynamical range that is

limited by the box size and the Jeans suppression scale at small and large wavenumber,

also the amplitude power loss could play a role. The latter e�ectively shuts o� the

growth of perturbations on (and above) BAO scales, leading to a lack of non-linear

BAO damping that cannot be compensated by linear rescaling of the amplitude. We

quantitatively checked this by calculating the Zel'dovich approximation including the

power loss but found that it does not seem to be the main reason for the lack of BAO

broadening. On the other hand, the existence of a maximal velocity in the simulation

qualitatively explains the lack of broadening in the correlation function as well as the

lack of power in the power spectrum (see section 4.2). Still, there seems to be no simple

way to counteract this e�ect and simulations with �ner grids seem indispensable.

5 Towards 3D in the Schr�odinger-Poisson method

In this section, we present solutions of the Schr�odinger-Poisson system in 3D. The main

motivation is not to present any physical results { which will be numerically even more

demanding than in 2D. The purpose of this section is to validate if the three systematics

identi�ed in 2D show the same parametric dependence and to estimate the scale lcrit.

We choose simulation parameters L = 600 Mpc=h, N = 512 and �0 = 4 Mpc2=h2. In

19



0 2 0 4 0 6 0 8 0 1 0 0 1 2 0 1 4 0
x [ M p c/ h ]

− 8 0

− 6 0

− 4 0

− 2 0

0

2 0

4 0

x
2
ξ

[
M
pc

2
/
h2

]

Li n e ar

Z el d o vi c h

N = 8 1 9 2 si m ul ati o n

M e a n of 6 4 N = 4 0 9 6 si m ul ati o ns

0 2 0 4 0 6 0 8 0 1 0 0 1 2 0 1 4 0
x [ M p c/ h ]

− 1 0

− 8

− 6

− 4

− 2

0

2

4

x
2
ξ

[
M
pc

2
/
h2

]

Li n e ar

Z el d o vi c h

N = 8 1 9 2 si m ul ati o n

M e a n of 6 4 N = 4 0 9 6 si m ul ati o ns

Fi g u r e 9 .  C o r r el ati o n f u n cti o n x 2 ξ ( x ) f o r r e d s hift z = 0 (l eft) a n d z = 1 .7 2 ( ri g ht).  We

s h o w t h e S P r e s ult o bt ai n e d f r o m a v er a gi n g o v er 6 4 si m ul ati o n s  wit h fi d u ci al p ar a m et er s,

f r o m a si n gl e si m ul ati o n  wit h p ar a m et er s a s i n fi g u r e 2 , i n li n e ar t h e or y a n d f or  Z el’ d o vi c h

a p p r o xi m ati o n.

fi g ur e 1 0 ,  w e dis pl a y t h e o v er d e nsit y fi el d f or t hr e e di ff er e nt r e ds hifts i n a sli c e of t h e

si m ul ati o n v ol u m e, aft er c al c ul ati n g t h e  m e a n of 1 0 bi ns al o n g t h e z a xis.

I n t h e b ott o m ri g ht p a n el of fi g ur e 1 0 , t h e  P D F of t h e d e nsit y fi el d f or di ff er e nt

r e ds hifts is s h o w n.  E v e n t h o u g h t h e  P D F d e p arts fr o m its i niti al s h a p e, d e v el o pi n g

s o m e s k e w n ess a n d k urt osis, it is still f ar fr o m d e v el o pi n g t h e n o n-li n e ar s h a p e f o u n d

i n 2 D (s e e e. g. fi g ur e 2 ).

T h e p o w er s p e ctr u m is s h o w n i n fi g ur e 1 1 . It f e at ur es J e a ns-li k e s u p pr essi o n at

l ar g e k as i n 2 D, as  w ell as a n o v er all a m plit u d e l oss at l o w r e ds hift.  F or t h e 3 D si m u-

l ati o n, t h e p ar a m et ers c h ar a ct eri zi n g t h e o v er all p o w er l oss a n d t h e J e a n s u p pr essi o n

s c al e d e fi n e d i n s e cti o n 4 ar e f o u n d t o b e ( at z = 0)

A 2 = 0 .6 , ( 5. 1)

k f all = 0 .1 5 h / M p c . ( 5. 2)

N oti c e t h at t h e p o w er l oss i n t er ms of A 2 is i n a c c or d a n c e  wit h t h e p ar a m etri c d e p e n-

d e n c e o n si m ul ati o n p ar a m et ers i d e nti fi e d i n t h e 2 D c as e. I n p arti c ul ar, f or t h e 3 D

si m ul ati o n κ 0 N / L 3 .4  M p c / h ,  w hi c h i m pli es t h at lc ri t i s cl os e t o t h e 2 D v al u e.

I n or d er t o o bt ai n a c c e pt a bl e v al u es of t h e p o w er l oss, t h e b o x si z e h as b e e n r e-

d u c e d a n d κ 0 i n cr e as e d c o m p ar e d t o 2 D.  T h e l att er l e a ds t o a s m all er k f all. I n pri n ci pl e,

o n e c o ul d i n cr e as e k f all w hil e k e e pi n g A 2 fi x e d b y d e cr e asi n g κ 0 a n d L .  H o w e v er, t his

is n ot p ossi bl e si n c e t h e  B A O p e a k h as t o fit i nt o t h e b o x.  Ulti m at el y, o n e  will h a v e

t o k e e p t h e b o x si z e fi x e d a n d i n cr e as e N .  T h e s a m pli n g n ois e is s u bst a nti all y r e d u c e d

c o m p ar e d  wit h t h e 2 D c as e, b e c a us e t h e n u m b er of  m o d es f or a fi x e d  m o m e nt u m |k |

is l ar g er a n d s c al es as (k L ) 2 .

T h e c orr el ati o n f u n cti o n (s e e fi g ur e 1 2 ) e xtr a ct e d fr o m a si n gl e r e ali z ati o n is s u b-

st a nti all y l ess a ff e ct e d b y n ois e as c o m p ar e d t o 2 D.  As b ef or e,  w e r es c al e d ξ (x ) e x-
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Fi g u r e 1 0 .  D e n sit y fi el d at t h r e e di ff er e nt r e d s hift s (z = 1 9 .0 9, z = 1 .7 2 a n d z = 0) f or t h e

3 D S c h r ö di n g e r- P oi s s o n s y st e m.  We p r oj e ct e d t h e d e n sit y fi el d t a ki n g t h e  m e a n of 1 0 sli c e s.

I n t h e b ott o m ri g ht p a n el, t h e  P D F of t h e d e n sit y fi el d at v ari o u s r e d s hift s z i s s h o w n.
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Fi g u r e 1 1 .  P o w er s p e ct r u m o bt ai n e d f r o m a 3 D S P si m ul ati o n at v ari o u s r e d s hift s z , u si n g

L = 6 0 0  M p c / h , N = 5 1 2 a n d κ 0 = 4  M p c 2 / h 2 .
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Fi g u r e 1 2 .  C o r r el ati o n f u n cti o n f or t h e 3 D S P si m ul ati o n at z = 0 (l eft) a n d z = 1 .2 7

( ri g ht).

tr a ct e d fr o m t h e si m ul ati o n b y 1 / A 2 at e a c h r e ds hift.  T h e r es ult is t h e n f o u n d t o b e

r el ati v el y cl os e t o t h e  Z el’ d o vi c h a p pr o xi m ati o n f or z = 1 .7 2,  w hil e a sli g ht l a c k of

B A O br o a d e ni n g is visi bl e at z = 0, si mil ar t o t h e 2 D c as e.

6  C o n cl u si o n

We st u di e d t h e gr o wt h of l ar g e-s c al e str u ct ur e at  B A O s c al es usi n g t h e S c hr ö di n g er-

P oiss o n a p pr o a c h f or c ol d d ar k  m att er.  T h e  m ai n q u esti o n is if l ar g e-s c al e si m ul ati o ns,

c o m p etiti v e  wit h N - b o d y si m ul ati o ns, ar e f e asi bl e i n t his s et u p.  T h e a p p e al of a s e c o n d

i n d e p e n d e nt a p pr o a c h t o l ar g e-s c al e str u ct ur e is t h at t h e S c hr ö di n g er- P oiss o n  m et h o d

c o m es  wit h a di ff er e nt  m et h o d ol o g y f or i niti al c o n diti o ns, d y n a mi cs, n o gr a vit ati o n al

s oft e ni n g a n d h e n c e di ff er e nt s yst e m ati c u n c ert ai nti es.  B esi d es, it  m a k es hi g h er  m o-

m e nts of t h e p h as e s p a c e distri b uti o n f u n cti o n a n d v el o cit y c orr el ati o n f u n cti o ns  m or e

r e a dil y a v ail a bl e.  We i d e nti fi e d t hr e e s yst e m ati c e ff e cts (f or  m ost p arts alr e a d y s e e n

pr e vi o usl y i n r efs. [ 3 1 , 4 0 , 4 8 ]) a n d st u di e d t h eir p ar a m etri c d e p e n d e n c e o n t h e si m-

ul ati o n p ar a m et ers.  T h er e is a J e a ns d a m pi n g s c al e, a n o v er all s u p pr essi o n of t h e

a m plit u d e ( d u e t o a l a c k of r es ol uti o n of t h e  w a v e p a c k ets) as  w ell as s a m pli n g n ois e.

We pr o vi d e a q u a ntit ati v e crit eri o n t o d et er mi n e t h e r e ds hift aft er  w hi c h a m plit u d e

s u p pr essi o n s ets i n, a n d fi n d a p arti c ul ar c o m bi n ati o n of si m ul ati o n p ar a m et ers it d e-

p e n ds o n. I n or d er t o a v oi d t his e ff e ct, t h e si m ul ati o n p ar a m et ers s h o ul d o b e y

L

N
≤

κ

lc ri t a m u 2
. ( 6. 1)

We i nt er pr et t his crit eri o n i n t er ms of a n e ff e cti v e d e  Br o gli e  w a v el e n gt h a n d t h e

e xist e n c e of a  m a xi m al v el o cit y i n t h e si m ul ati o n.

T h e  m ai n c h all e n g e i n 3 D is t o cl e arl y s e p ar at e all t h e o c c urri n g s c al es i n t h e

si m ul ati o ns (s e e fi g ur e 1 3 ). I d e all y, t h e J e a ns s c al e s h o ul d b e s u bst a nti all y s m all er

2 2



Figure 13. Schematic illustration of all the length scales occurring in the Schr�odinger-

Poisson simulation. In order to control the exponential fall, the Jeans suppression scale lJ
ought to be smaller than the BAO scale lLSS . The noise is suppressed when the size of the

box L is much larger than the BAO scale. To overcome the overall amplitude loss, the grid

size dgrid must be smaller than �0=lcrit (see section 4.2 and (6.1)).

than the BAO scale and the box size substantially bigger. Furthermore, the grid

spacing should be substantially smaller than the e�ective de Broglie wavelength, see

(6.1). All in all, this requires large grid sizes for accurate simulations (N > 16k in

all dimensions) and the simulations are rather memory bound than compute bound.

Overall, we �nd it realistic that the Schr�odinger-Poisson simulations for cold dark

matter clustering could become competitive with N -body simulations. The algorithm

used in the present analysis is very basic and hopefully more sophisticated techniques

will be developed in the future and tap into the true potential of the Schr�odinger-

Poisson method.
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A Convergence test

As explained in section 3.2, to ensure the convergence of the wave function, we de�ne

a maximum angle �max for the rotations UK and UV in equation (3.11). If either the

rotation angle of the potential or the kinetic part is higher than this value, we reduce

the time step �s. In case one of the angles for one of the modes is too large, a sizable

error accumulates quickly.

In �gure 14, we show the e�ect of reducing the value of �max { and therefore

increasing the computational time { in the overdensity distribution (left) and in the

power spectrum (right). In this work we used �max = 0:1 and here we compare with
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1

Fi g u r e 1 4 .  C o n v er g e n c e of t h e S P s ol uti o n  w h e n r e d u ci n g t h e ti m e st e p. I n t h e l eft,

t h e  P D F o bt ai n e d f or θ m a x = 0 .0 1 a n d θ m a x = 0 .1 i s s h o w n.  T h e  P D F s o v erl a p, b ei n g

i n di sti n g ui s h a bl e. I n t h e ri g ht, t h e r el ati v e di ff er e n c e i n t h e p o w er s p e ct r u m i s s h o w n.

usi n g θ m a x = 0 .0 1 i nst e a d. I n t h e l eft p a n el, b ot h  P D Fs o v erl a p. I n t h e ri g ht p a n el,  w e

s h o w t h e r el ati v e di ff er e n c e of t h e d e nsit y p o w er s p e ctr u m,  w hi c h is b el o w 1 0 − 3 o v er

t h e e ntir e r a n g e of s c al es c o nsi d er e d i n t his  w or k.  T h e r el ati v e di ff er e n c e of t h e  w a v e-

f u n cti o n ψ is of t h e or d er of ∼ 1 0 − 6 .  We c o n cl u d e t h at usi n g θ m a x = 0 .1 is s u ffi ci e nt t o

g u ar a nt e e n u m eri c al st a bilit y.

B  E n e r g y c o n s e r v a ti o n

As pr o p os e d i n [ 3 7 ]  w e als o p erf or m t h e  L a y z er-Ir vi n e t est of e n er g y c o ns er v ati o n i n

o ur si m ul ati o ns. I n o ur s et u p, t h e ki n eti c a n d p ot e nti al e n er gi es ar e n at ur all y d e fi n e d

as

K = −
κ

2
ψ ∗ ∆ ψ , ( B. 1)

W =
1

2
V̄ ψ ∗ ψ . ( B. 2)

E n er g y c o ns er v ati o n is t h e n s p oil e d b y t h e e x pli cit ti m e d e p e n d e n c e of κ i n K a n d als o

i n V̄ ( s e e  E q. (2. 2 0 )).  T his yi el ds t h e r el ati o n

∂ η (K + W ) = −
1

2
K +

1

2
W . ( B. 3)

T his  m oti v at es t h e d e fi niti o n

δ K =
∂ η (K + W ) − W / 2 + K / 2

K
. ( B. 4)

I n  Fi g. 1 5 w e s h o w δ K f or 1 D (L = 1 0 0 0  M p c / h , N = 1 6 3 8 4 a n d κ 0 = 1  M p c 2 / h 2 ),

2 D ( L = 1 0 0 0  M p c / h , N = 4 0 9 6 a n d κ 0 = 1  M p c 2 / h 2 ) a n d 3 D (L = 1 0 0 0  M p c / h ,

N = 2 5 6 a n d κ 0 = 1  M p c 2 / h 2 ) si m ul ati o ns.
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T h e  L a y z er-Ir vi n e t e st i s p a s s e d ( δ K 1 ) i n all c a s e s. S e e t e xt f or t h e p ar a m et er s of t h e

si m ul ati o n s.

C I ni ti ali z a ti o n r e d s hif t

I n fi g ur e 1 6 w e s h o w t h e i m p a ct of i niti ali zi n g t h e S P e v ol uti o n at t w o di ff er e nt r e ds hifts

z i ni t = 1 4 7 .4 a n d z i ni t = 5 3 .6 usi n g L = 1 0 0 0  M p c / h , N = 8 1 9 2 a n d κ 0 = 1  M p c 2 / h 2 .

T h e i niti al r e ds hift h as a r el ati v el y str o n g i n fl u e n c e o n t h e  P D F at z = 0.  T h e r el ati v e

di ff er e n c e of t h e  m att er p o w er s p e ctr u m is b el o w 2 % f or k 0 .2 5 h / M p c. N - b o d y

si m ul ati o n r es ults usi n g  Z el’ d o vi c h a p pr o xi m ati o n as i niti al c o n diti o ns als o fi n d si mil ar

dis cr e p a n ci es [ 1 3 ].
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Fi g u r e 1 6 .  L eft:  P D F f or t h e  m att er d e n sit y fi el d at z = 0 u si n g r e d s hift s z i ni t = 1 4 7 .4 a n d

z i ni t = 5 3 .6.  Ri g ht:  R el ati v e di ff er e n c e of t h e  m att er p o w er s p e ct r u m at z = 0 o bt ai n e d f or

t h e t w o i niti al r e d s hift s z i ni t.
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D  C o m p u t a ti o n al ti m e

I n t his a p p e n di x,  w e c o m m e nt o n t h e c o m p ut ati o n al  C P U ti m e r e q uir e d f or t h e

S c hr ö di n g er- P oiss o n c o d e.  All t h e si m ul ati o ns  w er e p erf or m e d o n t h e  D E S Y  T h e or y

Cl ust er.  F or t h e  F o uri er tr a nsf or m ati o ns,  w e us e d t h e  F F T W 3 p a c k a g e [ 5 6 ].

1 0 − 2 1 0 − 1 1 0 0 1 0 1 1 0 2

κ 0 N / L [ M p c/ h ]

1 0 1

1 0 2

1 0 3

1 0 4

Ti
me

 (
co

re
 h

o
ur

s)

D E F A U L T

N

L

κ 0

Fi g u r e 1 7 .  D e p e n d e n c e of t h e  C P U c or e ti m e r e q ui r e d f or t h e 2 D S c hr ö di n g e r- P oi s s o n

si m ul ati o n s o n t h e si m ul ati o n p ar a m et er s κ 0 ∝ , N a n d L .  T h e fi g u r e s h o w s v ari ati o n s

ar o u n d t h e fi d u ci al v al u e s.

I n fi g ur e 1 7 w e pr es e nt t h e d e p e n d e n c e of t h e si m ul ati o n ti m e (i n c or e h o urs) o n

κ 0 , L a n d N f or t h e 2 D c as e. I n cr e asi n g N h as a t w of ol d i m p a ct o n t h e c o m p ut ati o n al

ti m e:  First, t h e ti m e f or e a c h dis cr et e  F o uri er tr a nsf or m ati o n i n cr e as es. S e c o n d,  m or e

n o n-li n e ar s c al es ar e p o p ul at e d, i n cr e asi n g t h e ar g u m e nt of t h e p ot e nti al r ot ati o ns U V .

T his r e q uir es t o d e cr e as e t h e ti m e st e p  ∆ s , as dis c uss e d i n s e cti o n 3. 2 .  R e d u ci n g t h e

b o x si z e L als o h as si mil ar e ff e cts o n U V ( n ot e t h at  w e us e t h e c o m bi n ati o n κ 0 N / L o n

t h e h ori z o nt al a xis i n fi g ur e 1 7 ). Si n c e ar g ( U V ) ∝ 1 / κ 0 a n d ar g ( U K ) ∝ κ 0 , e xtr e m e

v al u es of κ 0 als o r e d u c e t h e ti m e st e p a n d c orr es p o n di n gl y l e a d t o a n i n cr e as e i n

c o m p ut ati o n al ti m e.

E  T h e 1 D c a s e

I n t his a p p e n di x,  w e pr es e nt r es ults f or t h e o n e- di m e nsi o n al c as e.  As p oi nt e d o ut i n t h e

m ai n t e xt, e v e n t h o u g h t h e  m a xi m al p ossi bl e r es ol uti o n i n t h e 1 D c as e is t h e hi g h est,

t h e (s a m pli n g) n ois e is v er y l ar g e d u e t o t h e s m all n u m b er or  m o d es.  N e v ert h el ess,  w e

fi n d it i nstr u cti v e t o c o nsi d er t h e 1 D c as e f or st u d yi n g t h e c o n v er g e n c e  w h e n i n cr e asi n g

t h e r es ol uti o n.

I n fi g ur e 1 8 w e s h o w t h e o v er d e nsit y fi el d at t hr e e di ff er e nt r e ds hifts, f or a si m ul a-

ti o n  wit h L = 1 0 0 0  M p c / h, κ 0 = 1  M p c 2 a n d N = 2 1 7 – a s u bst a nti al i n cr e as e c o m p ar e d

wit h b ot h 2 D a n d 3 D c as es. It is p ossi bl e t o s e e t h at a s m all i niti al fl u ct u ati o n, f or

i nst a n c e, at x = 2 5 0  M p c / h, e v ol v es t o f or m a n o v er d e ns e r e gi o n.
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