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ABSTRACT: Continuing our investigations of the analytic structure of the 2 — n scattering
amplitudes in the planar limit of N = 4 SYM in multi-Regge kinematics we compute, in
all kinematic regions, the Regge cut contributions of the 2 — 6 process in leading order.
Compared to previous studies of the 2 — 4 and the 2 — 5 processes we encounter two new
features: the 3-reggon cut and the product of two 2-reggeon cut contributions.
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1 Introduction

It is now well established that the Bern-Dixon-Smirnow (BDS) conjecture [1] for the MHV
n-point scattering amplitude in the planar limit of the N' = 4 SYM theory is incomplete
for n > 6. One of the first indications for this was found in [2, 3]. Corrections to the BDS-
formula have been named ’remainder functions’, R™, and in recent years major efforts
have been made for determining these remainder functions, in particular the remainder
function R(®) for the case n = 6 and n = 7 [4, 5]. The function R has been calculated
for two, and three loops [6-15]. More recently new techniques have been developped and
applied to calculate higher loops [16-21].

In order to fully analyse and to go beyond this loop expansion, it has turned out
to be useful to consider special kinematic limits, in particular the multi-Regge limit. The
benefit of considering this special region is the particular analytic structure of the scattering
amplitudes, in particular the Regge factorization. This stucture is expected to be valid to
all orders: the higher order calculations mentioned before can therefore be compared and
analyzed. In subsequent papers [4, 5] the analytic structure of the 2 — 4 and the 2 — 5
scattering amplitudes has been investigated, making use of Regge theory and unitarity,
and in the leading logarithmic approximation the Regge pole and Regge cut contributions
have been computed in all kinematic regions.

The present paper extends these calculations to the 2 — 6 amplitude. This 8-point
function is of particular interest since it exhibits, for the first time, a Reggeon cut contri-
bution consisting of three reggeized gluons. In [22] it was found that the Hamlitonian of



the Regge-cuts belongs to an integrable open Heisenberg spin chain. Regge-cuts composed
of n reggeized gluons probe the spin chains consisting of n sites. In the 2 -+ 4 and 2 — 5
scattering amplitudes only the shortest spin chain, consisting of two sites, appears; spin
chains with three sites appear first in the 2 — 6 scattering amplitudes, spin chains of 4
sites in the 2 — 8 amplitude etc. In this paper we compute the partial waves of the 2 — 6
amplitude containing the 3-gluon cut. The energy spectrum of the Hamiltonian of the three
gluon state has first been addressed in [22]. Another novel feature of the 2 — 6 amplitude
is the repetition of Regge cuts: the short cut which was found in the 2 — 4 amplitude,
now can appear twice, in the t5 channel and in the ¢4 channel.

Technically speaking the 2 — 6 amplitude requires new fatures. First, when using
unitarity for the computation of Regge cut amplitudes, the new terms (Regge cuts consist-
ing of three reggeized gluons, and the product of two short cuts) now require double and
even higher order discontinuities, even for the leading logarithmic approximation. This
provides a crucial test of the analytic structure, based on the Steinmann relations. Second,
the calculation of subtraction terms now becomes more complicated. In [2, 23] it had been
pointed out that the planar approximation, when applied to the Regge limit of N' = 4 SYM
theory, leads to a new feature which requires special attention. As it is well known, Regge
theory (Carlson theorem) requires the definition and use of signatured amplitudes. Once
signature has been introduced, in the Regge pole approximation multiparticle production
amplitudes factorize. For QCD this has been verified in the context of the BFKL equa-
tion. In the planar approximation (leading order large N.), however, there is no space for
signature: hence the study of the Regge limit of N = 4 SYM theories in the planar approx-
imation raises the question how much of the known Regge structure remains applicable.
As a first consequence of the absence of signature, it has been observed in [2, 23] that, in
the Regge pole approximation, the factorization of multiparticle production amplitudes is
violated in certain kinematic regions. This violation is accompanied by the appearance of
unphysical singularities. It was then noticed that these singular pieces appear in exactly
the same kinematic regions where also the Regge cut contributions contribute, and they
also have the same phase as the Regge cut contributions. Hence they can be removed
by re-defining the Regge cut contributions by introducing subtractions terms. In previous
papers this was shown for the 2 — 4 and the 2 — 5 amplitudes. In the present paper we
show that such subtractions can be found also for the 2 — 6 amplitude. This suggests that
in the planar lapproximation of A" = 4 SYM theories, despite the absence of signature, the
general structure of Regge amplitudes remains valid.

2 Outline of the strategy

Let us first indicate how our calculations will be performed. We will make use of the
method developed in our previous papers on the 7-point function [4, 5], and wewill proceed
in several steps:

(1) We describe the decomposition of the 2 — 6 scattering amplitude into a sum of several
pieces, where each term, in accordance with the Steinman relations, is characterized by a
maximal set of non-overlapping energy discontinuities. In the present case we have a sum



of 42 terms, and each term has a set of five nonoverlapping energy discontinuities.

(2) In the planar approximation, each term in this decomposition contains a product of
energy factors, the phases of which depend upon the kinematic region. Our list applies to
the region where all energies are positive. (In the case of signatured amplitudes one would
have to form linear combinations of differenz kinematic regions).

(3) Whereas the Regge poles contribute to all 42 terms in this decomposition, the Regge
cuts appear in specific terms only. Since each Regge cut can be computed from a specific
set of energy discontinuities, for each term of the decomposition the content of energy dis-
continuities allows to decide, which of the Regge cuts might contribute.

(4) Regge pole and Regge cut contributions are accompanied by trigonometric factors which
have their origin in the partial wave expansion. For the 7-point amplitude the method of
finding these factors has been described in [4, 5], and it is not difficult to extend these rules
also to the present case (the sum of the Regge pole contributions can also be derived from
the BDS formula [4]). It is due to these trigonometric factors that, in certain kinemtaic
regions, unphysical singularities appear.

(5) Focussing now on specific kinematic regions and inserting the corresponding phases of
the energy factors, one finds extensive cancellations. It is these cancellations which let the
Regge cut terms appear only in specific kinematic regions.

(6) As we have said already, the Regge pole terms come with unphysical singularities in
exactly the same kinematic regions where also Regge cut terms appear. It is this coinci-
dence which has suggested to introduce subtractions for the Regge cuts in such a way that
the singularities are cancelled. For the present case the determination of the subtractions
is lengthy and rather technical, and we move it into the Appendix D. .

(7) Once the necessary subtractions of the Regge cut conributions have been found, the
representation found in the previous steps can be modified and all singularities arising from
the trigonometric factors will be removed. We believe that the success of finding these sub-
traction which consistently remove the singularities represents an important confirmation
of the correctness of our procedure.

(8) Once we know the form of the scattering amplitude we can use energy discontinuities
(single and a few higher order energy discontinuities) to determine the individual Regge
cut pieces. It is important to note that, up to this point, the results are expected to be
valid to all orders: the form of the scattering amplitude as well as the energy discintinuity
relations.

(9) The final step is the calculation of the Regge cut terms, based upon the energy (single
or double) discontinuity equations and unitarity. The evaluation of the unitarity equations
will be restricted to the leading logarithmic approximation. Most of the ingredients neces-
sary for a NLO calculation are known and can be used,, but this will not be attempted in
the present paper.

Our paper is organized as follows. First (section 3) we discuss the analytic structure
(steps (1)- (3)). The trigonometric factors are listed in Appendix B, and the sum of the
Regge pole terms is given in Appendix C. In section 4 we discuss, for the simplest case of
the short Regge cut, the problem of subtractions. In the following two sections we then
go through the different Regge cut contributions and list the kinematic regions where they



appear: section 5 for the short and long cuts, section 6 for the very long cut, the double cut
and the 3-reggeon cut. In each of these sections, we begin with the representation which
directly follows from section 3 and the trigonometric factors contained in the Appendices
and still contains singularities. Using then the subtractions derived in Appendix D we
obtain the regular representation. In section 7 we compute the energy discontinuities
which will allow to find the partial waves. The final step then is the computation of the
corresponding unitarity integrals where we will restrict ourselves to the leading logarithmic
approximation. Section 8 contains our (leading order) results for the very long cut, the
3-reggeon cut and the double cut in the different kinematic regions. Finally, in section 9
we give a brief summary and outlook.

3 The Analytic structure

We begin with the analytic structure of the 2 — 6 amplitude in the multiregge region (steps
(1) and (2) of the previous section). Our notation is illustrated in the following figure:
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Figure 1: Notations of the 2 — n + 1 scattering amplitude

In the following we will label the four produced particles also by a,b,c,d.

3.1 Decomposition

We write the (unsignatured) 2 — 6 scattering amplitude in the multi-Regge kinematics as
a sum of 42 terms:

T = Z Tji- (3.1)
Each term belongs to a specific set of five simultaneous energy discontinuities in non-
overlapping channels. We group these terms into five singlets, three doublets, four triplets,
two quartets, a singlet, and a sextet. Below we illustrate the discontinuity structure and

list the energy factors. Here w; = j; — 1,where j; denotes the angular momentum in the ¢;
channel, and w;; = w; — w;. First the singlets:



Figure 2: five singlets

The corresponding energy factors are (in the kinematic region where all energies are posi-

tive):

Next the three doublets:

a b c¢c d
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RRLL
RRRR
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Figure 3: three doublets
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(—s01)“12 (—523) 93 (—s545)“%* (—525)“*2(—5)**2  RLRL(1)
(—501)“12(—523)“32 (—s03)*24 (—845)“54(—s)*3*  RLRL(2) (3.8)

(_501)w12(_502)“’23(—834)W45(—335)w53(—8)w3 RRLR(l)
(—801)“’12(—802)w23(—834)w43(—804)w35(—8)w5 RRLR(2) . (3.9)
The triplets are of the form:

a b c d
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Figure 4: four triplets

(—523)“%4(—545)"5* (—525)42 (—515)“? (=) LLRL(1)
(—823)“32(—845)“54 (—s13)“24 (—s15)“4 (—s)“t  LLRL(2)
(—523)99% (=545)"* (=513)**' (—503)"* (=5)**  LLRL(3) (3.10)

(—512)92" (—545)954 (—502)“13 (—503)“34 (—s)** LRRL(1)
(—512)“23 (—s45)954 (—s13)34 (—s15)“* (—s)**  LRRL(2)
(—812)w23(—S45)w54(—813)w31(—803)w14(—8)w4 LRRL(3) (3.11)

(_5’01)&)12 (_834)w45 (—335)“’53 (—825)“)32 (—S)w2 RLLR(l)
(—501)“12 (—534)“43 (—524)“32 (—504)“?* (—5)“> RLLR(2)
(—801)912 (—534)83 (—594)#5 (— 595)*32(—5)¥2  RLLR(3) (3.12)



(—801)“12(—8523)932 (—803)“24(—504)* (—5)*5  RLRR(1)
(—s501)“12(—523) 34 (—524)“*?(—804)?°(—5)*> RLRR(2)
(—501)“12 (—503)“3 (—$94) 43 (—s95 )2 (—s)*2  RLRR(3). (3.13)

Next the two quartets:
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Figure 5: two quartets
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(—534)“43 (—594)932 (—514)*21 (—504)¥15(—5)“5 LLLR(4) (3.14)



(—512)921 (—502)“"3 (—503)“3* (—S04)“*5 (—s

- (—s)*>  LRRR(1)
(—512)923(—513)“31 (—503)“"* (—504)“*3(—5)*> LRRR(2)
(—812)¥23(—513)“34 (—s514)“* (—804)¥?5(—5)*> LRRR(3)

(—812)w23(—813)“}34(—814)“}45(—815)w51(—S)wl LRRR(4) . (315)

The quintet has the form (here the numbering 1..5 goes from left to right starting from
the upper left diagram):

a
1

NT
(9]
~Q

LRLR

Figure 6: quintet

(—512)9%3 (—534)“*5 (—515)“3" (—s35)*53(—s)**  LRLR(1)
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(—512)“21 (—534)“%3 (—502)*3 (—804)“* (—5)*5  LRLR(3)
(—812)“22 (—834) %43 (—514)% (—815)5' (—5)“*  LRLR(4)
(—812)“2 (—534) %43 (—514)*% (—804)*1°(—5)*>  LRLR(5) (3.16)

Finally the sextet (the numbering 1..6 is contained in the figure. The diagrams in the
lower line are the mirror reflections of the upper line):



LLIRR

Figure 7: one sextet
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As it can be seen from Fig.2 - 7, each term can be characterized by a set of 4 subscripts
'L’ or ’R’. Beginning with the left-most produced particle, the first subscript distinguishes
whether the energy discontinuity line comes from the left or from the right. The second
subscript says the same for the second produced particle, and so on. A closer look at Fig.2
- 7 shows that these labels are not sufficient: depending on the discontinuity structure, we
still have singlets, doublets etc.

For each term, the product of energy factors clearly reflects the non-overlapping mul-
tiple energy discontinuities. Often it is more convenient to rewrite these energy factors in
a factorizing form. Using identities such as

512524
§13 = 2 25, Koz = (A — q3)° (3.18)
K23

it is then straightforward to see that in all terms the energy factors (disregarding the
phases) can be written as the product

So1 815855 51548 - (product of k factors). (3.19)

In the product of k41 factors the exponents depend upon the subscripts 'L’ or 'R’: for
each produced particle labelled by 'L’ or 'R’: we have (kjj+1) ! or (ki41)”“%, resp. As



an example, terms labelled by LLLL come with the product

(K12) " (K23) 2 (Kk34) " (K12) ~*. (3.20)

In leading order, we can put these s factors equal to unity.
From now on we introduce a small change of our notation. Instead of w; = j; — 1 we
now will use, as integration variable, w; = j; — 1, and the unprimed variable

w; = w(q) = aft;) — 1

N,
:——ln|qZ’ YK —4a,a:as =
2

4 A2

, ti=—q; (3.21)
will be used for the reggeon trajectory function in the t; channel: w; = a(t;) — 1.

3.2 A few general remarks on the formulae of the scattering amplitude

For each term we have a Sommerfeld-Watson integral. A more detailed discussion has been
given in our previous paper [5]. Each term is written in the form:

d(/.) dw dw d(/.) dw / ’ ’ ’ ’
Tiirr = 8/ / 1 227m3 4 5( 345)W54(_835)w43(_825>w32(_815)0-121(_s)wl

Frp(ty, ta, ts, ta, ts; wh, wh, wh, wy, wh), (3.22)

where wz = wz’- — w} The Fjji; are real-valued, and they contain, in addition to the trigono-

J
metric factors to be discussed below, the partial waves. Each Fjj;p; is written as a sum of
several pieces which contain Regge pole or Regge cut singularities:

» pole Regge cut 1 Regge cut 2
Fiji = Fijp + Fijp + Fj to (3.23)

In order to obtain a signatured amplitude we have to form linear combinations of
crossed and uncrossed amplitudes. This amounts to replacing the phase of the energy
factor by a signature factor &, e.g.

/ w’ i
(—835)18 — 535843, &a3 =€ V8 + 7473, (3.24)

Instead, in the planar approximation the product of signature factors is expanded in prod-
ucts of the 7;, and each term denotes a particular kinematic region. For example, the term
without any 7; denotes the region where all energies are positive, the term 7, the region
where the t; channel has been twisted etc. In the following we will use this notation for
labelling the different kinematic regions.

We are interested in the corrections to the BDS expression for the scattering ampli-
tude, depending on the kinematic region.. For each region 7;...7; we write the scattering
amplitude in the form

A'ri...'rj = ABDS Rn LT (325)

Ti- Ty

Here the BDS part contains the Regge pole part illustrated in Fig8:

~10 -



Figure 8: Regge pole contribution

consisting of the energy factors (without phases) , the real valued couplings to the external
incoming particles, the absolute values of the production vertices, and the two phase factors:

ABDS _ :|:|ABDS |ei7rg07i“rjei57imrj' (3‘26)

Ti---Tj Ti---Tj

Here the 07, -, contain the one loop Regge cuts, and in Appendix A we give a list of the
phases mpr, -, —1—571.“,7]. for all kinematic regions which contain Regge cuts. In this notation,
our discussion will focus on the product

RSBy eléq—i..n—j RTZ_MT]’, (327)

and the remaining factor will be called the 'BDS’ part. In our leading approximation, the

Brimi will be expanded. The same convention will be used when we discuss

exponential e
energy discontinuities: the BDS part will be extracted and not written explicitly.

The integral representation (3.22) contains, for each t;-channel, the integral over the
corresponding angular momentum w; = j; — 1. If, for a given kinematic region 7;...7;, the
ti-channel has only a Regge pole contribution, the w) integral can be done directly and

leads to a factor s;” |, where w; denotes the gluon trajetory in the ¢; channel (3.21). If the

i—12
ti-channel has a Regge cut contribution, the corresponding w; can be shifted:

wi = W + w; (3.28)

and in this way also produces a factor s;_1;i“* (a more detailed discussion of this shift
will be given in section 5.1). As a result, all energy factors contained in the BDS part
will be factored out from our scattering amplitudes, derived in this paper, leading to the
expression (3.27).

Finally we address the question which Regge pieces contribute to each of the 42 terms.
As we have said before, each Regge pole or cut term comes with a product of trigonometric
factors, resulting from the partial wave expansions in the various ¢-channels. Detailed rules
and their application to the 2 — 5 scattering process have been given in the appendix of
[5], and it is not dificult to generalize to the 2 — 6 process. A complete list of these trigono-
metric factors is given in Appendix B: for each of the 42 terms in our decomposition we
list the trigonometric factors of the Regge pole and cut contributions. Regge poles appear
in all terms, Regge cuts only in those terms which contain the set of energy discontinuities
related to the Regge cut. As an example, the very long two-reggeon cut in the t3, t3 and
t4 channel can appear only in those terms which have an energy discontinuity in sjo234:

LLLR(3), LLLR(4), LRRR(3), LRRR(4), LRLR(3), LRLR(4),
LLRR(3), LLRR(4), LLRR(5), LLRR(6). (3.29)

- 11 -



In order to find out in which kinematic region a given Regge cut contribution appears, we
combine the trigonometric factors of this Regge cut and the phases coming from the energy
factors of this kinematic region, and take the sum over all of the 42 terms which contain
this Regge cut. As a result, one finds many cancellations, and at the end the Regge cut,
if at all, appears only in very specific kinematic regions. As one general result we mention
that, both in the region where all energies are positive and in the purely euclidean region,
all Regge cut contributions cancel. On the other hand, the Regge poles appear in all
kinematic regions, and a complete list of their contributions is given in Appendix C.

There exist important consistency checks. Beginning with the Regge pole contribu-
tions, the obtained results which are listed in Appendix C can be compared with the pole
expressions derived from the BDS formulae (as outlined in [4]). One finds complete agree-
ment. As to Regge cuts, in the appendix of [22] arguments have been given that, in the
planar approximation, Regge cuts can appear only if some of the produced particles are
continued to the region of negative energies. As an example, in the 2 — 4 amplitude the
two reggeon cut in the to channel contributes only if both the ¢; and ¢3 channels are twisted,
i.e. both produced particles have to be continued to have negative energy. In the 2 — 6
amplitude, the very long Regge cut requires twists in the ¢; and t5 channels.

In the following we will consider the different kinematic regions. We find it convenient
to discuss the different cut contributions seperately. Beginning with the region where only
one short Regge cut (one t-channel) contributes, we then address the regions with a long cut
(two t-channels), and finally come to the regions where the very long cut (three t-channels),
the double cut and the three reggeon cut appear.

4 The problem of subtractions

Before we begin with the different kinematic regions we say a bit more about the problem
of subtractions. As we have already said before, the planar approximation leads to a prob-
lem which requires special attention. For this we return to the Regge pole contributions.
As discussed in [4, 23], starting from the BDS formula one finds that the Regge pole con-
tributions become singular in all those kinematic regions where Regge cut contributions
appear, and these singularities have the same phase structure as the Regge cuts. This
suggests to re-define the Regge cut by a subtraction term which removes the singularity.
For illustration we go to Appendix C where we have listed the pole contributions of the
2 — 6 amplitude for all kinematic regions. Their form can be derived from the BDS for-
mula; alternatively we could also start from Appendix B and compute the sum of the pole
contributions in the different regions. The table begins with those regions which have no
Regge cuts, and the pole contributions are just phase factors. In all subsequent regions,
the pole conributions contain singularities.

To be definite, let us consider the regions 773 and 77973, in which only the short
2-reggeon cut in the to-channel contributes. In this region the Regge pole contribution in
Appendix B is of the form:

e im(w2twitws) pim(wetwa) | pim(watws) _ 9;gimw2 QaQb] , (4.1)

2
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which we can also write as

A ) 1 Q.0
e—zw(w2+w4+w5)€m(wc+wd) [COS TWap — 21 (—2 sin W(wa + wb) + cos Two (az b> ] . (4.2)

Here we have used:

vk laPleel?
= ——In—-75 4.3
S R (4.3)
Wap = Wa — Wh
Q, = sinmw, , Qo = sinTws , (4.4)

and as discussed before, the BDS part has been removed (in particular the energy factors
of the Regge poles). Similarly for the region 7 7573:

, . 1 Q2,0
e~ im(watws) pim(wetwa) | _ cog gy — 20 (—2 sin 7 (wq + wp) + cos Tws ;2 b) } : (4.5)
2

In (4.2) and (4.5) it is the brackets, in particular the terms proportional to 1/, which
are unphysical and should be removed by the Regge cut in the ¢2 channel, W,,,.
For the sum of all terms containing the short Rdegge cut W,, we obtain after some
algebra, before the integration over w
TS i~ imWrtwitws)yy  imwe i (4.6)

TIToT3 : 22’6_1‘”@”“’5’)I/Vw2 eimwe it
Next we include, for the Regge cut amplitude, the w) integral with the energy sjo:

1"

dwl, , )
[ S Wan(osia) = g [ W (1) (48)
2

27
dw"
/2 = / 275. (4.9)

Here we have perfomed the shift discussed in (3.28), and extracted the factor s73. It belongs

with

to the BDS part, and in the following we will disregard it.
Now the Regge cut part has the same phase structure as the singular pieces of the
Regge pole term. In order to cancel these singular pieces we put

[si i, = o+ [ (s (4.10)
2 2
with
1 Q.0
Wy = —3 sin 7m(wq + wp) + cos Two b, (4.11)
2

With this subtraction §W,, we obtain for the sum of the Regge pole and the short Regge
cut

T3 e~ im(watwatws) im(wetwa) [COS Twap + 2i /(—812)wé/W£§g ) (4.12)
2
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The first term in the square brackets defines the conformal infrared finite Regge pole
contribution in this kinematic region. In the same way we find for the region 717573 (using
the same subtraction 0W,,):

TIT2T3 : e im(watws) pim(wetwa) [ — COS TWep + 24 /(312)"4 ngg} . (4.13)
2

Obviously, 0W,, is a subtraction term of the w”-integral in the angular momentum plane.
For simplicity, we write (4.10) in the short hand notation

/ Wiy = Wi, + / Wres, (4.14)

i.e. we will not explicitly write the w) integral and the energy variables multiplying W,
or Wi,

It is important to keep in mind that these singular terms also appear in the energy
discontinuity relations. For simplicity we consider the discontinuity in sj2 in the region of
positive energies:

Ay = e—iw(w4+w5)ei7r(wc+wd) [/S;IQIWMQ B VL(G)VR(b)} ] (4‘15)
2 Qo
Here
Vi(a) =sinm(we —wg), Vr(a) =sinm(wi —wq)
Vi(b) = sinm(wg — wp), Vr(b) = sinm(wa — wp). (4.16)

Again the singularity of the Regge pole term appears. By inserting (4.10) and (4.11), also
this discontinuity becomes regular:

_ —im(wgtw 1 (Wetw wy re 1
Aqg = e~ im(watws) gim(we d)|:/25122Ww2g_

5 (€™ Vi(b) + €™ Vi (a) ] . (417

It should be stressed that the singularity in the Regge pole terms (4.2) and (4.5)
woukd cancel if, instead of considering the regions 773 and 71773 separately, we would
form odd signatured amplitudes.This demonstrates that it is the planar approximation
which is connected with the appearance of these singularities.

The simple case of the short cut in the to-channel generalizes to all kinematic regions
where Regge cuts appear: the Regge pole contributions have singular tems which have to
be cancelled by subtractions of Regge cut contributions

/ WRegge cut — 5WRegge cut / Wrigge cut® (418)

Here we will use the shorthand notation discussed after (4.14).

For the cases 2 — 4 and 2 — 5 the subtraction terms have been found and discussed
in previous papers. For the present case 2 — 6 it is one of the main challenges to find
the subtraction terms for the new Regge cut conributions and to verify that, with these
subtractions, both the scattering amplitudes and the energy discontinuities become regular.
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5 The cut contributions of the short and the long Regge cuts

We now determine the Regge cut contributions. We will go through the Regge cuts (short,
long, very long, double cut, three reggeon cut) in the different kinematic regions and
combine, for each region, the phases from the energy factors listed in the prevous section
with the trigonometric factors listed in Appendix B and C. These calculations are lengthy
and are done using Mathematica. The results, however, become simple. In the next step
we decompose the partial waves W:

/W = 5W+/W7’@9 (5.1)

and compute the singular pieces, dW, from the requirement that they cancel the unphys-
ical singularities of the Regge pole contributions. We then find the amlitudes containing
only regular terms. In the next step we write down equations for the energy discontinu-
ities, inserting the necessary subtractions. Finally, we use unitarity equations (restricting
ourselves to the leading logarithmic approximation) and find explicit expressions for the
Regge cut contributions.

5.1 The short cuts

We begin with the Regge cut contributions in the ws channel and conisder the regions 773
and 7y7973. This region has been discussed already in the last section, and we only need
to compute the energy discontinuity in (4.17). First we write the equation in the leading
approximation:

A = / sEWres — g(zwg — Wa — Wa). (5.2)
2

For the computation of the discontinuity on the lhs we use unitarity (Fig.9a):

a b c d

b

c

Figure 9: Single discontinuities in (a) s12, (b) s123, (¢) s1234
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and for the unitarity integrals we restrict ourselves to the leading log approximation. In
leading order the production vertices in Fig.9 simplify:

Figure 10: Production vertices in leading order

In particular, in (a) the production vertices at the lhs end of the cut is a sum of a pointlike
vertex and and a vertex involving a particle propagator. In the following this latter part
will be denoted by ®. With this the result is:

s
A = (*W(WQ —wg —wp) + §V13) + fuas (5.3)
where we have used aillas?
YK g 195
Vij=—Ih——5— 5.4
() 4 ’ql o q] |2)\2 ( )
with Vio = —2w, etc. Here the first three terms denote the one loop contributions, and

the leading order function f,,, which is illustrated in Fig.11 a starts from 2 loops::

a b
ANAS NS
a
a b c
b
a b c d

c

Figure 11: Illustration of Regge cut amplitudes (a) fu,, (b) fusws, (€) fuswsws-

Before we continue we come back to the shift in the wé which we have discussed in
section 3.2. The rungs in Fig.9 denote the BFKL kernel in the octet representetion which
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we write as [3]:

KO0 (1K, q) = 00 (k= ) (w(k?) + wl(q - k&) + 2Bl K v e

2 (k — k')?
1

= 3 (k = K) [w(a?) + 5 (W) + w((a —k)?) - 20(¢?)) |

+%K(1)(q—k;q—k',k')

2 2

_ 5@ _ 1 2y @ k*(q — k) LWy kg K K

5 1) [w(a?) = S n o |+ 359 @-kia-K.K)
=5 (k — K)w(q?) + KEplanar (g — k k; q — K, k). (5.5)

The new kernel K2%planar (a — k,k; q — k', k') has the important bootstrap property .
/ko’K2%Pl“W(q —k,kq-KkK,K)-1=0. (5.6)

In the ladder diagrams of Fig.11a the Green’s function satisfies the equation

6Dk -X) 1
K(k—qy)? Kk(k—qy)

W'GEV (kK qy) 5 (K@ 60) (kK ay).  (57)

Writing its solution in the simplified form :

G£)8A) T W ;((SA) - w(‘lz)l— K?2planar (5:8)
we see that, when performing the wj-integral, we can shift the integration variable
wh = wh + wo (5.9)
and obain an extra factor
$13. (5.10)

This factor belongs into the BDS part and, therefore, will be disregarded (as it has already
been done in (4.17) and (5.2) ). In the following this shift applies to all 2-reggeon cut
confributions, and whenever we encounter an w/-integration it is understood that the

Wi

corresponding energy factor s;”,

will be disregarded since it has been absorbed by the
BDS part of the scattering amplitude.
Returning now to (5.3) we have for f,, the following analytic representation in the

v, n-representation (Fig.9a).:

2 Kk \ W— G vtz
9N _\n dv B wvn) ok 2 [ q3ke 2
Jun = 1672 £ (-1) / (( 512) 1) a , (5.11)

V24 kpai kg

where we have subtracted the infrared divergent one loop integral, V;;. It is convenient to
introduce, in the infrared finite and conformal invariant phases:

d13 =7 (Vizg +wq +wp) , (5.12)
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which leads to the result for the unitarity integral:

1)
wa+wb)+£

5 e (5.13)

Alg = —TTW2 + g(

With this unitarity integral we return to (5.2) and obtain the conformal invariant result
for the short Regge cut in the wy channel:

1" 5
/2(—812)“2 Wit = fu, + ; (5.14)

Our final result for the weak coupling limit thus becomes:

, . 0
TIT3 : e im(watwatws) pim(wetwa) [cos TWap + 20 <fw2 13) }
. . 1)
TIT9T3 : e im(Watws) gim(wetwa) { — COS TWep + 21 (fw2 + ;3) } ) (5.15)

We remind that this result represents, to leading order, the combination (3.27). In order to
obtain the complete scattering amplitude we still have to multiply by the BDS part, i.e.the
product of the Regge pole factors, s{is73 55554542, and by the couplings to the external
particles.

The analogous results for the short cuts in the w3 and wy are easily obtained by suitable

changes of variables.

5.2 Long cuts

Turning to the long cuts in the wows and wsw, channels we notice that the phase structure
suggests, instead of the long cut amplitudes W,,.1, etc., to define real-valued combina-
tions of long and short cut contributions. We therefore introduce the modified long cut

amplitudes:
s ngoJ3'L Qa
waws; = — ~ w, ']‘
W, 3:L Qo + QQ/W 3 (5 6)
—~ Wasnws:R Q.
wawsz;R = el w! 1
Worusn = =~ 4 Wi g© (5.17)
and
—~ Woswa: Qp
Ww3w4;L == ﬁ/; —‘I— WWWAL/ (518)
—~ Woswa:R Q4
wawq; R = el w! 1
Wos R Qua + W, 394 (5 9)
with
Qi = sinm(w; — wj). (5.20)

Moreover, for later purposes it will be convenient to introduce the following short hand
notation:
0(23) _ ezﬂw3Ww2w3 R+ eimw2 Wwa&L (5,21)
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With these notations we find the following cut contributions:

TiTs: Zie im(Wrtwatws) gimwy [eim / Wogwnit + €7 / ’WWS;L} (5.22)
TiToTs @ 2ieim(Wstws) gimwa [e”wf’ / Woginse + €772 / WonesiL
_¢ima / Ww} (5.23)
TIT3T4 : 2je im(Watws) gimwa [eim3 / WN/UJQW;R—F@W"? / V[N/mwg;L
- / WwQei”wC} (5.24)
TIToT3Ty @ 2ie” W5 imwa [e”w3 / vawzwg;R—i-ei”wQ / szwg;L

_ / W, e~ e — g imwa / st] . (5.25)
The corresponding pole contributions are listed in Appendix C.
In (5.22) - (5.25) we have used a short hand notation which we have to explain. In
order to obtain, for example, (5.22) we proceed as follows. We start from the integral of
the form (3.22) which we write as

dw’, dwh dwh, dw!, dw? /
1AW AWz AW, AWy wi, wis wiy Wh w
Tronr = 8/ / (2ri)5 S45 S35 S95 S15 S !

717‘, w5 w4)FLLL(t17 t2) t37 t47 t5a w17 w27 O‘)Sa W4, w5) (526)

where Frrr is a sum of Regge pole and Regge cut terms As said before, each Regge cut
term comes with angular momentum integrals w; for all t-channels over which the cut

extends. For the long cut discussed now the to and t3 channels are involved, i.e. the we

dwhdw’ o, w
=i (5.27)

All other w] variables can be substituted by the corresponding Regge pole w; Also the

have the integration

phases are written as primed, i.e. for the first term in (5.22) we have
dwhdw! / ——
2 3 w2 W3 —im(ws+w ITwW,
/(2772) 515595€ (watws)e W oppws: R- (5.28)
After the shift w, = w; + W/ this becomes
_ + . . Wl e~
SLiJ22 Stgge ’LTr(wg W3+w5)ez7rwdel7rwe, //8122 82§ e 1TTWo ngwg;R

l
_ w2 w3 —im(wetws+w z Wy ITW w
812282§ m(watws fus) gim e 3// 512 2 3123) 3K2//3//Ww20.)3,R (529)

The energy factors in front of the integral belong to the BDS part and will be disregarded,
and we are thus left with

fz7r watws+ws) 17rwd 1Tws3 fzm,u” "-’2 wy
( € 3 S93 Wwas,R

— e~ im(w2twstws) pimwa imws /Ww2w3;R (5-30)
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This should explain our short hand notation ’ [’. Throughout the main part of this paper
we will make use of this notation.

The determination of the singular pieces has been described in Appendix B and will
not be repeated here. As the main result, we have found real-valued terms 6Ww2w3;3,
5/W7W2w3; 1, which remove the singularities in all kinematic regions. Adding Regge pole and
cut contributions and inserting the subtractions

/Ww2w3 L= /Wrsig -L + 5szw3;L (531)
[ Wonssin = [ W2 Wi (5.52)
we arrive, for the sum of Regge pole and Regge cuts, at the finite expressions:

—im(w2tws+ws) eimwa [eiwwb COSTWae

vai (emn [z, vem [, )] (5:33

TIToTy 1 e MW tws) pimwa { — "™ cosmwy,

+2i <em2 / Wiy + €™ / Wiaboim = €™ / W’“‘fg)} (5.34)

T1T4 : €

TiTaTy @ e iTwatws) gimwa [ — €™ cos Twpe
. 1w reg ITW3 reg o ’LTI'UJC reg
< /Ww2w3L+e /Wwa’ /W > (5.35)
TIToT3T4 @ € —iTws emwd[ ITWha emwbc
- ITW Teg ITW3 reg = iTWg reg —z7rwp reg
< / w2w3L+e /szwg, e /ng /W )
(5.36)

In the following we will use energy discontinuities and unitarity to compute the Regge
cut amplitudes. Since the evaluation of the unitarity integrals will be done only in the
leading logarithmic approximation, we will obtain only the leading order of (5.33) - (5.36).
This means that inside the square brackets we neglect all phase factors, and as a result
only the sum Wrei3 o+ Wr;ig . appears. However, in view of the new Regge cuts to be
discussed in the following section we have to keep in mind that, when exanding the phase
factors in powers of (im) , e.g. in (5.33):

2i (7AW, TR )

waws; R

=2i (ng Wreg —1 (m,qu Yo WWQWTeg )) (5.37)

waws; L wowsz; R waws3; wowsz; R

the second part, which in contrast to the leading part is of the order (im)? , is of the same
order as the new Regge cuts. Therefore, for consistency, we cannot simply ignore these
next-to-leading order terms. We will come back to them at the end of this section.
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Let us now determine the sum of the Regge cut amplitudes W:Sig. .+ W‘Z;’;g r by

computing the energy discontinuity of the full amplitude (Regge pole plus cut) in the
region where all energies are positive:

_ —im(witwatws) iTw imTwo3 ITW 17 imwso iTws e
Aoz = e (wiws o)e d[e He 2/Ww2w3;L+€ e 5/‘/I/vwzwg;}?,

_oiTw23 iTwa /st _ imwaz /VVWQemwC

~Vi(a) (em"%VLa)) + emw?’QVR(b)) VR(C)] (5.38)

Q38232 Q203
Inserting, for the singular pieces, the results obtained in Appendix B all singular pieces
cancel and we are left with:

waws; L waws3;

A123 — 6—iﬁ(w1+w4+w5)ei7rwd |:ei7rw23ei7rw2 /WTEQ + eiﬂwgzeiﬁw3 /Wreg R
_eiﬂwggeiﬂ'wa /W:;;ag . eimuggeiﬂ'wc /Wzsg
+i ("™ VR(b)Vr(c) + VL(a)VL(b)e'™) } : (5.39)

As before, the discontinuity Ajes will be computed from a unitarity integral (Fig.11.b)
for which we restrict ourselves to the weak coupling limit. Comparing the general form of
the unitarity integral illustrated in Fig.9b with the leading approximation in Fig.11.b) we
notice that the produced particle in the center now only couples to the upper reggeon. We
find:

01

1) 1)
A123 = fuJng + 74 - fUJQ - 1 2

5 = fus — TR (5.40)

where
0y =7 (Vig + we + we) - (5.41)

As for the short cut, we have separated the one loop terms, and f,,.,, which is illustrated
in Fig.11b starts from two loops. We have the integral representation:

fi = ! Z(_l)nler/dVldVQ 1 2‘]5’: it kaq3 1= s12 w(vi,m1)
waws 2 (2m)? ivy + % ark; qikp S0

ni,n2

n2

w(v2,n2) % %\ ivet 2 g——2
523 kya; 2 [ kpqa 2 1
.B N1 i ———|sub- 5.42
(v1,v2,n1.102) (503> <q§ 2) <qQk‘c iy — 2 |sub (5.42)

Here B(v1,v2,n1,n2) denotes the production vertex of particle b. The subscript |sup indi-
cates that we have subtracted the divergent one loop contribution §V14.
Returning to (5.39) we take the weak coupling limit:

Apgy = / W / Wres - / Wres / Wres (5.43)
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and combine with (5.40). We find for the sum of [ W:;e% o+ [ WZZ& :
reg reg
/W 2w3; L +/W waws; R

reg reg
//812 823 ngwg ngwg, )

= Junws + (5.44)

7'
When inserting these weak coupling results into (5.33)-(5.36) we encounter the phases
014 etc contained in the BDS formulae. Here it is useful to note the identities:

014 — 024 = —0124
014 — 013 = —0134
014 — 013 — 024 = 01234 — T(2wp — wg — We)- (5.45)

For (5.33)-(5.36) we thus arrive at :

, ) . )
T e~ im(watwstws) imwq [emwb COS TWae + 21 (fwzwg + ;) } (5.46)
, . . )
T1ToT4 e im(wstws) gimwa { — e cos Twpg + 21 <fw2w3 fus — 1224> } (5.47)

, A . 5
TIT3T4 : e im(watws) pimwa [ — e cos Twpe + 21 (fwm — Sy — 1234> } (5.48)

TITaT3Ta e~ ITWs IMWg |:(ewrwba e TWhe +

12 ( Funeos — Foog — Fus + @ g(wa o — wc)> } . (5.49)
We note that in the last line the term —%(2{% — wyq — we) which has its origin in the
combination of phases, d14 — d13 — 24, cancels the one loop contribution of the conformal
pole, e/™®bagi™Whe
We finish this discussion of the long cut by returning to the expansion (5.37). Starting
from the single discontinuity A123 and computing the unitarity integral in the leading loga-
rithmic approximatiion we found the sum W1, + Wiy, kR, but not separate expressions
for W puws:r and Wo,,.,.r. For the leading approximation this is sufficient, however, we will
see in the next section that the new pieces - the double cut and the three reggeon cut - are
proportional to (im)? and can be obtained only from double energy discontinuities. The
same is true for the second term on the rhs of (5.37): in order to determine W,,,.,.;, and
Weswa;r separately, we need the double discontinuities AgzAq23 and Aj3A123. Here we
need to go back to our starting variables w/ and wj:

VL.(a)VRr(b)VR(c) }

Q

) ) ., Qorar
A1gAigs = e~ im(Witwatws) jimwa [_/eZﬂw3Ww2w3;R+/ 5/3 ngvR( )

(5.50)
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and

. . .y Q 1o V V b V
Ag3A123 = e_ZW(WI+w4+w5)el7rwd|:/617rw2WW2W3;L+/S;)/QVL(CL)WW3+ L(a) 1;2( ) R(C)}
2 3
(5.51)
or
A1 gy = e TWitwatws) gimwg { < /92/3/Ww2w3 R T /92/3W£2€96w““‘)
1, ,
5 (VR Va(©) + Vi (a)Vi(b)e™) | (5.52)
and
Ag3A1gy = e mwrtwstes) gimea { ( /93/2/Ww2w3 g e /93/2W£§9)
1,. ,
+5 (™ VR(D)Va(e) + Vi(a)Vi(b)e™) | (5.53)

An analysis of these equation has been performed in [24] and will not be repeated here.
We only quote a few results. First the leading order unitarity integrals for the double
discontinuities A12A123 and A23A123:

duwt dwt
Aizbiz = / 27T§ / 273 (g ;}g

VeGy [(—m;)vo a — k. k;q; — K, K)+V®(qy — k k;q3 — K, k’)} GaVe (5.54)

and
dw? dwt
Aog3Aqag = 2 | =3 w2 w?’
232123 / o / i 512523
VeGo [(—mué)VO a — k k;q; — K, K) + Vg, —k k;q3 — K, k')} G2V (5.55)
Here

Vo — k k;q5 — K, k) = (2m)26) (k — Kk, (5.56)

and V(b)(qz —k,k;q3 — k', k') is illustrated below in Fig.12b. We illustrate the equation
for A23A123 in Fig.12:

a b c d a b c d
q,7k a9,k N/\A/\lvvvw
KtV K B
vavvw ’\A/‘v< P

Figure 12: (a) Illustration of the doube discontinuity A3A123 and (b) of the new vertex
Vb
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Making use of the bootstraop equation the first line can also be written as

(-mw'y) ‘ewe‘ L *

' o?
= mTWw,-w,) + 2—((w2—<ua)(w3—wb)+ (wZ_wb)(wB_wc))

Figure 13: Decomposition of the double discontinuity AszAis3

As described in [24], these calculations lead to the following leading-logarithmic results
for Wepws:r and W,y R:

/ / /g /I fint (b)
/dMQdW3 wé wéNreg o / dW2de wé wé 7[‘&)2 wWow3 - wows

(2mi)? 512523 W iowgR = (27i)2 512523 7 (wh — wh)

+ two loop part (5.57)

and

I pint (0)
/ dwydws wippTes / Ay oy o T3 Sy — Jions + two loop part, (5.58)

5158 . 5155

(271’i)2 12°23 "7 wows; L (27TZ)2 12°23 7r(w’3—w§)

where fgj;ﬁds denotes the integrand of f,,., in (5.42), i.e. before the w”-integrals. Here
we have, for simplicity, disregarded the one and two loop results, and we have not yet,
by shifting the w) integration, extracted the Regge pole factors of the to and ¢35 channels.

Explicit expression for the ’two loop’ terms can be found in [24]. In Fig.14 we illustrate

11/reg
waws;L”
b b
1 N/L\/\/
r 1 (1-,- w' ) —_ Vb
T (W , W 3) 2

Figure 14: Graphical illustration of the two terms of ng; R

It is important to stress that in (5.57) and (5.58) both terms are of the same order in g2.
In the leading term of the scattering amplitude, only the sum Wi,w,.r, + Wanws:r, (5.44),
appears which equals the sum of the two first terms only. Only if we expand the phases
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contained in the energy factors also the second terms show up:

wawsz;R waws;L

, , dwhdw
- —ITWs ITWq 2 3 w2 UJ3 w2 U{; —imwh Trrreg —imwh r7re
2ie e /(2%1)2 513595515 So3 ( W e ) (5.59)

- - dwhdw’ —~
~ diemsm [ onis 558 (W + Wiy — ime WU — ime WL, )
Inserting (5.58) and (5.58), performing the shift w, = w/ and dropping the Regge pole

wh Wk .
factors s135,5 we arrive at

~ 2je im(Wwatwstws) ”“"1//501022 s;)?f’ igig +zfo(f;)w3) . (5.60)

The ’&’ sign indicates that we have expanded the phase factors, and our equations are
valid only up to the first order in ¢7w. From this we see that, although the second terms on
the rhs of (5.57) and (5.58) are of the same order as the first ones, i.e.they still belong to
the leading approximation, in the scattering amplitude they appear proportional to ~ im
as 'next-to-leading-order’.

Similarly, for the other kinematic regions we find:

TITs 2jeim(watwstws) ”Wd//s‘f% 5;‘3‘ jgi,s —l—sz2w3> (5.61)
TLToT —im(waFws) imwa //812 823 ZZZJS + sz2w3) (5.62)
mmr gieernama [l (gt (5.63)

TITaT3T4 —imws m‘”//s‘ff sgg ZZZ)S —ifLSZLS) . (5.64)

These equations show that, when energy phases are taken into account, our sum of the two-
real valued Regge cut terms can also be written in a factorized form with a complex-valued
production vertex. In [24] these results have been used to compute the real corrections to
the long cut.

6 The very long cut, the double cut, and the 3-reggeon cut

We now turn to the two novel Regge cut contributions, the double cut and the 3-reggeon
cut, which for the first time appear in the 2 — 6 production amplitude. As we will see,
they cannot be separated from the very long cut.

6.1 The all order amplitudes in different regions

We now turn to the very long cut which as we shall see cannot be separated from the double
cut in wowy, and to the three reggeon cut W3 reggeon cut- Similar to the previous Regge cut
terms, the phase structure of our results suggests to define combinations of ghe very long
cut, the long cut, and the short cut contributions. We list them below as functions of the
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WLL Qa Ww3w4;L + QaQb

Wy = —1& W, 6.1
M QyoQuy " Qr Qi Qo Qy ™ (61)
fpme WRR WOJQWg'R Qd Qch
- ; L ed 2
WRR Q2/3/ 93/4/ + 92/3/ Q4/ + W 2 QBIQ4/ (6 )
— w Woswa-1, 2 Qo Weaon: Qq, Q
Wip = — L zenih o ety ey ot (6.3)
93/2193/4/ 93/2/ 94/ QQ! 93/4/ QQ/ 94/
= WgL
Wpr = — 2 6.4
RE = Qe Qi (64)

Looking at the energy cut structure we expect that the Wry mixes with the double cut,
Wepsws, and Wi g mixes with the triple reggeon cut, W3 reggeon-

Furthermore we observe that in all kinematic regions the four partial waves WL L,WR L,
WLR, and WRR come in particular linear combinations; the same applies to the pairs
ngwg;Ly WWQW3;R7 and ngm;b W%M;R. We therefore define:

/ VLCH = (6.5)
eim(w2tws) / Wi, + e / Wy, + e/m(@2tes) / Wi + em(@stes) / Wrg,
/ VIO = (6.6)
el T el L AL
/ VIOt = (6.7)
) [y 4 [ Wit et [ Wyt e [ e,
/ VLC™ T = (6.8)
eim(-watws) / Wi + / Wi, + eim(-w2tws) / Wirg + eim(mesten) / Wrr
and
/ LC(23) = ™= / Wosgrg:, + €7 / Wosyoos: R (6.9)

/ LC(34) = ™3 / Wepgons:L, + €74 / Wossoon: R- (6.10)

Whereas all the partial waves W and W are real-valued, these new combinations V LC etc
contain phases and are thus are complex-valued.
With these notations we find the following expressions for the cut contributions in the
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different regions:
Www .

1Ty e m(Wetwstw) / VLCT — ¢ims / Q (6.11)
3/
. ; *Zﬂ'(werwA;) ++ iTwWe 171'0.)3 Ww2w4
T1T2T5 - 2ie VLC — e LC(34) 0 (6.12)
3/
] Ww w.
TiTaTs ¢ 2ieTim(@rtes) / VIO — / LC(23)ei™d — ¢imes / QQ o a3
L 3/
T3S ¢ 2ie im(watwa) -/VLC'H' —/I/Vmez7r wetwa) _ gim w“+wb/Ww4
W,
ZTI'UJ3 w2w4 614
[ e (614
TIT3T4Ts @ 2ie ™2 [ / VLCT™ — / LC(23)e~ "
+/Ww2€iﬂ(wc—wd) - eiﬂ(wa—wb) /Ww4
Ww w ( )Qb
7,7'(0.)3 2wW4 2 " 1
[P -t | (6.15)
TITQT3Ts 22‘@“"”4{/‘/'LC'Jr - e”“”a/LC’(34)
_/Ww2ei7r(wd—wc) +€iﬂ(wb—wa) /Wou4 o
i Ww w. . QCVR(d)
_ plTWw3 2wW4
e / o 2, T } (6.16)

TIToTyTs ¢ 2ie” TP [62””3 / VLC™~ —e '™ / LC(34) — / LC(23)e” "™

+/Ww3€iﬂ'(wa+wd) _ eiTrwg / Ww2w4
Oy
, Qorg Qg W, : Q.0
+2i /WS reggeon cut — e!ms / ST AN TR ) 2i€27rw3/ - dng
93/ Q3/

. —~ Qa9 Q) Q3140 —
-2 < Wwa3;L 392 d +/ Q0 34 Ww3w4;R> } (6.17)
3/ 3/

TITQT3TATs @ 21 {6_2”“”3/VLC++ eim"a/LC’(34)* — /LC’(QB)*@”W

1 (We—w, —im (Wae+w, 1 (Wp —Wwq LW, Ww w.
+/Ww2e<c d)+/Ww36 (wartwa) | gim(en )/Ww4_e+ 3/ o
. Qg Qyrg W, . Qa0

9 /W3 roggeon cut — 6—l7rw3/2343VVLR + 9je~imws /std

le Q3/

N Qe Q) O34 Qo ~
20 | Wi, —2d +/ O W s
Qy Qs

_ Q. Vr(d Vi (a)
—27 </ WWQT /WUJ4 Q2 i| .

(6.18)
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6.2 The regular amplitudes

As the next step we have to remove the singular pieces of the partial waves. As before we

write, e.g.

/WLL = /Wzig—l-/(;WLL

/ VIOt = / VIO 4 / SVLCTT, (6.19)

and insert the singular pieces §W etc. In contrast to the previous long cut, now also the

subtraction involves w;, integrations. For the long Regge cuts, the double cut, and the three

reggeon cut the derivation of the singular pieces is somewhat lengthy and will be described

in Appendix D. Using the results and combining them with the Regge pole terms listed in

Appendix A we arrive at the simpler expressions:

T175 -

T1T2T5

T1TATs

T17T3T5

—im(w2tws+ws) |:ei7r(wb+wc)

e cos T(wq — wq)

Yy [ / VLCttTes

i (/ Wres %sinﬂ(wa _ wb)> </ Wres %sinw(wd _ wc)> ] (620

—im(w3twa) |: _im(wetwq)

e e cos T(wq — wp)

+2i[ / VLCHHTes _ gimwa / LC(34)79

<i(fwz - Geinaten - ) ( [z - Jeinntes—wn) ] @20

—im(w2tws) [ _im(watwp)

e e cos m(wg — we)

+2z‘[ / VLOtHres / LO(23)r9¢imd

i [z Gt =) ([ W - Jenn(a—)) 1] 622

—im(watws) { _im(watwg)

e cos (wp — we)

+ai / VLCTH7es / Wigtemet) ‘em(wa%/ Wer®
9 4

e

( meﬂwwﬁ(/mfimﬂwwﬁﬂ<w@
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TIT3TATs © e w2 [em(%_“’d) cos T (wp — wq)
+2i / VLCHires / LO(23)79 e~
+/W£§geiw(wcwd) o eirr(wafwb) /W:::g

— (/ Wre — %sinﬂ(a)a - wb)> (/ Wre - %sinw(wd - wc)> ]} (6.24)

TIToT3Ts : e w4 [ei”(“’”*w“) cos m(we — wy)
+2z’< / VIO Hres _ gmimwa / LO(34)™

_/Wssgeiﬂ(wd—wc) +ei7r(wb—wa)/W£§g

i </ Wres %Sinw(wa _ wb)) (/ wres %sinﬂ(wd _ wc)) 1] (6.25)

e—iﬂ'wg [6i7r(wb+wc —Wq—wq)

T1ToTATS :
19 |:ei7r(w3—w2) /erLg + /Wreg +e im(2ws —wa2—wq /erg te im(ws—wa) /Wreg
_eiﬂ'wa/LC(34)reg - /LC(Qg)regemwd +/W£§g€zﬂ(wa+wd)

</ Wied — sm7r — wp ) (/ Wied — fsm m(wg — wc)>
+2Z /ngiggeon cut
Q Wreg 1 : W’I"@g ]' :
—1§23 cos Tws w5 Sin T(We — wp) w5 S0 m(wg — we)
—2i3 cos Tw3 cos (W, + wb)éWwﬂ H (6.26)
T1T2T3T4T5 : — COST wb + wg — wg — C

+2Z im(we W3)/W7‘eg+/wreg+ —im(2ws —w2 —wy /WE%—I—CM(L‘)‘IUJS)/WE%]
_eiwwa/LC(34)reg _/LC(23)reg*eiwwd_’_/wucsgeiﬂ'(waerd)

</ Wies — Sln7r —wy ) (/ Whed — — sm m(wa — wc)>

. reg
_2Z /W3 reggeon cut

1 1
+iQ3 cos Tw3 </ Wieo — 3 sin7(w, — wb)) (/ Wieo — 3 sin(wg — wc)>

+2iQ§ cos mws cos T(w, + wb)5Ww3} H ) (6.27)

Before we address the energy discontinuities and unitarity equations we remind of our
discussion at end of section 5, the expansion in powers of (ir). As long as we consider only
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the leading order, we disregard all phase factors and restrict ourselves to terms proportional
to ~ i, i.e. we retain only the very long cut terms W, etc, the long cut terms V[/rw3 I
etc , and the short cut terms W,, etc. However, now we are interested in the double cut
and the 3-reggeon cut which are of the order (ir)2. In all kinematic regions where the very

long cut appears we have the double cut term

(fo- o) (f i)

and, in the last two kinematic regions, also the three reggeon cut:

/ gergggeon cut * (628>

These terms are of the order (i7)2, and in order to be consistent we can no longer disregard
the phase factors coming from the energy factors. For example, for terms of the order (i7)?
we have contributions from the phase factors multiplying the Regge cuts. For the long cut
pieces, LC(23) and LC(34), some consequences have already been discussed in sedction 5.
For the very long cut we will come back in section 7.3.

7 Energy discontinuities for the very long cut, the double cut and the
3-reggeon cut

Having determined the scattering amplitudes in the different kinematic region we now need
to calculate the Regge cut contributions. For this we now turn to energy discontinuities.
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7.1 The very long cut: the discontinuity in sj23; and the corresponding uni-
tarity integral

Let us start with the discontinuity in s1234 (Fig.9¢) which determines the sum of the partial
waves of the very long cut. The discontinuity is found to be:

Ajggy = e /mlrtes) .

.|:€i7r(2w2—w4)/WLL_‘_eiﬂ(?»ws—wz—am)/WRL +€—iww3/WLR+eiW(2w4—w2)/WRR
_eiw(w4—w2—w3)/LC(23)€irwd _ez’w(wg—w3—w4) zwwa/Lc(34)

. _ . . . o W,
_"_elTI'(WQ+LU4 wg)e ITWa / nge imwg eZTI'(2W3 wo w4)/ 62&14
3/

1 . .
- <ez7r(w3—w2) VL( )Qb 2ZVL((Z)VL(b)> <ez7r(w;5—UJ4)QC‘/R(d) _ 2’LVR(C)VR(CZ)>
Q3 QQ Q4

) X Qo Qyr ~
_|_27;€z7r(w2+w4—w3) <—/W3 reggeon +e—zww3/ 27364 Wrr

Qy

— QO Q0 Qg ~ 0,0
+/Ww2w3;L aS3r2 +/ 34 Wosoin + € lTl'UJg/IJVuB d
Q3/ Qg 3

+2iei7r(w;;—w2—w4) <_/Ww2 QCER(UZ) . VLQ Qb /Ww4
4 2

(7.1)

This expression still contains many singularities which have to be removed by inserting
the subtractions for the cut contributions. Making use of the subractions derived in the
appendix D, we arrive at the finite expression:

Aq23s =
e—iﬁ(w1+w5) . |:ei7T(2w2—w4) /Wzig +€i7r(3w3—w2—w4) /WEGLQ +6i7r(2w4—w2)/w13%9

Heimws (1 + 2ie"™ (@249 cog g sin T(wg + wy — w3) — (2@')26”(“2+“’4)QQQ4> /erRg
_eiﬂ(w4—w2—w3) /LC(23)7‘egei7rwd o eiﬂ'(wz—w3—W4) IMTWe /LC(34)7‘69
) : » 1
+€zw(w2+w4—w3) (e—mrwae—wrwd o 2(2i)2Qan> /Wssg
_21671'0-22+w4 w3 /WTGQ

—ielm(ws T (1 + 2 cos mws (e~ W) 4 40,Qy)

(- ([ b))

+Regge pole terms, (7.2)
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where
Regge pole terms = %(22’)2 sin m(wg — wp)Vr(c)Vr(d) + Vi(a))VL(b) sin7m(wg — we)
—V1(a) (2 cos mwy cos Twe23 — sin m(wp + w,) cos Tws) VR(d)]
+(20)? Vi (a) (QVR(e) + VL (0)2) Vi(d)

+QQ5WUJ2VR(C)VR(d) + VL(a)VL(b)Q4(5Ww4 — %VL(Q)Q;géW‘%VR(d)] . (73)

In the weak coupling limit we have the much simpler expression:
Arog = / / / s sl sl (Vo + Vg + Wi + Wit

//323 Ss4 LC 34)"9 — //312 5;)3 LC(23)"9 + /3823 Wis.  (7.4)

Finally we have to compute, via unitarity, the weak coupling limit of the discontinuity
on the lhs. The result is:

7T
A1234 = (fw2w3w4 - fOJQUJ3 - fW3UJ4 + fwg) + 5 (‘/24 + ‘/15 - ‘/14 - ‘/25)
o5 014 25 024

:fwzwgm"'?_fwzwg _7_fwsw4_7+fw3+7a (7-5)
where we have used
014 = ™ (Vig + wa + we)
d25 = m (Va5 + wp + wq)
0oy = T (V24 + wp + wc)
615 = ™ (V15 + wq +wa) - (7.6)

The amplitiude of the very long cut (Fig.11c ), fuswsw,, has the form

n2

. ng gy
o= & Y (e [Pl 1 (i P g\
wWaw3wyq 9 (27‘()3 iVQ—i—% qfkg qﬂ%

n2,n3,14

w(v2,n2) N e ivg— T2 w(v3,n3)
812 kb%) 2 (kqul) 2 <S23)
— - B(vg,19,n3.0, — 7.7
(502> (v2, v2,m3.m3) <(J§k‘&k g2k 503 (7.7)

Bl inmg, ) (KB ) (R ) sy
3y V4,113, T4 q;k’; qgkd S04 iV4—% sub-

As we have done for the other cut amplitudes, fo, and fu,ws I fuswsw, We have separated

the one loop contribution.
Combining this with (7.4) and inserting our weak coupling results for LC(23), LC(34)
we arrive at the weak coupling result for the sum of the four partial waves:

Ir7 I ot (5
///312 32§ 334 WgeLg +WiE +Wg + WR?%) = fuwswsws t % - (7.8)
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7.2 Multiple discontinuities and unitarity integrals

To proceed further we have to move to double and even to triple energy discontinuities.
We begin with the double cut which is obtained from the double discontinuity Ai9As4.

7.2.1 The double cut: Aj3A3y

In order to find W,,,,,, we compute the double discontinuity in s12 and s34 (Fig.15a):

(b)

Figure 15: Double discontinuities (a) in s12 and s34, (b) in s93 and s1234

AqgAsgy = e imWitwstws) [em(‘”ﬁ““) /Ww2w4 (7.9)
 Vi(a)VR(D) oimwa /Ww4 _ imws /sz Vi(c)Vr(d) n VL (a)VRr(b)VL(c)VRr(d)
0y Qy o0y

With the following ansatz for W,.,:
WLUQUJ4 = ng Ww4 (710)

we arrive at the factorizing result:

A1pAsgy = e~ im(witws+tws) [eim.a /WWQ_VL(QS))‘;%(Z))} [6”“’4 /Ww‘l_‘W] . (7.11)

Using our results for the subtractions of W, and W, from (4.10) and (4.11) we find

ApAgy = 67Z’7I’((4)1+W3+W5) |:ei7rw2 W{z}";g o % (eimuaVR(b) + eiﬂwaL(a))] .
‘[emmwgzg _ % (e”deL(C) + ei”‘”CVR(d))} ' (7.12)
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As expected, all singular terms cancel. We therefore conclude that the factorizing form of
Wow, is fully consistent with the double discontinuity.
As a result, in (6.11) - (6.18) we find the following subtraction for W,,w,:

/ Wi, = / Wi / Wres 4 / Wiy (7.13)

with
/5Ww2w4 = oW, /Ww4 + /Ww2(5Ww4 + Wy 0W,,, (7.14)

We finally compute, from unitarity, the double discontinuity in the weak coupling limit.
We find
T T
ArpAgy = [fw2 + §V13 — (w2 — wg — wb)] [fm + §V35 — 7wy — we — wd)] . (7.15)
Comparison with the rhs of (7.12)

rhs = [/WZ;SQ — TTWo + 2 (wa + wb /Wﬁg U I(Wc + Wd)] (7.16)

2

//812 834Wregwreg == (fwz 613) <fw4 535) ) (717)

in agreement with (5.14).

leads to the result:

7.2.2 The 3-reggeon cut: AszAiszy
Next we address the double discontinuity in so3 and sj234 which determines the three
reggeon cut (Fig.15b). This double discontinuity has the form:

Ag3Aqggy = e mwrtes)

. [ (_ein(wz+w47w3) + 26™3 ¢og m(ws + (,U4)> /W3 reggcon

) . DarorQNaryr ~
_e—z7r(wz+w4) (1 o (2Z~)2627r(w2+w4)9294) / 3?2 34 Wir
3/

z w4 w2 /ngwg,LQSQ/QS/d _|_6i7r(w2—w4)/Q3/4/Q‘3/a Ww3w4;R
Oy Qs

9 zﬂ’wQQ Q3’2’93’4’ fognye ’l7|'w4Q 93/2/93/4/ —~
Woesws; + € Weswssr
Ty Ty

QusQys Q930 A
| im(2ws—wr—wa) $2a38laz Wa38la3 o s —wy) 9
< 0. o, (226 O3 + (20) Qan)) / Wi,

VL(a)VL(b)VR(c )VR(d)]
03 ‘

—2 (7.18)
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Inserting all subtractions (cf. Appendix D) we arrive at the regular expression:
AgzAjgzy = e~ m@rtws) .
{ (—e”(wﬁ“’r“’?’) + 2€"™3 cos 7 (wg + (,U4)) /Wreg
+1Q9303 (ei”(w2+w4) + 2€%™3 cos m(wy — w4)) /WE;Q
_eiﬁwdeiw(w4—w2)923/w21“3€;g[l B eiwwaeiw(wg—w4)943/W§:%

. , 1
+ (e”(‘”ﬁw‘*) sin m(wg + wg — ws) + 21’(6”@37“’“7““)923943 + §Qan)
+4ie ™% Q930430,0) / Wieo

+i (eiw(w2+w4) + 2€2i7rw3 Cosw(wz—w4)> Q3 COS TWs

1 1
. </ Wres — 3 sin 7 (w, — wb)> (/ Wied — isinw(wd - wc)>

—iVi(a) (e™*Vg(c) + Vi(b)e'™ ) Vr(d) (7.19)
+i (em"2 sin 7 (wp — wa) VR(¢)VR(d) + Vi(a) VL (b)e™4 sin 7 (we — wq)) - (7.20)

In leading order we find the much simpler expression:
AgzAjgzy = e imwitws) { / W5 geon — / Qg Wys% — / Quy Wi
+/wwfﬂw—wgwgﬂ. (7.21)
It will be convenient to consider the following combination (in leading order, cf. (5.53)):
Ag3Aiz3s + AgzAqaz + AgzAazy =

—im (w1 4w reg / reg
oimlen 5>[/W3 reggeon+/7r(wa+wd—w3)Ww3
7.[.2

_|_7 ((we — wg) (w3 — wp) + (w2 — wp) (w3 — we)

+(wz — wp)(wa — we) + (w3 — we) (wa —wg)) | - (7.22)

Now let us make use of unitarity and compute the lhs, first the double discontinuity
Ag3Aj934. Diagrammatically, this double discontinuity is illustrated in Fig.15b. Making
repeated use of the bootstrap equations we find, after some algebra, the result illustrated
in Fig.16.
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. rr(wa+wd w3) + T (wa W, tw, W, wbwc)

Figure 16: Leading order unitarity integral for the double discontinuity in the subenergies
s23 and s1234

For the double discontinuities A93Aj93 and As3Aszy we can use Fig.13. Combining all
these contributions with (7.22) we end up with

/ng‘iggeon = /f3 reggeon + 2 loop terms, (7.23)

where f3 reggeon denotes the second line of Fig.16. The 2-loop terms are

1 Wo +w
72 [wawb + wewq + 5(‘”“"% + wpwy) — 2wpwe + wg(aTd — 2(wp + we)) + wowp + wawe
(7.24)
and f3 reggeon has the form:
_ (Da 1 b 1 c 1 (Dd
f3 reggeon — wé, — K 2planar wg — K 3wlanar WZ — K 2planar ‘more than two loops -
(7.25)

Here ®2, ®¢ are the nonlocal parts of the production vertices of particles ’a’ and ’d’ (cf.
Fig.10), and V* and V¢ the full production vertices (Fig.10) of particles 'b’ and ’c’. For
the kernel K3Planar of the Green’s function in the 3 gluon state in the t3 channel we have
(Fig.17):
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Figure 17: Kernel of the 3-gluon octet state

52 ey 16062 (ler — 165) [wo1) + (1) + wl(ts — ki — ko)?)]
a
+3 Kprrr(ki ko K1, Ky) + Kprir(ke,qs — ki — ko3 K5, q3 — k) — k/z)}7 (7.26)
where the BFKL kernel Kppgr has the well known form (in complex notation):

kiko ki "KL + c.c.
Kpricp (ki ko ki, kb) = — 2(k1—k2’)2 : (7.27)

We rewrite the first line:
6 (g~ K;)0 (kz — Kb) [w(k3) + w(IB) + w((as — ki — ka)?)]

= 6 (k1 — k)6 (ko — kb) [W(qg) + % ([wik) +w((as — ki — k2)*) — 2w(a3))
b3 (0 + 2008) +w((ay ~ k1~ ko)) ] (7.28)

Here the bracket in the second line is combined to the infrared finite expression

1. k2 (q3 — ki —ko)?
(@(2) + w((as — i — )?) — 2(a)) = — & In (B — k1 — ko)
2 q3q

313

1
- 2
- . (129)

and the last line is combined with the BFKL kernels. Alltogether (7.26) takes the form:
(7.26) = 0@ (k; — K})6@ (kg — Kb)w(qd) 4 K3Planar (7.30)

with the infrared finite kernel:

. k? —k; — ky)?
K3’pl‘mar(k1,k2,q3 — ki —ko; k), kb, q3 — k] — k) = _¢ In (U 5 ; 2)
2 qzq
313
1

5 (B0 (er, ks (K Kp) 4+ K (ka3 — ki — ko K @ — ki — Kb) ) (7.31)

as a sum of two infrared finite color singlet BFKL kernels K(!) plus an additional infrared
finite term. It is this 3-gluon kernel in momentum space which defines the open string
Hamiltonian consisting of three sites.

In the next step, (7.25) has to be cast into the conformal invariant v, n representation,
in particular the production vertices V? and V¢. For this one needs the eigenfunctions of
the 3-gluon states. Details will be discussed in a forthcoming paper.
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7.3 Further terms of the order (iTr)Q: A19A1934 and A19A34A 1934

Before we insert these results into our all order expressions (6.20 - (6.27) we have to
discuss the corrections of the order (irm)2. For this we return to our discussion at the end
of section 6.2 (and section 5.2). As we have said before, in the scattering amplitude the
new contributions - the double cut and the 3-reggeon cut - come as real-valued terms,
i.e.compared to the familiar leading order 2-reggeon cut contributions they come with
an extra factor ¢w. But in order to have a complete understanding of these terms we
must consider also contributions that come from expanding the phases contained in the
energy factors. For the long cuts this has been discussed before (at the end of section
5.2, in particular in (5.57) and (5.58)): there are leading order contributions to the long
cut amplitude, which cancel if we disregard phases and consider only the sum Wwwg; L+
/WV/MWS; r. However, if we expand phases and compute terms with an extra im, we need
V[N/wwg; . and szwg;R separately. For this we need multiple energy discontinuities. To
extend this discussion to the very long cut we have to complete our investigations of double
discontinuities and compute also A1aAi1234, A34A1934, and even the triple discontinuity
A12A34A1934:

- »

(o3

Figure 18: Multiple discontinuities: (a) A12A34A1234; (b) A12A1234;(C) A123A1234

We will be brief and list only the main results. Our main interest is devoted to further
contributions to the terms Wgy, in particular from the very long cut and from the double
cut. We begin with the triple discontinuity:

; dw dw dw / -
A1oAas A witw QUW3 AWy wy wy !
12 34 1234 € ”T( ! 5) |:/ 78122 25’834 elﬂw392/3/Q4/3/ [/[/R[ —

(2mi)3

_/dwgdw4 wh 2 'Q2’3Q4’3

(27T ) 12 34 Qg

dwl o Vi(e)Vg(d Vi( V w
—/W?sl;gg,gwm L(S))R( ) _ Vi(@)Vr(b /453394,3%4

4
_ Vi(a)VR(D)Q3Vi(c )VR(d)}
Oy ’

Way

(7.32)
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Inserting the subtractions we arrive at the regular expression:

dwhdwidw) oy o) W)

_ im(wrt / =
A1pA3sA gy = e “)5)[/ (2ri)p 12523 $34€ ™ Qg Qg Wy

de W
2T

dwh dw, / y
* / #83 s54 (sinm(wh + wh — ws) + 3™ Qg Q)

duy
$ Qs W™ Vi (d) — Vi (a)e™ / ﬂsggmgwggg

. (W:Sg — %sin m(we — wb)> <W£§9 — ésin m(wg — wc)>
— 5 (VR VR(Q)Vi(d) + Vi (a) Ve (Vi (e)e™) | (7.33)

Restricting ourselves to the leading order we find

dwhdwsdw) b

A12A34A1234=/ (2ri)? 819 2353492/394/3WRL

dwh dwly o,
- 5 Qs W9V (d) — 5 WS
/27r 23Ws9VR(d) VL(G)/27T v3Wy,

—i—/%s%sgﬁ m(wh + W) — ws) (W£§9 — %ﬂ(wa — wb)> (ngg — %W(wd — wc)>
3 (VR(OVR(OVR(d) + V(@) VEO)VA() | (734

where, for simplicity, we have not expanded 93, and Vi(a) etc. This triple discontinuity
allows to determine Wy7.
Next we consider the double discontinuity A1oA1994:

A1 gy = e~ TWitws) .

deUde I NI . I INT
.[_/2 3 43?53;)5’3;4(22/3/( m(2wy W4)WRL+61”(2W4 W3)WRR>

(27rz)
/dw4 W im (s 7 _22/62%28?21;[@292/3‘/(%‘?@
+V L(a )gm r(d) (em(wswmc im0 4)} ‘ (7.35)
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After inserting the subtractions this becomes:
A12Aq924 =

; dw dw dw ; / I ; / 1N
—im(witws) | _ W3y wh wh w) i (2wl —w)) T177ey i (2w) —wh) T177eYd
e [ / (2i)? 815593 534§ (e SN Wy e T Weg

dwhduwt
243 W2 whim(wa—wh) iTwy
+/ (2mi)? 512523 ’ QQ'SIWw sw3; RE

/ ! . /
_9; / dw2 w2 Q Wreg em—wc VR(Cl) + VL (a)eimub / diﬁ%s‘;i em(ws —w}) chjg

211 21

dw d(/.) w. o . S
—/ 2 48122834 (cos mwhe™@s=w1) _ 2iQy, cos Twse' 1)
(2mi)?

1 1
. <W£§9 —5 sin 7 (w, — wb)> <W£ZQ ~5 sin(wg — wc)>
—i (€™ Vi (b)Va(c)Va(d) + Vi(a)VL(b) VL (c)e™) ] . (7.36)
To leading order this equals:

dwhdwhdw!, /
A1aAq934 = — / Wﬁ%sggsﬁﬂwﬂ <Wreg + Wgﬁ)

d(/JQd(.U3 w dwg/l w/

/
- ( ;l:i STQQWTEQ - %W(wa - wb)> < dﬁ‘%sf;}ngg - %ﬂ'(wd - wc)) . (7.37)
This double discontinuity allows to determine the sum of Wreg + nge]g By symmetry
arguments we can also find the double discontinuity AsqA1994 which detemines the sum of
WEELQ and WgeLg.

Rather than going through the leading order calculations of the unitarity integral illus-
trated in Fig.18b we only quote a few results. First we note that, because of the bootstrap
property of the two gluon cut in the octet representation, in both double discontinuities the
three reggeon cuts collapse into two reggeon states (in contrast to the double discontinuity
in Fig.?? b). As a result, both double discontinuities contain the very long cut on which we
will concentrate first. Correspondingly, also on the rhs of eqs (7.34) and (7.37) we ignore
all terms other than those of the very long cut. We thus find for /WV/;eLg:

dwbdwhdwly o o Wh e
/W512252§534 RLg: (7.38)

2 int ! fc ! rb
/ d4w2dw3dw4 gw23‘*’33w477 W) fuomegwr — TW0Sopuwgws — ™WiSinwgur w2w3w4
12°23°34 2(, 1 / /
(2mi)3 T3 (wh — wy) (W) — wy)

where the rhs of this equation is obtained from the unitarity integral of Fig.18a. The use

ey

of (7.37) and of the corresponding equation for the double discontinuity A12A1934 lead to

dwhdwydw) o) Wy wiTsreg
/ (2mi)3 515593534 Wrp = (7.39)
t b
dwhdwhdey o why oy TWHO S0y — TS uon — T8 s + flugun
- 512523534 2 (0 — ) — o + .
(2mi)? T2 (wy — wy) (W) — wy)
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and
dwhdwhdw!, o o o=
/ 4(22 ;))3 1 5?22 5;)?? Sgi Zig = (7.40)

! g / 2,0, ! rb I fc be
_/ dw2dW3dOJ4 wé wé waﬂ- w4w3waUJ3uJ4 - 7.“"}4fz.ug(,ugo.&l - Ww3waW3w4 + fw2w3w4

(23 12720 m2(wh — wh) (wy — wh)

Finally, from the single discontinuity Aj234 we have an expression for the sum W;% +
W;eLg + Wg;g + Wgz]g. From this we derive for Wzg:

dwédwédwfl wé wé UJAILWTEQ - 741
7(27@3 512523534 W Lp = (7.41)
2, 12 pint be

! / / ! fc ! £b
/ dw2dw3dw4 Swé S“Jé SW;} TWs Jwgwaws — 7TUJ3fw2w3w4 B Trwathzw3W4 + wow3wa
-\ 3 12°23°3 2(, / / / et

(27i) 2 (wy — wh) (wy — wh)

. dwhdwhdw!, wh wh Wity
As an example we illustrate the result for [ %slgsﬁ SatWgh:

1

2 [ o
mw',-w',) (W' -w',)

b b c c
/
\(Trwz) - Vb (mw',) -
AN NS

Figure 19: Illustration of Wg}g: factorization of the production vertices

We remind that the vertices denoted be V? and V¢ are identical to those found for the
long cut (cf. Fig.12). Comparing with Fig.14 we recognize the factorization of the two
production vertices for the particles b and c.

However, beyond this factorization of the product of vertices b and ¢, there is another
new feature contained in the unitarity integral, to be more precise, in the centre of Fig.19.
Going back to Figs. 12 and 14 and using the bootstrap property of the two reggeon
state, one sees that Fig.19 contains a contribution in which the 2-reggeon Green’s function
between the produced particles b and ¢ collapses into a single reggeon, i.e. Fig.19 contains
the double cut product. To be more precise, one can show that, on the rhs of (7.38) -(7.41),
the three last terms contribute as follows:

be I YA7TegYrIreg
Jonwsws — —TwsWiIWES

b regyrrreg
fw2w3w4 — _sz WW4

c regyysreg

© s — —WIIWTES. (7.42)
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This implies that the unitarity integal contains:

rhs of (7.38) — / m 542 54 W2Z§;"5_zgfl(w_ﬁ°f’zug)wgggngg (7.43)
rhs of (7.39) — / % 5251 T ;:;"é%_wg)wgggngg (7.44)
rhs of (7.40) — / m Shst— =1 _:;;"(51 — v (7.45)
rhs of (7.41) — / % 5251 T _;r;;?’(% — VW (7.46)

This has to be compared with the remaining terms on the rhs of the discontinuity
equations, egs. (7.34 and (7.37). Proceeding in the same way as before we find that W57,
in addition to the long cut pieces in (7.38) which lead to (7.43), must also contain

/ Wi = (7.47)
24

m(wh +wy — ws) 1 1
— |17'f'€g — o — Wreg - . . o
/24 7T2(w2/ — W3)(W4/ _ W3) w2 27'('((4-1 Wb) wa 27r(wd w, ) +

Similarly:

Wi = (7.48)
24

Wwé reg } _ reg 1 B
.. /24 72wy — w3) (W — ws) (sz 27r(wa wb)> <Ww4 27r(wd we) ) + ... .
/ Wit = (7.49)
24

Wy S | o
h W =3 a W g — - - We P
/24 7T2(w2/ - w3)(w4/ _ w3) ( w2 27T(w O%)) < w4 27r(wd w ) +

/ e — (7.50)
24

7Tu)3) 1 1
= Wreg — — " — wres _ = — W, o
/24 7T2(w2’ - W3)(w4/ — CL)3) < w2 27r(w (.db)) < w4 27T(wd w )) +

where we have used the abbreviation

dwhdw!, o W
| = ] st (7.1

It is easy to see that, for each partial wave V[N/}gelg, the double cut products Wys?Wis? cancel

exactly. As a result, the partial waves ’Wv]gig are free from double cut contributions..
As an important further check we mention that all these results are consistent with
the double dicontinuities A193A1234 and Ag3sA1934.
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The results of this (and the previous) section allow to find all terms of the order im
and of the order (im)? of the scattering amplitude. However, in our final formulae, for
simplicity, we will be complete only with all terms proportional to im whereas, among the
real terms proportional to (im)2, we limit ourselves to the double cut and the 3-regggeon
cut. All other terms of the order (iw)? are proportional to short or long cut contributions
and will not be listed.

8 The leading order amplitudes in different regions

With these results we now return to section 6.2. In order to compare with the one loop
results of the BDS formula we need the BDS phases (3.27) which have been discussed in
[4]. There it has been derived that for each kinematic region (characterized by a product
of 7 factors 7;...7) the BDS formula predicts a phase factor composed of two pieces:

e (mpi ki k) (8.1)

where the phases J;_j are conformal invariant. For the 2 — 6 amplitude a complete list of
these phase factors is given in Appendix A. From this list we derive:

015 — 025 = —0125
015 — 045 = —0145
015 — 013 — 035 = —0135

015 — 025 — 013 + 035 = 01235
015 — 014 — 035 + 013 = 01345
015 — 014 — 025 + 024 = d1245
015 — 014 — 035 + 013 + 013 + 035 = —d12345. (8.2)

Using these identities we find the following leading order expessions:

TITs : e~ (watwstws) [ei”(w”"'“’e) cos m(wq — wq)
0
21 funion + 5
. 613 m(we — wp) 35  m(wa — we)
-, <fw2 ty Jou + T e H (8.3)
TIToTs ¢ e TWatws) [ — emwetwa) cog 7 (wy — wp)
. 0125
+24 [fw2w3w4 — Jusws — ICH
. 013 m(wa — wp) 035 m(wg — we)
—1 <fw2+2_ ) fw4+7_ 72 ]:| (84)
TITaTs @ e TWatws) [ — eI (@atwn) cos 7 (wy — we)
. 0145
+2i [fw2w3w4 = Junws — 9

i (fw + 5—;3 = W(““; wb)) (fw4 + 52& _ mleod — we) WC)) 1] (8.5)
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TIT3Ts ! g im(watwa) [ — eim(Watwa) cog 7(wp — We)
. 0135
+27’ [fwzw3w4 - fwz - fw4 - T

i )

TIT3T4Ts : € "2 [e”( e=wa) cos T(Wp — Wa)

. o
+2i [fwzw3w4 - waW3 + fwz - fUJ4 + 1345

i (fm L0 W(wa2—wb)> (fw4+535 B W(Wd_wc)>ﬂ

2 2 2
TIToT3Ts : € "4 [e”(“’b*“’a) cos T(we — wy)

. 01235
+21(fw2w3w4 - fo.)3W4 - fw2 + fo.)4 + 2

O I )]

TIToTATS - e~ imwWs [em(wb+wcfwa —wq)

. 0
+2Z |:fUJ2w3(:J4 - fo.JQLU3 - fw3w4 + fwg + 1;45

. 013 m(wa — wp) 035 m(wg — we)
AR IR

+2i (f3 reggeon + two IOOp) H

TITQT3T4Ts © — COST(Wp + Wy — Wq — We)
012345

+2i |:fw2w3w4 - waW3 - fw3w4 + fwz + fwg + fw4 - 92
i <fw2 + % . 7T(Wa _wb)> (fw4 + % . 7T("-)d _wc)>

=20 (f3 reggeon T two IOOp) H .

(8.6)

(8.7)

(8.8)

(8.9)

(8.10)

One easily verifies that the one loop terms on the rhs coincide with the lowest order

expansion of the phases (8.1).
The expressions (8.3) - (8.10) represent the main results of this paper.

9 Summary and outlook

In this paper we have studied in N = 4 SYM the production process 2 — 6 in the multiregge

limit in the planar approximation. As the main resultr we have calculated, in the leading

logarithmic approximation, the novel Regge cut contributions: the product of two short

2-reggeon cuts known from 2 — 4 process, and the Regge cut consisting of three reggeized

gluons. The latter is of special interest for studying the integrable BFKL spin chain:
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whereas in former studies only the shortest chain consisting of two sites had been found,
the 2 fo — 6 process for the first time also exhibits the longer chain corresponding to three
sites.

Technically speaking, the investigation described in this paper,

(i) supports the analytic structure (Steinmann relations) on which the analysis of the
scattering amplitude in the multiregge limit has been based. The amplitude as written
as a sum of integrals which are characterized by the maximal number of non-overlapping
energy discontinuities'. For the calculation of the novel Regge cuts we had to make use of
double (and even triple) energy discontinuities: this provides an even more stringent test
of the ansatz.

(ii) confirms that the singularities which are a feature of the planar approximation, can
be cancelled by adding subtraction terms to the angular momentum integrals of the Regge
cut contributions. For the 2 — 6 amplitude the calculation of these subtractions has been
a challenging task, much more demanding than for the simpler 2 — 4 and 2 — 5 processes.
In order to generalize to higher order processes we definitely need a deeper understanding
of the structure of these subtraction terms.

A very important task will be the comparison of our results with those obtained with
other methods [16-21]. Although some of our final results are restricted to the leading order
(leading log approximation), the obtained analytic structure of the scattering amplitides
is expected to be valid to all orders. We believe that this information will be valuable also
for higher loop resuits computed by novel methods.

Based upon the results obained in this (and previous) papers, a few general statemants
can be made about higher order amplitudes. First, for the appearance of Regge cuts with
n reggeized gluons we need the process 2 — 2n (Fig.20).

Figure 20: Regge cut composed of 4 reggeized gluons

This contribution is expected to show up in the kinematic region where the energy of
the produced particles have alternating signs (Fig.21).

'For 2 — 2+n the number of terms is given by the Catalan numbers C,, 1 with C,, = 1,1,2,5,14,42, ...
for n = 07 1.2, ... and Cn+1 = Zl:g CiCn_i.

1=
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\
1 3 4 6

Figure 21: Kinematic region where the four-reggeon cut appears

For a Regge cut composed of n reggeized gluons the leading order BFKL kernel will have

the form:
21.2
n;planar 1,/ AN a klkn
K™ )(kl, ok ky,ou k) = _an 2
+KW (ky, ko K, Kb) + oo + KD (kp_1, kns K, 1, KL) (9.1)

with q = k; + ... + k,,. As indicated in Fig.??b, beyond leading order there will be
interactions between more than two reggeized gluons [25].

Second, starting with 2 — 6 we expect to have multiple products of Regge cuts. For
example, for 2 — 8 we expect the triple product of the shortest cut (Fig.22)

1 2 3 4 5 6

Figure 22: Factorization of the short two-reggeon cut

It will be interesting to see whether these products are consistent with exponentiation.
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A BDS phases of the 2 — 6 amplitude

As explained in [4] for the 2 — 5 amplitude, there are phase factors related to Regge pole
terms and to the Lis functions contained in the BDS amplitude (3.27). Their derivation
has been described in detail in [4], and in the following we present a list for those different
kinematic regions of the 2 — 6 amplitude which contain Regge cuts. We list the phases
e ™mimi and Or,..r; using the notation of [4]:

i e iy VK o laul|gs||kal Kol

T3 e z7r(w2+w4+w5)ez7rwcemwdewlg 513 —
’ 4 7 ko + kp|?|q2|?
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ToT4 e*iﬂ(W1+W3+W5)eiﬂ'waeiﬂ’wdei524, S = K HM
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ey sl
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B Trigonometric factors for the 2 — 6 amplitude

B.1 Regge pole contributions

|ka + ky + kc|2‘kb + k. + kdyz
(A1)

In this appendix we list the trigonometric prefactors for the Regge pole contributions. The

Regge poles contribute to all 42 partial waves. We present the different groups.

B.1.1 Five singlets: LLLL,RRLL,RRRR,RRRL,RLLL

Pole
FLLLL

Pole
FRRLL

Pole
Frrrr

Pole
FRRRL

FPole

RLLL —

VL(a) VL(b) VL(c) VL(d)

Qo1 Q32 Q3 sy
Vr(a) Vr(b) VL(c) VL(d)

Q2 Qoz Q3 Qg
Vr(a) Vr(b) Vr(c) Vr(d)

Qo Qo3 31 Qs
Vr(a) Vr(b) Vr(c) VL(d)

Qi Qo3 Q3q Qg
Vi) Vi.(b) Vi(c) Vi(d)

Qo Q32 Q3 Qs

B.1.2 Three doublets: LRLL, RLRL, RRLR

Pole _
Frrrra)y =

Pole _
Frrire) =

and

Pole
Friroa) =

Pole
Frirne) =

and

Pole
Frrira) =

Pole
FrRrLR©)

Q3 % VL(a) VR(b) VL(C) VL(d)

Q) Q3
Q1 Qo3

Qo1 Qoz Uz Qg
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D3 Qa1 Qo3 Q3 QO

Q4 Q32

Vr(a) VL(b) Vr(c) VL(d)

Q3 Q2 Qo Q32 Qg Qg

Qo Q34

VR(a) VL(b) VR(C) VL(d)

Q301 Qo Q32 Qg Qs

25 Qg
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Q3 Q2 Qo3 Uz Qs

Q3 Qs
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B.1.3 Four triplets: LLRL, LRRL, RLLR, RLRR

Pole
Frrriq)

Pole
FrrrL@)

Pole
FrrRL®)

Pole
FrrrLO)

Pole
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Pole
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Q5 Q3
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Q3 Qo5 42
Q5 Q32
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B.1.4 Two quartets: LLLR, LRRR
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B.1.5 A quintet: LRLR
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B.1.6 A sextet: LLRR
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Qo Q4 Q31
0 0 91
Qo Q15 Q41
Q5 Qo1

Qs Q51

§23 5 (51 {as

Qo Q4 Q31 Q53
01 Q5 Qo3 3

Q9 Q4 Q13 Q53
2, 9, 0
Qo Qg Q13 Q35
0 2 O 05
Qo Qy Q51 Q35
01 Q3 Q21 Qs

Qo Q4 Q31 Q15

Q5 Q232

Q3 Q52

0,9,

Q3 Q4

0 O 032 s
Q3 Q51 Q42 Qo5
0 0 031 Oy
Q3 Q41 Q24 Q15
0 0 031
Q3 Q51 2y

Qy Q39 Q5

Q3 Qg2 Q15

B.2 Regge cut contributions

VL(CL) VR<b) VR(C) VR(d>

Qo1 Qo3 Q3zq Qs
Vi(a) Vr(b) Vr(c) Vr(d)
Qo1 Qo3 Q31 Qs
VL(a) Vr(b) Vr(c) Vr(d)
Qo1 Qo3 Q34 Qs
Vi(a) Vr(b) Vr(c) Vr(d)

Qo1 oz 34 Qs

Vi(a) VR(b) Vi(c) Vr(d)

Qo1 Qag Uz Qs

VL(CL) VR(b) VL(C) VR(d)

Qo1 Qo3 Uz Qs
Vi(a) Vr(D) Vi(c) Vr(d)

Qo1 Qaz Uz Qs
Vi(a) Vr(b) Vi(c) Vr(d)

Qo1 Qo Qg Qs
Vi(a) VR(b) Vi(c) Vr(d)

Qo1 Qagz Uz Qs

VL(a) Vi,(b) Vr(c) Vr(d)

Qo1 Q32 N31 Qs

VL(a) Vi(b) Vr(c) Vr(d)

Qo1 Q320 O34 Qs

VL(a) Vi,(b) Vr(c) Vr(d)

Qo1 Q32 O30 Qs

VL((I) VL(b) VR(C) VR(d)

Qo1 Q320 O34 Qs

VL(a) Vi, (b) Vr(c) Vr(d)

Qo1 Q30 O34 Qs

VL(G) VL(b) VR(C) VR(d)

Qo1 N3z Q3q Qs

(B.10)

(B.11)

(B.12)

In the following we list the trigonometric factors of Regge cut contributions in the partial
waves. Let us begin with a general remark. When making an ansatz for a Regge cut

contribution, we initially should allow for independent contributions in each partial wave.
As an example (see eq.(C.1) below), the contribution of the Regge cut in ws inside Fyrrr)
could be different from the one inside Frgrpr(2), i-e. our ansatz should allow for W,,..) #

W,

wo;(2)- However, from the requirement that in the region of positive energies this cut

contribution must cancel in the sum of the two partial waves we conclude that the two

- 50



Regge cut functions must be equal: W,,..;) = W, 2) = W,,. In the following we will
make repeated use of this argument to simplify our discussion. For simplicity we use un-
primed w; variables; when inserting the Regge cut terms into the integral (3.22) we have
to switch to the primed variables wy.

B.2.1 Short Regge cut in the {5 channel

The short Regge cut in the t2 channel contributes to the doublet LRLL(i) (i = 1,2), to
the triplet LRRL(i) (i = 1,2, 3), to the quartet LRRR(i) (i = 1,...,4), and to the quintet
LRLR(i) (i =1,...,5). The results are:

Fshort cut;ws sz VL(C) VL (d)

LRLL(Y) ™ Qg Qg Q54
: W, Vi(c) Vi(d)
Fshort cutiws _ 2 B.1
LRLL(2) Qg Quz Qs (313
Fshort cutiws __ WwQ VR(C) VL (d)
LRRL(1) D3 Q3g Qg
Fshort cutiws _ g% WWZ VR(C) VL(d)
LRRL(2) Qg Q41 931 Q34 QS4
. Q1 Q34 Wa, Va(e) Vi(d)
Fshort Clrlt,wg _ nf1ee34 w2 VR B.14
LRRL(3) Q301 Q31 Q3n O .
Fshort cutiws _ Ww2 VR(C) VR(d)
LRRR(1) Qi3 Q34 Q5
phort cutiwn _ Q Qg W, Vr(c) Vr(d)
LRRR(2) Q3 Q14 Q31 Q31 Q5
Fshort cut;ws _ & Q13Q45 WwQ VR(C) VR(d)
LRRR(3) Q3 M5a Q31 Q34 Qs
, . Q5 O W, VRr(c) Vr(d)
Fshort cutiws _ 845 8531 2 VR B.15
LRRR(4) Q3 Qs Q31 Q34 Qs ( )
Fshort cutiwz __ %% W""Q VL (C) VR(d)
LRLR(1) Q4 Q35 Q31 Q3 Qs
Fshort cutiws _ %% WwQ VL (C) VR(d)
LRLR(2) Q4 Qa5 Qi3 Q3 Qs
Fshort cutiwz _ %% sz VL (C) VR(d)
LRLR(3) Q4 Q35 M3 Qs Qs
Fshort cut;wsa _ % Q45Ql3» Ww2 VL (C) VR(d)
LRLR(4) Q4 Q5135 Q3 Q3 Qs
) Q1 Qus W VL(C) VR(d)
Fshort cutjwg __ 2413245 2 B.1
LRLR(5) Q4 Qs Q31 N3 Qs (540

B.2.2 Short Regge cut in the {3 channel

The short Regge cut in the t3 channel appears in the doublet RLRL(i), (i = 1,2), the two
triplets LLRL(7), (i = 1,2,3) and RLRR(i), (i = 1,2,3), and in the sixtet LLRR(), (i =
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1,...,6). One finds:

short cut;ws
FRLRL(I)

Fshort cut;ws
RLRL(2)
Fshort cut;ws

LLRL(1)

short cut;ws
FLLRL(Q)

Fshort cut;ws
LLRL(3)
Fshort cut;ws

RLRR(1)

short cut;ws
FRLRR(2)

Fshort cut;ws
RLRR(3)
Fshort cut;ws

LLRR(1)

short cut;ws
FLLRR(2)

Fshort cut;ws
LLRR(3)

short cut;ws
FLLRR(4)

short cut;ws
FLLRR(5)

short cut;ws
FLLRR(G)

B.2.3 Long Regge cut in the t; and t3 channels

This cut appears in the triplets LLRL(i) (i = 2,3) and LRRL(i) (i = 2,3), in the quartet
LRRR (i =2,3,4), and in the sextet LLRR(i) (i = 2,4,5). The form of the partial waves

is the following:

Flong cut;wa,wsz
LLRL(2)

Flong cut;wa,ws
LLRL(3)

szW:a;L VL(d)

Q32041 Qs

~52 -

Ww2w3;L VL(d)
Q320014 Q54

Vr(a) Wy, VL(d)
Q12 Qo Qs
VR(G) st VL(d) (B 17)
Q2 Qg Qs '
Vi(a) W, Vi(d)
Qo1 Qg2 Qsy
Q1 Vi(a) W, Vi(d)
Qo Qo Doy Oy
© Qs Vila) Wy Vi(d) 518
Qo Qg Qo1 Qog Qs '
Vr(a) Wy, Vr(d)
Q2 Qog Qs
Qs Vila) Wey Vi(d)
Qs Qo5 Q2 Qg2 Qs
Q5 Qs Vila) We, Va(d) o)
Q1 Q52 Q2 Qg2 Qs '
Q0 Vila) Way Vald)
Q4 Qo5 Qo1 Qg2 Qs
&% VL(a) I/Vw3 VR(d)
Qo Qg Qo1 Doy Qs
%921945 VL((I) ng VR(d)
Q4 Q51805 Qo1 Qo Qs
Q) Q9145 Vi(a) Wy Vr(d)
Qo Qs Qor Qog Qs
Q0 Vila) Way Vald)
Q9 Q51 Qo1 Qog Qs
205 Vi) W, Vald) 520
Q4 Q5 Qo1 Qg2 Qs '

(B.21)



Flong cut;wa,ws ngwg;R VL(d)

LRRL(2) Q23041 Qs
. Ww ws3;R VL(d>
Flong cutiwg,ws _ "YwowsiR B.22
LRRL(3) Qo31s Oy ( :
Flong cutiwz,ws __ M VR(d)
LRRR(2) Qosg Qs

Ql % ngwg;R VR(d)

Flong cut;wa,ws

LRRR(3) T Qs Q93041 Qus
) Q5 U1 Weows:r Vr(d)
Flong Cutiwg,ws 2% "84l Fhwawsi i B.2
LRRR(4) Q4 Q51 923941 Q45 ( 3)
Flong cutiwa,wg _ M VR(d)
LLRR(2) Q30014 Q5

Flong cut;wa,ws Q1 Q45 WLUng;L VR(d)

LLRR(4) T U Qs Q30 Qs
) Q5 Qa1 Wiows:z Vr(d)
Flong cutiwa,wz __ %0 8tal PP wowsi L B.24
LLRR(5) Qu Q51 Q30041 Q5 ( )

B.2.4 Regge cuts in the {2 and in the ¢4 channels
This contribution appears in the quintet: LRLR(i), (i =1,...,5).

Fshort cuts in wa,wy _ ng,w4
LRLR(1) 931953
Fshort cuts in wo,ws4 Ww27w4
LRLR(2) o 013053
Fshort cuts in wa,wq _ Ww27w4
LRLR(3) 013035

05 s Wy s
Q35 Q318035

: 0 Q35 W,
Fshort cuts in wo,wyq _ 513635 %. B.25
LRLR(5) Q3 Q5 Q31035 (B2

Fshort cuts in wa,wy
LRLR(4)

B.2.5 Very long Regge cut in the t5, t3, and t; channels

This cut contributes to partial waves of the two quartets: LLLR(3) (i = 3,4), LRRR(3) (i =
3,4), of the quintet: LRLR(7) (i = 4,5), and of the sixtet LLRR(i) (i = 3,4,5,6). They
have the following form:

Fz(z"z]l{(zg)g cut _ erry long cut;LL
Q328204382051
Frery long cut _ erry long cut;LL (B26)
LLLE() Q32003805
F[\/I;r;% Ilé)(r;g) cut erry long cut;RR
Q232348215
Fyery long cut _ erry long cut;RR (B27)
LRRE(4) Q2382348251
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Fvery long cut erry long cut;RL

LRLR() Q230438251
FZ%Z Il{o(rgﬁ cut erry long cut;RL
Q934315
Fzzr}}%]l%o(g%; cut _ & % erry long cut;LR
Q32 Q230348051
FZ?}}%]?&%; cut % % Wvgezry l((;ng;zut;LR
3 9624 3246345415
FZ?]}% 11%0(1515 cut  _ & % erry long cut;LR
Q3 Q20 Q320234051
Fzzrl)% }1;)(1&% cut % % erry long cut;LR
Q3 Q2 Q23034815

B.2.6 The Regge cut consisting of 3 reggeized gluons

This cut contributes to four partial waves of the sixtet, LLRR(i) (i = 3, ...
the following form:

,6)

F3—reggeon cut WS—reggeon cut

LLRR(3) 049051

Fg—ll/“;zgg?zy cut W?};eggéon cut
2454815

ng;g]%((eg;l cut W3-reggeon cut
Q24051

ng]eg,gt(eg? cut W35egg50n cut
428615
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. They have
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C Regge pole contributions in different kinematic regions

— eim(watwptwetwa) p—im(witwrtwstwstws) (free term)
_eiw(waerberCerd)efiﬂ'(w2+w3+w4+w5) o
_eim(watwytwetwg) p—im(witws+wstws) T

_e'ifr(waerberchwd)efiﬂ’(wl Fwotwstws) 3

_eim(Watwytwetwq) o —im (w1 +wa tws+ws) s

. eiﬂ(wa Fwptwetwy) efiﬂ’(wl +watws+ws)

T5
et (—watwptwetwa) o —im(w3twstws) T
eiﬂ(wafwb+wc+wd)€7i7r(w1 Fwa+tws) ToTs

et (Watwp—wetwg) o —im(w1+w2+ws) 374

eirr(wa FwpFwe—wq) efiw(wl Fwa+tws)

T4Ts
e—iw(WQ +w4+ws) eiw(wc—i—wd) eiﬂ(wa +wp) _ 2i€i7rw2 sin (7w ) sin(mwwy) | T
sin(mws) ] 173
e ImWs pimwg eiﬂ'(wa +Fwptwe) e—iT((UJQ tws) _ 9; sin(mwa) sin(mws) sin(rwe) | T
sin(mws) sin(rws) 174
eiﬂ(wa+wb+wc+wd)e,iﬂ-(w2+w3+w4) _9 . sin(mwq) sin(mwp) sin(rw.) sin(rwg) i T
sin(7wa ) sin(7mws) sin(mwa) 175
e—iw(w1 +wsztws) eiﬁ(wa +wq) eiw(wb—l-wc) — 9jeimws sin(mrwp) sin(mrwe) | ToT
sin(mws) 274
€—i7rw1 eimua eiw(wb—l—wc +wq) e—iw(wg, Hwq) 2 sin(mws) sin(mwe) sin(mrwq) | To T
sin(7ws) sin(mwy) 2715
eiﬂ(wa—i—wb)e—iw(wl +wa+twsq) eiﬂ'(wc—‘rwd) _ 2Z'ei7rw4 sin(7wc) sin(mwq) ] TaT
sin(mwy) 315
_efiﬂ(w4+W5)ei7r(wc+wd) efiw(waerb) + e imw2 sin(mrwq) sin(mwp) | T To T
sin(mwa) | 17273
_—imws iTwg | i (—wetwptwe) ,—iTws _ o, Sin(Twe —Twa) sin(Twp) sin(rwe) |
€ € [e ¢ ce 2i sin(7wws) sin(rws) 717274
. eiﬂ(_wa+wb+wc+wd) 6_i7r(w3+w4) _ 9 sin(mws —Twg) sin(mwp) sin(rw,) sin(rwq) ] T T
sin(mwa) sin(7ws) sin(wwy) 11275
_ eiw(wa+wb+wc+wd)e—i7r(<.u2+w4) _ 2ie—i7l'uJ2 eiﬂ(wa-i-wb) sin(mwe) sin(rwg) _
sin(mwa)
9 —iTwy i (Wetwg) sin(mwq ) sin(mwy) -sin(mwg ) sin(mwy)e @8 sin(mw,) sin(rwq)
2ie € ‘ sin(mws) + 2 sin(mws) sin(wws) sin(rwyq) +
+(2’L)2 sin(mwq) sin(mwp) sin(rw.) sin(rwq) TIT3Ts

sin(mws) sin(rwyq)
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. eiﬂ-(wa +wptwe—wq) e_iﬂ-(wz +ws) _ 2 sin(mua‘). sin(mwy, ) sin(7we ?.sin(mm; —TTwq) TLTATS
sin(mwa ) sin(7mws) sin(mwa)
_677,'71'(&)2)61'71‘(0.7(1) eiﬂ'(fwarwcfwd) efirr(w4) — 9 sin(rws *ﬂ'i.db) sin(mj.zc) sin(mws —mwg) ToT3Ts
sin(7ws) sin(mwa) ]
_e—im(wa) gim(wa) | pim(watwy—we) p—im(wa) _ 9; sin(mrws —mrwe) sin(mwa ) sin(wa —7wp) T3
sin(7wsz) sin(rws)
_e—im(w1) pim(wa) | pim(wptwe—wa) p—im(ws) _ 95 sin(mwa Tﬂwa) Sir{(ﬂwb) sin(rwe) ToTATS
sin(mws) sin(rwyq)
—e—im(witws) pim(watwa) |:e—i7r(wb+wc) + 2je—im(ws) sin(z&:ri,()sir;()ﬂwc) | ToT3TA
— e~ im(wiHw2) pim (watws) [efirr(wc+wd) + 9je—im(wa) Sin(:zjg();ii()wwd) | TSTATS
_e—im(ws) gim(wa) | pim(—watwp—we) _ 9; Sin(ﬂwg—ﬂ%.ua) sin(m.ub) sin(rw3 —Twe) TITaT3TY
sin(mws) sin(rws)
76_1‘71—((,)1 ) eiﬂ(wa) eiﬂ(—wb Fwe—wgq) _ 2 sin(mws —7rchb) sin(m'uc) sin(mws—mwg) ToT3TATS
sin(7rws) sin(mws)
eiw(—wa—wb+wc+wd)6—i7r(w4) — 9 cos(mwy)e "™ (wa) sin(rw,.) sin(rwg)
sin(mway)
+9i sin(mwq ) sin(mwy)e~im (W2 +wa) i (wetwq)
t sin(mws)
(97—t (wa) SIn(Twa) sin(mwy ) sin(rwe) sin(rwg)
(QZ)ZG sin(mw2) sin(mwa)
. sin(mw2 —Twe ) sin(mwwy ) cos(mws) sin(rw.) sin(rwy)
+21 sin(7ws ) sin(wws) sin(rwa) T1T273T5
eim(Watwy—we—wq) p—im(w2) _ 9; cos(rwe)e ™™ (¥d) sin(mwy) sin(rwa)
sin(mwa)
+2 . sin(7we) sin(ﬂwd)e’i"r(“@*“%)ei"(“’a*‘*’b)
? sin(mwa)
(95 o—im(wy) SIN(TWa) sin(mwp ) sin(rwe) sin(rwg)
(QZ)ZG sin(7wa ) sin(mwa)
-\ sin(7wg) sin(mwy) cos(mws) sin(mw.) sin(Twa —mwq)
+(22) sin(7ws) sin(rws) sin(rwsq) TIT3TATS
(-t isemisa) g—imiss _ g sn(msn—mon) sin(muy) sin(rie) sin(rws—man) | o
sin(7w2) sin(mw3) sin(mwwa)

. e,m(wa +wpFwe+wg) + 92 sin(rwg —mwg) sin(mwp) cos(mws) sin(mwe) sin(rws —mwy)
sin(mwa ) sin(7mws) sin(mwa)

—iTwg

. imwe SIN(Twq ) sin(mwp ) cos(mwe)e
+2ie sin(mwa)

+9i e~ TWae T Wa cos(wy) sin(mw, ) sin(mwg)
sin(mwy)

()i o) Sl R i sn(re)

—|—26_i7r(wa+wd) Sil’l(ﬂ-wb) Sin(ﬂ'u}d)] T1T2T3T4T5
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D Singular pieces of the long cut, the very long cut, the double cut, and
the 3-reggeon cut

In this section we adopt a slightly different way of our discussion. Namely, we return to the
starting point (3.22) which we write in the form (5.26) and focus on the last line: phase x
w’-dependent partial wave. This implies that, for ¢;-channels without a Regge cut, we have
a pole factor 1/(w} — w;) which, for simplicity, we will not write. The ¢; and ¢5 channels
are always free from Regge cuts, therefore we do not need to introduce w} and wf. At the
end of the discussion, when we will carry out the w] integrations: for ¢;-channels with a
Regge pole only we have w] — w;, whereas for ¢;-channels with a Regge cut we perform the

shift w] = w! + w;. This provides that, for each ¢; channel, we have the Regge pole factor
wi

i—1i
discontinuities.

s which is part of the BDS part. The same procedure will also be applied for energy

D.1 The long cut

This long cut has already been studied for the 2 — 5 amplitude, and we can simply
recapitulate the discussion [4, 5] and apply to the long cut in the ¢2 and t3 channels. The
equations for the long waws-Regge cut are:

T1T4 : 2Z~€—i7r(w’2+w§+ws)ei7rwd |:ei7rw§ Wwag;L + eimué Ww2w3;Ri| (D'l)
TIT2TY QeI tws) gimwa [eimé Wt + €™ Wi — €77 ng} (D.2)
TIT3T4 : Qi TWatwWs) gimwa [eimé szws;L + ™5 V[N/wgws;R — W, emwc} (D.3)

T17T273T4 : Qieiim% emwd [eiiﬂwé szw:s;L + eimwé szw:s;R - eimwa ng - Ww2 eimwc] .
(D.4)

When combining with Regge pole terms it was found in [4] that we should start from
the last kinematic region, 71797374, in which the most singular piece of the Regge pole
contribution has the simple form
Vi (a)2VE(c)
29— D.5
0,0 (D5)
Together with the singular pieces in (D.4) the sum of all singular terms which have to be
compensated by the §W becomes

e_m“’ééwmw?,;/: + e‘mééﬁm;g = VL(?Z);Z;))ZR(C) + e TSI, + 5WUJ2€_”“’C}
= e TG fgy + 6 fsze ™ (D.6)
with
iy = - e ) o
§f5y = SZW + W, - (D.8)
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Since all partial waves me; 1, etc. are real-valued, we are also searching for we real-
valued corrections 6Wi,,,.1,; together with the complex conjugate of (D.6)

™ Wyt + €W opugsr = €708 [y + 6 f5ze' ™ (D.9)
we thus have two equations which allow to find 5V[N/w2w3; L and 5W~/ww3; R:

Q319 Wit = Qa0 f35 + Qe 55

Qv OW o p = Qa0 + Qe f53, (D.10)
or, in more detail:
—~ Q.00 1
Qo131 0W oo, = aTbC —5 [cos 7(wh — wp) cos T(Wg — We) — cOST(Wh — We — Wy — wc)}
3/
—~ Qa0 1
Q39 0Woigus:r = aTbc —5 [cos T(wh — wp) cos T(wg — We) — cos T(Wh — we — wp — wc)} .
2/

(D.11)

Here all subtraction terms are free from Regge cut pieces, i.e.proportional to Regge
pole factors. Therefore the w'-integrations simply imply w; — w;, (i = 2,3,4). Similar
subtractions apply to the long wsw4- cut.The complete list of finite results is given in
section 4.2.

D.2 The very long cut, the double cut, and the 3-reggeon cut
D.2.1 The very long cut for the regions 775, 77975, T1T4T5, T1T3T5

We begin with the very long cut in the region 775. Looking at the singularities of the
Regge pole terms in Appendix B, we recognize that the region 7797475 may play the same
role as the region 7797374 above has been playing for the long cut: in this region the Regge
pole singularity is of the form

Vi (a) Q% Vi(d)
Qo Qg

S
— 2jeim™%s

(D.12)

Beginning with (6.11) and disregarding, for the moment, the double cut W,,., we make
the following ansatz for 6V LCH+:

Q0 Q3 O
+ 5f2a3ei7rwa + 5f2036i7rwc eim.ud + eimua [5f§4€i7rwb + 5f§l4ei7rwd] . eiﬂ'wa 5Ww3 eiﬂ’wd )
(D.14)

When combining this with the Regge pole of the region 775 we obtain the conformal
invariant Regge pole written in (6.20).

However, there is still the double cut piece, W,,,.,, which introduces additonal singu-
larities. So the singular terms we have to cancel are

— 9% <€i7rwé VL (a)ngcvR(d) + eiﬂwé Ww2w4> , (D15)

Qo Q3 QU Q3
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where W, depends upon w) and wj, As shown in section 6.2, W, factorizes:
Ww2w4 = ng Ww4
= (W59 + W) (W59 + 6W,,)
= WiIWE9 + W, (D.16)
with
IWesgwy = WisIWoy, + W, WS 4 SW o, 6W,, . (D.17)
We write the brackets in (D.15) as

Vi Qp, Q. Vr(d
Sy +i ()% Q:VR(d)
O O

+ WOJQW4> bl (D18)

where the real part is

COSs 7rw3 VL(a)QbQCVR(d)
= Wisw D.1
S 1= 93/ < 921941 + 2W4 ( 9)
and the imaginary part can be written as
VL(a)Qb QCVR(d)
1 1
—(S2+ 54) + (W;‘;g —5 sinm(wq — wb)> (W;ZQ —5 sinm(wg — wc)) (D.20)
with QuVi(d Vi(a)2
Sy = W, —H ) g _ Yila) L, (D.21)
Qu Qo

We thus need to cancel the singular terms —S,1 +(S2 4+ S4), and arrive at the subtraction
SV LCHT | instead of (D.13):

SVLCTT = Sr1 — ’L(SQ + Sy (D.22)
[5féz3ei7rwa + 6f2cgei7rwc] eimud + eiﬂwa |:(5f§4€i7rwb + (ng4€i7rwd:| _ eimuadwws eimud‘
Here we observe that, in contrast to all previous subtractions, now §VLCTT being a

subtraction to the three dimensional integral V LCTT contains also integrals: in S,; and
in So, Sy. For later purposes it is sometimes convenient to write Sy as

COS TTwh

—(So+ Sy4) + | W] — 1sin m(we —wp) | | WSS9 — 1 sinm(wg —we) | ] -
Qs 2 2 4 9
(D.23)

Srl -

Performing the w'-integrals (including the shifts for w) and w}) and inserting into the
square brackets of (6.11) (and adding the Regge pole term), all singular terms cancel and
we find the final expression

i (wptwe)

TIT5 : € e

—im(w2tws+ws) [ cos T(wq — wy)

12i [ / VLCHtTes

(/ Wre - fsmﬂ J— ) (/Wreg - SIM(wd—wc)) H . (D.24)
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The same applies to the regions 717975, 717475, and 717375. The finite results are listed in
(6.20) - (6.23),

D.2.2 The very long cut for the regions 7707375, 71737475,

For the regions (6.15) and (6.16) we have to modify the ansatz. Addition of the last term
of (6.15) leads, in (D.22), to the change —i(Sy + Sy) — —i(Se — S4)):

5VLC+_ — [5féz36i7rwa + 6f2036i7rwc] e—imud + eimua [5f§246—i7rwb + 5f§l46—i7rwd]
_eiwwa5Ww3€—i7rwd + 51 — 7,(82 — 54) . (D.25)

and the cancellation of singularities proceeds in the same way as before. The same argu-
ments appliy to the region 71797375 in (6.16):

SVLO™ = [0fgye™™ 40 fgye™ e | oo 4 =imon g fhieimn 6 feim |
—e_i“w‘L&WwSein + S, — ’i(—SQ + 5'4) . (D.26)

The three equations for SVLCT+, VLCT™ and §VLC ™, together with 6VLC™~
(which is the complex conjugate of 6V LC 1) can be used to find the expressions for §Wp,

etc:

Qg Qg 6Wrp = {93/a5f§3 + 93’05,}(53} Qya + Q31q [Q4fb5f§4 + Q4/d5f§l4} (D.27)
— Qg Wy Qurg + Q3:Q4.Sp1 + cos mws Qs S + cos Tw) Qa0 Sy

Qg Qg4 6Wrp, = — {sza5f§3 + Q2’céf203} Qua — Qe [94’b5f§4 + Q4/d5f§l4] (D.28)
+Q9/0 Wy Qurg — Q2 Q41 Sy — cos TwhQyr So — cos mw) Qo Sy

Qo Qyar0Wik = = | Qurad S5 + Q0 53| Qyra — Q| Qand fls + Qad ] (D29)
+ Q3106 Woy Qg — Q25,1 — cos mwh Qs (So + Sy)

Uy QWi = | Qorad 5 + Qe 53| Qya + Qv [0 fh + Qurad S (D-30)

— 091 0Wis Qg + Q20351 + cos ﬂWéQg/SQ -+ cos ﬂng2154 .
Making use of the relations:

Q3196 Wosrsil, = Q100 f3 + Q1.0 £33
92/3/6Wwa3;R = 921a5f2a3 + lecéf§3 (D31)

and

Qg Wegunir, = Qund f24 + Qurad 5
Q304 0Wosgun:r = Qa0 f24 + Q300 f3 (D.32)
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we can also write:

Qg Qg WL = Qa9 Woguoni2 Qa + V3703 Wogeoiz — Q3100 Wiy Qurg

+Q3/ Q4 Sp1 + cos mwiQyr So + cos Tw) Q3.Sy (D.33)
oy Qy6Wrr, = —Qorgr 6 Wosgy 8wd — Q21 Wageos, + Qa6 Wiy Qurg

—Q9/Qy S — cos mwhH Ry So — cos Tw)Qor Sy (D.34)
oy QywdWiR = — Q2 6Wongayi 1 Ura — Va4 0 Wosgus: k. + Qa0 Wisy Qv

—02%S,1 — cos w3 (S + Sy) (D.35)
Qo3 Qg0 0WrR = Q236 Woseo: 137 + Q2030 0Wosguoiir — Q2100 Wi, Qg

+Q91 Q31501 + cos Twh Q31 .Sa + cos Twy Qe Sy . (D.36)

We should stress that the subtractions of the partial waves WL 1, etc. are all real-valued,
as it should be.

D.2.3 The very long cut for the regions 7797475, 71720737475,

For the remaining kinematic regions 71707475 and 7179737475 we first need to analyse the
first two lines of (6.17) and (6.18), then find the subtraction of the three reggeon cut
contribution, W3 reggeon cut- We beginn with the the first two lines of (6.17), disregarding
for the moment the double cut term W, . First we notice that the simple ansatz
gim, V(@) Qe Vr(d)
Qo Qg Qg

+ |:€z7rwa 5f2ag + emwcéfgcg e imwd + o~ iMWa | piTWh (5f§4 + P (5f§l4] — ¢imwa 5Ww3 elmwd

(D.37)

removes the singular terms. Here the first term compensates the most singular piece of the
Regge pole; it has the same form as in the region 7175. On the other hand, our subtraction
must be consistent with the complex complex conjugate of the Regge cut subtractions of
VLC*™* in (D.13). We therefore write

eimaé VL (Q)QbQCVR(d)
Qzl Q3/ Q4/

+ |:€i7TUJa 5f§3 + eiﬂ'wc 5f§3:| e—imud + e—imua eimub 5f§4 + eiwwd 5f§14] _ eimua (SWW?) eiwwd

+ [(ezimée—”“’“ — e'™a)§ o 4 (62”“’56_”% — 'mwe)§ fQCS] e imwd
s [(imehemima _ s gty (Bimehemimas _ giman) ]
— W, (25T M (Watwa) _ gim(watwny) (D.38)
The last three lines can be written in the more compact form
2i [sﬂ +i (Qg,dgwa’wvwgl + Q30 Q 2 Wik — Qyr Sin (W) — wa — wd)) ] (D.39)
with
Sro = cosm(wh — wd)ﬂgngéwww?);L + ngéﬁ//mmﬂ cos 7m(wh — wq)

+ cos mws sin 7 (wg + wg — wé)éWwS] . (D.40)
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Next we include the double cut. Repeating our discussion given in the context of the
region 7175, we replace the first term in (D.37) by Sp1 — i(S2 + S4), and the first 2 lines
inside the square brackets become:

eiﬂ(wéfwé)wzfzg _i_wgelf] +eiﬂ(2wé7w§7w£)W£§§ _i_eiﬂ(wgfwfl)wlgtjg (D41)

_eimuaLC(34)7’eg o eiﬂ'deC(23)reg + eiw(wa—i-wd)W;?c:g

1 1
—1 (W£§9 ~5 sin 7 (w, — wb)> (WL:ZQ b sin(wg — wc)>

+2¢ [STQ +1 (Qg/dQ3/2/5Ww2w3;L + Qg/a93/4/5ww3w4;}3 — Qg 8in 71'((,0:/3 — Wq — wd)) } .

Next we turn to the two last lines of (6.17) and collect the singular pieces which need
to be compensated. First, in the third line we decompose the second and third terms:

eiﬁwé N
_973/ (92’3’Q4’3’WLR + QanWw3>
oS TTwh —~ ) —
— _ Qg/ 3 (92/3194/3/WLR + QanWw;;) —1 <QQ/3/Q4/3/($WLR + Qan(sz;:,)
~i (Y QWi + QW) (D.42)

The real part together with the last line of (6.17) suggests to define

COS TTwh

Qaro ) “asg,,N
3/2/36d 34
“3/

le Qg/ w3w4;R
(D.43)

Sr?) =

(92'3'94/3/VT/LR + QanW%) + <szw3;L

In (6.17) the sum of these terms then becomes:

24 |:W3 reggeon cut — Sr3 —1 (QQ’S’ Q4’3’5ﬁ7LR + Qan5Ww3)
i (92,3,94,3,W£;€ n QanWJ,’gg) } . (D.44)

Here the first line contains the singular terms which have to be compensated. Using our
result for §Wp g the sum of the singular terms can be written as:

2 |:W3 reggeon cut — Sr3 —1 (QQ’?)’ Q4’3’5WLR + Qan5Ww3> } =
21 [W3 reggeon cut — ST'S —1 (QS’Q/QS’d6W23;L + 93/4/Q3la(5W34;R
+Q§/S7~1 + cos 71’&)3931(52 +S4),

+Qu sin 7 (wa + wa + wh)S W) } . (D.45)

Now we combine (D.45) with the last line of (D.41). We notice that the second term
in the last line of (D.41) cancels part of the second part of (D.45). Using the identity

1 1
Q3,1 +cos Twh(Se+Sy) = cos mwh <W£§g ~3 sin(wq — wb)) (W:;Z’g ~3 sin m(wg — we)
(D.46)
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we are left with:

(D.45) + last line of (D.41) = +2i [Wg reggeon cut + Sp2 — Sr3

1 1
—i€3 cos Twh <W£§g — —sinm(wg — wb)> (ngg — —sinm(wg — wc)>

2 2
—2i0% cos T(wa + wd)(SWwS] . (D.47)
Defining the subtraction
6W3 reggeon cut — STS - Sr2 (D48)
we finally arrive at:
(D.45) + last line of (D.41) =
1 1
21 | W3 Y ageon cus — 1237 cos Tws <W£§g —5 sin(w, — wb)) <W£§9 —5 sinm(wg — wc)>
—2iQ2 cos T(wa + wd)(SWwB] . (D.49)

Finally the region m1m7a7m37m475. Starting from (6.18) we proceed in the same way. Ad-
dressing the first two lines (ignoring for the moment W,,,.,,) we observe that the ansatz

eiﬂwé VL, (G)QbQCVR(d)
QO
+ [e—iﬂwa 5.](513 + e—iﬂw55f203:| eiﬂwd + eiﬂwa |:€—i7rwb5f?l’)4 + €_i7rwd5fg4} o eiwwa(SWwS eimud

(D.50)

after combination with the Regge singular pole term removes the singular terms. Here the
second line is the complex conjugate of the second line of (D.37). The analogue of (D.39),
after some algebra, has the form

—21 |:S7»2 —1 (Q?)’dQB’Q’(SWwag;L + Qg/aQ3/4/5Ww3w4;R - Q3/ sin W(wé — Wq — wd)> } .
(D.51)

Including next the double cut term Wi, , the singularities add up to
. ) 1. 1.
— Sr1+i(S2+ S4) —i <W£§9 — 5 sin m(we — wb)) <W£§g — 5 sin m(wg — wc)) . (D.52)
Adding the last two lines of (6.18) the first part is modifiied:

— Sp1 +i(S2+ S4) — =Sy —i(S2 + Sy) . (D.53)

In (D.50) we therefore replace the first term by S,; + i(S2 + S4). In analogy with (D.41)
we then have

ei”(wé‘wé)Wng + W;iq + e—m(zwg_w;—wg)wzg + eiw(wa—wé)/wv/;e]g (D.54)

_efiﬂwaLC(34)reg* - efiﬂ'deC(23)reg* + e*’iﬂ'(waerd)W£;ig
N e 1
—i <Ww§g — 5 sin m(we — wb)) <Wwfg — 5 sin m(wg — wc)>

—21 |:ST2 —1 (ledeQ,éng%L + Q3/aQ3’4’5Ww3w4;R — Qg/ sin w(wé — Wq — wd)) :| .
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Turning to the 3rd and 4th line of (6.18) we find, in analogy with (D.45),

-2 [Wi’) reggeon cut — Sr3 +1 (92’3’Q4’3’5WLR + Qan(;ng) ] =
—21 [W?, reggeon cut — Or3 + 1 (93’2’Q3’d5W23;L + 93’4’Q3’a5W34;R
—i—Q%/Sﬂ + cos mwh Qs (Sy + Sy)
+Qy sinm(we + wa + w3) Wiy, ) } . (D.55)

Combining with the last line of (D.54) we finally have:

1 1
20| Wy seeon cut T 1237 cos Ty (Wu’;sg -3 sin m(wq — wb)> (WSZ‘Q -5 sin m(wg — wc))
42002, cos T(wa + wd)(SWwS] . (D.56)

Inserting, after performing the w/-integrations, the results of this appendix into (6.11)
- (6.18), we arrive at the results listed in egs.(6.20) - (6.27).

D.2.4 The discontinuity Ajssy

We complete this section by inserting the subtractions into the discontinuities Ajs34 and
Ao3A1934 and demonstrating the cancellation of the singularities.. We return to the rhs of
(7.1) and undo the w'-integrations. We then insert the subtractions derived in the previous
subsections. To show the cancellation of all singular terms requires some algebra, and we
only scetch the main steps. For the first three lines (without the double cut term, W, )
we have the subtractions listed in (D.33) - (D.36). We combine the last term of the third
line, Wiyu,, with the first term of the product in the next line and with the two terms in
the 7th line. Using our previous notation we arrive at:

_eiﬂ(wé—wé—wa) (eiww;; Ww2w4 + eim,.;é VL(G)QchVR(d)

Q3/ 92/93/94/
=~ (S,) +i(Sy + Sy)

1 1
+1 (W£§9 — —sin7(wg — wb)> (Wﬁg b sin 7 (wg — wc)>> .(D.57)

+2i(Sh + 54))

2

In a similar way we rewrite the curley bracket in the 5th line and obtain:

2Z'ei7'r(w2 +w4q 7&)3) (_ WTEg

3 reggeon

+Sp2 + [cos mwh sin (wh + wy — wg) — ng/Qy} Wig — iQanst) . (D.58)
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Our expression for the discontinuity Ajs34 thus takes the somewhat modified form:
int
Az =
e—iw(w1+w5) . {eiﬂ(2w’2—wﬁl)WLL + eiﬂ(Bwé—wé—wﬁl)WRL + 6iﬂ(2wﬁl_wé)WRR
+ (e_im"g + 2iem(“’é+wﬁl_wé)(coswwg sin (W) + wj — wh) — i(22/§24/) Wir

—e”(“’ﬁl_wé_wé)LC(23)e”wd o ein(wé—wé—wﬁl)eiﬂwaLc(34)

N s »
+ezw(w2+w4 wS)e WLU“W‘%G imwy

— M@ mwe =) (G ) 4 i(Sy + Sy)
1 1
+i <W£§g —5 sin m(w, — wb)> <W£Zg —5 sin(wg — wc)>>

+2ieim(Watwi—wh) (—Wreg + Spo — iQanst)

3 reggeon
1 . , , 0 . / / Qc d
+ 21‘6”(“3‘“’2)VL(G) " Vir(c)Vr(d) + 2@'6”(“’3_“4)VL(G)VL(b)i‘/R( )
Q3/ QQ/ Q4’

+4V7(a)VL(b)VR(c)VR(d))
(D.59)

Now we are ready to verify the cancellation of the different singularities. All sub-
tractions 5WLL etc. have singulartities due to the denominatoirs 1/Q9/3/Q34. After some
algebra one finds that in the sum of the first two lines of (D.59) these singulartities cancel
completely.

Next we collect the terms proportional to 5,1, So and Sy; they contain short cut
contributions, W, or W,,,, multiplied by a singular pole term. They are contained in the
first two lines of (D.59) (in the Wy, etc.), in the 5th line, and in Syp. With the identity
(D.23) the sum of terms proportional to S,1, Se and Sy becomes

—2i cos Twh -
T 1 1
: <67”(W2+w4 + 492/94/) <W£;g ~3 sin(wq — wb)> (ngg ~3 sin 7 (wq — wc))
4 (aﬂwé—wé)m,SQ n eiw(wé—%my&) . (D.60)

Next we collect terms proportional to 92,193,. They are contained in ¢ f§5 and ¢ f55, in

Sro in the 7th line, and in the 8th line of of (D.59). For the sum of all J f§5 and d f55 the
coefficients are :

230 = —2iVp(d)e™ W2 =w5) [e%% + 4e”<wé+wé>92,a93,a] (D.61)

and
23¢c = _2iVR(d)eiﬂ(wc—wé—wé) |:e2i7rwc + 4ei7r(wé+wé)QQ,CQ3,c:| . (D'62)
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Making use of our results for ¢ f; and d fs5; and adding the last line of (D.59) we find for
the sum:
VL(Q)QbVR(C)VR(d)
Qo Qs
; Vi(a)2VR(c)Vr(d)
Qg
_2Z~ei7r(wa—wé—w§) [eZiﬂ'wa + 4€iﬂ(wé+wé)Q2/aQ3/a} 5Ww3

23a - 8 f8 + ¢23¢ - 0 f5; + 2ie’™Ws ) (D.63)

= (22)3VL(G)QbVR(0)VR(d) + (Q,L')Qefimu

_9jeimlwemwh—u) {62”% n 4e”<wé+wé>92,093,0] SWo, .
(D.64)
Similar results hold for § f§’4 and ¢ fg4. As expected, all double poles cancel.

Finally we collect terms proportional to simple poles contained in éW,,, 6W,,,, and
0W,,. For the sum of terms containing dW,,, we obtain:

1
(20)? Qo 6 W, Vr(c)VR(d) + (2z')25 sin 7 (wp — wa) Vr(c)Vr(d) . (D.65)
For the sum of terms proportional to 6W,,, we find:

—4iQ3 V1 (a)dW,, VR (d)

+2V,(a) (2Qg cos mwy, cos Tw, — cos mws sin m(wy + we)) Vr(d) . (D.66)
This completes our proof that, after inserting all the subtractions and performing the
w’-integrations, we end up with a finite expression for the single discointinuity Aq934, as
written in (7.2).
D.2.5 The double discontinuity As3Aq234
We start from (7.18). As the first step, using (D.48), we subsitute

WS reggeon-cut — Wreg + Sr?, - Sr2 (D67)

3 reggeon-cut
and combine S,3 with the folllowing three lines. We obtain:
(A3 ig3q)™t = eirlrtes)
it (wh+wh —wh / / re
' [ (_elﬂ(w2+w4 “s) 4 2cosm(wy + W4)) (W rgggeon — Sp2)
N o NI I (eiw(w’frw@ + 2€2i7rwé cos ﬂ(wéfwi)) WLR
_imwy iw(wg—wé)Q W _iTwg iw(wé—wi)ﬂ W
€ € 2/3'VV23;L € € 4'3'VWW34;R

P o, 1
+ (e—zw(w2+w4) sinﬂ(wa +wy — wé) + 2Z~(elﬂ(wg_UJa—wd)Qz/3/Q4/3/ + §Qa9d)

+4i6mwé 92/3/ Q4/3/ Qan) VVM3

9 Vi (a)VL(b)Vr(c)Vr(d) }
Qs :

(D.68)
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As a result, all singular terms ~ 1/Qgs have been cancelled, except for the Regge pole
term in the last line. Next we use the decomposition of the Regge cut amplitudes Wrr =

W}:% + 5@1 r etc and obtain for the regular pieces (disregarding the overall phase factor
e—iw(w1+w5))

(et i) 42 cos m(wh + ) ) W3 Pgeon

i3/ Qyrgr (e”(wéw‘l) + 2ems COSW(wé_wf‘)) Wiy

_imwa eiw(wg—wé)ny W;gei _ eimwa eiW(WIQ —wﬁl)Q4,3, ngigR

+ (e‘iw(w,ﬁwi) S 7 (Wa + Wy — wh) + 2i(e W8T Oy Qg + %Qaﬂd)
+4i€iww592/3194/319a9d) W;:g . (D69)

Collecting the remaining singular terms, we use

Sro = COS W(wé — Wd)Q3’2/5Ww2w3;L + 93’4’5Ww3w4;R CoS W(wé — wa)

+Q4g cos Twh sin m(wq + wg — wh )W, (D.70)
and
oy Qusd Wi = Qo Q3adWas,r, + Qara QyradWag,r — QyaQyrad W, (D.71)
1 1
+Q3 cos mwh (W;Sg —5 sin m(wq — wb)> <W£§g —5 sin m(wg — wc)> .

Here the last line belongs to the regular pieces, i.e. has to be part of (D.69). For the sum
of all remaining terms we first collect all singular terms (proportional to §Was.1,, dW34.R,
0W,,), together with the the last line:
—2ie ™2 Vi (d) Q36 Was. 1, — 2i€™ 4V, (a) Qa3 0Waa g
+ (—e””é sin m(wh + wh — wa — wa) 4 e (T Witwa Yy () + ei”(wéJr“’a)VR(d)) SWes
Ve @VL(O)Va(0)Viald)

D.72
Next we insert:
— 1.
Q30,0 Was., = 5 Sin m(wp — wa)VR(C) + Qa0 W4 (D.73)
— 1
93/4/(5W34;R = B sSin 7'1'((,0C — wd)VL(b) + Qg/d(SWwS (D.74)
(D.75)

and obtain
Vi(a)VL(0)Vr(c)Vr(d)
Qg
+i (eiwé sin 7 (wp — wa)Va(e)Va(d) + Vi,(a) VL (b)e™4 sin m(w, — wd)) . (D.76)

2ie"™ 5V (a)VR(d)dW,, — —2i
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Finally we use

1 Q<2
Wy = 3 sin 7 (wp + we) + cos 7rw§ 53, (D.77)

and find complete cancellation of all singular terms:

eq(D.72) = —iVi(a) ("™ Vr(c) + VL(b)e"™*) Vr(d) (D.78)
+i (e“wé sin 7 (wp — wa)Ve(€)Va(d) 4+ Vi (a) Vi (b)e™4 sin 7 (w, — wd)) .

The final sum, after perfoming the w;-integrations, is given in (7.19).
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