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2Universität Hamburg, Hamburg, Germany

Abstract
Future high-energy e+e− colliders will provide some of the most precise tests of the

Standard Model. Statistical uncertainties are expected to improve by orders of magnitude
over current measurements. This provides a new challenge in accurately assessing and
minimizing systematic uncertainties. Beam polarisation may hold a unique potential to
isolate and determine the size of systematic effects. This study aims to set this hypothesis
by setting up a combined fit of systematic effect and electroweak observables that can test
different configurations of available beam polarisations and luminosities.

A framework for this fit is developed. In a first test it fits the luminosity and polarisation
with external constraints to 2-fermion and 4-fermion differential distributions. An imple-
mentation of a first systematic - the muon acceptance - shows consistent behaviour in this
framework. This lays the groundwork for testing the interplay of systematic and physical
effects in the presence or absence of beam polarisation.

∗Talk presented at the International Workshop on Future Linear Colliders (LCWS2021),
15-18 March 2021. C21-03-15.1.
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1 Introduction

Measurements at the SLC demonstrated the physical insight that polarised beams bring [1].
Similar advantages from beam polarisation are seen in studies for future colliders [2]. The focus
in the latter have so far been on the purely physical advantages.

In addition to physical benefits, beam polarisation may have the potential to also improve
on systematic uncertainties. This thought bases on the polarisation-independent nature of the
majority of systematic effects. Such systematic effects stay constant when the helicity of the
beam is reversed, while the chirality-dependent physical effects change.

A combined fit of the polarised datasets at future colliders can make use of this qualitative
difference between physical and systematic effects. The systematic effects will stand out as global
amongst the different polarised datasets if they are explicitly included in the fit. Resulting from
this obvious difference between effects, the parameters of the systematic effects would then
not correlate with those of the physical effects. This uncorrelated behaviour could minimize
systematic biases and uncertainties in the physical results.

Here, a framework is set up to study such a combined fit of polarised datasets that explicitly
includes systematic effects. First tests validate the framework for different luminosity and polar-
isation configurations. A systematic effect - the µ acceptance - is parametrised and for the first
time included in such a combined fit. This work lays the foundation for testing the hypothesis
that beam polarisation helps to reduce the impact of systematic effects.

2 A combined fit setup

An assessment of the impact of beam polarisation on systematic uncertainties at future colliders
requires a combined fit of the polarised datasets. This section describes the framework can
perform such fits, the Monte-Carlo distributions used in it, and a first validation test of the
framework.

2.1 A fit framework for polarised datasets

A framework is set up that can use all polarised (or unpolarised) distributions for multiple final
states at a future collider in a simultaneous fit. The fit performs a Poissonian log-likelihood
maximisation using the Minuit2 framework of ROOT. All polarisations and the luminosity can
vary freely, be given a Gaussian constraint, or set to a fixed value. The helicity flip between
polarised datasets is not assumed to be perfect, so that each polarisation of each dataset is a
separate parameter.

Proposed future colliders motivate the polarisation and luminosity configurations used in this
study [3]. The polarisation scenarios are

• an unpolarised scenario (Pe− = Pe+ = 0%) with the fully luminosity in this unpolarised
dataset,

• a e−-only polarised scenario with Pe− = ±80% and Pe+ = 0%, and a luminosity sharing
of 50 : 50 between the two datasets,

• a fully polarised scenario with Pe− = ±80% and Pe+ = ±30%, and an optimized luminosity
sharing of 45 : 45 : 5 : 5 where the first two are the opposite-sign and the second two the
same-sign datasets.



3

1− 0. 5− 0 0. 5 1
*)µθc o s(

0

1 0 0

2 0 0

3 0 0

4 0 0

5 0 0

2f _ m u _ 1 8 0t o 2 7 5

( a )

1−0. 5−
0

0. 5
1 *)-

Wθc o s(

1−
0. 5−

0
0. 5

1*)µ
θ

c o s(

3−
2−
1−

0
1

2

3* lφ

W W _ m u mi n u s

( b )

Fi g u r e 1: G e n e r a t o r-l e v el di ff e r e nti al di s t ri b u ti o n s f o r ( a ) µ µ (
√

s ∗ ∈ [ 1 8 0, 2 7 5] G e V ) a n d ( b )
q q µ − ν̄ ( q = u, d, s, c, b ) (

√
s ∗ ∈ [ 1 8 0, 2 7 5] G e V ) e v e nt s f o r e −

L e +
R c olli si o n s a t 2 5 0 G e V f r o m t h e

I L D p r o d u c ti o n [ 6].

T w o l u mi n o sit y s c e n ari o s wit h a f a ct or 5 di ff er e n c e ar e t e st e d: L = 2 a b − 1 a n d L = 1 0 a b − 1 . All
s c e n ari o s u s e r e ali sti c G a u s si a n c o n str ai nt s f or e a c h p ol ari s ati o n a n d l u mi n o sit y p ar a m et er [ 4, 5].

∆ L

L
= 3 × 1 0 − 3

∆ P n o n − 0

P n o n − 0
= 2 .5 × 1 0 − 3 (f or p ol ari s e d b e a m s)

∆ P 0 = 2 .5 × 1 0 − 3 (f or u n p ol ari s e d b e a m s)

2. 2  P r o c e s s e s a n d di s t ri b u ti o n s

T hi s w or k u s e s di ff er e nti al di stri b uti o n s of di- m u o n pr o d u cti o n a n d s e mil e pt o ni c W - p air pr o d u c-
ti o n at 2 5 0 G e V. It u s e s g e n er at or-l e v el e v e nt cr e at e d f or t h e 2 5 0 G e V I L D pr o d u cti o n [ 6], a n d ar e
pr o d u c e d u si n g W HI Z A R D 2. 8 [ 7, 8]. Pr e vi o u s w or k wit hi n a si mil ar fr a m e w or k f or p ol ari s ati o n
m e a s ur e m e nt s u s e d a s et of pr o c e s s e s wit h t w o a n d f o ur f er mi o n s i n t h e fi n al st at e [ 9]. T h e
fir st t e st s pr e s e nt e d h er e s el e ct a s u b s et of t h o s e pr o c e s s e s t h at all c o nt ai n m u o n s i n or d er t o
t e st c o m m o n m u o n-r el e v a nt s y st e m ati c e ff e ct s l at er o n. All di stri b uti o n s ar e p ur el y o n g e n er at or
l e v el a n d d o n ot m a k e u s e of d et e ct or si m ul ati o n or hi g h-l e v el a n al y si s.

T h e di- m u o n di stri b uti o n s ar e o n e- di m e n si o n al di stri b uti o n s of t h e µ − p ol ar a n gl e i n t h e di-
m u o n r e st fr a m e ( e x a m pl e i n fi g. 1 a). I niti al st at e r a di ati o n (I S R) i n s u c h e v e nt s c a n c a u s e t h e
e ff e cti v e c e nt er- m a s s- e n er g y

√
s ∗ t o c h a n g e si g ni fi c a ntl y. E v e nt s wit h str o n g I S R c a n l a n d o n t h e

Z - p ol e r e s o n a n c e. S u c h e v e nt s ar e tr e at e d s e p ar at el y s o t h at t w o di sti n ct di stri b uti o n s ar e u s e d:
o n e wit h

√
s ∗ ∈ [ 1 8 0, 2 7 5] G e V ( “ hi g h- Q 2 ”) a n d o n e wit h

√
s ∗ ∈ [ 8 1, 1 0 1] G e V ( “r et ur n-t o- Z ”).

T h e u p p er c ut i n t h e hi g h-
√

s ∗ r e gi o n i s hi g h er t h a n 2 5 0 G e V t o a c c o u nt f or t h e b e a m s p e ctr u m.
T h e s e mil e pt o ni c W p air pr o d u cti o n di stri b uti o n s d e s cri b e t h e q q µ ν (q = u, d, s, c, b ) fi n al

st at e wit h a t hr e e- di m e n si o n al a n g ul ar di stri b uti o n ( e x a m pl e i n fi g. 1 b). T h e s e t hr e e a n gl e s ar e
t h e W − a n gl e i n t h e d et e ct or fr a m e a n d t h e µ a n gl e s i n t h e r e st fr a m e of t h e l e pt o ni c all y d e c a yi n g
W . E v e nt s wit h n e g ati v e µ − ar e u s e d s e p ar at el y fr o m e v e nt s wit h p o siti v e µ + , l e a di n g t o t w o
di sti n ct di stri b uti o n s.

2. 3  Fi r s t t e s t of t h e f r a m e w o r k

A fir st t e st of t h e fr a m e w or k u s e s t h e di stri b uti o n s a n d c olli d er c o n fi g ur ati o n s d e s cri b e d a b o v e
t o e xtr a ct j u st t h e p ol ari s ati o n a n d l u mi n o sit y p ar a m et er s. T h e t e st d o e s n ot i m pl e m e nt a n y
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Figure 2: Uncertainties for the luminosity and polarisation parameters for the different
tested collider configurations in the first validation test of the framework.

other physical or systematic effects, and is a simple validation of the framework. It assumes all
physical constants and chiral cross sections, including chiral asymmetries, to be known exactly.

The uncertainties extracted from this test show an increased precision gained from higher
luminosity (fig. 2). This gain does not always scale with the square-root of the luminosity
increase because the uncertainty is a combination of the statistical uncertainty and the external
constraint on the parameter. In addition to the uncertainty on each parameter, the fit also
provides the correlation matrix for each configuration (fig. 3). All correlations depend visibly on
the collider scenario. The unpolarised scenario does not allow an unambiguous determination
of all 3 parameters from the distributions and relies on the external constraints. Assuming the
differential cross sections as perfectly known, all polarisations can be determined if at least one
beam polarised.

This test lays the foundation for implementing further physical and systematic effects.

3 µ acceptance parametrisation

A test of the behaviour of a systematic effect in a combined fit requires an implementation of the
effect into the fit. This section describes the choice of the effect, the choice of the parametrisation
in fit, and the validation of the parametrisation.

The choice of the systematic effect falls on the muon acceptance. It is chosen because it has
been a challenging uncertainty in previous electroweak measurements and it has a simple shape
which is stable for high-momentum muons. The tracking efficiency at future e+e− detectors,
which is the core component of the muon acceptance, is almost 100% in the central region and
largely independent of azimuthal angle, and sharply falls in very forward region (fig. 4a).

This behaviour corresponds approximately to an acceptance range with an upper edge cos θup

and a lower edge cos θlow of the muon polar angle in the detector frame, between which the ac-
ceptance is perfect. A simple box acceptance model is therefore chosen as a first implementation,
with a width w = cos θup − cos θlow and a center c = 1

2 (cos θup + cos θlow) parameter (fig. 4b).
An event passes this acceptance if all muons in the event are within the box range. Here, the
initial values for c and w correspond to edges at θlow = 180◦ − θup = 7◦.

The combined fit will extract these two parameters from the variations they cause on the
differential distributions. These variations need a parameterisation that can be implemented into
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Figure 3: Correlation matrices for the luminosity and polarisation parameters in the different
collider configurations of the first validation test. The upper line uses L = 2 ab−1, the lower
L = 10 ab−1. The three rows are from-left-to-right: unpolarised, electrons-only polarised,
both beams polarised.

the fit. A quadratic parametrisation is chosen in terms of the variations (∆c = c′ − c,∆w = w′ − w)
of the parameters

dσbin

σbin
= kbin

0 + kbin
c ∆c+ kbin

w ∆w + kbin
c2 ∆c2 + kbin

w2 ∆w2 + kbin
cw ∆c∆w (1)

where the coefficients k are bin-dependent.
The coefficients of the polynomial are determined by applying the box-shaped acceptance on

the generator-level events and slightly varying the cut parameters. A common scale δ of these
variations describes the order-of-magnitude of the expected uncertainties. Here, δ = 2× 10−4 is
chosen. The coefficient determination tests 29 points (c′, w′) in the range

√
∆c2 + ∆w2 ∈ [0, 1.5]δ.

It first chooses 6 points and solves the linear equation system to get an initial estimate of the
coefficients. Then, using these starting values, it fits the polynomial to all 29 points and extracts
the final coefficients.

The parametrisation step requires a validation. Such a validation needs to show that the
quadratic polynomial approach accurately estimates the box-shaped acceptance on all affected
bins. A definition and comparison of the two following quantities for each tested (∆c,∆w)
point can provide such a validation. The first quantity evaluates the impact of changing the cut
parameters when applying the cut on the events.

χ2
shift =

∑
affected bins

(
N

(∆c,∆w)
cut −N0

cut√
N0

cut

)2

(2)

Ncut describes the number of events remaining after the cut, and N0
cut uses the initial non-varied

c and w values. The second quantity tests the impact of the deviation that parametrisation



6

(a) (b)

Figure 4: Comparison of (a) a realistic tracking efficiency [10] and (b) the simple box-shape
model for the muon acceptance which is used in this study.

shows with respect to the box-shaped cut applied to the events.

χ2
par =

∑
affected bins

N (∆c,∆w)
par −N (∆c,∆w)

cut√
N

(∆c,∆w)
cut

2

(3)

Npar is the number of events that the parametrisation yields.
The validation tests many different combinations of ∆c and ∆w in range of

√
∆c2 + ∆w2 ∈

[0.5, 2]δ. At each point, the impact of cut can be considered more relevant than the deviation
caused by the parametrisation if the tested point has χ2

shift > χ2
par. Most tested points are found

to be far in χ2
shift � χ2

par region, indicating that the parametrisation is safe to use (fig. 5). For
the µµ distributions, a few points are found at the χ2

shift ≈ χ2
par line. These are unproblematic

because they have a low impact on the distribution and other distributions strongly restrict the
corresponding direction.

4 µ acceptance in different collider setups

This section presents a first test of the implementation of the box-shaped muon acceptance in the
different collider configurations described above. Each fit considers the corresponding luminosity
and polarisation parameters as well as the muon acceptance parameters. It does not consider
any physical effects, assumes all chiral cross sections to be known exactly, and does not include
backgrounds or high-level selection efficiencies.

Under these idealised conditions, the fits determine the c and w parameters with an accuracy
of the order of 10−5 (fig. 6). Observed differences come from changes in the statistics, either a
factor

√
5 from the luminosity change, or the optimised luminosity sharing in the case of where

both beams are polarised. Fixing the luminosity and polarisation parameters leaves the results
unchanged.

The acceptance parameters do not correlate with each other or with the polarisations (fig. 7).
A slight anticorrelation of the width parameter w with the luminosity originates from the common



7

Figure 5: Example for the validation test of the muon acceptance parametrisation that is
employed in the fit, using qqµ−ν̄ (q = u, d, s, c, b) (

√
s∗ ∈ [180, 275]GeV) events for e−

Le
+
R.

effect of increasing the integrated number of events. Changes in the collider configuration do not
influence the correlations of the muon acceptance parameters.

This first test for the inclusion of systematic effects does not include any physical effects. It
cannot make any statement on the potential advantages of beam polarisation with respect to
systematic uncertainties. Such statements will require the implementation of physical effects,
which will be the next steps in this study.

5 Conclusion & Outlook

Beam polarisation may help reduce the impact of systematic uncertainties when all different
polarised datasets are included in a combined fit. A fit framework is set up that can perform
combined fits on the different datasets of a polarised collider. First tests in different collider
configurations validate the usage of the framework for the case of extracting the beam polarisation
and luminosity parameters from µµ and qqµν differential distributions. The implementation and
validation of a simplified muon acceptance into the fit shows that it may be feasible to directly
include realistic systematic effects. Further studies that include physical effects will allow tests
of the impact of beam polarisation on systematic uncertainties.
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Figure 6: Uncertainties for the muon acceptance parameters for the different tested col-
lider configurations in the test that involved the muon acceptance and the luminosity and
polarisation parameters.

Figure 7: Correlation matrices for the parameters in the test that involved the muon
acceptance, the luminosity and polarisation. The upper line uses L = 2 ab−1, the lower
L = 10 ab−1. The three rows are from-left-to-right: unpolarised, electrons-only polarised,
both beams polarised.
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