
DEUTSCHES ELEKTRONEN-SYNCHROTRON
Ein Forschungszentrum der Helmholtz-Gemeinschaft

DESY 20-113
arXiv:2007.03696
July 2020

Precise Dark Matter Relic Abundance

in Decoupled Sectors

T. Bringmann

Department of Physics, University of Oslo, Norway

P. F. Depta, M. Hufnagel, K. Schmidt-Hoberg

Deutsches Elektronen-Synchrotron DESY, Hamburg

ISSN 0418-9833

NOTKESTRASSE 85 - 22607 HAMBURG



DESY behält sich alle Rechte für den Fall der Schutzrechtserteilung und für die wirtschaftliche 
Verwertung der in diesem Bericht enthaltenen Informationen vor. 

DESY reserves all rights for commercial use of information included in this report, especially in      
case of filing application for or grant of patents. 

To be sure that your reports and preprints are promptly included in the 
HEP literature database 

send them to (if possible by air mail): 

DESY          DESY 
Zentralbibliothek        Bibliothek     
Notkestraße 85          Platanenallee 6 
22607 Hamburg         15738 Zeuthen 
Germany                    Germany 



DESY 20-113

Precise dark matter relic abundance in decoupled sectors

Torsten Bringmann∗

Department of Physics, University of Oslo, Box 1048, N-0316 Oslo, Norway

Paul Frederik Depta,† Marco Hufnagel,‡ and Kai Schmidt-Hoberg§

Deutsches Elektronen-Synchrotron DESY, Notkestraße 85, D-22607 Hamburg, Germany

Dark matter (DM) as a thermal relic of the primordial plasma is increasingly pressured by direct
and indirect searches, while the same production mechanism in a decoupled sector is much less
constrained. We extend the standard treatment of the freeze-out process to such scenarios and
perform precision calculations of the annihilation cross section required to match the observed DM
abundance. We demonstrate that the difference to the canonical value is generally sizeable, and can
reach orders of magnitude. Our results directly impact the interpretation of DM searches in hidden
sector scenarios.

Introduction.— Cosmological observations require
the existence of a dark matter (DM) component making
up about 80 % of the matter in our Universe [1], likely
consisting of a new type of elementary particle [2, 3]. The
most often adopted paradigm for the production of such
particles is via freeze-out from the primordial plasma of
standard model (SM) particles [4]. This roughly requires
weak-scale couplings for DM masses at the electroweak
scale – which has been argued to be an intriguing coinci-
dence in view of proposed solutions to the hierarchy prob-
lem of the SM [5] – but the same mechanism also works
for lighter DM and correspondingly weaker couplings [6].
The formalism to calculate the thermal relic abundance
in these scenarios [7, 8] is well established and successfully
used in a plethora of applications, e.g. for benchmarking
the reach of experimental searches for non-gravitational
DM interactions [1, 9–13]. Based on this standard pre-
scription, several public numerical codes [14–17] provide
precision calculations of the DM abundance, matching
the percent level observational accuracy.

More recently, the focus has shifted to models where
DM couples much more strongly to particles in a ‘se-
cluded’ dark sector than to any of the SM particles [18–
22]. This development is partially motivated by the
fact that more traditional DM candidates are increas-
ingly pressured by the absence of undisputed signals in
direct searches as well as at colliders [23–25], but also
from a theoretical perspective there is no fundamental
argument why DM – or other new elementary particles
– should be charged under the SM gauge group. Re-
markably, thermal freeze-out works equally well also in
these models, providing a compelling potential explana-
tion for the observed DM abundance. As a consequence,
couplings needed to achieve this goal are often either im-
plicitly fixed or explicitly targeted in various searches for
hidden sector particles [26–33].

Despite this development, relic density calculations in
dark sector models have not yet reached the same level
of precision as for freeze-out scenarios in the visible sec-

tor, although a number of interesting effects which pos-
sibly impact the dark matter abundance have been iden-
tified [19, 34–36]. In this work we update previous treat-
ments by self-consistently taking into account all relevant
effects, including some that have so far been neglected.
We present highly accurate results for the annihilation
cross section required to obtain the correct relic density in
these scenarios, matching for the first time the precision
of corresponding predictions in the standard case [37].

Standard freeze-out.— We start by briefly revisiting
the canonical approach. The number density ni of dark
matter particles i = χ, χ̄ initially in thermal equilibrium
with the SM heat bath at temperature T is described by
the Boltzmann equation [7]

dni
dt

+ 3Hni = 〈σv〉 (nχ,eqnχ̄,eq − nχnχ̄) , (1)

where H is the Hubble rate,

〈σv〉 =

∫ ∞
1

ds̃ σvlab

2x
√
s̃−1(2s̃−1)K1

(
2
√
s̃x
)

K2
2(x)

, (2)

and nχ,eq = nχ̄,eq = gχm
3
χK2(x)/(2π2x). Here we de-

fined x ≡ mχ/T , Kj are the modified Bessel functions
of order j, gχ denotes the internal degrees of freedom
(d.o.f.) of χ, σ is the total cross-section for DM annihila-
tions, for a center-of-mass energy

√
s ≡ 2mχ

√
s̃, and vlab

is the velocity of one of the DM particles in the rest-frame
of the other.

Let us stress two main assumptions that enter in this
widely used form of the Boltzmann equation. The first
is that the DM particles have a phase-space distribu-
tion fi ∝ fχ,eq, with the equilibrium distribution being
well approximated by fχ,eq = exp(−Eχ/T ) for mχ � T ,
i.e. that kinetic decoupling [38] happens much later than
chemical decoupling and freeze-out (see Ref. [39] for a
treatment of early kinetic decoupling). The second as-
sumption is that the annihilation products indeed con-
stitute a heat bath, in the sense that none of them builds
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FI G. 1.  T h e v al u e of a c o n s t a nt t h e r m all y a v e r a g e d a n ni-
hil a ti o n r a t e, σ v , r e s ul ti n g i n a r eli c d e n si t y of  M aj o r a n a
( o r a n g e ) o r  Di r a c ( bl u e )  D M p a r ti cl e s  m a t c hi n g t h e o b s e r v e d
c o s m ol o gi c al  D M a b u n d a n c e. S oli d li n e s s h o w t h e c a s e of  D M
i n e q uili b ri u m  wi t h t h e S M u ntil f r e e z e- o u t ( s h a d e d a r e a s i n-
di c a t e t h e e ff e c t of v a r yi n g  Ω D M h 2 wi t hi n 3 σ [ 1] ).  D a s h e d
( d o t t e d li n e s ) s h o w t h e c a s e of  D M i n e q uili b ri u m  wi t h a hi d-
d e n s e c t o r c o nt ai ni n g g S = 1 ( g S = 5 ) li g ht s c al a r d e g r e e s of
f r e e d o m ( wi t h µ S = 0 ),  w hi c h d e c o u pl e d f r o m t h e s t a n d a r d
m o d el a t T m a x[ m χ , mt ]. S e e  A p p e n di x  A f o r c o r r e s p o n d-
i n g r e s ul t s f o r p - w a v e a n ni hil a ti o n.

u p si g ni fi c a nt c h e mi c al p ot e nti al s.  A s  w e  will s e e s h ortl y,
b ot h a s s u m pti o n s c a n b e vi ol at e d i n d e c o u pl e d s e ct or s.

B ef or e d oi n g s o, l et u s fi r st s ol v e  E q. ( 1) i n t h e st a n-
d ar d s c e n ari o. I n  Fi g. 1  w e i n di c at e  wit h s oli d li n e s t h e
v al u e of σ v ( a s s u mi n g a c o n st a nt v al u e of t hi s q u a n-
tit y ar o u n d c h e mi c al d e c o u pli n g) t h at i s n e e d e d t o o b-
t ai n a r eli c d e n sit y  m at c hi n g t h e o b s er v e d c o s m ol o gi c al
D M a b u n d a n c e of  Ω D M h 2 = 0 .1 2 0 [ 1].  T h e or a n g e s oli d
li n e s s h o w t h e c a s e of  M aj or a n a  D M ( wit h g χ = 2 a n d
Ω χ = Ω χ̄ = Ω D M ), u p d ati n g t h e c o n v e nti o n all y q u ot e d
‘t h er m al r eli c cr o s s s e cti o n’ i n  R ef. [ 3 7]  wit h a  m or e r e-
c e nt  m e a s u r e m e nt of  Ω D M a n d r e c e nt l atti c e  Q C D r e s ult s
f or t h e e v ol uti o n of d. o.f. i n t h e e arl y u ni v er s e [ 4 0] ( a s i m-
pl e m e nt e d i n D ar k S U S Y [ 1 4]).  F or c o m p ari s o n, t h e bl u e
li n e s i n di c at e t h e sli g htl y l e s s st a n d ar d c a s e of  Di r a c  D M
( wit h g χ = g χ̄ = 2 a n d Ω χ = Ω χ̄ = Ω D M / 2) t o st r e s s
t h e n ot t y pi c all y a p p r e ci at e d f a ct t h at t h e r e q ui r e d v al u e
of σ v i s n ot e x a ctl y t wi c e a s l ar g e a s i n t h e  M aj or a n a
c a s e.

A s e cl u d e d d a r k s e ct o r. — T h e i d e a [ 1 8 – 2 2, 2 6] t h at
D M c o ul d b e i nt er a cti n g o nl y r el ati v el y  w e a kl y  wit h t h e
S M, b ut  m u c h  m or e st r o n gl y  wit h it s elf or ot h er p arti cl e s
i n a s e cl u d e d d ar k s e ct or ( D S), h a s r e c ei v e d si g ni fi c a nt
att e nti o n [ 2 9, 3 5, 4 1 – 4 6]. I n s u c h s c e n ari o s, b ot h s e ct or s
m a y  w ell h a v e b e e n i n t h er m al c o nt a ct at hi g h t e m p er-

at u r e, u ntil t h e y d e c o u pl e d at a t e m p er at u r e T d e c .  T hi s
r e s ult s i n a n o n-t ri vi al e v ol uti o n of t h e t e m p er at u r e r ati o
ξ ≡ T χ / T .  A s l o n g a s t h e  D M i nt er a cti o n s  wit h at l e a st
o n e m a s sl e s s D S s p e ci e s S ar e e ffi ci e nt e n o u g h t o e st a b-
li s h t h er m al e q uili b ri u m, e nt r o p y i s c o n s er v e d s e p ar at el y
i n t h e t w o s e ct or s a n d t h e  D S t e m p e r at u r e e v ol v e s  wit h
t h e e ff e cti v e n u m b er of r el ati vi sti c e nt r o p y d. o.f., g S M ,D S

∗ ,
a s

ξ (T ) ≡
T χ ( T )

T
=

g S M
∗ ( T ) / g S M

∗ ( T d e c )
1
3

[g D S
∗ ( T ) / g D S

∗ ( T d e c )]
1
3

. ( 3)

F o r a p r e ci s e d e s cri pti o n of t h e f r e e z e- o ut p r o c e s s of χ
i n s u c h a s e cl u d e d  D S t h e st a n d ar d  B olt z m a n n e q u ati o n
( 1) t h e n n e e d s t o b e a d a pt e d at t h r e e pl a c e s: b ot h i )
t h e e q uili bri u m d e n sit y n e q a n d ii ) t h e t h er m al a v er a g e
σ v m u st b e e v al u at e d at T χ r at h e r t h a n t h e S M t e m-

p er at ur e T , a n d iii ) t h e  H u b bl e r at e  m u st b e i n cr e a s e d
t o t a k e i nt o a c c o u nt t h e a d diti o n al e n er g y c o nt e nt r e si d-
i n g i n t h e  D S.  D u ri n g r a di ati o n d o mi n ati o n, i n p arti c-
ul ar, t hi s  m e a n s t h at H 2 = ( 8 π 3 / 9 0) g e ff M − 2

Pl T 4 ,  w h e r e
g e ff g S M + ( b g b + 7

8 f g f ) ξ 4 a n d t h e s u m r u n s o v er
t h e i nt er n al d. o.f. of all f ull y r el ati vi sti c  D S b o s o n s ( b )
a n d f er mi o n s ( f ) (i n o u r n u m eri c al t r e at m e nt,  w e al w a y s
u s e t h e f ull e x p r e s si o n f or g e ff ).  T o t h e b e st of o u r k n o wl-
e d g e, p r e ci si o n c al c ul ati o n s of t h e r eli c d e n sit y i n a d e-
c o u pl e d  D S t h at f ull y a n d s elf- c o n si st e ntl y i m pl e m e nt all
t h r e e e ff e ct s h a v e n ot b e e n p e rf or m e d p r e vi o u sl y.  H er e
w e a d a pt t h e r eli c d e n sit y r o uti n e s of D ar k S U S Y t o all o w
c al c ul ati o n s of t hi s ki n d f or a l ar g e r a n g e of  D S  m o d el s.

M o d el s et u p. — L et u s f or c o n cr et e n e s s c o n si d er a
s et u p  w h er e t h e  D S c o n si st s of  m a s si v e f er mi o n s χ , a ct-
i n g a s  D M, a n d  m a s sl e s s s c al ar s S wit h µ S = 0, c o n-
stit uti n g t h e h e at b at h.  We a s s u m e t h at t h e  D S d e-
c o u pl e d f r o m t h e S M at hi g h t e m p er at u r e s, s u c h t h at
g S M

∗ ( T d e c )  = 1 0 6 .7 5 a n d g D S
∗ ( T d e c ) = g S + ( 7 / 4) N χ i n

E q. ( 3),  w h er e N χ = 1 ( N χ = 2) f o r  M aj or a n a ( Di r a c)
D M. I n  Fi g. 1  w e s h o w t h e ‘t h er m al’ a n ni hil ati o n cr o s s
s e cti o n f or χ χ̄ → S S i n s u c h a s c e n ari o, f or di ff er e nt v al-
u e s of g S .  T h e f a ct t h at t hi s di ff er s si g ni fi c a ntl y fr o m t h e
st a n d ar d c a s e, i n c o m p ari s o n t o t h e o b s er v ati o n al u n c er-
t ai nt y i n t h e c o s m ol o gi c al  D M a b u n d a n c e al s o i n di c at e d
i n t h e fi g ur e, c o n stit ut e s o u r fi r st  m ai n r e s ult. It i s  w ort h
st r e s si n g t h at t hi s u p d at e d r eli c d e n sit y c al c ul ati o n di-
r e ctl y a p pli e s t o a l ar g e n u m b e r of  D S  m o d el s  w h er e a n-
ni hil ati o n p r o c e e d s vi a a n s - w a v e [ 2 0, 2 6, 2 9, 4 1, 4 7 – 5 0]
( s e e  A p p e n di x  A f or c or r e s p o n di n g r e s ult s i n t h e c a s e of
p - w a v e a n ni hil ati o n).

T o u n d er st a n d t h e b e h a vi o u r of t h e c u r v e s s h o w n i n
Fi g. 1, l et u s fi r st r e c all t h at  w e c o n si d er h er e a c o n st a nt
σ v –  w hi c h b y d e fi niti o n i s n ot a ff e ct e d b y a c h a n g e i n

ξ . F or g S = 1, f u rt h e r m or e, t h e c h a n g e i n g e ff a n d h e n c e
t h e  H u b bl e r at e h a s o nl y a s u b d o mi n a nt e ff e ct ( b ut b e-
c o m e s s o m e w h at  m or e i m p ort a nt f or g S = 5).  T h e  m ai n
e ff e ct vi si bl e i n t h e fi g u r e t h u s ori gi n at e s f r o m c h a n gi n g
n χ, e q ( x ) → n χ, e q ( x / ξ ).  F o r l a r g e  D M  m a s s e s a n d h e n c e
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f r e e z e- o ut t e m p er at u r e s, i n p arti c ul ar, t h e h e ati n g i n t h e
D S d u e t o χ χ̄ → S S , c.f. t h e n o mi n at or of  E q. ( 3), i s
m or e e ffi ci e nt t h a n t h e h e ati n g i n t h e S M, l e a di n g t o
ξ > 1 ar o u n d f r e e z e- o ut.  T hi s l e a d s t o a l ar g er  D M
d e n sit y, at a gi v e n S M t e m p er at u r e T ,  w hi c h h a s t o b e
c o m p e n s at e d f or b y a l a r g e r σ v t o  m at c h t h e o b s er v e d
r eli c a b u n d a n c e.  B el o w  D M  m a s s e s of a f e w  G e V, t h e
d r o p i n t h e S M d. o.f. u ntil f r e e z e- o ut i s  m or e si g ni fi c a nt
t h a n t h at i n t h e  D S ( e s p e ci all y d u ri n g t h e  Q C D p h a s e
t r a n siti o n), l e a di n g t o ξ < 1 a n d h e n c e t h e n e e d f or a
s m all e r v al u e of σ v c o m p ar e d t o t h e st a n d ar d c a s e r e p-
r e s e nt e d b y t h e s oli d li n e s.  We n ot e t h at t h e v al u e of ξ
j u st b ef or e t h e o n s et of  B B N, o n t h e ot h er h a n d, d o e s
n ot d e p e n d o n m χ f o r t h e r a n g e of  D M  m a s s e s pl ott e d
h er e.  E x p r e s si n g t h e fi n al e n er g y d e n sit y of S i n t er m s of
a n e ff e cti v e n u m b er of r el ati vi sti c n e ut ri n o s p e ci e s, t hi s
c or r e s p o n d s t o  ∆ N e ff = 0 .1 0 4( 0 .2 0 2) f or  M aj or a n a  D M
wit h g S = 1( 5), a n d  ∆ N e ff = 0 .2 0 1( 0 .2 7 5) f or  Di r a c  D M
–  w hi c h i s b el o w c u r r e nt  C M B b o u n d s o n t hi s q u a ntit y,
∆ N e ff < 0 .2 9 ( 9 5 %  C. L.) [ 1], b ut  wit hi n r e a c h of n e xt-
g e n er ati o n  C M B e x p eri m e nt s [ 5 1, 5 2].

C h e mi c al p ot e nti al s d u ri n g f r e e z e- o ut. — T h e a b o v e
t r e at m e nt still a s s u m e s t h at t h e a n ni hil ati o n p r o d u ct s
c o n stit ut e or ar e i n e q uili b ri u m  wit h a h e at b at h d u ri n g
t h e e nti r e c h e mi c al d e c o u pli n g p r o c e s s.  T hi s i s c o n si s-
t e nt f or  m a s sl e s s  D S p arti cl e s S ,  w hi c h r et ai n a v a ni s hi n g
c h e mi c al p ot e nti al d u ri n g f r e e z e- o ut d u e t o u n a v oi d a bl e
n u m b er c h a n gi n g i nt er a cti o n s s u c h a s χ χ̄ → χ χ̄ S . F o r
a f ull y d e c o u pl e d  D S o nl y c o nt ai ni n g  m a s si v e d e gr e e s of
f r e e d o m, h o w e v er, s u c h i nt er a cti o n s ar e l e s s e ffi ci e nt a n d
m a y al r e a d y d e c o u pl e b ef or e f r e e z e- o ut, i m pl yi n g t h at all
p arti cl e s  will g e n er all y b uil d u p c h e mi c al p ot e nti al s ( a n d
n ot o nl y t h e  D M p arti cl e s, a s i n t h e st a n d ar d s c e n ari o).
I n or d er t o d e m o n st r at e h o w t o c or r e ctl y d e s cri b e t h e
e v ol uti o n of t h e  D S i n t hi s  m or e g e n er al c a s e,  w e  will
c o n si d er t h e s a m e s et u p a s b ef or e b ut  m o stl y f o c u s o n
D S p arti cl e s χ a n d S t h at ar e cl o s e i n  m a s s.

A s l o n g a s all  D S p arti cl e s r e m ai n i n ki n eti c e q uili b-
ri u m, i n p arti c ul ar, t h ei r p h a s e- s p a c e d e n siti e s ar e gi v e n
b y  Fer mi- Di r a c or  B o s e- Ei n st ei n di st ri b uti o n s  wit h  D S
t e m p er at u r e T χ a n d c h e mi c al p ot e nti al s µ χ = µ χ̄ a n d
µ S , r e s p e cti v el y.  T o d et er mi n e t h e t e m p or al e v ol uti o n
of t h e s e t h r e e p ar a m et e r s,  w e c o n si d er t h e  B olt z m a n n
e q u ati o n s f or t h e n u m b er d e n siti e s,

ṅ i + 3 H n i = C / N χ , ṅ S + 3 H n S = − C , ( 4)

w h e r e t h e i nt e gr at e d c olli si o n o p er at or C i s s p e ci fi e d i n
A p p e n di x  B, a s  w ell a s e n er g y c o n s er v ati o n i n t h e  D S
d u ri n g f r e e z e- o ut, ∇ µ T 0 µ

D S = 0.  T h e l att er t a k e s t h e f or m

ρ̇ D S + 3 H ρ D S + P D S = 0 , ( 5)

wit h t ot al e n er g y d e n sit y ρ D S ≡ N χ ρ χ + ρ S a n d p r e s s u r e
P D S ≡ N χ P χ + P S .  N ot e t h at  E q s. ( 4) a n d ( 5) g e n er all y
d o n ot i m pl y e nt r o p y c o n s er v ati o n.  H o w e v er,  w e fi n d
t h at t h e r e s p e cti v e c h a n g e i n e nt r o p y i s n e gli gi bl e f or

1 0 − 3

1 0 − 2

Y
a

=
n

a
/s

M aj o r a n a

m χ = 1 0 0  G e V

g S = 1

1 0 − 1 1 0 0 1 0 1 1 0 2 1 0 3 1 0 4 1 0 5

m χ / T χ

1 0 − 1 2

1 0 − 1 1

1 0 − 1 0

1 0 − 9

1 0 − 8

δ
 

m /
mχ

= 1

0 .6

1 0
−

2

S

χ

χ +  H B

FI G. 2.  E v ol u ti o n of p a r ti cl e a b u n d a n c e s Y a f o r χ ( s oli d li n e s )
a n d S ( d a s h e d li n e s ), a s a f u n c ti o n of x / ξ = m χ / T χ , f o r dif-
f e r e nt  m a s s r a ti o s δ m / m χ ≡ ( m χ − m S ) / m χ = ( 1 , 0 .6 , 1 0 − 2 ).
F o r c o m p a ri s o n, d o t t e d li n e s i n di c a t e h o w t h e  D M a b u n d a n c e
Y χ w o ul d e v ol v e  w h e n i n s t e a d u si n g t h e s t a n d a r d  B ol t z m a n n
e q u a ti o n ( 1 ) a s s u mi n g t h e r m al e q uili b ri u m of S wi t h a n a d di-
ti o n al  m a s sl e s s  D S h e a t b a t h p a r ti cl e.  All c u r v e s a r e b a s e d o n

t h e s a m e M χ χ̄ → S S
2

= c o n st. , a dj u s t e d t o gi v e t h e c o r r e c t
r eli c d e n si t y i n t h e li mi t m S → 0.

all p r a cti c al c al c ul ati o n s  w e c o n si d er.  T h e fi n al st e p i s
t o n ot e t h at, si n c e χ a n d S st a y i n ki n eti c e q uili b ri u m
f or all r el e v a nt t e m p er at u r e s, all c o s m ol o gi c al q u a ntiti e s
Q ∈ { n a , ρa , Pa | a ∈ { χ, χ̄,  S } } c a n b e i nt er p r et e d a s
f u n cti o n s of T χ , µ χ a n d µ S .  C o n s e q u e ntl y, t h e r el ati o n

˙Q =
∂ Q

∂ T χ

˙T χ +
∂ Q

∂ µ χ
µ̇ χ +

∂ Q

∂ µ S
µ̇ S ( 6 )

c a n b e u s e d t o t r a n sf or m  E q s. ( 4) a n d ( 5) i nt o a s et of
di ff er e nti al e q u ati o n s f or T χ , µ χ a n d µ S ,  w hi c h  w e s ol v e
n u m eri c all y ( wit h µ χ = µ χ̄ = µ S a s i niti al c o n diti o n).

I n  Fi g. 2  w e d e m o n st r at e t h e r e s ulti n g e v ol uti o n of t h e
p arti cl e a b u n d a n c e s Y ≡ n / s ,  wit h s t h e t ot al e nt r o p y
d e n sit y i n t h e S M a n d  D S.  F or d e fi nit e n e s s  w e c h o o s e a
M aj or a n a  D M p arti cl e  wit h m χ = 1 0 0  G e V a n d a c o n-
st a nt a n ni hil ati o n a m plit u d e t h at  w o ul d r e s ult i n t h e c or-
r e ct r eli c d e n sit y i n t h e st a n d ar d t r e at m e nt (t r a n sl ati n g
t o a v al u e of σ v T χ → 0 a b o ut 1 0 % l a r g er t h a n t h e or a n g e
li n e s i n  Fi g. 1).  T h e r e d c u r v e s s h o w t h e c a s e of m S = 0
f o r  w hi c h, f oll o wi n g t h e di s c u s si o n a b o v e,  w e e x pli citl y
s et µ S = 0.  T h e r e s ulti n g e v ol uti o n of χ ( r e d s oli d li n e)
t h er ef or e c oi n ci d e s e x a ctl y  wit h t h e r e s ult of t h e st a n d ar d
t r e at m e nt of s ol vi n g  E q. ( 1).  We n ot e t h at t h e i n cr e a s e
i n Y S a r o u n d T χ ∼ m χ i s d u e t o t h e  B olt z m a n n s u p p r e s-
si o n of χ , a n al o g o u s t o t h e i n cr e a s e i n n γ / s d u ri n g e + e −

a n ni hil ati o n i n t h e S M.
F or  m or e d e g e n er at e  m a s s e s ( gr e e n a n d p u r pl e li n e s i n



4

1 5

2 0

2 5

σ 
v T

χ
→

0
[1

0−
2
6
c

m3
/s

]

δ  m / mχ = 1 0
− 2M aj o r a n a

g S = 1

S → D R

S → S M

1 0 − 1 1 0 0 1 0 1 1 0 2 1 0 3 1 0 4 1 0 5

m χ [ G e V]

1

2

3

4
δ  m / mχ = 1

δ  m / mχ = 0 .6

× 5

FI G. 3.  T h e r e q ui r e d v al u e of t h e t h e r m all y a v e r a g e d a n ni hi-
l a ti o n r a t e, σ v T χ → 0 , t h a t r e s ul t s i n a r eli c d e n si t y of  M aj o-

r a n a  D M p a r ti cl e s  wi t h a c o n s t a nt M χ χ̄ → S S
2

m a t c hi n g t h e
o b s e r v e d  D M a b u n d a n c e.  C ol o r s c o r r e s p o n d t o t h e s a m e  m a s s
r a ti o s a s i n  Fi g. 2,  w hil e t h e li n e s t yl e di s ti n g ui s h e s  w h e t h e r S
d e c a y s i nt o d a r k r a di a ti o n ( s oli d, i n d e p e n d e nt of lif e ti m e τ S )
o r i nt o S M s t a t e s ( d a s h- d o t t e d, f o r τ S =  1 s × ( 1  G e V / m S ) 2 ).

Fi g. 2),  w e all o w all c h e mi c al p ot e nti al s t o e v ol v e f r e el y.
T hi s l e a d s t o a ri s e i n µ S , c o m p e n s ati n g t h e  w o ul d- b e
B olt z m a n n s u p p r e s si o n of S , a n d a n a s y m pt oti c a b u n-
d a n c e Y fi n al

S ≈ Y i ni ti al
S + Y i ni ti al

χ b e c a u s e Y i ni ti al
χ Y fi n al

χ .
T h e g r e at e r n u m b er of S p arti cl e s t h e n d el a y s t h e  B olt z-
m a n n s u p p r e s si o n of n χ f r o m a r o u n d T χ ∼ m χ t o  w h e n
t h e  m e a n ki n eti c e n er g y of S d r o p s b el o w δ m , r o u g hl y
a r o u n d T χ ∼ δ m .  F o r r ef er e n c e  w e al s o s h o w a n a p pli c a-
ti o n of  E q. ( 1) ( d ott e d li n e s) a s s u mi n g t h er m al e q uili b-
ri u m of S wit h a d diti o n al  m a s sl e s s  D S h e at b at h p arti cl e s
s u c h t h at µ S = 0 a n d T χ ∝ a − 1 wi t h t h e s c al e f a ct or a .
C o m p ari n g t h e p u r pl e li n e s ( δ m / m χ = 1 0 − 2 ), e. g. ,  B olt z-
m a n n s u p p r e s si o n of χ f or t h e s oli d li n e o c c u r s at t e m p er-
at u r e s T χ a r o u n d t w o o r d er s of  m a g nit u d e s m all er t h a n
f or t h e d ott e d li n e, or a o n e or d er of  m a g nit u d e l ar g er
(T χ ∝ a − 2 a t T χ m S f o r t h e s oli d li n e).  A p p r o xi m at-
i n g t h e a n ni hil ati o n r at e b y σ v n 2

χ ∝ a − 6 ,  w h e r e a s t h e
dil uti o n b y c o s mi c e x p a n si o n i s 3 H n χ ∝ a − 5 , t hi s i m-
pli e s t h at f r e e z e- o ut h a p p e n s  w h e n χ i s l e s s  B olt z m a n n-
s u p p r e s s e d a n d Y χ i s e n h a n c e d b y ∼ a , i. e. ar o u n d o n e
o r d er of  m a g nit u d e. I n g e n er al, t h e c or r e ct t r e at m e nt
of t h e c h e mi c al p ot e nti al s t h u s l e a d s t o a n e n h a n c e d  D M
a b u n d a n c e c o m p ar e d t o t h e ‘ n aı̈ v e’ a s s u m pti o n of µ S = 0
a n d T χ ∝ a − 1 .  C o m p a ri n g i n st e a d t o t h e m S = 0 c a s e,
c.f. t h e st a n d ar d sit u ati o n d e pi ct e d i n  Fi g. 1, Y fi n al

χ fi r st
d e c r e a s e s u p t o a  m a s s r ati o of m S / m χ = 0 .4 ( g r e e n
li n e s), t h e n i n cr e a s e s a g ai n  wit h S a n d χ b e c o mi n g  m or e
a n d  m or e d e g e n er at e.

F or S cl o s e i n  m a s s t o χ , t h e fi n al  D M r eli c a b u n-

d a n c e  will n ot o nl y d e p e n d o n t h e d e c o u pli n g p r o c e s s
b ut al s o o n h o w S d e c a y s aft er f r e e z e- o ut. If S w a s st a-
bl e, i n p arti c ul ar, it  w o ul d si m pl y c o nt ri b ut e t o t h e t o-
t al  D M d e n sit y, b y f ar o v er s h o oti n g t h e o b s er v e d v al u e
( u nl e s s all o wi n g f or s u ffi ci e ntl y s m all t e m p er at u r e r ati o s
ξ T → ∞ 1, t h u s r el a xi n g o u r a s s u m pti o n of i niti al t h er-
m al c o nt a ct b et w e e n S M a n d  D S). I n  Fi g. 3  w e e x pl or e
t w o c o n cr et e d e c a y s c e n ari o s, b y s h o wi n g t h e ‘t h er m al’
a n ni hil ati o n cr o s s s e cti o n f or t h e s a m e  m a s s r ati o s a s di s-
c u s s e d i n  Fi g. 2. 1 T h e fi r st s c e n ari o i s S d e c a yi n g t o ef-
f e cti v el y  m a s sl e s s  D S st at e s, or d ar k r a di ati o n ( D R), a n d
i n di c at e d b y s oli d li n e s.  T h e a d diti o n al e ff e cti v e r el a-
ti vi sti c d. o.f. r e s ulti n g f r o m t h e d e c a y of S will i n g e n er al
d e p e n d o n t h e lif eti m e τ S , b e c a u s e t h e e n er g y d e n siti e s
of  m att er a n d r a di ati o n r e d- s hift di ff er e ntl y.  A s al r e a d y
f or m S = 0 o n e h a s  ∆ N e ff = 0 .1 0 4 ( s e e a b o v e), t h e c a s e
m S ∼ m χ i s g e n e r all y i n c o n fli ct  wit h t h e  C M B li mit
e v e n if t h e d e c a y h a p p e n s s h ortl y aft er f r e e z e- o ut.  T h e
s e c o n d e x a m pl e ( d a s h- d ott e d li n e s) c o n si d er s S d e c a y s t o
S M st at e s. I n t hi s c a s e, t h e r e s ulti n g e nt r o p y i nj e cti o n
i nt o t h e S M pl a s m a  will l e a d t o a dil uti o n of  D M, l o w-
eri n g t h e r e q ui r e d  D M a n ni hil ati o n cr o s s s e cti o n.  T hi s
e ff e ct h a s r e c e ntl y b e e n ar g u e d t o all o w f or  D M  m a s s e s
a b o v e t h e n aı̈ v e u nit a rit y li mit [ 3 6, 5 3, 5 4].  N ot e t h at
t h e lif eti m e τ S =  1 s × ( 1  G e V / m S ) 2 c h o s e n h e r e f or il-
l u st r ati o n i s e x p e ct e d t o b e i n c o n fli ct  wit h o b s er v ati o n s
of p ri m or di al el e m e nt a b u n d a n c e s f or τ S > 0 .1 s [ 5 5], i. e.
m S 3  G e V.

T o s u m m ari z e, t h e s oli d li n e s i n  Fi g. 3 s h o w t h e r e-
q ui r e d  D M a n ni hil ati o n cr o s s s e cti o n t o o bt ai n t h e o b-
s er v e d  D M a b u n d a n c e a s s u mi n g S d e c a y s wit h o ut i n-
j e cti n g e nt r o p y i n t h e S M a n d t h u s dil uti n g t h e  D M
a b u n d a n c e.  T h e s e t h er ef or e p r o vi d e a n u p p e r li mit t o
s c e n ari o s  w h er e S d e c a y s i nt o t h e S M aft er  D M f r e e z e-
o ut, a s e x e m pl ar y ill u st r at e d b y t h e d a s h- d ott e d li n e s. It
i s e vi d e nt t h at t h e r e q ui r e d  D M a n ni hil ati o n cr o s s s e c-
ti o n c a n b e v er y di ff er e nt f r o m t h e c a n o ni c al v al u e s h o w n
i n  Fi g. 1, i n p arti c ul ar f or s m all  m a s s di ff er e n c e s. I n
t h e e xt r e m e c a s e of d e g e n er at e  m a s s e s, m S = m χ , n o
B olt z m a n n s u p p r e s si o n of χ c a n o c c u r – i n d e p e n d e ntl y
of t h e  D M a n ni hil ati o n cr o s s s e cti o n – i m pl yi n g t h at t h e
o b s er v e d  D M a b u n d a n c e c a n o nl y b e a c hi e v e d f or s u ffi-
ci e ntl y s m all t e m p er at ur e r ati o s ξ T → ∞ 1 a s di s c u s s e d
a b o v e f or a st a bl e S .

Di s c u s si o n. — F or t h e c h oi c e of p ar a m et er s di s c u s s e d
a b o v e  w e e x pli citl y c h e c k e d, c.f.  A p p e n di x  B, t h at t h e a s-
s u m pti o n of ki n eti c e q uili bri u m i s al w a y s s ati s fi e d d u ri n g
t h e f r e e z e- o ut p r o c e s s, j u stif yi n g o u r a n s at z f or t h e p h a s e-
s p a c e di st ri b uti o n s f a .  L et u s st r e s s t h at t hi s i s p arti c u-

1 T hi s i s i m pl e m e nt e d  b y a d di n g − n S / τ S t o t h e r. h. s. of  E q. ( 4 ) f o r
n S , − m S n S / τ S t o t h e r. h. s. of  E q. ( 5 ), a n d a n a d di ti o n al e n e r g y
d e n si t y i n  d a r k r a di a ti o n ρ̇ D R + 4 H ρ D R = m S n S / τ S f o r  d e c a y s
i n e ff e c ti v el y  m a s sl e s s  D S s t a t e s, o r ρ̇ S M + 3 H ( ρ S M + P S M ) =
m S n S / τ S f o r  d e c a y s i nt o  S M  p a r ti cl e s.
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l arl y i m p ort a nt f or s m all  m a s s s plitti n g s,  w h er e µ S m S

m a k e s it  m a n d at or y t o i n cl u d e t h e f ull q u a nt u m st ati s-
ti c s f or all p arti cl e s.  T h e c o m m o nl y u s e d a s s u m pti o n of
a  M a x w ell- B olt z m a n n di st ri b uti o n i s, i n ot h er  w or d s, n o
l o n g er j u sti fi e d a n d l e a d s t o q u a ntit ati v el y  wr o n g r e s ult s
i n t h e r eli c d e n sit y c al c ul ati o n.

S o f ar  w e h a v e f o c u s s e d o n a f ull y s e cl u d e d  D S, i n  w hi c h
c a s e t h e  m o st p r o mi n e nt o b s er v a bl e s t o t e st s u c h  m o d el s
a r e  Ω D M a n d  ∆ N e ff . It i s h o w e v er  w ort h  m e nti o ni n g t h at
i n  m a n y  m o d el s t h er e ar e a d diti o n al ti n y c o u pli n g s t o t h e
S M t h at  w o ul d all o w f u rt h er e x p eri m e nt al si g n at u r e s.  A
s et u p  w h er e hi d d e n s e ct or f r e e z e- o ut c a n n at u r all y o c-
c u r  w hil e still all o wi n g f or s u ffi ci e ntl y l ar g e c o u pli n g s t o
t h e S M t o b e p r o b e d b y p arti cl e p h y si c s e x p eri m e nt s,
e. g. , ar e s c al ar or p s e u d o s c al ar  m e di at or s  wit h  Y u k a w a-
li k e c o u pli n g st r u ct u r e [ 3 0, 3 2, 3 3, 5 6 – 5 8].  Al s o i n di r e ct
D M s e ar c h e s f or s e cl u d e d d ar k s e ct or s [ 5 9] pr o vi d e a p o-
t e nti all y p r o mi si n g a v e n u e, i n p arti c ul ar f or t h e st r o n gl y
e n h a n c e d a n ni hil ati o n r at e s n e c e s s ar y t o a c c o m m o d at e
D M d e g e n er at e i n  m a s s  wit h it s a n ni hil ati o n p r o d u ct s.

C o n cl u si o n s. — I n t hi s  w or k  w e h a v e p r e s e nt e d a
f r a m e w or k f or p r e ci si o n c al c ul ati o n s of  D M f r e e z e- o ut
i n a s e cl u d e d s e ct or,  m at c hi n g t h e o b s er v ati o n al a c c u-
r a c y o n t h e o n e h a n d, a n d t h e i n cr e a si n g d e m a n d f or
c o n si st e nt i nt er p r et ati o n s of p h e n o m e n ol o gi c al d ar k s e c-
t or st u di e s o n t h e ot h e r h a n d.  We h a v e p r o vi d e d n e w
b e n c h m ar k ‘t h er m al’ a n ni hil ati o n cr o s s s e cti o n s f or r el-
ati vi sti c h e at b at h p arti cl e s, a n d d e m o n st r at e d t h at t h e
di ff er e n c e t o t h e st a n d ar d t r e at m e nt c a n b e e v e n l ar g er
f or n o n-r el ati vi sti c  D M a n ni hil ati o n p r o d u ct s.  T h e l at-
t er c a s e i s i nt ri n si c all y st r o n gl y  m o d el- d e p e n d e nt, a n d
will b e st u di e d i n  m or e d et ail el s e w h er e.  F u rt h er i nt er-
e sti n g e xt e n si o n s, n ot t h e l e a st i n vi e w of t h e si g ni fi c a nt
m o d el- b uil di n g a cti vit y i n t h e s e ar e a s,  w o ul d b e t o g e n-
e r ali s e t h e p r e ci si o n r eli c c al c ul ati o n s p r e s e nt e d h er e t o
m o d el s  w h er e t h e  D M p arti cl e s i n t h e hi d d e n s e ct or d o
n ot o b e y a Z 2 s y m m et r y [ 6 0 – 6 2], ar e a s y m m et ri c [ 6 3]
o r h a v e a r eli c a b u n d a n c e s et b y fr e e z e-i n r at h er t h a n
f r e e z e- o ut [ 6 4, 6 5].

A c k n o wl e d g e m e nt s. — T hi s  w or k i s s u p p ort e d b y t h e
E R C St arti n g  G r a nt ‘ N e w A v e’ ( 6 3 8 5 2 8) a s  w ell a s b y
t h e  D e ut s c h e  F or s c h u n g s g e m ei n s c h aft u n d er  G er m a n y’ s
E x c ell e n c e St r at e g y –  E X C 2 1 2 1 ‘ Q u a nt u m  U ni v er s e’ –
3 9 0 8 3 3 3 0 6.

1 0 − 1 1 0 0 1 0 1 1 0 2 1 0 3 1 0 4 1 0 5
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FI G. 4. S a m e a s  Fi g. 1 i n t h e  m ai n t e x t, b u t f o r p - w a v e
a n ni hil a ti o n  wi t h σ v l a b = b v 2

l a b .

A.  D M a n ni hil a ti o n  vi a p - w a v e

I n t h e c a s e of s - w a v e a n ni hil ati o n t o  m a s sl e s s fi n al
st at e s, t h e v el o cit y- w ei g ht e d a n ni hil ati o n cr o s s s e cti o n i s
c o n st a nt i n t h e li mit of s m all  D M v el o citi e s, r e s ulti n g i n
σ v = σ v l a b.  T hi s si m pli fi e d a n s at z f or σ v ( n e gl e cti n g

hi g h er- or d er c o nt ri b uti o n s i n v , f oll o wi n g c o m m o n p r a c-
ti c e) h a s b e e n p r e s e nt e d i n  Fi g. 1 i n t h e  m ai n t e xt, b ot h
f or  D M a n ni hil ati n g t o S M p arti cl e s a n d f or sit u ati o n s
i n  w hi c h t h e r eli c a b u n d a n c e i s s et vi a fr e e z e- o ut i n a
hi d d e n s e ct or.

H er e  w e c o m pl e m e nt t hi s b y c o n si d eri n g i n st e a d t h e
c a s e of p - w a v e a n ni hil ati o n,  w hi c h al s o h a s b e e n f r e-
q u e ntl y c o n si d er e d f or  D S f r e e z e- o ut p r o d u cti o n of
D M [ 2 9, 3 0, 3 2, 4 9, 5 6 – 5 8].  T o d e s cri b e s u c h  m o d el s,  w e
will a g ai n t a k e a si m pli fi e d a n s at z f or t h e cr o s s s e cti o n
b y o nl y k e e pi n g t h e l e a di n g t er m i n t h e  D M v el o citi e s,

σ v l a b = b v 2
l a b , ( 7)

w h e r e  w e a s s u m e b t o b e c o n st a nt.  F or t h e t h er-
m all y a v er a g e d cr o s s s e cti o n e nt eri n g i n t h e  B olt z-
m a n n e q u ati o n,  E q. ( 1), t hi s i m pli e s σ v = b ×
6( x / ξ ) − 1 − 2 7( x / ξ ) − 2 + ... .  T h e v al u e of b r e s ulti n g i n

t h e c or r e ct  D M r eli c a b u n d a n c e i n t hi s c a s e i s s h o w n i n
Fi g. 4, f or t h e s a m e c h oi c e of  D M  m o d el s ( Di r a c a n d  M a-
j or a n a f er mi o n s, r e s p e cti v el y) a n d h e at b at h c o m p o n e nt s
a s i n  Fi g. 1 i n t h e  m ai n t e xt.

I n c o m p ari s o n, t h e  m ai n di ff er e n c e s i n t h e s e fi g u r e s
ar e t h at i ) t h e v al u e of b r e s ulti n g i n t h e c or r e ct r eli c
d e n sit y i s a b o ut o n e or d er of  m a g nit u d e l ar g er t h a n t h e
v al u e of σ v r e q ui r e d i n t h e c a s e of s - w a v e a n ni hil ati o n
a n d t h at ii ) t hi s ‘t h er m al’ v al u e of b ri s e s f a st er  wit h
m χ t h a n it s s - w a v e c o u nt er p art.  B ot h of t hi s c a n b e
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traced back to the fact that also for p-wave annihilation
it is 〈σv〉 around chemical decoupling, and not b, that
sets the relic density. In the SM case, e.g., b/〈σv〉 ≈
xcd/6, where xcd depends logarithmically on the DM
mass and rises from xcd ≈ 18.8 (for mχ = 100 MeV)
to xcd ≈ 31.6 (for mχ = 100 TeV). The above estimate
should be corrected by another factor of about 2 be-
cause decoupling does not happen instantaneously, and∫

dT 〈σv〉p−wave/
∫

dT 〈σv〉s−wave ≈ 1/2 (as first stressed
in Ref. [66]). The same general trend, finally, is also vis-
ible for annihilations in the hidden sector, with ξ 6= 1.
Compared to Fig. 1, furthermore, the difference between
SM and DS results is somewhat larger because ξ enters
directly in 〈σv〉.

B. Collision term including chemical potential

For general two-body annihilation processes χχ̄ ↔
SS′, and assuming CP -invariance, the integrated colli-
sion operator from Eq. (4) in the main text takes the
form

C = 2g2
χ

∫
(2π)4δ(pχ + pχ̄ − pS − pS′)|Mχχ̄→SS′ |2

×
[
fSfS′(1− fχ)(1− fχ̄)− fχfχ̄(1 + fS)(1 + fS′)

]
× dΠχdΠχ̄dΠSdΠS′ , (8)

where dΠa = d3pa/(2π)32Ea and |Mχχ̄→SS′ |2 is the
squared matrix element, averaged (summed) over the
spins of all initial (final) state particles. We as-
sume all involved particles to be in kinetic equilibrium,
i.e. the phase-space distributions take the form fa =
1/[e(Ea−µa)/Tχ ± 1], with a ∈ {χ, χ̄, S, S′} and the − (+)
sign is used for bosons (fermions). In the special case of a
constant matrix element – which is justified for contact-
like interactions and which we adopt as benchmark sce-
nario in the main text – Eq. (8) can be simplified to

C =
g2
χ|Mχχ̄→SS |2
512π5N−1

χ

∫ ∞
mχ

∫ ∞
mχ

∫ 1

−1

pχpχ̄K d cos θdEχdEχ̄ ,

(9)

Moreover,

K ≡ α∗(1− fχ)(1− fχ̄)− fχfχ̄ (β + 2α+ α∗) , (10)

with

β ≡
√

1− 4m2
S

E′2 − p′2 , (11)

α ≡ Tχ
p′

log

[
eE

′/Tχ − e(E′−p′β+2µS)/(2Tχ)

eE
′/Tχ − e(E′+p′β+2µS)/(2Tχ)

]
, (12)

α∗ ≡
β + 2α

e(E′−2µS)/Tχ − 1
, (13)

where p′ ≡ |~pχ + ~pχ̄| = (p2
χ + p2

χ̄ + 2pχpχ̄ cos θ)1/2 and
E′ ≡ Eχ + Eχ̄.

For highly non-relativistic DM, the annihilation cross
section for a constant matrix element becomes indepen-
dent of the center-of-mass energy, and hence σvlab '
〈σv〉. In this limit, annihilation cross section and am-
plitude are related as

|Mχχ̄→SS |2 '
16πm2

χ√
1−m2

S/m
2
χ

〈σχχ̄→SSv〉Tχ→0 . (14)

In the simplest models, the same constant matrix ele-
ment also describes the scattering process χS ↔ χS, in
which case the above expression provides a convenient
means of estimating the time of kinetic decoupling for a
given value of 〈σv〉. For mχ ∼ mS , e.g., this happens
when the scattering rate falls behind the Hubble rate,
nS〈σχS↔χSv〉 ∼ H, while for mχ � mS it is instead the
(smaller) momentum exchange rate γ that provides the
relevant scale (see, e.g., Refs. [38, 39]). Using this condi-
tion, we explicitly checked that S and χ remain in kinetic
equilibrium during the freeze-out process.
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