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ABSTRACT

Fully kinetic two-dimensional particle-in-cell simulations are used to study electron acceleration at

high-Mach-number nonrelativistic perpendicular shocks. SNR shocks are mediated by the Weibel

instability which is excited because of an interaction between shock-reflected and upstream ions. Non-

linear evolution of the Weibel instability leads to the formation of current sheets. At the turbulent
shock ramp the current sheets decay through magnetic reconnection. The number of reconnection

sites strongly depends on the ion-to-electron mass ratio and the Alfvénic Mach number of the simu-

lated shock. Electron acceleration is observed at locations where magnetic reconnection operates. For

the highest mass ratios almost all electrons are involved in magnetic reconnection, which makes the
magnetic reconnection the dominant acceleration process for electrons at these shocks. We discuss the

relevance of our results for 3D systems with realistic ion-to-electron mass ratio.

Keywords: acceleration of particles, instabilities, ISM – supernova remnants, methods – numerical,

plasmas, shock waves

1. INTRODUCTION

Deciphering the acceleration mechanisms of charged
particles in space is of great interest and high actu-

ality in astroplasma physics. The interaction of su-

pernova ejecta with the interstellar medium results in

shocks which are often associated with nonthermal ra-
diation. It is widely assumed that relativistic particles

responsible for this emission are produced through diffu-

sive shock acceleration (DSA, e.g., Axford et al. (1977);

Drury (1983); Blandford & Eichler (1987)). DSA relies

on multiple interactions of particles with the shock front
while they are confined near the shock by magnetic tur-

bulence. A critical ingredient and the main unsolved

problem of DSA is the particle injection. Particles need

to see the shock as a sharp discontinuity in the plasma
flow to cross it unaffected, and so DSA works for high en-
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ergy particles only. The shock has a finite width though
that is commensurate with the gyroradius of the in-

coming ions. The electron injection problem is much

harder than that of ions on account of the small elec-

tron mass. As electrons and ions are not in equilibrium
immediately behind a collisionless shock, an electron re-

quires a considerably larger factor of energy increase to

render its gyroradius comparable to that of ions or the

shock width. The problem of electron injection at su-

pernova remnant (SNR) shocks has remained unresolved
for many years. It requires extensive studies because it

determines the level of cosmic-ray feedback and hence

the nonlinearity of the system. Also, in most cases it

determines the X-ray and the gamma-ray luminosity of
SNRs (Sushch et al. 2018; Brose et al. 2019b,a).

Here we continue our study of electron acceleration

processes for conditions at young SNR shock waves.

Observational data and numerical simulations cannot

still clarify which magnetic-field configuration in SNR
shocks is preferable for efficient electron acceleration.

Strong electron acceleration has been reported from 2D

http://arxiv.org/abs/2003.01879v1
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simulations of quasi-parallel mildly relativistic shocks

(Crumley et al. 2019) and from 1D simulations of quasi-

perpendicular shocks (Xu et al. 2019). However, SNR

shocks are nonrelativistic and 1D simulations are not
capable to reproduce fully correct shock physics. There-

fore we study nonrelativistic shocks with perpendicular

magnetic-field configuration θBn = 90o using 2D simu-

lations.

Young SNR shocks have nonrelativistic propagation
speeds and they are characterized by high sonic and

Alfvénic Mach numbers, MA ≈ 200. In the high-

Mach-number regime a portion of upstream ions is re-

flected back upstream by the shock potential (Marshall
1955). Reflected ions interact with upcoming plasma

and drive various instabilities in the shock transition.

The shock transition is subdivided into an upstream,

a foot, a ramp, an overshoot, and the downstream re-

gion. The undisturbed plasma is contained upstream
and the shocked plasma is found downstream. In a

quasi-perpendicular shock the interaction of reflected

ions with upstream electrons leads the excitation of elec-

trostatic Buneman waves (Buneman 1958) at the lead-
ing edge of the shock foot, and the two-stream ion-ion

Weibel instability (Fried 1959) operates deeper in the

shock foot. Ion reflection occurs at the shock ramp, and

a strong rise of a plasma density is observed here that

reaches its maximum at the shock overshoot.
The Buneman instability accelerates electrons via

shock surfing acceleration (SSA Shimada & Hoshino

2000; Hoshino & Shimada 2002) when they coherently

interact with electrostatic waves. The Weibel instability
is responsible for electron energization via magnetic re-

connection (Matsumoto et al. 2015), stochastic Fermi-

like acceleration (Bohdan et al. 2017), and stochastic

shock drift acceleration (Matsumoto et al. 2017). Since

these instabilities partially operate on very small scales
between the electron inertial length and the ion skin

depth, and also because electron acceleration is the sub-

ject of investigation, the appropriate numerical tool are

full Particle-in-Cell (PIC) simulations that treat both
ions and electrons as particles.

This paper is the third in a series of works focus-

ing on the analysis of high-Mach-number perpendicular

shock with the method of PIC simulations. Previously

(Bohdan et al. 2019a, hereafter Paper I) we discussed
SSA at the leading edge of the shock foot and the de-

pendence of its efficiency on the Mach number, ion-to-

electron mass ratio and the magnetic field configuration.

The second part (Bohdan et al. 2019b, hereafter Paper
II) is devoted to the impact of SSA on the downstream

nonthermal electron population. We found that SSA

negligibly contributes in systems with strictly perpen-

dicular configurations and realistic mass ratio. How-

ever, the SSA mechanism remains important at quasi-

perpendicular shocks. Electrons pre-accelerated by SSA

can be reflected back upstream via mirror reflection
(Amano & Hoshino 2007) and may excite low frequency

waves (Amano & Hoshino 2010).

The main goal of this work is to explore magnetic re-

connection at high-Mach-number shocks and to define

its impact on the downstream electron nonthermal pop-
ulation.

Matsumoto et al. (2015) demonstrated electron accel-

eration up to nonthermal energies at high-Mach-number

perpendicular shocks using 2D simulations with in-plane
magnetic-field configuration (ϕ = 0o, see Sec. 2). They

found that electrons can be accelerated via elastic colli-

sions with a jet ejected from the X point or via interac-

tions with magnetic islands residing in the reconnection

region. The efficiency of this process is unknown and
moreover might depend on the numerical parameters of

the kinetic simulations that are meant to explore them.

Bohdan et al. (2017) reported that magnetic reconnec-

tion also occurs in simulations with ϕ = 45o. Note that
magnetic reconnection in the Weibel turbulence was

not observed in the 3D simulation of Matsumoto et al.

(2017) possibly because the Mach number of the shock

was not large enough. Here we also want to investigate

this point.
This study can also be important for the low-Mach-

number regime. Our results can be rescaled to the condi-

tions at the Earth bow shock where magnetic reconnec-

tion is observed in simulations (Karimabadi et al. 2014;
Bessho et al. 2019) and detected by in-situ observations

(Gingell et al. 2019; Wang et al. 2019).

The paper is organized as follows. We present a short

description of simulations setup in Section 2. The results

are presented in Section 3. Discussion and summary are
in Section 4.

2. SIMULATION SETUP

We performed simulations in which shocks are ini-

tialized by means of the flow-flow method, as in our

previous works (Paper I, Paper II, and Bohdan et al.

(2017)). Collision of two counterstreaming electron-ion
plasma slabs leads to the formation of two shocks sep-

arated by a contact discontinuity. Hereafter we refer to

both the flows and the shocks as the left (L) and the

right (R). The absolute values of the beams velocities
are vL = vR = v0 = 0.2c. Properties of colliding flows

are identical except the plasma temperature which dif-

fers by factor of 1000. It results in different plasma beta

(the ratio of the electron plasma pressure to the mag-



Magnetic reconnection at SNR shocks 3

Table 1. Simulation Parameters

Runs ϕ mi/me ωpe/Ωe MA Ms βe

∗1 ∗2 ∗1 ∗2

A1, A2 0o 50 12 22.6 1104 35 5 · 10−4 0.5

B1, B2 0o 100 12 31.8 1550 49 5 · 10−4 0.5

C1, C2 0o 100 17.3 46 2242 71 5 · 10−4 0.5

D1, D2 0o 200 8.5 32 1550 49 5 · 10−4 0.5

E1, E2 0o 200 12 44.9 2191 69 5 · 10−4 0.5

F1, F2 0o 400 13 68.7 3353 106 5 · 10−4 0.5

G1, G2 45o 100 12 31.8 1550 49 5 · 10−4 0.5

Note—Parameters of simulation runs described in this paper. Listed are: the ion-to-electron mass ratio, mi/me, the plasma
magnetization, ωpe/Ωe, and the Alfvénic and sonic Mach numbers, MA and Ms, the latter separately for the left (runs *1) and
the right (runs *2) shocks. We also list the electron plasma beta, βe, for each simulated shock. Runs A-F use the in-plane
magnetic field configuration and runs G have ϕ = 45o.

netic pressure), βe,L = 5 · 10−4 for the left beam and

βe,R = 0.5 for the right beam.

The large scale magnetic field, carried by the upstream

plasma, is perpendicular to the upstream plasma veloc-
ity and the shock normal, ΘBn = 90◦. The angle be-

tween magnetic field direction and the simulation plane

is ϕ. Runs A-F assume the in-plane magnetic-field con-

figuration, ϕ = 0o, and ϕ = 45o is used in runs G.
The adiabatic index of the plasma is 5/3 for both

magnetic-field configurations, and the shock compres-

sion ratio is r = 4. The shock speeds in the simu-

lation frame and the upstream frame are 0.067c and

0.263c, respectively. The Alfvénic, MA = vsh/vA, and
sonic, Ms = vsh/cs, Mach numbers of the shocks are de-

fined in the conventional upstream reference frame. Here

the Alfvén velocity is vA = B0/
√

µ0(Neme +Nimi),

where µ0 is the vacuum permeability, Ni and Ne are
the ion and the electron number densities, and B0 is the

magnetic-field strength in the far-upstream region. The

sound speed is defined as cs = (ΓkBTi/mi)
1/2, where kB

is the Boltzmann constant and Ti is the ion temperature.

Weakly magnetized plasma is considered in our
runs. The ratio of the electron plasma frequency,

ωpe =
√

e2Ne/ǫ0me, to the electron gyrofrequency,

Ωe = eB0/me, is in the range ωpe/Ωe = 8.5 − 17.3.

Here, e is the electron charge, and ǫ0 is the vacuum
permittivity.

Spatial and temporal scales are given in terms of the

upstream ion skin depth, λsi, and the upstream ion Lar-

mor frequency, Ωi, respectively. Common parameters

for all simulations are the upstream electron skin depth
λse = 20∆, the time-step δt = 1/40ω−1

pe and the number

density in the far-upstream region, which is 20 particle

per cell for each species. ∆ is the size of grid cells. More

detailed description of the simulations setup is given in

Paper I.

Here we discuss results of seven large-scale numerical

experiments (runs A–G), that feature in total fourteen
simulated shocks. We refer to each of them as a separate

simulation run and label the shocks in the left plasma

(βe,L = 5 · 10−4) with *1, and the right shocks with *2

(βe,R = 0.5). The parameters of the simulation runs
discussed in this paper are listed in Table 1.

The simulations cover a wide range of ion-to-electron

mass ratios and Alfvénic Mach numbers, which permits

an investigation of the influence of these parameters on

the electron acceleration efficiency and to scale our re-
sults to the realistic ion-to-electron mass ratio. In this

work we investigate the influence of magnetic reconnec-

tion on the nonthermal electron population downstream

of the shocks and its scaling with the ion-to-electron
mass ratio and the shock Mach number. Some aspects

of the simulation runs have already been discussed in our

previous papers, namely, runs B and G in Bohdan et al.

(2017) and runs A–F in Papers I and II.

Here we use the relativistic electromagnetic 2D3V-
adapted PIC code THATMPI, developed from TRIS-

TAN (Buneman 1993) with MPI-based paralleliza-

tion (Niemiec et al. 2008). We use the method of

Wieland et al. (2016) to suppress the artificial electro-
magnetic transient that results from the initial strong

electric-field gradient between the two plasma slabs,

and optimization of the particle sorting (Dorobisz et al.

2018). A solver by Vay (2008) is used to update par-

ticle positions. The second-order approximation of the
particle shapes, so called triangular-shape-cloud, and

Friedman (1990) filter for electric and magnetic fields are

used to suppress the numerical grid-Cherenkov short-
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wave radiation. The numerical model used in our sim-

ulations has been extensively tested and results of the

most recent tests are in detail presented in the the-

sis of Bohdan (2017). For the time between injection
of plasma and interaction with the shock (usually less

than 0.5Ω−1
i ) the thermal energy of electrons and elec-

tromagnetic field energy are conserved to better than

1%. Therefore our setup is stable enough for shock

simulations with electron plasma beta βe = 5 · 10−4 and
βe = 0.5.

3. RESULTS

As mentioned in Section 1, spontaneous magnetic re-

connection in the turbulent shock ramp was observed in

2D simulations with ϕ = 0o and ϕ = 45o magnetic-field
configurations (Matsumoto et al. 2015; Bohdan et al.

2017). In this section we discuss the effects of magnetic

reconnection and its role in electron pre-acceleration.

The discussion is based on the results of all runs pre-
sented in Table 1. Simulation parameters differ in the

magnetic-field orientation, the ion-to-electron mass ra-

tio, and the Alfvénic Mach number.

3.1. Properties and statistics of magnetic reconnection

sites

In this subsection we discuss the detailed structure
of the shock foot and ramp where the Weibel insta-

bility operates. The Weibel-type filamentation insta-

bility arises from the interaction between shock re-

flected ions and upstream plasma ions. These filaments
are associated with current filaments and filamentary

magnetic fields (Kato & Takabe 2010; Matsumoto et al.

2015; Wieland et al. 2016; Bohdan et al. 2017).

As shown in Matsumoto et al. (2015) for the in-plane

magnetic-field configuration, magnetic filaments in the
shock ramp can trigger spontaneous turbulent magnetic

reconnection. We observe magnetic reconnection events

not only for the in-plane (Fig. 1(a)), but also for the

ϕ = 45o configuration (Fig. 1(b)). In both cases, dense
filaments represent current layers, which consists of a

thin layer of dense plasma confined between two regions

of oppositely directed magnetic field. Such a configu-

ration is unstable and undergoes multiple magnetic re-

connection forming X-points and magnetic islands. It is
natural that magnetic reconnection is observed in simu-

lations with ϕ = 45o configuration because the only dif-

ference in the structure of the shock ramp between the

in-plane and ϕ = 45o configuration is the inclination of
Weibel filaments, which depends on the direction of gy-

ration of reflected ions in the ramp region, that, in turn,

is defined by the orientation of the large-scale magnetic

field (Bohdan et al. 2017).

Table 2. Vortex parameters.

Run ϕ mi/me VN log10(ADsim) Eq. 3

A1 0o 50 0.1 ± 0.1 1.08 0.8

A2 0o 50 0.11 ± 0.1 1.11 0.8

B1 0o 100 0.61 ± 0.34 1.09 1.2

B2 0o 100 0.68 ± 0.4 1.08 1.2

C1 0o 100 1.53 ± 0.65 1.01 1.7

C2 0o 100 1.36 ± 0.76 1.02 1.7

D1 0o 200 0.89 ± 0.48 1.12 1.2

D2 0o 200 0.87 ± 0.37 1.1 1.2

E1 0o 200 1.97 ± 0.95 1.08 1.7

E2 0o 200 2.34 ± 0.82 1.07 1.7

F1 0o 400 5.03 ± 1.6 1.01 2.6

F2 0o 400 6.4 ± 2.4 1.03 2.6

G1 45o 100 1.15 ± 0.03 0.86 1.2

G2 45o 100 1.17 ± 0.03 0.87 1.2

Note—VN designates the number of vortices normalized
by the transverse size of the simulation box; the errors are

calculated as standard deviations of VN. ADsim is the
normalized average (through whole simulation) electron

density inside magnetic vortices. The last column contains
the left-hand side of equation 3.

Figure 1(a1) displays a section of the foot/ramp re-

gion in run F2 at time t = 4.3Ω−1. The leading edge

of the foot with electrostatic Buneman waves is lo-
cated at x/λsi ≈ (200 − 207), and the overshoot is at

x/λsi ≈ 177 (both regions are not shown in Fig. 1(a1)).

The Weibel instability operates in the shock foot at

x/λsi ≈ (185 − 195). At the boundary between the
foot and the ramp (x/λsi ≈ 185) the Weibel instability

reaches a strongly nonlinear stage and magnetic recon-

nection occurs in the region x/λsi ≈ (177 − 185). The

existence of magnetic islands resulting from magnetic re-

connection is evident in the enlarged view in Figure 1a2.
The density peaks are encircled by magnetic-field lines,

which is a characteristic configuration for magnetic re-

connection. The magnetic-reconnection events can be

identified as chains of magnetic islands separated by X-
points, which result from nonlinear decay of the current

sheets (Furth et al. 1963).

The selected region in Figure 1(a1) contains a variety

of different structures. Freshly formed dense filaments

are at x/λsi ≈ (187 − 190). Their separation scale is
of the order of the ion inertia scale λsi. Deeper in the

ramp the filaments merge and undergo magnetic recon-

nection at x/λsi ≈ (181− 187). At x/λsi ≈ (177− 181)

dense single magnetic islands remain after magnetic-
island coalescence. Note that shock self-reformation can
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Figure 1. Left panels: The shock ramp in run F2 (ϕ = 0o, panel (a1)) at time t = 4.3Ω−1
i . The region marked with dashed

red lines in panel (a1) is shown enlarged in panel (a2). It harbors two chains of magnetic islands. Right panels: The electron
density distribution of the shock portion in run G2 (ϕ = 45o, panel (b1)) at time t = 3.3Ω−1. The magnetic reconnection region
is marked with dashed lines and panel (b2) is zoom-in of the reconnection region. The density is presented in a logarithmic
scale and normalized to the upstream density. Arrows show the in-plane xy-component of the magnetic field.

Figure 2. Time evolution of the vortex number, VN (red
line), and the logarithm of the normalized average electron
density inside magnetic vortices, ADstep (blue line), for run
B2.

strongly change the shock structure. In run F the exten-

sion of the Weibel instability regions varies in the range
Lramp/λsi = 5− 20 during one cycle of reformation, and

favorable conditions for Weibel modes and magnetic re-

connection exist only in the shock reformation phases

with large filament extension.
To quantify the effect of magnetic reconnection and

compare different simulation runs we introduce the no-

tion of magnetic vortices (or islands), their observed

Figure 3. Probability density of the logarithm of the elec-
tron density, Nev, inside magnetic vortices for runs B2 (yel-
low), E2 (green), F2 (black), and G2 (light blue).

number, and the electron density inside the magnetic
vortex. A magnetic vortex is defined as a local max-

imum of the z-component of the vector potential that

represents the in-plane magnetic field.

The vortex number, VN, is defined as the number of
magnetic vortices observed in the shock region at a given

time, normalized by the transverse size of the simulation
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box in units of the ion skin depth, λsi. For all runs, the

time-averaged VN is listed in Table 2. The number of re-

connection sites grows with the ion-to-electron mass ra-

tio and the Alfvénic Mach number. Note that for small
mass ratios not all magnetic filaments decay via mag-

netic reconnection. One can see in Figure 1(b1), pre-

senting the shock region for run G2 with mi/me = 100,

that only one filament undergoes magnetic reconnection,

whereas in the run F2 with mi/me = 400 (Fig. 1(a1)) all
filaments finally show reconnection. At a given Alfvénic

Mach number VN is almost twice as large for runs with

ϕ = 45o as with in-plane magnetic field (compare VN

for runs B and G). We do not observe a systematic cor-
relation of VN with the plasma beta.

Variations in VN are observed in all simulation runs.

Their amplitude depends on the coherency of the shock

self-reformation along the shock. The time evolution of

VN for run B2 is shown in Figure 2 and is representative
for all simulation runs. VN varies in the range 0.2− 1.5

with an average value about 0.7. The period and the

phase of these variations coincide with the period and

the phase of the shock self-reformation. When the flux
of reflected ions is small, magnetic filaments are almost

absent, and VN is low. Magnetic vortices can also be

formed by turbulent plasma motions in the shock. Thus,

even in the absence of magnetic filaments VN is never

zero. The maximum of VN is observed when filaments
have the largest extension and efficiently undergo mag-

netic reconnection.

We also analyzed the average electron density inside

magnetic vortices. The logarithm of the average density
(ADsim) of electrons inside magnetic islands, normalized

by the upstream electron density, is listed in Table 2

for all runs. Here we use the average density for the

whole simulation, ADsim, and the average density for

the single time step, ADstep. Simulations with in-plane
magnetic field (runs A-F) provide similar ADsim values.

The slightly higher value of ADsim for run D1 may be a

statistical fluctuation due to the poor vortex statistics.

Simulations with ϕ = 45o (runs G) yield smaller ADsim.
The time evolution of ADstep in run B2 (blue line in

Fig. 2) shows that for very low VN, when vortices are

generated by plasma turbulence or are the remainder

of vortex coalescence, ADstep is small. This suggests

that magnetic vortices generated via filaments decay are
denser than vortices generated by plasma turbulence, at

least before their coalescence is over.

The time-averaged probability density functions,

PDFs, of the electron density inside magnetic vortices
(Nev) is presented in Figure 3 for runs B2, E2, F2 and

G2, for which the vortex statistics is good. The PDF for

run G2 strongly differs from other runs with in-plane

Figure 4. The growth rate of the Weibel instability at the
shock foot for runs A2 (magenta), B2 (yellow), C2 (red), D2
(blue), E2 (green), and F2 (black).

magnetic field, that show similar distributions. Fila-
ment decay in run G2 generates vortices with smaller

density, and in addition many vortices arise from mag-

netic turbulence and not from the decay of magnetic

filaments.

The magnetic field inside magnetic vortices represents
the guide field in current sheets. Its strength is similar

in all runs and equals |Bguide| . 8 |B0|. The strength

of reconnecting magnetic field, BMR, is commensurate

with that of the Weibel-generated magnetic field, BW.
A few percent of the ion upstream kinetic energy goes

to the Weibel-generated magnetic field (Kato & Takabe

2008), whose strength hence is

|BW| ≈ 0.1MA|B0|, (1)

thus |Bguide| . 80 |BMR|/MA. The strength of recon-

necting magnetic field in 2D plane, Bx,y, is comparable

with that of the guide field component Bz in all simula-

tion runs, but we also found a tendency that the guild

field gets weaker than the reconnecting field in shocks
with high Alfvénic Mach number.

We conclude that the properties of the vortices are

defined by the magnetic-field configuration of the simu-

lation. Since realistic 3D shocks, especially the Weibel
instability region, are well represented by 2D simula-

tions with in-plane configuration (Bohdan et al. 2017),

the next three subsections are dedicated to runs A–F.

3.2. Explanation of vortex number

It is important to understand the efficiency scaling

of the Weibel instability and electron preacceleration

by magnetic reconnection. At nonrelativistic shocks
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the Weibel instability results from the interaction of

two relatively cold ion streams (shock reflected ions

and upcoming upstream ions) in a bath of hot elec-

trons. Kato & Takabe (2010) demonstrated consistence
of their simulation results with an analytical description

of the Weibel instability in the unmagnetized limit. We

use a modification of this approach, described in detail

in Appendix 1. For the analysis we chose regions in the

shock foot at the stage of shock reformation when the
number of the reflected ions is largest. The parameters

of the plasma at this time are similar to those at the

shock foot in simulation of Kato & Takabe (2010) (see

Table 1, x = 2350).
In Figure 4 we present the growth rate of the ion

Weibel instability as function of the wavenumber. The

method of calculation is detailed in the Appendix A.

Once the growth rate is normalized by the ion plasma

frequency, ωpi, and the wavelength is normalized by the
ion skin depth, λsi, we do not see a substantial variation

in the wavenumber of the most unstable mode and its

growth rate. The wavelength is in all cases λWI ≈ λsi,

and the growth rates is Γ ≈ 0.1ωpi. This is not surpris-
ing because all simulations show similar conditions at

the shock foot.

The Weibel instability forms dense current fila-

ments that can be tearing-mode unstable. Stability

of the tearing mode is controlled by the ratio of the
perpendicular and the parallel electron temperature

(Chen & Palmadesso 1984). We found that T⊥/T‖ > 1

is always true inside Weibel filaments which renders

the tearing mode unstable. We observe similar value of
T⊥/T‖ inside Weibel filaments in all runs with in-plane

magnetic field configuration. Figure 3 shows that the

plasma density PDFs inside magnetic vortices are also

similar. Therefore we can conclude that in runs A–F

magnetic reconnection occurs at the same evolutionary
stage of the Weibel instability.

The distance plasma travels before the Weibel insta-

bility reaches its nonlinear stage is

LW ≈
10

Γmax

vR ≈ 100ω−1
pi v0. (2)

where Γmax is the growth rate of the most unstable mode
and the factor 10 is chosen ad hoc as an approximate

boundary between linear and nonlinear stages of Weibel

instability. If the shock foot length, Lfoot ≈ rgi = v0/Ωi,

is longer than that, or

10−2 ωpi

Ωi

= 10−2

√

mi

me

ωpe

Ωe

> 1 , (3)

the Weibel instability reaches its nonlinear stage, and

magnetic reconnection can occur. Condition 3 indicates

the likelihood and rate of magnetic reconnection in our

simulations. If equation 3 is not satisfied, as in run A,

magnetic reconnection is almost absent. For simulations

that exceed this limit by a similar margin, a comparable
VN is observed (see Table 2).

Equation 3 defines only the average ability of Weibel

filaments to decay via magnetic reconnection. The

influence of local plasma conditions and shock self-

reformation is strong for a small mass ratios (mi/me .

100), because the Weibel instability barely reaches the

nonlinear stage, and only some “lucky” filaments un-

dergo magnetic reconnection (see Fig. 1(b1)).

In run F essentially all of the Weibel filaments un-
dergo magnetic reconnection (see Fig. 1(a1)) which sug-

gests that a late nonlinear stage of the Weibel instabil-

ity is reached. For higher mass ratios VN can hence

grow only because the Weibel filaments become longer.

The length of the filaments scales with the shock thick-
ness, and hence written in units of λsi it scales with

the Alfvénic Mach number, MA. As the average size

of magnetic vortices is about λsi, VN should grow lin-

early with MA at high mass ratio. We predict that
VNreal ≈ VNRunF ∗ MA,RunF/MA,real ≈ 12.5 in case of

realistic mass ratio and MA,real ≈ 150.

3.3. Acceleration processes due to magnetic

reconnection

It is well known that magnetic reconnection converts

magnetic energy into thermal and kinetic particle energy

in a number of ways (e.g., Speiser 1965; Drake et al.
2006; Oka et al. 2010a; Hoshino et al. 2001; Oka et al.

2010b). Many studies of magnetic reconnection (e.g.,

Dahlin et al. 2014, 2015) use the so-called guiding center

limit (Northrop 1963) for the identification of accelera-

tion processes. This limit can be used if electromagnetic
fields are constant on the scale of a particle’s gyroradius

in space and its gyroperiod in time.

Characteristic spatial and temporal scales of magnetic

reconnection are the ion skin depth, λsi, and the inverse
ion gyrofrequency, Ω−1

i,MR. Therefore the guiding center

limit can be used if

λsi

rge,MR

≫ 1 and
Ωe,MR

Ωi,MR

≫ 1 , (4)

where rge,MR and Ωe,MR are the average gyroradius and

the cyclotron frequency of an electron in the magnetic
field of a reconnection region. Taking into account equa-

tion 1 it follows that

rge,MR ≈
10

MA

ve
Ωe

, (5)

Ωe,MR ≈ Ωe

MA

10
(6)
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Figure 5. Trajectories and energy evolution of four accelerated electrons: two for run B2 (panels (a*) and (b*)) and two for
run G2 (panels (c*) and (d*)). Panels (*1): color – normalized electron density in logarithmic scale at the specific time marked
with vertical lines in panels (*2); arrows – x-y magnetic-field lines; black circle – position of particle at the same instance of
time; red line – trajectory of the electron over the last ∆t = 0.063Ω−1

i
. Panels (*2): Time evolution of the total kinetic energy

of the electron (red line) and its parallel (green) and perpendicular (blue) components.

and

Ωi,MR ≈ Ωi

MA

10
, (7)

where ve denotes the speed of the electron. The tem-

poral requirement is independent of the speed and it

reduces to mi/me ≫ 1 which is always satisfied in our
simulations. The spatial requirement leads to the con-

dition

0.1
mi

me

vsh
γeve

≫ 1 . (8)

It is always satisfied for thermal electrons, if we as-

sume that they are not in equilibrium with the ions,

and so ve ≈ vsh. However, we are interested in high-

energy electrons with ve ≈ c and γe ≫ 1. For them
equation 8 is not satisfied in run A and only marginally

satisfied in all other runs. We conclude that the guiding-

center limit can be used in our simulations with mod-

erately reduced mass ratio (e.g., run F) and relatively

high shock velocity, but for realistic shock SNR shock
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speeds, vsh . 0.02c, the guiding center limit does not

apply for high energy electrons regardless of the mass

ratio.

To perform an analysis of the acceleration processes
we subdivide the particle energy into two parts, namely,

the energy gained in the directions parallel and perpen-

dicular to the local magnetic field. In this way, we can

distinguish acceleration by the electric field along the

magnetic field (the parallel component) and Fermi-like
interaction with moving magnetic structures (the per-

pendicular component).

We shall now describe acceleration processes identified

in our simulation runs. In Figure 5 we present the tra-
jectories of four representative electrons that reach non-

thermal energies, γ > 3, well above the electron thermal

energy downstream of the shock. Electrons in panels

(a1), (b1) and (c1), (d1) are selected from simulation

runs B2 and G2, respectively.
The first electron (Fig. 5(a)) is accelerated by the

z-component of the electric field at the X-point at

(x, y)/λsi = (121, 14.4). The guide magnetic field at

the X-point is parallel to the z-axis and the local elec-
tric field, and it equals 3B0. During acceleration the

electron stays in the vicinity of the X-point, and only

the z-component of its momentum (perpendicular to the

simulation plane) increases. As panel 5(a2) shows, the

rapid growth of the parallel component of the energy is
observed at this stage, because the local magnetic and

electric fields are parallel. This is an example of the

Speiser motion (see, e.g., Speiser 1965; Hoshino et al.

2001).
The second electron (Fig. 5(b)) is accelerated while it

is captured by a magnetic vortex. The parallel compo-

nent grows on account of acceleration by Ez , which is

parallel to the local magnetic field inside the magnetic is-

land. The perpendicular component is increased by adi-
abatic compression. We identify this acceleration pro-

cess as a mixture of “island surfing” (Oka et al. 2010a)

(parallel component) and adiabatic acceleration due to

vortex contraction (perpendicular component).
The third electron (Fig. 5(c)) experiences first-order

Fermi acceleration by bouncing between merging mag-

netic islands. The electron undergoes several rapid

head-on collisions with magnetic “walls” represented by

magnetic vortices. During interactions with moving
magnetic islands the electron is accelerated by a mo-

tional electric field, E = −v×B, thus this process con-

tributes to the perpendicular energy gain component.

The parallel energy growth occurs because of the Ez

field is present at the anti-X-point between merging is-

lands. Combination of these two processes results in a

continuous rise in energy during a short period of time

at Ωit ≈ 3.40.

The fourth electron experiences second-order Fermi-

like acceleration (Fig. 5(d1)). Decay of Weibel fila-
ments via magnetic reconnection produces a large num-

ber of magnetic vortices residing in the shock ramp

and around the overshoot. Particles chaotically mov-

ing in these regions can be scattered by magnetic vor-

tices, some head-on and some tail-on. This situation is
similar to the second-order Fermi-like process discussed

in Bohdan et al. (2017). The trajectory of accelerated

electron is presented in Figure 5(d1). The total energy

evolution is dominated by the perpendicular component,
because of acceleration by motional electric field. The

parallel energy component oscillates but remains con-

stant on average. Regions with parallel electric and

magnetic fields are small and rare, and chaotic inter-

action with them provides the almost steady parallel
component. This process is observed in all simulations

with in-plane magnetic field (Bohdan et al. 2017), but

here magnetic reconnection produces additional scatter-

ing centers that can increase its acceleration efficiency.
The limited time available for magnetic reconnection

in a self-reforming shock allows the identification of only

a few acceleration processes. Simulation studies ded-

icated to magnetic reconnection may cover 100Ω−1
i,MR

(see, e.g., Oka et al. 2010a; Dahlin et al. 2014) during
which reconnection is steadily driven in a controlled

manner. The reconnection time observed in our shock

simulations is

TMR ≈ 0.5Ω−1
i ≈ 0.05MAΩ

−1
i,MR ≤ 3.5Ω−1

i,MR (9)

where we used Eq. 7. Therefore, magnetic reconnection

evolves from the filament formation to the emergence of

a single magnetic vortex after island coalescence in less

than 3.5Ω−1
i,MR. Some processes require much more time

than that, e.g., electron acceleration via contraction of
magnetic islands (Drake et al. 2006). Shocks with very

high Alfvénic Mach number may thus offer the condi-

tions for larger variety of acceleration processes.

Note that ion heating/acceleration via magnetic re-
connection is not observed. This is not unexpected

for two reasons. First, only a few percent of the up-

stream ion kinetic energy goes to the Weibel-generated

magnetic field (Kato & Takabe 2008) which limits the

energy that can be transferred back to ions via mag-
netic reconnection. Then, the simulation is likely too

short to cover ion-acceleration processes that operate

on timescales of the ion gyro-period or longer.

3.4. Influence of magnetic reconnection on the

downstream electron spectra
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Table 3. Influence of magnetic reconnection.

Run mi/me MA kBT/mec
2 NTEF (%) NTEFSSA (%) NTEFMR (%) fMR (%)

A2 50 22.6 0.09 0.28 0.15 0.1 10

B2 100 31.8 0.18 0.55 0.05 0.4 26

C2 100 46 0.22 0.36 0.05 0.13 38

D2 200 32 0.3 0.7 0.025 0.55 38

E2 200 44.6 0.37 0.56 0.025 0.5 43

F2 400 68.7 0.73 0.57 0.0015 0.4 79

Note—NTEF - nonthermal electron fraction. NTEFSSA is the nonthermal electron fraction arising from SSA (Bohdan et al.
2019b). NTEFMR is the nonthermal electron fraction attributable to magnetic reconnection. fMR is defined as the number

ratio of electrons involved in magnetic reconnection and all electrons that passed through the shock.

Figure 6. Panel (a): Electron density map. Panel (b): Elec-
tron temperature map. Panel (c): X-Y magnetic field lines.
Arrows point in the direction of the bulk plasma motion.
Red and blue colors refer to the plasma magnetically con-
nected with the overshoot and the shock foot, respectively.
The reconnection region is marked by the black contour in
all panels. Note that the shock upstream is on right side and
the downstream region is on the left side.

In Paper II we discussed the influence of SSA on the
population of nonthermal electrons downstream of the

shock, defined as the fraction of electrons in excess to

a Maxwellian fit to the low-energy part of the down-

stream spectra. We found that SSA becomes less im-

portant for higher mass ratios because electron heating
in the shock transition is stronger then (see Table 3).

The final nonthermal-electron fraction (NTEF) remains

roughly constant in all runs, about 0.5%. It follows that

some other acceleration mechanism is responsible for the
production of highly energetic electrons.

In the shock foot two counterstreaming ion beams pro-

vide the free energy to excite the ion Weibel instabil-

ity (Fried 1959; Kato & Takabe 2008). This instability

deforms the magnetic field, forming dense filaments that
during their evolution may undergo magnetic reconnec-

tion. Figure 6 shows a section of the shock ramp in

which a Weibel filament undergoes magnetic reconnec-

tion. The plasma moves toward the shock overshoot
and is concentrated in dense filaments. In Figure 6c the

magnetic field lines are marked in blue and the bulk mo-

tion is indicated with blue arrows. Inside the filaments

the plasma is relatively cold and can be heated through

magnetic reconnection or adiabatic compression. The
regions between the Weibel filaments are hot and mag-

netically connected with the shock overshoot, indicated

by the large red/yellow patches in panel (b) and the

red magnetic field lines in panel (c). The bulk motion
is toward the foot on the right of the panels. We con-

clude that the shock ramp is filled with a mixture of cold

plasma from the foot and hot plasma from the overshoot.

Care must be exercised in defining magnetic recon-

nection regions to properly estimate the production ef-
ficiency of nonthermal electrons by reconnection. The

vortex identification described in Section 3.1 is one indi-

cator. The temperature distribution and the structure

of the magnetic field can also be used to separate the
cold foot plasma and the hot plasma from the shock

overshoot. The black contour in Figure 6 is based on all

these indicators and selected manually. It contains blue

magnetic-field lines connected to the foot in panel (c)

and the relatively hot plasma inside the Weibel filament
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heated by magnetic reconnection (panel (b)). The con-

tour defines the reconnection site and all particles inside

are treated as particles involved in magnetic reconnec-

tion.
We selected between six and eleven reconnection

regions for each shock propagating in warm plasmas

(βe,L = 0.5). For these regions we calculate the number

of electrons participating in reconnection and their con-

tribution to the nonthermal electron population down-
stream of the shock. Knowing how selected reconnection

places contribute to the VN we can estimate the influ-

ence of magnetic reconnection on electron downstream

spectra. The results are listed in Table 3. fMR is defined
as the number ratio of electrons involved in magnetic

reconnection and all electrons passing through the shock

and can be calculated as

fMR =
N ′

MR

VN′
MR

·
VN′

Ωi

N ′
Ωi

(10)

where N ′
MR is the number of particles involved in mag-

netic reconnection at the selected places, VN′
MR is VN

generated at the selected reconnection regions, VN′
Ωi

is the number of vortices generated by the shock per
inverse Ωi, and N ′

Ωi
is the number of electron passing

through the shock per inverse Ωi. NTEFMR is the non-

thermal electron fraction produced at magnetic recon-

nection sites. It is defined as

NTEFMR = fMR ·NTEF′
MR (11)

where NTEF′
MR is the contribution to the NTEF by

the selected reconnection regions. As expected from the

values of VN, fMR is larger for runs with high Alfvénic

Mach number and high mass ratio. In run F, fMR

reaches about 80%, and almost all Weibel filaments de-
cay though magnetic reconnection. We conclude that

most nonthermal electrons are produced via magnetic

reconnection. Its contribution, however, saturates at

NTEFMR/NTEF ≈ 0.8 regardless of the value of fMR

(see values for runs D, E and F). A possible expla-

nation is that for high mass ratios the average energy

of electrons involved in magnetic reconnection becomes

comparable to or less than the downstream tempera-

ture. Therefore the importance of individual reconnec-
tion sites may decrease, but this efficiency drop is bal-

anced by a larger number of reconnection regions.

One notices that NTEFSSA + NTEFMR is always

smaller than total fraction of nonthermal electrons,
NTEF, and so an additional process may be at play.

A good candidate is is the chaotic interactions of parti-

cles with magnetic turbulence at the shock ramp and in

the overshoot region.

Here we analysed magnetic reconnection only for the

shocks in β = 0.5 plasma. Shocks propagating in cold

plasma (β = 5 · 10−4) show a similar behaviour.

4. SUMMARY AND DISCUSSION

This paper is the third of a series investigating dif-

ferent aspects of electron acceleration at non-relativistic
perpendicular shocks using 2D3V PIC simulations with

different ion-to-electron mass ratios and Mach numbers.

Our previous studies (Bohdan et al. 2019a,b) indicated

that SSA operating at the shock foot is not efficient

enough to produce nonthermal electrons for realistically
large mass ratios even if the Alfvén Mach number is

well above the trapping limit (Matsumoto et al. 2012)

and the simulation design allows for a SSA efficiency as

in 3D situations. This paper investigates the influence of
magnetic reconnection which results from the nonlinear

decay of ion Weibel filaments at the shock ramp.

Our main results are:

• Spontaneous turbulent magnetic reconnection in

the shock transition is observed in the in-plane and

ϕ = 45o magnetic-field configurations.The number
of magnetic-reconnection sites increases with the

ion-to-electron mass ratio and the Alfvénic Mach

number. Runs with ϕ = 45o demonstrate an al-

most twice larger number of magnetic reconnec-
tion sites and a slightly smaller electron density

inside vortices than do simulations with ϕ = 0o, on

account of substantial magnetic vortex production

via magnetic turbulence in the shock ramp. We

do not observe a dependence on the plasma beta
of the vortex number and the probability density

function of electron density inside vortices.

• The growth rate of the Weibel instability at the

shock foot is about of Γ ≈ 0.1ωpi in all sim-

ulations with in-plane magnetic field configura-

tion. The shock thickness in runs with mass ratio
mi/me ≥ 100 is sufficient to allow instability de-

velopment into the nonlinear regime. The Weibel

filaments become tearing-mode unstable on ac-

count of a temperature anisotropy, T⊥/T‖ > 1,
and so they decay through magnetic reconnection.

• Interactions of electrons with magnetic reconnec-
tion sites lead to electron energization to nonther-

mal energies through a number of mechanisms.

We identify acceleration in the Ez electric field at

an X-point (Speiser orbits), electron capture in the
magnetic islands (“island surfing”), acceleration

by bouncing between merging magnetic islands

(first-order Fermi-like acceleration), and stochas-

tic collisions with magnetic vortices (second-order
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Fermi-like acceleration). The development of mag-

netic reconnection in the shock ramp is truncated

by shock self-reformation that destroys magnetic

filaments, and so reconnection reaches only the
early stages of the process.

• Due to more frequent magnetic reconnection in

runs with higher mass ratios and Alfvén Mach
numbers, magnetic reconnection becomes the

dominant provider of nonthermal electrons down-

stream of the shock. As discussed in Bohdan et al.

(2019b) the contribution of SSA is generally neg-

ligible.

As mentioned, the magnetic reconnection becomes a

dominant process for shocks with realistic physical pa-

rameters. Simulations of quasi-perpendicular shocks

exhibit shock-reflected electrons propagating upstream,

where they can be responsible for production of mag-
netic turbulence. The electron reflection occurs at the

shock foot/ramp, and magnetic reconnection may play

a substantial role in this process. Therefore the role

of magnetic reconnection in quasi-perpendicular shocks
should be clarified with further simulations.

The 3D simulations of Matsumoto et al. (2017)

demonstrated the localized density clump in the foot

region, but they did not necessarily show signatures

of magnetic reconnection. Equation 3 is not satisfied

in their study on account of the small mass ratio, and

so the Weibel instability can not reach the nonlinear
stage needed to trigger magnetic reconnection. Gen-

erally, magnetic reconnection is expected to accelerate

electrons more efficiently in 3D geometry than in the

2D case (Dahlin et al. 2015). The scaling of magnetic-

reconnection efficiency with mass ratio and ωpe/Ωe in
3D simulations should be similar to that in 2D case.

The issue of energy redistribution, electron heating

processes, and the generation of turbulent magnetic field

at perpendicular shocks in simulations will be covered
in the forthcoming last publication of this series.
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APPENDIX

A. THE DISPERSION EQUATION OF ION WEIBEL INSTABILITY FOR MAGNETIZED PLASMAS WITH

PERPENDICULAR CURRENTS

The dispersion relation of waves is usually calculated using a zeroth-order distribution function that satisfies the

steady-state Vlasov equation and wave-like perturbations that satisfy the full Vlasov equation and Maxwell’s equations
(Motschmann & Glassmeier 1998). In principle the analysis can be performed in any reference frame. In the presence

of an ambient magnetic field, B0, however, the plasma drift motion will cause a non-zero motional electric field, E0,

that must be explicitely considered in the force term of the Vlasov equation.

The growth rate of the ion Weibel instability in our simulations is typically much smaller than the electron gyro-
frequency, Ωe, and so electrons will gyrate in, and co-move with, the large-scale magnetic field. In that case the

electron rest frame is also the frame in which the motional electric field vanishes, in line with ideal magnetohydrody-

namics (MHD) (Braginskii 1965). The electron rest frame is therefore the preferred frame to calculate the dispersion

relation of ion Weibel modes and used in a number of treatments (Chang et al. 1990; Yoon et al. 1992; Yoon 1991;

Sadovskii & Galeev 2001).
Let us consider a plasma whose components (a = e, p) have the following non-relativistic distribution function

fa(vx, vy , vz) =
na

π3/2u
3/2
a

exp

(

−
(vx − va,x)

2 + (vy − va,y)
2 + v2z

u2
a

)

, (A1)

where ua is the thermal speed, na = const the number density, and va,x and va,y are the drifting speeds in x and y

directions, respectively. We note that some particle populations may be composed of several components with different

temperatures and streaming velocities. The ambient magnetic field, B0, is directed along the z axis.
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The dispersion equation for ion Weibel modes with wave vectors parallel to the ambient magnetic field (k = (0, 0, k))

reads:

Λ =

∣

∣

∣

∣

∣

∣

∣

Λxx Λxy Λxz

Λyx Λyy Λyz

Λzx Λzy Λzz

∣

∣

∣

∣

∣

∣

∣

= 0, (A2)

where the matrix elements are given by

Λij = ǫij(ω,k)−

(

kc

ω

)2

δij +
kikjc

2

ω2
, (A3)

where δij is the Kronecker symbol and

ǫxz = ǫzx = −
∑

a

ω2
p,ava,x

ωku2
a

Z ′

(

ω

kua

)

, (A4)

ǫyz = ǫzy = −
∑

a

ω2
p,ava,y

ωku2
a

Z ′

(

ω

kua

)

, (A5)

ǫzz = 1−
∑

a

ω2
p,a

(kua)2
Z ′

(

ω

kua

)

, (A6)

ǫxx = 1−
∑

a

ω2
p,a

2ω2

[

Z ′

(

ω − Ωa

kua

)

(

1

2
+

(

va,x
ua

)2

+ i
va,xva,y

u2
a

)

+ Z ′

(

ω +Ωa

kua

)

(

1

2
+

(

va,x
ua

)2

− i
va,xva,y

u2
a

)

+2+
Ωa

kua

(

Z

(

ω +Ωa

kua

)

− Z

(

ω − Ωa

kua

))]

, (A7)

ǫyy = 1−
∑

a

ω2
p,a

2ω2

[

Z ′

(

ω − Ωa

kua

)

(

1

2
+

(

va,y
ua

)2

+ i
va,xva,y

u2
a

)

+ Z ′

(

ω +Ωa

kua

)

(

1

2
+

(

va,y
ua

)2

− i
va,xva,y

u2
a

)

+2+
Ωa

kua

(

Z

(

ω +Ωa

kua

)

− Z

(

ω − Ωa

kua

))]

, (A8)

ǫxy = i
∑

a

ω2
p,a

2ω2

[

iZ ′

(

ω − Ωa

kua

)

(

va,xva,y
u2
a

+
i

2
+ i

(

va,y
ua

)2
)

+ iZ ′

(

ω +Ωa

kua

)

(

va,xva,y
u2
a

−
i

2
− i

(

va,y
ua

)2
)

+
Ωa

kua

(

Z

(

ω +Ωa

kua

)

+ Z

(

ω − Ωa

kua

))]

, (A9)

ǫyx = i
∑

a

ω2
p,a

2ω2

[

Z ′

(

ω − Ωa

kua

)

(

1

2
+

(

va,x
ua

+ i
va,xva,y

u2
a

)2
)

− Z ′

(

ω +Ωa

kua

)

(

1

2
+

(

va,x
ua

)2

− i
va,xva,y

u2
a

)

−
Ωa

kua

(

Z

(

ω +Ωa

kua

)

+ Z

(

ω − Ωa

kua

))]

. (A10)

Here, Ωa is the gyro-frequency, ωp,a is the plasma frequency, and Z ′(x) the plasma dispersion function (Fried & Conte

1961).

In their simulation of a collisionless shock Kato & Takabe (2010) observed plasma filaments that they identified with
ion Weibel modes. We repeated their calculation and found matching results. Note that in Kato & Takabe (2010)

plasma have been split into 4 beams, and we verified that one finds to within 10% the same growth rate when using

three beams, namely electrons, cold upstream ions, and hot reflected ions.

A phase-space plot of ions extracted from the shock foot is presented in Fig 7. The resulting growth rate, Γ(k), is

shown in Fig. 4 in the main text.
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Figure 7. Phase-space density of ions at the shock foot (taken from run F2).
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