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ABSTRACT: We compute the massive gauge and scalar corrections to form factors in both the
Sudakov and threshold regimes up to and including two-loop orders. The corrections are calculated
for processes involving two external fermions and scalars in the spontaneously broken SU(N)-Higgs
model, examining a range of composite operators. Our results are general, so we discuss how our
form factors are mappable from our model to the Standard Model and beyond. The effective theory
formalism deployed in our work extends previous studies based on infrared evolution equations,
which either neglect scalar contributions or are restricted to the Sudakov regime.
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1 Introduction

The often addressed form factor is a crucial building block in the perturbative analysis of scattering
processes occurring at the LHC and future colliders [19, 15]. Tt is also the simplest amplitude which
can be used to study the infrared (IR) structure of the Standard Model and beyond. For reference,
the QCD form factors of massless quarks have been evaluated through the three-loop approximation
[31] and even to four loops in the leading-colour approximation [53]. On the other hand for massive
quarks in QCD three-loop results are available thus far [10, 2, 1]. In our study, we consider massive
gauge and Higgs corrections to the form factor for scalar, fermion and mixed external particles on
a range of operators, checking and extending the results of [17] to two-loop orders. Furthermore,
unlike previous work which focus solely on the Sudakov regime relevant for Hadron collider (LHC)
studies, we also consider the threshold regime appropriate for future high precision colliders [13, 1,
51].

When considering the Sudakov regime, one tends to refer to partonic LHC processes since their
centre of mass-energy is /s ~ 14 TeV. This energy scale is more than an order of magnitude
larger than the masses of the massive electroweak (EW) bosons. Radiative corrections to scattering
processes depend on the ratio of mass scales, and such corrections at high energy depend on factors of
the form log (s/ M3, / ). Such radiative corrections are further enhanced by two logarithmic powers
in exclusive processes perturbatively at each order, and they are often referred to as Sudakov
(double) logarithms. Electro-weak Sudakov corrections are significant at LHC energies, as each
double logarithmic contribution is of the O(107!). Thus, fixed-order perturbation theory breaks
down, and one needs to employ resummation at all orders. Double logarithms even appear for

inclusive processes, e.g. the total eTe™ cross-section at large angles, since the colliding particles
are not EW gauge singlets [20]. The literature on EW Sudakov effects in most cases focuses on
employing infrared (IR) evolution equations to deal with computations [21, 27, 43, 28, 40, 25, 38,
39]. The Sudakov logarithm, log (s/ MVQV ), can be seen as an IR logarithm in EW theory, as it
diverges as My, z — 0. In an effective field theory (EFT) formalism, IR logarithms in the original
theory are convertible to ultraviolet (UV) logarithms in the effective theory, and then summable
using standard renormalisation group (RG) techniques. The effective theories needed are soft-
collinear effective theory (SCET) and heavy particle effective theory (HPET) for both fermions and
scalars [7, 6], which have been previously used to study high energy EW Sudakov corrections [17,
18], and to perform resummation. This paper studies high energy EW Sudakov corrections using
SCET and HPET, expanding on previous work employing the EFT formalism by other authors [17,
18, 16].

With regards to studies in the high energy (Sudakov) regime, an impressive level of accuracy
has been achieved with many observables. For instance, the uncertainties on the predictions of the
inclusive production cross-section of a top quark pair, now are at around 3 — 5% for a fixed top
quark mass of m; = 172.5 GeV [47]. On the other hand, while these precise measurements provide
a firm ground for testing the predictions within the SM, beyond the Standard Model (BSM) physics
scenarios can just as well hide between said small uncertainties. To find a hint of BSM physics or
to rule some hypotheses out, we need more precision than what can be provided by the LHC, and
indeed, a future high precision collider which operates at threshold energies along with theoretical
studies can achieve that [54, 61]. In the threshold regime, the processes we consider have a centre of
mass energy, /s, near equal to the sum of the on-shell masses of the particles produced. Radiative
corrections to scattering processes at threshold depend on the large on-shell external particle masses,
as well as EW masses which are significant and, again, must be taken into account. We note further
that in the threshold case, we take the gauge and Higgs masses to be IR as in the Sudakov case.
Although there is extensive literature on QCD corrections at threshold, there is much more that
needs to be achieved when considering EW and even BSM physics. The effective theory we employ



at threshold is HPET along with standard RG techniques to perform logarithmic resummation.

In essence, we generalise previous results in a gauge-invariant fashion to massive scalars and
fermions, including radiative corrections due to the Higgs sector. Moreover, we study the threshold
regime, as in previous works only the Sudakov regime was considered. Our results are computed
without assuming that the Higgs and EW gauge bosons are degenerate in mass, as in previous
calculations [40, 39], and we take the EFT analysis to two-loop orders to match the highest precision
IR evolution results. We discuss the form factor computation in detail, checking and expounding
on previous results. Although the form factor itself is not of direct relevance to collider processes,
it still allows us to illustrate the EFT method for operators involving two external particles. More
crucially, the form factor is known to be a building block for a vast array of processes. For example,
our findings here can be used to compute corrections to processes relevant for the LHC and beyond,
such as di-jet production, tt production, squark pair production, or DM production in various
models, which all involve operators with four external particles [16, 9, 57, 22]. Previous and future
results on processes can be obtained from the computations given in this paper by summing over
all pairs of external particles with the appropriate replacements of group-theoretic factors. The
reason being is that the model we study, SU(N)-Higgs theory with spontaneous symmetry breaking
(SSB), is selected for its generality. Moreover, the various set of composite operators, we look into
allows future studies to be derived from our results. To illustrate such derivations, we apply our
formalism to EW corrections in the SM for the case of light quarks, leptons and the top quark as
external particles.

2 Full and Effective Theory Formalism

We begin by outlining the full theory employed in detail as well as including a primer for the
effective theories which includes SCET, and HPET for both scalars and fermions.

2.1 SU(N)-Higgs Theory and the Standard Model

Our calculation is set in a spontaneously broken SU(2) gauge model, however we keep our results
quite general, i.e. not substituting numerical colour factors and sticking with composite operators so
that our results are more conveniently mapped to more specific models for pheonmenological studies.
In particular, with regards to the SM, the mapping of our model to the SM has been studied in
detail previously [39, 17, 16], the sole difference being that in the SM, the isospin SU(2) group for
left-handed fermions is mixed with the hypercharge U(1) group through the mass eigen-states of
the Z-boson and the photon. In our model the electroweak fields, W* and Z, are replaced with
neutral SU(2) gauge bosons, W : a = {1,2,3}, with identical mass, M = My . The generators
of SU(N) in the fundamental representation are labelled by 7% : a = {1,...,N? — 1}. The Lie
algebra results in structure constants f?¢ with Casimir operators for the fundamental and adjoint
representations given by, Cr = (N? — 1)/2N and C4 = N, respectively. Moreover, we take the
convention, tr(T%T?) = Tr§, and even in the specific case of N = 2 for SU(2), we remain with
the general symbols rather than the specific values, which makes our results easily convertible, in
particular for the case of the hypercharge U(1) gauge group. In the specific case of SU(2), the group
generators are T% = 02/2 : a = {1,2,3} where 0% are the Pauli matrices, and f%°¢ = ¢%*¢, With the

above specifications we may now state the SU(2)-Higgs Lagrangian in the t'Hooft-Feynman gauge,
L=Ly+Ly+Lyy+Lar+ Lgh + Liiggs + Lyuk- (2.1)

The Lagrangian is split into a few parts; £, and £, which describe the fermions and scalars
(external particles), respectively; Ly and Lo p corresponds to the massive Yang Mills (YM) and
gauge-fixing (GF) terms, respectively; Ly, describes the Faddeev-Poppov (FP) ghost fields; Laiggs



corresponds to the free Higgs Lagrangian which induces SSB and lastly, Ly, entails the Yukawa
interaction terms which provide mass to the external fermions and scalars.

Fermions/Scalars Let ¢;(x) and y;(x) correspond to Fermions and scalar fields with subscripts
labelling fields as we consider different incoming outgoing external states for generality. The Dirac
and scalar Lagrangians then have the following form,

Ly =i, Ly = Dux!D'xi, (2:2)
where D), = 0, —igW; T, We(x) is the gauge field as previously defined and g corresponds to the
SU(N)w gauge coupling.

YM and Gauge-Fixing The Yang-Mills and gauge-fixing Lagrangians have the usual form,

Lo

%—WFWa (2.3)

1
Ly = _ZFEVFW,a’ Lar = —
such that F, = 9,W2 — d,Wg + gf**WIW¢ and Fyy = (0*W5 — &Ew My ¢®) T where ¢* is the
Goldstone boson field and &y the linear t’Hooft gauge fixing parameter.

FP-ghosts The gauge-fixing Lagrangian, Lgp, involves the unphysical components of gauge
fields. In order to compensate for their effects, one introduces the Lagrangian,

Lon = —i(@“é")Dzbcb — &wmiyctc”, (2.4)
with FP-ghosts, ¢*(z),c%(z), and Dzb = 0,0% + gfabCWlf.

Higgs and Yukawa The minimal Higgs sector consists of a single complex scalar field, ®(x),
which is coupled to the gauge fields with a covariant derivative and has a self-coupling, resulting in
the Lagrangian,

Ly = (D,®) D"e —V(|9[%), (2.5)

with the Higgs potential, V(|®|?) = 3(|®|?—v%/2)?. The potential is constructed in such a way
that it gives rise to spontaneous symmetry breaking. Meaning the parameters, A and v, are chosen
in such a way that the potential minimum occurs for a non-vanishing Higgs field. More specifically,
the theory is constructed such that the classical ground state of the scalar field satisfies,

5 0
(@)= 0. (26)
In perturbation theory one has to expand around the ground state and the Higgs field is written as

1 : Larma
(I):E((HﬁL’U)‘FZ(ﬁT), (2.7)

where H and ¢“ have zero vacuum expectation value and are real. The field, H, is the physical
Higgs field and ¢ are the Goldstone bosons which illustrate the unphysical degrees of freedom.
Inserting (2.7) back into the full Lagrangian, £, provides mass to the Higgs field and W-boson,

A
My = \/;’U and My = %, (2.8)

respectively. As for fermion and scalar masses, these arise from the Yukawa-like interactions in the
Lagrangian,

Lyuk = —yf,i0i®; — ys,iXIq)Xi + h.c., (2.9)



where yr; and ys; are the Yukawa couplings for the fermions and scalars, respectively. After
spontaneous symmetry breaking, i.e. inserting (2.7) back into (2.9), results in mass terms for said
fermions and scalars,

Lyuwe = —V2(ysi0ihi + ysixixi) (H +v), (2.10)
therefore we can re-write,
g My _ g
My = \/ﬁvyf =yr = 2\/§ij = 2\/§Yf, (2.11a)
/5 g my _ g
2 X
ms = V2vys = ys = = Ys, 2.11b
and in this notation the Lagrangian becomes,
- g - g
Lyukp = =My, Yithi — mixsz‘ - §Yf,iH7/}i"/)z' - §Ys,iHXIXi7 (2.12)

where hy, , is conventionally used in Feynman rules, as given in Appendix A, which we attain by
expanding each term in the full Lagrangian.

2.2 Heavy Particle Effective Theory

In the case of fermions we deploy heavy quark effective theory (HQET), which we describe briefly
in this section but refer to other works for more detail [33, 34, 52]. HQET is used in calculations
involving a bound state of a heavy quark with mass m > Agcp, and light quarks with mass smaller
than the colour confinement scale, Agcp. The energy scale of the interactions between the light
and heavy quark is of order Agcp, which is small compared to the mass of the heavy quark. The
momentum, p, of the system can therefore be decomposed in the following way,

p" = mot + kH, (2.13)

such that v is the velocity of the heavy quark, which is usually normalised such that v? = 1,
and k is the small residual momentum corresponding to light quark interactions. More precisely,
the first part of (2.13) represents the energy of the heavy quark and is approximately conserved
in interactions. The second part corresponds to a parameterisation of the remaining momentum,
which is due to the motion of the light quarks and interactions between the light and heavy quarks,
such that,

|/{Z|N O(AQCD) and m > Agep (2.14)

A hierarchy of scales is thus present, whence one can organize an effective theory founded upon
hierarchy. An interesting feature of HQET, as will be seeing below, is that its propagating degrees
of freedom are massless and the propagating degrees of freedom carry the residual momentum, k.
We now outline the derivation of the HQET Lagrangian for a quark coupled to our SU(N) gauge
and Higgs fields. Our starting point is the Lagrangian,

£ =GP — myp - SV H, (2.15)

such that D* = 0* — igW* and Y is the Yukawa coupling as previously defined. Next, following
the pedagogical derivation in [60], by introducing the projection operators,

1+
PL = —¢, (2.16)
2
and two eigen-functions of these operators,
hp = e Py, (2.17a)
Hy = ™" P_qp. (2.17b)



This allows us to decompose the spinor field as follows,

14 1— imo-

v=tus gy = ey 1 ), (2.18)
where the field and anti-field are given by Hy and hy, respectively and they satisfy the relations,
phy = hy and yHy = —Hjy. The details of the external states of the heavy fields are explained in
previous work [52]. Now, substituting into (2.18) into (2.16), using some simple gamma matrix and
projection operator identities, and integrating out the anti-field, H¢, using its equation of motion,

we arrive at our HQET Lagrangian,
Lirqur = hyiv- Dhy = $YiHhghs +O(1/m), (2.19)

where we neglect terms of O(1/m) in our derivation as they are heavily suppressed. The heavy

quark propagator is thus,
1 1+

AL
S(k) k-v4+id 2 7

where k is the residual momentum defined earlier and the vertex coupling is given in Appendix A.

(2.20)

As for the derivation of the heavy-field limit of a real scalar, or spin-0, field, it is very similar
to the fermionic, or spin-1/2, derivation. One starts by considering the Lagrangian of a complex
scalar field, x, with mass, m, coupled again to to our SU(N) gauge and Higgs fields,

L= DuXTD“)(—mQXT)(— %YSHXTX (2.21)

Motivated by earlier studies [12, 55, 35], we then decompose the scalar field in the following way,

—imu-x

_6
XY=

where again, H, is the anti-field containing the heavy modes, which needs to be integrated out.
More specifically,

(hs + Hy), (2.22)

hy = e\/ﬁ (iv- 0 +m) x (2.23a)
Hy=S— (—w-9+m)x, (2.23b)

and plugging (2.23) into (2.22) gives,
iw-0Hg = (2m + v - 0)hs. (2.24)

Hence, substituting (2.22) and (2.24) into the Lagrangian, (2.21), and using the equation of motion,
one obtains the heavy scalar effective theory (HSET) Lagrangian in our model,

Luser = hiw- Dhy — gYSHhihs +O1/m). (2.25)

We again neglect terms of O(1/m) in our derivation as they are heavily suppressed. The heavy

scalar propagator is thus,
1

T kvt
where k is again the residual momentum and the vertex coupling is also given in Appendix A.
Comparing the HSET Feynman rules with the the full theory ones, we see that they are related by

S(k) (2.26)

simply decomposing the momenta as in (2.13) and dividing by 2m.



2.3 Soft-collinear effective theory

SCET is an effective theory for high-energy particles, with some energy of O(Q), where @ is a large
scale that characterises the scattering process under consideration. SCET preserves the modes of the
full theory which have an invariant mass much smaller than Q2. The SCET fields and Lagrangian
depend on the null vectors, n and 7, where n = (1,n) and 7 = (1, —n). The three-vector, n, is
chosen to be a unit vector, thus, n-n = 2.

When calculating the Sudakov form factor, we work in the so-called Breit frame, with n chosen
to be along the po direction and 7 is then along the p; direction. The momentum transfer, ¢ =
po — p1, then has time component, ¢° = 0. We work with light-cone components, which for a
four-vector, p, are defined by p* =n-p and p~ = 72 -p. In our problem, p; =p1; =pg = pas =0,
and Q2 = p} p; , which is reflected in our Feynman rules, see Appendix A. When a fermion moves
in a direction close to n, it is describable by an n-collinear SCET field, &, ,(x), where p is a label
momentum, and has components 7 - p and p, [7, 6]. Kinematically, the field, &, ,(z), describes a
particle (both on or off-shell) with 2E = 7 - p and p? < Q2. The SCET power counting is then as
follows,

pT~Q, pT~QPN pL~ QA (2.27)
where A is the parameter used for power counting in the EFT expansion. The total momentum of
the SCET field, &, ,(x), is p + k, where as in HPET, k is the residual momentum, except in this
effective theory, k is of order Q\?, and is obtained from a Fourier transform of the position vector,
z. Note that the label momentum, p, only contributes to the minus and perpendicular components
of the total momentum.

On the other hand, the gauge field in the effective theory is represented in many ways: Labelled
n-collinear fields, W, ,(z), and 7i-collinear fields, W5 (), and unlabelled ultrasoft (US) fields,
W (z), which are analogous to the soft and US fields introduced in NRQCD [58, 46]. The n-
collinear field contains gauge fields with momentum near the n-direction, and momentum scaling

given by,
n- b~ Qa n-p~ Q2)‘7 pL~ Q)‘a (228)
and the 7-collinear fields contain gluons moving near the n-direction, with momentum scaling,
n-p~Q, ep~ QRN pL~ QA (2-29)

Lastly, the ultrasoft field represents gauge bosons with all momentum components scaling as Q2.
There are is a particularly useful identity we quote that holds for the SCET fermion field,

nn
Ign,p = &n.ps (2.30)
where - n
4 4
are projection operators. The leading order fermion Lagrangian is [7],
— 2 —
~ n (. P n
o — .D oy — 2.32
§1p4<ln +2np>§7p4 ( 3)

where iD* = i0" + gWH is the ultra-soft covariant derivative, and we neglect terms involving the
collinear gauge field. The fermionic SCET propagator is then given by,

S(p) = Ao p (2.33)

SCET knows about the large momentum scale, @, through labels, 7 - po and n - p;, attached to
the fields, &, p, and &g p,, for the outgoing and incoming particles, respectively. As a result, SCET



anomalous dimensions can depend on ). However, there are no modes in SCET which couple 72 - py
to n - p1, so that SCET does not contain modes with off-shellness of O(Q?), which are of course
present in the full theory. We also require SCET fields for scalar particles, such as Higgs-like fields
for instance. Let ®,, , be the scalar analogue of &, , for fermions, which describes the n-collinear
field for a scalar particle moving in a direction near n. One normalises the SCET field, ®,, ,, in
the same way as the full theory field, ¢, producing scalar particles with unit amplitude. The scalar
field kinetic energy term in the Lagrangian then becomes,

D¢ D¢ — @F (0 -p)(in- D)+ p7) Py (2.34)
in SCET. It is also convenient to re-define the scalar field as follows,

Gnp = VN -pPpp (2.35)

in terms of which the kinetic term becomes,

2
. P

L=l .D 2.36

d)n,p (ZTL + (77L . p)> an,p ( )
and then has the same normalisation as the fermion Lagrangian in (2.32). The re-scaled scalar
propagator is given by,

1 n-p

P

Hence, ¢, , as defined, produces scalar particles moving in the n-direction with amplitude, /7 - p.

(2.37)

3 The Form Factor

The physical quantity we consider in this work is the form factor in the Euclidean region, defined as
the amplitude, Fg(Q?) = (p2| O |p1) for the scattering of on-shell particles p? = m? by an operator
O, with Q% = —(p2 — p1)? > 0. The time-like form factor is given by an analytic continuation,
F(s) = Fg(—s —i0T), implying log Q*/u? — logs/u* — im. We will compute Fg(Q?) for fermion
scattering with, O = 1y, i), hotap, scalar scattering with, O = xTy,i(D*xTx — xTD*y), and
mixed scattering with, @ = 9y, xf4. All operators are taken to be gauge singlets and thus the
external particles have the same gauge quantum numbers, but differing mass. We then compute
the form factor, F(Q?), by employing a sequence of effective theories inspired by previous studies
[17, 18]. In both the threshold and Sudakov regimes we consider, there are various widely separated
scales and we switch to the relevant theory as we shift between scales.

To illustrate the matching, let us consider the Sudakov regime. At scales higher than Q2, the
model is the original Higgs-gauge theory or the so-called full theory in EFT terminology. As one
shifts to scales below O(Q?), we transition to an effective field theory (SCET) where degrees of
freedom with off-shellness of O(Q?) are integrated out. The full and effective theory share identical
infrared (IR) physics but differ in their ultraviolet (UV) behaviour. To ensure that operators in the
full and effective theories have the same on-shell matrix elements, one must introduce a so-called
multiplicative matching coefficient. If the full theory is matched onto SCET at p ~ @ then the
matching coeflicient selected,

(p2] O(1) [p1) = exp [C(1)] (p2| O(n) [p1) , (3.1)

where exp [C(p)] is the matching coefficient at u ~ @ which is in exponential form for convenience
and O(p) is the effective theory version of the full theory operator, O(u). The matching coefficient
is independent of IR physics and is computable if perturbation theory is valid at p ~ @. In general,



a single operator, O, can match onto a set of operators, O; in the EFT with identical quantum
numbers [32, 36]. The matching coefficient C(u) contains logarithms, log u?/Q?, and logarithms
are not large if u ~ @Q. Although we choose 1 = @, any value of O(Q) may be chosen as well, and
all physical observables do not depend on the renormalisation scale, ;1. The convention we follow is
to pick the coefficient, ¢(u), of O in the full theory, to be unity at © = . Our choice then provides
the normalisation for Fr(Q?), and ¢(Q) = exp [C(Q)] is the coefficient of O in SCET at u = Q.
Moreover, to do RGE for ¢(u) between scales we use the usual equation,

n 95 — (et (32)
such that ~(u) is the anomalous dimension of O in the effective theory. We then repeat these
steps of matching and RGE as we shift between well-separated energy scales, integrating out the
appropriate degrees of freedom along the way. The EFT approach is superior to IR evolution as
it divides a multi-scale calculation into multiple single-scale pieces which are simpler to work with.
One can then trivially identify so-called universal quantities which are independent of scale. Lastly,
we re-state that in an EFT calculation, the IR divergences in the theory above a matching scale
match the UV divergences in the theory below the matching scale. Thus, with regards to most
of our results presented here, having checked the above and below UV-IR matching, we need only
provide the physically relevant finite parts.

For reference, our notation is as follows, we use a(u) = a(p)/(47), and for applications to the
SM, a; (1) = ai(p)/(4w) where i = {s,2,1} for the QCD, SU(2) and U(1) couplings. Hypercharge
is taken to be normalised such that @Q = T5 + Y. Our various Logarithms are denoted by L4 =
log A% /u?, for A = Q, M.z, m1 2. Ca, Cp and Ty are the SU(N) Casimir operators and index for
external particles.

4 Renormalisation

4.1 Field Renormalisation

The on-shell renormalization of the external fermion/scalar fields in our form factor expansions
require the multiplication of the vertex corrections by a factor of Z, where Z'/2 is the fermion /scalar
wave function renormalization (WFR) constant. The factor, Z, is determined by the fermion/scalar

2

self-energy corrections ¥ at on-shell momentum p? = m?, in specific ways we will describe below.

In a perturbative expansion with the external fields we study, {1, x, hf, hs,&n p, P p}, letting {1, J}
denote these fields such that V;; and Z;; = /Z1Z; correspond to the vertex and wavefunction
contributions, we have,

Vi =1+aV + V¥ + 0(a®), (4.1)
Zr =1+ as2™M + 252 + 0(a?). (4.2)
Therefore, the WFR is given by,

2 1 1 1
Ziy=1+5 (620 +62") + 5 <5Z§2> +02) + 502062 - £(625")* - Z(‘SZ'(II))Q) .

Whence, the total form factor, Fry = V7sZr7, up to order o?, can be written as follows,
1 1
Fiy=l+a {V}}) +3 (6Z§” + 6Z§1))} +a? {V}i’ +3 (62}2’ + 6Z§2))

1 1 1 1
+5 (628 + 028 v} + 1021702 — 2 (62}")? - §<5zy>>2} . (4.3)
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Figure 1: Two-loop wave-function correction graphs, arrowed lines represent all incoming-outgoing
particles, dashed lines correspond to bosonic propagators. (a), (b) are seagull terms and only oc-
cur with scalar propagators, (h)-(j) and (c)-(g) represent Abelian and non-Abelian corrections,
respectively.

With the above notation we may now discuss how to obtain the WFR constant, Z;, for the spin-
{0,1/2} fields we study. In all cases, the wavefunction corrections are garnered from self-energy
amplitudes, denoted by by 1, which are quadratic matrices both in the spinor and in the isospin
space [23, 60]. Moreover, we note here that the collinear correction to the particle propagator is
the same as in the full theory [7, 17]. Therefore the wavefunction corrections are the same as in the
full theory/non-collinear case. Whence, we only need to outline how to obtain the wavefunction
contributions to the form factors for the full theory and HPET fields.

Scalar field: For massive scalars of momentum, p, and mass, m, the self-energy amplitudes, as

shown in figure 1 are of the form,
¥y, = —i%, (p?)1. (4.4)

From this we may extract the WFR contributions in the following way,
i -
07y = Ztr(apz Zx|p2:m2). (45)
The massless case is identical except one takes p? = 0 instead.

Fermion field: In the case of fermions of momentum, p, and mass, m, the self-energy amplitudes
are of the form,

Sy = —i (S (p°)p + S5 (p*)m) 1, (4.6)
where the super-scripts, V and S, denote vector and scalar contributions, respectively. From this
we may extract the WFR contributions,

5Zy = {SY(m?) +2m*0y2 (SV (p°) + S5 (0%)) lp2=ma } - (4.7)

2

The massless case simplifies as p? = 0 instead and the terms proportional to m? vanish.

Heavy fields: Lastly, for heavy scalars and fermions, h, of momentum, p, and velocity, v, the
self-energy amplitudes are of the form,

p=—i{Zf (v -p)+SR(Mp)} 1, (4.8)

for bosons of mass, M, coupling to the heavy fields, as in our case. We thus have an additional
contribution to the heavy field residual mass term, dm, along with the usual wave function contri-
bution,

02y, = ’L'av.pih|v.p:0 (4.9)
omy = —iXp(v-p=0). (4.10)

~10 -
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Table 1: Contributions to on-shell wavefunction renormalization. The exchanged boson masses are
M = My, where Ly = log M?/p?, and the external particle (fermion or scalar) mass is m. The
two-loop wave-function corrections, F' I(i’j ), and the parametric integral functions, P, P’ and S, S,
are given in Appendix D.

The residual shift in the heavy particle mass, m, is non-analytic in the boson mass squared, these
arise from loop integrals which diverge as an odd power of loop momenta, [. Such non-analytic
contributions are known to occur in mass corrections to particles with [ - v propagators [41, 37].
Such integrals are finite, but non-analytic, in dimensional regularization. There are two mass
parameters for the heavy particle Lagrangian, the expansion parameter, mg, and the residual mass
term, dm. The two parameters are not independent; one can make the redefinition mg — mqg+ Am,
om — dm — Am. A particularly convenient choice is to adjust mg so that the residual mass term
dm vanishes, when picking mg such that dm = 0 this choice is known as the pole mass [11], and we
will follow this practice here.

4.2 Mass and Coupling Renormalisation

Our loop calculations up to two loop order have been performed using the unrenormalized Feynman
rules. Introducing now the renormalized coupling constant and mass instead of the bare couplings
does not change the two loop results at O(a?). However, the coupling and mass in the one-loop
result have to be regarded as the bare parameters and must be replaced by the renormalised ones.
In our work we employ the MS scheme for the coupling renormalisation and the on-shell scheme
for mass renormalisation. In the on-shell scheme, the square of the physical, renormalized mass is
defined to be the real part of the pole of the propagator. In the case of coupling renormalisation the
replacement can be applied naively as shown below. However, in the case of mass renormalisation,
say given a mass M, with replacement (we denote the bare quantities with index, 0),

Mg = M? 4+ §M?* + O(a?), (4.11)

in which §M? corresponds to the mass contribution, the masses to be renormalisaed often appear
in terms of the form (u?/M?)¢ or in powers of logarithms. Thus the substitutions at one-loop are,

M2\ M2\ SM?

- _ 1 2 4.12
(uQ)%<u2>(+EMQ)+O(a)’ (4.12)
n n n— 6M

— 11 —



which, when applied provides corrections of O(a?). For the particles we are considering below, the
renormalized quantities and renormalization constants are defined as follows,

ap = (14+0Z,)a (4.14a)
My = My + 0M, (4.14b)
M o= Mg + 6MF (4.14c)
m} o =m; +o0m? (4.14d)
M0 = My + 0My, (4.14e)

where the subscripts ¢ and y indicate that the masses belong to fermion and scalar fields, respec-
tively, that appear externally in the form factor.

4.2.1 Coupling Renormalisation

According to the prescription of the MS scheme, the unrenormalized coupling constant oy is replaced
by the renormalized coupling « via,
_ _ o fo 3
ag=(140Zy)a=a|l———]+0(’), (4.15)
4 EUV
such that Sy is the leading (one-loop) coefficient of the renormalisation group S-function. We note

that Sy has the following form,
11 4 1
- O _ = 4.16
fo=—5Ca—3Tms — ¢, (4.16)

where the terms proportional to C'4 and ny correspond to the non-Abelian and fermionic contribu-
tions, respectively, while the last term corresponds to a Higgs contribution. Thus by applying the
substitution (4.15) to our one-loop form factors, we get additional contributions of order o?.
4.2.2 (Gauge Mass Renormalisation

As this is the first case of mass renormalisation we consider we will discuss this in detail, at the
amplitude level. The relation between the bare gauge boson mass, My, and the renormalized
mass, Myy, is determined by the gauge boson self-energy corrections, which have the form,

7% (p) = i6%0 g p?TI(p®)1 + terms o< pHp”. (4.17)

After extracting II(p?) from the amplitudes with the help of the projection operator, P, = g, —
p;#, the renormalised mass is given by setting M3, = —M3,II(MZ,), and we may check various
contributions at one-loop, up to O(e), where € are UV divergences. The results up to O()?, needed
for mass renormalisation contributing at two-loop orders is provided in Appendix B. We begin with
the self-energy contributions from the fermion loop,

4 3
(Mg ), = _Eannf {5 + 3im + - SEMW} + O(e), (4.18)

where as we stated before, a(u) = a(u)/4mw. Next, we have contributions from the non-Abelian
gauge boson and ghost field loops,

51
H(Mgv)WW,cc = SCA {82 — 12\/§7T + ? — 51£'Mw} + O(E), (419)
from the loop with gauge and Higgs boson,

1 sr
O(Mi)wu = a {—2 - + Loy, + M logw + 72 1ogr} + O(e), (4.20)

— 12 —



where we define r = My /My, s = /M7 — 4M%, and w = 1\24]\:1/57 and finally a contribution from

the loops with Higgs and Goldstone bosons,

15
(M )gp = %CA {34 —-3V3+ — - 15L'MW} +0(e), (4.21)
1 3 r2 3 01 1
2 —_— —_ RN _ — _ =
HiMyy)rg = a{18 <5+ e 3'CMW> T3 (logT+ SR 3£MH>
T4 T4 T5S TBS TG
—— - log w — 1 T . 4.22
2 2 %" oy Y T s, 8T Ogr} +0() (4.22)

Thus combining all terms provides one with the gauge boson mass correction in the replacement
rules. Note that in the above contributions there are no terms from massive fermion and scalar
loops, this makes sense as in the EFT formalism the scale where the bosons are no longer IR,
i.e. where there masses are no longer zero, is the same scale where the fermions and scalars are
taken to be UV or static. Moreover, we note that the self-energy diagrams with tadpoles have been
omitted. They do not depend on the momentum of the gauge boson, so their contribution to the
mass renormalization cancels exactly the corresponding vertex correction and field renormalization
diagrams which are also dropped out.

4.2.3 Higgs Mass Renormalisation

As we were explicit in the previous section and broke down each contribution we will be brief now
as the above still applies and we simply state the correction. The relation between the bare Higgs
mass, Mp,, and the renormalized mass, My, is determined by the Higgs self-energy corrections,
¥(p?) = i%(p?)1. Extracting ¥(p?) gives the renormalized mass by setting §M% = S(M3), which
has the following form after combining all contributions,

64r

~ My) M2 7
—s(r* — 1612 - 56)1 r(s — Mu) [ T P el 10 ) W
s(r r* 4+ 56) log I + ar’— 7

1
+E — Lty — 1ogr} + O(e), (4.23)

M; 1
SM? =aCyCp—2 {—QMWT(T4 — 1617 + 36) + My r(r* — 16r* + 48) (KMW - E)

up to O(e), where € are UV divergences. The results up to O(e?), needed for mass renormalisation
contributing at two-loop orders is provided in Appendix B. Whence the above provide us with the
Higgs mass correction at two loop order. Note again the lack of contributions from massive fermion
and scalar loops due to the corrections being applied at a scale where fermions and scalars are
integrated out. Moreover, we note that the self-energy diagrams with tadpoles have been omitted
for the same reason previously described.

4.2.4 Fermion and Scalar Mass Renormalisation

Lastly we discuss the mass renormalisation of the massive external fermion and scalar fields we
consider. These masses appear and the corrections contribute at two loop order in the threshold
regime at the scale where the Higgs and gauge masses are taken to be IR and vanish. We begin
with the scalar contributions; the relation between the bare scalar mass, m,,, and the renormalised
mass, 1, is determined by the scalar self-energy corrections, ¥(p?) = iX(p?)1. Extracting %(p?)
gives the renormalised mass by setting 5mi = E(mi), which has the following form after combining
all contributions,

2
X

2 €
2 ype [ M 2 (26 =3)I'(e—1) 2 I'(e)
om;, = ae (_m ) Ca {CFmX 5 —1 +Y; s [ (4.24)
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where € are UV divergences. Note that the dimensions of the second term match the first by
definition of Y; in (2.11). On the other hand, the relation between the bare fermion mass, my,,
and the renormalised mass, m,, is determined by the fermion self-energy corrections,

S(p?) =i (V)P + 25 (p%)my) 1, (4.25)

where the superscripts, S and V, label the scalar and vector contributions. Extracting ¥%V (p?)
gives the renormalized mass by setting dmy = my, (Zv(mi) + 9 (mi)), which has the following
form after combining all contributions,

Smy = ae=e <“_22> Ca {@% - %fQ (r(g _1y+ X ) } . (4.26)

my, 1—2¢

where again € are UV divergences. In this case dimensions hold since Y is dimensionless as shown
in (2.11). Note that the expansion up to O(g)® are needed for mass renormalisation. Now we
have all the one-loop terms that arise in our problem which, when replacement rules are applied,
contribute at the two-loop level.

4.3 Operator Renormalisation

Composite operators like ours require subsequent subtractions beyond wave-function renormali-
sation [52]. This holds for both full and effective theory operators, to illustrate, let us take, for
instance, the bare heavy-light fermion operator from HPET,

00 = gOrhY = \/Z; ZyyThy, (4.27)
where IT' is an arbitrary Dirac matrix. The renormalised composite operator is then,
_ L Zp -
0 =750 =~ — Iy
1}
= ¢I'hy + counter term, (4.28)

such that the additional operator, Zp, is determinable by computing a Green’s function with an
insertion of @. Therefore, Z» can be found by taking the one particle irreducible Green’s function
of ¥, hy and O, where the counter term in (4.28) contributes,

<7VZth - 1) T, (4.29)

Zo

to this time-ordered product. The vertex contribution also provides a UV divergent contribution to
the time-ordered product. Consequently, the counter term, (4.28), must eliminate the divergences
present in the vertex contribution and thus, (4.28) must be finite as eyy — 0. Plugging in the wave
function contributions, /ZfZ}, then gives Zp by the finiteness requirement. We then may obtain
the anomalous dimension of the composite operator,

_ B (2o
197 Zo ( du ) ’ .

from the renormalisation constant,

1
Zo=14+0Zp=1— —n0 (4.31)
Euv

Note in this case that the renormalisation of O is independent of the gamma matrix of choice, I', in
the composite operator. This is a consequence of heavy fermion spin symmetry and light fermion
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chiral symmetry. In fact, this independence holds for all our effective operators in the threshold
regime as they include operators with heavy/light fermions/scalars [52]. On the other hand, in the
full theory as well as SCET the gamma matrix plays a role and Zp varies for different operators.
In particular, in the full theory for both scalars and fermions, the scalar and tensor currents require
renormalisation while the vector currents, at all orders, do not, meaning 6Z¢ is null [60].

5 Radiative Corrections in Sudakov Limit

In this section, we calculate the form factor, log Fr(Q?), in the large Q?, or Sudakov, limit. We
perform calculations up to two-loop order, extending previous studies and refraining from including
computational details which have been presented in other works [17, 39].

5.1 Massless External Particles

Let us begin by considering the case of massless external particles in a fair amount of detail. The
limit we consider is thus, Q% > M? > m?, where M and m denote the bosonic and external
masses, respectively. Schematically, in this case, the matching and running steps can be illustrated
as follows,

~Q A A M A
O+ e?0) —— €90, < TP 0,,
m,M=0 m=0

where C' and D are multiplicative matching coefficients, v, the effective theory anomalous dimension
and @172 the effective theory operators at each scale. At scale, u > @), we use the full theory, and
at scale, p < @, we match down to SCET with Wilson coefficient, ¢(x). The RGE of ¢(u) is given
by,
de(p)
S — s am)el) (5.1)
1L

where yp(p) is the full theory anomalous dimension for a composite operator, @. The full theory
is matched onto SCET at a scale 1 ~ @Q. The effective theory has modes with off-shellness of O(Q)
integrated out, so the matching coefficient depends on Lg, and these logarithms are not large if

1~ Q. The operator, @ in the full theory matches to the operator, O, in SCET. More specifically,

UTY = (6 pa W) D(Wilinp,), (5.22)
Xt = (@ L, W) (Wi @n), (5.2b)
iXTBHX — eC (@, W) [iD1 + Do) (W @5, ), (5.2¢)
X = € (Enpa W) (Wil ®r ), (5.2d)

where iDy = P+ g(n-An,g) %, iDy = P14+ g(n- A, _4) %, P are label operators in SCET and
W, is a Wilson line containing n-collinear gauge fields obtained by integrating over a path in
the fi-direction [7]. Of course C'(y) differs for each operator and we have written the multiplicative
matching coefficient as exp [C'(p1)] rather than C(u) for convenience. As is well-known, the matching
coeflicient can be computed as the finite part of the full theory matrix element, evaluated on-shell,
with all IR scales, which in our case are the gauge and Higgs boson masses, are set to zero [51, 50,
49]. To illustrate the computation let us consider the one-loop result. The full and effective theory
graphs to be evaluated are those in figure 2, except in SCET the external lines are both taken
to be collinear and graphs (b) and (¢) are no longer identical. After combining the vertex graphs
with the wavefunction and tree-level graphs, one obtains the value of the full and effective theory
matrix elements, (pa| O |p1) and (p2| O |p1), respectively. The gauge and external particle masses
are IR scales and can be set to zero in the matching, thus leading to scaleless integrals, for the EFT
and wavefunction contributions. One then combines the vertex and wave-function contributions
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Figure 2: One-loop vertex corrections, bulls-eye represents composite operator, arrowed lines rep-
resent all incoming-outgoing particles we consider, dashed lines correspond to bosonic propagators.

<> ~
(b), (c) only exists with the operator, O = i¢' D, ¢, and EFT equivalents, O.

| o | P ) ETIES
P ~3C4Crp + SAY7 % {—SEQQ 42— 12} + c"‘4Yf2 {Lo -2} VI(Q) CaCr(4Lg — 6)
Py -7 CACE (6L (L -3) Lo +n2 a8y - AL (-1} | VAD | CuCracq -6)
YotV CaCp — Cav? CaCE {64 (Lo —4) Lo + 7 — 48} + SAYL Vi | cacrace -6)
xtx —3CACF CaCr {_6L4 (Lg —1) Lo + 72 — 12} V@ | cacricg -s)
z’xfBHX 0 Calr (_6L4 (Lo —4) Lo + 72 — 48} Vi | cacracg - 8)
ox, x| ~3cacr - Sav? Calr {_6Lq (Lo —3) Lo + 72 — 36} V(@ CuCr(4Lo —T)

Table 2: Matching corrections, C'(u), to the Sudakov form-factor at u ~ Q. V;(Q) are two loop
vertex corrections, given in Appendix C. ~p and 7; are the full theory and SCET anomalous
dimension, a = o/ (4n), and Lg = log Q2 /u?.

as prescribed in (4.3) to obtain the one and two-loop order results. Moreover, as the masses are
zero there are no two-loop contributions from mass renormalisation, only coupling renormalisation
contributes. Scaleless integrals are set to zero in dimensional regularization, so the EFT matrix
element is equal to its tree-level value. The full theory and EFT operators, O and (7), are normalised
to have the same tree-level value [51], thus,

(p2| Op1)

P = O, )
When computing the one loop graphs for O, exp [C(11)] is given by the on-shell full theory matrix
element, normalised by its tree-level value. The particle masses are all much smaller than @2, and
only contribute M?/Q? (where M correspeonds to the gauge and Higgs masses) power corrections
at the large scale, @, which are being neglected. The one-loop values of C(u) for the other cases
are computed similarly, and are given in table 2, where in the loop expansion, C(u) = aC™® (1) +
a?CM(u) + O(a®). Large logarithms do not appear if the matching scale 4 ~ @, in this work we
choose 1 = Q and the RGE of ¢(x) in the EFT is given by the anomalous dimension, i, of O
in SCET. The full thoery anomalous dimension, vy, of O is also given in 2, we avoid presenting
the two loop result as this has been previously found for a number of operators [48]. On the other
hand, the SCET anomalous dimension, 71, is used to evolve ¢(u) from p = @Q — M. As previously
defined, the anomalous dimension is given by the UV counter terms for the SCET graphs, and can
depend on @, the largest scale. UV divergences are independent of IR properties and ~y; is linear
in log 112 /Q? to all order [49, 4], so one can always write,

() = Ala(u) log £ + Bla(w)). (5.4)
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7 CaCF ng
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7 CaCF CaY,
PoHV % {£a (-2(Lq —6) Lq + 7% — 48) — 2803 — 2n% + 84} (Ca (3Ca +22) = 80Ty —4) + — o L (Lo (—2CaCr (Lo
—6) Lo + Ca (72 = 36) Cp +44) — 2 (8nyTy +1)) — 28¢3CaCr — 2Ca ((7* — 24) Cp +66) + 48n;Ty + 6}
XTX LSF {2£4 ((3—2Lg) Lo + 7 — 12) — 56¢3 — 72 + 48} (—6C3 + 22C4 — 8ns Ty +5)
<~
iXT DuX % {Lq (-2 (Lo —6) Lo + 7% — 48) — 28¢s — 21 + 96} (—6C3 + 22C4 — 8nyTy +5)

x, xT C’gfﬁp {=2£6 ((9 - 2£q) L + 72 — 36) + 56C3 + 3n% — 144} (Ca (~12C4 +3Y 2 — 176) + Gdn; Ty + 20)

Table 3: Mass and coupling corrections to matching which contribute at two-loop order, AC(?) (1)
is the correction at p ~ Q.

The loop expansion of the anomalous dimension, v; = a’ygl) + a27£2) + O(a?), is given for each

operator in table 2. By inspection, the SCET anomalous dimension, 1, depends solely on the
external fields for the operators, as in it is equal for the three fermion and two scalar operators,
respectively, as well as being the average of the two field’s result for the mixed operator. The reason
being that the effective theory anomalous dimension depends on the IR divergence of the full theory
graph, and the IR divergence is independent of the vertex factors.

The next step matching step occurs at the lower scale, ;1 ~ M, where the massive bosons are
integrated out. The matching is done from SCET with massive bosons (¢ > M), to SCET without
massive bosons (u < M). In our model, this is a free theory, so there is no need for propagating
bosonic modes below M. The matching coefficient at p ~ M is given by d(u) = exp [D(u)] in table
4 and is found from the SCET vertex and wave-function corrections. More specifically, one matches
in the following way,

€ (Enpa W) T (Wikkapy) = €7HPE, 5. Ter 1, (5.5a)
(@] L, Wo)(Wids ) — eCTPD] &y, (5.5b)
(D], W)[iDy + iDa) (Wi ®s ) — eCHPRE (P +P)u@rp, (5.5¢)
€ (Enpa W) Wi @5, ) — €“TPE, 1, @i, (5.5d)

As for the results, although we calculate up to two loops fully for ¢(u), we do not calculate the two-
loop vertex contribute to d(u) due to the complexity of massive SCET integrals. Hence, mass and
coupling renormalisation is not necessary as they only affect the next order, nonetheless, we present
these sub-divergent O(a?) contributions for both ¢(u) and d(x) in tables 3 and 4. Moreover, by
inspection of table 1, we do not include the collinear correction to the particle propagator for each
case as it is the same as in the full theory [7]. The ultrasoft correction vanishes, so the wavefunction
corrections are the same as in the full theory and we have these up to two loops. For a more detailed
description on the specific one-loop SCET integrals, we point to previous work [17, 8], and it would
be interesting to calculate the SCET vertex contributions at two-loop to have a complete account
at this order. The above matching steps are identical at each order, and the two-loop vertex and
wavefunction graphs we calculated are shown in figures 3 and 1. Furthermore, we note that both
in the massive and massless external particle cases of SCET, their is no Higgs contributions in the
vertex corrections. This is because the fermion Yukawa vertex vanishes, as by construction, (2.30)
implies that,

it ghh

én,pfn,p = gn,pzzgn,p = 07 (56)
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13 + 6ME, M}y — 6Mps (12M3y, — AME, M7, + M) log(w)
y M} — 6ME, M}y + M) log (Mw /Mp)} (2Lar,, — 2Lg +3)

<~
. CaC CACr ‘
xtx, axt Dyux % {—Mﬁdw +12L01y Lo — 24Lary, + 21 — 57r2} i {303y (Lany, (M3, (1416, — 820,y = 20) +1005) — SMJ Lav,,)
20 Mw

+25 ((99v/3m — 690) Ca + 3205 + Bimn Ty + 124) + 6M}p M,
—54ME My, — 6Mp s (M — 4M3 M, + 12Miy, ) log(w)
+6 (M§; — 6M Y M3, + 8MF M) log (Mw /My)} (Eary — Lo +2)

s CACF CaCr ; ; ;
x, xT Calle {—ﬁﬁ?ww F 12801y £ — 21L ary, + 24 — 57\'2} e (3Miy (Cany (M (141C — 320, Ty = 20) + 10M3) = 8M} Lay,)
MG,

+M ((99v/37 — 690) Ca +32(5 + Bim)ny Ty +124) + M M,
—54ME M, — 6Myrs (Mfy — 4AM3 ME, + 12M7,) log(w)
+6 (Mg, — 6M}, M3, + 8M3 M) log (Myw /Mp)} (ALary, —4Lg +7)

Table 4: SCET contribution to the Sudakov form-factor at p ~ M, one-loop matching coefficient,
DWW (1), two-loop mass and coupling renormalisation correction, AD®) (y).

using the identity, 6%t = n* = 0. Moreover the tri-scalar couplings have dimension of mass and
Higgs exchange corrections to the scalar operators are suppressed by powers of Y;/Q, which is
sub-leading in SCET power counting and we drop such terms. This is easily seen when using the
re-scaled fields, ¢, ,, which have a propagator of identical form to those of fermions. Then the
Yukawa coupling becomes,

Ys
Y Hx'x = Y.H®] &,, = i Hol, bnp, (5.7)

which is O(1/Q) as @i - p is of order O(Q) which suppresses any graph at each tri-scalar coupling.
Thus, the only scalar graphs which appear are the matching at ), which are full theory graphs as
well as scalar contributions to the wave-function renormalisation in the effective theories.

Figure 3: Two-loop vertex correction graphs, (a)-(d) are Abelian corrections; (f)-(i) are non-
<>

Abelian, (j)-(m) only exists with the operator, O = i¢'D,¢ and EFT equivalents, (m)-(0) are
seagull terms and occur only for scalar fields.
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DTy CAQCF {Efnz — Lony + %z +4} CaCp {4Lq — 2L, — 5} CA2CF L2, Loy + ”6: +4} 4CACE {wh(w) — 1}
Xhxts ixb Duxa % {53,2 —2Lm, + %2 + 4} CaCr {4Lq — 2Lm, — 6} % {L?M — 2L, + %2 + 4} 4CACp {wh(w) — 1}
daxa CAQCF {zfnz Lot Tt 4} CaCr {4£G — 2Ly — 6} CA2CF {ca“ 2L, + %2 + 4} ACACp {wh(w) — 1}
b CA2CF {LGz — 2L, + %2 + 4} CaCr {4Lq — 2Lm, — 5} C“Qﬁ {ﬁZm — Loy + ”6—2 + 4} 4CACp {wh(w) — 1}

Table 5: Matching and running results for @ > mo > m; > M. R and T are the matching
coefficients at p ~ mgo and p ~ mq, 2 is the anomalous dimension between mo and mq, 73 is the
anomalous dimension between m; and M. R and T only depend on whether the light particle is a
fermion or scalar.

5.2 Massive External Particles

Thus far our results have been computed for external particles with masses, m; 2, much smaller than
the bosonic masses. In this section, we consider the Sudakov regime for massive external particles,
extending previous results. Thus, we are primarily interested in the limits, @ > mi2 > M,
although we will discuss other cases that can be studied as well, in particular one that can be
applied for LHC studies of the top quark.

There are two cases to consider, Q > mo > m1 > M and Q > ms ~ my > M, we begin
with the former. Again, the Sudakov form-factor can be computed using a sequence of effective
field theories [45]. One begins as in the massless external particle case by matching the full theory
onto SCET with a single massive particle at the scale,  ~ @. The same operators are matched
to as in (5.2), except now the n-collinear SCET field, &, ;,, is taken to have mass, mo. Again,
this matching is independent of IR scales much smaller than @, and thus is given by exp [C(u)], as
presented in table 2. The next step is to run the operator from the scale @) to msy, which can be
done with the anomalous dimension, 71, given in 2, as the anomalous dimension is also independent
of the lower mass scales. The matching steps that follow lie at scales p = mo, p = m; and p = M.
Schematically, the matching and running steps can be illustrated as follows,

60(51 &) €C+R(§2 'y—2> €C+R(§2 M) €C+R+T(7)3 7—3> €C+R+T(7)3 <LM> €C+R+T+U(7)47

my,M=0 M=0 M#0
where the exponents are multiplicative matching coefficients, «y; the effective theory anomalous dimensions
and O; the effective theory operators at each scale.

Firstly, for the matching step at g = ma2, one switches from SCET to a new EFT with the massive
particle described by a heavy field [52], hy,s, with a velocity, v2, such that v3 = 1. Whereas, the other
particle remaining massless continues to be described by the n-collinear SCET field, &5, p,. The fermionic
operators, for instance, are then given by nylI’W,-J{fﬁ,m , and similarly for other operators [30]. The matching
correction at ;1 = mo is then given by the difference between the vertex graphs in figures 2 and 3, for the
corresponding external particles in the effective theories above and below ms. More specifically, in the
fermion example, the difference between graphs where &,,,, and hy o, for the particle with mass, mso. Note
that in the theory below mgy there are no graphs with collinear Wilson lines associated with hy s and thus
such corrections do not appear. The graphs in the theory above ms are evaluated with bosonic masses set
to zero, as ma > M, and on-shell at p2 = m2. Below ma the graphs in the effective theory are evaluated at
M = 0 as well, at the on-shell point, k2 - v2 = 0 where ks is the residual momentum of the heavy particle.

As for the wave-function graphs, the &z »1 and HQET graphs both vanish on-shell. Hence, the matching
is given by the vertex correction and the on-shell wavefunction graph for &, ,,, the results of which are
discussed in detail in previous work [17], and show in tables 5 and 1, respectively. We proceed then with
next matching step with coefficient, exp [T'(u)], at the scale of the lower particle mass, p ~ mi. At this
scale, the theory above m; is SCET with heavy field for particle with mass, m2, and the theory below m1,
the fi-collinear SCET field, & p, is replaced by the heavy field, hy, s, with velocity, v1, such that v = 1 and
v1 - v2 = w. The fermionic operators, for example, are then given by Ef’grhf’l instead of fzf,gl"W;Ifﬁypl.
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Table 6: One and two-loop matching contribution, U2 at u ~ M. Vi(M) and F; are two loop
vertex and wave-function corrections, given in Appendices C and D.

In the theory below m; there are no vertex corrections due to collinear Wilson lines, as there are no
collinear wilson lines, W, associated with heavy fields. The matching contribution is again given by the
difference of the vertex and wavefunction graphs in the theories above and below m1, setting all scales
less than mi to zero. Note that in the theory below mi we have scaleless integrals which vanish trivially
and thus, the sole non-zero contributions come from vertex contributions above mi; and the n-collinear
wavefunction graph. Conveniently, these are the same graphs that contribute to the matching condition at
ma, so T is given by R with ma2 — m1, and is presented in table 5.

The final contributions needed are the anomalous dimension, 73, for the running between m; and M,
and the matching condition, exp [U(u)], at M. These can be computed from the HPET graphs, evaluated
on-shell, but now with bosonic masses, M, included as they are no longer IR. The one-loop contributions
are presented in the last column of table 5, which by inspection are independent of the composite operator.
Whence, they are identical and depend solely on whether the external particles are fermions or scalars, and
their dependence lies in the appropriate Yukawa factors. The function,

_ log (w+ Vw? —1)

w? —1

h(w) , (5.8)
is the well-known factor which occurs in the velocity-dependent anomalous dimension in HQET [52]. Note
further that in the Sudakov regime, the Higgs contribution in exp U is sub-leading as, Q% ~ mimow, and
in this limit,

log w

h(w) ~ ’

" (5.9)
thus the gauge contribution dominates in the Sudakov regime. We will see later on that in the threshold
regime, the Higgs and gauge contributions turn out to be on equal footing. We also present the two-loop
contribution to the matching contribution, exp [U(y)], in table 6 which combines the vertex and wave-
function contribution listed in table 1.

As for remaining two-loop contributions, we present the mass and coupling renormalisation, which
contribute at two-loop order for each matching coefficient in table 7. The situation is similar in the case
Q > ma ~ m1 > M, which is why we left this for last. The evolution down to the scale mi ~ ms is the

same as for the case where m; = 0. The n and 7 collinear graphs at the scale m; ~ msy are independent

4} ‘ AR®) ‘ AT®) | AU ‘
- Py Y 2Cn Y
Pal'thy CA;” {cp (1= 2Lmy) (4 — 3Lmy) — ?f(l 72£ﬁ12)(7—3Lm2)} OAZC" {Cp(l —2Lmy) (4= 3Lumy) — ?’u 7zzm,)(7facm]>} AU}Q)
fyr it 2 v? 5 2 . v? ; (2)
Xax1, ixaDux1 | CiCr {cp (1= L) (7= 3Lms) = 155 (17257”)(27%2)} cicr {cpufcml)ufscm,)f poo (uzcml)(zfzm,)} AU,
2 1
— c2C Y2 ) 2
Pox1 i " {Cp(lfzgnlz)(u‘ecm)f 8’ (szcm)wfsﬁmz)} cier {Cp(l*[lmj)(773£m,)f;782(172[:,,“)(2—[:,,“)} AU§2)
‘1
2 72 Y
xédn C3Cr {CF (1= Lmy) (T=3Lmy) — %(1—2%2)(27%,2)} % {Cﬁ(pzﬁm,)(/ifsﬁ,.,\)— ?'(172Lm.)(773£m\)} AU3<2)
2

Table 7: Matching and contribution due to mass and coupling renormalisation for @ > mgy >
my > M. AR®  AT®) and AU® are the two-loop order matching coefficients at p ~ ma, 1 ~ mq

and p ~ M. The contributions, AUi(Q), are presented in Appendix B.
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of each other, so the matching is imply given by the sum of R and T at mg and m; respectively. Below
m1 ~ ma the matching and running is identical to the previous case with anomalous dimension, 73, and
matching coefficient, exp [U(p)]. Lastly, if ma = m1, then the case is identical to ma ~ m1, except one sets
ma2 = my in all matching and running contributions.

Further Cases: We note, as considered in previous work [17], that there are other cases one can compare
for complete generality, in particular, one case resonates with regard to top quark physics in the high energy
regime. The Sudakov limit being, ) > mi ~ ma ~ M, which involves one running step with 1, as the
running from @ is independent of the IR scales, and two matching steps. The matching at p ~ @ is
represented by the usual, exp [C'(1)]. On the other hand, the matching at u ~ m1 2 ~ M is the same as for
the massless case, except the matching condition, exp [D(u)], now involves massive collinear propagators,
which modifies the matching in the following way,

D(my,mz) = D(my2 = 0) + (f2(22) = fa(22)/2) + (fi(21) = f1(21)/2), (5.10)

where z; = m;/Mw, fi,2 corresponds to the massive collinear contributions,
fi(zi) = In(mi) — 1n(0), (5.11)
where I, is the collinear vertex contribution and,
fi(z:) = 6Zi(mi, M) — 6Z:(0, M), (5.12)

is the difference between the wave-function contribution with all mass scales non-zero and the external mass
scales set to zero from table 1. Both the vertex and wave-function contributions depend solely on whether
the corresponding particle is a fermion or a scalar. More specifically, fi(z;) maps to fr(z;) and fs(z;) in
the case of fermions and scalars, respectively, and are given by,

212

1
f()_2+<——2>logz+ tanh 1—4z2+§10g2(z ) — 2(tanh™' /1 — 422)* (5.13a)

1 \/1—42 _ 1
fs(z):1—<1—§>log —&—272Ztanh1 1—4z2+§10g2(z ) — 2(tanh™" /1 — 422)* (5.13b)

as was also found in [17]. Thus, now that we have considered cases of interest in the Sudakov limit, we can
shift to studying counterparts in the threshold limit.

6 Radiative Corrections in Threshold Limit

In this section, we calculate the form factor, log Fr(Q?), in the opposite limit, i.e. small Q* and large m?,
or threshold regime. Evidently, at threshold, the masses of the external particles are then taken to be the
largest scale, resulting in two cases to consider, mi ~ mo > M > @ and ma2 > mi1 > M > . These
cases have not been studied previously, and we provide the form factor up to and including two-loop order,
which is computed using a sequence of effective field theories.

We begin by noting that at scales higher than m?, the theory is the original Higgs-gauge theory, or
so-called full theory. Moving to scales below m?, we transition to HPET where degrees of freedom of
off-shellness on the order m? are integrated out. More specifically, let us commence with the simpler case,
my ~ ma > M? > Q?, where my 2 and M denote the external particle and bosonic masses, respectively.
Schematically, we then have the following matching and running steps, illustrated as follows,

p~mio g ox ¥3 B A u~M BLiU A
e O e O PtV O,,
Q,M=0 Q=0

where B and U are multiplicative matching coefficients, 73, is the effective theory anomalous dimension,
and Oi,2 the effective theory operators at each scale. At the scale © > mi2, we employ the full theory
graphs and below, at © < m1,2, we match down to HPET with matching coefficient, b(x), and RGE given

by,
p——= = yr(a(p))b(u), (6.1)
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where F is the full theory anomalous dimension for operator, O, and is independent of energetic regime as
given in table 2. The full theory is then matched onto HPET at p ~ mi 2. The matching coefficient then
depends on logarithms, L, ,, which are not divergent if j1 ~ m1,2. The matching is done between full and
effective theory operators as follows,

1[)21_‘1[)1 — 6Bflf,21—‘hf,1, (6.2&)
XEXI — eBhi’th’l, (6.2b)
b D Bt h 2

X2 X1 — € 572[111 + v2]uhs1, (6.2¢)
1/_)2X1 — (3B?Lf72hs717 X;’lﬂl — eBh];’th,l. (62(1)

We can then calculate the matching coefficient, exp [B(x)], as the full theory vertex and wave-function
corrections with IR scales, M and @, set to zero. The results of which at one and two loop order are given
in table 8. Note that for the two-loop results, since m; ~ mso and we want to evaluate the master integrals
analytically, this can only be achieved with master integrals at a single scale, whence, we expand the two-
loop contributions about the difference of mi and m2 to first order. This is an accurate representation
as the scale we are considering is where mi1 ~ ms2 and although we chose to expand to first order as is
conventionally done one can expand to any order and perform the single-scale two-loop master integrals as
they are independent of expansion order. As for the remaining two-loop contributions, we present the mass
and coupling renormalisation contributions at two-loop order in table 8.

What remains is the anomalous dimension, 3, between mi 2 and M, and the matching coefficient,
exp [U(p)], at o ~ M. These have been computed in the previously in tables 7 and 6. Again, these
contributions are found by computing graphs in figures 3 and 1, evaluated on-shell, with bosonic masses, M,
included and external lines taken to be heavy with incoming and outgoing velocities, v1 and vz, reespectively.
The difference here being that in the threshold limit,

m% + m%

s T— o(1), (6.3)
since we take mi ~ mg, and thus, h(w) ~ O(1), by inspection of (5.8). Whence, the sub-leading Higgs
contribution which was sub-leading in the Sudakov regime becomes of the same order as the gauge con-
tribution in the threshold regime. The remaining contributions at two-loop order from mass and coupling
renormalisation were presented previously in table 7. Finally, we consider the slightly more involved,
ma > my > M? > Q? case, where mi 2 and M denote the external particle and bosonic masses, respec-
tively. Schematically, we then have following matching and running steps, illustrated as follows,

g B A 73 B ,p~m1 B4+G A 3 B+G A mw~M o BYGHU A
e~ O e e+(92—>e+(926——>e++(93,
Q,M,m1=0 Q,M=0 Q=0

where B, G and U are multiplicative matching coefficients, v3 and 43, are the effective theory anomalous
dimensions, and @172’3 the effective theory operators at each scale. At the scale p > ms, we employ the
full theory graphs and below, at p < mo, we match down to an effective theory with a single heavy field
of mass, ms. Thus, the effective theory operator is given by the full theory operators with particle 2
represented by a heavy field, hy s, for instance in the fermionic case we have, h 7,2I'1, and similarly for the
other operators. We can then calculate the matching coefficient, exp [B(u)], as the full theory vertex and
wave-function corrections with IR scales, m1, M and Q, set to zero. The results of the vertex and wave-
function contributions, exp B (1), as well as the anomalous dimension, 73, between mg and mi are given
in table 9. Moreover, the coupling and mass renormalisation corrections that contribute at two-loop order
are also given, in table 9. What remains then is to evaluate the matching at 1 ~ m; as the final matching
and running, exp [U(p)] and 3, at M is identical to the previous case. The theory above, p > m1, is the
effective theory with particle 2 taken to be a heavy field and the theory below, p < m;, is heavy particle
effective theory where both particles 1 and 2 are taken to be heavy and the IR scale being the bosonic
masses are set to zero. The theory below m; is scaleless and thus does not contribute to the matching but
the theory above m; is one of two scales, m; and w’ = p1 - va. However, w' is integrated out at leading
order in the threshold limit as,
2

2 2
/ mi +m3; — Q m2
mprms =% M2

w =p1-vg = s 5 (6.4)
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Table 8: Matching corrections, B(u), to the threshold form-factor at p ~ my2, a

£m1,2 = 10g m%g//ﬂ’ and m+ = mq + ms. ‘/7:(77’&1,2

)

a/(4r),

and F7 are two loop vertex and wave-function

corrections given in Appendices C and D. AB®) is the two-loop order contribution from mass and

coupling renormalisation given in Appendix B.

and thus, we obtained the matching and wave-function contributions, exp [G(p)], with logarithms of a single

— 93—



B(1 B2 =D B(2
o B () B () A5 (1) AB®) ()
7 T 7y ) 1 o T o
Yathy - 5Cr (3€ma (8Cr Ly +8Ck +5YF) (vim2) 4 zbi_ 20 4 Zt'l" ) - (;‘ (10ck - v7) ;'ICACF {~2Lm; (3Lm; (8o — 48CACr) +120CACk + (24 + 7%) o
+1(24+72) Cp +9V7) + %Uﬁc} (3Cumy (4 (Lmy — 2) Lony + 7% + 16) +6C5 — 22 — 48) *2’j"£3‘7) +24(2447%) CaCr — (v* = 96) fo — 8o}
YPCA{6Lmy (Limy (A8CACE + 550) — 208C4Cp + 650)
CFYF (2Lmy (6Lmy (2Lmy +1) + 377 — 46) + 12Gs + 7% + 158) 1927 F 2 (L ACF ) "
; +24 (46 + %) CACp + (572 = 132) Bo} + =Y/ (13 — 15Lm,)CF
+ 57CAYF (86 (Lma = 3) Ly + 377 4 142) 2 A
7 T ma) 3 Lptma0) oo 1 L
Py iy Txc.‘(fxc,.,, (zxu,cm 7400h-+m*}) (vima) 4 2F§, 0 4 QF,[? ) 27CACK {=2Lmy (=3Lm, (48CACr +560) +55204Cr + (60 +7) By
6 2y 7y 2 1 2 2 P 2 280L2, 24 (66 + 1) CAC) 2 572) fo —
—4(60+7%) Cp +277) 4 L RO (6Lmy (L2, — 2Ly + 77 +26) +12¢5 — 7 — 246) +zfncm) +24 (66 +7%) CaCr + (264 + 57%) fo — 850Ca}
12 109 YFCA (6L sy (48CACE Liny — 196CAC — 1850 + 1150Lins)
+ 0o CACRYF (—6Lm, (4L2,, — 2Lm, + 72 +30) + 7% + 262 — 12(3) 1
3f #24(166 + 7%) CaCp + (180 + 115%) fo} + ) V(52 = 33Lm)CF
— 2 OAYS (86 (Lmy = 3) Lomy 4377 4 124) 3
o T (m: T (m, T > : T 2
Y201 | Ca (30 (3Cr Ly — 560k +9V7) W 4 Srg0 4 2RP) - (scr +17) 370ACH {~2Lmy (~3Lm, (8CACK + Tho) + 696CACr + (48 +7°) fo
e+ 15 1, N 260L2 68 -+ 72) CaClre + (96 + 7)o — 86
4(48 +7%) Cp + 1JY}) + 2CACE (s (4(Ems =) Lo + 72+ 29) + 63 — 202 — 108) z‘ducm) +24(68 +7%) CACr + (96 +772) Bo — 8f0Ca }
1 ; —  YPCA{2Lm, (A8CACE Lony — 496C4Cp — 1080 + 950 Lomy)
— 55 CACRYF (2Lms (6Lms (2m, +3) + 377 — 50) 61 f ? * X
A ) 3 . +8 (164 + 72) CACF + (4+37%) fo} + - Y/ (13 = 9Lm,)C3
+3 (4¢s +50 + 7)) + IJ CRY} (36 (L — 3) Liny + 377 + 136) ) 1 327/ 2ma
T i, . PR (m2) L pma0) L 1 p00) .G T, 52 Ot 0CAC, 2 ;
X2 X1 12CACE (6(Cmy = 2)Lmy + 77— 12) vy +2F\ + ‘ZF" ) CaCr CaCF {6£3,, (12CACF + Bo) = Ly (240CACp + (7% — 12) Bo)
Y2C, mz + 6 log? (m3 2412 1 38 + 72) CACE — 280L3. + fo (12 — 4(Cs + 9
ol * olog? () 407 12) + FCACE (2L (L3, + 0L, + 77 = 12) +4Ga 7 +20) + 6 (38 -+ 7%) CACE = 260L5, + 60 (v —4(Gs +9))}
96m3 A et o) 4 384CA O 4 (124 72)
C3CFY2 (—Lmy (L2, + 7% = 3) — 6+ 9 (1)) + S6m3 {Lmy (—6Lm, (20CACF + fo) +384CACF + (12 +7%) Bo
12m3 +280£2,,) - 10 (42 + 72) CACF — (24 +72) B + 4B0Cs}
CAYE (2my (L3, — 6Lmy + 7 +12) 44 — w2 — 24 Vi (12(my =3y +72+42)CF 1
At (45, ki ) ) 4 V(2L =y 72 +42) CF VA8 15£m,)C4
384m: 192m3 32
= 1 1 1 1
ixyDux1 — T5CACE (6(Ems —8)Lms +77 +51) (vim2) 4 EV;"‘Z'“’ + Elr',“’"”) 104Cr 210ACK {=2Lmy (~24Lm; (3CACK + fo) +45604Cr + (51+7) fo
Y2Ca (6(Lmy = 4)Lmy + 72 +12 1 2 - 2802 923 4 272 Y 53+ 872) By —
L YECA (6(Ems ngz +12) 3C2 (4Lmy (Emy (AL — 9) + 7+ 15) + 8¢ — 372 — 54) + +§iﬂf«n:) +6(223 +27%) CaCr + (153 + 87%) fo — 80Gs}
s 2Ca [ o ianras .
2 (—4Lmy (8L3,, — 9Lmy + 272 + 24) + 372 + 8(15 + v (1)) * g6m2 {~2((387 + 57%) CaCF +72B0) + Ly (2Lmy (BoLmy
] 96m3 —6(10CACE + B0)) + 600CCr + (12 +72) Bo) + 480Ca}
, CAYS (40, + (7 = 6) Ly +2(Gs +6) VA (12(Lmy — 4Ly + 7% +54)
192 + 192m3
T 2 ) L pmam) . Lo 2 2
x%dn = 130ACK (6(Em; — 2)Lm, + 77 = 21) V) 4 20 1 R0 CuCr 5 CACE {623, (12CACE + o) — Ly (200CACF + (s —24) )
20 — 1 2 2 2 2 4 72) C, 260 Bo (—4 72472
YOl =) + g CACE (L (1L Ly +3) 4 72 = 20) 4 26 +2% +.20) = e e+ o (463 =724 79}
m3 5 ¢ A 6Ly (Lo (BCACKE + o) = 2(18CACK + o)) + 4 (54
YyYaCa (6£2,, + 72 - 12) CACFY Y (2bms (AL2,, +6Lm, + 7% —12) +4¢s + 7% + 24) ot (06ma (Cma (SCACE + o) = 2(18CACE + o) + 4
e 24m; 2442 , 2
48m: (24+7°) o} + Lony (168CACE + (v = 12) Bo)
* CECPY2 (2Lmy (L%, + 6L,y + 72 — 24) + 4G5 + 72 +72) 5
_ e —6(24+72) CACr +2B0L3,, +4Po(Ca +9)}
. ) “omz =)Ly + 72 418) 2CACF +1)  YA2Lwm, —3)CA
CRY3Yy (4L3, + (5% = 6) Ly +2(Cs +6)) 96m] T
96m3 3
- I _
ax1 = 1y CACE (6L =)Ly 77 +48) | (W74 a0 4 ZE00) CaCr T CACE (2L (3L (15CACr +5) + 352CACr + (48-+7%) o
) 504+ 72) CaCr 4+ (192 4 572) o — 8
y1 Ca _ %Yf@(ﬁm _y +3 2 (6Lmy (2my (2my —7T) + 72 +36) + 12C; — 7% — 264) :‘ i) + 24 (60 + %) CaCp + (192 + 57%) Bo — 860Ca}
Ama 2 ) 2 SC A — 1850 496
 CACHYY. (A (3oy —10) + 2 +56) 64 Y70 (26ms (18CACK Ly — MSCACp — 185 +950Lmz)
: 16ma 48152+ 7%) CaCr + (68 + 372) fo} + %W(s —3L,)CR
F 16 CACPYF (~Limy (12(Lmy = 3) Loy + 3% + 88) — 6 + 37 4+ 101) 4 Y1YiCa =Ly (6CACk + o) +19CCr + 30)
CELYPY, (36 (Liny — 3) Ly + 37% + 142) amz
3Y7 ns ms oy, 2
R YY(8Lm, — 11)C
* 128m2 Y7 ( - )R

Table 9: Matching and running, B(p) and 43(u), to the threshold form-factor for mg > m; >
M > Qat u ~ mag, a = of(4n), and L,,, = logm3/u?. AB® are the mass and coupling
V(m2)

renormalisation contributions contributing at two-loop order. V;

and F7 are two loop vertex
and wave-function corrections, given in Appendices C and D.

scale, m1, and these are presented up to two-loops in table 10. As for the coupling and mass renormalisation
corrections that also contribute at two-loop order, we present these results in table 10. With the above
results, due to their generality one can map our results to operators in models that are similar to the
SU(N)-Higgs model we discuss here, including those with spontaneous symmetry breaking at a certain
scale.

7 Application to the Standard Model

The results we have obtained for our SU(N)-Higgs model can now be used to compute results for the SM.
We dedicate this treatment to illustrating how the mapping from our to other models of a similar type,
which may exhibit SSB, can be achieved. When considering the SM, one must select the correct coupling
constants with care, since, it is a chiral gauge theory, and our model is vector-like. One can then obtain
results for more than two external particles by combining the two-particle results computed in this paper
with the appropriate gauge theory factors included. We focus here on how our results can be used to
calculate the radiative corrections to quark and charged lepton production by gauge-invariant currents,
QivuPLQ; and L, PrL, respectively, where Q; is the quark doublet for generation, i = u,c, ¢, with only
the top quark mass, m., taken to be a non-zero fermion mass.

— 94—



o ] G0 () | G® () AG®) (1)

- T - — o Lomo L L T ; , ,
Py 165 (£ (160F = TY7) ~ 1605 + 577) V) 4 2B 4 2F0) T5CACE (6L, (BoLm, —2(120aC + Bo)
1o . 1
g(rjcé (4Lm, (3L, —10) + 72 + 56) + +168CACE + (24 +72) fo} + I—gzy}cA {6Lm, (216CACr
CACrY} +1080 — T0Lm, ) — 1512CACp — (108 + 7r2) §
{2y (2my (2, —) 477 1) 00 ZT50Em:) a0F = (108 +77%) fo}
g N + EY; (32— 21Lm,)C3
—ACy + 37% +120) — ﬁcﬁyf (36(Lm; — 3)Lom, + 312 + 142) h
i loc : YZCaLmy — 1) Am) L peni0) 1 1 N 5
X2X1 57CACK (6£7,, + 7 +48) — T{ L ) 94 CACE {=144CACr Ly +260L0,, + (48+7) foLomy
1o2 . ; 2 Yic,
- gCAC%- {Lmy (4(Lmy = B)Lm, +7° +24) +168C 4 Cp + 4B0(Cs — 24)} + ﬁ {6Lm, (20CACE + 280
CiCRY2 Jomy
203 — 2 — 24 ATE (= 2 - r? . Y (2Lm, —3)C3
+2(3 - — 24} + S6m? {—2Lm; (2Lm, (2Lmy —9) + 7 BoLamy) — 168CACE — (24 + 72) Ao} - ( 32, N )O3
; m
+48) — 4¢3 + 3% 4120} B
D Loonto 2 Jom) . Lpemo) Lo 1 2 B0 — 1204 Cr) 4 84
XD pX1 E(«A(/F {6(Lmy —2)Lm, +7° + 48} (Vg™ 4 5F\ + EFh ) ﬁ(ucp {Lm, ((48+72) Bo — 72CACF) +84CACp+
2 _ 1 p DB 6BLE B (Al 496 42
YiCallm, =) by CAOR (L (U, = 3)Emy + 7+ 24) 2L, = 6L, o (s +96+ 7))}
8m : Y2Ca . :
" ) 20 ) + XA 6L, (20CACE +280 — foLmy) — 168CACE — (24
+203 —m? — 24} + = {—2Lm, (2Lm, (2Lm, —9) + 7 96mi
48m’ r4 (o 302
1 +x2) o} Y (2Lm, —3)CF
22 4 1o 72) o} — 2 2Em —9Ca
1 +48) — ¢ + 37 + 120} ° 32m1
0 L p(m T, T ) ) 2
X;% 664 {Lm, (16Cp + Y§(2Ys — 9Y})) — 16C (vimo 4 51-5 10) | E*’En)) 12CACF (6Lm, (BoLmy —2(120ACk + o)) + (24 +77) fo
s 1 1 1 P
+Yp(9Y) —4Ya)} ~ 13CACE (12Lmy = 2Ly +7° +24) + L CRCRY Y, (v FL65CACE} + ( YFCa {6Lm, (88CACE + 660 — 380Lm,) = (68 +37°) fo
2 2 vy, Y 7 2
124 £ 12(Lomy — 2)Lmy) + C:E'Pj {(12(Lony — Doy 47 —661CACF} + 5o ¥ a0 {6Lm, (BoLmy —4(604Cr + o)) + 20004
mi 2 1 12 9 2
a8 CRY3Yy (12(Lm, —3)Lm, + 7 +48) + (48 4+7%) Bo} + VPV (6Lmy — 13)CR + V(5 = 3Lm,)CR
384m3
b Ca s 2 #(m; 1 (m 1 1
Pax1 247"‘2 {6miCrLy,, + (48 + ) miCr (vim) 4 EF,E 10 4 EF,f“)) 37CACE {~14CACE Ly, +168CACr +280L5, + (48 +72) BoLm,
i ;
1 . Y20, p
—3Y2(Lmy — 1)} + ﬁcjcf. (3Lm, (4(Lmy —5)Lom, + 72 +56) +480(Cs — 24)} + an‘ {6Lum, (20CACE + 280 — BoLmy)
P 1 2 4(9 o2
2 2 ) Yi(2Lm, —3)C
+6G3 = 57% = 216) + S CHORYF {=2Lmy (6Lmy (2Lmy —9) —168CACE — (244 77) o} — L 32m] =
+372 + 142) + 972 + 350 + (-'.w(?)(l)}

Table 10: Matching corrections, G(u), to the threshold form-factor for m; > mo > M > @ at
po~mi, a = af4dr), and L, = logm?}/u?. AG® are the mass and coupling renormalisation
contributions contributing at two-loop order. Vi(ml) and F are two loop vertex and wave-function
corrections, given in Appendices C and D.

7.1 Light Quarks

Let us begin by considering the representation of light quarks in the SM [60]. The first generation of the
quark doublet in the mass eigenstate basis is given by,

u t
u = / - . 7.1
Q d Vuad + Vuss + Vupb ( )

At the scale, @ > myg, in the full electro-weak theory, the operator coefficient is assumed to be unity. For

the first generation, all quark masses and Yukawa couplings can be neglected, and so the matching is given

by combining the gauge boson contributions computed earlier. The operator in SCET at the scale @ is,
n,p1

QuinPrQu — c(Q) [53 W | 7 Pr W3] (7.2)

where £(9%) represents the left-handed EW quark doublet of (7.1) in SCET. Thus, the matching condition,
c(p) at the scale p = @ with Lo =0 is,

log ¢(Q) = apw (Q)log " (Q) + apw (Q)* log ¢?(Q) + Oafw), (7.3)

where,

amw () = (0‘3(“) 1, 02003  oalp) 1 ) | (7.4)

47 3 4 4 A 36
The gauge couplings have been multiplied by the corresponding gauge factors, C'r, which are 4/3 for an

SU(3) triplet, 3/4 for an SU(2) doublet, and 1/36 for Y = 1/6. Moreover, the electroweak couplings,
renormalized at u = Mz, are given by [23],

Qem MZ
on(Mz) = (7%)
Olem MZ
o2(Mz) = (79W) (75)
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and their values at 1 ~ @ are obtained by the usual S-functions of the SM. The theory below @ is SCET
with an SU(3) x SU(2) x U(1) gauge symmetry. In this regime, the SCET current in (7.2) is multiplicatively
renormalised with the anomalous dimension y(u) given by,

log (1) = amw (121" (1) + apw (1)1 (1) + Oladow). (7.6)
The anomalous dimension, v(u), is used to run ¢(u) down to a scale of order the gauge boson mass. One can
integrate out the weak gauge bosons sequentially, by first integrating out the Z-boson at u = M , followed
by the W-boson at ;= Mw . This is not a good choice to use for the SM, as Mw /Mz is not negligible,
and summing powers of My /Mz is more important than summing a10g2 Mw /Mz terms. Instead, we
integrate out the W and Z at a common scale, chosen to be u = Mz. In this way, we match directly from
an SU(3) x SU(2) x U(1) gauge theory onto a SU(3) x U(1),,, gauge theory of gluons and photons, which
lacks the complications of an intermediate stage of broken EW symmetry where Z is integrated out, but
not the W. Moreover, the Higgs corrections for light particles are sub-leading as the Yukawa coupling is
proportional to the light mass and thus, are suppressed. At the scale u = Mz, integrating out the W and
Z bosons give a matching correction to the SCET operator,

9w o [ [k 0] s [ +

n,P1
4@ [’5;?1'32 Wn] v PL [Wg ;Cf;)l] . (7.7)

Since the EW symmetry is broken, the v and d’ parts of the operator get different matching corrections.
The matching corrections are as follows,

log d™) (M) =ay log dV (Mw) + a3 log d® (Mw) + O(a})
+ azlog d (Mz) + a3log d® (Mz) + O(a3) (7.8)

where the terms proportional to a1 and a2 correspond the Z and W contributions, respectively, and,

a = Gem L sin” 0 ’ (7.9)
V= drsin? Ow cos?2 0w \ 2 3 w ’
[ 1\ 2
= S = . 7.10
@2 47 sin? Ow cos? Ow (2) ( )

Below Mz, the operators in (7.1) are multiplicatively renormalised, with anomalous dimensions,

7 (1) = @ () () + @1 (0)*9? () + O(@a1), (7.11)
A (1) = aa (i (1) + a2(1) 1 (1) + O(@3) (7.12)

such that
ax(p) = {QZETH) % + aez;fp) g} and  az(p) = {OLZSTH) % + QEZEH) %} ) (7.13)

for the u and d’ terms. The final result for the operator at a low scale is thus,

[-@u)Wn} v PL [Wj g@@] (D) [553,22Wn] 7P [WT (w) ]+

n,p2 nsSn,pil nSn,py
C(d ) [_ggp)z Wn] rleLPL |:W7;1t, g‘;,ip)l] ) (714)
with
u Mz d u "od u
log () =loge(@) + [ Wy +logd™ (Mz)+ [ Py (7.15)
Q 1% My M
Mz g / kod /
log () =loge(Q) + [ Walu) +logd (z)+ [ Ly (), (7.16)
Q H My M

The EFT operator in (7.14) can then be used to compute processes such as dijet production using SCET
[5]. For jet production, the renormalisation scale, 1, would be chosen to be of order the jet invariant mass,
or 30 GeV for jets at the LHC.
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7.2 Leptons

The computation for the radiative corrections to the lepton current, Lv, Pr, L, where L is the lepton doublet,

L—<l>, (7.17)

is identical to that for the quark doublet, aside from a few replacements. The full theory operator at the
low scale, p, is,

L PLL —c™) [gg;;QWn] v PL [W,_j ) ] +

;1

RO [—w Wn] uPL [Wi ) ] (7.18)

n,p2 nSn,py

with the coefficients given by (7.16) and replacements v — v, d’ — [, along with different gauge theory
factors which implies the following coupling replacements,

/ (o233 aa(p) 1
apw (1) = apw(p) = ( o 1t e 1) (7.19)
« 1\
—a) = om = 7.20
“ “ 47 sin® Oy cos? Oy (2) ’ ( )
2
’ Olem 1 . 92
_ ! 0 7.21
az — as T sin® O cos? O ( 5 —+ sin W) » ( )
ai(p) — ai(u) =0, (7.22)
~ ~ Oem
s(10) — () = 2B (7.23)

which provides us with the leptonic equivalent of the previous result.

7.3 Top Quarks

In this subsection, we show how our results can be used to compute the radiative corrections to tt-production
by a gauge-invariant vector current Q:v, Pr.Qs, where Q; is the left-handed quark doublet in the SM. We
may write the quark doublet in the mass eigenstate basis,

o-(3)-

We will neglect all quark masses other than m;. This example is useful as it illustrates how to use the

t

. 7.24
Viad 4+ Viss + Vipb (7.24)

fermion mass and Higgs exchange contributions computed in our model. We will examine both the Sudakov
and threshold regimes in this case as they are both available to us in this example.

7.3.1 Sudakov Regime
In the Sudakov regime, the operator in SCET at the scale, u ~ @, is as follows,

QuinPLQi —er(Q) [E30Wa | 7P [wheld)] +
er(Q) [E0: W] 7Pr [whell, ] (7.25)

where f(Q") and f(t) represent the left-handed and right-handed t-quark doublet, (7.24), and singlet, tg,
respectively, in SCET with gauge indices suppressed. The reason tr appears in this case is due to Higgs
exchange graphs which are chiral in the SM, and have been computed in our model value which is a vector-
like theory, thus when mapping to the SM we must plaster on the fact that the Yukawa vertex flips the
fermion chirality. Practically, the Higgs exchange vertex correction mixes the () operator with the tr
operator. The matching condition at the scale u = @ is then given by cr/r(Q), where one splits the left
and right handed contributions of ¢(Q) which now has non-zero Yukawa coupings. Hence, cr(Q) includes
all terms which arise from Higgs exchange graphs of type illustrated in figure 4; and the remaining graphs
contribute to cr,(Q). Note further that one must include appropriate factors of two for terms in ¢,/ arising
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Figure 4: Vertex contributions to matching, cg(u), at one and two loop order. Higgs exchanges
cause Qt'yMPLQt to mix with ¢z, Prt and the index, «, is the fundamental SU(2) and index and
is summed over.

from summing over each closed SU(2) index loop, i.e. because both the Higgs and @Q; are SU(2) doublets.
As for the wavefunction correction, the t;, and tr field renormalisation contributions which include Higgs
exchange must also include appropriate factors of two from loops with SU(2) index summation.

The theory below @ is SCET with an SU(3) x SU(2) x U(1) gauge symmetry. In this regime the
two operators in (7.25) are multiplicatively renormalised with anomalous dimensions (again splitting chiral
contributions in the same way as for matching),

der (1)
dp

der(p)
dp

=L(p)er  and = Yr(1)CcR. (7.26)

At this scale, the Higgs vertex graph, which causes cr/cr mixing, is 1/Q? suppressed. The anomalous
dimension v is as usual used to run c¢;, and cg down to a scale of order m;. At u ~ m; there are several
different methods one can use. Since {m:, Mw,z, M} are not widely separated, one can integrate them all
out together. In this way, one goes directly from an SU(3) xSU(2)x U(1) invariant theory to a SU(2)xU(1),,.
gauge theory, with broken SU(2) x U(1) symmetry and no EW gauge bosons. This procedure keeps the
entire mass dependence on the four mass scales. At the scale u = m; the t-quark SCET field is replaced
by the heavy quark field ¢,, whereas the b' quark in the SCET field ¢(®%) remains a SCET field, §<b,). The
operator matching is,

[7%?53 Wn] uPr [Wff %‘;)p‘f] - a [755’,;2 Wn] v Pr [W,-f 5—}’,,31] + sl te, (7.27)
|:7£Lt,)112 Wn] rYHPR [Wg g,)pl] — aSt—vgtvu (728)

_ 928 —



where the matching coefficients, a;, and are obtained using the results of the results from section 5.2. All
running couplings are renormalized at © = m¢. The expressions are given by adding the contributions due
to the W/Z, g,v and H, h%T, where h>" are the unphysical Higgs scalars present in R = 1 gauge. Lastly,
below g = my, the t,,t,, operator has the anomalous dimension,

4das; 4 aem>

— (D 202 3 _(Aos 4
Y3 =ayy +av; +0(a’), a7<34ﬁ+94w

(7.29)

from the fourth column of table 5, with the given group theory factor replacements. The radiative corrections
to the t operator can then be combined with known methods to obtain t-quark decay distributions. The
QCD corrections (the s terms) have already been included in the analysis of previous work [30]. The new
results in this paper are the additional two-loop EW radiative corrections, including Higgs effects.

7.3.2 Threshold Regime

In the Threshold regime at u ~ my, and m: is the largest scale in the problem. Although the scales,
{m¢, Mw,z, Mg}, are not widely separated, one can no longer integrate them all out together as in the
Sudakov regime. One can integrate out the scales m;, Mw,z and My in various ways, e.g. one can integrate
out each particle at a scale u equal to its mass, or integrate out one or more particles simultaneously at some
common value of p, as was done in Sudakov regime. The most experimentally relevant way to integrate out
the relevant scales is to first integrate out the top quark as my ~ 172 GeV and my > myg > Mw,z > my,
which leads to an effective theory that breaks SU(2) x U(1) invariance as the b’ quark remains along with
dynamical W/Z bosons. From which one integrates out the Higgs first [26], as My ~ 125 GeV, and then the
W/Z bosons at a common scale, Mz ~ 81 GeV. Otherwise if one wants to avoid breaking SU(2) x U(1)
invariance, one is free to integrate out both ¢+ and b’ at a common scale, i ~ m;. Then one can either
integrate all massive bosons at a common scale, Mz or separate into integrating out the Higgs first then the
W/Z at common scale. We consider the former here to illustrate and leave further analyses and numerical
comparisons to upcoming work in the SM and beyond, as there is the further case of heavy-light currents
to consider as well.

Integrating out both ¢ and b’ at the common scale ;1 = my, below m; the fields are replaced by their
heavy quark counterparts ¢, and b,, respecitively. The operator matching is,

Qt’Y,uPLQt — blfvztvl + bg?)vz b,, and {R'Y;LPRtR — b3fv2tvl, (730)

where the matching coefficients, b;, are obtained using the matching coefficient, b(m.), from section 6 with
the appropriate graphs and group theory factors for each part, adding the contributions due to both 4" and
t individually. All running couplings are then to be renormalized at © = m;. As in the Sudakov case, below
= my, the fv2tv1 operator has the anomalous dimension for running from m; — Mz and is given by,

é% + éaem
34 9 4w

v3 = an” +a*Y + 0(a*), a= < (7.31)
from the fourth column of table 5, with all running coupling renormalised at ¢ = m;. The remaining
quantities needed are the matching contributions at y = Mz, where the operators fvz ty, and Bv2 b,, above
Mz are matched to their counterparts below Mz with massive bosons integrated out,

Tooto; = Uiloyty, and  buyby, — Uzbyyboy (7.32)

where the matching coefficients, u;, are obtained using the matching coefficient, u(Mz), from combining
contributions from tables in sections 5.2 and 6 with all running coupling renormalised at © = Mz. The
expressions are given by adding individual contributions due to each massive boson in the SM.

8 Technical Calculation

The Feynman diagrams we needed were generated using QGRAF [56], the output of which was then processed
using FORM [63] to express the diagrams in terms of a linear combination of a set of scalar integrals. We
then reduced these integrals to a much smaller set of so-called master integrals (MIs) using integration-by-
parts identities (IBPs) [14], with the help of LiteRed [44] and home-grown tools. Our master integrals in
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Figure 5: Topologies required for the calculation of two-loop form factors. Solid lines represent
massive particles, double lines represent heavy particles, dashed lines correspond to massless prop-
agators. Arrows represent direction of momentum. (a;) represent topologies of MIs at p ~ Q
(Sudakov), (b;) represent topologies of MIs at y ~ mq 2 (threshold), (¢;) represent topologies of MIs
at p ~ ma (threshold), (d;) represent topologies of MIs at yu ~ m; (threshold) and (e;) represent
topologies of MIs at p ~ M (Sudakov/threshold).

some cases are dependent on two mass scales taken to be not widely separated, either the external particle
masses or the bosonic masses, respectively. One can perform these integrals numerically but to obtain
analytic results we expand such amplitudes in the mass difference to NLO in said difference, leading to
single scale integrals. Once the integrals are maximally reduced, all that remains is to evaluate the master
integrals. As these procedures are well-known, we refrain from delving into too much detail.

We focus here on the calculation of MIs of the two-loop vertex and wave-function contributions. The
full theory integrals have been computed analytically [1]. The result was found as a Laurent expansion in
the dimensional parameter, ¢, using the differential equation method [42, 59]. We evaluate our MIs in the
effective theory, HPET, which are not known analytically, in the same fashion. One requires the two-loop
master integrals up to a sufficiently high order in € to obtain O(e?) accuracy in the form factors. As we are
still evaluating the heavy-heavy and heavy-light master integrals, we will keep the details of this calculation
for upcoming work. Instead, we briefly outline our classification scheme for reference and present the results
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we do have explicitly. The master integrals are classified according to their underlying topology.

We begin by distinguishing between the vertex topologies for external full theory fields displayed in
figures 5 (a-c). The master integrals for all topologies can be expressed in terms of a single integral family
with seven propagators given by,

(s) 4m)2 e Ee] 1 1
Ty = [0 T [ 4007 DT ()’ (®.1)

where [; : ¢ = 1,2 are the loop momenta, s is the scale in the EFT formalism at which the MIs play a role,

and,

s
§
\ |

I —m? Da(m)=15—m? Ds(m)=(l1+1l)*—m>
(m) (i —p1)? =m?,  Ds(m)=(la — q)* —m?®,
D ( (i+q)?=m? Dr(m)=(+1l2—q—p)°—m”

Here the p; : i = 1,2 are the external momenta, which are taken to be on-shell (10,2 = mf) and ¢ = p2 —p1 is

§,
I

the usual transfer momentum. We therefore label the MIs by the exponents, v1 ... v7 of the denominators,
D;...D7. Note the single mass scale in our denominators, this arises from the fact that for integrals
involving two mass scales or more, we expand our results in the difference of mass scales up to NLO.
For instance, for graphs that include propagators of both W and Higgs bosons, we expand about AM =
Myw — Mp, assuming them to be not widely separated. This is done purely so we can present our results
analytically as any number of scales can be handled numerically, moreover our choice to expand to NLO is
for presentability as there is no issue in expanding the amplitudes to higher orders in AM computationally.

In the Sudakov regime the vertex matching contributions at the scale p ~ @, V;(Q), has all mass scales
set to zero as they are taken to be IR, and thus m = 0 in cases below, in which case we have MIs with
topology given by figures 5 (a). Post-reduction one is left with the following master integrals,

Q? (13e — 4elog ( ) n 2)

Jl((?l)OlOO = Srte ) (8.4a)
@ e(2(m* = 72) e —3) +6eLq (e — 4eLg +4) — 12
1160110 = Toric2 ) (8.4b)
@ e ((114+ 7%) e+ 30) + 12eLq (—5e+eLg — 1) + 6
1100101 = — 1972 ; (8.4c)
@) 59%e! + 12077 €® — 80eLq (3m°€” + eLq (—3m°€* + €L (eLg — 2) + 3) — 3)
S0 = 12074t Q2
83¢%C3 (1 — 2eLg) —
4
+ 3mtetQ? ’ (8.4d)
where Lo = log Q?/u? and ¢, denotes the Riemann ¢-function,
— 1
:Zk—n, n>2:né€N, (8.5)
k=1

and these integrals have been verified from previous work [62]. On the other hand, in the threshold regime,
the full theory MIs have topologies represented by figures 5 (b,c). Due to the threshold limit, @ — 0,
the MIs are further reduced down to two-loop self-energy topologies, as shown in figure 6, and analytic
expressions can be obtained from the standard ON-SHELL2 package [29]. The master integrals can therefore
be expressed in terms of a single integral family with five propagators given by,

(s) 4 2 € ﬂ/Ee 1
T oy = (PP [0 ta e (50

where [; : i = 1,2 are the loop momenta, s is the scale in the EFT formalism at which the MIs play a role,

and,
Di(m) =15 —m? Dy(m)=15—m? Ds(m)= (1 —p)> —m?
Dy(m) = (Is — p)°> —m?,  Ds(m) = (I1 — 12)*> — m?. (8.7)
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Figure 6: Full theory self-energy topology. Arrows represent momentum direction. The MIs
associated to other topologies are subsets of the MIs required for this topology.

To begin with, the vertex matching contributions at the scale u ~ ma > mi, M, for matching from the
full theory to heavy-light operators is represented by Vi(mQ). Post-reduction one is left with the following
master integrals,

4
(ms)  ma(2eLimy (€Lmy — 26 — 1) +e(e(C2 +3) +2) + 1)
J1(7"2>1(m)000 - - : &2 ) (8.8a)
2
(ma) _ m3(2eLomy(€Lmy, —3e —1) +e(e(3C2+7)+3) +1)
T oo1m) = = : - 2¢2 ) (8.8b)
2
(ma) _ M3(2eLoy (€L, —3e — 1) + e(Te +3) + 1)
11(72">100 - : - €2 ’ (8.8¢)
(ma) _ m3(4€Limy (2€Lim, — 5e — 2) + €(e(20(2 + 11) + 10) + 4) 8.8d
o1(m)101 - 862 ) ( . )
) —6eLomy(e(~Lm) + e+ 1) + e(e(6S1 + G — 3) +3) +3 is
011(m)ga(m) — 62 > (8.8e)
(ma)  m3(4eLony (6L, — 17¢ — 6) + ¢(e(12C2 + 59) + 34) + 12) -
01(m)1(m)g1(m) — - 862 I ( . )
(my) _ 1 2 (2
Jorio1 = g2\~ 4Lm, +13 ), (8.8g)
(m2)  m3(4eLm, (4L, — 11 —4) + €(€(1251 + 82 + 35) + 22) + 8) L
Jl(nL)OOI(m,)l - 862 ) (88 )
m 2€Lom, (€(—Lmy) +4e+1) +€(e((2—12) —4) — 1 .
T = 2(<l 2) 62) (=l ) ; (8.81)
(m2) - %5182 + iWCQ — 3(3 (8 8J)
11(m)111(m) m% ’ .
where S = % and So = 9;\‘}5’0[2(%) such that Cls denotes the second order Clusen function,
0
Cly(0) = —/ log |2sin (0/2)]d6: 0< 6 < 2. (8.9)
0

Next, we consider the vertex contributions, \/i<m), at the scale p ~ m12 > M, for matching from the full
theory to heavy-heavy operators. After reduction we have the following master integrals,

m*(2eLom (€L — 26 — 1) + e(e(C2 + 3) +2) +1)

Jé:ﬁlmmmm - 2 ; (8.10a)
T = m?(deLom (26Lom — S — 2)8; €(e(20¢2 +11) +10) +4) 7 (8.10b)
Jéﬁv)n)l(m)m(m) = m2(72€£m<€£m€2+ 5-3-1 (8.10c¢)

L c(=e(Si(log (3) —3) — 98622 +G N +S -3) -1 (8.10d)

As for the full theory two-loop wave-function contributions, present in Appendix D, it is well-known that
they map to MIs illustrated by figure 6, and thus we refrain from going into detail.
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With regards to the effective theory MlIs, the HPET vertex and wave-function contributions have MIs
with topologies represented by figures 5 (d,e) and 7, respectively, the analytic expressions of which we
will present in upcoming work [3]. Instead we present our results in an attached ancillary file, in general
dimension, d, with unevaluated master integrals, defined by the notation below. We begin with considering
the heavy-light currents in figures 5 (d), the master integrals of which can be expressed in terms of a single
integral family with seven propagators given by,

s —e e 1
L e e 1

where v2 is the heavy particle velocity, p1 and m; are the full theory field momentum and mass, p1-v2 = w’,
and thus,

Di(m) = (L +p1)* =m?,  Dz(m)=(lz2+p1)* —m®, Ds=(h—12)? Di=1Ij,
D5:l1-v2, DG:lg-vg, D7:(l1712)~1)2+wl. (8.12)
Similarly, for the heavy-heavy vertex contributions, all sub-topologies can be mapped to the largest unique

two that are shown in figure 5 (e). We can again express all master integrals in terms of nine propagators
given by,

s —e €12 D D 1
KD o = [0 =) [ 4% por =1
where v; 2 are the heavy particle velocities, v1 - v2 = w, M is the mass of exchanged bosons, and
Di=ls-vi, Dy=1i-vi, D3=(li—1l2)* =M, Di=I;— M
Ds(M) =11 -va, Dg(M)=1ls-v2, Ds(M)=13—M? Ds=15 Dg=1I; (8.14)

Finally, we examine the wave-function contributions of which all topologies are mapped to those shown in
figure 7. In this case we can express all MIs in terms of six propagators given by,

S —€ € 2 1
N L (19

where p and v are the heavy particle residual momentum and velocity, M is the mass of exchanged bosons,
and

Dl:(p_ll)'v7 DQ:(p+l2)'v7 D3(M):l§_M27 D4(M):(ll+l2)2_m27
Ds(M)=1; —M? Ds=(p+lo—11)-v, Dr=135 Ds=(l1—1l)> (8.16)

Figure 7: Heavy field self-energy topologies. The MIs associated to other topologies are subsets
of the MIs required for topologies illustrated.
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9 Discussion

Both the massive and massless form factors are indispensable building blocks to a broad set of observables
in both high and low energy regimes. Precisely studying these factors are crucial for shedding light on
mysteries that remain in the standard model and beyond, such as the physical structure of the top quark,
aspects of mass generation and the nature of dark matter. Our broad set of composite operators, choice
of model for applicability, as well as consideration of two critical energetic regimes is emblematic of the
breadth of the problem at hand. Our two-loop results are not complete, as we have not considered all
possible regimes, for instance, the low-energy regime, nor have we calculated the vertex corrections at two-
loop orders for SCET graphs. Continuing to map this space at two-loops and beyond is essential for our
predicting power to be able to match the high precision potential of a future electron-positron collider and
the LHC in its upcoming high luminosity operating phase.

At this point, the effective theory formalism is a central front of attack when it comes to tackling
such complex problems by breaking them downscale by scale. By application to the SM, we have begun
extending the work on EW corrections to high energy processes beyond NLO, as stated in the latest review
[24]. Moreover, we are mapping other parts of the energetic landscape, aside from just the Sudakov regime,
which itself opens the door for further investigation. Beyond the SM, the generality of the model and
operators studied means that our results can be applied to BSM models by replacement of the proper
coupling and group theory factors, which would be very interesting to examine further. For instance, one
can apply our results to various models of dark matter [22, 57|, where weak corrections are significant for
indirect detection.

A Feynman Rules

This appendix lists the Feynman rules of the vertices which are needed for the calculation of the form
factor, as they follow from the Lagrangian of the spontaneously broken SU(2) gauge model described in
section 2.1. The gauge boson fields of mass M = Mw are W : a = 1,2,3 (with Lorentz vector index p).
To each W corresponds a ghost field ¢ (and antighost ¢ ) and a Goldstone boson ¢%, one of the unphysical
components of the Higgs field. In the Feynman-t’Hooft gauge used by us, one sets My = Mw . The fields,
1 and x denote fermions and complex scalars, respectively. Lastly, ¢ is the weak SU(2) coupling, and the
labelling, {1, 2} differentiates between the particles on the grounds of mass, if two of the same kind exist
in a vertex. Vertices which apply beyond two-loops are omitted here but should be included if one wants
to venture beyond.

A.1 Gauge boson self and Ghost couplings
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A.2 Bosonic couplings to fermions/scalars

gy T
wi we
Y ¥ X X
> P———— eeeeeeeeeed > SCITTTTICEY TUELITEELD > SCITIETIEEN
I T
I I
I —i5Yy | —i5Y,
I I
H H
X X

2ig%g,, TT"

W wl

A.3 Gauge boson coupling to Higgs and Goldstone bosons
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A.4 Effective theory couplings
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In the effective theory vertices, solid (dashed) lines correspond to fermions (scalars) and widely (thinly)
spaced lines correspond to heavy (co-linear) particles. As for the co-linear vertices we do not distinguish
between soft/Wilson line couplings as they are identical up to the order we are considering.

B Mass Renormalisation

B.1 Matching at p ~ mqo:

. 2 .3 A3 . 2,3 o3 2,3 43 2 .3 53
aB® - _ 3¢AmY Emy O +3c.a23 3 = 8CAm= Em OF _ 3GA™Y Emy OF +30,23 3 - 3CA™MZ Ly COF
o 2m2 Afmy TF 2m? 2m?2 Afma T F 2m?
2 .2 -3 . 2 .2 A3 2 o3 2 o3 2 43
camicd, of  soamicl, of o2 o8 120 my L3, CF  8CaL5, CF  1204m_£3, Cf
2 + 2 ACA Ly, CF + +
2m*<. 2em*< m_ € my
2 22 -3 2 .2 53 2 .2 -3 . 2 .2 43 2 3
70 m2 L3, CF 80 m2 Ll CF  Camicl cf 3Camicl, Ch o2 o3 12Comy L3, CF
2m? + 2em? * 2m?2 * 2em?2 T ARma TR T m
. 2 2 o3 2 2 A3 . 2 A3 2 A3 2 22 -3
3CAm3 Loy £3,,Ch 5 5 3CamZLmg £} Ch 8CALD, C  1204m_ L}, Ok TCam? Ll CF
T = 2 T 80 AL L2 O+ _ _ n
2m?2 A 15~mo™~F om2 om2
m*< mi e L m3

— 36 —



2 2 3
30 m2 L3, Ch

2em?

T
12C m_ Loy C3

—16C 4 C} +12C 4 Lon, CF —

2,2
N 3CAm3 LY, LmyC

em 4

12C g m4 Ly Co

ZWLa

2
Cam3 Ly Ly O

4C gmy Loy C3

12CAm4 Lm, C3  28C m_ Lmy CF

m

. 2 3
—804L0, LmyCh +

2
 304m3 Ly Ly O

eEm _ ’VTL+
3C am2 L2 Ly C3 ac Lo .c3
- 2¢F AmyLm
2 F 1204 Ly ¢ CATEEMI O
2m,+ m_

em_

2

2

. 6C A Lmy Lo C3
+SCA[«m1[«m2C'f¢'+17”*

m<. em< €
7CAm2 Lopy Loy C 3C A m2 Lony Lono C 28C Lo C3 12C Lo C3 120 4 C3 3m2 £3 2
— 1=ma2™pF AM_Emq Efma Y + AM—Lmo O 4 AMm—LmyCE ACFr +5mi Y F
2 2 2
m3 emi moy emy € Am=
3 2 q 2 3 2 q 2 3 2 P 2 2 2 2 2 2 . 2 2
mlcF +§L3 02 B dm,+ﬁm 73m,7£m2CF +7[,‘5 02 +37n+£m CF WL+£m CF +()7n+£mlcF7
am?2 g mTF am?2 am? ma ~F 4em? am? m_
+ = + = =
2 2 2 2 2 2 2 2 2 2 2 2 2
37, C%  6m_r} C%h  sm?el of  tmiirl CF g 2 + +Lm2CF N +Lm2CF B 6m+Lm2CF+
2 my 4em? 4m32. m1 o F 4em?2 am?2 m_
2 2 2 2 2 2 2 2 2 2 2
m3 Loy £3,,CF  3m2 Ly £7,,CF 2 o2 3L7,,0% 6m_£3,,CF  3m?irl CF
am?2 am?2 T M Tma TR 2¢ B m + 4em?2
= '+ + i
2 2 2
™m< Ly, C 6m_ L, C 2my Loy, C2 6m_ Ly, C 14m_ Lo, C2
—Ltm F m m m m —Lm —Lm
22 72&”20%7 +£my +£m1CF 1 LEE 4 6Ly OBt
4m,Jr em _ m_ em my
3m2 £2 Loy, C 3m2 £2 L, C 3m2 Loy Loy C2
e 2 Loy Emo 5 5 6myLmyCh  2my Lm,C m Lmy LmyCh
2 2 - 7Lm1 LmyCF + + - 2 -
am?2 4m? em_ m_ 2em?2
2 . 2 2 2 . 2
m4 Lmy LmyCp N 3Lmy LmyCh 3mZ Lmq Lmgy C - TmZ Lmqy LmgC Al LonnCE 4 am,LchF+
) ) ) mqLmoCp ——
2m*< € 2am+ 2711+ em
3 3 3
14m_ Loy C% 5, 6C% o CamiBoLl, Cp  Cam_BoLy, Cp  CamyBoLy,,CF
+6LmyCh — —& —8CF — — + +
my e 12m_ 12m 12m_
cAm,BOLchF 1 5 cAm,+BOLEnlcF cAm,+5053n1cF cAm,BOL?nlcF cAm,Boﬁfnlc
— =CAB0Lin, OF — + + +
12m 4 am_ dem _ am dem
2 2 2 2
1C 5 2 o N CA”L+50£m2CF CAWL+BOCm2CF CAWL,BOEWQCF CAWL,BOEWQCF CAB0CFE
4 AT0Tma am dem am dem e2
- - + +
iCAw2B0Cp + CAm4B0Lm; Cr  CamyBoLm CF + CABoLm 1 CF  204m_BoLm O Cam_BoLm;CF
12 2em _ 2e2m _ 2e my 2em
Cam_BoLm,Cp  Camyn2B0Lm,Cp  Cam_7280Lm,;Cp  CaAmiBoLmyCr N cAerBOLchF+
2e2m 24m _ 24m 2em _ 2e2m _

CABOLMyCR i 2

Cam_BoLmyCr N

Cam_BoLmyCr

2e

Cam_BoLmyCr N

Camyn2B0LmyC
s Lk m2 F

moy 2em g 2e2m 24m _
v272 4 2 md 22,2 4 2,2
Cam_n2B0LmyCp 3CACEYFLE, mi  8CpyPel, mi N 304CEYFLY, mt  3CpYFLl mi
2 2 2 2 2 2 2
24m g m2 m32 2m2 m? m2 m32 2m2 m32.
9CAY7P0LE,,m} N 3C A CEhmo YLy, mf N 3CpmoYPLd mi  CamaYPBoLy, mi N 3CACEmaYF LS, m?
2 2 2 2 2 2 .2 2 .2
32m2 m?% m2 m32 2m2 m?2 12m2 m?2. m2 m2
8CpmoYPLd mb  CamaYPBoLh,,mi  85CACRmaYPLY, mi  35CpmaYPLD, mi  8CACEmoYPLE, mi
ngmi 12m?2 mi ngmi 4m{mi Em%mi
; 2,2 .3 : 2 2,2 .3 : 2,2 3 2 2,2 3 2,2 .3
8CpmoYPL, m¥ 1804 CEmaYPLy,,mY  18CpmaYPLD,mi  8CACEmoYPLY mi  8CpmavPLl, m?
2am{mi 2m?2 mi 4mimi am{mi 2amimi
CamaYPBoLY,,mi  CamaYPBoLY, mi  8CHCpmaYPlLm L2, mi 80 CpmaYPLY, Lmgm}
+ . _
2 .2 2 .2 2,2 2 .2
4m?2 m?2. 4em? m? 2m2 m? 2m2 m?2.
2 2 3 2 2 3 2,9,2,3 2 3 .2
11C3 CpmaYPLm) Lmgm]  8CHCpmaYPLm) Lmgm]  3CACEmIYFLE mi N 3Cpm3YPLY, mi
2,2 2 .2 2 2 2
2711.7771,+ emZ mi mZm3 2711.7771,+
3 .2 . 22,3 2 2 : 2y2,2 2 2
804 CEm3Y7Ly, mi N 3Cpm3vEed, mi 18CACEm3YFLY, m3 _13opmdvied, mi 3CACEm3YFLY, mi B
mZ m? 2m2 m? mZ m2 2m2 m?. cm? m?
- 2v2,2 2 2 2 2 2 E 2v2 02 2 E 2 2v2 02 2
8Cpm3YZLY, mi  9CAYPBoLE, mi  18CACEm3YPLE mi  18Cpm3YPLY, mi  3C,CEm3YPLY, mi
2am27m2+ 32m_m4 mimi 2m{mi amimi
3Cpm3YZLl,  mi  90am3YZBoL],,mi B3CHRCpm3IYiLm, L], ,m]  B1CACLYFLm m] N 31CpYF Ly mi
2am27m2+ 167117m2+ 27117m2+ m_my 2m_my

3CACHYF Lmymi

scFYJ?Lmlm%

5cAYJ?ﬂ0Lm1 m?

9cAyf2ﬂ05mlm%

5CE Y;Emz m?

5CACEY? Longm?
+ L +

em_my 25m77n+ 16m7m+ 165m7m+ m_my 2m7m+
22 2 2 2 2 2 2 2 2
3CACRYFLmymi  3CpYFLmgmi scAcFmQYf vy Lmgmi  9CAYFBoLmom] 90 YF ﬂOEm2m1+
em_my 2em_my 2m7mi 16m_m 16em_m
2 22 2 2 212 2 2 3y2 . 3y2,3
1804 Cpm3YF Lmy Lmym] N 3CHCRpm3YF Ly LmgymT N 3C 4 CFmEYFLY, my . 3CpmBYFLy, m1
2 .2 2,2 2 .2 2 .2
mZmiy emZ m3 mZm3 2711.7771,+

— 37 —

F



3 2 3 2 3 2 K 2 3 2,2
Cam3YFBoLy, m1  BCACEmMEYZLY myi  3Cpm3vZicLd, mi  Cam3YFBRoLy,,m1  18040FmivZL], my
12m2 m?2 m?2 m?2 * 2m?2 m?2 12m2 m?2 * 2m?2 m?2
=" =" -m3 -m% -m%

13C yZc2, 3CC2m3vEce?, 3CEm3v2c? c YZBoL2 c YZ80L2
Fm3Y, FLmg™ ACEm3Y, FLmg™ FmyYy L, my Am2YfBoLy, m1 Am2YiBoLy, m1
Am2 m2 - 2 02 2em?2 m2 - 4 - 4 -
WL7WL+ EWL7WL+ em ’VTL+ mi’ﬂL+ E’VTL?’VTL+
35C 4 CEmiYPLY omy  35CEm3YPLY my  3CACEm3YRLY mi  8Cpm3YPLY my  CamBYPBLY, my
2 2 - Am2 m2 - 2 02 - 2em?2 m2 - Am2 m2
WL7WL+ mZmi emZ m3 emZ m3 mZmi
c 2 3C2 Cpm3Y2Ly,, £2 2 moY2 y?2
Am3 fﬂo Tyl ACREmEYF Loy £7,, m1 N 220, CFmaY7 Lmymy  11Cpmy fﬁynl7n1+
2 .2 - 2 2
45771.7771,+ 2711.7771,+ m_my m_m.y
12C 4 CZmoY? L 5C Y?c c Y?B0L c Y?BoL c Y?BoL
ACEmM2Y i Lmymy . 6CpmaY§Lmymy . A™M2 fﬂo mqmi . A™M2 fﬂo mqm1 . A™M2 fﬂo mq m1+
em_my em_m m_m 2£m,m+ 2527‘@,7‘@+
c 2y280L CAC2 2r c 2r CAC2 2r c 2r
Am2m?YEBoLmymy  22040%maYiLmomi  110pmaYFiLmomi 1204 CEmaYF Lmomi  6CpmoYFLmymy
24m77n+ m_my m_my em_my em_my

SCACFmZ f mlCmZWLl

CAm2YJ?ﬂ0Em2m1

CA’"2Yf2L30Em27H1

CAmszZﬂoEmzﬂu

Caman®YZB0Lmymy N

— 38 —

2m?2 m?2 m_my 2em_mg 2e2m_my 24m_m
11CE Cpm3YFLmy Lmgmi  8CECpm3YFLmy Lmgymy I , 18C4C%Y?  9CpY}
+ — 4204 CEYF? —21CpY7 — -
2 .2 2 AYFYf FIf
27n77n+ em< m € €
804 CEm3YZLY,  8CEpmiYPL  90am3YPBoLy, — BC4C0EmiYZL 3Cpm3YZL 9C g m} fﬂOLmz
2 2 2m2 m2 32 - 2 2 - 2m2 m2 - 32 2 -
mZma mZ ma 32m_m_ mZma mZmi 3 7n77n+
9 5 7cAYf2B0 gcAYf?BO 3 9 o 5cAc%m§Yfzaml scpmgyfzaml SCAC%m%YfZle
—CAY}Bo — - - —COan Y80 — - +
8 8e 8e2 32 _mg 2m_my em_my
2v2 2v-2 2+v2 2 2+v2 242 2 2v2
3CEpm3YELmy  90Am3VEB0Lmy  9CAMEYEBoLmy  BICACEmMEYELmy BICpmIYVELm,  3C4CEmMEYELm,
25m7m+ 16m7m+ 165m7m+ m_m.y 2m my em_my
22 22 242 3m3 452 2 4052 02
3Cpm3YZLmy  50AmM3YFZBoLmy  9CAMEYFBoLmy  B3mimoYFOLL smimaytod L7
2 .2 2 .2
2em_m 16m_m 16em _m 1657117771,+ 165m77n+
3mPmoY O3 Lmg Lmy  3mimavicl L) smimoy g L} mimoytciel,  smimovicodLmg £3,,
2 .2 - 2 .2 - 2 .2 2,2 + 2 2 -
8em?2 m3 16m2 m3. 16m2 m32. sm2 m3 16m2 m32
3 452 02 3m3 1052 2 3 452 2,90452 £2 2 2
mimoY}OR LT N 3mPma YO L2 Lmy  SmimoYPCR Ly Lmy  Bmim3vPoicl smimivicicl,
2 .2 2 .2 2 .2 2 2
sm?2 m?2 16m2 m3. am?2 m3 16m2 m32. 16m2 m32.
3mIm3YFACL Lmg Lmg  2TmIYFCE Ly 15mPYFO% Ly 3mim3YiCEL] smym3y o £2
2 .2 - - 2 .2 2 .2
sm?2 m?2 32m_m 32m_m 16em?2 m? 16em? m?
8mimBYFACY Ly Lmg  3mimivicied,  smimdvicoied,  mimdvicicel,  smim3vEcdLmg £},
- - - +
2 2 30, 2 2 2 2 2
8em? m3 16m?2 m? 16m?2 m? 8m2 m? 16m2 m3
3y402 2 3y402 3y452 24052 442
1imym3vio] o N 3myim3YRACR LD, Lmy  5mamBYECH Liny Ly N 2TmEYCE Ly BmamaYEOR Ly N
Smami 16m?2 mi am?2 m2+ 32m_m dem_my
4 ~2 4 ~2 4 ~2 2+v4~2 4 ~2
3mima VOl Ly 5mamaYiCOR Lmy . SmimoYAC) Ly 15mEYACR Ly  21YFCR L2 e .
dem_m 2m_m 2m_m 32m_my 32e w6 S A
3c,,m2 3 c3 30 4m2 3 o3 30 ,m2 2 ©3 17 30,422 ©3
() _ 3 A mi Tk 3 A= Emy R AL Em, O AL, OF
ABy 3CA£m1 Cp-—5 — + 3cAﬁmch - 2 + - *CAﬁml cop - — =
m3 m? 4m?2 2 e
200m_£3, 0% 310am2 ] 0} 30, m2 £ C0f  80,m3c], CF 17
1 —my R £ +omg TR S c £3,,Ch —3CALmy £3,, CF
m am?2 * em?2 * am?2 B A F = 3CALmy Lmy OF F
+ + + -
30am?2 Lo,y £3,, 0% 8304L7, 0% 2a04m ], CF N 3104m? 27, C%
- _ _
my € moy 4771,+
3cam? 3, C% 3 3 6CAm4Lmy Ch  6204m_ Ly, CF
5 +68CACH — 24C A Ln; CF — - -
€m+ mo__ m+
3 . 2 .2 3 3
24Cgm_ Lmy Ch 2 3 3CAmZ Ly, LmyCp 3, 6CAamy LmyCh
— L _804L}, LmgCp + ——————— —24C L, Cp + ———2L
€m+ m m__
+
3cAm2+Lm1 Ly T3 3 6CALmy LimgCh 31CAm?2 Lomy Ly T3 6Cam2 Lomy Long CF
" +17C AL Lmy Cp + - - 5
2m?2 e 2m? em?
3 2 3 2 2 ;3 2
62C g m_ LmyC N 24CqAm_ Ly Ch N 24C 7 C4, B Sm,LmICF N 7L3 o2 Bm,EmZCF N EES 24
o2 my CF T Tt mo CF
m+ £m+ € m+ ’VTL+
2 2 2 2 2 2 2 2 2 2 2 2 2
mi Ly, OF 8%, 0k 12mogf, 0f  am? el OF 3im? 27, CF B 252 c% N am? £}, CF
8m2 2e my 2sm2+ SmJr 4 8m?2
2 2 2 2 2 2 2 2 2 2
3m? Loy L3, CF BT 3£5,,Ch  12m_L7, CF am? 27, CE  sim?rl CF a7 2 c B
2m?2 g M Ema T E 2e m 2em? 8m?2 £
+ + + +



3my Lm, CF  12m_ L C%  31m_ Ly, C2 5  BmILl LmyCE o 3, 5 3myLmyCL
- - 126 O —— T2 TR S p2 f, O 4 2R
m_ em 4 mq 2m 2

+ mo_
2 2 P 2 2 2 2 2 2
my Lmy LmoCL  3Lmy LmyCF 3mZ Lmy Lmy CE 31mZ Lm LmyCrL 17 12m_ Ly Ch
> + - 5 - > +—Lm1Lm20F+7
4m= € em? 4m+ emy
3 3
31m_ Lo, C2 12C% Cam_BoLy,, Cp Cam_pBoLy, Cr 1
T M2 R 19£4, 0 + —L 4 34CF — LR T2 4 —CpBoL2, Cp+
my e 6my 6my 2 1
cAm+50L$n1cF 5cAm,50£$nlcF cAm,BOL?nlcF 1 5 CAWL+[‘30C?712CF 5cAm,50£$n2cF
+ + +-CAB0L, CF — - -
8m _ sm 2em 2 8m sm
Cam_BoL2 Cp 3C 4 BpC 20 4 m_ BoC 2C 4 BoC 1
LT M T 50 B0C + —20 T AP0 | TPATO TR | 0 n2B0Cp — CaBoLmy Op—
25m+ € my e2 6

Cam4B0Lmy Cp  CamiBoLmCrp  CaABoLmyCp 13Cam_foLm,Cp  5Cam_BoLm Cp Cam_BoLmyCp

Am _ dem _ € 4m dem 52m+

2
CamZ BoLm, Cp Cam_72B0gLmq Cp CamyBoLmyCr N CamyBoLmyCr CAﬂOLm2C’F+

— 204 B0LmyCp +

2m2+ 12m 4m dem _ B

P 2
18Cam_PoLmyCp  5Cam_BoLmyCr  Cam-_BolmyCr Cam? BoLmyCR N cAm,wzﬂ[)LchF+

amy demy e2my 2m?3 12mJr
2 4 2 4 4 2 3 3
30,C% fL m$ . 3cFYf£ ami QCAYf Botmz B 3C,C% fL m{  3CpY f o lchYf Boﬁml
3 3 3 3 3 2
m,er 2m_m3 32m_m3 m3 2mJr 32m_m3
2 2,2 3 2.2 3 3 3 2 2 3
5CACEmaYF Ly, mi . 5CpmaY7 Ly, md . 3C4C2moY? CmZml . 3CpmoY? LmZml 9C AmaYFBo Ly, mY
m,mi 2m,mi 2am,mi 4am,mi 16m,mi
. 242 3 2 3 22 3 . 2 3 2 3
3104 OB YF Ly m} . B1ORYF Loy m} . 3CACEYFLmym] BO0pYFLm;mi 9C4YFBoLmymi
m,mi 2m,mi sm,mi 2sm,mi 16m,mi

ncAYJ?ﬂULmlm'{' 5C,C% f[,m2m1 5cFyf2Lm2m'{' 3C,C% fEm2m1 SCFYJ?EmZm? 9cAyf2ﬂ0Lm2m§
+ + -

2 2 2 2 2 2
165771.7711+ m_m? 27117711Jr em_mi 25771,7771,+ 16771,7711+
9CAYFBoLmym} N 204 CEpmaYFLy, mi N CpmaYFLs, mi N 3CACEmoYFLy, mi N 3CpmaYZLy, mi
2 3 3 3 3 N
165771.7711+ my m3 25711+ 45771,+

110 AmaYFBoLY, mT  8CACEmM3YFLY, ,m]  3Cpm3YZLl mi 3Cam3YFBoL},,mi N 14CAC%m2Yf2Emlm%+

32m_m?2 m_m3 2m_m3 16m_m3 m 2

+ mt + + -
7cFm2Yf2Lm1m2{ 3cAc§,mzyf2Lmlm§ BCFmQYJ?Lmlm% 17cAm2YJ?ﬂ0Lmlm§ 11cAm2YJ?ﬂ0Lmlm§
- - + +
2 2 2 2 2
m7m+ 57117711+ 2am7m+ 16m7m+ 1657117771,+
22cAc%m2yf2Lm2 m? 110Fm2yf2Lm2 m? 3cAc§,m2YfZLm2 m? 3cFm2Yf2Lm2 m? QCAmZYfZBOCmZ m?
+ + +
2 . 2 . 2 2 2 16 2
,WL+ m,WL+ Em,m+ 57n,m+ ()WL,m+
9CAm2YFB0Lmym]  5CHCpmoYFLmy Lmgm]  3CHCRpmaYPLmy Lmgm]  8CECpmaYFL) my
165m,mi nLi 2sm3+ 4mi

Scicszysz?anl 4scAc1%,Yf2m1 45cFyf2m1 1scAc1%,Yf2m1 9cFYf2m1 . 110A012,mgyf2L3n1m1

47ni my 2m 4 em 4 em 4 mi
NCpm3YPLY my  B04CEm3YPLY my  BCpm3YZPLY my  17Cam3YZBoLy, m1  8CACEmiYZL] my
2mi * 2em¥ * 4em¥ * 32m_m3 a m_m% a
ACEmMBYPLY my  BCACEm3YPLY my  BCERm3YPLY mi  TCAmBYFBLY,,m 3CHCpmaYF Ly L3, m1
m,mi a 2em_m3 a dem_m3 * 16m_m% * am3. a

2cAYf250m1 9cAYf250m1 5cAYf250m1 5cA7r2Yf250m1 4ocAc}m§Yf2Lm1 my 2ocpmgyf2£m1 my

my 8em 4e2m 48m m_m3 m_m3

2 2v2 2v2 2+v2 2v2 2 2+v2
8CACFmEYiLmymy  BCEm3YFLm my  25CAm3YFBoLmymy  17TCAmEVEB0Lmymy  ACHCHmEYELmymy

2 2 2 2 2
5711.7771,+ 257117771,+ 167117771,+ 165771.7711+ 771.7771,+
chmgnyLQOl BCACIZ,ngfQLm2m1 SCFngJ?EmZml 3cicpm2yfzﬁfnlam2m1 7cAm§YJ?ﬂ0Lm2m1
+ + + + -
2 2 2 2 2
7117711+ 57117711Jr 25771,7771,+ 4m+ 167117771,+

3CAm3YZBoLmomi  8CHCpm3YFLmy Lmymi  3CRCpm3YZLmy Lmgmy  51040%maYF  51CpmaY7

16am,mi mi 2ami my 2m

2 2 2 2 32,2 . 34202 . 2 4y2 2
18C4CEmaY?  9CpmaY7 N 3CACEm3YFLY N 3Cpm3YPLY 9C g m3 fﬁoﬁml N 3CACEmaYFLY,
emy emy mi 2mi Szm,mi m,mi

3Cpmiy2c2 11C ,miv2p0L2 7C Y23 13C Y23 5C YZ2p 5C 2y2p
oYy Emy AmYiPoLin,  TCAm2YyBo Am2Yf Bo Am2YfBo Am2T YibBo

2m_m3 32m_m% 2m Sem 4e2m 48m

5cAc§,m§Yf2£m1 scpmgyfzﬁml N 3cAc%mgyf2£m1 N 3cpmgyfzﬁml gcAmgny%aml gcAmgyfzﬁ(,Lml
2 - 2 2 2 2 2 - 16m . m?2 - 16 2 -
,WL+ nL,m+ 57n,7n+ 57n,m+ ()nl,m+ ()57n,m+
3104 CFm3YZLimy  B10pm3YPLmy  83CACEMEYFLmy  3Cpm3YFLmy  17CAm3YFB0Lm,

2 2 2 2 2
m_mi 27117711Jr em_m3 257117771,+ 16771,7711+

-39 —



3y 2 5v402 5v402 4 4 ~2 4 4 ~2
UCAmEYFB0Lmy  2TmiVEOR Lmy  33mIVEOR Ly 89mimaVECRLmy  20mimaViCh L,
2 2 3 2 .3 2 .3 2 .3
16em_m32 32m?2 m3 32m?2 m3 32m?2 m3 32m2 m3
3.,2v402 2 3.m2v402 p2 3, 2v4-~2 3, 2v4~2 3, 2v4~2
omim3vichel,  omimdviciel,  asmim3viciim, 1smim3vichLm, omim3viodLm Lm,
2,3 2,3 2,3 2,3 2,3
32m?2 m3 32m2 m3 16m2 m3 16m2 m3 16m2 m3
2,.8452 02 2,,3v402 p2 2,.3y402 2,.3v402 2,.3vy402
omim3vfod 3, omim3y o £, 83mimBvEOR Ly  2TmEmEVEOL Ly 9mImBYICE Ly Ly
32m2 m3 32m2 m3 2,3 sm2 m3 sm2 m3
32m2 m3 32m2 m3 16m2 m¥ 16m2 m3 16m2 m3
5402 4402 02 4y402 o2 4y402 4y402
2Tm3VECE Ly 3mymdvEORLl,  smimdviCRel,,  sTmimiviCiLmg  3mim3viC} Lm,
32m2 m3 2,3 sm2 m3 32m2 m3 32m2 m3
32m2 m3 16m2 md 16m2 m3 32m2 m3 32m2 m3
8mim3YFCL Ly Lmg  33mBYFCE Lmy  15m1YPCH  9TmYPCH  15maYPCR  109mavicd (5.2
2,3 N 2,3 )
8m2 m3 32m2 m? 16em y 32m 16em 32m
2,3 o3 2 .3 o3 2,3 o3 2 3 o3
ap® _ _20AmILm 8 s s 3CAMZEm Op 8CAmML L O s o3 BCAMS Emy O
3= ) ALm, CF > 5 ALmy CF >
2m?2 2m? 2m?2 2m?
2,2 3 2,2 3 2 3 2 3 2 3
70 m3 L}, CF  3Cam3Ll, Ch s g 120amyc} O} 8CaL}, CH 1204m_ £}, CF
3 + 5 —10C4£5, Ch + - + +
2m*< 2em* m € my
2 2 3 2 2 3 2,2 3 2,2 3 2 3
18Cam2 £2 C%  3Cum2 L}, Ch  1oam3 L} Cf  3Cam3cl, Ch 5 5 12C4myc?, CH
+ —10CL2, Cfh — —————— 12 = 4
2m? 2em? 2m? 2em? 2 m
+ + - - -
2 2 3 2 2 3 2 3 2 3
3CAm3 Loy £3,,Ch 5 g 3CamZLm £}, Ch  8CALD,,CH  1204m_ L}, C%
2 = 8C A Lmy £, O + 5 - - +
2m?2 2m? € my
2,2 o3 2,2 3
18Com2 £2, O 3C,m2 L2, Ch 72 Ch 360 s £y O 28C Am | Long O 12Camy Lon; C3
2 2 ACE —36CALm; Cp — -
27n+ 2£m+ m_ em _

52C g m_ Lomqy O

12CAm_ Loy C3

N 3cAm2+53n1 LmgyC

my

. 2 .2 3
3Cam2 L], LmyCh

2
3

2m

3cAmiLm1 LmyC

2

em 2m?2

—86C 4 Ly O +

28C g m 4 Loy Con N

. 2 3
—8CALp, Lmy Ot

1204m 4 Ly O TCAmME Ly Ling Ch

m_
)
+ 2004 Lony Loy O +

6C A Lmq Lmg Cr

em _

m2

13C 4 m2 Loy Longy Ch

3C gm2 Lony Lmgy CH

em=_ £ mi ETVL%»
3 3 3 2 ;3 2 2 ;3 2 2 ;3 2
52C A m_ Loy Chr N 120 4 m_ Ly Ch N 36CCp  3mILm O  3mI Ly, Cp 3.3 o2 - 3m3 Ly, Ok
my em e am?2 4m32. i am?2.

2 3 2 2,2 2 2,2 2 2 2 2 2 2 2 2 2 2
3m2 £5,,C% 3 4 5 3micy Cf  Tmicll CEL 6my L], Cf  3L], Ch  6m_L3 CE  3mZ L3 CL
Tzt EmeCF Tt dem?2 + Am2 + - 2

4m3 2 em?. m2 m_ 2¢ my 4em?
2,2 2 2,2 2 2,2 2 2 2 2 2 2 2 2 2
13m? £3, Ch se2 o2 3m3 L5, Ch | TmiLn,Ck  6my L3, Ch N 3m3 Lmy £3,,CF  3mZ Lmy £3,,Ch
4m?2 mioE 4em? 4m?2 m_ 4m?2 4m?2
+ - - = +
2 2 2 2 2 2 2 2 2 2
S[, 2 o2 Scmch em,LmZ C% 3m7£m2 C% 13m7Lmch ar2 o2 6m+5m10% 14m+£m10%
SEm1Emy CF © - + > 2 T Lmy, CF — - -
2 2e my 457n+ 47nJr em _ m_
2,2 2 2 2
6m_Lm, Ch  26m_ Loy, C% g, 3mILi, LmyC 3mZ Ly EmaCF 3 o o 6myLmyCh
_ — 18Lm, OF + 5 2 = S Lmy EmaCF + +
em mq 4m*< 4m+ 2 em _

14m | Lony CZ

3m

2 2 2 2
FLm1LmaCh  TmI Ly Ly OF

3m2 Loy Loy C

m

13m2 Loy Loy C2

2m§r

cAm,ﬂoafnlcp

F 2
+10Lmq LmoyCh +

2

2

2em 2m

GWL,CmZ C%

N 3Ly Ly C2

_LmyCh

2
+

18

€ 2em

2
Cr

26m
+
emy

cAm,Boﬁfnz Cp

12m

CamyBoLY, Cp
+ 2y

12m _ 12m 4

2
Cam_BoLY, Cp

P 2
3Cam_BoLy, Cp N

4m g

3
2
T 1CAB0 LM, Cr —

— 18Lmy OF +

+36C% —
M

CAWL+[‘30C?RICF

3
Camy Bl Cp
12m _

CamyBoL2, Cp
+ O

3

2
+=CaBoLE, Cp +
1A my am _

2 2
CAm+B()Em2CF CAm+BOEm2CF

dem _

P 2
3CAm_BoLy,, Cp

4am+ 4m _ dem _ 4m+
Cam_BoLp,OF  20,480Cp  3C80Cp 1 2 Cam4PoLm Cr  Cam4Polm CF
+ 5 + ~CaAm°BoCF — CABoLm, CF — — —
4am+ € € 4 2m _ 2em _
CamyBoLmCr  3CAB0Lm Cp  5Cam_BoLmCEr  3Cam_BoLm Cp Cam_BoLm,Cp
2e2m _ 2e 2m 2em 2e2m
2 2
Camym°BoLm, Cp Caom_7n°BoLm, Cpg Camy BoLmsCRp Camy BoLmyCR
+ 1 _ 1 — CABOLmyCp + + 2 + + 2 +
24m _ 24m 2m_ 2em _
CamyBoLmyCrp  3CAB0LmyCR N 5C gm_B0LmyCR N 3CAm_BoLmsCR N cAm,ﬂUL,,QCFJr
2e2m _ 2e 2m 4 2em g 2e2m
22,2 4 2,2 4 22,2 4
Cam472B0LmyCR N Cam_w2BoLmyCp  B3CACEYFLY, mi B3CpYFLE mi N 3CACLY7F Lm2m1+
24m _ 24m m?2 mi 2m?2 mi m?2 mi

— 40 —



2 4 2 2 4 2 2,3 3 2 3 2 3 3
3CpYFLy,,ml  9CAYFBoLY, m]  8C4CRmoYFLy mi  8CpmovPcd mi  Camovisoch mi
2 2 P 2 2 2 2 2 2 2 2
2 2 2 12
m2 m? 32m?2 m3 m2 m3 m2 m? m2 m?
2 2 3 2,3 3 2 3 3 2 2,2 3 2,2 3
3CACEmaYZFLY, m?  3CpmaYZLd, mi  CamoYPBoLd mi  85C4CRmovicy, my  85CpmovPcy, mi
2 2 2 2 2 2 2 2 2 2
2 12 2 4
m2 m? m2 m? m2 m? m2 m? m?2 m?
2 2 3 2,2 3 2 2,2 3 2,2 3 2 2,2 3
804 CEmaYZL], m¥  8CEpmoYPLE mi  13C,CEmaYPLd, mi N 18CpmaYF Ly mi  8C,CEmaYZL] mi
em? m3 2em? m3 2m?2 m? 4m?2 m3 em? m3
3CpmoY222 m3  CamoY2B0L2 m3 CamoY2BpL2 m3  3C2CrmoY2Lm, L2 m3
F™M2Y§Amg ™1 A2 Y PO my A2 PO m, AYF™M2Y§ 15mo 1
2am{mi 4m7mi 4amimi 277177711

302 2,2 3
8C3 CpmaYF LY, Lmgm}

. 11¢% Cpmy YfZLml Lmgm$

. 3CH CpmaYZ Lmy Lmym}

2
SCACFWLZ m my
N i

22w 2m2 w2 em2m? 2w
3Cpm3YZLY, 3CACEm3YFLY, mi  3CEpm3YPLY mi 18CACEm3YPLE mi  18Cpm3YPLY, mi
g ) ]
8CACEm3YFLY, m]  BCEpm3YPLY mi  9CAYPBoLY, m 18CACEm3YFLY, mi  18Cpm3YPLy,, mi
em2 m2] 2em2 m2 B 32m_m, B m2 m2 B 2m2 m?]
8CACEm3YZLY, m]  BCEpm3YPLE mi  9CAm3YPBoLE, mi  BCRCpm3YPLm Lo, m] B1CACREYFLmgm]
em? m2. T zemml 16m2 m2. - 2m? m2 * s

3lcpyf2ﬁm1 m?

30,02 Yf2£m1 m?
+

B8CRYFLmym]  5CAYFB0Lm,m]
+

9CAYf260£m1 m?

5CACEYF Lmgmi
+ +
’VTL?’VTL*,

2m_my em_my 2em_m 16m_m 16em _m
2 2 242 2 2 2 2 212,02 2 2 2
S5CRYFLmomi BCACEYFLmomi 3CpYFLmgomi BOZCEpm3YFLY Lmomi  9C4YFBoLmymi .
2m _my em_m 2em_my 2m?2 mi 16m _m

9C 4 Yf2 BoLmom?

13¢% cp m%YfZLml Lmgom?  3C% cpmgyfzﬁml Lmgm?

2,3 3
3C,CEmiYRL

2°f m1m1+
16em _m 4 ma mi 57”2,7”3, annLi
3CEmIYZL c BoL3 3C 4 CZm3Y?L 3CEmiY?L c 3
Fmy i AWLZ f Bo mlWLl ACEmy i 27nl N Fmy 7 2m1 n Am2 fBO ”LZ
2 2 - 2 2 .2 2 .2 2
2m?2 m?2 12’"7"# m2 m3 2m?2 m3 12m77n+
. 2 3y2,2 . 3y2,2 . 2 3y2,2 . 32
1800 CEm3YFLY, my . 1BOpm3YPLY, m1  3C4CEmEYPLY, my  3CpmEYPLT, my cAmZYf Boﬁml o
2 .2 2 .2 2 .2 2 .2
2711.7771,+ 4771,7771,+ emZ m3 257117771,+ Am_m
2 2 . 3 2 2 . 3 2 . 3 2
CamaYPpoLli, mi sscAcFmZYf Lha™1 35Cpm3 fﬁ mi 3cAcFm2Yf Lho™1 SCFmZYf Lo ym
dem_m 2m7mi 4771.77711 Em%mi 2am{mi
Cam3Y?BoL2 Cam3Y?BoL2 3c3c 2 Lomq £2 caC2 c c 2r
AMY fBO m2m1 AMY fBO m2m1 3 A FWLZ 7 Lmy m2m1 22C FmQYf my M1 n 11 szYf mqm]
2 2 - 2 .2 - 2
4m?2 m3 4em?2 m3 2m77n+ m_my m_my

12C A CEmaY P Ly my

ecFmZYszml mq cAmzyf%OLml mq
+ +

Coma Yf2 B0 Lmq m1
+

Coma Yf2 B0 Lmq M1
+

em

—m

CAmQﬂ'ZYfZﬂoﬁmlml

em

—m

m_m

22cAcFm2nym2ml llcFmQYJ?[,m2ml

2em_my

1264 CEma Y} Limgmy

2e2m _

’VTL+
ecFm2YJ?Lm2 my

24m_m4

SCACFmZ f mlCmZWLl

m_my m_my

CAm2Yfﬂ0Em2m1 CAm2Yf2L30Em27H1

em_my

CAmszZﬂoEmzﬂu

em_my

CAmzﬂszBoﬁQOl
B +

277L77n+ m_m_ 2em _m 2e2m_m 24m _m
1O Cpm3YZ Ly Lmgm1  3CHCpm3YZLm) Lmymy - o 18CA0RYF  90pY}
+ — 420, C%YF —21CpY7 — -
om2 2,2 f f
m< m emZ my € €
2 - 4 2 22 2 2 - 4y2 442 2
3C4C%m3 fL 3cpm2yf L., 90Am3YFBoLT, 3C 4 C%m} f£m2 3Cpm3Y7LY, 9CAm3Y7BoLT,,
m%mi 2m7mi 32m_mg m%mi ngmi Szm{mi
2 2 2,22 22 - 2,242
9 5 TCAYFBy  9CAYFBo 3 - 5CACEmMEY Lmy  5CEpm3YFLmy  BCACEM3YFLm,
—CAYfBo — - 3 — —CanlYFB — - +
8 8¢ 32 _mg 2m_my m_my
2v2 2v2 2+v2 2 2+v-2 22 2 2v2
3CEpm3YiLmy  90Am3YEB0Lmy  9CAMEYEBoLmy  BLCACEmMEYELmy  BICpmEYVELm,  3C4CEmEYFLm,
25m7m+ 16m7m+ 165m7m+ m_m.y 2m7m+ em_my
2v2 2v2 2+v2 P 3 4~2 p2
3Cpm3YiLmy  5CAmM3YFBoLmy  9CAMEYFBoLmy  B3mimoYHOR Ll dmlmgyf CACmZ
2em_m4 16m_m 16em_m 16em?2 m2+ 16am{mi
3 152 3 142 2 3 452 3 4.2
3mPmoYCOF Ly Lmy  3mimayicf ol smmovicdcd ,  1imPmavicd ol N 3m¥moy O Ly £,
2 2 30, 2 2 3 2 2 2 30, 2 2
8em? m3 16m?2 m? 16m?2 m? 8m2 m3 16m?2 m?
3 4452 p2 3 4052 2 3 4452 2y42 2y4042
mimovich e, N 3mPmaYRCR LY, Lmy  5mAmaYECh Ly Ly 2TmIVICRLmy  2TmIYHCE Ly N
8m2 m2+ 16m?2 mi 4am?2 mi 32m_m4 32m_m
3 4~2 p2 & 4~2 ,2 P & 4 ~2 3 4 ~2
3mim3vpch Ly, 3mim3YACh Ly, 3mym3Y O Lmg Lmy  3mim3YFCf Ll 3mim3vicohch,
16em?2 m2+ 16em?2 mi Ssmami 16m?2 mi mmamz+
342 2 34 ~2 2 3v4 2 2 34 ~2 34 ~2
mim3vichcy, 3mim3YEC, Loy £7,, N 1imym3v{oq 7, N 3mym3YECL LY, Lmy  5mym3YICH Ling Ly
2 2 30, 2 2 2 2 30, 2 2 2 2
8m2 m3 16m?2 m? 8m2 m3 16m?2 m? 4m?2 m3.
27m§YﬁCiEm1 3mymaY O3 L, N 3m1mzyﬁciam2 smymaYFCF L, N 5m1mzyﬁciam2 N
32m7m+ 4am7m+ 4am7m+ 2m7m+

— 4] —

2m_my



2v4~2 4 ~2
27Tm5YC5 L 27Y 7 C 21
2 A~m2 A
S e e (B.3)
32m7m+ 32¢ 8
P 2,3 3 P P 2 3 3 , 2 ,3 3 . P 2 ,3 3
(2) _ chm+£’ﬂLlcF 3 3 3 scAnLLmlcF JCAWL+Cm2CF 3 3 3 SCAmiﬁmZCF
aBy? = - +—Cp L3 Ch - - +-0uL3 0 - ——2 -
am? 2 1 am? am?2 2 am?2
- + - +
2 p2 3 E 2,2 3 2 3 , 2 3 s 2 3
170 m3 £3, ©%  sCamicl of a7 o 3  6Camy L} O} 3CaLE O 6Cam_L7, CF
) + D) - _CALmlcF + - + +
8m*< dem*< 4 m_ 2e my
2 2 3 , 2 p2 3 2,2 3 E 2,2 3 2 3
17Cam? 2 Cf  3Cam2 L2} 1roamicl Cf N 3Cam3 Ly, Ch 17 GCAWL+Em2CF+

2

2
8711+ 45771,+
3cAmiaml LE,Q c3 o3
3 — =CALm,
am?2 2

. 2 .2 o3
304m2 L7, Ch

2
+

—4C,CF — 60,
4em

6C Am_ Loy CF

2 .3
L3, Ch +

E 2,2 3
3CAm3 LY, LmyCh

2

8m

dem

3C gm2 Loy ﬁfnz c3

2

2 43
T CALm, O —

- 2 o3 ; 2 o3 2,2 3
8CAL7,, CF  60am_£3,,C 170 m2 £7, Ch

am3.
3
s o3 MCamyLm, CF

6C Am 4 Ly Cp

)
+
8m?2

2e T

mt

17C Agm_ Loy O

m

3

2

.
N W

q 2 2 3
3CAm2 L7, Loy c

em _

my
17C Am 4 Loy Ch
_ 4

3
3 — 60 Lmy Ch +

em 4m= 4m+ m_
3 2 3 . 2 3 3
6CAm  LingC3h  1TCAME Ly LmyCh 3CAmT Lmg Lmy CF Vo a o 3CALm £myCF
em _ 4m?2 2em?2 2 e
2 3 2 3 3 . 3 3 2 ,3 2
17CpmZ Ly LmgCpo B 3CAmZ Ly LmyCh N 17CpAm_ Lmy Chr n 6C m_LmyCh N 6CACE 3my Ly, Ck B
4mi ZEmi moy emy € Smg
3 o2 . 3,2 f3 o2 3.2 3 o2 . 5,2 £2 o2 2 .2 A2 4 2 42
O . 3.8 o2 3mi £5,,0F 3m2 L3, CR . 3,3 o2 . 3m3 L2, Ch . 17Tm3 L7, Ch . 3my L5, CF
sm? g 8m?2 sm? 4 M2 F 8em?2 16m2 m_
2,2 o2 - 2 42 2 42 2 ;2 42 am?2 £2 o2 2 02 o2
3L, Cp  8m_L7, Ch £3,,Cp  1TmZ L] Ok a7, ., 8miL], Ch 1Tmi Ll CF
2 2 T g Tm1 T F 2 2 -
4e moy 85771,+ 16771,+ 8em*< 16m=~
- 2 52 5,2 2 42 5,2 2 42 . 2,2 o2 ; 2 42 532 2 o2
3”L+LWL2CF 377L+£7n1£m2 CF 3m7£nL1Cm2 CF 3 2 2 3LWLQCF dm,CmZ ol 3m7£m2 CF
* 8m?2 8m?2 T Emy O 4 B 8em?2
m_ me m3 & my em3
2 .2 o2 ; 2 2 ; 2 2
1rm? 23, Ch 7,2 o 3myLmyCh  1TmyLmy Chp  3m_LmyCh  1Tm_Lm, Ch Car,, Ch4
16m3 s "2 em_ 2m _ cm 2m rr
5,2 2 2 52 g2 2 . . 2 2
3mi Loy EmaCh  3m2 L0 LmaCh 3 5 o L 3maLmy c? L MMy Lmy Cc2% 3m3 Lmy LmyCh
_ 2 . _ _
sm?2 sm?2 g T2 Er em_ 2m_ 4em?

17m2+ Ly LmyCh

3 3m2 Loy LmyCh B

17m2 Loy Ly C2

17 3m_ Loy Co

3Lmy LmyC 2
5 + 2 3 + —LmqLmyCh + +
8m2 2¢ 4em? sm? 4 em
17m_ LmyCh 5 3C% 5 CamyBoLy, Crp  Cam_BoL), Cp  CamyBoLy,,Cp
—————2F _3Lm,Ch + - 2C% — - + +
2m+ € 12m _ 12m+ 12m _
3 2 2 2 2
Cam_BoLy,,Cp 1 5 CamyBoLy, Cp  CamiBoLi, Cp Cam_BoLl, Cp  Cam_BoL}, Cp
+ —CaBoLYy,CF + + + + +
12m 4 1 8m _ dem_ 8m demy
2 2 2 2
1 5 CamiBoLy,,Op  CamyBoly,,Cp Cam_BoLy,,Cp  Cam_BoL}, Cp
T CAPOLmM, CF — - - - —TCABOCF—
4 8m _ dem_ sm dem g

3CABoCE

€

CABoCFR
2

1
+ —Can?
€ 12

CABoLm, CR

Cam_BoLm,Cp

Camy BoLmyCp

CamyBoLm  Cp  CamyBoLmy Cp

3
BoCp + gCAL‘}OEmlC'F -

Cam_BoLm,Cp

Cam_BoLm, Cp

4m dem _ 2e2m _

Camyn2BoLm, CF

2¢ amy

Cam_n2B0Lm,Cp 3
A= T L T oaB0Lm
247n+ 2

Cam_BoLmyCr N

Cam_BoLmyCr N

dem 4

CamyBoLmyCr N

2e2

CamyBoLmyCr N

my 24m _

CaAmyBoLmyCR  CaBoLmyCr N

Cp +
2 4m

Cam_BoLmyCr N

Cam472B0LmgyCR N

dem _ 2e2m _ 2e

Cam_72B0LmyCR .

amy dem 2e2m 24m _ 24m
2 2,2 4 2,2 4 2 2 4 2 2,3 2 2,3 2 2 3 2
CaChY2Ll, mt  Cpy2el ml  CaYZBoLp,,mi 1TCACEY2LH mi 11CpY2L mi  CaY2BoLy, mi
m3m?2 m2+ 2m3m?2 m2+ 16m3m?2 m2+ 24m?2 mi 48m?2 mi 48m?2 m2+
22,3 2 2,3 2 2 3 2 22,2 2 2,2 2
25CACRY2LY, m]  25CpY2Lh mi  CaYZB0Ly,,m] 8104CRYZLE, mi s1CpYZL], mi
24m?2 mi 48m?2 mi 48m?2 m2+ 8m?2 m2+ 16m?2 mi
22,2 2 2,2 2 2 2,2 2 2,2 2 22,2 2 2,2 2
5CACEY2LY, mi  5CpY2L, mi  1C,CRYZLY, mi 1CpY2LE, mi  9CACRYZLE mi  9CRYS Em2m1+
2 2 3 2 2 2 2 2 2 2 2 3 2 2
1 1 1
857n77n+ ()57n77n+ 87n77nJr 67n77n+ 857n77n+ ()57n77n+
2 2 2 2 2 2 2 2 2 2 2 2 Py 2 Py
CaYS ﬂOLWLle CaY; BULWLle -~ TCACFY; E’"IILWLle -~ CACRYS Lmgm] -~ CpYS Lmgmy B
2 2 2 2 2 2 2 2
8m2 m3 16em? m3 16m2 m3 2m3m _m_ am3m_m_

CACRYZ2Lmomi  CpYZ2Lmgm

2
1

2 2,2 2
TCRCRYZLY, Limgm]

CAYZBoLmymi

CAY2B0Lmym? N

emZm_m 2em3m_m

3o 2 2
16m=< m
—m3

— 49 —

8m§7n,7n+ 85m§m,m+



ABéZ) -

702 CpY2 Ly Lmgm? 25C 4 CZm3 Y £3 25C pm3 Y 53

Cam3Y2BoL?

17C4 CpY2 Loy Longm? my
2 .2 + 2 .2 2 2 - 2
sm? m? sem?2 m? 24m?2 m? asm? m?2 48m?2 m?%
2 2+v2 /3 3 2v-2 3
17CACEm3Y2LY, 17Cpm3Y2Ld, Cam3YZB0Ly,, CACLY2 Cpy2 CuCRY2 Opy2 C,0%Y2
24m2 m?2 48m?2 m?2 48m?2 m?2 2m2 4m?2 4em? 8em? 2e2m2 *
~m3 ~m3 —mi 2 2 2 2 2
2 2 2 2
CFY52 CAC%*""2YS2 CF,,2y82 11C 4 C% m2Y L 11C’Fm2Y L 9C A Ot m2Y Lz, QCFmZY Lml
4e2m3 12m3 24m3 Smimi 16m7mi SEWLGLi 16em?2 mi
2,5 p2 2,232 ,2 2 2 2,2 2422
CAY2B0L2,,  CaY2BoL3, — 81CACEm3Y2L2, 81Cpm3Y2Ll, 5CoCEhm3v2el 5Cpm3Y2L2,
16m_m 16em_m Smimi 16m7mi SEm{mi 16am{mi
2425 2 242 2 2 22 2
CAmaY5PoLlin,  CamaYiPoLly TOACRMYILmy Ly CaYZBy  CaYZBo  CaYZ2Bg  Can®Y2Bo
16m{mi maminﬂ+ 16m2 mi 4m2 8em3 8e2m32 96m3
25C 4 CLY2 Lm,y N 25C R Y2 Lom,y N TCACEY2 Ly N TCRY2Lm, CACRY2Lm, CpY2Lm, CACET2Y2 L,
am_my 8m_m_ dem_my 8em _m 4e2m_m 8e2m_m 24m_m
Cpm2Y2Lm, N CAY2B0Lm, N CAY2B0Lm, N CAY2B0Lmy = Cam2Y2B0Lm, B 25C 4 CLY2 Ly B 25C R Y2 Lony B
48m_m 8m_m 8em_m 8e2m_m 96m _m 4m_m 8m_m
TCACEYZLmy  TCRYZLmy CACEYZLmy  CpYZLmy  CACE™?Y2Lmy  Cpr’Y2lLm,
dem_my 8em_m 4e2m_m 8e2m_m 24m_my 48m_m
2 2422
TCACEmMEYILY, Lmo  CaY2B0Lmy CaAYZB0Lmy CAY2B0Lmy  Can2Y2B0Lmy N 1704 Cpm3Y2Lm, Loy N
16m{mi 8m_m_ 8em_m 8e2m_m_ 96m _m Sm{mi
2 242 22 2 2 2 2 2 2 2.2 22
704 Cpm3Y2Lm, Ly CACRY2Z Cpy2 CaCLY, CpY2 CaC%Y, CpY2 CaACha?Y2  Cpn?Y
Simgmi 2m? am? 4em? 8em? 2e2m? 4e2m? 12m? 24m?
24322 24245 2
CACEmEYZLE  Cpmdy2el, Cam3YIBoLL,,  CaY28, CaY2By Cav2By Carn2YZ23,
m%mim% Zmimim% 16m_mm? am? 8em? 8e2m? 96m?

CACEMEY2Lm,

+ Cp m%yszﬁwq

N CACEm2Y Lml N Cpm3Y2Lm, Cam3Y280Lm,

7 Cam3Y2BoLm,

2m7m+m1

4m_mym? em_mym? 2em_mym? 8m_mym?

85m77n+m%

+

2042 2v4 52 2 2y442 2 4.2 ayd 2 452
m2Y cAaml B miYSCh Lmg B m3Yy CAle B myYy CACm2 B Y Ch Ly 3YSCY Ly B Y Ch Lmq Lmog
16mim_my 16mgm_my lﬁm%mimi mmgmimﬁr 16emPm_my  16mFIm_m_ 165m27m2+
4.2 2 452 2 452 2 452 3 4,52 2
YICALmy Ly | Yo OChLmy Emy  YICK Ly Lmy | YaCaLm, YSO4LN, YICLLh, YECE Loy
32m2 m2+ 32m2 m2+ Smimi 32amimi 32m?2 m2+ Smimi 16emZm_m
. 452 2 4452 3 4452 2 .
3YdChLmy | Yo Calmy Y Chlmy YSCRL vioeq | svded _vich vied vicd
16m3m_my  32em? m2+ 32m2 m2+ 8m?2 m2+ 32em{ 32m$ 16emPm?  32e2mPm2  8mPm3
2y4 52 452 ayd o2
w2vic? vice? syic?
192m3m2  32em} 32m3
3 ;2 5 2,2 5 3,2 .5 2,2 5
100,C8 L7, md 5CH Ly, mo 1204 C L7, mS 6CT LY, mD 9CACFB0Lm2 5
2 2)2 2 2
(WLI + mz) mq (WLI + mz) mq € (ml —+ WL2) my € (WLI + mz) mq 8 (ml —+ mz) my
2 5 3 .2 5 2 2 5 3 5 o2 2 5
CACRPoLY,,m> CACHLY,,m N ChLpym? N 1204 CR L7, mD 6CRLR,mY
2 2)2 2 22 2 2)2 2 2)2 2 2)2
a(m1+m2) my (m1+m2) my 2(m1+m2) my a(m1+m2) my a(m1+m2) my
- 3 5 302 md 2,2 4 md 2 2
3CACELmMy EmgmZ  3CFLmyg Lmgm?Z 5CACFEm1 - 5CFLm I IZCACF[‘WLl —  SCFLm, N
2 o2 2 2\ 2 2 )2 2 2
(m3+m3)my 2(m3 +m3)% my 2 (m3 +m3) 4 (m3? +m3) < (m3 +m3) < (m? +m3)

4CACp ALY, m

43cched, omt aschei om? 12040327, mt

()CF C WL47

(B.4)

T7C A C Loy Longm®

+

(m3 +m3)*

2(m1+m2)2 4(m1 +m2)2 a(m1+m2)2

e (m? +m2)2

(m3 +m3)*

3 2 3 2 2
TTC3 Loy Lmgm? 2404 C% Lomy Lmgm® 1205 Loy Longm 66C 4 Cpmy L2 m3  330%Emy L2 m3
2 2 2 2 2
2 (m% —+ nL%) € (m% —+ WL%) € (WL% + m%) (WL% + m%) (m% + nL%)
3 2 3 2 3 3 2 3 3 3
36CACEmy L2, m3  18CEm L2 m3 00, CpBoLE, mP  CaACRBoLE, m3  105CCHmy L2, m?

< (m2 +m3)°

1050 my £7,, m3

16 (ml +m2) my s(m% +m§) my

2 2
18CFm+£m27n

£ (ml + m2)2

BGCAC%WL+£3”2WL SSCACFWL+BOC?n2m

(m3+ ’"2)2

, 2
JCACFWL+50ﬁm2m

2 (m% + m%)z

19C A CpBoLmqm™

9C 4 CpBoLmqm™

< (m? +m3)? c(m? +m3)?

CACFBYLmymS

8 (m% n m%)2

CACET2B0Lmqm?

c(m? +m3)?

3 3
5CACH LmymS

16 (m% +m§) my

5C% Lonqm?

12 (m% +m§) my

6C 4 C3 Ly mS

2 (m% + m%) my
23C% Lomy mS

8 (m% + m%) my
23C 4 C3 LongmS

8(m%+m%)m+

3C% Lomqm?

16 (m% + mg) my *

CACE T2 Loy m®

8e (WL% + mg) my + 2 (WL% + nL%) mq

1907 CRp BULTVLQ m:i

e (gt md)my

C2 a2 Loy m 9C A CpBoLmymS

+ 2 (m% —+ nL%) mq +

CACEBOLmym

(WL% + m%) my

CACET2B0Lmym?.

+ 2 (WL% + m%) my *

16 (m? + m%) my se (m? + m%) my &2 (mf

3 3 2 3
3CACEmy Loy Lmgm®  3CEhmy Lmq Lmgm?

155C 4 C3 Longm?.

+
—+ WL%) my
155C% LongmS.

12 (m2

1 *m%> m4

2t em3)’ | S(emd) e

()’

— 43 —

+16(m%+m§)m+Jr



CACE Longm? CZ Lymgm?3 6C 4 C3 Lmgm? 3C% Longm? CACET2 Lmgm® CZL 2 Lopgm?

+ - - - - +
2 2 2 2 2 (2 2 2 (2 2 2 2 2 2
45(ml+m2)m+ ga(7nl+mz)m+ < (m1+mz)mJr c (7nl+m2)mJr (7nl+m2)mJr 2(ml+m2)mJr
3 2 2 2 2 2 3 2 2 2 2 2 2 2
37C CEm3 £, m 37CEm3 L7, m 24CCEm3 £, m 120Em3 £3, m 207 CpB0LY, m2
2 2 2 - Py 2 - 2 + 2 4 2 +
(ml + mz) 2 (ml + mz) < (m3+ m2) e (ml + mz) m? + m2
m2 2 2 2.2 2 2 2 ;2 2 2.2 2 2 2 2
85C A CEmA L2 m2  85CEm3 L2, m2  24C,Chm3 L2, m?  120Fm3 L2, m? 80, Cpm3 BoLE,, m2
(mi1m3)?  a(mEim3) c(mZrm3)’ e (mitm3) (2 + m3)?
i 2 i 2 1 2 i 2 i 2
caC c 2 ac 0 c 2 111C4C3 L 2 11102 £ 2 18C 4 C3.L 2 cZ e 2
9CACRpBoLmqam” ACRBoLmymZ ACELmymZ Lmqym? 8CACHLmymZ 9C L Lmym—
4 (m3 + m3) < (m3 +m3) m2 + m32 2 (m3? + m3) = (m? +m3) < (m3 +m3)
9C A CpBoLmgm?  4CACpBoLmym? 7ocAc}m2+Lm1Lm2 m2 35c‘%m2+aml Lmgm
4 (m2 + m2 T e (m2 fm2 * 2 4 ;m2)2 2 4 m2)2
1 2 1 2 (m1 + mz) (m1 + m2)
4SCAC’%,miEm1Em2 m2 24C%miﬁmlﬁm2 m2 15104 C3 Lmgm? 151C% Lmgm?2 30C 4 C3 Lmgm?
2 2 - 2 2 - 2 2\ 2 2
< (m? +m3) < (m2 +m3) m2 + m3 2 (m3 + m3) c(m3 +m3)
3 3 3
15CH Lmgm?  CACRBoLy, m_ . 20,08 L3, m_ N CRLy, m_ . CACpBoLy,,m_  204C%L), m_
e (mf + m%) 12m my my 12m my
2 .3 2
F2Lh,m_ 66C4CkmY L£F m 33CEmi £} m B 36CACEmY L2, m_ B 18CFm% £3 m
2 2 2 2
my (m3? +m3) (m? +m2) e (m? +m2) = (m? +m2)
2scAcFm+Boﬁfnlm, N cAcFm+BOLEn1nL, IUSCAC%‘WLiLEWQm, 105C2 m+C2 360Ac}3;miafn2m, N
- 2 - 2 2
8 (’m% + m%) € (’m% + m%) (m% + WL%) 2 (nLl + mZ) e (WL% + nL%)
2.3 .2 3 2 3 2
18CEmY Liym— 55CACEpmY BoLy,,m— B3CACEmY oLy, m_ 861C A CEmy Loy m_ B 861C%m | Lomym_ B
2 2 2
e (WLI + mz) 8 (WL% + mg) € (WL% + mg) 4 (WL% + m%) 8 (m% + ’V‘VL%)
T9CACE My Lonym_ . TOCEmy Lmgm_  12CAChmy Lypyym_  6CEmy Lyym_ 81C4CpmyBoLmym_
2 2 2 2 2 (2 2 2 (2 2 2 2
2¢ (ml +m2) 1e (ml +m2) B (ml +m2) B (ml +m2) S(ml +m2)
2304 CpmyBoLmym_  204CpmyBoLmym_ CACEm 7260 Lmym_ . 2C 4 Chmy 72 Lomym_ .
1e (m2 + m2) e2 (m2 + mz) 6 (m2 + mz) m2 4 m2
1 2 1 2 1 2 1 2
2 2 3 2 3 2
CZmyn2Lmym_  1021CACmy Logm_  1021C%m | Lopgm_ N 10804 Cfmy Lmgm_ 103CFmy Lomym_
m2 + m32 4(m3 +m3) 8 (m3 +m3) 2e (m} + m3) ae (m? + m3)
1204 CEmy Longm_ 6CEmy Lopym_ L B1CACkm BoLmgm_  23CaCpmyBoLfmym—  204Cpmy4PoLmym—
2 (2 2 2 (2 2 2 2 2 2 2 (12 2
B (ml + m2) c (ml + mz) s (ml + m2) 4e (ml + m2) B (ml + m2)
CACpmim2B0Lmym_  3CAChmS Ly Lmgm_ N 3CEm3 Loy Lmgm_ 200 m 7 Lmym_
o( 2 4 m2 2 2)2 2 2)2 m2 + m2
m7y m3 (ml + fnL2> 2 (WLI + mz) 1 2
Cpmyn®Lmym_ 25CoCEm_  25CEm_  5C,CEm_  5CEm_  3CoCEm_  3CEm_  CuChm’m_
m? + m3 2m amy emy 2em 2e2m 4e2my am
C2x2m_ 701 70102, 5CACHEmL L],
L caC} 430083, Lt c 3 L +3C e, o+ c 3 o ¥ -
s 1 CACE ACF F ACFE 7 3 > N
my 2 (ml + mz)
2 4 2 2 2 4 2 2 2 2 2 2
sCEmiLh, 12C 4 Chm +Lm1 _ 60Emicl, 204 Cpm3 BoLY,,  4304C%mic?  43CEm +Lm27
2 2 2 2 2 Pl 2
4<m1 +m2) 5<m1 +m2) 5<m1 +m2) m2 + m2 2<m1 +m2) 4<m1 +m2)
3.4 2 2 4 2 .
120, 08m4 £3, 6Ctmi c?, 4CoCpmipoLy,, 3 5 3 ., 5 19 90 A CpBo
PR % 3 —3CACRLm Loy — —CFLm Loy + —CACRpPo + ————+
E(m2 +m2) a(m + m ) (m2 +m2) 2 2 2 8 de
1 2 1 2 i 2
3 2 2 2 3 2 2 2
4C,CRBy 1 5 111CACEm3 Ly 111CEm3 Ly 18C4CEm3 Ly 9CEm3 Limy
72+§CACFWB°7 2 1 2 T T (m2 2y 2 2 - 2 2y
€ my mg (ml —+ WL2) € (WLI + mz) € (ml + WL2)
9C 4 Cpm?2 BoL 4C A Cpm2 8oL 151C 4 C3m2 L 151C2m?2 £ 30C 4 C3m2 L
ACF™ML POEmMy -~ ACF™ML POEmM -~ 2 AC ™My Emy _ 2 FMySmg ACEpmMY Lmg -~
4(m3 +m3) = (m? +m3) m2 4+ m3 2 (m3 + m3) = (m? +m3)
15C%m +Lm2 5 3 5 o 9cAcFm2+ﬂ0Lm2 4cAcFm2+ﬂ0Lm2 77C’AC%miEm1Lm2
T2y 2CACFLm Emy = SCF Ly Lmg — ) 2 - 2 2 2 212
< (m}+m3) (m3+m3) < (m?+m3) (m3 +m3)
77CEmY Ly Ly N 24C A C3mY Liny Ly 12CkmA Liny Lmy 1310403 N 1310%, N 1204 C3%
2 2 2)2 2 2)2 2
2 (m1 + m2) B (m1 + m2) B (m1 + m2) 2e 4e e
602 ) 20, CEmy L3, CcZmy Ly, CACEm4 oLy, 20, Chmy L3, CEmy Ly,
E o0, cbx? 4 cla? 4 1, 1 1 2 2,
e2 m_ m_ 12m _ m_ m_
3 2 2 5 2 2 2 o 2
CACFmyB0LY, 10C A CpmS L7, _ sCEmich, 12C 5 CpmS L3, eCEmicl,
12m _ (WL% +m2)27n, (WLI +m2)27n, E(m% +WL2>2m, E(WLI +m2)27n,
3 2 3 2 2
9C Cpmi BoLs,  CaCpmipoLy, Cactmb e CcEmi L3, 1204 CEmf £2, N
2 2 2 2 2 2 2
16 (ml +m2) m_ 2e (ml +m2) m_ (ml +m2) m_ 2(771.1 +m2) m_ E(ml +m2) m_
2.5 2 5 2 5 2 3 2 3 2
6CEmI Lo, B 90 A CFpm3 BoLing B CACFm3 BoLin, _ 25C4Cgmy  25CEmy  5C4Cpmy  5CRmy
2 2 2
e (m% + WL2> m_ 8 (m% + nL%) m_ € (WL% + m%) m_ 2m_ am_ em_ 2em_

— 44 —



. 3 202 3.3 2 3.3 2
80,4C¢my  3CEmy  5CACEmMY Lmy 502 m% Loy N 23C A CPm3 Loy 23C3m3 Lony
2:2m 4e2m 8 (m% + m%) m 16 (ml + mz) m 4e (m% + m%) m_ 8 (ml + m2) m_
2 3 3 3 3
6C A Cm3 Loy 302 m% Lom, 190 CpmY B0Lmy  9CACEmI BoLm;  CaCpmYBoLm,

&2 (ml + m2) m_  e2 (m% + mg) m_ 16 (m% + mg) m_ 8e (m% + mg) m

- e2 (WL% + mg) m_

CaCpmin?80Lmy  CACEmMY 72Liny CEm3 a2 Lmy 155C 4 CEmY Loy 155CEmY Loy
12 (m? + m%) m_ (m3+ m%) m_ 2(m3 + m%) m_ s (mf + m%) m_ 16 (m? + m%) m_
CAC’%,m:iEmZ cZm +Lm2 ecAc}micmz 3C%m +Lm2 19cAcFmiﬂ0Lm2

1e (m% +m§) m_  8e (ml +m2) m_ 2 (m% +m§) m_ &2 (ml +m2) m_ 16 (m% +m§) m_

9cAcFmiﬂ0Lm2 cAcij’UaOL,,L2 CAC'Fm 720 Ly

3CACHmS Liny Limy

2 5
_ 30EmE Lony Ly

Se (m% +m§) m_ &2 (m% +m%) m_ 12 (ml +m2) m_ (’"1 +m2)2m7

2 (m% + m%)Z m_

K 2 2,2 6 2,2 6
CACEmS 72 Lm, CEm3 2 Lmy CACEmyn?  Chmyx? CACRYS Liny ™) CFYs Lmy™1
- - - 2 2
(M% + m%) m_ 2 (M% + m%) m_ 4m _ 8m _ m3 (m% + m%) m_m 2m3 (m% + m%) m_m
2 2 6 2 2 6 2 6 2 2 6
CAYS BoLy,m] B CACEYZLmgm B CpYZLmgom§ B CACELYZ Lmym§ B
2 2 2 2
16m3 (m% + m%) m_my  2m3 (m% + m%) m_my  am3 (m% + m%) m_my  em3 (m% + m%) m_my
CpY2Lmym§ CAY2B0Lmym§ CAY2B0Lmom§ CaC2Y2Zmt .
2 2 2
2em3 (m2+m3)2m_my  8m3 (mZ+m3) m_my  sem3 (m2+m3)?m_my  2m3 (mf+md)m_my
2 4 2 2 4 2 4 2 2 4
Cpy2mi N CaACtyZmf opY2Zmi N CaCtyZmi
am3 (m3 +m3)m_my  4em3 (m3 +m3)m_my  semd (mF+md)m_my  2e2m3 (m3+md)m_my
CpYZm$ CACEn2y2mf Cpr2y2mi 3C,CRYZLy, mi
4e2m3 (m3 + m3) m_m t ome (m3+m3)m_m Ay (m3+m3)m_m T 8 (m2 2)2 B
2 (™1 2)m-—m+ 2 ("m1 2)m—"m+ 2 (™1 2)m=—"m+ (ml + mz) momy
P 2,2 4 2 2,2 4 2,2 4 2 2 4
3CpY2L?, mi CACEYZLE, mi Ccpy2cey, mi CAY2B0LT, mt
2 2)2 + 2 2)2 + 2 2)2 B 2 2)2 B
16 (ml +m2) m_m a(ml +m2) m_my 2 (ml +m2) m_m S(ml +m2) m_my
2 2 4 2 4 2,2 4 2 4
CaAY2BoLy, mi 17CACRY 2L, mi 17CpY2 LR, mi cachYZed, mt
) 2 ) 2 -
162 (m% +m§) m_my s(ml +m2) _my 16 (m% +m§) m_my s(ml +m2) m_my
2,2 4 2 2 4
cpy2cey,, mi CAYIBOL, ™Y B CaY2Bomi B CaY2Bomi _
2 2
2e (m% + m%) m_my 16¢ (m% + m%) m_my 4m% (m% + m%) m_my Simg (m% + m%) m_my
2 4 2+y2 4 2 2 4 2 4
CcAY2Bomi B Cam?Y2pom} 49C A C2 Y2 Loy mf 190 Y2 Lopq mf N
N 2 2
SEZm% (m% + m%) m_m Qbmg (m% + m%) m_m_ 8 (m% + m%) m_my 16 (m% + m%) m_m_
22 4 2 4 22 4 2 4
CACRY2 Loy mf CpY2Lm, mf _ CACEYZ2Lmymi CpY2Lm, m} B
p 2 2 p
1e (m%+m%) m_m, 8 (m%+mg) m_my &2 (m%+m%) m_my 22 (m%+m%) m_m
CACET2Y2 Loy mi Cpn?Y2 Ly, mi 57C ACEY2Lmgmf 57Cp Y2 Longmi
2 - 2 - 2 - 2 -
6(m§+m§) m_my 12 (m%+m%> m_my 8(m%+m%) m_m, 16 (m%+m§) m_m
2 2 4 2 4 2 2 4 2 4
9CACHYZ Lmgm} 9CR Y2 Longm} CACEY2Lmymi CpY2Lmgmi N
2 2 2 2
as (m3 +m3) m_my  se(mP+m3)im_my 22 (mP4+m3) momy 2e2(mF+md) m_my
CACE2Y2Lomymf Cpm2Y2Lmymf CAY2B0Lmymi CAY2B0Lmym]
2 2 - 2 - 2
6(m%+m%) m_my 12 (m%+mg) m_my 8(m%+m%) m_my 82 (m%+m%) m_m
242 4 2 2 2 2 2 2 2 2 2 2
Can?Y2B0Lmymf 15C 4 C2Y2m3 15CpY2m? CACEY2Zm? CpY2m? N

96(mf+m%)2m,m+ 4(m%+m%> m_my +8(m%+m%> m_m,

1e (m% + m%) m_m

2y2, .2
Yim

2,2 2 2 2 2 2.2 2
CAC2Y2m? N CpY2Zm? CACLm2Y2m Cpm
262 (m? + mg) m_my  de? (m% + mg) m_my 12 (m% + mg) m_m
2 2.9,.2 2 2 2 2 2,2 2 2
904 C2m3v2e2, m? 9Cpm3Y2L2, m? 20402 m3v2e2, m3 Ccpm2y2

+ 24 (WL% —+ mg) m_m

+

2
LWLl 1

c(m3+m3) m_my
3CACEm3YZLy, mi

4(m%+m§)2m,m+ 8(m%+m%) m_m

2vy2 2 2 22 2 2
3CAm3YS BoLing ™1 CamaYsBoLin, mi

2 2
e(m3+m3)’m_my
3Cpm3vZey, mi

- 2
4 (WL% + m%) m

2B0L2,

16 (m% + m%)2 m_m4 a 8e (WL% + 7n%>2 momy

Cpm3vic, m?

—my

2 2,2 2 2 2
20, C%m3y2c2, m? 304 m3Y ,mi Com3Y,

- 8 (WL% —+ m%)2 m_m_

2 2
S BoLim

2
2™

+8£(m%+m%)m m

2 2
CAYs Bomy

75(m%+m2) m,m++16(m1+m2) m_my

2 2
CAYS Bomy

e (m3+ mz) m_m
Cav2Bom? 2y2

2
Car”YsBomy

8 (m% +m§)2m,m+

2 2.9 2
CACEMEYs Lmy my

2 (m% —+ mg) m_m

Cpm3Y2Lmm?

Se (m% +m§) m_m T 82 (m% +m%) m_my B 96(711% +m§) m_m Q(m% +m

5C 4 CEmEY2 Ly m? 5CEm3Y2Lmy m? 204 CEm3Y2 Ly m?

3Ty

2.2 2
Crpm3Ygs Lmymy

2e(m2+m3)?m_my  ac(mI+m3)imomy 2 (mtmd)im_omy

2,9 2,2 2 2,232 2 2 2
CACEm3n2Y2Lpym, m? Cpm3n2Y2 Loy m? CAY2B0Lm,m?

CAY2B0Lm, m?

2 (m% —+ 7n§>2 m_m

4(771% +m§>2m,m+

2 2
CAY2B0Lmym?

3(m%+m§)2m,m+ 6(m%+m§)2m,m+ 8 (m3 +m3)m_my

2y2 2 2 2v2 2 22 2
Can?Y2B0Lmym? 11C 4 C2m3Y2Lmym? 11CEm3Y2Lmym?

4e (m% + m%) m_my

2 2v2 2
CACEm3Y2Lmym?

96 (m? + m3) m_m N 2(m3 +m3) m_my N a(m?+m2) m_my

— 45 —

2
2e (m% —+ WL%) m_m

82 (m% + m%) m_m



Cpm3Y2Lmym? 204 C2m3Y2Lmym? Cpm3Y2Lpmym?

CACEm3n2Y2Lmym?

e (m2tm3)2m_my  e2(m24md)Pmomy e2(m2 4 m3) m omy

Cpm3n2Y2Lmym? 3C A m3Y2B0Lmym? 3C 4 m3Y2B0Lmym?

B(m% +m%)2m,m+

CaAm3Y2B0Lmym?

b(m% +7n§)2 m_m4 S(WL% +mg)27n,7n+ 8e (m% +WL§)2m,m+

42 (m% —+ WL%)Z m_m.

CAm%ﬂngBUEmZ m% 2CAC‘lz‘;“)/szﬁzjﬂl cFYSQC?’H CAY-EBOE?YL ZCAC%'YE‘C?YLZ CFYEE%LQ

48 (m%+mg)2m7m+ B 3m_m - 3m_m + 48m_m + 3m_m 3m_m

CaYZBoLS, 180 4 C2m3y2 18Cpm3Y, 1104 C2m3v2 11Cpm3Y,
A R EN ] (R FRMFVUA e PSP

2 2 2v2 2 2 2v2
CACEm3y? Cpm3y? CACEm3n2Y]

Cpm3=2y2

42 (WL% + m%) momy
15CEmEY LY,

2e2 (ml —+ mZ) m_m. +

4
1504 CEm3v2ed, CaCEmiYZcs,

* 12 (m% —+ nL%) mo_my +

24 (nLl —+ mZ) m_m.

cpmiy2ce?

e(m3+m3)?m_my
18Cpm3Y2Ly,,

8(m1+m2) m_m 16(m%+m§)2m,mJr *

Cam3YZB0LY,, 18C 4 CEm3YZ LY,

2¢ (m% + mz) m_my

CACEmMEY2LY,,

s(m%erg)zm,nL+ 16(mf+m2)2 m_my

Cam3YZB0Ly,,

16= (m3 + m%)z m_my

442 02
CpmivZri, Cam3Y2B0LE,,

— 5 >
€ (nLl + mZ) m_m_

cam3Y2sg

s(n@ +m§)2m,m+ 162 (m% +m§)2m,m+

Cam3Y2 8o cam3yZag

2e (m% —+ WL%)Z m_m

c m3n2y2p,

- 2 (WL% + mg) momy -

45C A CLmAY2Lm,

85(m%+m§)m,m+ t a2 (m%+m%)m,m+ 96(m%+m§)m,mJr

442 2 42 42
45C pmEY2Lm, TCACEMAY2 Loy 7CEmEY2 Loy

S(m% +m§)2m,m+

2, 42
CACEmAY2Lm,

4e (WL% +m%)27n,7n+ 8e (m% +WL§)2m,m+

CACEmMEn2Y2Lm,

16 (m3 + m§)2 m_my

Cpm3Y2Lm, Cpmin?y2Lm,

2
2 (WL% + m%) m_m

Ca m%ysz Bo EWLl

22 (m%+m§)2m,m+ 6(m%+m§)2m,m+ 12 (m%+m§)2m,m+

Cam3Y2B0Lm, Cam3Y2B0Limg Cam372Y280Lm,

4 (m% —+ nL%) momy

85C A C2mEY2 Lom,

85(m%+m§)m,m+ t a2 (m%+m%)m,m+ 96(m%+m§)m,m+

442 2 42 442
85C pm4Y2 L, TCACEMAY2 Loy TCEpmAY2 Loy

8(771% +m§)2m,m+ B

2 42
CACEmiY2Lmy

— 5 —
4e (WL% + nL%) momy

2,4 22
CACEmin2y2Lm,

16 (m%+m§)2m,m+ e (m%+m§)2m,m+

CpmiY2Lm, Cpmin2Y2Lm,

2
2 (WL% + nL%) m_m

Ca m%ysz Bo E’VTLZ

22 (m%+m§)2m,m+ 6(m%+m§)2m,m+ 12 (m%+m§)2m,m+

S(m% +m§)2m,mJr

+

42 42 4 22 2 2
CAmsYS BoLmy B CAmyYBoLmy B CAmom Y BoLmoy CACRYS LmiLmgy B
2 2 2
4e (m% + nL%) m_m4 8e2 (m% + nL%) m_m 96 (WL% + m%) m_m_ 87”77”4,
CACEmiy2 Cpm3vy2 CACEmiy2 Cpm3v2

2(m24m2)m_mim?  4(m}+md)m_m m?

2 42 42 2,4
CACZmiy] Cpmiy? CACEmin

4e (ml + WL2) m,m+m%
2v2
Y,
s

CF‘IYL%ﬂ'

- 8e (m% —+ nL%) m,m+m% -

242
YS

262 (m3 + m3) m_mym? 42 (m} + m3) m_mym?

2 5y 2 2 2,2
CaCEmSYZLs, Cpm§yZey, cam8y2p0L2,

12 (m% + m%) m_

g m?

o (m% +m§) m_mym2 B

cam3vy2sg

2 - 2
(m3+m3) m_mim}  2(m3+m3)°m_mym?

16 (WL% + m2)2 m,nL+m% + 4(

P P)
m2 4 m2) m_m_m?

442 442 4242 2. 6y2
Cam3Y28g Cam3Y2pg Camin?y2pg CACEMSY2 L,
2 2 2 2 2 2 2 s 2 2 2 2 2)\2 2
8e (ml +WL2) m_m4my 8e (ml +WL2) m_m4my 96 (ml +WL2) m_m4my 2(m1 +77L2) m_m4my
CpmSY2Lm, CACEmSY2Lm, CpmSY2Lm, CAmiY2B0Lm,

a(m2tm2) m_mym2 e (m2ym2)im_mim? e (m24m3)m_
303 vimf

CAm3Y2B0Lm, CA Y Lmgm§

2

m g m? 8(m%+m§)m,m+m%

244 4
o vimt

2 2 2 . 2 - 2
8e (ml + mz) m_m_ym3 16m3 (mf + m%) m_my 32m} (mf + m%)

244 4 2y 4 2 yd,,2
CL Y2 Lmymi CA Y2 Lmymi B c?yim?

3
s2emd (m} + m%)

2y4 2
cqvim?

sm3 (m2 + m3) m_m, N 16em3 (m2 +m3)° m_m

24,2 2
c? w2yim? CAYSLonymy CAviom, m?

16m3 (m% + m§)2

32em3 (m% + mg)z

3CAYE Longm?

103 (4 m3)® 103 (2 + 3 g | 1o (md )Py 8 (md b md)
C2y2Lmym? _ wejvd c?yd B civd _ ci=ivd
16e (m2+md)?m_my 16 (m2+m3)?  ac(m2+m2)®  16e2 (m2+mB)® 96 (m2 +m3)?
3C3m3v AL, 2 m3viom, A m3yiim, cZm3vi

32¢2m3 (m% + m§)2

8(m%+m§)2m,m+ 16 (m%+m§)2m,m+ 16(m%+m§)2m,mJr

2 2v4 2,2 24 2 n2vy4,2
Cym3Y] CHymsmY] CAmaYy Ly,

16 (ml + m2)2 m2

2 44
CAmiviim,

- +
2 2
82¢2 (m2 +m3)°m? 192 (m3 +m3)*mP 16 (m}+mF)m_mym?

2 4~-4
CamaYy

2
8 (m% —+ m%) m,m+m%

2 6yd
Cam3Ys Lmy

32 (m% + mg)z

2 ,4y4 2 dy4
CEmiviem, 304 miv,
m

162 (m% +m§)2m,m+m% 32 (ml + g)Qm 32e (m% +m§)2m‘11

— 46 —

16 (m% + mg)z m_mym$

(B.5)



ABéZ) -

2 .3 3 -3 3 o3 2 3 o3
B 7CA”L+LWL10F 4 3 o8 CA”L+£m,1CF N CAWL,LWHCF B 7CAm,7Cm’1CF
am? ATmy F am am am?2
Z - + T
2 .3 3 3 o3 3 o3 2 .3 o3 3 2,2 43
CA”L+LWL2CF 4 c 3 o8 7CA”L+LWL2CF 7cAm'7£m,ZCF CAm,iﬁmQCF 33CA”L+£WL1 F+
A _ _
am? me " F am_ am am?2 8m?2
Z T Z
90 m3 L7, Ch 11 5 4 MCamy Ll Ch 8Cam L3 CL 8C,L3, CH 190 m_ £} CF
oz 5 GAFm Ot - - + -
dem? 2 Am _ dem _ € 2m g
p 2 -3 - 2 .2 o3 2,2 -3 3,2 o3 2 .2 43 5 2,2 3
3Cam_£3, Ch  0304m2 L3, Ch  9C4m2 Ly, Ch  9C4mI LR, Ch  11C4m3 L7, Cp  3C4m3Ly, Ch
dem 8m2+ 4am§r 4mi 8m?2 4em?
. 2 -3 2 43 ‘ 2 2 43 ; 2 43
EC 22 o8 N 9CAm,+Cm2CF N 9CAWL+£m2CF N SCAm,+£nL1£m2CF o 22 o8 N 3CAmy Ly Emch
g ATmaTE am_ dem_ am?2 AfFmLEma I F am_
p 2 -3 - 2 2 -3 ; 2 o3 - 2 o3 2 o3 2,2 3
3CAm_ Ly L3, CF N 30am2 Ly £3,,Ch 8C4L3,,Cp  3C4am_£L3, Ch N 9CAm_ L7, Ok 5Cam2 L3, Ok
amy 4m§r e 2m demy 8m2+
P 2 p2 3 P 3 p2 3 3 3 3 P 2 3
3Cam2 L3, CF  3Cam3 L7 CF +3GCAC}‘,+BICA"L+CF . 15C4m CF 90 m Of  23Cam3 Ly Ch
4am§r 4mi 2m_ 2em _ 2e2m_ am?2

2 3
10am3 Long OF
2

2 3
3Com3 Ly CF
2

dem 2e2m

3CALm, Ch  TCam_Lm, CH

— 83404 Lm, O —

4C A m_ Ly, CH

29C gmy Lonq C

17C

3 3
Amy Lmg Ch N 3CAmy Lm, CF

2m _

3CAm_ L, C3
+

53C 4 m?2 Lo, C3

2em _ 2e2m _

20C gm?2 Lo, CF

€ my emy 252m+ 4mi 457111
3Cam2 Loy O3 13Cam3 Lo, C% . 3C m3 L, CE Cymin?Lm, C} N Camyn2Lm, C3 N Cam_w2Lm, C3,
2e2m?2 2m3 2em3 - 4m?2 4m 4 -
€ ’VTL+ ’VTL+ £m+ ’VTL7 mo_ ’VTL+
2 2 3 2 3 2 3 2
Cam? w2 Loy CF, N 23C g m3 Lo, CF N 11C m3 L;my O3 3C4m3 Ly CF,
4m§r am?2 4em?2 2e2m?2
30am3 L3 LmyCF 5 3 B0amyLY LmyCPh  3Cam_ L], Lm,Oh
— = T ML 2 304 L2 L, O+ +
am?2 mq 2V F
m2 am_ am
2 .2 : . . .
scAmfnmanQc% e p B Cam i LmgCh  CamyLmyCh  3CAmy LmgCh  11CAm32 Ly Lmy CF,
4mi AfmatF 2m _ 2em _ 2e2m _ am?2
2 3 . )
3CAmL Ly LmyChr 3 TCAm4Lmg LmsCP  B3CAmy Lmg LimgCl  6C 4 Lmg Ly Chn
— 2 170 Lmy Lmy O — - + -
2em?2 2m _ 2em _ €
: : 2 3. 2 3 3 3
110 m_Limy LmyCh  3Cam_Limy LmyCh  5CAm2 Ly LmyCF 3Cam2 Ly Lmy CF N 3C 4m3 Lony Lmgy CH
my 2em 4mi 2smi 2mi
3C A LmyCh L 32CAm Ly ci L TCAm Ly C3 8C M LymyCh 3CamZ Ly Ol 5CAm2 Ly, CF
€ my em 252m+ 4mi 4ami
3Cam2 LimyCh  18C m? Ly Ch 80 m3 Ly CamAn?Lm,Ch  Camym2LmaCh  Cam_ 2Ly O
2.2 - 3 - 3 2 - -
2e2m? 2m3. 2em3. am?2. am_ am g
Cam? 72Lm,yCh  180,4C%  105C,m_C3%  25Cam_C3 30 m_0C3  15C,m2 C3  70,4m? O,
+ _ _ _
2 2 2 2
am? E 2m 2em 262m m? em?
3C,m2 C3 30, my 203 Cam_ =203 cpm? x2c3, 7m2+5§n1 c? m+L§n1 c? m,aﬁnl c?
+ - + - + -
a2mi am_ amy Zmi 8m?2 8m_ 8my
3 o2 . 2,3 o2 3 o2 3 42 2 .3 o2 . 2,2 o2
mq CF n ELS 02 WL+£WL20F B 7WL+LWL20F B 77n,£m’2 CF m’—ﬁm,g CF N i£3 2 97n+£7n1 CF
sm? g M 8m?2 8m _ 8m 4 sm? g m2F 8em?2
93,2 £2 o2 - 2 2 2 2 302 o2 4 2 52 2 2 2,2 o2
33m3 £3, C%  8myc} CF N 4lmyc} CF 8L}, CF  3m_Ll, CE  tom_rl, CE  om? c} C%
16m?2 8em _ 8m_ 2e Sem amy Simi
a2 2 o2 3,2 o2 am2 £2 o2 2,2 o2 2 2 2 2
63m? 23, 0F om3 £3, O (LT ami £3,, 0% 1mich of N om 2, Ch N om 2, Ch N
16m?2 8m3 PR T 8em?2 16m?2 8em _ 8m _
+ + - -
8m3 Ly £0,,CF  3myLmy L3 CE  3m_Lmg L3 CE  3m2 Lm, L3, CH 8. L2 .2 3L7,,Ch
—Zrm _
8m?2 8m_ 8m sm?2 1omg W F 2¢
2 52 2 2 3m2 2 o2 2 2 o2 3,2 o2
,£m2CF - WL,CmZCF - dm,iﬁmch - 5mi 7£m2CF WL7£m2cF
Sem amy gam2+ lﬁmi Smi
31m C%  11m3 Lm;Ch  3m3 Lm; CF  23m3 Lm; C%F  17m, Lo, CF
am _ 8em?2 4e2m?2 8m?2 dem _
3Lm,C2Z  2m_ Ly C%  8m_ L C2  Tm_ L, O 29mZ Ly C
2¢e emy 452m+ 2m+ 85711%r

3m3 Ly CF  18m2 Ly % m3iw?Lm, CF

myn2Lm, Ch

m_ 72 Lo C&

3
+

3
+

dem am 8m?2

8m

— 47 —

8my



2 2 P 2 2 4 2 2 2 2
11m% L1y CE 3m3 LmyCh . 23m3 Lmy CF N 3m3 L2, LmyCh

2
3my Lo, £maCh

[,2

3m_ L3, LmyCh

8em?2 4e2m?2 8m?2 8m?2

3m? L2 LmyCE o 3

3 My Ly CE Bmy Ly CF

8m _

my Loy Ch

8my

Smi Lmy LmgCh

2
Ly Ch —
8m32 12 dem_ 4e2m _ am_

11m3 Long LmgCh  8myLmg LmoCh  Tmy Loy LmyCh

L 3Emy Lmy c%  3m_

4£m3

Lmq LmyCh 11m_ Ly Ly Chr

8m?2 dem_ am €

m?2 Loy LmyCh  5m2 Lony Ly Ch . 3m3 Ly Ly CR 17

8m?2

T

4em?

T

4m

T

2 ; 2 2 2 2 2 2 2
—LmyCE | 16m_LmyCh  5mZLmyCh  3m? LmyCh  3m2 Lmy CF

2
3 ;Errn LmsCr +

dem 2m

3LmyC2%  Tm_LmyCh

2e 2em

3m3 Loy, C2 13m3 Ly C%

8em?2 4e2m?2

4e2m 2 8m?2

m T

nLiwzﬁan C%‘ ma

M2 LmgCL  m_m2LyyC, 72 Lmy CF

Sma 8m _ 8m?2

8m T

105m_c% Tm2CE  3m?Ci 15m2 0% 3myx2CE  m_=

L’VTL‘ZCF + T -

2,2 2
C’F m<

3
+

2
25m_Cp

am3

+
2
3m_Cp

dem

QC

4em 4s2m

22

T CL

CamyBoLd, Cp

2 2
2
em

3
N Camy BoLd,

12m _

2e2m 2m?2

T
3
Cam_BoLy,,
+

4my 8m _ 8m

Cam_BoLy, Cp 2 CF Cp

3 2
+=CAB0LH,, C
12m 12m s

3Cam_BoLy, Op Cp  Cam2B0L], Cp

cAm,ﬂocgnl
+

p) F

3 2
+ - CABOLm,C
2 8

8m

dem 4 8m

E 2 2 2 2
SCAWL,BOLWLZCF CAWL,BOEWLZCF n CA”Lff;OLnLZCF

4m

Ft

CaBoCF

2
5 +18CE —

12m
T —

2 2
Camy BoL?, Cp . CamyBoL?, Cp .

8m _ dem _

CamiBoLy,,Cp  CamyBoly,,Cp

8m _ dem _

3C A m_pBoCr

5 —3CAB0CE —

1
CamyBoLm  Cp

8m 8m

3CABoCE

dem

CamyBoLmy CF

Cpom_BgC
A [P
€ m

emy

CamyBoLm, CF

1 1
2
5 + —CpAm“BoCF + —CABOLm{CF —
2e 8 4 4m _

30AB0LEM1CF  3Cam_BoLmCp  3Cam_BoLmCF

dem _

Cam—_BoLm Cr

2e2m _

3C m2 BoLm, Cp

de amy demy 2e2m

Cam? BoLmy Cp

457n3»

Cam472BoLm;Cp  Cam_72B9Lmq Cp

24m _ 24m 4

CamiBoLmyCr  CamiBoLmyCr _ 30aPoLmyCrp  TCAM-

3
+ ZCABULm2CF +

BoLmy CR
2= 4

am?2

T
CamyBoLmyCr N

4m

3Cam_BoLmsCp i Cpam_

dem _ 2e2m 4e am

8Cam2 B0LmyCr Cam? BoLmyCr N Camy72B0LmyCr L Cam-

w? BoLmy CRp

dem 2a2m+

2 8
BCACELYFLY, m

2
+

am?2

+
P 2,2
3CpY?LY,

dem 24m

24m

=o

5
,m 25C’AC SCAC’ f[,mlm‘l’

mZ m3.

scFYJ?Lmlmfl’

5 2 5
Y7 2 Lopq m? N 25CE Y7 Loy my

2 3 2 ,,3 3 2 ,,3
27117771,+ mZ my emZ m3

2m?2 m

+

3CACEmaYZLE, mi  3CpmoYPLy mi  28CACEmoYFLmmi

14cFm2YJ?Lmlm‘lL
+

e

2em

2 2 4
3CACEmaYFLmy m}

2 ,,3 2,3 2 ,,3
mZ m3 Zmy mZ my

2m

3CpmaY7iLmymi 57CACELYFm?  57CpYimi 250403 vFm?

m2 m3 2,3

250p YFm?

it emZ my

3CoCRYim}  3CpYFim}

2 ,,3

2em*? il 2

T

2
3

ZICFm

f 1
m 2m,mi am_m 2em_m

2y2, .3 2y2. .3 2 2y2p2 3
CACEn2YPm}  Cpa?YPm}  2104CFm3v7cel, m} 7e

dem_m

3
1 ™1

2
3

9CACFm

2
+

2
3

2e2m_m 4e2m_m

3
1 ™1

f

2
3

2
3

9Cpm3YFLY, mi N TCRCpm3YZ L], m

3
T

3
T

Aam_m 8m_m 2m?2 m am?2 m

3 402 2y2,2
i 3C Cpm3YPLy, m

17C 4 Yf2 Bom$

2

2em*? 3

i

m

9cAYJ?ﬂUm§ 9cAYJ?ﬂUm§

2 3 3
4 +

27C A CEm3Y7 Loy m}

dem am?2 m 4am{mi

30472 Y7Bom?t 27Cpm3Y7 Loy m}

16m_m

7CC2 m%yfzaml m$

2

2 16em_m?2 16e2m_m?2

3 3

B 3
T
3CEm3Y}

64m _m m3 2

T
2,2, 22 3
CACEmZn?YE Loy mi N

2 2 2
m< m 2m

T - -

3

2.2
3CACEM3YF Loy mi Lonqgmf

em< m

Cpm3n2y

TCEpm3YF Ly m}
3 + 2em?2 m3
+ =mE
2
b

3

Lmymi  6C3Cpm3 fEm2m1

e2m2 m 2e m{mi 2m?2 m3

2,m2 m3
-m ™4

2 2v2 3 2 2v2 3 2 2, 2vy2 3
TCROpm3YiLmymi  8CECpmEViLmymY  CROpm3nlVELmymd

m

4m? m3 2,3

mg mg

2 2v2 3
N 7C3 Cpm3YFLm) Lmym}

2 ,,3

2em*? il 3

i

m 2e2m?2 mi am?2 m

2 242 3 2 2y2,3 2 3 .2
3C3Cpm3YF Ly Lmym} N 7CiCpm3yiLy, mi  CRCpmIYRLE mi

7904 O maYFmi

3
T

2m?2 m

25711% mi

14C A CEmaYFmi

2
3

2
3

3CpmaYim}

am?2 m am?2 m

TCpmoYFmi  3CACEmaYPmi

CACEman?YZm?

2m_ m?2

T

2
T
2 2 2
v7ce2, m?

2
T

2
90, C%

em_m em_m 2e2m_m 4e2m _ mi
2
1

2
T
69C 4 CZm3 69CpmiYZ Ly, m? m3vFcy, m

9CpmiYZL

4m_m?2

T

2 2
mq ™1

47n27 nLi 87n27 nLi

ZEmE m3

T

303 Cpm3yZL], mi  8CHCRm3YPLm, L], m} 17CAmoYFBom]

4dem

2 2
90 mo Y7 Bomi

E WLi

2 2
9C g maY 7 Bom]

2 3 2 2 3 2
4em® m 4m= m 16m_m
—m3 —m3

T
3C 4 mo wzyfz Bom?

P 2 3y2 2 P 3v2 2
3CACEMEY? Ly m 3CEmM3YZ L, m
F 2 mq 1 F 2 mq 1

+ £ + £

16em _m

28C 4 CEm3YF Ly mi

2
T

2
3

16e2m_m

23CH mgyfzaml m?

2m?2 3

N 2 2 3
()47n,7n+ mZ m3y Zmy

— 48 —

2£ma

3 dem2 m3
my emZ m3

BoLmo Cp



2 3y 2 2
8CACEmEYF Ly m}

3Cpm3 Y7 Lmym?

Cpm3n®YZLm;mi 1803 Cpm3YFLmym]

CACE MY R Loy mY
2m2 m3 + am2 m3 2,3

22 m3 22 m3
efmZ m3 2e mZmy i T mZ my
2 32 2 2 32 2 2 3. 2+y2 2 a2 2v 2,2 2
2303 Cpm3YFLmymi  3CRCpm3VELmam?  CRCpm3niyiLmam?  3CHCpm3YELY, Lmymi
2,3 2.2 m3 2,3 2,2
45771.7771,+ 2e mZ my 4771,7771,+ 4771,7771,+
2 32 2 2 3v2 2 2 2+v2 2+v2 2 2+v2
2303 Cpm3YZ Ly Lmgymi . 3CH Cpm3YZLmy Lmymi . 49C CEm3YFmy  49Cpm3YFmy,  TCACEm3Y7Fmy
2,3 2,3 2 2 2
47117771,+ 2am7m+ 27117711+ 47117711+ em_m3
22 2 2v2 2v2 2 2 242 2 242 2 452 p2
TCpm3Yimy  83040%m3Yimy  3Cpm3YPmy  CaC0pm3nYimi  Cpm3n?YZmy  2104CEm3YFLY, my
2 2 2 2 2 2 2 2 .3
257117771,+ 2e m_miy 4e m_miy 4771,7771,+ 8711.7711+ 4771,7711+
42 02 302 442 02 252 25,2 22
210pm3YFLY, m1  3CRCpm3YFLY my  170am3YZBomi  9Cam3YFBomi  9CAm3YFBomy
8m?2 mi 8m?2 mi 16m,mi 16am,mi 1652m,mi
SCAWL%ﬂZYszUml scAc%ngfﬁmlml 3cpm‘21Yf2£m1m1 QCAC%m%YfZLmlnLl QCFm%YfZEml mq
5 2 2 ,,3 + 2,3 - 2,3 - 2,3
64m _m3 m2 m3 m2 m?% 2em? m3 4em? m3
2 442 2 442 2 442 32
4CHCpmiYF Lmymy N 3CRCpm3YFLmgm1  BCHCpmEYELmg Lmymi N TOACEmMEYF N T0pm3Y?
2 3 2 3 2 3 2 2
m2 m3 dem?2 m3 am?2 m3 2m_m3 am_m3
2,342 342 2. 3y2 342 2.3 2.2 242 2. 5y2,2
5CACEmEYE  5Cpmivi  3CoCEm3vE  30pmivi  CoCEm3nivi  Cpminlyj N 3CACEm3YZLy, N
2sm,m2+ z;sm,m%r 252m,m2+ 452m,m§r 4m,m§r Sm,mz+ m2 m3+
5
30pm3YZLY, ° . I 17cAm§Yf250 9cAm§Yf2B0 gcAmgyfzﬁ(, 3cAm§w2Yf250+
—— % — — —-Ca 0
2m?2 m 32 f 1 16m_m3 16em_m3 16e2m_m3 64m_m?3
2 5v-2 5v-2 2 5y-2 5v2 2
5CACEMEYZ Lmy  5Cpm3YFLm;  8CACEMBYFLm;  3Cpm3YFLm; 9 5 9CAYF B0 Ly
2 .3 2 .3 - 2 .3 N 2.3 + = CAYfPoLmy + +
mZmy 2711.7771,+ emZ m3 2am7m+ 16 16e
242 3 2 3 242 3 2 3 22 3 2 3 2 22 3
CACLY2Zm3 CpY2Zm3 CACLY2Zm3 CpY2Zm3 CACLY2Zm? CpY2m3 CACE2Y2m3
2m§m,m2+ 4m§m,m2+ 45m§m,m2+ SEmgm,mi 2a2m§m,mi 4a2m§m,mi 12m§m,m§r
22,2 3 2,2 3 2 2 3
Cpr2v2m$  CACEYILy,,mi CpYILy, my _ CAYSBoLi,my CavZsom? B Cavisom? B CavZsom?
24m§m,m2+ m%m,mi 2m§m,mi 16m§m,m2+ 4m§m,m2+ 85m%m,mi 852m§m,mi

Cam2y2pom3

CACEY2Lmomi  CpY2Lmomi

CACEY2Lmomi  CpY2Lmomi  CaAY2B0Lmymi

96m§m,m2+ 2m§m,mi

2 B 2 2, .2
CAY2B0Lmym} . CACEY2Zm?2

amZm_m2 cm3m_m3 2em3m_m32 sm3m_m3

2, 2 22, .2 2,2 2v2, .2 2, .2
CpY2m? CACEY2Zm3 CpY2m? CACEY2Zm? CpY2m?

SEmgm,mi 27112m,m2+ 4mzm,m2+ 4amzm,m2+ 85m2m,m2+ 252m2m,m2+ 4a2m2m,mi
2 2,2 2 2,2 2 2 2 2
CACEm?YZmT  Cpn?vZmi  CACEY Ly, mi  CpYilp,,mi CaYSBoLim,mi  Cuv2Bgmi  CaY2Bomi
12m2m,m2+ 24m2m,m2+ m2m,m2+ 2m2m,m2+ 16m2m,m2+ 4m2m,mi 85m2m,m2+

CaY2ZBgm? B Cam2Y2Bom?

2 vy2 2
_ CACEYZLmymi

2 2 2 v2 2 2 2
CpY2Lmom?  CACRYZ2Lmom?  CpY2Lmgm?

2

852771.2771,7771,+ 2

96mam _m3

CAYZBoLmgm?

CAY2B0Lmym?

2 amgm_m2 cmam_m2

2mam_m3 2

25771,2771,7771,+

21C4C%Y2my  21CpY2my  13C4C%Y2m; 13CpY2m; CoC%Y2m,

8m2m,m2+

8emom _m

2 2

am_m32 dem_m3 2

2 a2m,m+

2711.7771,+ 2

857117711+

2 2,2 2 32,2 2,2

CpY2my B CACET2Y2my B Cpn?Y2Zmy  CACRYILy, m1 _ 2CACRYS Lo, _ CRpYSLi,m B

22 2 2 12 2 2 2 2

efm_m3 67n,7nJr m_m3 857n,7n+ m_m3 m_m3

3C,C2v2c2 m 3CpY2L2 m CAY2B0L2 m 2 2 2 2y2

ACFEYs Emg™1 FYstmg™l AYSBoLmy ™1 . CAYS Bomy CAYS Bogmy CAYS Bomy CATeYS Bom

4 2 16 2 4 2 2 2 2 5 2
em_m3 8em_m ()WL,er m_m3 857n,7n+ 8e m_m3 9()7n,7n+

2 2
CACFYs Lmymy

2 2
_ CACFRYiLmymi

2 2v-2
_ CRCRnAY2 Ly my

m_ nLi

4e2m_m

+
CpYZLmymy

9C N C Y2 Lmgmi  9CRYZLmymy
+ +

24 2 2 2 4 2
’VTL?’IYL+ m,m+ m,m+

CACEYZ2Lmgom1  CpY2Lmgomg Cpm?Y2Lmymy

204 CEY2 Limgmy .

CACE2Y2 Lomymy
+

sm,mz+ sm,mz+ 252m,m2+ 452m,m2+ 12m,m2+ 24m,m2+
CAY2B0Lmgmi  CAY2B0Lmgmi  CLORY2Lm Lmgmi CACRYZLY, — TCRCRYZLY,  270,0%may?
Sm,mz+ B SSm,mﬁr + 4sm,m§r B 24m_m 24m_my * Zm,mz+ *
27CpmaY2  19CACZmoY2  19CpmaY2  CaC%mov2 — CpmaY2 — CuCimaon?y2  Cpmon?y?2
am_m? dem_mZ sem_m2 | <fm_mZ | 2e2m_m2 om_m2 12m_m2
CHRCpmaYZLy,  CRCpmaYZL], CaCEmoYZLL CpmaYZLl 3CACEmoYZLE  3CpmoYZLD
2m_m? 8em_m a m_m?2 o 2mom? dem_m? C sem_m?
CamaYZBoLY,, CACEYILm LY,  CamaY2By CamaY2By  CamaY2By  Caman?Y28g
mm,mi B 8m_m * 4m,mi Ssm,mi SEZm,mi 96m,mi B
3C4CpmaY2Lm, CACpmaY2Lim, CZ CpmaY2Lm, CZ Cpmon?Y2Lm,g 7CACEmoY2 Ly
m_m?2 a em_m S aZmim? 24m_m? a 2m_m? a
TCpmaY2Lmy  CACEmaY2Lmy CpmoY2Lmy CaACZmon2Y2Lmy Cpmon?Y2Lm, CACRYILD, Lmy
4m,mi 252m,mi 452m,mi + 12m,mi 24m,mi B 8m_m_y
CamaY2B0Lms  CamaY2B0Lmy  CHLCEmaY2LmyLmg = CRCEmMaY2Lmy Ly 9CAC%YfYSLgn1 m
sm_m2  sem_m3 m_m2 * dem_m2 - w2 m3 -

— 49 —



9CpY YLy, mi

2 2 4 2 4 2 2 4 2 4
9CACRYYs Ly, mi  OCRY YsLi, mi ACACLY;YsLD mi 20pYpYsLy, m{

3
+

2 2 4
3CACRYpYsLy, mi

ZmE m

- +
2 nLi

3CpY YsLy, mi

dem 8em? nLi ma mi ma mi

2

3
+

2 4
8C A CEY Vs Lmymi

dem< m

CAYyYsBoLp,ml 004 CRY Vel mi  OCEY[Yelym,mi
+ + +

2 ,,3

em?2 WLi

CFWZYfYSLmlm‘l1

IICAC’%,YfYSEmZ mf

2 .3 2 .3 om2 m3
8em< m 8em< m m“ m m< m
4 2 4 4 2 2 4
4Cp Y YsLmy m] 8C A CR Y YsLmym] 3Cp Y YsLmymi CACET Y Ys Ly m]
2 3 2,2 3 2,2 3 2 3
em< m 2e“m“ m 4e“m< m 4m< m

11CR Y} Ys Limg mf 5cAc}YfYSLm2 mf 5CpY;YsLmy mf

2 .3 2 .3 2 .3 2 .3 2 .3
8m?2 m3 m2 m3 2m?2 m3. em?2 m3 2em? m3
scAcf,YfYScmzm‘l1 scFYstLmzm‘l1 cAcf,ﬂznySLmzm‘l1 cFﬂznySLmzm‘l1 cAnysﬂoc,wm‘l1
2a2m{mi 4e2m?2 m3 4m{mi Sm{mi 4a2m{mi
2 3 3
cAWZYfYSﬂOL,,Qm‘l‘ N cicFYfYSLmlﬁmzm‘ll N scicFYfYScmlchm‘ll N TOACE Y Ys Ly my
48m{mi m{mi 4em?2 mi am?2 m2+
7cpyfysafn1m{ cAnysﬂoﬁfnlm{' cAc}YfYSLfnzm{ cpyfysafwmf cAnysﬁoﬁfnzm{'
2,2 2,2 - 2,2 - 2,2 - 2,2 -
8m2 m3 24m?2 m3 am?2 m3 8m2 m3 24m?2 m3
2 2 3 2 3 2 2 3 2 3
270 CFmaYpYs L], mi  27CpmaYyYely, m} 004 0FhmoYpYsL], mi  9CpmaYyYell, m}
2m2 m3 B am?2 m3 B 4em?2 m3 B 8em?2 m3 *
=mi =mi =mi =m3
1O ACEmaYYsly,mi  11CpmoYpYsly,,mi  8CACEmaYpYsL],,mi  3CpmaYpYsl],,mi
+ + +
2 .3 2 .3 2 .3 2 .3
2m?2 m? am?2 m3 4em?2 m3 8em? m3.
el YrYsBgL2 3 o YrYsBoL2 3 3C2CRY;YsLom, £2 3 2 3
AM2Y fYsPOLmy ™Y . AM2Y fYsP0Limgy ™ ACFYfYsbmy bimy ™y +31CI’ACFm2YfYsﬁmlml
Smarni Ssmami Smami mami
31cFm2YfY5Lm1m§ N 11cAc§,m2nySLm1m§ N 110Fm2yfysﬁmlm§ 3cAc§,m2YfY5Lmlm'{'
2 .3 2 ,.3 2 .3 2,02 m3
2m?2 m% em?2 m3 2em? m3. 2e2m?2 m3
3 2 2 3 2 3 2 2 3
3CpmaYyYsLmym? N CACEmMan?YyYs Ly mi N CpmanYyYsLmym$ 3CROpYyYslh, Lmgmi
4e2m?2 m3 am?2 m3 sm?2 m3 8m2 m3
24cAc}m2YfY5Lm2m'{' 12cFm2YfY5Lm2m§ scAc§m2YfYSLm2m§ 4cFm2YfYSLm2m§
2 .3 - 2 .3 - 2 .3 - 2 .3 -
mZ my mZmy emZ my emZ m3
3CAC2moY YsLmom3  3CEpmoYYsLmom?  CaACZmon2Y YsLmomb  Cpmor2YsYsLpm,m?
FMm2Yfrstmgmy S EpM2Yf¥stmao™my HAYE™2 frstmgmy  YFM2 fY¥stmgm™my
22 m3 202 m3 2 ,.3 2,3
2e mZmy 4e mZm3 4771,7711+ 8711.7771,+

CAmaY}YsBoLmy m$

CAmaYYsBoLmomi — CamaYyYsBoLmgmi

CAWL2w2YfYSBOCm2 m$
+

2m{mi 4amimi 4a2m{mi 48m{mi
5C2 C Y YsLomq £ 3 3c2c Yo Ys Lo L 3 210,C2m2y,YsL2 m?2  21CpmiYVsL2  m?
SCHCEpmMaYsYsLmy Lmgmy i B3CQCpm2aYyYsLlmy Lmgmy n ACEMRY f¥shbm My FmaYygYshliy,my
2m{mi 4am{mi 4mimi Smimi
9CACEm3Y;YsLy, mT  9CEpm3Y,YsLh, mi CaYypYsBolp, mi 23C4CEm3YpYsL], mi
4amimi Samimi SSm,mi 4mimi
28Cpm3YpYsLy,,mi N 3CACEm3YyYsL], mi N BCRpm3YyYsLy, mi  Cam3YpYsBoLy,, mi N 90 4 0% Y Yem? N
Smimi 4am{mi SEm{mi Samimi m,mi
QCFYfYSWL% N CAC%YfYSm% CFYfYSWL% B 3cAc§,YfYSm§ B 3cFYfYSm§ B cAc%wzyfysmf B CFWZnysm%
2 2 2 2 2 2 2 2 2
2711.7771,+ 5711.7771,+ 25771,7771,+ 2e m7m+ 4e m7m+ 47117711+ 8711.7771,+
3C Y YsBom2  CAY:YsBgm2  21CACZm2Y, YsL 2 21CEpmiY,YsL 2 11C A C2m2Y,Ys L 2
AYfY¥sbPomy AYfY¥sbPomy _ ACEMRYFY¥sbmymy _ FmyYyfY¥shbmqmy _ ACEMRYfYs m1m17
4m,mi 4sm,mi ZmEmi 4m27mi ZEmEmi
2 2 2.9 2 2 2 2.9 2 2
11CEm3 Y} Ys Ly m3 N 3C A CEmBY Y Lmym} N 3CEm3YyYsLmym? N CACEmEn2Y Vs Ly m?
2 .3 2,02 m3 2,02 m3 2 ,.3
4em?2 m3 2e2m?2 md 4e2m?2 md 4m?2 m3

CFmgﬂ'ZYfYSLmlm%

C’AYfYSBU[,mlm% N C’AnZYfYSﬂOEmlm%

CAYfYsBoLmym? N N 450 4 CEm3 Y} Ve Lonym?

8m2 m3+ 4m,m§r 452m,m2+ 48m,m2+ 2m27mi
45CEm3 Y Ys Ly m? N 11C A CEm3YpYs Lmym? N UCpm3Y YsLmym] B0 CEmMIY Yelmymi
am?2 mi 2amimi 4am{mi 2a2m{mi
BCpm3Y YsLmgm]  CACEm3n Y Vslmymi  Cpm3n’YpVslmymi N cAmgnySBOLm2nﬁ+
4e2m?2 mi 4mimi Smgmi 4m{mi
cAmgnySBOLmsz N CAWL%W2YfY5BOCm2nL% N cicpmgyfysamlﬁ,@ m? N 3cicpmgyfysﬁmlamsz+
4a2m{mi 48m?2 mi 4mimi 4am{mi

TCACEmM3Y YsLy, m

2 3 2 3 2, 9 3
1 TORmM3YyYsLy, mi  Cam3YpYsBoLy, m1  CACEmM3YYsLh, my

2,2 2,2 2,2 2,2
4m2 m?2. sm2 m?2 24m?2 m?% 4m?2 m?2.
2 3 2 3 . 2 3 2 . 3 2
Cpm3YyYsLy, my  Cam3YyYsBoLd, mi  3CACEm3Y,YsLp, mi  3CEm3YpYslp, mi
Smimi 24m{mi 4m{mi Smimi
0C A C2mBY;YsL2 m 9CEmMIYYsL2 m CamaYsYsBoL2 m CamaYsYsBoL2 m
AF2me117 F2f$m117A2f80m117AZfSOmll
2,3 2,3 2 2
457117771,+ 857117711+ 8711.7711Jr 85771,7711+

— 50 —



2 3 2 3 2 2 3 2 3 2
SCACEMEY YLl my  SCpm3YpYsL], my1  3CACEmBYpYsll, my  3CpmiY YLl my
am?2 m? sm?2 m3 4em? m3 gem? m3
CAam3Y;YsBpL2 m CAam3Y,YsBpL2 m 3C2 Cpm2Y;YsLom, L2 m 21C 4 C2mo Y, Y,
AM2TfTSPOFmMmy ™1 HA™M2 T sP0mmy ™1 ATEM2TfYsEmL Fmy ™1 ACEmaYyYsmy
2 ,,3 2,3 2,2 5 2
87n77n+ 857n77n+ 87n77n+ m_mi
21CpmaYpYsmy  TCACEmaYpYsmy  TCpmoYpYsmy  3CACEmoYpYsmy  3CpmaYyYem
2 - 2 - 2 - 2 2 - 2 2 -
4 2 4 2 4
mi’ﬂL+ 5m,7n+ 5m,7n+ € ’VTL?’VTL*» € mi’ﬂL+
CACZmor?Y,Ysm Cpmon2Y;Ysm 18C 4 CZ2m3 Y Ys Loy m 13CEm3Y s Ys Lo, m 5C AC2m3Y YsLmym
A~ pm2 frsmi Y Epm2 frsmi o AYpmatfrstmy ™1 FmaYfrstmyml  OYAYEpMoYfYstmym1
4 2 2 2m2 m3 Am?2 m3 2em?2 m3
m_m3 87n,7n+ mZ m3 mZ m3 emZ m3
5CEmM3Y YsL 3CAC2Zm3Y, YsL 3CEmM3Y, YsL CACZm3n2Y,vsL
FmoYfrstmgml T ACFpmMaYfYstmy ™1 + FmoYfrstmg mi + ASFMoT Yf¥stmy Ml
4amimi ZEZmEmi 4e2m?2 m3 4mimi
CFWL%ﬂZYfYSEWlel " CAmaYyYsBoLmymi " CAmaYyYsBoLmymy " CAmaYyYsBoLmymy "
2,3 2 2 2 2
87117711+ 2711.7711+ 45771.7771,+ 4e m_miy
Camarm?Y YaBoLmymy 3CRCEMIYYsLl Lmomi  OuC2m3Y Yelmgmy  Cpm3YpYelLmymy
2 - 2 .2 - 2 .3 - 2 .3 -
asm_m3 sm?2 m?2 2m?2 m3 am?2 m?
CACZm3Y,YsL Cpm3Y Vsl 3C 4 CZm3Y,YsL 3CEmMIYYs L
ACEMyYfY¥sbmogmy FMmaYfY¥sbmgmi 3C A Cpmy fY¥stmgmi 3Cpmy fY¥stmomi
2 3 - 2 3 - 2.2 m3 - 2.2 m3 -
257117771,+ 4Em7m+ 2e mZmy 4e mZmy
CACZm3r2Y,YsL Cpm3n2Y,YsL CAm3Y;YsBoL CAm3Y;YsBoL
ACEMRT Y YsLimgmy FMom Yy YsLmgmy i AM5Y§YsBoLmgmy i AMyY§YsBoLmgmy
4m?2 m? sm?2 m3 2m?2 m3 4em? m3
CAm3Y;YsBoLmeom CAm372Y Y BoLomom 7C2 Crm3YyYs Loy Lonom 3C2 Cprm3YsYsLomy Lomom
AMmaYfY¥sPoblmgmy Ao f50m21+AF2fsm1m21+AF2me1m21
122m2 m3 18m2 m3 Am?2 m3 Aem?2 m3
efmZ m3 87n77n+ mZ m3y emZ my
2,4 2 4 2 2,2 2 22 2
B0ACEMYyYs L, N BOFpmyYpYsLlin, _ HACACRmyYyYs TCpmaYyYs 5C4CEpm3YyYs 5CpmaYeYs
m2 m?% 2m?2 m¥ m_m? m_m3 em_m3 2em_m?3
3C4C2m3Y, Y, 3CEm2Y;Y, CACZm2n2y,Y, Crpm2n2Y,Y, 3C Am2Y ;Y. CAm2Y;Y,
ACEM3YyYs -~ FmaYyYs -~ ACEms™ fY¥s Fmsm fYs AMm5Yy sBo B AmM3Yy 5B07
252m,m2+ 452m,m§r 4m,m§r Sm,mz+ 4m,m§r 4sm,m2+
10C 4 C2miy,vsL 5CEmAY, YL 3C4C2miy,vsL 3CEmiY, YL CamiY;YsBoL
ACFMYYsLmy FmaYyYsLmy ACE™Y Vs Lmy FmaYiYsLmgy AmaYyYaBoLmy
2 .3 2 .3 2 .3 2 .3 2 .3
mZ m3 mZ my emZ ms 257n77n+ 4m< m
m2y,y3c2 m?yy3c? c2 m2y,y302 2 m1Y;Y302 L myYpY3c3 L2 3mqY,v3c2
1YfYs @atmg 1T f7s ©ATmy lfsAm2+1fsAm271fSAm2 1Yp¥Ys Calmg
2 2 2 2 4m2 2 2 2 2
857n27n,7n+ SmZWL,WL+ mam_m3 SEWLZWL,WL+ SWLQWL,WL+ Smgm,er
32 3~2 p2 32 2 32 2 32 2 32 2 2 32
YpYSCQLmg +YfYS C’ALm2 73YfYS C4 Lmy miY,Y; Oy miY,Y; Oy 7lefYSCA o7 miYpY; C’A7
2 2 2 2 2 2.2 2 2 2 2 2
1 4
SEWL,WL+ SWL,WLJr SWL,WLJr 857n27n,7n+ 6e WLZWL,WL+ 7n27n,7n+ 967n27n,7n+
3my Y, v3ch mYpy3od mYpy2cd  wfmyvpvdcod o osvpviod vpvdod vpvdced o rivpvicd
- - - + +
165m2m,m2+ 1652m2m,m2+ 2m2m,mi 96m2m,m2+ mam,mQ+ 1652m,m2+ 2m,m2+ 96m,mi
2 3 2 4 2 3 2 4 2 3 2 4 a2 3 2 4 2 3 4
5CRYRYs Ll mi  9CRVPYsLl, mi  TCRVPYsLR, mi  BCRYPYSLR, mi  3TCRYRYeLmymi
54m2 m3 5 2 .3 2,3 2,3 32m2 m3
64m?2 m3 6dem? m3 64m?2 m3 64em? m3 32m?2 m3
2 3 4 2 3 4 2 23 4 2 3 4 2 3 4
19OAYPYs Ly mi  3CRVEVsLmymi  CRw2YPYsLmymi  1BCRYPYsLmymi  TORYPYsLmymi
Szam{mi 32a2m{mi 64m{mi 32m{mi 32amimi
sciyjéysﬁmzm‘ll ciﬂyj}ysﬁmzm‘l‘ 7ciyj§ysﬁmlcm2m‘11 3ciyfyscmlcm2m‘11 7ciyf3YSL§nlm§
- - - +
SZEZmEmi 64m{mi Szm{mi Szam{mi 64m{mi
23 3 3 302 3 2 3 2 3 2 3 202 3 2 3 .02 3 2 3
CAYPYsLh, mi  63CRmaVPVsLD, mi  9CEmaYPVsLd, mi  13CHmaYPYVsLD, mi  3CHmaYj Ysam2m1+
64m2 m?2 64m2 m3 64em?2 m3 64m?2 m3 64em?2 m3
-mL —m B —mL —ma
3ciyf3ysﬁmlafn2m§ 87cim2yj§yscm1m§ QSCimQYﬁYsﬁmlm:{ BCimzY;}Ysﬁmlm:{
64m{mi Szm{mi Szam{mi 32a2m{mi
cimﬂzy}‘yscmlm'{' 3ciyf3ysafnlamzmif 4lcimzyj§ysﬁm2m§ 1scimzyj§yscm2m'{'
+ +
64m{mi 64m{m2+ 32m{mi Szam{mi
3cim2YJ§Ysamzm'{' CimZWZY;YSEmZ m$ 1scim2yj§ysﬁml Lmgm$ 3cim2YJ§Ysaml Lmgm$
2.m2 m3 2 3 - 2 3 - 2 .3 -
32e2m?2 m3 64m?2 m3 32m?2 m3 32em? m3
202, 2v3 2 2 2 2.3 2 2 2 23 2 2 452,23 2 2 2.3 2
3CRAmBYPYsLl, mi  9ChmEVPVeLy, mi  CRAm3vPvsel, mi  8Cimivivsel, mi  CRvPvem?
16m{mi 64amimi lﬁmimi 64am{mi 4m,mi
ncivivemi  scivivemi cia?vivimi 2003 m3vEveLmmi N CAMZYPYsLmym?  BCHmIYPYsLmymi B
32em_m?2 16e2m_m?2 32m_m?2 32m?2 m3 4em?2 m3 32e2m?2 m3
-m3 -m =" =my —my —my
Cim%ﬂszYSLmlm% 7C’im§YﬁYsﬁm2m% CingfYSEmzm% BCing;}Ysﬁm2m% CimngY;YSEmzm%
2 3 - 2 3 2 3 2.m2 m3 2 M3 -
64m?2 m3 32m2 m3 8em?2 m3 32e2m?2 m3 64m?2 m3
Cim%YﬁYsﬁmlﬁmzm% scimgyfysﬁmlc,wm% 7CinL%YﬁY3£fnlm1 cimgyfdysﬁ;"nzml
- - +
2,3 2,3 2,2 2,2
sm?2 m3 32em? m3 64m?2 m3 64m?2 m3
a2 3y 3 2 2 3y 3 2 2 3v3 2 Q2 3y 3 2
3CAmBYPYs Ll my  9CRmBYPYeLD, my 5O mIVPYeLD, my 30K m3VPYVeLD, my N
P 2 3 2 3 P 2 3 3 2 3
32m?2 m3 6dem? m3 32m?2 m3 6dem? m3

— 51 —



3CRAmM3YEYaLlmy £, m1 N 90 moYPYamy 2803 maYEYemy 80 moYPYemy  CRmor?yRvem,
64m?2 mi 4m,m?F 325m,mi 1652m,mi 32m,mi
lSCim%Y}sYsﬁmlml C’%m%Y;}Ysﬁmlml SCim%Y?Ysﬁmlml Cim%wZY}sYsﬁmlml
+

2 ,.3 2 .3 2.2 m3 2.3
32m?2 m3 16em? m? 32e2m?2 m3 64m?2 m3

SCingstﬁfnlﬁQOl N 31cimgyf3ysﬁmzml N SCingﬁYsﬁm2m1 N BC%ng}?’Ysﬁmzml

N 2 2 P 2 3 3 2 3 P 27,2 3
64m2 m2 32m2 m3 165m2 m3 32e2m2 md
2. 3 2.3 2 3.3 2 3.3 4.2
CAm3n®YPYslmgmy  SCRmBYPYsLmyLmgmy  SCRmBYPYelmyLmomi 27 4 o . 27vfc} L8 e
_ _ _ e LA 2 _
64m2 m3 16m2 m3 32em2 m83 33 F AT 64 foa
2y Zmy =y
4.2 1052 gyda2
YiCE L, YA svic? 5.6

4 4 4
16my 32emy 32my

B.2 Matching at pu~ M:
The one-loop bosonic mass renormalisation contributions are non-trivial as they involve two mass scales,
My and My, and are required to O(g?) to provide the correct contributions at two-loop order.
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C.4 Matching at u ~ mq:
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The contributions from two-loop vertex corrections, V.(ml)7 with unevaluated MIs are too large to present

7
here. We thus include the full expressions with description in an ancillary file.

C.5 Matching at p~ M:

The contributions from two-loop vertex corrections, V.(M)7 with unevaluated MIs are too large to present

7
here. We thus include the full expressions with description in an ancillary file.

D Wave-function Corrections
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D.2 Full theory field at m =0 and M #0 (Ay = My — My):
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D.3 Full theory field at m # 0 and M = 0:
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D.4 Full theory field at m # 0 and M # 0 (Ay = My — Mw, Ay = My —m):
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D.5 HPET field at M # 0:

M)

The contributions from two-loop wavefunction corrections, F}(L , with unevaluated MIs are too large to

present here. We thus include the full expressions with description in an ancillary file.

D.6 Parametric Integrals
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—_Z_2+{§—§}10g2 —&-mtanh (\/1—4,2) (D12)

The integrals ma be analytically continued in the regime, 4z? > 1, using v/1 — 422 — iv/422 — 1 and
therefore tanh™"(v/1 — 422) + itanh™" (v/422 — 1), and plugging this back into the integrals one can verify
that the integral remains real.

Acknowledgments

We are indebted to O. Veretin for the many discussions we had on the subject and technical details of the
calculation.

— 76 —



References

1
2]
13l
4]
5]
[6]
7]
18]
19]
[10]
[11]
[12]
[13]

[14]

[15]
[16]
[17]
[18]
[19]

[20]

J Ablinger et al. “Heavy quark form factors at three loops in the planar limit”. In: Physics
Letters B 782 (2018), pp. 528-532.

J Ablinger et al. “Heavy quark form factors at two loops”. In: Physical Review D 97.9 (2018),
p. 094022.

B. Assi and B. A. Kniehl. Fvaluating Heavy Particle Effective Theory Master Integrals by
Differential Equations. In Preparation.

Christian W Bauer and Aneesh V Manohar. “Shape function effects in B — Xsvy and B —
Xulv decays”. In: Physical Review D 70.3 (2004), p. 034024.

Christian W Bauer, Aneesh V Manohar, and Mark B Wise. “Enhanced nonperturbative effects
in jet distributions”. In: Physical review letters 91.12 (2003), p. 122001.

Christian W Bauer and Tain W Stewart. “Invariant operators in collinear effective theory”. In:
Physics Letters B 516.1-2 (2001), pp. 134-142.

Christian W Bauer et al. “An Effective field theory for collinear and soft gluons: Heavy to
light decays”. In: Physical Review D 63.11 (2001), p. 114020.

Thomas Becher, Alessandro Broggio, and Andrea Ferroglia. Introduction to soft-collinear ef-
fective theory. Vol. 896. Springer, 2015.

Wim Beenakker et al. “Supersymmetric top and bottom squark production at hadron collid-
ers”. In: Journal of High Energy Physics 2010.8 (2010), p. 98.

Werner Bernreuther et al. “Two-loop QCD corrections to the heavy quark form factors:
Anomaly contributions”. In: Nuclear Physics B 723.1-2 (2005), pp. 91-116.

Ikaros I Bigi et al. “Pole mass of the heavy quark: perturbation theory and beyond”. In:
Physical Review D 50.3 (1994), p. 2234.

Eric Braaten, Abhishek Mohapatra, and Hong Zhang. “Classical nonrelativistic effective field
theories for a real scalar field”. In: Physical Review D 98.9 (2018), p. 096012.

Nora Brambilla et al. “Effective-field theories for heavy quarkonium”. In: Reviews of Modern
Physics 77.4 (2005), p. 1423.

KG Chetyrkin, AL Kataev, and FV Tkachov. “New approach to evaluation of multiloop
Feynman integrals: The Gegenbauer polynomial x-space technique”. In: Nuclear Physics B
174.2-3 (1980), pp. 345-377.

Mauro Chiesa et al. “Electroweak Sudakov corrections to new physics searches at the LHC”.
In: Physical review letters 111.12 (2013), p. 121801.

Jui-yu Chiu, Randall Kelley, and Aneesh V Manohar. “Electroweak corrections using effective
field theory: Applications to the CERN LHC”. In: Physical Review D 78.7 (2008), p. 073006.

Jui-yu Chiu et al. “Electroweak corrections to high energy processes using effective field the-
ory”. In: Physical Review D 77.5 (2008), p. 053004.

Jui-yu Chiu et al. “Electroweak Sudakov corrections using effective field theory”. In: Physical
review letters 100.2 (2008), p. 021802.

Jui-yu Chiu et al. “Factorization structure of gauge theory amplitudes and application to hard
scattering processes at the LHC”. In: Physical Review D 80.9 (2009), p. 094013.

M Ciafaloni, P Ciafaloni, and D Comelli. “Bloch-Nordsieck violating electroweak corrections
to inclusive TeV scale hard processes”. In: Physical review letters 84.21 (2000), p. 4810.

— 77 —



21]
22]

23]

[24]

[25]

[26]

27]

28]

[29]

[30]
31]
32]
[33]
[34]
[35]
[36]
37]
[38]
[39]

[40]

P Ciafaloni and D Comelli. “Electroweak Sudakov form factors and nonfactorizable soft QED
effects at NLC energies”. In: Physics Letters B 476.1-2 (2000), pp. 49-57.

Paolo Ciafaloni et al. “Weak corrections are relevant for dark matter indirect detection”. In:
Journal of Cosmology and Astroparticle Physics 2011.03 (2011), p. 019.

Ansgar Denner. “Techniques for the Calculation of Electroweak Radiative Corrections at the
One-Loop Level and Results for W-physics at LEP 200”. In: Fortschritte der Physik/Progress
of Physics 41.4 (1993), pp. 307-420.

Ansgar Denner and Stefan Dittmaier. “Electroweak radiative corrections for collider physics”.
In: Physics Reports (2020).

Ansgar Denner and Stefano Pozzorini. “One-loop leading logarithms in electroweak radiative
corrections”. In: The Furopean Physical Journal C-Particles and Fields 18.3 (2001), pp. 461—
480.

Stegan Dittmaier and Carsten Grosse-Knetter. “Integrating out the standard Higgs field in
the path integral”. In: Nuclear Physics B 459.3 (1996), pp. 497-536.

Victor S Fadin et al. “Resummation of double logarithms in electroweak high energy pro-
cesses”. In: Physical Review D 61.9 (2000), p. 094002.

Bernd Feucht et al. “Two-loop Sudakov form factor in a theory with a mass gap”. In: Physical
review letters 93.10 (2004), p. 101802.

Jochem Fleischer and M Yu Kalmykov. “ON-SHELL2: FORM based package for the calcula-
tion of two-loop self-energy single scale Feynman diagrams occurring in the Standard Model”.
In: Computer physics communications 128.3 (2000), pp. 531-549.

Sean Fleming et al. “Jets from massive unstable particles: Top-mass determination”. In: Phys-
ical Review D 77.7 (2008), p. 074010.

T Gehrmann et al. “Calculation of the quark and gluon form factors to three loops in QCD”.
In: Journal of High Energy Physics 2010.6 (2010), p. 94.

Howard Georgi. “D-\D Mixing in Heavy Quark Effective Field Theory”. In: arXiv preprint
hep-ph/9209291 (1992).

Howard Georgi. “An effective field theory for heavy quarks at low energies”. In: Physics Letters
B 240.3-4 (1990), pp. 447-450.

Howard Georgi. “Heavy quark effective field theory”. In: Proc. of the Theoretical Advanced
Study Institute (1991), p. 589.

Alan H Guth, Mark P Hertzberg, and Chanda Prescod-Weinstein. “Do dark matter axions
form a condensate with long-range correlation?” In: Physical Review D 92.10 (2015), p. 103513.

Gudrun Hiller and Frank Kriiger. “More model-independent analysis of b — s processes”. In:
Physical Review D 69.7 (2004), p. 074020.

AH Hoang and AV Manohar. “Charm effects in the MS bottom quark mass from Y mesons”.
In: Physics Letters B 483.1-3 (2000), pp. 94-98.

Masaki Hori, H Kawamura, and J Kodaira. “Electroweak Sudakov at two loop level”. In:
Physics Letters B 491.3-4 (2000), pp. 275-279.

Bernd Jantzen and Vladimir A Smirnov. “The two-loop vector form factor in the Sudakov
limit”. In: The Furopean Physical Journal C-Particles and Fields 47.3 (2006), pp. 671-695.

Bernd Jantzen et al. “Two-loop high-energy electroweak logarithmic corrections in a sponta-
neously broken SU(2) gauge model”. In: Physical Review D 72.5 (2005), p. 051301.

— 78 —



[41]
[42]

[43]

j44]
j45]
J46]
j47]

(48]

[49]
[50]
[51]
[52]
[53]

[54]

[55]
[56]
[57]
[58]
[59]

[60]

Elizabeth Jenkins and Aneesh V Manohar. “Baryon chiral perturbation theory using a heavy
fermion Lagrangian”. In: Physics Letters B 255.4 (1991), pp. 558-562.

Anatoli V Kotikov. “Differential equations method. New technique for massive Feynman dia-
gram calculation”. In: Physics Letters B 254.1-2 (1991), pp. 158-164.

Johann H Kiihn, Aleksandr A Penin, and Vladimir A Smirnov. “Summing up subleading
Sudakov logarithms”. In: The European Physical Journal C-Particles and Fields 17.1 (2000),
pp- 97-105.

RN Lee. “Presenting LiteRed: a tool for the loop integrals reduction”. In: arXiv preprint
arXiv:1212.2685 (2012).

Adam K Leibovich, Zoltan Ligeti, and Mark B Wise. “Comment on quark masses in SCET”.
In: Physics Letters B 564.3-4 (2003), pp. 231-234.

Michael E Luke, Aneesh V Manohar, and Ira Z Rothstein. “Renormalization group scaling in
nonrelativistic QCD”. In: Physical Review D 61.7 (2000), p. 074025.

A Mitov M Czakon P Fiedler. “Total top-quark pair-production cross section at hadron col-
liders through O(a?)”. In: Physical Review Letters 110.25 (2013), p. 252004.

Marie E Machacek and Michael T Vaughn. “Two-loop renormalization group equations in
a general quantum field theory:(III). Scalar quartic couplings”. In: Nuclear Physics B 249.1
(1985), pp. 70-92.

Aneesh V Manohar. “Deep inelastic scattering as @ — 1 using soft-collinear effective theory”.
In: Physical Review D 68.11 (2003), p. 114019.

Aneesh V Manohar. “Effective field theories”. In: Perturbative and nonperturbative aspects of
quantum field theory. Springer, 1977, pp. 311-362.

Aneesh V Manohar. “Heavy quark effective theory and nonrelativistic QCD Lagrangian to
order o s/m 3”. In: Physical Review D 56.1 (1997), p. 230.

Aneesh V Manohar and Mark B Wise. Heavy quark physics. Vol. 10. Cambridge university
press, 2007.

Andreas von Manteuffel and Robert M Schabinger. “Quark and gluon form factors to four-loop
order in QCD: the N;’ contributions”. In: Physical Review D 95.3 (2017), p. 034030.

Manel Martinez and Ramon Miquel. “Multi-parameter fits to threshold observables at a future
ee linear collider”. In: The European Physical Journal C-Particles and Fields 27.1 (2003),
pp- 49-55.

Mohammad Hossein Namjoo, Alan H Guth, and David I Kaiser. “Relativistic corrections to
nonrelativistic effective field theories”. In: Physical Review D 98.1 (2018), p. 016011.

P Nogueira. “Automatic Feynman graph generation”. In: Journal of Computational Physics
105.2 (1993), pp. 279-289.

Grigory Ovanesyan, Tracy R Slatyer, and Iain W Stewart. “Heavy dark matter annihilation
from effective field theory”. In: Physical Review Letters 114.21 (2015), p. 211302.

Antonio Pineda and Joan Soto. “Effective field theory for ultrasoft momenta in NRQCD and
NRQED”. In: Nuclear Physics B-Proceedings Supplements 64.1-3 (1998), pp. 428-432.

Ettore Remiddi. “Differential equations for Feynman graph amplitudes”. In: Il Nuovo Cimento
A (1971-1996) 110.12 (1997), pp. 1435-1452.

Matthew D Schwartz. Quantum field theory and the standard model. Cambridge University
Press, 2014.

- 79 —



[61]

[62]

[63]

Frank Simon. “Impact of Theory Uncertainties on the Precision of the Top Quark Mass in a
Threshold Scan at future e™e™-Colliders”. In: arXiw preprint arXiv:1611.03399 (2016).

WL Van Neerven. “Dimensional regularization of mass and infrared singularities in two-loop
on-shell vertex functions”. In: Nuclear Physics B 268.2 (1986), pp. 453-488.

Jos AM Vermaseren. “New features of FORM”. In: arXiv preprint math-ph/0010025 (2000).

— 80 —



	desy213
	InnenseiteDESY-Berichte
	desy20-213

