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a n d

D e uts c h es El e ktr o n e n- S y n c hr otr o n D E S Y, Z e ut h e n

I S S N 0 4 1 8 – 9 8 3 3

P L A T A N E N A L L E E 6 - 1 5 7 3 8 Z E U T H E N



D E S Y b e h ält si c h all e R e c ht e f ür d e n F all d er S c h ut zr e c ht s ert ei l u n g u n d f ür di e wirt s c h aftli c h e 
V er w ert u n g d er i n di e s e m B eri c ht e nt h alt e n e n I nf or m ati o n e n v or.  

D E S Y r e s er v e s all ri g ht s f or c o m m e r ci al u s e of i nf or m ati o n i n clu d e d i n t hi s r e p ort, e s p e ci all y i n      
c a s e of fili n g a p pli c ati o n f or or gr a nt of p at e nt s. 

T o b e s ur e t h at y o ur r e p ort s a n d  pr e pri nt s ar e pr o m ptl y i n cl u d ed i n t h e 
H E P lit er at ur e d at a b a s e 

s e n d t h e m t o (if p o s si bl e b y air m ail): 

D E S Y          D E S Y 
Z e ntr al bi bli ot h e k        Bi bli ot h e k     
N ot k e str a ß e 8 5          Pl at a n e n all e e 6 
2 2 6 0 7 H a m b ur g         1 5 7 3 8 Z e ut h e n 
G er m a n y                    G er m a n y 



ar
Xi

v:
21

05
.1

30
18

v2
  
[h

ep
-p

h]
  

9 
Fe

b 
20

22

D E S Y 2 1 – 0 7 9
H U- E P 2 1/ 1 3

B H L S 2 U p gr a d e : τ s p e ctr a, m u o n H V P
a n d t h e [ π 0 , η, η′] S yst e m

M. B e n a y o u n a , L. D el B u o n oa , F. J e g erl e h n erb, c
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A b st r a ct

T h e g e n eri c Hi d d e n L o c al S y m m etr y ( H L S) m o d el h as r e c e ntl y gi v e n ris e t o its B H L S 2

v ari a nt, d e fi n e d b y i ntr o d u ci n g s y m m etr y br e a ki n g m ostl y i n t h e v e ct or m es o n s e ct or;
t h e c e ntr al m e c h a nis m is a m o di fi c ati o n of t h e c o v ari a nt d eri v ati v e at t h e r o ot of t h e
H L S a p pr o a c h. H o w e v er, t h e d es cri pti o n of t h e τ di pi o n s p e ctr a, es p e ci all y t h e B ell e
o n e, is n ot f ull y s atisf a ct or y w h er e as t h e si m ult a n e o us d e ali n g wit h its a n ni hil ati o n s e c-
t or (e + e − → π + π − / π + π − π 0 / π 0 γ / η γ / K + K − / K L K S ) is o pti m u m. We s h o w t h at t his
iss u e is s ol v e d b y m e a ns of a n a d diti o n al br e a ki n g t er m w hi c h als o all o w s t o c o nsis-
t e ntl y i n cl u d e t h e mi xi n g pr o p erti es of t h e [π 0 , η, η′] s yst e m wit hi n t his e xt e n d e d B H L S 2

( E B H L S2 ) s c o p e. T his m e c h a nis m, a n e xt e nsi o n of t h e us u al ’t H o oft d et er mi n a nt t er m,
o nl y aff e cts t h e ki n eti c e n er g y p art of t h e B H L S 2 L a gr a n gi a n. O n e t h us o bt ai ns a f air
a c c o u nt f or t h e τ di pi o n s p e ctr a w hi c h c o m pl e m e nts t h e f air a c c o u nt of t h e a n ni hil ati o n
c h a n n els alr e a d y r e a c h e d. T h e B ell e di pi o n s p e ctr u m is f o u n d t o pr o vi d e e vi d e n c e i n f a v or
of a vi ol ati o n of C V C i n t h e τ l e pt o n d e c a y; t his e vi d e n c e is e nf or c e d b y i m p osi n g t h e c o n-
diti o ns < 0 |J q

µ |[q ′q ′](p ) > = i pµ f q δ q q ′ , { [q q ], q = u, d, s } o n E B H L S 2 a xi al c urr e nt m atri x
el e m e nts. E B H L S 2 is f o u n d t o r e c o v er t h e us u al ( c o m pl et e d) f or m ul a e f or t h e [π 0 , η, η′]
mi xi n g p ar a m et ers a n d t h e gl o b al fits r et ur n mi xi n g p ar a m et er v al u es i n a gr e e m e nt wit h
e x p e ct ati o ns a n d b ett er u n c ert ai nti es. U p d ati n g t h e m u o n H V P, o n e als o ar g u es t h at t h e
str o n g t e nsi o n b et w e e n t h e K L O E a n d B a B ar pi o n f or m f a ct ors i m p os es t o pr o vi d e t w o s o-
l uti o ns : a H V P − L O

µ ( K L O E) = 6 8 7 .4 8 ± 2 .9 3 a n d a H V P − L O
µ ( B a B ar ) = 6 9 2 .5 3 ± 2 .9 5 ,

i n u nits of 1 0 − 1 0 , r at h er t h a n s o m e c o m bi n ati o n of t h es e. Ta ki n g i nt o a c c o u nt c o m m o n
s yst e m ati cs, t h eir diff er e n c es wit h t h e e x p eri m e nt al B N L- F N A L a v er a g e v al u e e x hi bit si g-
ni fi c a n c es > 5 .4 σ ( K L O E) a n d > 4 .1 σ ( B a B ar) wit h fit pr o b a biliti es f a v ori n g t h e f or m er.
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1 I nt r o d u cti o n

T h e St a n d ar d M o d el pr o vi d es t h e a c c e pt e d fr a m e w or k w hi c h e m b o di es t h e str o n g, el e c-
tr o m a g n eti c a n d w e a k i nt er a cti o ns; it a c c o u nt s a c c ur at el y f or t h e o bs er v a bl e v al u es r e p ort e d
fr o m l o w e n er gi es u p t o t h e hi g h est o n es r e a c h e d at t h e L H C. A v er y f e w s p e ci fi c m e a-
s ur e m e nt s l o o k, h o w e v er, b or d erli n e e n o u g h t o ri s e a hi nt of a p h ysi cs b e y o n d t h e St a n-
d ar d M o d el. A m o n g t h es e, t h e v er y pr e ci s el y m e as ur e d m u o n a n o m al o us m a g n eti c m o m e nt
a µ pl a ys a s p e ci al r ol e; it h as g e n er at e d – a n d still g e n er at es – a n i m p ort a nt e x p eri m e nt al
a n d t h e or eti c al a cti vit y r el at e d wit h it s m e as ur e m e nt b y t h e E 8 2 1 E x p eri m e nt at B N L [ 1]
a µ ( B N L) = [ 1 1 6 5 9 2 0 9 .1 ± 6 .3] × 1 0 − 1 0 , f or it s l at est u p d at e; t hi s v al u e i s at v ari a n c e wit h
e x p e ct ati o ns b y 3 .5 σ t o 4 .5 σ , d e p e n di n g o n t h e v ari o us pr e di cti o ns, ess e nti all y diff eri n g b y
t h eir esti m at es of t h e l e a di n g or d er h a dr o ni c v a c u u m p ol ari s ati o n ( H V P- L O) as r e p ort e d i n [ 2]
a n d di s pl a y e d t h er ei n i n Fi g ur e 4 4.

A ct u all y, t h e si g ni fi c a n c e j ust q u ot e d r ef ers t o usi n g H V P- L O e v al u ati o ns d eri v e d b y m e a ns
of v ari o us Di s p ersi o n R el ati o n ( D R) m et h o ds. I n c o ntr ast, t h e L atti c e Q C D ( L Q C D) C oll a b o-
r ati o n B M W [ 3] r e c e ntl y p u bli s h e d a n esti m at e f or t h e H V P- L O [ 3] cl ai mi n g a 0. 8 % pr e ci si o n
a n d v er y cl os e t o w h at i s n e e d e d t o m at c h t h e B N L m e as ur e m e nt; a c c or di n gl y, t h e B M W H V P-
L O i s at v ari a n c e b y m or e t h a n 2 .6 σ wit h a n y of t h e r e p ort e d D R e v al u ati o ns of t h e H V P- L O.

T h e M u o n g − 2 E x p eri m e nt r u n ni n g at F N A L h as v er y r e c e ntl y p u bli s h e d it s first r es ult s [ 4]
a n d f o u n d t h e m i n e x c ell e nt a c c or d wit h t h e pr e vi o us B N L m e as ur e m e nt [ 1]; t h e c o nsi st e n c y
of t h es e t w o m e as ur e m e nt s all o wi n g f or t h eir c o m bi n ati o n, t h e e x p eri m e nt al r ef er e n c e v al u e
b e c o m es :

a µ ( E x p) = [ 1 1 6 5 9 2 0 6 .1 ± 4 .1] × 1 0 − 1 0 .

C o m p ar e d t o t h e B N L m e as ur e m e nt, t hi s w ei g ht e d a v er a g e pr o vi d es a n oti c e a bl y i m pr o v e d
u n c ert ai nt y ( 3 0 % r e d u cti o n) a n d a d o w n w ar d s hift b y 3 × 1 0 − 1 0 . T hi s v al u e still f a v ors n u m er-
i c all y t h e B M W esti m at e [ 3] f or t h e H V P- L O o v er a n y of t h e D R o n es.

H e n c e, t h e p u z zl e w hi c h w as ” D R v ers us D at a ” m a y b e c o m e 1 ” D R v ers us L Q C D ” f or
w hi c h s o m e diff er e nt ki n d of p h ysi cs b e y o n d t h e St a n d ar d M o d el c o ul d h a v e t o b e i n v o k e d.
I n d e e d, if t h e H V P- L O as d eri v e d b y D R m et h o ds pr o vi d es a g o o d gl o b al E W fit, t h e c h a n g e
s u g g est e d b y t h e B M W e v al u ati o n s e v er el y i m p a ct s t h e g o o d n ess of t h e gl o b al E W fit [ 6],
e x c e pt if t h e c h a n g es c a n b e l o c ali z e d at l o w e n o u g h e n er g y – R ef er e n c e [ 6] q u ot es 1. 9 4 G e V,
ass u mi n g t h e c h a n g e i n t h e cr oss-s e cti o ns t o b e a m er e gl o b al r es c ali n g.

As l o n g as t h e mi ssi n g pi e c e m a y s pr e a d o ut a cr oss t h e w h ol e n o n- p ert ur b ati v e r e gi o n of
Q C D w hi c h, as s h o w n b y t h e K E D R d at a [ 7], d o es n ot e xt e n d m u c h a b o v e ≃ 2 G e V, o n e h as
at h a n d a s o m e w h at l ar g e l e v er ar m. H o w e v er, t h e r e c e nt K M P S st u d y [ 8] h as s h o w n t h at t h e
mi ssi n g c o ntri b uti o n t o t h e H V P- L O s h o ul d c o m e fr o m t h e e n er g y r e gi o n b el o w ≃ 0 .7 G e V
t o a c c o m o d at e t h e gl o b al E W fit. T hi s l o c at es t h e r e q u est e d mi ssi n g p art of t h e a n ni hil ati o n
cr oss-s e cti o n σ (e + e − → H a dr o ns) t o a v er y li mit e d e n er g y r e gi o n wi d el y e x pl or e d b y s e v er al
i n d e p e n d e nt gr o u ps h a vi n g c oll e ct e d d at a usi n g diff er e nt d et e ct ors a n d c olli d ers; t hi s mi ssi n g
h a dr o ni c cr oss-s e cti o n pi e c e i s e x p e ct e d t o c o ntri b ut e a n a d diti o n al δ a µ ≃ ( 1 5 ÷ 2 0) × 1 0 − 1 0

t o t h e m u o n H V P- L O, l ar g er t h a n t h e li g ht- b y-li g ht ( L b L) c o ntri b uti o n t o t h e H V P.

1 O n e s h o ul d r e mi n d t h at τ b as e d e v al u ati o n s of t h e m u o n H V P m a y n ot b e i n c o ntr a di cti o n wit h t h e B M W
esti m at e as c a n b e s e e n i n t h e r e c e nt [ 5] ( s e e als o [ 2] f or pr e vi o u s e v al u ati o n s). T his, h o w e v er, s u p p o s es t h at t h e
si g ni fi c a nt I s o s pi n br e a ki n g m e c h a nis m s i n v ol v e d i n t h e pi o n f or m f a ct or i n t h e τ d e c a y a n d i n e + e − a n ni hil ati o n s
– w hi c h c a n w ell diff er – h a v e all b e e n cl e arl y i d e nti fi e d. T his is o n e of t h e iss u es a d dr ess e d i n t his arti cl e.
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T h us, t h e e n er g y r e gi o n t o s cr uti ni z e i s l o c at e d w ell i nsi d e t h e r e al m of t h e Eff e cti v e R es o-
n a n c e L a gr a n gi a n A pr o a c h es ( R L A) w hi c h h a v e e xt e n d e d t h e s c o p e of t h e C hir al P ert ur b ati o n
T h e or y ( C h P T). T h e i n cl usi o n of r es o n a n c es h as gi v e n ri s e t o t h e R es o n a n c e C hir al P ert ur b a-
ti o n T h e or y ( Rχ P T) f or m ul ati o n a n d t o t h e Hi d d e n L o c al S y m m etr y ( H L S) M o d el w hi c h h a v e
b e e n pr o v e d e q ui v al e nt [ 9, 1 0]. B esi d e ot h er pr o c ess es, t h e H L S M o d el [ 1 1] e n c o m p ass es t h e
n o n- a n o m al o us a n ni hil ati o n c h a n n el s e + e − → π + π − / K + K − / K L K S ; it c a n b e c o m pl e m e nt e d
b y it s a n o m al o us s e ct or [ 1 2] w hi c h all o ws t o al s o c o v er t h e e + e − → π + π − π 0 / π 0 γ / η γ a n ni hi-
l ati o n c h a n n el s. B e c a us e it d e al s wit h o nl y t h e l o w est l yi n g r es o n a n c e n o n et, t h e v ali dit y r a n g e
of t h e H L S L a gr a n gi a n n at ur all y e xt e n ds u p t o t h e φ m ass r e gi o n a n d i s t h us q uit e a p pr o pri at e
t o e x pl or e t h e f a ult y e n er g y r e gi o n i n a c c or d a n c e wit h Q C D w hi c h i s at t h e r o ot of t h e diff er e nt
R L A.

As t h e B M W e v al u ati o n of t h e m u o n H V P- L O q u esti o ns t h e a n ni hil ati o n d at a i n t h e e n er g y
r e gi o n u p t o t h e φ m es o n m ass, it i s w ort h w hil e t esti n g o ur u n d erst a n di n g of it s p h ysi cs b y
m e a ns of s u c h R L A, i n p arti c ul ar t h e H L S m o d el, w hi c h all o ws t o e x pl or e t hi s r e gi o n alr e a d y
w ell c o v er e d b y a l ar g e n u m b er of d at a s a m pl es i n all t h e si g ni fi c a nt c h a n n el s a n d t h us s hri n k
t h e wi n d o w of p ossi biliti es t o fi n d a n o n n e gli gi bl e mi ssi n g δ a µ .

As t h e ori gi n al H L S m o d el 2 ass u m es U( 3) s y m m etr y i n b ot h t h e v e ct or ( V) a n d ps e u-
d os c al ar ( P or P S) s e ct ors, it s h o ul d o b vi o usl y b e c o m pl e m e nt e d b y s y m m etr y br e a ki n g i n p ut s
i n or d er t o a c c o u nt f or t h e ri c h a m o u nt of d at a s a m pl es it i s s u p p os e d t o c o v er. A first r el e as e
n a m e d B H L S [ 1 4, 1 5] ess e nti all y b as e d o n t h e B K Y br e a ki n g m e c h a ni s m [ 1 6, 1 7], e xt e n d e d
[ 1 8] t o a c c o u nt f or Is os pi n br e a ki n g eff e ct s, w as pr o v e n t o p erf or m s ati sf a ct oril y; h o w e v er,
it e x hi bit e d s o m e dif fi c ult y t o m a n a g e wit h t h e t hr es h ol d a n d φ r e gi o ns f or r es p. t h e di pi o n
a n d t h e 3 pi o n a n ni hil ati o n c h a n n el s. I n or d er t o s ol v e t hi s i ss u e, t h e br e a ki n g pr o c e d ur e h as
b e e n d e e pl y r e vi sit e d a n d g a v e ri s e t o B H L S 2 u n d er t w o v ari a nt s [ 1 9] n a m e d r es p e cti v el y t h e
B asi c S ol uti o n ( B S) a n d t h e R ef er e n c e S ol uti o n ( R S). B ot h B H L S 2 v ari a nt s ar e d eri v e d b y
c o m pl e m e nti n g t h e B K Y br e a ki n g m e c h a ni s m s at w or k i n t h e L A a n d L V s e ct ors of t h e n o n-
a n o m al o us H L S L a gr a n gi a n b y a d diti o n al br e a ki n g s c h e m es aff e cti n g s ol el y t h e v e ct or m es o n
fi el ds.

R e g ar di n g t h e v e ct or s e ct or of t h e B H L S 2 B S v ari a nt, t h e n e w br e a ki n g i n p ut – n a m e d
C o v ari a nt D eri v ati v e ( C D) Br e a ki n g – t ur ns o ut t o p erf or m t h e s u bstit uti o n 3 V = ⇒ V + δ V i n
t h e c o v ari a nt d eri v ati v e w hi c h i s a f u n d a m e nt al i n gr e di e nt of t h e H L S m o d el; t h e ai m of δ V i s
t o br e a k t h e U ( 3) V s y m m etr y f or t h e c o m p o n e nt s al o n g t h e b asi s m atri c es T 0 = I /

√
6 , T 3 a n d

T 8 of t h e c a n o ni c al G ell- M a n n U ( 3) al g e br a. T h e V = ⇒ V + δ V r ul e n at ur all y pr o p a g at es t o
t h e a n o m al o us s e ct or – i. e. t h e V V P a n d V P P P L a gr a n gi a n pi e c es 4 .

R e g ar di n g t h e P S s e ct or of t h e B S v ari a nt of B H L S 2 : B esi d es t h e B K Y br e a ki n g ass o ci-
at e d wit h t h e L A p art of t h e n o n – a n o m al o us L a gr a n gi a n, t h e s y m m etr y h as b e e n r e d u c e d b y
i n cl u di n g t h e s o – c all e d ’t H o oft d et er mi n a nt t er m [ 2 0]; f or o ur p ur p os e, t hi s t ur ns o ut t o a d d
t h e si n gl et t er m λ / 2 ∂ µ η 0 ∂

µ η 0 t o t h e ki n eti c e n er g y of t h e P S fi el ds.
H o w e v er, if t hi s c a n c el e d o ut t h e dif fi c ulti es m et at t h e di pi o n t hr es h ol d a n d i n t h e φ m ass

2 S e e [ 1 3] f or a c o m pr e h e n si v e r e vi e w c o v eri n g t h e a n o m al o u s a n d n o n- a n o m al o u s s e ct or s.
3 T o a v oi d l e n gt h y r e p etiti o n s, w e r ef er t h e r e a d er t o t h e c o m p a ni o n p a p er [ 1 9] f or d et ails. T h e pr es e nt st u d y is

ess e nti all y a n e xt e n si o n of B H L S 2 w hi c h e n d or s es its c o nt e nt, p arti c ul arl y its v e ct or s e ct or.
4 As o n e ass u m es t h e F K T U Y [ 1 2] i ntri n si c p ar a m et er s c 3 a n d c 4 t o b e e q u al, V A P c o u pli n g s ( A b ei n g t h e

el e ctr o m a g n eti c fi el d) i d e nti c all y v a nis h.
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r e gi o n, t h e a c c o u nt f or t h e di pi o n s p e ctr a c oll e ct e d i n t h e τ d e c a y w as n ot f ull y s ati sf a ct or y as
c a n b e s e e n i n Ta bl e 3 of [ 1 9] (s e e al s o t h e di s c ussi o n i n S e cti o n 1 7 h er ei n); a cl os er l o o k i n di-
c at e d t h at it i s t h e d es cri pti o n of t h e hi g h st ati sti cs B ell e s a m pl e [ 2 1] w hi c h i s f a ult y. T hi s i ss u e
w as cir c u m v e nt e d b y i ntr o d u ci n g a n a d diti o n al br e a ki n g m e c h a ni s m (t h e Pri m or di al Mi xi n g)
w hi c h d e fi n es t h e R S S ol uti o n.

T h e ori gi n al ai m of t h e pr es e nt st u d y i s t o r e e x a mi n e t h e i ss u e a ct u all y r ai s e d b y t h e τ
di pi o n s p e ctr a a n d t o fi g ur e o ut w hi c h ki n d of br e a ki n g c a n s ol v e t h e τ pr o bl e m m et b y t h e
B S v ari a nt of B H L S 2 . I n or d er t o m oti v at e t hi s n e w br e a ki n g s c h e m e – a g e n er ali z ati o n of
t h e us u al ’t H o oft d et er mi n a nt t er m – S e cti o n 3 pr o c e e ds t o a t h or o u g h st u d y of t h e v ari o us
di pi o n τ s p e ctr a a n d of t h eir i m p a ct o n t h e ot h er c h a n n el s i n v ol v e d i n t h e B H L S 2 fr a m e w or k,
es p e ci all y o n t h e pi o n f or m f a ct or i n t h e ti m eli k e a n d s p a c eli k e r e gi o ns.

O n c e m oti v at e d, t hi s e xt e n d e d br e a ki n g s c h e m e i s pr e ci s el y d e fi n e d a n d a n al y z e d i n S e c-
ti o ns 4 a n d 5. T h e p ur p os e of S e cti o n 6 i s t o a d dr ess t h e m o di fi c ati o ns g e n er at e d i n t h e n o n –
a n o m al o us B H L S 2 L a gr a n gi a n d eri v e d i n [ 1 9] b y t hi s n e wl y i ntr o d u c e d ki n eti c br e a ki n g. S p e-
ci al e m p h asi s i s o n t h e pi o n f or m f a ct or i n v ol v e d i n t h e d e c a y of t h e τ l e pt o n F τ

π (s ) c o m p ar e d
t o it s p art n er i n e + e − a n ni hil ati o ns F e

π (s ); it i s s h o w n t h at, w hil e F e
π ( 0) = 1 i s still f ul fill e d5 , t h e

C V C ass u m pti o n i s vi ol at e d i n t h e τ s e ct or as F τ
π ( 0) = 1 . As t h e A L E P H [ 2 2] a n d Cl e o [ 2 3]

s p e ctr a a c c o m o d at e e asil y a m o d elli n g wit h eit h er of t h e F τ
π ( 0) = 1 a n d F τ

π ( 0) = 1 c o nstr ai nt s,
t hi s r es ult e m p h asi z es t h e i nt er est of h a vi n g a n ot h er τ di pi o n s p e ctr u m wit h a st ati sti sti cs c o m-
p ar a bl e t o t h os e of B ell e [ 2 1] or l ar g er.

H o w e v er, all o wi n g f or a vi ol ati o n of C V C wit hi n B H L S 2 c a n n ot b e s ol el y l o c ali z e d i n t h e τ
s e ct or of t h e B H L S 2 L a gr a n gi a n a n d it pr o p a g at es t o t h e a n o m al o us L a gr a n gi a n pi e c es as n ot e d
i n S e cti o n 7 a n d d e v el o p p e d i n t h e v ari o us A p p e n di c es. H e n c e, t h e d es cri pti o n of pr o c ess es as
i m p ort a nt as t h e e + e − → π + π − π 0 / π 0 γ / η γ a n ni hil ati o ns i s d e e pl y m o di fi e d a n d s o s h o ul d b e
t est e d v ers us d at a, as w ell as t h e P → γ γ d e c a y m o d es a n d t h os e i n v ol vi n g η ′V γ c o u pli n gs.

Pri or t o t hi s e x er ci s e, o ur s et of r ef er e n c e d at a s a m pl es h as t o b e u p d at e d t o a c c o u nt f or
n e w d at a s a m pl es [ 2 4, 2 5] or u p d at e d o n es [ 2 6, 2 7]. T hi s i s d o n e i n t w o st e ps. First, t h e
p ur p os e of S e cti o n 8 i s t o d e al wit h t h e n e wl y i ss u e d t hr e e pi o n d at a s a m pl e c oll e ct e d b y t h e
B E SIII C oll a b or ati o n [ 2 4]. It i s s h o w n t h at t h e B E SIII s p e ctr u m e n er gi es s h o ul d b e a p pr o pri-
at el y r e c ali br at e d t o m at c h t h e c o m m o n e n er g y s c al e of t h e ot h er d at a s a m pl es i n cl u d e d i n o ur
r ef er e n c e d at a s et, es p e ci all y i n t h e ω a n d φ p e a k l o c ati o ns.

O n t h e ot h er h a n d, d e ali n g wit h t h e di pi o n s p e ctr a i s of c o urs e a n i m p ort a nt – a n d c o ntr o-
v ersi al – i ss u e b e c a us e of t h e l o n g st a n di n g di s cr e p a n c y b et w e e n s o m e of t h e a v ail a bl e hi g h
st ati sti cs d at a s a m pl es. T h er ef or e, w e t a k e pr o fit of t h e n e wl y p u bli s h e d S N D di pi o n s p e ctr u m
[ 2 5] t o r e vi sit i n S e cti o n 9 t h e c o nsi st e n c y a n al ysi s of t h e diff er e nt di pi o n s a m pl es t o ill ustr at e
t h e f ull pi ct ur e a n d m oti v at e t h e w a y w e d e al wit h str o n g t e nsi o ns w h e n e v al u ati n g p h ysi cs
q u a ntiti es of i m p ort a n c e, es p e ci all y t h e m u o n H V P- L O.

H a vi n g u p d at e d o ur r ef er e n c e s et of d at a s a m pl es, S e cti o n 1 0 r e p ort s o n gl o b al fit s p er-
f or m e d u n d er v ari o us c o n diti o ns, u p d ati n g t h e r es ult s d eri v e d wit h t h e B S a n d R S v ari a nt s of
t h e f or m er v ersi o n of B H L S2 a n d t h os e o bt ai n e d usi n g t h e e xt e n d e d f or m ul ati o n w hi c h i s t h e
s u bj e ct of t h e pr es e nt st u d y; t hi s e xt e nsi o n will b e n a m e d E B H L S 2 f or cl arit y. S e cti o n 1 1 a d-

5 U n d er c o n diti o n s o n δ V dis c u ss e d i n S e cti o n s 4 a n d 7 of [ 1 9].
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dr ess es a k e y t o pi c of t h e br o k e n H L S m o d el wit hi n t h e E B H L S 2 c o n t e xt. I n d e e d, t h e q u esti o n
of s u p p os e dl y u n c o ntr oll e d u n c ert ai nti es ass o ci at e d wit h usi n g fit r es ult s b as e d o n a n Eff e cti v e
L a gr a n gi a n m a y c ast s o m e s h a d o w o n t hi s ki n d of m et h o ds. T o d e fi nit el y a d dr ess t hi s i ss u e,
t h e b est i s t o q u a ntif y t h e eff e ct b y c o m p ari n g t h e esti m at es f or t h e m u o n H V P d eri v e d fr o m
E B H L S 2 wit h t h os e d eri v e d usi n g m or e tr a diti o n al m et h o ds u n d er si mil ar c o n diti o ns . S u bs e c-
ti o n 1 1. 1 ill ustr at es f or t h e di pi o n c o ntri b uti o n t o t h e m u o n H V P t h at s p e ci fi c bi as es attri b ut a bl e
t o usi n g E B H L S2 ar e n e gli gi bl e c o m p ar e d t o i/ t h e w a y t h e s yst e m ati cs, es p e ci all y t h e n or m al-
i z ati o n u n c ert ai nt y of t h e v ari o us s p e ctr a, ar e d e alt wit h b y t h e v ari o us a ut h ors, ii/ t h e s a m pl e
c o nt e nt us e d t o d eri v e o n e’s esti m at es. T h es e t w o m aj or s o ur c es of u n c ert ai nt y ar e, o n t h e ot h er
h a n d, c o m m o n t o a n y of t h e r e p ort e d e v al u ati o ns.

Wit h t h es e c o n cl usi o ns at h a n d, o ur e v al u ati o ns of t h e m u o n H V P- L O ar e d eri v e d. O ur
f a v or e d r es ult w hi c h e x cl u d es fr o m t h e fit t h e di pi o n s p e ctr a fr o m K L O E 0 8 [ 2 8] a n d B a B ar
[ 2 9, 3 0] i s e x a mi n e d i n S u bs e cti o n 1 1. 2; a n alt er n ati v e s ol uti o n w h er e all K L O E d at a s a m pl es
ar e di s c ar d e d i n f a v or of t h e B a B ar o n e i s al s o pr es e nt e d i n S u bs e cti o n 1 1. 5. T h e f ull H V P- L O
i s c o nstr u ct e d ( S u bs e cti o n 1 1. 4) a n d c o m p ar e d wit h t h e ot h er c urr e ntl y r e p ort e d e v al u ati o ns i n
S u bs e cti o n 1 1. 6.

E q ui p e d wit h t h e ki n eti c br e a ki n g m e c h a ni s m d e fi n e d i n S u bs e cti o n 4. 2, E B H L S 2 i s w ell
s uit e d t o a d dr ess t h e mi xi n g pr o p erti es of t h e [π 0 , η, η′] s yst e m m or e pr e ci s el y t h a n w as d o n e
wit h a si mil ar – b ut m u c h l ess s o p hi sti c at e d – m o d elli n g i n [ 3 1]. T h e fi n al ai m i s t o r el y
o n t h e r es ult s of t h e E B H L S 2 fit o v er t h e l ar g est s et of d at a s a m pl es e v er us e d t o d eri v e t h e
c orr es p o n di n g mi xi n g p ar a m et er v al u es wit h o pti m u m a c c ur a c y.

T h e d eri v ati o n of t h e a xi al c urr e nt s i s t h e s u bj e ct of S e cti o n 1 3. S e cti o n 1 4 a d dr ess es t h e
si n gl et- o ct et b asi s p ar a m etri z ati o n d e fi n e d b y K ai s er a n d L e ut w yl er [ 3 2, 3 3, 3 4]; it i s s h o w n
t h at E B H L S2 all o ws t o r e c o v er t h e e x p e ct e d E xt e n d e d C h P T r el ati o ns. I n S e cti o n 1 5, a si mil ar
e x er ci s e i s p erf or m e d wit hi n t h e q u ar k fl a v or b asi s d e v el o p p e d b y F el d m a n n, Kr oll a n d St e c h
( F K S) i n [ 3 5, 3 6, 3 7] a n d o n e al s o yi el ds t h e e x p e ct e d r es ult s. T hi s cl e arl y r e pr es e nt s a v al u a bl e
pi e c e of i nf or m ati o n a b o ut t h e d e ali n g of E B H L S 2 i n it s P S s e ct or.

T h e ai m of S e cti o ns 1 6 a n d 1 7 i s t o p us h E B H L S 2 a st e p f urt h er : O n e f o c us es o n h o w
Is os pi n s y m m etr y br e a ki n g s h o ws u p i n t h e a xi al c urr e nt s J q

µ ass o ci at e d t o li g ht q u ar k p airs
{ [q q ], q = u, d, s } w h e n e x pr ess e d i n t er m s of P S b ar e fi el ds – a l e a di n g or d er a p pr o xi m ati o n.
T h e Kr oll C o n diti o ns [ 3 8] :

< 0 |J q
µ |[q ′q ′](p ) > = i pµ f q δ q q ′

a r e t h e n e x a mi n e d i n d et ail a n d s h o w n t o e x hi bit – at O (δ ) i n br e a ki n gs – u n e x p e ct e d c o n-
str ai nt s a m o n g t h e v ari o us c o m p o n e nt s of t h e ki n eti c br e a ki n g t er m. I n p arti c ul ar, s ati sf yi n g
t h e Kr oll C o n diti o ns i m pli es t h at a ki n eti c br e a ki n g wit h s ol el y a ∂ µ η 0 ∂

µ η 0 t er m i s n ot c o n-
si st e nt a n d s h o ul d b e e xt e n d e d i n or d er t o i n v ol v e ∂ π 0 , ∂ η0 a n d ∂ η 8 q u a dr ati c c o ntri b uti o ns.
W h et h er t hi s pr o p ert y i s i n h er e nt t o o nl y E B H L S 2 m a y l o o k u nli k el y.

I n S e cti o n 1 8, o n e r e p ort s o n a d diti o n al E B H L S2 fit s s u g g est e d b y t h e Kr oll C o n diti o ns a n d
t a b ul at es t h e fit p ar a m et er v al u es. T h e s h ort S e cti o n 1 9 r e p ort s o n si d e c o ns e q u e n c es o n s o m e
p h ysi cs p ar a m et ers, es p e ci all y t h e m u o n H V P- L O. S e cti o ns 2 0 a n d 2 1 r e p ort o n t h e n u m eri c al
e v al u ati o n of t h e [π 0 , η, η′] mi xi n g p ar a m et ers a n d c o m p ar e wit h a v ail a bl e r es ult s fr o m ot h er
gr o u ps.
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Fi n all y, S e cti o n 2 2 c oll e ct s t h e c o n cl usi o ns of t hi s w or k, a n al m ost 1 0 0 % C O VI D 1 9 l o c k-
d o w n w or k.

2 P r e a m bl e : O n t h e F r e e P a r a m et e rs of t h e B H L S 2 M o d el

Si g ni fi c a nt ( a nti-) c orr el ati o ns b et w e e n Σ V , z V a n d t h e s p e ci fi c H L S p ar a m et er a h a v e b e e n
r e p ort e d i n o ur st u d y [ 1 9]; t hi s t o pi c w as t h e p ur p os e of it s S u bs e cti o n 2 0. 1. As p ar a m et er
c orr el ati o ns m a y e asil y b e of p ur e n u m eri c al ori gi n 6 , w e di d n ot g o b e y o n d a n al y zi n g t h e i ss u e
n u m eri c all y b ut e m p h asi z e d t h at t h e p h ysi cs c o n cl usi o ns w er e s af e, i. e. n ot s h a d o w e d b y t h es e
c orr el ati o ns.

A ct u all y, o n e c a n g o a st e p f urt h er. I n d e e d, it c a n b e r e m ar k e d t h at t h e t hr e e p ar a m et ers
Σ V , z V a n d a ar e i n v ol v e d o nl y i n t h e L V pi e c e of t h e n o n – a n o m al o us B H L S 2 L a gr a n gi a n
L H L S = L A + a L V a n d d o n ot o c c ur i n it s a n o m al o us F K T U Y pi e c es [ 1 2, 1 3]. L et us c o nsi d er
t h e pi e c es i n h erit e d fr o m a L V n a m e d h er e a n d i n [ 1 9] L V M D a n d L τ a n d p erf or m t h er ei n t h e
f oll o wi n g p ar a m et er r e d e fi niti o n :

a − → a ′ = a ( 1 + Σ V ) , zV − → z ′
V = z V / ( 1 + Σ V ) ≃ z V ( 1 − Σ V ) ( 1)

w h er e Σ V a n d z V ar e i ntr o d u c e d b y t h e X V br e a ki n g m atri x aff e cti n g L V w hi c h a ct u all y writ es
X V = di a g ( 1 + Σ V / 2 , 1 − Σ V / 2 ,

√
z V ) i n t h e B H L S2 fra m e w or k 7 .

O n e c a n t h e n c h e c k t h at t h e d e p e n d e n c y u p o n Σ V dr o ps o ut e v er y w h er e e x c e pt i n t h e W ±

m ass t er m s h o w n i n t h e L τ L a gr a n gi a n pi e c e (s e e E q u ati o n ( 4 0) b el o w). O b vi o usl y, t hi s m ass
t er m h as n o i n fl u e n c e o n t h e p h e n o m e n ol o g y w e a d dr ess a n d t h us i s di s c ar d e d.

It f oll o ws h er efr o m t h at t h e a ct u al v al u es f or a , z V a n d Σ V ar e i n f a ct o ut of r e a c h a n d
t h at t h e si n gl e q u a ntiti es w hi c h c a n b e a c c ess e d usi n g t h e d at a ar e t h eir a ′, z ′

V c o m bi n ati o ns.
Pr a cti c all y, fitti n g wit hi n t h e B H L S 2 fr a m e w or k – h a vi n g fi x e d Σ V = 0 – r e d u c es t h e p a-
r a m et er fr e e d o m a n d t h e p ar a m et er c orr el ati o ns wit h o ut a n y l oss i n t h e p h ysi cs i nsi g ht, b ei n g
u n d erst o o d t h at t h e d eri v e d a a n d z V ar e n ot hi n g b ut a ′ a n d z ′

V j ust d e fi n e d.

O n t h e ot h er h a n d, s p e ci fi c p ar a m et ers ar e i n v ol v e d i n or d er t o d e al wit h t h e [π 0 , η, η′]
s yst e m. T h e y c o m e fr o m t h e tr a nsf or m ati o n l e a di n g fr o m t h e r e n or m ali z e d fi el ds – t h os e w hi c h
di a g o n ali z e t h e P S ki n eti c e n er g y t er m – t o t h e p h ysi c all y o bs er v a bl e [π 0 , η, η′] st at es a n d c a n
b e f o u n d 8 i n S e cti o n 5. T h es e p ar a m et ers h a v e b e e n n a m e d θ P , ǫ a n d ǫ ′ i n a c c or d a n c e wit h t h e
us u al c ust o m [ 3 5, 3 8].

I n o ur pr e vi o us w or ks o n t h e H L S m o d el, i n p arti c ul ar [ 1 4, 1 9], o n e of t h e (η, η ′) mi xi n g
a n gl es [ 3 2, 3 3] h as b e e n c o nstr ai n e d ( θ 0 ≡ 0 ) f oll o wi n g a f or m er st u d y [ 3 1]. T hi s t ur ns o ut t o
i m p os e t h e mi xi n g a n gl e θ P b e al g e br ai c all y r el at e d t o t h e B K Y p ar a m et er z A a n d t h e n o n et
s y m m etr y br e a ki n g p ar a m et er λ (s e e S u bs e cti o n 4. 4 i n [ 1 4]). T h e e x p eri m e nt al pi ct ur e h a vi n g
dr a m ati c all y c h a n g e d si n c e [ 3 1], t hi s ass u m pti o n d es er v es c ert ai nl y t o b e r e vi sit e d as will b e

6 F or i n st a n c e, t h e c o ef fi ci e nts of t h e s u btr a cti o n p ol y n o mi al of a n y gi v e n l o o p f u n cti o n, m a y u n d er g o si g nif-
i c a nt c orr el ati o n s i n mi ni mi z ati o n pr o c e d ur es; t h e y ar e a c c o u nt e d f or i n t h e p ar a m et er err or c o v ari a n c e m atri x
r et ur n e d b y t h e fits.

7 N ot e t h e missi n g s q u ar e r o ot s y m b ol i n t h e d e fi niti o n f or X V gi v e n i n [ 1 9].
8 S e e als o S u b s e cti o n 4. 3 i n [ 1 4].
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d o n e i n t h e pr es e nt w or k. M or e o v er, w e al s o i m p os e d [ 3 9] :

ǫǫ ′ = − ǫ 2
0 si n 2 θ P , wit h ǫ 0 =

√
3

4

m d − m u

m s − m̂
a n d m̂ =

1

2
(m u + m d ) . ( 2)

A s a w h ol e, t hi s l ess e ns t h e n u m b er of fr e e p ar a m et ers b y 2 u nit s wit h o ut a n y d e gr a d ati o n of
t h e fit q u alit y or a n y c h a n g e i n t h e H V P v al u es.

H o w e v er, f or t h e pr es e nt p ur p os e, it h as b e e n f o u n d w ort h w hil e t o r el e as e t h es e c o nstr ai nt s
a n d l et θ P , ǫ a n d ǫ ′ v ar y fr e el y. W h e n a n al y zi n g b el o w t h e [π 0 , η, η′] mi xi n g pr o p erti es, t hi s
ass u m pti o n will b e r e vi sit e d i n a wi d er c o nt e xt.

3 R e visiti n g t h e τ Di pi o n S p e ct r a : A P u z zl e ?

S e cti o n 1 7 of [ 1 9] r e p ort e d t h e pr o p erti es of o ur s et of – m or e t h a n 5 0 – d at a s a m pl es w h e n
s u b mitt e d t o gl o b al fit s b as e d o n eit h er of t h e R ef er e n c e S ol uti o n ( R S) a n d B asi c S ol uti o n ( B S)
v ari a nt s of t h e B H L S 2 m o d el. Ta bl e 3 t h er ei n di s pl a ys a d et ail e d a c c o u nt of t h e i nf or m ati o n
r et ur n e d b y t h e fit s f or t h e v ari o us p h ysi cs c h a n n el s. M or e pr e ci s el y, t hi s Ta bl e s h o ws t h at t h e
r e p ort e d χ 2 / N p oi nt s a v er a g es f or t h e di s pl a y e d gr o u ps of t h e h el d d at a s a m pl es ar e g e n er all y of
t h e or d er 1 – wit h t h e s ol e e x c e pti o n of t h e K + K − d at a s a m pl e fr o m [ 4 0].

T h e τ c h a n n el χ 2 / N p oi nt s o v er all pi e c e of i nf or m ati o n di s pl a y e d i n t hi s Ta bl e 3, c o v ers a
d at a gr o u p m er gi n g t h e s a m pl es pr o vi d e d b y t h e Al e p h [ 2 2], Cl e o [ 2 3] a n d B ell e [ 2 1] C oll a b o-
r ati o ns. O n e c a n r e a d9 t h er ei n : χ 2 / N p oi nt s = 9 2 / 8 5 ( R S v ari a nt) a n d χ 2 / N p oi nt s = 9 8 / 8 5 ( B S
v ari a nt). I n t h e f oll o wi n g, o n e m a y r ef er t o t h es e d at a s a m pl es as, r es p. A, C a n d B.

H o w e v er, t hi s f air b e h a vi or of t h e τ c h a n n el d at a a ct u all y hi d es c o ntr ast e d b e h a vi ors a m o n g
t h e t hr e e s a m pl es g at h er e d i nsi d e t hi s gr o u p. T hi s i ss u e d es er v es r e e x a mi n ati o n1 0 wit hi n t h e
B H L S 2 [ 1 9] c o nt e xt.

It w as n ot e d i n S e cti o n 1 1 of [ 1 9] t h at t h e s u btr a cti o n p o y n o mi al s r es p. P τ
π (s ) a n d P e

π (s ) of
r es p. t h e π ± π 0 a n d π + π − pi o n l o o ps i n v ol v e d i n t h e pi o n f or m f a ct ors ar e diff er e nt, all o wi n g
t hi s w a y f or r el ati v e Is os pi n S y m m etr y br e a ki n g (I B) eff e ct s; m or e pr e ci s el y, t h e y ar e r el at e d
b y :

P τ
π (s ) = P e

π (s ) + δ P τ
π (s ) , ( 3)

a n d t h e p ol y n o mi al δ P τ
π (s ) i s al s o d et er mi n e d b y fit.

Wit hi n t h e B H L S 2 c o nt e xt, P e
π (s ), as a n y of t h e ot h er l o o ps i n v ol v e d, i s a s e c o n d d e gr e e

p ol y n o mi al wit h fl o ati n g p ar a m et ers. H o w e v er, i n or d er t o g et g o o d gl o b al fit s w h e n i n cl u di n g
t h e τ d at a – es p e ci all y t h e B ell e s p e ctr u m [ 2 1] – t h e d e gr e e of δ P τ

π (s ) h as b e e n i n cr e as e d t o
t h e t hir d d e gr e e i n t h e B S v ari a nt1 1 of B H L S 2 . A ct u all y, t hi s δ P τ

π (s ) d e gr e e ass u m pti o n i s n ot
h ar ml ess as it c orr es p o n ds t o i ntr o d u ci n g a n o n-r e n or m ali z a bl e c o u nt er t er m i n t h e r e n or m al-
i z e d B H L S2 L a gr a n gi a n. As A a n d C w ell m a n a g e wit hi n t h e B H L S fr a m e w or k wit h a s e c o n d

9 T h e c orr es p o n di n g fits h a v e b e e n p erf or m e d fi xi n g θ P t hr o u g h t h e c o n diti o n θ 0 ≡ 0 a n d i m p o si n g t h e c o n-
diti o n ǫ ǫ ′ = − ǫ 2

0 si n 2 θ P , as r e mi n d e d i n S e cti o n 2; o n e yi el d s n o w m or e f a v or a bl e χ 2 b y h a vi n g r el e as e d t h es e
c o n str ai nts as will b e s e e n s h ortl y.

1 0 T his iss u e w as alr e a d y a d dr ess e d i n [ 4 1] i n t h e c o nt e xt of a n o v er si m pli fi e d v er si o n t h e br o k e n H L S m o d el.
1 1 I n t h e pr es e nt p a p er, o n e f o c u s es s ol el y o n t h e B S v ari a nt – w hi c h c arri es 3 fl o ati n g p ar a m et er s l ess t h a n t h e

R S v ari a nt – as R S a n d B S r et ur n si mil ar pi ct ur es wit h t h e c oll e cti o n of e xisti n g s a m pl es a n d, es p e ci all y, i n t h e τ
s e ct or.
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d e gr e e δ P τ
π (s ), th e i ss u e r ai s e d b y t h e B ell e s p e ctr u m i s t h us w ort h w hil e t o b e c a uti o usl y e x-

a mi n e d; t hi s i s t h e m att er of t h e pr es e nt S e cti o n.

F or t h e s eri es of ( B H L S 2 ) gl o b al fit s pr es e nt e d i n t h e pr es e nt S e cti o n, w e h a v e c h os e n
t o di s c ar d t h e d at a c o v eri n g t h e e + e − → π + π − π 0 a n ni hil ati o n c h a n n el t o l ess e n t h e fit c o d e
e x e c uti o n ti m es. T h e l o w est e n er g y d at a p oi nt of t h e Cl e o s p e ctr u m [ 2 3] i s di s c ar d e d as o utli er;
wit h t hi s pr o vi s o, t h e t hr e e τ s p e ctr a [ 2 2, 2 3, 2 1] ar e f ull y a d dr ess e d wit hi n o ur fit s fr o m
t hr es h ol d u p t o 1 G e V.

F or m all y, t h e diff er e n c es b et w e e n t h e di pi o n s p e ctr a i n t h e τ d e c a y a n d i n t h e e + e − a n ni-
hil ati o n s h o ul d s ol el y f oll o w fr o m Is os pi n S y m m etr y Br e a ki n g (I B) eff e ct s. T h er ef or e, a r e al
u n d erst a n di n g of t h es e s u p p os es a mi ni m a a si m ult a n e o us d e ali n g wit h t h e e + e − → π + π −

a n ni hil ati o n c h a n n el a n d wit h t h e di pi o n s p e ctr a c oll e ct e d i n t h e τ ± → π ± π 0 ν τ d e c a y. T h e a n-
ni hil ati o n d at a a d dr ess e d i n o ur fitti n g c o d es – C M D- 2 [ 4 2, 4 3, 4 4], S N D [ 4 5] K L O E [ 4 6, 4 7],
B E SIII [ 2 6], Cl e o- c [ 4 8] – h a v e b e e n pr es e nt e d 1 2 i n d et ail i n S e cti o n 1 3 of [ 1 9].

A ct u all y, t h e B E SIII C oll a b or ati o n h as r e c e ntl y p u bli s h e d a n err at u m [ 2 7] t o t h eir [ 2 6]
w hi c h ess e nti all y c o n fir m s t h e ori gi n al s p e ctr u m b ut dr asti c all y r e d u c es t h e st ati sti c al u n c er-
t ai nti es. T hi s will n ot b e di s c uss e d at l e n gt h a n d o n e o nl y q u ot es t h e χ 2 / N p oi nt s e v ol uti o n: R u n-
ni n g o ur st a n d ar d B H L S 2 c o d e wit h t h e u n c orr e ct e d B E SIII di pi o n s p e ctr u m [ 2 6], t h e v ari o us
fit s r et ur n χ 2 / N p oi nt s ≃ 3 5 / 6 0 , w h er e as r u n ni n g it wit h t h e c orr e ct e d d at a [ 2 7] o n e yi el ds
χ 2 / N p oi nt s ≃ 5 0 / 6 0 ; t hi s m or e r e ali sti c g o o d n ess of fit cl e arl y i n di c at es t h at t h e err ors ar e
i n d e e d b ett er u n d erst o o d, all o wi n g t h e B E SIII s p e ctr u m t o r e all y i n fl u e n c e t h e p h ysi cs r es ult s
d eri v e d fr o m fit s.

O n e s h o ul d al s o r e mi n d t h at t h e 2 di pi o n s p e ctr a fr o m K L O E 0 8 [ 2 8] a n d B a B ar [ 2 9, 3 0],
e x hi biti n g a p o or c o nsi st e n c y wit h all t h e ( > 5 0 ) ot h ers, ar e di s c ar d e d si n c e t h e v er y b e gi n ni n g
of t h e H L S m o d elli n g pr o gr a m [ 1 4, 1 5]. Fi n all y, t h e S N D di pi o n s p e ctr u m [ 4 9] m e as ur e d o v er
t h e 0 .5 2 5 <

√
s < 0 .8 8 3 G e V e n er g y i nt er v al will b e a n al y z e d s e p ar at el y b el o w.

3 . 1 Fitti n g t h e τ Di pi o n S p e ct r a

T h e τ s p e ctr a s u b mitt e d t o gl o b al fit s ar e d e fi n e d b y :

1

Γ τ

d Γ π π

d s
= B π π

1

N

d N (s )

d s
( 4)

u si n g t h e e v e nt di stri b uti o ns a n d br a n c hi n g fr a cti o ns B π π pr o vi d e d b y e a c h of t h e Al e p h [ 2 2],
B ell e [ 2 1] a n d Cl e o [ 2 3] C oll a b or ati o ns. T h e f ull τ wi dt h i s d eri v e d fr o m it s lif eti m e t a k e n
fr o m [ 5 0]. T h e r el ati o n wit h t h e pi o n f or m f a ct or i s :

d Γ π π

d s
=

G 2
F

m 3
τ

[S E W G E M (s )]|F τ
π (s )|2 ( 5)

w h er e F τ
π (s ) i s d eri v e d fr o m t h e B H L S2 L a gr a n gi a n [ 1 9] a n d S E W c oll e ct s t h e s h ort r a n g e

r a di ati v e c orr e cti o ns [ 5 1]; t h e l o n g r a n g e r a di ati v e c orr e cti o ns ar e c oll e ct e d i n G E M (s ) a n d
e v al u at e d o n t h e b asi s of [ 5 2, 5 3, 5 4]. T h e n or m ali z ati o n of t h e f ull f or m f a ct or at t h e ori gi n i s,

1 2 S e e als o S e cti o n 9 b el o w.
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t h us, gi v e n b y t h e pr o d u ct [S E W G E M (s )] i n t h e st a n d ar d B H L S2 w hi c h f ul fill s 1 3 a ut o m ati c all y
F τ

π ( 0) = 1 + O (δ 2 ).

A nti ci p ati n g o n t h e f oll o wi n g S e cti o ns, l et us st at e t h at o n e will d e fi n e a n e xt e nsi o n of
st a n d ar d B H L S 2 [ 1 9] t o all o w f or a vi ol ati o n of C V C i n t h e τ s e ct or; it will b e n a m e d E B H L S 2 .
T h e m ai n diff er e n c e – n ot t h e si n gl e o n e – b et w e e n E B H L S 2 a n d t h e st a n d ar d B H L S 2 [ 1 9] i s
t h at it f ul fill s F τ

π ( 0) = 1 − λ 2
3 / 2 w h er e λ 3 i s a fl o ati n g p ar a m et er of or d er O (

√
δ ) r e fl e cti n g a

s y m m etr y br e a ki n g. M or e o v er, s etti n g λ 3 = 0 t h er ei n all o ws t o r e c o v er e x a ctl y t h e st a n d ar d
B H L S 2 [ 1 9]. W h e n λ 3 = 0 , t h e r es c ali n g g e n er at e d b y E B H L S2 i s n u m eri c all y m o d ul at e d
b y a c c o m p a n yi n g c h a n g es i n t h e i nt er n al str u ct ur e of t h e ρ t er m i n F τ

π (s ). O n t h e ot h er h a n d,
as t h e r est of t h e n o n – a n o m al o us L a gr a n gi a n pi e c es ar e u n c h a n g e d, t h e pr o p erti es of F e

π (s )
r e m ai n u n c h a n g e d; i n p arti c ul ar, t h e c o n diti o n F e

π ( 0) = 1 + O (δ 2 ) i s still v ali d as i n B H L S2
b e c a us e t h e t er m of O (δ ) v a ni s h es b y h a vi n g st at e d [ 1 9] ξ 0 = ξ 8 .

As t h e τ d at a a n al ysi s i s t h e m ai n m oti v ati o n f or t h e f ort h c o mi n g E B H L S 2 e xt e nsi o n, it w as
f o u n d w ort h w hil e t o di s pl a y, b esi d e t h e st a n d ar d B H L S 2 fit r es ult s, t h e c orr es p o n di n g E B H L S 2

i nf or m ati o n, pri or t o d e ali n g wit h it s d eri v ati o n1 4 .

3. 2 B H L S 2 Gl o b al Fits E x cl u di n g t h e S p a c eli k e D at a

Ta bl e 1 r e p ort s o n a s eri es of fit s w hi c h ai m s at c o pi n g wit h t h e τ t o pi c; t h e gl o b al fit s
r e p ort e d i n t hi s S u bs e cti o n di s c ar d t h e s p a c eli k e d at a [ 5 5, 5 6] a n d t h e di s c ussi o n e m p h asi z es
s ol el y t h e b e h a vi or of t h e di pi o n d at a fr o m t h e a n ni hil ati o n c h a n n el a n d fr o m t h e τ d e c a y.

As st at e d j ust a b o v e, t h e r ef er e n c e t h er ei n t o t h e p ar a m et er λ 3 a nti ci p at es a b o ut t h e E B H L S 2

e xt e nsi o n pr o p os e d b el o w, a n d st ati n g t h e c o n diti o n λ 3 = 0 i s stri ctl y i d e nti c al t o h a vi n g
B H L S 2 r u n ni n g, i n p arti c ul ar it s B S v ari a nt [ 1 9] s ol el y us e d all al o n g t h e pr es e nt w or k, e x c e pt
ot h er wi s e st at e d.

• T h e first d at a c ol u m n di s pl a ys t h e gl o b al fit p erf or m e d usi n g t h e p u bli s h e d A, B a n d C
s p e ctr a i m p osi n g t h e p ol y n o mi al δ P τ

π (s ) (s e e E q u ati o n ( 3)) t o b e s e c o n d d e gr e e. O b vi-
o usl y, t h e χ 2 / N p oi nt s a v er a g es ar e r e as o n a bl e f or all t h e di s pl a y e d d at a s a m pl es or gr o u ps
s h o w n ( as w ell as t h os e n ot s h o w n) e x c e pt f or B ell e w hi c h yi el ds t h e u n a c c e pt a bl e a v er-
a g e χ 2 / N p oi nt s = 2 .5 2 .

• T h e si m pl est (a d h o c ) c h oi c e t o b ett er a c c o m o d at e t h e B ell e s p e ctr u m t ur ns o ut t o al-
l o w δ P τ

π (s ) t o b e t hir d d e gr e e. D oi n g t hi s, t h e s e c o n d d at a c ol u m n s h o ws t h at t h e fit
r et ur ns a f air pr o b a bilit y, as alr e a d y k n o w n si n c e [ 1 9]. I n d e e d, b esi d e a q uit e m ar gi n al
i m pr o v e m e nt of t h e e + e − → π + π − a c c o u nt, o n e o bs er v es a s e nsi bl e i m pr o v e m e nt i n t h e
d es cri pti o n of t h e Al e p h ( χ 2 : 4 1 → 2 2 ) a n d B ell e (χ 2 : 4 8 → 3 6 ) s p e ctr a, w h er e as t h e
Cl e o s p e ctr u m χ 2 r e m ai ns u n c h a n g e d a n d s ati sf a ct or y. T h e i m pr o v e m e nt f or t h e B ell e

1 3 All br e a ki n g p ar a m et er s o c c uri n g i n B H L S 2 , i n p arti c ul ar t h o s e ass o ci at e d wit h t h e br e a ki n g of t h e I s o s pi n
S y m m etr y or of t h e N o n et S y m m etr y ar e c o n si d er e d b ei n g of or d er δ , a g e n eri c p ert ur b ati o n p ar a m et er. All
e x pr essi o n s d eri v e d fr o m o ur L a gr a n gi a n ar e u n d er st o o d tr u n c at e d at t his or d er a n d, t h er ef or e, t er m s of or d er
O (δ 2 ) or hi g h er ar e al w a y s dis c ar d e d.

1 4 T h e d eri v ati o n of E B H L S 2 is m ai nl y a d dr ess e d i n S e cti o n s 4 a n d 6.
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s p e ctr u m i s si g ni fi c a nt ( χ 2 / N p o i nt s : 2.5 2 → 1 .9 0 ) b ut n ot f ull y s ati sf a ct or y. N e v er-
t h el ess, t h e t o p p a n el i n Fi g ur e 2 s h o ws t h at t h e n or m ali z e d r esi d u al s f or t h e τ s p e ctr a
e x hi bit a r e as o n a bl y fl at b e h a vi or, t h a n ks t o h a vi n g a t hir d d e gr e e δ P τ

π (s ).

S o, o n c e t h e d e gr e e f or δ P τ
π (s ) i s a p pr o pri at e, B H L S2 g et s a f air a c c o u nt f or t h e A a n d

C d at a a n d a n a c c e pt a bl e o n e f or t h e B ell e s p e ctr u m.

H o w e v er, i ns pir e d b y t h e fit s u m m ar y Ta bl e VII i n t h e B ell e p a p er [ 2 1], o n e h as a d dr ess e d
t w o ot h er si mil ar str at e gi es :

• I nst e a d of fitti n g t h e A, B a n d C s p e ctr a as s u c h , o n e c h os e usi n g e a c h of t h e m n or m al-
i z e d t o it s i nt e gr al o v er t h e fitti n g e n er g y r a n g e (< 1 . G e V), i. e o n e r at h er fit s t h e A, B,
C li n es h a p es wit hi n t h e gl o b al B H L S 2 fr a m e w or k. I n t hi s c as e, a s e c o n d d e gr e e δ P τ

π (s )
i s alr e a d y s uf fi ci e nt a n d yi el ds a f air gl o b al fit ( 9 5 % pr o b a bilit y). T h e c orr es p o n di n g
r es ult s ar e di s pl a y e d i n t h e t hir d d at a c ol u m n; t h e y ar e cl e arl y s ati sf a ct or y i n b ot h t h e
a n ni hil ati o n c h a n n el a n d t h e τ s e ct or. I n t hi s c o n fi g ur ati o n, t h e B ell e s p e ctr u m u n d er-
g o es a n i n di vi d u al χ 2 i m pr o v e m e nt b y 1 0 u nit s a n d c o m es o ut wit h a m or e r e as o n a bl e
χ 2 / N p oi nt s = 1 .3 7 .

St at e d ot h er wi s e, o n c e t h e τ s p e ctr a ar e n or m ali z e d, B H L S 2 pr o vi d es a f airl y g o o d si m ul-
t a n e o us a c c o u nt of t h e A, B a n d C s p e ctr a a n d pr o v es t h at t h e A, B a n d C li n es h a p es ar e q uit e
c o nsi st e nt wit h e a c h ot h er wit h o ut a n y n e e d f or s o m e a d h o c tri c k. M or e o v er, t h er e i s n o p oi nt
i n g oi n g b e y o n d t h e s e c o n d d e gr e e f or δ P τ

π (s ).
A n o b vi o usl y si mil ar a p pr o a c h t o t h e li n es h a p e m et h o d j ust e m p h asi z e d i s t o l et t h e pi o n

f or m f a ct or |F τ
π (s )|2 b e s u c h t h at 1 5 |F τ

π (s = 0) |2 = 1 . T hi s i s i ns pir e d b y t h e st a n d al o n e fit
p erf or m e d b y B ell e a n d r e p ort e d i n Ta bl e VII of t h eir [ 2 1].

I n t hi s st u d y, a first fit h as b e e n p erf or m e d a cr oss t h e f ull e n er g y r a n g e of t h e B ell e di pi o n
s p e ctr u m usi n g a G o u n ari s – S a k ur ai ( G S) pi o n f or m f a ct or |F τ

π (s )|2 – w hi c h f ul fill s |F τ
π (s =

0) |2 = 1 ; t hi s fit i s t h e m att er of t h e l eft m ost d at a c ol u m n of t h eir Ta bl e VII a n d r e p ort s
χ 2 / N p oi nt s = 8 0 / 6 2 . B ell e al s o r e p ort s t h er ei n a s e c o n d fit, h a vi n g all o w e d f or a m er e r es c al-
i n g :

|F τ
π (s )|2 → ( 1 + λ τ )|F τ

π (s )|2

of t h eir G S p ar a m etri z ati o n; t h e c orr es p o n di n g r es ult s ar e r e p ort e d i n t h e ri g ht m ost d at a c ol u m n
of t h eir Ta bl e VII wit h χ 2 / N p oi nt s = 6 5 / 6 2 . T h e n oti c e a bl e 1 5 u nit g ai n f or t h e χ 2 v al u e ( a 4
σ eff e ct), r es ulti n g fr o m a si n gl e a d diti o n al fl o ati n g p ar a m et er, str ess es t h e r el e v a n c e of w h at
w as j ust n a m e d λ τ . L et us p erf or m li k e wi s e wit hi n t h e gl o b al B H L S2 c o nt e xt.

• As t h e st a n d ar d B H L S 2 [ 1 9] pr o vi d es |F τ
π (s = 0) |2 = 1 , o n e p erf or m s as B ell e b y usi n g

r es c ali n g f a ct ors of t h e f or m 1 + λ τ . We h a v e first p erf or m e d gl o b al fit s usi n g a si n gl e τ
s p e ctr u m ( A, B, C i n t ur n) a n d d eri v e d t h e f oll o wi n g r es ult s :






Al e p h : λ τ = ( − 7 .6 3 ± 0 .6 6) % , χ2 / N p oi nt s = 1 5 / 3 7 , Pr o b = 9 8 %
Cl e o : λ τ = ( − 3 .1 2 ± 0 .6 6) % , χ2 / N p oi nt s = 2 7 / 2 8 , Pr o b = 9 5 %
B ell e : λ τ = ( − 5 .9 6 ± 0 .5 2) % , χ2 / N p oi nt s = 2 3 / 1 9 , Pr o b = 9 2 %

( 6)

1 5 O n e s h o ul d r e mi n d t h at, i n c o ntr ast t o t h e n e utr al v e ct or c urr e nt, t h e c h ar g e d v e ct or c urr e nt is c o n s er v e d o nl y
i n t h e is o s pi n s y m m etr y li mit.
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B H L S 2 Fit B H L S 2 ≡ (λ 3 = 0 ) λ 3 fr e e

( E x cl. s p a c eli k e) s p e ctr a s p e ctr a ( 3 r d d e g.) li n es h a p es r es c al e d s p e ctr a

N S K π + π − ( 1 27) 1 3 8 1 3 6 1 3 5 1 3 8 1 3 8

K L O E π + π − ( 1 35) 1 4 6 1 4 3 1 4 5 1 4 4 1 4 0

B E SIII π + π − ( 6 0) 4 7 4 7 4 8 4 8 5 0

τ ( A B C) ( 8 4) 1 2 2 9 2 7 9 7 9 7 8

τ ( A L E P H) ( 3 7) 4 1 2 2 2 3 2 3 2 1

τ ( C L E O) ( 2 8) 3 3 3 4 3 0 3 1 3 2

τ ( B ell e) ( 1 9) 4 8 3 6 2 6 2 5 2 5

Fit Pr o b. 6 6 % 9 3 % 9 5 % 9 4 % 9 6 %

Ta bl e 1: Gl o b al fit pr o p erti es (s p a c eli k e d at a e x cl u d e d) : χ 2 v al u es f or t h e v ari o us s a m pl e
gr o u ps; t h e n u m b ers of d at a p oi nt s ar e gi v e n b et w e e n p ar e nt h es es. T h e s u btr a cti o n p ol y n o mi al
δ P τ (s ) i s al w a ys s e c o n d d e gr e e e x c e pt w h e n e x pli ct el y st at e d (s e c o n d d at a c ol u m n). T h e t a g
”s p e ctr a ” st a n ds f or fitti n g wit h t h e r e p ort e d A, B a n d C di pi o n s p e ctr a; t h e t a g ”li n es h a p es ”
st a n ds f or t h e c as e w h e n t h es e s p e ctr a ar e n or m ali z e d t o t h eir i nt e gr al o v er t h e fitt e d e n er g y
r a n g e; t h e t a g ”r es c al e d ” c o v ers t h e c as e w h e n a c o m m o n r es c ali n g f a ct or i s a p pli e d t o t h e t hr e e
di pi o n τ s p e ctr a. T h e l ast d at a c ol u m n di s pl a ys t h e r es ult s o bt ai n e d fitti n g wit hi n E B H L S 2 .
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w hi c h, u n e x p e ct e dl y, i n di c at e t h at B, as w ell as A a n d C, ni c el y a c c o m o d at e a r es c ali n g
f a ct or wit h o ut d e gr a di n g t h e d es cri pti o n of t h e a n ni hil ati o n d at a. O n e h as al s o p erf or m e d
a gl o b al fit m er gi n g t h e t hr e e τ s p e ctr a e a c h r e n or m ali z e d b y a c o m m o n (si n gl e) s c al e
f a ct or. O n e g et s :

A + B + C : λ τ = ( − 6 .9 5 ± 0 .3 7) % , χ2 / N p oi nt s = 7 9 / 8 4 , Pr o b = 9 4 % ; ( 7)

m or e d et ail s c a n b e f o u n d i n t h e f o urt h d at a c ol u m n of Ta bl e 1; t h e n or m ali z e d r esi d u al s
d eri v e d fr o m t hi s fit ar e di s pl a y e d i n t h e mi d dl e p a n el of Fi g ur e 2. C o m p ari n g t h e fit r e-
s ult s r e p ort e d h er e, o n e o bs er v es a 1 3 u nit g ai n c o m p ar e d t o usi n g a t hir d d e gr e e δ P τ (s ),
i n li n e wit h t h e B ell e o w n fit s – wit h e x a ctl y t h e s a m e m o d el p ar a m et er fr e e d o m as λ τ

c o m es r e pl a ci n g t h e c o ef fi ci e nt dr o p p e d o ut b y r e d u ci n g t h e d e gr e e of δ P τ (s ) b y 1 u nit.

S u c h a c o m m o n r es c ali n g i s c ert ai nl y b e y o n d e x p eri m e nt al bi as es as, m or e o v er, A, B a n d C
h a v e b e e n c oll e ct e d wit h diff er e nt d et e ct ors b y i n d e p e n d e nt t e a m s. T hi s i s al s o m u c h b e y o n d
t h e r e p ort e d u n c ert ai nti es o n t h eir r es p e cti v e τ − → π − π 0 ν br a n c hi n g fr a cti o ns w hi c h g o v er n
t h e a bs ol ut e s c al e of t h e fitt e d τ s p e ctr a.

S o, o n e r e a c h es a n o ut st a n di n g fit q u alit y b y r es c ali n g t h e 3 s p e ctr a b y t h e s a m e a m o u nt ;
t hi s i m pr o v e m e nt of t h e τ s e ct or i s n ot o bt ai n e d at t h e e x p e ns e of d e gr a di n g, e v e n m ar gi n all y,
t h e a c c o u nt of t h e e + e − a n ni hil ati o n d at a. Wit hi n t h e B H L S 2 c o nt e xt – a n d di s c ar di n g t h e
s p a c eli k e s p e ctr a – it i s f o u n d t h at λ τ = ( − 6 .9 5 ± 0 .3 7) % , a n o n- n e gli gi bl e v al u e. T hi s a m o u nt
i s c ert ai nl y r el at e d t o i ntri nsi c d et ail s of t h e L a gr a n gi a n m o d el, n oti c e a bl y t h e m ass a n d wi dt h
diff er e n c es of t h e n e utr al a n d c h ar g e d ρ m es o ns w hi c h, al s o, c o ntri b ut e t o t h e a bs ol ut e s c al e.

Fi n all y, t h e l ast d at a c ol u m n i n Ta bl e 1 s h o ws t h at t h e f ort h c o mi n g E B H L S 2 s u c c e e ds t o
pr o d u c e a ni c e fit, v er y cl os e t o B H L S 2 o n es c orr es p o n di n g t o t h e i nf or m ati o n di s pl a y e d b y
E q u ati o ns ( 7) a n d r e p ort e d i n t h e f o urt h d at a c ol u m n of Ta bl e 1. T h e n or m ali z e d r esi d u al s ar e
di s pl a y e d i n t h e b ott o m p a n el of Fi g ur e 2.

O n e c a n o bs er v e t h at t h e t hr e e s et s of n or m ali z e d r esi d u al s s h o w n i n Fi g ur e 2 ar e al m ost
i d e nti c al a n d e a c h i s q uit e a c c e pt a bl e. Fi n all y, o n e s h o ul d str ess t h at i n all c o n fi g ur ati o ns, Ta bl e
1 e x hi bit s a f air a c c o u nt of t h e A a n d C s p e ctr a; it i s t h er ef or e n oti c e a bl e, a n d e v e n a m a zi n g,
t h at a r e m ar k a bl e si m ult a n e o us fit of A, C a n d B c a n al s o b e d eri v e d. M or e o v er, i n b ot h ki n ds of
c o n fi g ur ati o ns (r es c ali n g or n ot) a s a m e a n d f air a c c o u nt of all t h e a n ni hil ati o n d at a i s o bt ai n e d.

3. 3 B H L S 2 Gl o b al Fits I n cl u di n g t h e S p a c eli k e D at a

T h e fit pr o p erti es a n d p ar a m et er v al u es r e p ort e d j ust a b o v e h a v e b e e n d eri v e d usi n g t h e
di pi o n s p e ctr a o nl y i n t h e ti m eli k e r e gi o n f or b ot h t h e π + π − a n d π ± π 0 p airs. M or e o v er, it
h as b e e n s h o w n [ 1 9] t h at, wit hi n t h e B H L S 2 fr a m e w or k, t h e s a m e a n al yti c f u n cti o n f airl y w ell
d es cri b es t h e pi o n f or m f a ct or i n t h e s p a c eli k e a n d ti m eli k e e n er g y r e gi o ns. It i s, t h er ef or e,
d esir a bl e t o e nf or c e t h e i m p a ct of t h e A n al yti cit y r e q uir e m e nt wit hi n t h e B H L S fr a m e w or k b y
r e q uiri n g a si m ult a n e o usl y a c c o u nt of b ot h e n er g y r e gi o ns.

S o, i n cl u di n g t h e s p a c eli k e d at a [ 5 5, 5 6] i nt o t h e s et of s a m pl es s u b mitt e d t o t h e gl o b al fit
l o o ks a n at ur al st e p. A pri ori , t hi s s h o ul d m ostl y aff e ct F e

π (s ); h o w e v er, as F e
π (s ) a n d F τ

π (s ) ar e
d e e pl y i ntri c at e d wit hi n t h e B H L S 2 fr a m e w or k, e xt e n di n g t h e fit t o t h e s p a c eli k e r e gi o n c a n b e
of c o ns e q u e n c e f or b ot h f or m f a ct ors. T hi s S u bs e cti o n r e p ort s o n t h e gl o b al fit r es ult s d eri v e d
w h e n i n cl u di n g al s o t h e s p a c eli k e d at a.
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Fitti n g Fr a m e w or k B H L S 2 ≡ (λ 3 = 0 ) E B H L S 2 ≡ (λ 3 fr ee)

(I n cl. S p a c eli k e) s p e ctr a s p e ctr a ( 3 r d d e g.) r es c al e d ( 2n d d e g.) s p e ctr a r es c al e d

N S K π + π − ( 1 27) 1 3 8 1 3 4 1 3 7 1 3 8 1 3 6

K L O E π + π − ( 1 35) 1 3 9 1 4 6 1 5 4 1 4 0 1 4 1

B E SIII π + π − ( 6 0) 4 8 4 7 4 7 4 8 4 8

S p a c eli k e π + π − ( 5 9) 6 2 6 5 7 7 6 2 6 1

τ ( A B C) ( 8 4) × 9 2 8 8 8 1 7 7

τ ( A L E P H) ( 3 7) 2 4 2 3 2 8 2 5 2 1

τ ( C L E O) ( 2 8) 3 0 3 3 3 0 3 1 3 2

τ ( B ell e) ( 1 9) × 3 7 3 0 2 5 2 4

Fit Pr o b. 9 3 % 8 9 % 7 9 % 9 1 % 9 4 %

Ta bl e 2: Gl o b al fit pr o p erti es (i n cl u di n g t h e s p a c eli k e d at a) : χ 2 of t h e v ari o us s a m pl e gr o u ps;
t h eir n u m b ers of d at a p oi nt s ar e s h o w n b et w e e n p ar e nt h es es. T h e s u btr a cti o n p ol y n o mi al
δ P τ (s ) i s al w a ys s e c o n d d e gr e e e x c e pt w h e n e x pli ct el y st at e d (s e c o n d d at a c ol u m n). T h e t a g
”s p e ctr a ” st a n ds f or fitti n g t h e A, B a n d C τ di pi o n s p e ctr a as s u c h; t h e t a g ”r es c al e d ” c o v ers
t h e c as e w h e n a c o m m o n r es c ali n g f a ct or i s a p pli e d t o t h e t hr e e di pi o n τ s p e ctr a.
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T h e fit r e p ort e d i n t h e first d at a c ol u m n of Ta bl e 2, di s pl a ys t h e fit i nf or m ati o n w h e n fitti n g
wit h B H L S 2 usi n g a s e c o n d d e gr e e δ P τ (s ) p ol y n o mi al, h a vi n g di s c ar d e d t h e B ell e s p e ctr u m.
As e vi d e n c e d b y it s r e p ort e d pr o b a bilit y ( 9 3 %), t h e fit e x hi bit s a ni c e a c c o u nt of e a c h gr o u p
of d at a s a m pl es as o n e al w a ys o bs er v e χ 2 / N p oi nt s ≃ 1 . T hi s pr o v es t h at t h e n e e d f or a t hir d
d e gr e e δ P τ (s ) i s s ol el y c a us e d b y t h e B ell e ( B) s p e ctr u m.

T h e s e c o n d d at a c ol u m n i n t hi s Ta bl e r e p ort s f or t h e s a m e fit i n cl u di n g al s o t h e B ell e s p e c-
tr u m b ut wit h a t hir d d e gr e e δ P τ (s ); it e x a ctl y c orr es p o n ds t o t h os e alr e a d y r e p ort e d i n t h e
s e c o n d d at a c ol u m n of Ta bl e 1. T h e a v er a g e χ 2 of t h e v ari o us s a m pl e gr o u ps ar e o bs er v e d
q uit e si mil ar, i n cl u di n g f or t h e B ell e d at a s a m pl e ( χ 2 / N p oi nt s = 1 .9 5 ); f or t h e s p a c eli k e d at a
o n e yi el ds a f a v or a bl e χ 2 / N p oi nt s = 1 .1 0 . T hi s c as e c orr es p o n ds t o t h e fit c o n fi g ur ati o ns pr e vi-
o usl y us e d i n [ 1 9]; wit h a 8 9 % pr o b a bilit y, it i s cl e arl y a s ati sf a ct or y s ol uti o n a n d o n e d o es n ot
o bs er v e a n y d e gr a d ati o n of t h e g o o d n ess of fit b y h a vi n g i n cl u d e d t h e s p a c eli k e d at a.

T h e fit r e p ort e d i n t h e t hir d d at a c ol u m n of Ta bl e 2 i s t h e e x a ct a n al o g of t h e o n e di s pl a y e d
i n t h e f o urt h d at a c ol u m n of Ta bl e 1, t a ki n g al s o i nt o a c c o u nt t h e s p a c eli k e d at a. H er e al s o
δ P τ (s ) c arri es t h e s e c o n d d e gr e e. T h e b est fit r et ur ns a gl o b al r es c ali n g f a ct or 1 + λ τ wit h :

A + B + C : λ τ = ( − 4 .4 2 ± 0 .4 0) % , χ2 / N p oi nt s = 8 8 / 8 4 , Pr o b = 7 9 % . ( 8)

C o m p ari n g wit h E q u ati o ns ( 7), o n e o bs er v es a dr o p i n pr o b a bilit y pr o d u c e d b y t h e i n cl usi o n
of t h e s p a c eli k e d at a wit hi n t h e gl o b al fit pr o c e d ur e ( 9 4 % → 7 9 % ). C o m p ar e d t o h a vi n g
e x cl u d e d t h e s p a c eli k e d at a, t h e eff e ct i s n oti c e a bl e o n t h e K L O E d at a ( χ 2 / N p oi nt s : 1.0 7 →
1 .1 4 ) a n d f or t h e τ d at a ( χ 2 / N p oi nt s : 0.9 4 → 1 .0 5 ). O n t h e ot h er h a n d, h a vi n g r e d u c e d t h e
δ P τ (s ) d e gr e e, o n e o bs er v es a cl e ar d e gr a d ati o n of t h e s p a c eli k e d at a a c c o u nt as χ 2 / N p oi nt s :
1 .1 0 → 1 .3 1 . N e v ert h el ess, e v e n if n ot t h e b est r e a c h a bl e fit as will b e s e e n s h ortl y, t hi s
c o n fi g ur ati o n pr o vi d es a q uit e r e as o n a bl e pi ct ur e.

T h e l ast t w o d at a c ol u m ns i n Ta bl e 2 r ef er t o t h e E xt e n d e d B H L S 2 m o d el fit r es ult s. I n t hi s
c as e, o n e h as e x a mi n e d t h e E B H L S 2 s ol uti o n (f o urt h d at a c ol u m n) a n d, f or c o m pl et e n ess, al s o
p erf or m e d t h e a n al ysi s wit h a n a d diti o n al r es c ali n g of t h e τ s p e ctr a ( fift h d at a c ol u m n).

O n e cl e arl y o bs er v es t h at t h e ori gi n al s p e ctr a e x hi bit u nif or ml y g o o d pr o p erti es i n all c h a n-
n el s, a n d t h e fit yi el ds a 9 1 % pr o b a bilit y, as di s pl a y e d i n t h e f o urt h d at a c ol u m n. C o m pl e-
m e nt e d wit h a n a d diti o n al c o m m o n r es c ali n g of t h e τ s p e ctr a, s o m e m ar gi n al i m pr o v e m e nt i s
o bs er v e d i n t h e d es cri pti o n of t h es e as s h o w n i n t h e l ast d at a c ol u m n of Ta bl e 2.

I n c o ntr ast wit h t h e pr e c e e di n g S u bs e cti o n ( n o d e ali n g wit h t h e s p a c eli k e d at a), usi n g a
s e c o n d d e gr e e δ P τ (s ) a n d r es c ali n g t h e τ s p e ctr a, w hil e i m pr o vi n g t h e τ s e ct or, l e a ds t o a
d e gr a d e d a c c o u nt of t h e s p a c eli k e d at a ( χ 2 / N p oi nt s : 1.1 0 → 1 .3 1 ) a n d a l oss of t h e r e m ar k a bl e
pr e di cti o n of t h e L Q C D pi o n f or m f a ct or d at a [ 5 7] r e p ort e d i n [ 1 9]; t hi s i s ill ustr at e d b y Fi g ur e
1. C o m p ari n g t hi s Fi g ur e wit h Fi g ur e 8 of [ 1 9], d eri v e d b y e x cl u di n g t h e τ d at a fr o m t h e fit,
o n e o bs er v es a g o o d a gr e e m e nt wit h E B H L S 2 (λ 3 = 0) s ol uti o n 1 6 . Fi n all y, t h e l ast t w o d at a
c ol u m ns i n Ta bl e 2 s h o w t h at E B H L S 2 p erf e ctl y s u c c e e ds i n r e c o v eri n g u nif or ml y g o o d χ 2 ’s
wit h fit pr o b a biliti es e x c e e di n g 9 0 % a n d a f air a c c o u nt of all c h a n n el s.

1 6 I n th e br o k e n H L S fr a m e w or k s, t h e pi o n f or m f a ct or f ul fills F e
π ( 0 ) = 1 + O (δ 2 ); w h e n λ 3 is l eft fr e e, t h e fit

r et ur n s a d e p art ur e fr o m 1 b y 2 p er mil w h er e as it b e c o m es 1. 3 p er c e nt w h e n λ 3 is fi x e d t o z er o. T his is t h e ori gi n
of t h e ”s hift ” e x hi bit e d b y t h e t w o c ur v es s h o w n i n Fi g ur e 1.
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3. 4 S u m m a r y

T h e r ef or e, o n c e i n cl u di n g t h e τ d at a wit hi n t h e B H L S 2 mi ni mi z ati o n pr o c e d ur e, a fit usi n g
a t hir d d e gr e e δ P τ (s ) s u c c e e ds, r e mi n di n g t h e c o n cl usi o ns alr e a d y r e a c h e d i n [ 1 9]; h o w e v er,
o n e h as t o a c c e pt a n a v er a g e χ 2 of 1. 9 5 f or B ell e, w h er e as t h os e f or Al e p h a n d Cl e o ar e r es p.
0. 6 2 a n d 1. 1 8.

T h e f a ct t h at A, B a n d C c arr y a c o m m o n li n es h a p e m a y l o o k h ar dl y a c ci d e nt al. H o w e v er,
i n c o ntr ast wit h Ta bl e 1, w h er e a n e vi d e n c e f or s ol el y a r es c ali n g l o o ks r e as o n a bl e, Ta bl e 2
i n di c at es t h at a m er e r es c ali n g i s i ns uf fi ci e nt – n ot e v e n m e nti o ni n g t h at t h e E B H L S2 pr e di cti o n
f or t h e L Q C D pi o n f or m f a ct or d at a [ 5 7] s e v er el y d e gr a d es c o m p ar e d t o [ 1 9]. I n t hi s c as e,
E B H L S 2 – c o m pl e m e nt e d or n ot wit h a c o m m o n r es c ali n g of t h e τ s p e ctr a – p erf or m s ni c el y
a n d f ul fill s all d esir a bl e A n al yti cit y r e q uir e m e nt s usi n g a s e c o n d d e gr e e δ P τ (s ) o nl y, as s h o ul d
b e pr ef err e d. T h e fit s r e p ort e d i n S u bs e cti o ns 3. 2 a n d 3. 3 c o n vi n ci n gl y ill ustr at es t h at t h e t hir d
d e gr e e l o o ks s o m e w h at a d h o c a n d c a n b e a v oi d e d.

Fi g ur e 1: |F π (s )|2 d er i v e d fr o m t h e fit s wit h λ 3 = 0 (r e d c ur v e) a n d wit h λ 3 = 0 ( bl u e c ur v e).
T h e L Q C D d at a p oi nt s fr o m [ 5 7], n ot fitt e d, ar e s u p eri m p os e d. T h e v al u es f or a v er a g e χ 2

di st a n c es χ 2 / N p oi nt s ar e s h o w n f or λ 3 = 0 a n d λ 3 = 0) .

T h er ef or e, o n e i s l e d t o c o m pl e m e nt t h e C o v ari a nt D eri v ati v e ( C D) br e a ki n g i ntr o d u c e d
i n [ 1 9] b y a n a d diti o n al t er m (s e e S e cti o n 4) w hi c h br e a ks t h e ki n eti c s e ct or of t h e H L S L a-
gr a n gi a n. T hi s p oi nt s t o w ar d a vi ol ati o n of C V C i n t h e τ s e ct or ( at a ≃ − 2 .5 % l e v el f or
|F τ

π (s )|). F or c o m pl et e n ess, o n e h as al s o e x a mi n e d t h e eff e ct of a p ossi bl e r es c ali n g c o m-
pl e m e nti n g t h e C V C br e a ki n g ( g e n er at e d b y a n o n- z er o λ 3 ); t hi s i s r e p ort e d i n t h e l ast d at a
c ol u m n of Ta bl e 2. T hi s r es c ali n g m a y c orr es p o n d t o a ( hi g h er or d er ?) c orr e cti o n t o t h e pr o d-
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u ct S E W G E M (s ) (at a ≃ − 2 % l e v el). H o w e v er, t hi s a d diti o n al fr e e d o m d o es n ot pr o d u c e a
si g ni fi c a nt eff e ct a n d i s di s c ar d e d fr o m n o w o n.

T o c o n cl u d e, t h e pr es e nt a n al ysi s l e a ds t o str ess t h e i m p ort a n c e of h a vi n g at di s p os al a n e w
hi g h st ati sti cs τ di pi o n s p e ctr u m; it i s, i n d e e d, of i m p ort a n c e t o c o n cl u d e a b o ut t h e s p e ci fi c b e-
h a vi or e x hi bit e d b y t h e B ell e s p e ctr u m wit hi n gl o b al fit s. T h e c h all e n gi n g pr o p erti es e x hi bit e d
b y fitti n g t h e τ di pi o n s p e ctr a or, alt er n ati v el y, t h eir li n es h a p es m a y l o o k a m a zi n g e n o u g h t o
c all f or a c o n fir m ati o n of t h e B ell e s p e ctr u m pr o p erti es. I n d e e d, it i s n ot u nli k el y t h at t h e m u c h
hi g h er st ati sti cs of t h e B ell e s p e ctr u m ( 5 0 ti m es t h os e of Cl e o [ 2 1]) all o ws a fi n er str u ct ur e t o
s h o w u p, c alli n g f or a m or e r e fi n e d d es cri pti o n.

4 E xt e n di n g t h e B H L S 2 B r e a ki n g S c h e m e

T h e Hi d d e n L o c al S y m m etr y M o d el [ 1 3] h as b e e n s u p pli e d wit h s p e ci fi c s y m m etr y br e a k-
i n g m e c h a ni s m s t o pr o vi d e t h e B H L S2 fr a m e w or k [ 1 9] wit hi n w hi c h al m ost all e + e − a n ni hi-
l ati o n c h a n n el s o c c uri n g u p t o t h e φ m ass ar e e n c o m p ass e d. T hi s all o w e d f or a si m ult a n e o us
fit of al m ost all c oll e ct e d d at a s a m pl es c o v eri n g t h e n o n – a n o m al o us d e c a y c h a n n el s ( π + π − ,
K + K − , K L K S ) a n d a n o m al o us o n es [ 1 2] (π + π − π 0 , π 0 γ , η γ ). As cl e ar fr o m [ 1 9], o n e g et s a
f air d es cri pti o n wit h s u p er b g o o d n ess of fit.

As j ust e m p h asi z e d i n S e cti o n 3, t h e d e c a y m o d e τ − → π − π 0 ν τ i s al s o a n at ur al p art of t h e
s u c c essi v e H L S fr a m e w or ks [ 5 8, 5 9, 4 1, 1 4, 1 9]. H o w e v er, as ill ustr at e d b y Ta bl e 2, t h e i ss u e
i s w h et h er, o n e r e q uir es ( or n ot) t o c o nsi d er, b esi d es t h e A L E P H [ 2 2] a n d Cl e o [ 2 3] s p e ctr a,
t h os e fr o m B ell e [ 2 1]. O ur pr es e nt g o al i s t o d e fi n e a n e xt e nsi o n of B H L S2 w hi c h c a n n at u-
r all y e n c o m p ass si m ult a n e o usl y t h e A, C a n d B s p e ctr a a n d c o nti n u o usl y r e c o v er t h e B H L S 2

fr a m e w or k i n s o m e s m o ot h li mit. A nti ci p ati v el y, t hi s e xt e nsi o n h as b e e n n a m e d E B H L S 2 .
B H L S 2 h as b e e n c o nstr u ct e d b y c o nsi d eri n g, b esi d e t h e B K Y m e c h a ni s m [ 1 6, 1 7], t h e

C o v ari a nt D eri v ati v e Br e a ki n g a n d t h e Pri m or di al Mi xi n g pr o c e d ur es – s e e S e cti o ns 4 a n d 8
of [ 1 9]. T h es e ess e nti all y a d dr ess t h e v e ct or s e ct or of t h e H L S M o d el a n d r ot ati o ns all o w t o
r e n d er B H L S2 L a gr a n gi a n c a n o ni c al. T hi s l et s al s o t h e v e ct or m es o n ki n eti c e n er g y s u p pli e d
b y t h e Ya n g – Mill s L a gr a n gi a n b e c a n o ni c al.

R e g ar di n g t h e ps e u d os c al ar ( P S) s e ct or, t h e B K Y m e c h a ni s m [ 1 6, 1 7, 1 4] al s o c o ntri b ut es
t o br e a k t h e s y m m etri es of t h e H L S M o d el. O n e s h o ul d al s o e m p h asi z e t h at t h e m ass br e a ki n g
i n t h e k a o n s e ct or i s at t h e ori gi n of t h e D y n a mi c al Mi xi n g of t h e v e ct or m es o ns [ 5 8], w hi c h
i s t h e c e ntr al pi e c e of t h e v ari o us br o k e n v ersi o ns of t h e H L S m o d el. I n d e e d, t h a n ks t o h a vi n g
diff er e nt c h ar g e d a n d n e utr al k a o n l o o ps, t h e ( ρ 0 , ω , φ ) m ass m atri x at o n e l o o p b e c o m es n o n –
di a g o n al a n d, t h us, i m p os es a n ot h er st e p i n t h e v e ct or fi el d r e d e fi niti o n [ 1 4, 1 9]. T hi s f ort h a n d
b a c k pl a y b et w e e n v e ct or fi el d r e d e fi niti o n a n d Is os pi n S y m m etr y br e a ki n g i n t h e P S s e ct or
s h o ul d b e n ot e d.

B esi d e t h e t w o m e c h a ni s m s j ust li st e d, i n or d er t o a c c o u nt f or t h e p h ysi cs of t h e a n o m al o us
pr o c ess es, t h e ’t H o oft d et er mi n a nt t er m s [ 2 0], m or e pr e ci s el y it s ki n eti c p art, pr o vi d e t h e
n e e d e d n o n et s y m m etr y br e a ki n g i n t h e P S s e ct or. M or e o v er, hi g h er or d er a n d l o o p t er m s i n
C hir al P ert ur b ati o n T h e or y a n d Q E D c orr e cti o ns ar e e x p e ct e d t o e xt e n d t h e br e a ki n g of t h e
P S ki n eti c e n er g y t er m b e y o n d t h e si n gl et c o m p o n e nt. It i s t h e p ur p os e of t h e pr es e nt S e cti o n
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Fi g ur e 2: N or m ali z e d r esi d u al s d eri v e d i n t h e gl o b al fit s e x cl u d i n g t h e s p a c eli k e d at a. T o p
p a n el di s pl a ys t h e c as e w h e n A, B a n d C as s u c h ar e si m ult a n e o usl y fitt e d; t h e mi d dl e p a n el
di s pl a ys t h e c as e w h er e a c o m m o n r es c ali n g f a ct or i s a p pli e d t o A, B a n d C. T h e b ott o m p a n el
r e p ort s t h e c orr es p o n di n g r es ult s d eri v e d b y fitti n g A, B a n d C as s u c h wit hi n t h e E B H L S 2

fr a m e w or k.
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t o e xt e n d t h e ki n eti c br e a ki n g1 7 t he f ull (π 0 − η − η ′) s yst e m; o n e alr e a d y k n o ws fr o m t h e
pr e c e e di n g S e cti o n t h at it pr o vi d es a c o nsi st e nt pi ct ur e of t h e τ s e ct or as it r e n d ers c o nsi st e nt
t h e a c c o u nt of t h e A, C a n d B s p e ctr a.

O n c e t h es e s y m m etri es h a v e b e e n br o k e n, t h e P S ki n eti c e n er g y t er m of t h e H L S L a-
gr a n gi a n i s n o l o n g er di a g o n al a n d a fi el d r e d e fi niti o n i s m a n d at or y t o r est or e it s c a n o ni c al
f or m1 8 . T hi s i s p erf or m e d i n t h e t w o st e ps a d dr ess e d ri g ht n o w.

4. 1 Di a g o n ali z ati o n of t h e L A P S Ki n eti c E n e r g y Pi e c e

I n t h e B H L S/ B H L S2 m o d el, t h e ps e u d os c al ar ( P S) ki n eti c e n er g y t er m writ es [ 1 4, 1 9] :

L A, k i n = Tr [ ∂ P b a r e X A ∂ P b a r e X A ] , ( 9)

w h er e X A i s t h e s o – c all e d B K Y br e a ki n g m atri x at w or k i n t h e L A s e ct or of t h e B H L S 2 n o n-
a n o m al o us L a gr a n gi a n [ 1 9] ( L = L A + a L V ); c o m bi ni n g t h e n e w br e a ki n g s c h e m e d e fi n e d i n
[ 1 7] a n d t h e e xt e nsi o n pr o p os e d i n [ 1 8], it writ es [ 1 4] :






X A = Di a g[ q A , yA , zA ]

q A = 1 +
Σ A + ∆ A

2
, yA = 1 +

Σ A − ∆ A

2
.

( 1 0)

T h e d e p art ur e fr o m u nit y of t h e (u, u ) a n d (d, d ) e ntri es ( q A a n d y A ) of X A , n u m eri c all y s m all
[ 1 4], ar e tr e at e d as O (δ ) p ert ur b ati o ns 1 9 i n a m plit u d e c al c ul ati o ns w h er e as z A o c c uri n g as t h e
X A (s, s ) e ntr y i s e x p e ct e d a n d tr e at e d as O ( 1); t hi s e ntr y c a n b e al s o r ef err e d t o as fl a v or
br e a ki n g [ 3 7, 3 5, 3 6]. Ass u mi n g t h e pi o n d e c a y c o nst a nt f π o c c uri n g i n t h e H L S b as e d L a-
gr a n gi a n m o d el s i s t h e o bs er v e d o n e, it s r e n or m ali z ati o n i s u n n e c ess ar y a n d h as b e e n s h o w n t o
i m pl y [ 1 4] Σ A = 0 . T h er ef or e, p h e n o m e n ol o gi c all y, o n e i s l eft wit h o nl y t w o fr e e p ar a m et ers,
∆ A a n d z A .

T o r est or e t h e P S ki n eti c e n er g y of t h e L A pi e c e of t h e B K Y br o k e n H L S L a gr a n gi a ns t o
c a n o ni c al f or m, a first fi el d tr a nsf or m [ 3 1] i s p erf or m e d :

P R 1 = X
1 / 2
A P b a r e X

1 / 2
A ; ( 1 1)

P R 1 i s t h e ( first st e p) r e n or m ali z e d P S fi el d m atri x w hi c h bri n gs L A, k i n b a c k i nt o c a n o ni c al
f or m. O n e h as :









π 3
b a r e

η 0
b a r e

η 8
b a r e









=












1 −
∆ A√

6
−

∆ A

2
√

3

−
∆ A√

6
B  A

−
∆ A

2
√

3
A  C




















π 3
R 1

η 0
R 1

η 8
R 1









= W









π 3
R 1

η 0
R 1

η 8
R 1









( 12)

1 7 T h e r e c e nt [ 6 0] d e v el o p s s u c h a ki n eti c br e a ki n g f o c u si n g o n a tr e at m e nt of t h e η − η ′ s y st e m. F or m er st u di es,
li k e [ 6 1, 6 2] f or i n st a n c e, alr e a d y c o n si d er e d s u c h a br e a ki n g m e c h a nis m.

1 8 R e g ar di n g t h e v e ct or m es o n s e ct or, t h e l a y o ut of t h e f ull r e n or m ali z ati o n pr o c e d ur e h as b e e n alr e a d y d e fi n e d
a n d t h or o u g hl y d es cri b e d i n [ 1 9]; it a p pli es h er e wit h o ut a n y m o di fi c ati o n a n d will n ot b e r e dis c u ss e d.

1 9 We h a v e alr e a d y d e fi n e d h e uristi c all y t h e fir st n o n –l e a di n g or d er i n p ert ur b ati v e e x p a n si o n s b y s o m e g e n eri c
( p ert ur b ati o n) δ p ar a m et er; t his n ot ati o n is pr ef er e d t o t h e pr e vi o u s n a mi n g ǫ u s e d i n o ur [ 1 9] t o a v oi d c o nf u si o n
wit h br e a ki n g p ar a m et er s t o b e i ntr o d u c e d b el o w.
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w hi c h d e fi n es t h e m atri x W . We us e t h e n ot ati o n π 3 t o r e mi n d t h e s p e ci fi c G ell- M a n n m atri x
t o w hi c h t h e n e utr al pi o n i s ass o ci at e d, a n d d e v ot e t h e n ot ati o n π 0 t o t h e c orr es p o n di n g m ass
ei g e nst at e. T h e (η 0 , η8 ) e ntri es of W i n E q u ati o n ( 1 2) ar e gi v e n b y :

A =
√

2
z A − 1

3 z A

, B =
2 z A + 1

3 z A

, C =
z A + 2

3 z A

, (B C − A 2 =
1

z A

) ( 1 3)

w hi c h ar e us e d all al o n g t hi s st u d y. F or f urt h er us e, E q u ati o n ( 1 2) i s r e- e x pr ess e d :

V b a r e = W V R 1 , wit h V t
a n y = ( π 3

a n y , η0a n y , η8a n y ) (a n y = b a r e, R 1 ) . ( 1 4)

I n t er m s of t h e R 1 r e n or m ali z e d fi el ds, L A, k i n i s t h us c a n o ni c al :

L A, k i n =
1

2
∂ µ π 3

R 1
2

+ ∂ µ η 0
R 1

2
+ ∂ µ η 8

R 1
2

. ( 1 5)

T h e f oll o wi n g e x pr essi o n of X A i n t h e U ( 3) al g e br a c a n o ni c al b asi s cl e arl y e x hi bit s t h e
pr e ci s e str u ct ur e of t h e B K Y br e a ki n g pr o c e d ur e :

X A = I + ∆ A T 3 +
2

3
[z A − 1] T 0 −

√
2 T 8 , ( 1 6)

w h er e I i s t h e u nit m atri x. T 0 = I /
√

6 c o m pl e m e nt s t h e us u al G ell – M a n n m atri c es n or m ali z e d
b y Tr [T a T b ] = δ a b / 2 .

Di s pl a y e d i n t hi s w a y, t h e d e p art ur e fr o m u nit y of t h e X A br e a ki n g m atri x e x hi bit s it s 3
e x p e ct e d c o ntri b uti o ns. ∆ A , a p ur el y Is os pi n S y m m etr y br e a ki n g (I S B) p ar a m et er, i s ass o-
ci at e d wit h T 3 = Di a g( 1 , − 1 , 0) / 2 as it s h o ul d. I n c o ntr ast, t h e eff e ct of t h e fl a v or br e a k-
i n g a m o u nt z A − 1 will b e m et s e v er al ti m es b el o w. It s ori gi n i s n at ur all y s h ar e d b et w e e n
T 0 = Di a g( 1 , 1 , 1) /

√
6 a n d T 8 = D i a g ( 1, 1 , − 2) / 2

√
3 ; b ot h si m ult a n e o usl y v a ni s h i n t h e

” n o – B K Y br e a ki n g ” li mit z A = 1 . S o, as e x p e ct e d, t h e B K Y m atri x (s, s ) e ntr y, c o m bi n es
c o rr el at e dl y S U ( 3) a n d N o n et S y m m etr y ( N S B) br e a ki n gs i n t h e P S s e ct or. L et us al s o n ot e
t h at [ 1 9] z A = [ f K / f π ]2 + O (δ ) as will b e r e mi n d e d b el o w i n t h e E B H L S 2 m o di fi e d c o nt e xt –
s e e E q u ati o ns ( 7 1).

4. 2 T h e Ki n eti c B r e a ki n g : A G e n e r ali z ati o n of t h e ’t H o oft Te r m

A m or e dir e ct br e a ki n g of t h e U ( 3) s y m m etri c P S fi el d m atri x t o S U ( 3) × U ( 1) h as al s o
b e e n f o u n d p h e n o m e n ol o gi c all y r e q u est e d t o s u c c esf ull y d e al wit h t h e w h ol e B H L S r e al m of
e x p eri m e nt al d at a [ 1 4, 1 9]. T h es e ar e t h e s o – c all e d ’t H o oft d et er mi n a nt t er m s [ 2 0, 3 2, 3 3, 3 1];
li miti n g o n es elf h er e t o t h e ki n eti c e n er g y t er m, o n e h as b e e n l e d t o s u p pl e m e nt t h e H L S ki n eti c
e n er g y pi e c e b y :

L ′ t H o o f t = λ
f 2

π

1 2
Tr l n ∂ µ U × T r l n ∂ µ U † , U = ξ †

L ξ R = e x p [ 2i P / fπ ] , ( 1 7)

w h er e P i s t h e us u al U ( 3) s y m m etri c ps e u d os c al ar b ar e fi el d m atri x [ 1 4, 1 9] a n d f π t h e ( m e a-
s ur e d) c h ar g e d pi o n d e c a y c o nst a nt. T hi s r el ati o n i s c o n n e ct e d wit h d et ∂ U b y t h e i d e ntit y :
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l n d et∂ µ U = Tr l n ∂ µ U .

E x p a n di n g l n ∂ µ U i n E q u ati o n ( 1 7), t h e l e a di n g or d er t er m i s2 0 :

L ′ t H o o f t =
λ

2
∂ µ η 0

b a r e ∂
µ η 0

b a r e ( 1 8)

o nl y i n v ol vi n g t h e si n gl et P S b ar e fi el d η 0
b a r e .

T h e ’t H o oft t er m t o ol, alr e a d y us e d i n t h e pr e vi o us br o k e n H L S v ersi o ns, c a n b e fr uitf ull y
g e n er ali z e d. I n d e e d, E q u ati o n ( 1 7) c a n b e i nt er pr et e d as :

L ′ t H o o f t =
f 2

π

2
Tr l n X H ∂ µ U × T r l n X H ∂ µ U † ( 1 9)

w h er e 2 1 X H =
√

λ T 0 .
E q u ati o n ( 1 9) gi v es a hi nt t h at ot h er w ell- c h os e n f or m s of t h e X H m atri x m a y e x hi bit

i nt er esti n g pr o p erti es. I n d e e d, it cl e arl y p er mit s t o d e fi n e m e c h a ni s m s n ot li mit e d t o o nl y n o n et
s y m m etr y br e a ki n g. T hi s l e a ds us t o pr o p os e t h e f oll o wi n g c h oi c e f or X H :

X H = λ 0 T 0 + λ 3 T 3 + λ 8 T 8 ( 2 0)

as it m a nif estl y all o ws f or a br e a ki n g of Is os pi n S y m m etr y a n d e nri c h t h e H L S M o d el a bilit y t o
c o v er t h e (π 0 , η, η′) mi xi n g pr o p erti es. As will b e s e e n s h ortl y, it al s o l e a ds t o diff er e nti at e t h e
pi o n p air c o u pli n gs t o γ a n d W ± . Wit h t hi s c h oi c e, E q u ati o n ( 1 9) b e c o m es at l e a di n g or d er :

L ′ t H o o f t =
1

2
λ 3 ∂ µ π 3 + λ 0 ∂ µ η 0 + λ 8 ∂ µ η 8 λ 3 ∂

µ π 3 + λ 0 ∂
µ η 0 + λ 8 ∂

µ η 8 . ( 21)

T hi s f or m f or X H i s c ert ai nl y n ot t h e u ni q u e w a y t o g e n er ali z e t h e us u al ’t H o oft t er m. F or
i nst a n c e, a m o n g ot h er p ossi bl e c h oi c es, o n e c o ul d q u ot e :

L ′ t H o o f t =
f 2

π

2
a = 0 ,3 ,8

Tr l n X H a ∂ µ U × Tr l n X H a ∂ µ U † , XH a = λ a T a , ( 2 2)

w hi c h t ur ns o ut t o dr o p t h e cr oss e d t er m s i n E q u ati o n ( 2 1) – a n d i n all e x pr essi o ns r e p ort e d
b el o w. O n t h e ot h er h a n d, as will b e s e e n i n S e cti o n 1 6, it h a p p e ns t h at a g e n er ali z ati o n s u c h as
E q u ati o n ( 2 0) i s n e c ess ar y t o all o w B H L S 2 t o f ul fill e x p e ct e d pr o p erti es of t h e a xi al c urr e nt s
i n a n o n-tri vi al w a y.

I n or d er t o d e al wit h k a o ns or c h ar g e d pi o ns, o n e c o ul d al s o d e fi n e a p pr o pri at e pr oj e ct ors
X H ; h o w e v er, t hi s d o es n ot l o o k n e c ess ar y as t h e B K Y br e a ki n g alr e a d y pr o d u c es t h e n e e d e d
br e a ki n g eff e ct s [ 1 4, 1 9].

I n t h e br o k e n H L S fr a m e w or ks pr e vi o usl y d e fi n e d, t h e (si n gl e) ’t H o oft br e a ki n g p ar a m et er
λ ( = λ 2

0 ) w as c o u nt e d as O (δ ) w h e n tr u n c ati n g t h e L a gr a n gi a n t o it s l e a di n g or d er t er m s i n all
t h e pr e vi o usl y d e fi n e d B H L S2 br e a ki n g p ar a m et ers [ 1 9]. C o nsi st e n c y, t h us, i m pli es t o c o u nt
all t h e λ i j ust i ntr o d u c e d as O (δ 1 / 2 ).

2 0 I n th e lit er at ur e, λ is n a m e d Λ 1 [ 3 2, 3 3, 3 7]. R e m o vi n g t h e d eri v ati v e s y m b ols i n E q u ati o n ( 1 7) g e n er at es a
si n gl et m ass t er m – t h e t o p ol o gi c al s u s c e pti bilit y – t o a c c o u nt f or t h e η ′ m ass.

2 1 Ass u mi n g λ b e p o siti v e, w hi c h is s u p p ort e d b y o ur f or m er fit r es ults [ 1 4, 1 9].
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4. 3 T h e P S Ki n eti c E n e r g y of t h e E xt e n d e d B H L S 2 L a g r a n gi a n

T h e f ull P S ki n eti c e n er g y t er m of t h e br o k e n H L S L a gr a n gi a ns i s pr o vi d e d b y t h eir L ′
A ≡

L A + L ′ t H o o f t L a gr a n gi a n pi e c e :

L ′
k i n = Tr [ ∂ P b a r e X A ∂ P b a r e X A ] + 2 { Tr [ X H ∂ P b a r e ]}

2 . ( 2 3)

P erf or mi n g t h e c h a n g e of fi el ds of E q u ati o ns ( 1 2) w hi c h di a g o n ali z es L A, k i n a n d usi n g X H as
gi v e n i n E q u ati o n ( 2 0), t h e f ull ki n eti c e n er g y t er m L ′

k i n c a n b e writt e n :

L ′
k i n =

1

2
( 1 + λ 2

3 )∂ µ π 3
R 1 ∂

µ π 3
R 1 + ( 1 + λ 2

0 )∂ µ η 0
R 1 ∂

µ η 0
R 1 + ( 1 + λ 2

8 )∂ µ η 8
R 1 ∂

µ η 8
R 1

+ 2 λ 0 λ 8 η 0
R 1 η

8
R 1 + 2 λ 3 λ 0 π 3

R 1 η
0
R 1 + 2 λ 3 λ 8 π 3

R 1 η
8
R 1 ,

( 2 4)

o mitti n g t h e k a o n a n d ( c h ar g e d) pi o n t er m s w hi c h ar e st a n d ar d a n d di s pl a y e d el s e w h er e [ 1 4,
1 9]. We h a v e d e fi n e d :

λ 0 = λ 0 B + λ 8 A , λ 8 = λ 0 A + λ 8 C ( 2 5)

w h er e A , B , C ar e gi v e n b y E q u ati o ns ( 1 3). O n e s h o ul d n ot e t h e i ntri c at e c o m bi n ati o n of t h e
’t H o oft br e a ki n g p ar a m et ers wit h t h e B K Y p ar a m et er z A .

D e fi ni n g t h e ( c o-) v e ct or V t
R 1 = ( π 3

R 1 , η0R 1 , η8R 1 ), L ′
k i n c a n b e writt e n :

L ′
k i n =

1

2
V t

R 1 ·M · VR 1 , ( 26)

M b ei n g t h e s u m of t h e u nit m atri x a n d of a r a n k 1 o n e writ es :

M = 1 + a · a t , w h er e a t = ( λ 3 , λ 0 , λ 8 ) . ( 2 7)

T h e s e c o n d st e p r e n or m ali z e d fi el ds V t
R = ( π 3

R , η0R , η8R ) ar e d e fi n e d b y :

V R = 1 +
1

2
a · a t · VR 1 ( 28)

w hi c h bri n gs t h e ki n eti c e n er g y i nt o c a n o ni c al f or m :

L ′
k i n =

1

2
V t

R · VR + O (δ 2 ) . ( 29)

At t h e s a m e or d er, o n e h as :

V R 1 = 1 −
1

2
a · a t · VR + O (δ 2 ) ( 30)

a n d, fi n all y, usi n g E q u ati o ns ( 1 3) a n d ( 1 4) :

V b a r e = W · 1 −
1

2
a · a t · VR + O (δ 2 ) , (3 1)

w h er e W i s d e fi n e d i n E q u ati o n ( 1 2).
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5 P S M es o n M ass Ei g e nst at es : T h e P h ysi c al P S fi el d B asis

T h e P S fi el d R b asi s r e n d ers t h e ki n eti c e n er g y t er m c a n o ni c al; n e v ert h el ess, t hi s R b asi s
i s n ot e x p e ct e d t o di a g o n ali z e t h e P S m ass t er m i nt o it s m ass ei g e nst at es (π 0 , η, η′). I n d e e d,
f or i nst a n c e, u p t o s m all p ert ur b ati o ns, t h e η 0

R a n d η 8
R ar e al m ost p ur e si n gl et a n d o ct et fi el d

c o m bi n ati o ns, w hil e t h e p h ysi c all y o bs er v e d η a n d η ′ m ass ei g e nst at e fi el ds ar e mi xt ur es of
t h es e. I n or d er t o pr es er v e t h e c a n o ni c al str u ct ur e of t h e P S ki n eti c e n er g y o n e s h o ul d c o nsi d er
t h e tr a nsf or m ati o n fr o m R fi el ds t o t h e p h ysi c all y o bs er v e d m ass ei g e nst at es; as t h e P S m ass
t er m ( n ot s h o w n) i s c ert ai nl y a p ositi v e d e fi nit e q u a dr ati c f or m, t hi s tr a nsf or m ati o n s h o ul d b e a
p ur e r ot ati o n.

I n t h e tr a diti o n al a p pr o a c h, t h e p h ysi c al η a n d η ′ fi el ds ar e r el at e d t o t h e si n gl et- o ct et st at es
b y t h e s o – c all e d o n e a n gl e tr a nsf or m :




η

η ′



 =




c os θ P − si n θ P

si n θ P c os θ P








η 8

R

η 0
R



 . ( 3 2)

H o w e v er, e xt e n di n g t o t h e m ass ei g e nst at e ( π 0 , η, η′) tri pl et, o n e e x p e ct s a 3 – di m e nsi o n al
r ot ati o n a n d t h us 3 a n gl es. A d o pti n g t h e L e ut w yl er p ar a m etri z ati o n [ 3 9], o n e h as :









π 3
R

η 8
R

η 0
R









=









1 − ǫ − ǫ ′

ǫ c os θ P + ǫ ′ si n θ P c os θ P si n θ P

− ǫ si n θ P + ǫ ′ c os θ P − si n θ P c os θ P

















π 0

η

η ′









( 3 3)

t o r el at e t h e R fi el ds w hi c h di a g o n ali z e t h e ki n eti c e n er g y t o t h e p h ysi c al ( i. e. m ass ei g e n-
st at es) n e utr al P S fi el ds. T h e t hr e e a n gl es o c c uri n g t h er e ( ǫ , ǫ ′ a n d e v e n θ P ) ar e ass u m e d O (δ )
p ert ur b ati o ns; n e v ert h el ess, it l o o ks b ett er t o sti c k cl os e t o t h e o n e – a n gl e pi ct ur e b y k e e pi n g
t h e tri g o n o m etri c f u n cti o ns of θ P , t h e s o – c all e d t hir d mi xi n g a n gl e [ 3 1]; f or cl arit y a n d f or t h e
s a k e of c o m p ari s o n wit h ot h er w or ks, θ P i s n ot tr e at e d as m a nif estl y s m all. T h e L e ut w yl er
r ot ati o n m atri x c a n b e f a ct or e d o ut i nt o a pr o d u ct of 2 r ot ati o n m atri c es :









1 − ǫ − ǫ ′

ǫ c os θ P + ǫ ′ si n θ P c os θ P si n θ P

− ǫ si n θ P + ǫ ′ c os θ P − si n θ P c os θ P









=









1 0 0

0 c os θ P si n θ P

0 − si n θ P c os θ P

















1 − ǫ − ǫ ′

ǫ 1 0

ǫ ′ 0 1









.

( 3 4)
S u bst a nti all y, t h e s e c o n d m atri x i n t h e ri g ht- h a n d si d e of E q u ati o n ( 3 4) r e fl e ct s Is os pi n br e a ki n g
eff e ct s. I n t h e f oll o wi n g, o n e n a m es M (θ P ) a n d M (ǫ ) t h e t w o m atri c es s h o wi n g u p t h er e; t h e y
f ul fill :

[M (θ P ) · M (ǫ )] − 1 = M (ǫ )M (θ P ) ( 3 5)
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u p t o t er m s of d e gr e e hi g h er t h a n 1 i n δ . T hi s i m pli es [ 3 9] :








π 0

η

η ′









=









1 ǫ c os θ P + ǫ ′ si n θ P − ǫ si n θ P + ǫ ′ c os θ P

− ǫ c os θ P − si n θ P

− ǫ ′ si n θ P c os θ P

















π 3
R

η 8
R

η 0
R









. ( 3 6)

As f or t h eir p ert ur b ati v e or d er, ǫ a n d ǫ ′ ar e tr e at e d as O (δ ). E q u ati o ns ( 3 6) a n d ( 3 1) all o w t o
d e fi n e t h e (li n e ar) r el ati o ns hi p b et w e e n t h e p h ysi c al π 0 , η a n d η ′ st at es a n d t h eir b ar e p art n ers
o c c uri n g i n t h e ori gi n al H L S L a gr a n gi a ns.

6 E xt e n d e d B H L S 2 : T h e N o n – A n o m al o us L a g r a n gi a n

T h e n o n – a n o m al o us E B H L S 2 L a gr a n gi a n i n t h e pr es e nt a p pr o a c h c a n al s o b e writt e n :

L H L S = L A + a L V + L p 4 , ( 3 7)

as i n [ 1 9]. As i n t hi s R ef er e n c e, o n e s plit s u p t h e first t w o t er m s i n a m or e a p pr o pri at e w a y :

L A + a L V = L V M D + L τ . ( 3 8)

L V M D ess e nti all y a dr ess es t h e p h ysi cs of t h e e + e − a n ni hil ati o ns t o c h ar g e d pi o ns a n d t o k a o ns
p airs; wit hi n t h e pr es e nt br e a ki n g s c h e m e, it r e m ai ns stri ctl y i d e nti c al t o t h os e di s pl a y e d i n
A p p e n di x A. 1 of [ 1 9]. T h e L p 4 i s al s o u n c h a n g e d as it d o es n ot a d dr ess P S m es o ns i nt er a cti o ns;
it i s i d e nti c al t o t h os e di s pl a y e d i n A p p e n di x A. 3 of [ 1 9]. B ot h pi e c es h a v e n ot t o b e di s c uss e d
a n y f urt h er a n d t h eir e x pr essi o ns will n ot b e r e pr o d u c e d h er e t o a v oi d l e n gt h y r e p etiti o ns.

All m o di fi c ati o ns i n d u c e d b y t h e g e n er ali z e d ’t H o oft ki n eti c br e a ki n g m e c h a ni s m ar e c o n-
c e ntr at e d i n t h e L τ pi e c e a n d ar e di s pl a y e d ri g ht n o w. Usi n g 2 2 (m 2 = a g 2 f 2

π ) :

m 2
ρ ± = m 2 [ 1 + ΣV ] , fρ W = a g f 2

π [ 1 + ΣV ] , ( 3 9)

t h e e x pr essi o n of L τ i n t er m s of b ar e P S fi el ds i s gi v e n, at l o w est or d er i n t h e br e a ki n g p ar a m-
et ers, b y :

L τ = −
i Vu d g 2

2
W + · ( 1 −

a ( 1 + Σ V )

2
)π −

↔

∂ π 3
b +

1
√

2
[ 1 −

a

2 z A

( 1 + Σ V )]K 0
↔

∂ K −

+ m 2
ρ ± ρ + · ρ − −

g 2 V u d

2
f ρ W W + · ρ − +

i ag

2
( 1 + Σ V )ρ − · π +

↔

∂ π 3
b +

1

z A

√
2
K

0 ↔

∂ K +

+
f 2

π g 2
2

4
[( 1 +

∆ A

2
)z A + a z V ( 1 +

Σ V

2
)]|V u s |

2 + [ 1 + a ( 1 + Σ V )]|V u d |2 W + · W −

+
1

9
a e 2 f 2

π ( 5 + 5 Σ V + z V ) A 2 ,

( 4 0)

2 2 As st at e d i n S e cti o n 2, t h e br e a ki n g p ar a m et er Σ V is p h e n o m e n ol o gi c all y o ut of r e a c h a n d o n e i m p o s es
Σ V ≡ 0 wit hi n o ur fits; it is, n e v ert h el ess, k e pt i n t h e m o d el e x pr essi o n s f or i nf or m ati o n.
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w h er e o n e h as li mit e d o n es elf t o o nl y di s pl a y t h e t er m s r el e v a nt f or o ur p ur p os e. T h e ( cl assi c al)
p h ot o n a n d W m ass t er m s [ 1 3, 1 7] ar e n ot c o nsi d er e d a n d ar e gi v e n o nl y f or c o m pl et e n ess.
H o w e v er, it i s w ort h r e mi n di n g t h at t h e p h ot o n m ass t er m d o es n ot pr e v e nt t h e p h ot o n p ol e t o
r esi d e at s = 0 as r e q uir e d [ 6 3], at l e a di n g or d er. T h e i nt er a cti o n p art of L τ c a n b e s plit u p i nt o
s e v er al pi e c es. Di s c ar di n g c o u pli n gs of t h e f or m W K η 8 , o n e c a n writ e :

L τ = L τ, K + L †
τ, K + L τ, π + L †

τ, π + m 2
ρ ± ρ + · ρ − ( 4 1)

wit h :

L τ, K = −
i

2
√

2
g 2 V u d 1 −

a

2 z A

( 1 + Σ V ) W + +
a g

z A

( 1 + Σ V )ρ + · K 0
↔

∂ K − ( 4 2)

a n d :

L τ, π = −
i

2
g 2 V u d 1 −

a

2
( 1 + Σ V ) W + + a g ( 1 + Σ V )ρ + ·π −

↔

∂ π 3
b −

g 2 V u d

2
f ρ W W + ·ρ −

( 43)
w h er e t h e s u bs cri pt b i n di c at es t h at t h e π 0 fi el d i s b ar e. E q u ati o ns ( 3 1) pr o vi d e t h e r el ati o ns hi p
b et w e e n b ar e a n d r e n or m ali z e d st at es, i n p arti c ul ar :

π 3
b = 1 −

λ 2
3

2
π 3

R −
1

√
6
∆ A +

λ 3 λ 0

2
η 0

R −
1

2
√

3
∆ A +

λ 3 λ 8

2
η 8

R . ( 4 4)

T h e o c c ur e n c e of t h e λ 3 p ar a m et er g e n er at es a d e c o u pli n g of t h e W π ± π 0 a n d A π + π − i nt er-
a cti o n i nt e nsiti es. Usi n g al s o E q u ati o n ( 3 6), E q u ati o ns ( 4 3) a n d ( 4 4) gi v e at first n o n –l e a di n g
or d er :





L π 0 π ± = −
i

2
g 2 V u d 1 −

a

2
( 1 + Σ V ) W + + a g ( 1 + Σ V )ρ + 1 −

λ 2
3

2
·π −

↔

∂ π 0 ,

L η π ± =  +
i

2
g 2 V u d 1 −

a

2
( 1 + Σ V ) W + + a g ( 1 + Σ V )ρ +

×
1

√
6
∆ A +

λ 3 λ 0

2
c os θ P −

1

2
√

3
∆ A +

λ 3 λ 8

2
si n θ P + ǫ ·π −

↔

∂ η ,

L η ′ π ± = +
i

2
g 2 V u d 1 −

a

2
( 1 + Σ V ) W + + a g ( 1 + Σ V )ρ +

×
1

2
√

3
∆ A +

λ 3 λ 8

2
c os θ P +

1
√

6
∆ A +

λ 3 λ 0

2
si n θ P + ǫ ′ ·π −

↔

∂ η ′ ,

( 45)
i n t er m s of p h ysi c al n e utr al P S fi el ds, a n d t h e n :

L τ, π = L π 0 π ± + L η π ± + L η ′ π ± −
g 2 V u d

2
f ρ W W + ·ρ − + h . c. + m 2

ρ ± ρ + · ρ − . ( 4 6)

O n c e m or e, t h e r est of t h e L A + a L V i s u n c h a n g e d c o m p ar e d t o t h eir B H L S2 e x pr essi o ns
[ 1 9].
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R e g ar di n g t h e pi o n f or m f a ct or i n t h e τ d e c a y, t h e c h a n g es v ers us S u bs e cti o n 1 1. 1 i n [ 1 9]
a n d t h e pr es e nt E B H L S 2 ar e v er y li mit e d :






W ∓ π ± π 0 c o u pli n g : 1 −
a

2
( 1 + Σ V ) = ⇒ 1 −

a

2
( 1 + Σ V ) 1 −

λ 2
3

2
,

ρ ∓ π ± π 0 c o u pli n g : a g ( 1 + Σ V )  =⇒ a g ( 1 + Σ V ) 1 −
λ 2

3

2
.

( 4 7)

T hi s i m pli es a gl o b al r es c ali n g of t h e B H L S 2 pi o n f or m f a ct or F τ
π (s ) b y 1 − λ 2

3 / 2 ; it al s o i m pli es
t h at t h e π 0 π ± l o o p a c q uir es a f a ct or of [ 1 − λ 2

3 ]. T h e B H L S2 W ± − ρ ∓ tr a nsiti o n a m plit u d e
F τ

ρ (s ) a n d t h e ρ ± pr o p a g at or [D ρ (s )] − 1 ar e c h a n gi n g c orr es p o n di n gl y ( S e e S u bs e cti o n 1 1. 1 i n
[ 1 9]). O n t h e ot h er h a n d, F e

π (s ) r e m ai ns i d e nti c al t o it s B H L S2 e x pr essi o n, as w ell as b ot h
k a o n f or m f a ct ors.

7 E xt e n d e d B H L S 2 : T h e A n o m al o us L a g r a n gi a n Pi e c es

If o nl y t h e L τ p art of t h e n o n – a n o m al o us B H L S 2 L a gr a n gi a n i s aff e ct e d b y t h e ki n eti c
br e a ki n g pr es e nt e d a b o v e, all t h e a n o m al o us F K T U Y pi e c es [ 1 2, 1 3] ar e c o n c er n e d.

T h e L a gr a n gi a n pi e c es of r el e v a n c e f or t h e p h e n o m e n ol o g y w e a d dr ess ar e, o n t h e o n e
h a n d : 





L A A P = −
3 α e m

π f π
( 1 − c 4 ) ǫ µ ν α β ∂ µ A ν ∂ α A β Tr Q 2 P ,

L V V P = −
3 g 2

4 π 2 f π
c 3 ǫ µ ν α β Tr [ ∂ µ V ν ∂ α V β P ] ,

( 4 8)

w h er e Q i s t h e us u al q u ar k c h ar g e m atri x a n d A , V a n d P d e n ot e r es p. t h e el e ctr o m a g n eti c
fi el d, t h e v e ct or fi el d m atri x a n d t h e U( 3) s y m m etri c b ar e ps e u d os c al ar fi el d m atri x as d e fi n e d i n
[ 1 4] r e g ar di n g t h eir n or m ali z ati o n. As o n e di d n ot fi n d a n y i m p ort a nt i m pr o v e m e nt b y ass u m-
i n g c 3 = c 4 , t h e diff er e n c e of t h es e h as b e e n s et t o z er o; c o ns e q u e ntl y, t h e L A V P L a gr a n gi a n
pi e c e [ 1 3] dr o ps o ut.

O n t h e ot h er h a n d, t h e f oll o wi n g pi e c es s h o ul d al s o b e c o nsi d er e d :






L A P P P = − i
3 e

3 π 2 f 3
π

1 −
3

4
(c 1 − c 2 + c 4 ) ǫ µ ν α β A µ Tr [ Q ∂ ν P ∂ α P ∂ β P ] ,

L V P P P = − i
3 g

4 π 2 f 3
π

[c 1 − c 2 − c 3 ] ǫ µ ν α β Tr [ V µ ∂ ν P ∂ α P ∂ β P ] .

( 4 9)

T h es e i n v ol v e, b esi d e c 3 a n d c 4 , a t hir d p ar a m et er c 1 − c 2 w hi c h i s al s o n ot fi x e d wit hi n t h e
H L S fr a m e w or k [ 1 3] a n d s h o ul d b e d eri v e d fr o m t h e mi ni mi z ati o n pr o c e d ur e. I n or d er t o e as e
t h e r e a di n g of t h e t e xt w e h a v e f o u n d it w ort h p us hi n g t h e m i n A p p e n di c es A a n d B.

R e g ar di n g t h e ps e u d os c al ar fi el ds, t h e L a gr a n gi a n pi e c es li st e d i n A p p e n di c es A a n d B,
ar e e x pr ess e d i n t er m s of t h e p h ysi c all y o bs er v e d π 0 , η, η′ w h er e as, f or si m pli cit y, t h e v e ct or
m es o ns ar e e x pr ess e d i n t er m s of t h eir i d e al c o m bi n ati o ns : ρ 0

I , ωI a n d φ I . T h e pr o c e d ur es t o
d eri v e t h e c o u pli n gs t o t h e p h ysi c all y o bs er v e d ρ 0 , ω a n d φ a n d c o nstr u ct t h e cr oss-s e cti o ns f or
t h e e + e − → (π 0 / η )γ a n ni hil ati o ns ar e gi v e n i n f ull d et ail s i n S e cti o n 1 2 of [ 1 9]. N e v ert h el ess,
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o n e h as f o u n d w ort h w hil e t o c o nstr u ct t h e a m plit u d e a n d t h e cr os s-s e cti o n f or t h e e + e − →
π 0 π + π − a n ni hil ati o ns i n t h e E xt e n d e d B H L S 2 fr a m e w or k; t hi s i nf or m ati o n2 3 i s pr o vi d e d i n
A p p e n di x C.

8 U p d at e of t h e 3 π A n ni hil ati o n C h a n n el

T h e B E SIII C oll a b or ati o n h as r e c e ntl y p u bli s h e d t h e B or n cr oss s e cti o n s p e ctr u m [ 2 4] f or
t h e e + e − → π + π − π 0 a n ni hil ati o n o v er t h e 0 .7 ÷ 3 .0 G e V e n er g y r a n g e c oll e ct e d i n t h e I S R
m o d e. T hi s n e w d at a s a m pl e c o m es c o m pl e m e nti n g t h e s p e ctr a c oll e ct e d at t h e V E P P- 2 M
C olli d er b y C M D 2 [ 6 4, 4 3, 6 5, 6 6] a n d S N D [ 6 7, 6 8] c o v eri n g t h e ω a n d φ p e a k r e gi o ns.
B esi d es, t h e o nl y d at a o n t h e 3 π cr oss s e cti o n str et c hi n g o v er t h e i nt er m e di at e r e gi o n w as
c oll e ct e d m u c h e arli er [ 6 9] b y t h e f or m er N e utr al D e ct e ct or ( N D). As t h e m e as ur e m e nt b y
B a B ar [ 7 0] o nl y c o v ers t h e

√
s > 1 .0 5 G e V r e gi o n, it i s of n o c o n c er n f or p h ysi cs st u di es u p

to t h e φ si g n al. O n t h e ot h er h a n d, pr e vi o us i n d e p e n d e nt a n al ys es [ 7 1, 1 9] i n di c at e t h at t h e
C M D 2 s p e ctr u m [ 6 6] r et ur ns a n a v er a g e χ 2 p er p oi nt m u c h a b o v e 2 u nit s w hi c h l e d t o di s c ar d
it fr o m gl o b al a p pr o a c h es.

T h e B E SIII s a m pl e [ 2 4] i s t h e first 3 pi o n s a m pl e t o e n c o m p ass t h e w h ol e r a n g e of v ali dit y
of t h e H L S M o d el, pr o vi di n g a d o u bli n g of t h e n u m b er of c a n di d at e d at a p oi nt s a n d, a d di-
ti o n all y, t h e first cr oss- c h e c k of t h e cr oss s e cti o n b e h a vi or i n t h e e n er g y r e gi o n i n b et w e e n t h e
n arr o w ω a n d φ si g n al s.

We first e x a mi n e h o w it fit s wit hi n t h e gl o b al H L S fr a m e w or k i n i s ol ati o n ( i. e. as si n gl e
r e pr es e nt ati v e of t h e 3π a n ni hil ati o n c h a n n el) a n d c o n cl u d e a b o ut it s c o nsi st e n c y wit h t h e al-
r e a d y a n al y z e d d at a s a m pl es c o v eri n g t h e ot h er a n ni hil ati o n c h a n n el s, n a m el y π π , (π 0 / η )γ a n d
b ot h K K m o d es. A s e c o n d st e p i s d e v ot e d t o c o nsi st e n c y st u di es b et w e e n t h e B E SIII s p e ctr u m
a n d t h os e pr e vi o usl y c oll e ct e d i n t h e s a m e 3 π c h a n n el b y t h e N D [ 6 9], C M D 2 [ 6 4, 4 3, 6 5] a n d
S N D [ 6 7, 6 8] d et e ct ors.

8. 1 T h e B E SI I I 3 π D at a S a m pl e i n I s ol ati o n wit hi n E B H L S 2

T h e fit pr o c e d ur e alr e a d y d e v el o p p e d wit hi n t h e pr e vi o us B H L S fr a m e w or ks [ 1 4, 1 9] – a n d
cl os el y f oll o w e d h er e – r eli es o n a gl o b al χ 2 mi ni mi z ati o n. I n or d er t o i n cl u d e t h e B E SIII
s a m pl e wit hi n t h e E B H L S 2 fr a m e w or k2 4 , o n e s h o ul d first d e fi n e it s c o ntri b uti o n t o t h e gl o b al
χ 2 . T hi s r e q uir es t o d e fi n e t h e err or c o v ari a n c e m atri x m er gi n g a p pr o pri at el y t h e st ati sti c al a n d
s yst e m ati c u n c ert ai nti es pr o vi d e d b y t h e B E SIII C oll a b or ati o n t o g et h er wit h it s s p e ctr u m a n d
p a yi n g s p e ci al c ar e t o t h e n or m ali z ati o n u n c ert ai nt y tr e at m e nt. T hi s s h o ul d b e d o n e b y cl os el y
f oll o wi n g t h e i nf or m ati o n pr o vi d e d t o g et h er wit h it s s p e ctr u m b y t h e C oll a b or ati o n 2 5 .

F or d e fi nit e n ess, t h e d at a p oi nt of t h e B E SIII s a m pl e [ 2 4] at t h e e n er g y s q u ar e d s i i s :

m i ± σ st at,i ± σ s y st,i ,

2 3 O n e m a y n ot e t h at F 2 (s ) i n E q u ati o n ( 1 4 4) c orr e cts f or a n err or i n [ 1 9] miss e d i n t h e Err at u m (3 ξ 3 / 2 → 2 ξ 3 ).
2 4 A ct u all y, t h e 3 π c h a n n el is m ar gi n all y s e n siti v e t o t h e diff er e n c es b et w e e n B H L S 2 a n d its e xt e n si o n t o

E B H L S 2 .
2 5 I n t h e pr o c ess of s a m pl e c o m bi n ati o n fr a m e w or k s, a d diti o n al iss u es m a y aris e; f or i n st a n c e, t h e c o n sist e n c y

of t h e a b s ol ut e e n er g y c ali br ati o n of t h e v ari o u s e x p eri m e nts wit h e a c h ot h er s h o ul d b e a d dr ess e d as d o n e i n [ 1 9]
wit h t h e di k a o n d at a s a m pl es c oll e ct e d b y C M D 3 [ 7 2, 7 3] a n d B a B ar [ 4 0].
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usi n g o b vi o us n ot ati o ns; it i s us ef ul t o d e fi n e σ (s i) = σ s y st,i / m i, t h e it h e x p eri m e nt al fr a cti o n al
s yst e m ati c err or. T h e n, t h e el e m e nt s of t h e f ull c o v ari a n c e m atri x W ass o ci at e d wit h t h e B E SIII
s p e ctr u m writ e :

W i j = V i j + σ (s i)σ (s j )A iA j , ( 5 0)

w h er e t h e i n di c es r u n o v er t h e n u m b er of d at a p oi nt s ( i, j = 1 , · · · N ). V i s t h e ( di a g o n al)
m atri x of t h e s q u ar e d st ati sti c al err ors ( σ 2

st at,i ), a n d σ (s i) i s t h e r e p ort e d fr a cti o n al s yst e m ati c
err or at t h e d at a p oi nt of e n er g y (s q u ar e d) s i , d e fi n e d as j ust a b o v e. T h e s yst e m ati c err ors ar e
c o nsi d er e d p oi nt-t o- p oi nt c orr el at e d a n d r e fl e cti n g a ( gl o b al) n or m ali z ati o n u n c ert ai nt y.

At st art of t h e fit it er ati v e pr o c e d ur e, t h e n at ur al c h oi c e f or A i s t h e v e ct or of m e as ur e m e nt s
it s elf (A i = m i ); i n t h e it er ati o ns aft er w ar ds, it i s hi g hl y r e c o m m e n d e d [ 7 4, 7 5, 7 6] t o r e pl a c e
t h e m e as ur e m e nt s b y t h e fitti n g m o d el f u n cti o n M (A i = M (s i) ≡ M i) d eri v e d at t h e pr e vi-
o us it er ati o n st e p f or t h e c o n c er n of a v oi di n g t h e o c c ur e n c e of bi as es. T h e n, t h e e x p eri m e nt
c o ntri b uti o n t o t h e gl o b al χ 2 writ es :

χ 2 = ( m − M ) i W
− 1
i j (m − M ) j . ( 5 1)

M or e o v er, a n or m ali z ati o n c orr e cti o n n at ur all y f oll o ws fr o m t h e gl o b al s c al e u n c ert ai nt y.
It i s a d eri v e d q u a ntit y of t h e mi ni mi z ati o n pr o c e d ur e. D e fi ni n g t h e v e ct or B (B i = σ (s i)M i ),
t hi s c orr e cti o n i s gi v e n b y [ 7 6, 1 9] :

µ =
B iV

− 1
i j (m − M ) j

1 + B iV
− 1

i j B j

. ( 52)

F or t h e p ur p os e of gr a p hi c al r e pr es e nt ati o n, o n e c o ul d eit h er p erf or m t h e r e pl a c e m e nt m i →
m i − µ σ (s i)M i , or a p pl y t h e c orr e cti o n t o t h e m o d el f u n cti o n M i → [ 1 + µ σ (s i)]M i. W h e n
c o m p ari n g gr a p hi c all y s e v er al s p e ctr a, t h e f or m er o pti o n s h o ul d cl e arl y b e pr ef er e d as, i n d e e d,
e v e n if n ot s u b mitt e d t o t h e fit, ot h er p ar e nt d at a s a m pl es c a n b e fr uitf ull y r e pr es e nt e d i n t h e
s a m e pl ot b y p erf or mi n g t h e c h a n g e 2 6 :

m ′
i → m ′

i − µ σ ′
i (s

′
i)M (s ′

i) ,

usi n g t h e B E SIII fit f u n cti o n M (s ). S u c h a pl ot i s o b vi o usl y a r el e v a nt vi s u al pi e c e of i nf or m a-
ti o n.

A gl o b al fit i n v ol vi n g all d at a c o v eri n g t h e π π , (π 0 / η )γ a n d b ot h K K c h a n n el s a n d o n l y
t h e B E SIII s p e ctr u m t o c o v er t h e 3π a n ni hil ati o n fi n al st at e h as b e e n p erf or m e d a n d r et ur ns,
f or t h e B E SIII s a m pl e2 7 , χ 2 / N = 1 7 0 / 1 2 8 .

T h e t o p p a n el s i n Fi g ur e 3 di s pl a y t h e di stri b uti o n of t h e B E SIII n or m ali z e d r esi d u al s
δ σ (s )/ σ (s ) c orr e ct e d as r e mi n d e d j ust a b o v e. I n t h e ω r e gi o n, at l e ast, t h e n or m ali z e d r esi d-
u al di stri b uti o n i s cl e arl y e n er g y d e p e n d e nt. T h e n or m ali z e d ( ps e u d o-)r esi d u al s of t h e u n fitt e d
d at a s a m pl es di s pl a y e d 2 8 , n a m el y t h os e fr o m [ 4 2, 6 7] i n t h e ω r e gi o n a n d fr o m [ 6 4, 6 8] i n t h e φ
r e gi o n, li k e wi s e c orr e ct e d f or t h e n or m ali z ati o n u n c ert ai nt y, ar e, i nst e a d, s ati sf a ct or y 2 9 , d es pit e

2 6 N u m eri c all y, µ is d eri v e d b y u si n g t h e f u n cti o n v al u es M (s ) at t h e c e ntr al v al u es of t h e fit p ar a m et er s.
2 7 We h a v e pr ef er e d s ki p pi n g t h e fir st f e w d at a p oi nts m or e s u bj e ct t o n o n – n e gli gi bl e b a c k gr o u n d; t h e s p e ctr u m

is t h u s fitt e d i n t h e e n er g y r a n g e
√

s ∈ [ 0.7 3 ÷ 1 .0 5] G e V.
2 8 F or s h ort, t h es e will b e r ef err e d t o b el o w as N S K.
2 9 T h u s, t h e n or m ali z ati o n c orr e cti o n a p pli e d t o e a c h of t h e N S K 3 π d at a s a m pl es is d et er mi n e d b y t h e fit of

s ol el y t h e B E SIII d at a [ 2 4] wit hi n t h e gl o b al fr a m e w or k.
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b ei n g u n fitt e d. T h e fit pr o c ess all o ws t o c o m p ut e t h e ( gl o b al) χ 2 di s t a n c e of t h e N S K s a m pl es
t o t h e ( B E SIII) fit f u n cti o n a n d r et ur ns χ 2 / N = 1 8 0 / 1 5 8 , a r e as o n a bl e v al u e f or u n fitt e d d at a.

H o w e v er, t h e b e h a vi or of t h e B E SIII r esi d u al s m a y i n di c at e a mi s m at c h b et w e e n t h e ω a n d
φ p ol e p ositi o ns i n t h e B E SIII s a m pl e c o m p ar e d t o t h e ot h er ( ≃ 5 0 ) d at a s a m pl es i n v ol v e d i n
t h e ( gl o b al) fit; i n d e e d, t h e n arr o w ω a n d φ si g n al s ar e alr e a d y pr es e nt i n t h e (π 0 / η )γ a n d K K
c h a n n el s, a n d t h er ef or e, as w h e n d e ali n g wit h t h e C M D 3 a n d B a B ar di k a o n s a m pl es i n [ 1 9], a
m ass r e c ali br ati o n (s hift) c o ul d b e n e c ess ar y t o a v oi d mi s m at c h es wit h t h e p ol e p ositi o ns f or
ω a n d φ i n t h e ot h er d at a s a m pl es. We t h us h a v e r e fitt e d t h e B E SIII d at a, b y all o wi n g f or s u c h
a m ass s hift t o r e c ali br at e t h e B E SIII e n er gi es a n d m at c h o ur r ef er e n c e e n er g y s c al e 3 0 . S o, w e
d e fi n e :

E B E S I I I = E N S K + δ E B E S I I I

a n d l et δ E B E S I I I v ar y wit hi n t h e fit pr o c e d ur e. T h e fit r et ur ns δ E B E S I I I = ( − 2 8 6 .0 9 ± 4 4 .1 9)
k e V wit h χ 2 / N B E S I I I = 1 4 1 / 1 2 8 a n d, t h us, t h e ( n oti c e a bl e) g ai n of 2 9 u nit s s h o ul d b e at-
tri b ut e d t o o nl y all o wi n g f or a n o n- z er o δ E B E S I I I . T h e c orr es p o n di n g n or m ali z e d r esi d u al s,
di s pl a y e d i n t h e mi d dl e r o w of Fi g ur e 3, ar e cl e arl y m u c h i m pr o v e d, w h er e as t h e χ 2 di st a n c e
of t h e N S K 3 π d at a s a m pl e t o t h e B E SIII fit f u n cti o n st a ys ali k e.

O wi n g t o t h e s h ar p i m pr o v e m e nt pr o d u c e d b y t hi s m ass s hift, it w as t e m pti n g t o c h e c k
w h et h er t h e e n er g y (r e-) c ali br ati o n c o ul d b e s o m e w h at diff er e nt at t h e ω a n d t h e φ m ass es. F or
t hi s p ur p os e, it i s a p pr o pri at e t o r e d e fi n e t h e fitti n g al g orit h m b y st ati n g ;

E B E S I I I = E N S K +






δ E ω
B E S I I I , EB E S I I I < E mi d

δ E φ
B E S I I I , EB E S I I I > E mi d

( 5 3)

w h er e E mi d s h o ul d b e c h os e n a p pr o pri at el y, i. e. si g ni fi c a ntl y o ut si d e t h e ω a n d φ p e a k e n er g y
i nt er v al s. As o b vi o us fr o m t h e b ott o m p a n el of Fi g ur e 5, t h e 3π cr oss s e cti o n i n t h e i nt er m e di at e
e n er g y r e gi o n i s al m ost fl at a n d i n di c at es t h at t h e c h oi c e f or E mi d i s f ar fr o m criti c al; o n e c h os e
E mi d = 0 .9 3 G e V.

T h e c orr es p o n di n g gl o b al fit h as b e e n p erf or m e d a n d r et ur ns χ 2 / N B E S I I I = 1 2 3 / 1 2 8 , a n
a d diti o n al g ai n of 1 8 χ 2 u nit s c o m es, t o b e c u m ul at e d wit h t h e pr e vi o us 2 9 u nit g ai n. T h e
r e c ali br ati o n c o nst a nt s v ers us E N S K ar e :

δ E ω
B E S I I I = ( − 5 1 8 .9 2 ± 7 2 .0 4) k e V , δ Eφ

B E S I I I = ( − 1 1 8 .5 8 ± 5 8 .7 2) k e V .

Aft er h a vi n g a p pli e d t hi s r e c ali br ati o n, t h e B E SIII n or m ali z e d r esi d u al s, s h o w n i n t h e p a n el s
of t h e b ott o m r o w i n Fi g ur e 3, ar e o bs er v e d fl at, as w ell as t h eir N S K p art n ers al s o di s pl a y e d.

O n e s h o ul d r e m ar k t h at δ E ω
B E S I I I i s i n stri ki n g c orr es p o n d a n c e wit h t h e c e ntr al v al u e f or

t h e e n er g y s hift r e p ort e d b y B E SIII [ 2 4] c o m p ar e d t o t h eir M o nt e C arl o (− 0 .5 3 ± 0 .2 5 M e V)
a n d i s f o u n d hi g hl y si g ni fi c a nt ( a b o ut 7 .5 σ ). δ E φ

B E S I I I i s al s o c o nsi st e nt wit h t hi s n u m b er b ut
q uit e si g ni fi c a ntl y diff er e nt fr o m δ E ω

B E S I I I . A ct u all y, c o m p ari n g t h e t hr e e ri g ht m ost p a n el s i n
Fi g ur e 3, o n e o bs er v es t h at t h e m ai n g ai n of d e c orr el ati n g t h e e n er g y c ali br ati o n at t h e ω a n d φ
p e a ks wi d el y i m pr o v es t h e f or m er e n er g y r e gi o n; t h e l at er l o o ks al m ost i ns e nsiti v e, as r e fl e ct e d
b y t h e f a ct t h at t h e n o n- z er o δ E φ

B E S I I I i s o nl y a 2 σ eff e ct.

3 0 O ur r ef er e n c e e n er g y is a ct u all y d e fi n e d c o n sist e ntl y b y m or e t h a n 5 0 d at a s a m pl es. As a n i m p ort a nt p art of
t h es e h as b e e n c oll e ct e d at t h e V E P P- 2 M C olli d er i n N o v o si bir s k, w e d e n ot e, w h e n n e e d e d, o ur r ef er e n c e e n er g y
b y E N S K .
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Fi g ur e 3: N or m ali z e d r esi d u al s of E B H L S 2 fit s t o t h e B E SIII 3 π d at a i n i s ol ati o n u n d er 3
diff er e nt c o n fi g ur ati o ns : N o e n er g y s hift (t o p p a n el s), o n e gl o b al e n er g y s hift ( mi d dl e p a n el s)
a n d t w o e n er g y s hift s ( b ott o m p a n el s). T h e n or m ali z e d r esi d u al s ar e d e fi n e d as δ σ (s )/ σ (s )
w h er e δ σ (s i) = m ′

i − M (s i ) – s e e t h e t e xt f or t h e d e fi niti o ns. T h e p arti al χ 2 / N ’s ar e di s pl a y e d.
Al s o s h o w n, t h e N S K χ 2 / N ’s di st a n c e of t h e C M D 2 a n d S N D d at a t o t h e b est fit s ol uti o ns
d eri v e d fr o m fitti n g B E SIII d at a i n i s ol ati o n i n e a c h c o n fi g ur ati o n.
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S o, o n c e t w o e n er g y r e c ali br ati o ns h a v e b e e n p erf or m e d, t h e d es cri pti o n of t h e B E SIII
s a m pl e i s q uit e s ati sf a ct or y a n d, fitt e d wit h t h e ot h er a n ni hil ati o n c h a n n el s, t h e χ 2 pr o b a bilit y
i s c o mf ort a bl e ( 9 1. 6 %).

At first si g ht, t h e diff eri n g e n er g y s hift s j ust r e p ort e d m a y l o o k s ur pri si n g as, f or I S R s p e c-
tr a, t h e e n er g y c ali br ati o n i s v er y pr e ci s el y fi x e d b y t h e e n er g y at w hi c h t h e a c c el er at or i s
r u n ni n g at m es o n f a ct ori es. H o w e v er, s u c h e n er g y s hift s c o ul d b e r el at e d wit h u n a c c o u nt e d
eff e ct s of t h e s e c o n d ar y p h ot o n e mi ssi o n e x p e ct e d t o aff e ct t h e r es o n a n c es s h o wi n g u p at l o w er
e n er gi es. I n t h e c as e of t h e B E SIII s p e ctr u m, t hi s c o n c er ns t h e φ a n d ω r e gi o ns, w h er e p h ot o n
r a di ati o n eff e ct s g et e n h a n c e d b y t h e r es o n a n c es, c a usi n g s hift s b et w e e n t h e p h ysi c al r es o n a n c e
p ar a m et ers a n d t h eir o bs er v e d p art n ers 3 1 . T hi s t o pi c i s s p e ci fi c all y a d dr ess e d i n A p p e n di x D,
w h er e it i s s h o w n – a n d ill ustr at e d b y Ta bl e 1 4 t h er ei n – t h at t h e e x p e ct e d s hift s pr o d u c e d b y
s e c o n d ar y I S R p h ot o ns ar e i n stri ki n g c orr es p o n d e n c e wit h t h e fitt e d δ E ω

B E S I I I a n d δ E φ
B E S I I I .

8. 2 E x pl o r at o r y E B H L S 2 gl o b al Fits i n cl u di n g t h e B E SI I I 3 π S a m pl e

H a vi n g pr o v e d t h at t h e B E SIII 3 π d at a s a m pl e s uit a bl y fit s t h e gl o b al E B H L S 2 fr a m e w or k,
w e p erf or m t h e a n al ysi s b y m er gi n g t h e B E SIII a n d t h e p ar e nt C M D 2 a n d S N D d at a s a m pl es
wit hi n a c o m m o n fit pr o c e d ur e. F or c o m pl et e n ess, w e h a v e first p erf or m e d a gl o b al fit all o w-
i n g f or a si n gl e e n er g y c ali br ati o n c o nst a nt. T h e fit r et ur ns χ 2 / N = 1 2 8 4 / 1 3 6 5 a n d 8 4. 7 %
pr o b a bilit y. T h e χ 2 / N v al u es f or B E SIII ( 1 5 4/ 1 2 8) a n d N S K ( 1 4 5/ 1 5 8) ar e al s o r e as o n a bl e,
h o w e v er, t h e n or m ali z e d r esi d u al s f or B E SIII s h o w n i n t h e t o p p a n el s of Fi g ur e 4 – es p e ci all y
t h e l eft m ost p a n el – still e x hi bit a str u ct ur e d b e h a vi or.

T h er ef or e w e h a v e all o w e d f or t w o i n d e p e n d e nt e n er g y s hift s δ E ω
B E S I I I a n d δ E φ

B E S I I I

wit hi n t h e it er ati v e fit pr o c e d ur e. C o n v er g e n c e i s r e a c h e d wit h χ 2 / N = 1 2 6 7 / 1 3 6 5 a n d 9 1. 2 %
pr o b a bilit y. T h e χ 2 / N v al u es f or B E SIII ( 1 3 7/ 1 2 8) i s i m pr o v e d b y 1 7 u nit s w h er e as it i s u n-
c h a n g e d f or N S K ( 1 4 7/ 1 5 8); s o, t h e i m pr o v e m e nt of t h e t ot al χ 2 o nl y pr o c e e ds fr o m t h e 1 7
u nit r e d u cti o n of t h e B E SIII p arti al χ 2 . T h e b ott o m p a n el s i n Fi g ur e 4 ar e i n d e e d o bs er v e d fl at
i n t h e ω a n d φ r e gi o ns (t hi s l ast di stri b uti o n i s still l ess s e nsiti v e t o t h e fit q u alit y i m pr o v e m e nt).
T h e e n er g y r e c ali br ati o n c o nst a nt s of t h e B E SIII d at a wit h r e g ar d t o t h e N S K e n er g y s c al e ar e :

{ δ E ω
B E S I I I = ( − 4 8 6 .1 1 ± 7 1 .5 1) k e V , δ Eφ

B E S I I I = ( − 1 3 5 .3 1 ± 5 9 .1 6) k e V } ,

i n f air a c c or d wit h t h os e d eri v e d i n t h e gl o b al fit p erf or m e d di s c ar di n g t h e N S K 3π d at a. C o m-
p ar e d t o it s fit i n i s ol ati o n, t h e B E SIII d at a χ 2 i s d e gr a d e d b y 1 3 7- 1 2 3 = 1 4 u nit s, w hil e (s e e
Ta bl e 4 t hir d d at a c ol u m n) t h e N S K d at a χ 2 i s d e gr a d e d b y 1 4 7- 1 3 5 = 1 2 u nit s c o m p ar e d t o
t h e fit p erf or m e d di s c ar di n g t h e B E SIII d at a s a m pl e, t h e r est b ei n g u n c h a n g e d. R e g ar di n g t h e
a v er a g e p er d at a p oi nt, t h e d e gr a d ati o n i s of t h e or d er 0. 1 χ 2 – u nit f or b ot h t h e N S K a n d B E SIII
s a m pl es, a q uit e i nsi g ni fi c a nt c h a n g e. S o, o n e c a n c o n cl u d e t h at t h e f ull s et of c o nsi st e nt d at a
s a m pl es c a n w el c o m e t h e B E SIII s a m pl e [ 2 4], o n c e t h e e n er g y s hift s δ E ω

B E S I I I a n d δ E φ
B E S I I I

ar e a p pli e d.
Fi g ur e 5 di s pl a ys t h e fit f u n cti o n a n d d at a i n t h e 3 π c h a n n el. All d at a ar e n or m ali z ati o n

c orr e ct e d as e m p h asi z e d a b o v e a n d, a d diti o n all y, t h e e n er g y s hift s i n d u c e d b y h a vi n g diff er e nt
δ E ω

B E S I I I a n d δ E φ
B E S I I I c ali br ati o n c o nst a nt s ar e a p pli e d t o t h e B E SIII d at a s a m pl e; o n e s h o ul d

3 1 N o te t h at, f or t h e N S K s c a n e x p eri m e nts, p h ot o n e missi o n o n r es o n a n c es is c orr e ct e d l o c all y r es o n a n c e b y
r es o n a n c e.
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Fi g ur e 4: N or m ali z e d r esi d u al s of E B H L S 2 fit s t o t h e B E SIII, C M D 2 a n d S N D 3 π d at a u n d er
2 diff er e nt c o n fi g ur ati o ns : T o p p a n el s c orr es p o n d t o a ( gl o b al) fit wit h o nl y o n e e n er g y s hift f or
t h e B E SIII s p e ctr u m, t h e b ott o m o n es ar e d eri v e d all o wi n g diff er e nt δ E ω

B E S I I I a n d δ E φ
B E S I I I .

T h e p arti al χ 2 / N ar e di s pl a y e d f or t h e B E SIII s a m pl e o n t h e o n e h a n d, a n d f or t h e C M D 2 a n d
S N D o n es ( N S K) o n t h e ot h er h a n d.
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al s o n ot e t h e ni c e m at c hi n g of t h e N D a n d B E SIII d at a i n t h e i nt er m e di at e r e gi o n. A d diti o n al
fit d et ail s of t hi s n e w gl o b al fit ar e gi v e n i n t h e t hir d d at a c ol u m n of Ta bl e 4.

Fi g ur e 5: T h e gl o b al E B H S L 2 fit w it h t h e π + π − π 0 s p e ctr a, c orr e ct e d f or t h eir n or m ali z ati o n
u n c ert ai nt y; o nl y st ati sti c al err ors ar e s h o w n. T h e t o p p a n el s di s pl a y t h e d at a a n d fit i n t h e ω
a n d φ m ass i nt er v al s, t h e b ott o m p a n el f o c us es o n t h e i nt er m e di at e e n er g y r e gi o n. T h e e n er g y
r e c ali br ati o n h as b e e n a p pli e d t o t h e B E SIII d at a.

9 R e visiti n g t h e 2 π A n ni hil ati o n C h a n n el

A f air u n d erst a n di n g of t h e di pi o n a n ni hil ati o n c h a n n el, w hi c h pr o vi d es b y f ar t h e l ar g est
c o ntri b uti o n ( ≃ 7 5 % ) t o t h e m u o n H V P, i s a n i m p ort a nt i ss u e. F ort u n at el y, t h e e + e − → π + π −

cr oss-s e cti o n i s al s o t h e m ost i m p ort a nt c h a n n el e n c o m p ass e d wit hi n t h e B H L S [ 1 4, 7 6] a n d
B H L S 2 [ 1 9] fr a m e w or ks pr e vi o usl y d e v el o p p e d. All t h e e xi sti n g di pi o n d at a s a m pl es w er e
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e x a mi n e d wit hi n t h e c o nt e xt of t h es e t w o v ari a nt s of t h e H L S M o d e l. As s o m e of t h e m e x-
hi bit str o n g t e nsi o ns [ 1 4] wit h si g ni fi c a nt c o ns e q u e n c es o n t h e d eri v e d p h ysi cs q u a ntiti es, it
l o o ks w ort h w hil e t o r e vi sit t hi s i ss u e w h e n a n e w m e as ur e m e nt ari s es, at l e ast t o c h e c k if t h e
c o nsi st e n c y p att er n pr e vi o usl y f a v or e d d es er v es r e e x a mi n ati o n.

B esi d e t h e d at a s a m pl es f or m erl y c oll e ct e d a n d g at h er e d i n [ 7 7], a n i m p ort a nt pl a c e s h o ul d
b e d e v ot e d t o t h e d at a fr o m C M D- 2 [ 7 8, 4 3, 4 4] a n d S N D [ 4 5] c oll e ct e d i n s c a n m o d e o n
t h e V E P P- 2 M c olli d er at N o v osi birs k; t h es e C M D 2 a n d S N D s a m pl es ar e c oll e cti v el y r ef err e d
t o b el o w as N S K. T h es e w er e f oll o w e d b y hi g h er st ati sti cs s a m pl es, n a m el y, t h e K L O E 0 8
s p e ctr u m [ 2 8] c oll e ct e d at D a Φ n e a n d t h os e c oll e ct e d b y B a B ar [ 7 9] at P E P-II, b ot h usi n g t h e
I niti al St at e R a di ati o n (I S R) m et h o d [ 8 0]. Sli g htl y l at er, t h e K L O E C oll a b or ati o n pr o d u c e d t w o
m or e I S R d at a s a m pl es, K L O E 1 0 [ 4 6] a n d K L O E 1 2 [ 4 7], t h e l att er b ei n g ti g htl y r el at e d wit h
K L O E 0 8 (s e e Fi g ur e 1 i n [ 8 1]). I n t hi s r ef er e n c e, t h e K L O E- 2 C oll a b or ati o n h as al s o p u bli s h e d
a di pi o n s p e ctr u m d eri v e d b y c o m bi ni n g t h e K L O E 0 8, K L O E 1 0 a n d K L O E 1 2 s p e ctr a; t hi s
c o m bi n e d s p e ctr u m i s r ef err e d t o b el o w as K L O E 8 5, t h us n a m e d a c c or di n g t o it s n u m b er of
d at a p oi nt s.

T w o m or e d at a s a m pl es, al s o c oll e ct e d i n t h e I S R m o d e, w er e a p p e n d e d t o t hi s li st b y
B E SIII [ 2 6] – wit h r e c e ntl y i m pr o v e d st ati sti c al err ors [ 2 7] – a n d a C L E O- c gr o u p [ 4 8]. Fi n all y,
t h e S N D c oll a b or ati o n h as j ust p u bli s h e d a d at a s a m pl e [ 2 5] c oll e ct e d i n s c a n m o d e o n t h e n e w
V E P P- 2 0 0 0 F a cilit y at N o v osi birs k; t hi s s p e ctr u m, s e e mi n gl y still pr eli mi n ar y, i s r ef err e d t o
b el o w as S N D 2 0. A n ot h er hi g h st ati sti cs d at a s a m pl e, al s o c oll e ct e d i n s c a n m o d e, i s e x p e ct e d
fr o m t h e C M D 3 C oll a b or ati o n [ 8 2].

I m p ort a nt t e nsi o n b et w e e n s o m e of t h es e s a m pl es – n a m el y K L O E 0 8 a n d B a B ar – a n d all
ot h ers h a v e alr e a d y b e e n i d e nti fi e d [ 7 6, 2]; t h e o c c ur e n c e of t h e n e w d at a s a m pl e fr o m S N D
( a n d it s c o m p ari s o n wit h N S K, K L O E a n d B a B ar [ 2 5]) all o ws t o r e e x a mi n e t hi s c o nsi st e n c y
i ss u e a n d gi v es t h e o p p ort u nit y t o r e mi n d h o w it i s d e alt wit hi n gl o b al fr a m e w or ks.

9. 1 T h e S a m pl e A n al ysis M et h o d : A B ri ef R e mi n d e r

T h e br o k e n H L S m o d eli n gs pr e vi o usl y d e v el o p p e d, es p e ci all y B H L S 2 as w ell as it s pr es e nt
e xt e nsi o n, ai m at pr o vi di n g fr a m e w or ks w hi c h e n c o m p ass a l ar g e p art of t h e l o w e n er g y
p h ysi cs, t h e r e al m of t h e n o n- p ert ur b ati v e r e gi m e of Q C D, a n d e xt e n d u p t o t h e φ m ass r e-
gi o n; t h e y h a v e r e n d er e d p ossi bl e f air si m ult a n e o us a c c o u nt s of t h e si x m aj or e + e − a n ni hil a-
ti o n c h a n n el s (π + π − , π + π − π 0 , K + K − , K L K S , (π 0 / η )γ ) u p t o 1. 0 5 G e V/ c; sli g htl y m o di fi e d
( E B H L S2 ), t hi s fr a m e w or k al s o pr o vi d es n o w a s ati sf a ct or y u n d erst a n di n g of t h e A, B a n d C
di pi o n s p e ctr a fr o m t h e d e c a y of t h e τ l e pt o n.

As alr e a d y n ot e d s e v er al ti m es, t h e L a gr a n gi a ns w hi c h s u bst a nti at e t h e v ari o us br o k e n H L S
m o d el s e m p h asi z e a pr o p ert y e x p e ct e d fr o m Q C D : T h e diff er e nt a n ni hil ati o n c h a n n el s s h o ul d
b e c orr el at e d vi a t h eir c o m m o n u n d erl yi n g Q C D b a c k gr o u n d; t hi s i s r e fl e ct e d wit hi n o ur Ef-
f e cti v e L a gr a n gi a ns b y t h e f a ct t h at all t h eir m o d el p ar a m et ers ar e si m ult a n e o usl y i n v ol v e d i n
t h e a m plit u d es f or a n y of t h e a c c essi bl e p h ysi cs pr o c ess es t h e y e n c o m p ass. A str ai g htf or w ar d
e x a m pl e i s r e pr es e nt e d b y g , t h e u ni v ers al v e ct or c o u pli n g a n d t hi s pr o p ert y i s, m or e g e n er all y,
e x hi bit e d b y t h e e x pr essi o ns f or t h e v ari o us a m plit u d es d eri v e d fr o m wit hi n t h e v ari o us br o k e n
H L S L a gr a n gi a ns.

M ost of t h e L a gr a n gi a n p ar a m et ers ar e n ot k n o w n a b i niti o a n d ar e d eri v e d fr o m t h e d at a
vi a a gl o b al fit i n v ol vi n g all c h a n n el s a n d, p ossi bl y, all a v ail a bl e d at a s a m pl es. F or t hi s p ur p os e,
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t h e pr o vi d e d d at a s a m pl es a n d ass o ci at e d i nf or m ati o n ( d at a p oint s, st ati sti c al err ors, s yst e m-
ati cs, c orr el at e d or n ot) ar e s u p p os e d r e as o n a bl y 3 2 w ell esti m at e d. Wit h t hi s at h a n d, o n e c a n
c o nstr u ct a m oti v at e d gl o b al χ 2 a n d d eri v e t h e L a gr a n gi a n p ar a m et ers t hr o u g h a mi ni mi z ati o n
pr o c e d ur e li k e MI N UI T .

A m o n g t h e v ari o us ki n ds of u n c ert ai nti es r e p ort e d b y t h e diff er e nt e x p eri m e nt s, a s p e ci al
c ar e s h o ul d b e d e v ot e d t o t h e gl o b al n or m ali z ati o n u n c ert ai nti es – w hi c h c a n b e e n er g y d e p e n-
d e nt as alr e a d y d e alt wit h i n S u bs e cti o n 8. 1. A ct u all y, as f or e n er g y s c al e r e c ali br ati o ns (s e e
al s o S u bs e cti o n 8. 1), it l o o ks o b vi o us t h at t h e m ost a p pr o pri at e n or m ali z ati o n of a gi v e n s a m-
pl e c a n o nl y b e d et er mi n e d b y c o m p ari n g wit h s e v er al ot h er i n d e p e n d e nt s p e ctr a c o v eri n g t h e
s a m e p h ysi cs c h a n n el. E v e n m or e, a gl o b al tr e at m e nt of t h es e pr o vi d es t h e b est n or m ali z ati o n
of e a c h s a m pl e v ers us all t h e ot h ers b y a ki n d of b o ot str a p m e c h a ni s m.

A ct u all y a gl o b al fit, w h e n p ossi bl e, l o o ks t h e b est t o ol t o d et er mi n e t h e m ost a p pr o pri at e
n or m ali z ati o n of e a c h s p e ctr u m i n a c c or d wit h it s r e p ort e d u n c ert ai nti es, i n cl u di n g it s n or-
m ali z ati o n u n c ert ai nti es; t hi s i s r e mi n d e d i n d et ail s i n [ 7 6, 1 9] a n d a b o v e i n S e cti o n 8. T h e
g o o d n ess of t h e c orr es p o n di n g fit t ell s t h e c o n fi d e n c e o n e c a n d e v ot e t o t h e n or m ali z ati o n c or-
r e cti o ns.

T h e pr o b a bilit y of t h e b est fit r e fl e ct s t h e q u alit y of t h e e x p eri m e nt al i nf or m ati o n a n d t h e
r el ati v e c o nsi st e n c y of t h e v ari o us d at a s a m pl es i n v ol v e d i n t h e pr o c e d ur e wit hi n t h e m o d el
fr a m e w or k; w e h a v e n o w 3 si g ni fi c a ntl y diff er e nt H L S fr a m e w or ks at h a n d w hi c h h a v e b e e n
s h o w n i n [ 1 9] a n d j ust a b o v e t o l e a d t o a c o nsi st e nt pi ct ur e.

9. 2 S a m pl es C o v e ri n g t h e π + π − C h a n n el : A F e w P r o p e rti es

L et us first c o nsi d er t h e d at a s a m pl es alr e a d y i d e nti fi e d as n ot e x hi biti n g si g ni fi c a nt t e nsi o n
a m o n g t h e m wit hi n t h e B H L S 2 fr a m e w or ks, t h e pr e vi o us o n e [ 1 9] or t h e pr es e nt o n e; t hi s
d e fi n es a R ef er e n c e s et of d at a s a m pl es, n a m e d H R . T hi s alr e a d y c o v ers t h e 3 π d at a s a m pl es
alr e a d y c o nsi d er e d i n S e cti o n 8 a n d all t h e e xi sti n g d at a s a m pl es c o v eri n g t h e π 0 γ a n d η γ d e c a y
c h a n n el s. R e g ar di n g t h e di k a o n s p e ctr a, w e r ef er t h e r e a d er t o o ur a n al ysi s i n [ 1 9] w h er e t h e
t e nsi o ns b et w e e n t h e C M D 3 s p e ctr a [ 7 3, 7 2] a n d t h e ot h ers fr o m S N D, B a B ar a n d ( c orr e ct e d
[ 1 9]) C M D 2 h as l e d t o di s c ar d t h e m fr o m t h e a n al ysi s 3 3 . As f or τ di pi o n s p e ctr a, it h as b e e n
s h o w n i n S e cti o n 4 t h at t h e r esi d u al t e nsi o n o bs er v e d i n t h e a c c o u nt f or B ell e c o m p ar e d t o
Al e p h a n d Cl e o c a n b e a bs or b e d. T h e r ef er e n c e s et H R al s o i n cl u d es t h e s p a c eli k e pi o n [ 5 5, 5 6]
a n d k a o n f or m f a ct or s p e ctr a [ 8 3, 8 4] w hi c h ar e s ati sf a ct oril y u n d erst o o d wit hi n t h e B H L S 2

fr a m e w or ks [ 1 9].
F or t h e p ur p os e of r e e x a mi n g s a m pl e t e nsi o ns, it l o o ks a p pr o pri at e t o al s o i n cl u d e i n H R ,

t h e pi o n f or m f a ct or s p e ctr a c oll e ct e d b y B E SIII [ 2 6, 2 7] a n d Cl e o- c [ 4 8]. I n d e e d, a nti ci p ati n g
s o m e w h at o n o ur fit r es ult s, it h as b e e n o bs er v e d t h at, al o n e or t o g et h er wit h eit h er of t h e N S K,
K L O E, B a B ar s a m pl es, or wit h a n y c o m bi n ati o n of t h es e, t h e y g et t h e s a m e i n di vi d u al s a m pl e
χ 2 ’s, wit h fl u ct u ati o ns n ot e x c e e di n g 1. 5 u nit s f or e a c h of t h e m. Fitti n g t h e H R s a m pl e s et t h us
d e fi n e d wit hi n t h e pr es e nt fr a m e w or k r et ur ns χ 2 / N = 9 2 6 / 1 0 2 1 a n d a 9 4 % pr o b a bilit y; i n t hi s

3 2 Of c o ur s e, it is u nr e alisti c t o e x p e ct t h at t h e s p e ctr u m a n d u n c ert ai nti es d e fi ni n g a n y d at a s a m pl e h a v e b e e n
p erf e ctl y d et er mi n e d- s e e b el o w.

3 3 T h e C M D 3 d at a h a v e, n e v ert h el ess, b e e n d e alt wit h t o esti m at e s y st e m ati cs i n t h e m u o n H V P e v al u ati o n [ 1 9].
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fit, t h e B E SIII a n d Cl e o- c s a m pl es yi el d

[χ 2 / N ]B E S I I I = 4 9 / 6 0 , [χ 2 / N ]Cl e o − c = 2 7 / 3 5 .

O n e c a n c o nsi d er t h e pr o b a bilit y of t h e gl o b al fit ( h er e 9 4 %) as a f ait hf ul t a g of m ut u al
c o nsi st e n c y of t h e ( m or e t h a n 5 0) s a m pl es i n cl u d e d i n H R w hi c h f airl y fit t h e br o k e n H L S
fr a m e w or k.

χ 2 / N p t s [ Pr o b] + N S K + K L O E + B a B ar

N S K π + π − ( 1 27) 1 2 9 / 1 2 7 [ 9 5. 3 %] 1 4 2 / 1 2 7 [ 9 1. 2 %] 1 3 8 / 1 2 7 [ 5 1. 7 %]

K L O E π + π − ( 1 35) 1 3 6 / 1 3 5 [ 9 1. 2 %] 1 3 2 / 1 3 5 [ 9 5. 2 %] 1 4 8 / 1 3 5 [ 3 1. 9 %]

B a B ar π + π − ( 2 70) 3 2 8 / 2 7 0 [ 5 1. 7 %] 3 5 4 / 2 7 0 [ 3 1. 9 %] 3 2 6 / 2 7 0 [ 6 2. 9 %]

Ta bl e 3: Pr o p erti es of t h e gl o b al fit s p erf or m e d wit h t h e pr es e nt u p gr a d e d B H L S 2 m o d el usi n g
t h e H R s a m pl e c oll e cti o n wit h o n e a m o n g t h e N S K, K L O E a n d B a B ar s a m pl es a n d wit h p airs
of t h es e. T h e Ta bl e i s or g a ni z e d i n s u c h a w a y t h at t h e first li n e di s pl a ys t h e v al u e f or χ 2 / N N S K

r et ur n e d b y fitti n g t h e 3 c o n fi g ur ati o ns (H R + N S K), ( H R + N S K + K L O E), ( H R + N S K + B a B ar);
t h e c orr es p o n di n g fit pr o b a biliti es ar e s h o w n wit hi n s q u ar e d br a c k et s. T h e s e c o n d a n d t hir d
li n es di s pl a y t h e si mil ar i nf or m ati o n f or K L O E a n d B a B ar. T h e n u m b er of d at a p oi nt s i n e a c h
of N S K, K L O E a n d B a B ar i s r e mi n d e d i n t h e first c ol u m n f or c o n v e ni e n c e.

We h a v e m a d e t w o ki n ds of gl o b al fit s :

• i) Fit s i n v ol vi n g H R a n d e a c h of N S K, K L O E 3 4 a n d B a B ar i n t ur n; t h e di a g o n al i n Ta bl e 3
r e p ort s t h e m ai n r es ult s, n a m el y t h e v al u e r et ur n e d f or χ 2 / N of r es p. N S K, K L O E, B a B ar
a n d t h e pr o b a bilit y of t h e gl o b al fit at t h e c orr es p o n di n g Ta bl e e ntr y.

• ii) Fit s i n v ol vi n g H R a n d t h e p air wi s e c o m bi n ati o ns ( N S K, K L O E), ( N S K, B a B ar) a n d
( K L O E, B a B ar) i n t ur n; t h e m ai n fit r es ult s ar e r e p ort e d i n t h e n o n- di a g o n al e ntri es of
Ta bl e 3. I n or d er t o m a k e e asi er t h e c o m p ari s o n of e a c h of t h e N S K, K L O E, B a B ar
a c c o u nt s pr o vi d e d b y t h es e ” p air wi s e ” fit s, w e h a v e or g a ni z e d t h e n o n- di a g o n al e ntri es
i n a s p e ci fi c m a n n er : T h e e ntr y ( N S K, K L O E) pr o vi d es [χ 2 / N ]N S K a n d t h e gl o b al fit
pr o b a bilit y w h er e as t h e e ntr y ( K L O E, N S K) pr o vi d es [χ 2 / N ]K L O E a n d t h e (s a m e) fit
pr o b a bilit y. T h e s a m e r ul e a p pli es m ut ati s m ut a n di s t o t h e ot h er p air wi s e fit s : ( N S K,
B a B ar) a n d ( K L O E, B a B ar) t o g et h er wit h H R .

R el yi n g o n Ta bl e 3, o n e cl e arl y o bs er v es t h at t h e si n gl e m o d e fit s f or N S K a n d K L O E ar e
f airl y g o o d a n d i n ni c e a c c or d wit h t h e r es ult s r et ur n e d b y t h e c orr es p o n di n g p air wi s e fit. T h e
p att er n i s s o m e w h at diff er e nt w h e n B a B ar i s i n v ol v e d.

I n or d er t o b e c o m pl et e, l et us bri e fl y s u m m ari z e t h e fit r es ult s o bt ai n e d wit hi n t h e pr es e nt
fr a m e w or k c o n c er ni n g K L O E 0 8 a n d t h e K L O E 8 5 s a m pl e d eri v e d b y t h e K L O E 2 C oll a b or ati o n
fr o m t h eir c o m bi n ati o n of t h e K L O E 0 8, K L O E 1 0 a n d K L O E 1 2 s p e ctr a[ 8 1].

3 4 K L O E i n di c at es t h e si m ult a n e o u s u s e of K L O E 1 0 a n d K L O E 1 2
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• R e g ar di n g K L O E 0 8 : T h e gl o b al fit f or H R + K L O E 0 8 r et ur ns χ 2 / N K L O E 0 8 = 9 5 / 6 0
a n d a 7 4. 7 % gl o b al fit pr o b a bilit y. Wit h a n a v er a g e < χ 2 > ≃ 1 .5 , o n e d o es n ot c o nsi d er
c o n fi d e ntl y t h e r es ult s d eri v e d fr o m fit t o t hi s c o m bi n ati o n c o m p ar e d t o K L O E 1 0 + K L O E 1 2.

• R e g ar di n g K L O E 8 5 : T h e fit f or H R + K L O E 8 5 r et ur ns χ 2 / N K L O E 8 5 = 8 3 / 8 5 ( gl o b al
fit pr o b a bilit y 9 4. 7 %) w hi c h cl e arl y i n di c at es t h at t h e K L O E 0 8 i ss u e i s r e as o n a bl y w ell
d e alt wit hi n t h e K L O E 8 5 c o m bi n ati o n [ 8 1].

O n e h as al s o p erf or m e d t h e p air wi s e fit H R + K L O E 8 5 + N S K. I n t hi s c as e, o n e g et s :

[χ 2 / N ]N S K = 1 6 0 / 1 2 7 , [χ 2 / N ]K L O E 8 5 = 9 3 / 8 5 ,

wit h a 8 0. 7 % pr o b a bilit y. T hi s fit i s o b vi o usl y r e as o n a bl e 3 5 b ut l ess s ati sf a ct or y t h a n H R

+ N S K + K L O E, as t h e t e nsi o n b et w e e n K L O E 8 5 a n d N S K i s l ar g e, m u c h l ar g er t h a n
w h e n usi n g H R + N S K + K L O E as di s pl a y e d i n Ta bl e 3.

9. 3 T h e c as e f o r t h e 2 0 2 0 S N D Di pi o n S a m pl e : Fits i n I s ol ati o n

I n or d er t o a n al y z e t h e n e w d at a s a m pl e r e c e ntl y pr o vi d e d b y t h e S N D C oll a b or ati o n [ 2 5],
t h e tr e at m e nt of t h e r e p ort e d s yst e m ati c err ors h as b e e n p erf or m e d as e m p h asi z e d a b o v e f or
t h e 3 π d at a fr o m B E SIII (s e e S u bs e cti o n 8. 1) as t h e s yst e m ati cs ar e e x p e ct e d t o b e f ull y p oi nt-
t o- p oi nt c orr el at e d3 6 . F or t h e pr es e nt a n al ysi s, w e h a v e first p erf or m e d gl o b al fit s3 7 w h er e t h e
si n gl e r e pr es e nt ati v e f or t h e e + e − → π + π − a n ni hil ati o n c h a n n el i s S N D 2 0, t h e n e w S N D d at a
s a m pl e [ 2 5]; t h e s p a c eli k e pi o n f or m f a ct or d at a [ 5 5, 5 6] h a v e al s o b e e n di s c ar d e d fr o m t h e fit s
i n i s ol ati o n. Fi g ur e 6 s u m m ari z es o ur r es ult s.

T h e t o p p a n el i n Fi g ur e 6 i n di c at es t h at, i n si n gl e m o d e, t h e b est fit r et ur ns a r e as o n a bl e
pr o b a bilit y. H o w e v er, t hi s c o m es t o g et h er wit h a l ar g e a v er a g e < χ 2 > S N D 2 0 = 5 4 / 3 6 = 1 .5
(t o b e c o m p ar e d wit h t h e di a g o n al i n Ta bl e 3). N e v ert h el ess, a m a zi n gl y, t h e S N D 2 0 f or m f a ct or
d eri v e d fr o m t hi s gl o b al fit pr o vi d es a f airl y g o o d a c c o u nt of t h e N S K ( C M D 2 a n d S N D) d at a
n ot s u b mitt e d t o t h e fit as o n e yi el ds < χ 2 > N S K = 1 3 0 / 1 2 7 = 1 .0 2 , m u c h b ett er t h a n S N D 2 0
it s elf. T h e N S K ( ps e u d o-)r esi d u al s p e ctr u m i s c o nsi st e nt wit h fl at n ess a n d, a d dti o n all y, t h e
r ati o 1 3 0 / 1 2 7 i n di c at es t h at t h er e n o si g ni fi c a nt e n er g y c ali br ati o n mi s m at c h b et w e e n t h e N S K
s a m pl es a n d S N D 2 0 – t hi s m a y h a v e s h o w n u p i n t h e ρ 0 − ω dr o p- off r e gi o n.

T h e b ott o m p a n el i n Fi g ur e 6 di s pl a ys r es ult s d eri v e d b y ass u mi n g t h e S N D 2 0 s yst e m ati cs
f ull y u n c orr el at e d (i. e. t h e n o n- di a g o n al el e m e nt s of t h e err or c o v ari a n c e m atri x ar e dr o p p e d
o ut). T h e gl o b al fit i s s u c c essf ul a n d r et ur ns a 9 2 % pr o b a b a bilit y. T h e g ai n f or S N D 2 0 i s
n oti c e a bl e as < χ 2 > S N D 2 0 = 3 5 / 3 6 = 0 .9 7 a n d, cl e arl y, t h e ( alt er n ati v e) pi o n f or m f a ct or
d eri v e d b y fitti n g o nl y t h e S N D 2 0 d at a (i n t hi s m a n n er) wit hi n t h e gl o b al fr a m e w or k i s al m ost
u n c h a n g e d; t hi s i s t h e w a y t h e χ 2 di st a n c e of t h e N S K s a m pl es t o t hi s alt er n ati v e fit f or m
f a ct or c a n b e u n d erst o o d : < χ 2 > N S K = 1 3 2 / 1 2 7 = 1 .0 4 . M or e o v er, o n c e a g ai n, t h e N S K
( ps e u d o)r esi d u al di stri b uti o ns ar e as fl at as ( a n d al m ost i d e nti c al t o) t h os e di s pl a y e d i n t h e
t o p p a n el of Fi g ur e 6. We g ot s u bst a nti all y t h e s a m e r es ult s a n d c o n cl usi o ns b y e nl ar gi n g t h e

3 5 O n e s h o ul d n ot e t h at t h e esti m at es f or a µ (π + π − ,
√

s ≤ 1 .0 5 ) G e V m a r gi n all y diff er : 4 9 3 .1 8 ± 0 .9 0 (H R +
N S K + K L O E) a n d 4 9 3 .7 5 ± 0 .7 9 (H R + N S K + K L O E 8 5) i n u nits of 1 0 − 1 0 .

3 6 T h er e is n o e x pli cit st at e m e nt i n [ 2 5] a b o ut h o w t h e s y st e m ati cs s h o ul d b e u n d er st o o d; h o w e v er, t his ass u m p-
ti o n c orr es p o n d s t o w h at is u s u all y u n d er st o o d wit h t h e d at a c oll e ct e d at t h e N o v o si bir s k f a ciliti es. T his t o pi c is
f urt h er dis c u ss e d j u st b el o w.

3 7 F or c o n v e ni e n c e, h er e, t h e 3 π a n ni hil ati o n c h a n n el a n d d at a ar e dis c ar d e d fr o m t h e fit pr o c e d ur e.
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Fi g ur e 6: Fit of t h e S N D 2 0 d at a [ 2 5] i n i s ol ati o n wit hi n t h e B H L S 2 fra m e w or k. T h e t o p p a n el
di s pl a ys t h e r es ult s c orr es p o n di n g t o a fit w h er e S N D 2 0 s yst e m ati cs ar e f ull y p oi nt-t o- p oi nt
c orr el at e d, w h er e as t h e b ott o m p a n el i s o bt ai n e d b y tr e ati n g t h e S N D 2 0 s yst e m ati cs as f ull y
u n c orr el at e d. T h e N S K s p e ctr a ar e di s pl a y e d b ut n ot fitt e d. S e e t e xt f or m or e e x pl a n ati o ns.
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S N D 2 0 pi o n f or m f a ct or st ati sti c al err ors 3 8 b y 0. 0 4 a n d k e e pi n g u n c h a n g e d t h e s yst e m ati cs –
i. e. tr e at e d as p oi nt-t o- p oi nt c orr el at e d; t hi s al s o p oi nt s t o w ar ds t h e i nt er est t o h a v e, b esi d e
i nf or m ati o n o n c orr el ati o ns, i nf or m ati o n o n t h e a c c ur a c y of t h e u n c ert ai nti es [ 2]. S o, t h e w a y
t h e S N D 2 0 u n c ert ai nti es s h o ul d b e u n d erst o o d d es er v es cl ari fi c ati o n.

9. 4 T h e c as e f o r t h e 2 0 2 0 S N D Di pi o n S a m pl e : P ai r wis e Fits

A n i nt er esti n g t o pi c a d dr ess e d i n [ 2 5] i s t h e c o nsi st e n c y of S N D 2 0 wit h r es p e cti v el y N S K
( e. g. C M D 2 [ 7 8, 4 3, 4 4] a n d S N D- 9 8 [ 4 5]), K L O E ( K L O E 1 0 [ 4 6] a n d K L O E 1 2 [ 4 7]) a n d
B a B ar [ 7 9]. F or t hi s p ur p os e, it l o o ks w ort h w hil e p erf or mi n g gl o b al fit s b y i n cl u di n g p air-
wi s e c o m bi n ati o n t o c o v er t h e π + π − a n ni hil ati o n c h a n n el 3 9 . T hi s all o ws t o o bs er v e t h e t e nsi o n
b et w e e n t h e p art n ers i n t h e p air a n d t o g et a pr o b a bilit y w hi c h e m p h asi z es t h eir gl o b al c o nsi s-
t e n c y. O ur m ai n fit r es ult s ar e c oll e ct e d i n Fi g ur e 7.

T h e mi d dl e p a n el i n Fi g ur e 7 s h o ws t h e c as e f or t h e gl o b al fit wit h t h e ( S N D 2 0 + N S K)
c o m bi n ati o n. As c o ul d b e e x p e ct e d, t hi s c o n fir m s t h e fit of S N D 2 0 i n i s ol ati o n r e p ort e d i n t h e
t o p p a n el of Fi g ur e 6 : < χ N S K > i s n e gli gi bl y i m pr o v e d w h er e as < χ S N D 2 0 > i s u n c h a n g e d;
t h e l ar g e v al u e f or < χ S N D 2 0 > = 1 .5 i s r es p o nsi bl e f or t h e gl o b al fit pr o b a bilit y r e d u cti o n
c o m p ar e d t o fit s wit h N S K al o n e ( or c o m bi n e d wit h K L O E), as c a n b e s e e n i n Ta bl e 3. Wit h
t hi s pr o vi s o, B H L S2 c o n fir m s t h e st at e m e nt t h at S N D 2 0 a n d N S K ar e c o nsi st e nt [ 2 5] wit h a
7 3 % pr o b a bilit y.

I n or d er t o a d dr ess t h e c o nsi st e n c y t o pi c a b o ut S N D 2 0 a n d B a B ar alr e a d y st u di e d i n [ 2 5],
w e h a v e r u n o ur gl o b al fit pr o c e d ur e wit h t h e ( S N D 2 0 + B a B ar) c o m bi n ati o n. T o sti c k t h e cl os est
p ossi bl e t o t h e st u d y r e p ort e d i n [ 2 5], w e h a v e f o u n d it w ort h t o e x cl u d e fr o m t h e fit t h e p art of
t h e B a B ar s p e ctr u m wit h

√
s ∈ [ 0.6 0 , 0 .7 1] . T h e r es ult s ar e di s pl a y e d i n t h e t o p p a n el of Fi g ur e

7 a n d s h o w s o m e r es e m bl a n c e b et w e e n S N D 2 0 a n d B a B ar ( n or m ali z e d) r esi d u al s o ut si d e t h e
B a B ar e x cl u d e d r e gi o n ( d eli mit e d b y t h e gr e e n r e ct a n gl e). N e v ert h el ess, t h e fit pr o b a bilit y i s
p o or a n d it s < χ S N D 2 0 > = 8 2 / 3 6 = 2 .3 i n di c at es a si g ni fi c a nt t e nsi o n c o m p ar e d t o t h e fit i n
i s ol ati o n (< χ S N D 2 0 > = 1 .5 )

Fi n all y, t h e b ott o m p a n el i n Fi g ur e 7, r e p ort s t h e m ai n fit r es ult s o bt ai n e d b y fitti n g t h e
( S N D 2 0 + K L O E) c o m bi n ati o n. O n e c a n n ot e t h e r es ult s c o m p ar e d t o t h e fit s i n i s ol ati o n :
< χ S N D 2 0 > = 2 .1 ( v ers us < χ S N D 2 0 > = 1 .5 ) w hil e < χ K L O E > = 1 4 4 / 1 3 5 = 1 .1 ( v ers us
< χ K L O E > = 0 .9 8 ) a n d a 3 7 % pr o b a bilit y. H er e al s o, o n e c a n o bs er v e t h at t h e r esi d u al
di stri b uti o ns f or S N D 2 0 ar e n ot r e all y at v ari a n c e wit h t h os e f or K L O E al o n g t h e w h ol e e n er g y
r a n g e.

S o, o n t h e w h ol e, t h e S N D 2 0 s p e ctr u m [ 2 5] d o es n ot h el p i n cl arif yi n g t h e c o nsi st e n c y i ss u e
r ai s e d b y t h e e xi sti n g di pi o n s p e ctr a a n d, pr es e ntl y, S N D 2 0 d o es n ot bri n g i n m or e s u p p ort, or
l ess s u p p ort, t o t h e c h oi c e p erf or m e d f oll o wi n g o ur pr e vi o us a n al ys es (s e e Ta bl es 4 a n d 3) a n d
ill ustr at e d b y Fi g ur e 8.

3 8 T h e pi o n f or m f a ct or s q u ar e d Ta bl e i n [ 2 5] gi v es n u m b er s wit h o nl y o n e d e ci m al di git, s o a d di n g 0. 0 4 t o t h e
st atisti c al u n c ert ai nt y r o u n d s d o w n t o 0.

3 9 It h as b e e n f o u n d a p pr o pri at e t o r e-i ntr o d u c e t h e s p a c eli k e d at a fr o m [ 5 5, 5 6] wit hi n t h e mi ni mi z ati o n pr o-
c e d ur e. As t h e pi o n f or m f a ct or i n t h e s p a c eli k e a n d ti m eli k e r e gi o n s is t h e s a m e a n al yti c f u n cti o n, t his is a
c o n str ai nt.
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Fi g ur e 7: Fit s of t h e S N D 2 0 di pi o n d at a [ 2 5] t o g et h er wit h t h e s p a c eli k e d at a [ 5 5, 5 6]. T h e
t o p p a n el s h o ws t h e fit r esi d u al s w h e n t h e ti m eli k e di pi o n c h a n n el i s c o v er e d b y t h e S N D 2 0
a n d B a B ar [ 7 9] s a m pl es; si mil arl y, t h e mi d dl e p a n el di s pl a ys t h e fit r esi d u al s w h e n c o v eri n g
t h e ti m eli k e di pi o n c h a n n el b y t h e S N D 2 0 [ 2 5] a n d N S K [ 7 8, 4 3, 4 4, 4 5] s p e ctr a; t h e b ott o m
p a n el r e p ort s li k e wi s e t h e c as e w h e n t h e ti m eli k e di pi o n c h a n n el i s c o v er e d b y t h e S N D 2 0 a n d
K L O E[ 4 6, 4 7] s a m pl es. All r e p ort e d s yst e m ati cs ar e tr e at e d as p oi nt-t o- p oi nt c orr el at e d.
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Fi g ur e 8: B H L S 2 fit t o t h e π π d at a, t h e u p gr a d e d B S s ol uti o n : T h e l eft- h a n d p a n el s h o ws
t h e pi o n f or m f a ct or s q u ar e d i n t h e e + e − a n ni hil ati o n a n d t h e ri g ht- h a n d o n e di s pl a ys t h e s a m e
s p e ctr u m i n t h e τ d e c a y. T h e fitt e d r e gi o ns e xt e n d u p t o s = 1 .0 G e V 2 .

1 0 O v e r vi e w of t h e E B H L S 2 Fits

S o m e of t h e g e n er al pr o p erti es of t h e gl o b al fit s p erf or m e d i n t h e E B H L S 2 fr a m e w or k h a v e
alr e a d y b e e n e m p h asi z e d i n S e cti o ns 3, 8 a n d 9 wit h s p e ci al e m p h asi s o n r es p. t h e τ d e c a y
di pi o n s p e ctr a, t h e e + e − → π + π − π 0 a n ni hil ati o n c h a n n el a n d t h e cr u ci al e + e − → π + π − o n e.
T h e g e n er al f e at ur es of o ur fitti n g al g orit h m c o n c e pt ar e d et ail e d i n S e cti o n 1 5 of o ur [ 1 9], f or
i nst a n c e. L et us, f or c o n v e ni e n c e, r e mi n d t h e gr oss f e at ur es of o ur gl o b al fit m et h o d :

• T h e c o ntri b uti o n of e a c h d at a s a m pl e t o t h e gl o b al χ 2 t o b e mi ni mi z e d i s c o nstr u ct e d
usi n g s ol el y t h e u n c ert ai nti es e x a ctl y as t h e y ar e pr o vi d e d b y e a c h e x p eri m e nt wit h o ut
a n y e xt er n al i n p ut . A d diti o n all y, t hi s ki n d of i n p ut m a y i n fl u e n c e t h e n u m eri c al o ut c o m e
of t h e fit s i n a n u n c o ntr oll e d w a y. O n t h e ot h er h a n d, if n ot alr e a d y p erf or m e d b y t h e r el-
e v a nt e x p eri m e nt s, t h e r e p ort e d u n c orr el at e d s yst e m ati cs ar e m er g e d a p pr o pri at el y wit h
t h e st ati sti c al err or c o v ari a n c e m atri x,

• T h e c orr el at e d s yst e m ati c err ors – p ossi bl y s - d e p e n d e nt – ar e tr e at e d wit h s p e ci al c ar e
[ 7 6] as e m p h asi z e d i n S u bs e cti o n 8. 1 i n or d er t o a v oi d t h e s o- c all e d P e ell e P erti n e nt
P u z zl e [ 8 5] w hi c h g e n er all y r es ult s i n bi asi n g t h e e v al u ati o n of p h ysi cs q u a ntiti es b as e d
o n χ 2 mi ni mi z ati o n pr o c e d ur es [ 8 6, 8 7]. M or e o v er, a n it er ati v e pr o c e d ur e i s us e d w hi c h
h as b e e n pr o v e d t o a v oi d bi as es [ 7 6].

I n t h e c as e of a gl o b al χ 2 mi ni mi z ati o n, it s h o ul d b e str ess e d t h at t h e a bs ol ut e s c al e of
e a c h e x p eri m e nt i s d eri v e d i n f ull c o nsi st e n c y wit h t h os e of all t h e ot h er e x p eri m e nt s ( or
d at a s a m pl es), es p e ci all y – b ut n ot o nl y – wit h t h os e c oll e ct e d b y ot h er gr o u ps i n t h e

4 1



E B H L S 2 B S ( λ 3 = 0 ) (λ 3 = 0 )

E x cl. τ I n cl. τ B S R S

N S K π + π − ( 1 27) 1 3 6 1 3 4 1 3 8 1 3 6

K L O E π + π − ( 1 35) 1 4 1 1 4 6 1 3 9 1 3 9

B E SIII π + π − ( 6 0) 4 8 4 7 4 9 4 8

S p a c eli k e π + π − ( 5 9) 6 2 6 7 6 2 6 0

τ ( A B C) ( 8 4) × 9 3 8 2 8 0

π 0 γ ( 1 1 2) 8 9 8 8 8 8 8 7

η γ ( 1 8 2) 1 2 0 1 2 0 1 2 4 1 2 4

N S K π + π − π 0 ( 1 58) 1 4 2 1 4 6 1 4 7 1 4 7

B E SIII π + π − π 0 ( 1 28) 1 3 8 1 3 8 1 3 7 1 3 7

N S K K L K S ( 9 2) 1 0 3 1 0 4 1 0 3 1 0 4

N S K K + K − ( 4 9) 4 1 4 2 3 9 3 9

B a B ar K + K − ( 2 7) 4 1 4 2 4 1 4 1

S p a c eli k e K + K − ( 2 5) 1 8 1 9 1 7 1 8

D e c a ys ( 8) 5 4 9 9

χ 2 / N p t s 1 1 7 9 / 1 2 8 0 1 2 8 5 / 1 3 6 5 1 2 6 9/ 1 3 6 5 1 2 6 2/ 1 3 6 5

Pr o b a bilit y 9 3. 3 % 8 3. 1 % 9 0. 0 % 9 1. 5 %

Ta bl e 4: Gl o b al fit pr o p erti es of t h e E B H L S 2 fit s ; s e c o n d li n e i n t h e Ta bl e titl e i n di c at es t h e
r u n ni n g c o n diti o ns r e g ar di n g t h e d at a s a m pl es s u b mitt e d t o fit or t h e r u n ni n g of t h e B S or R S
v ari a nt s w h e n λ 3 = 0 . T h e n u m b er of d at a p oi nt s i n v ol v e d i s gi v e n b et w e e n p ar e nt h es es i n t h e
first c ol u m n. T h e l ast li n es di s pl a y t h e gl o b al χ 2 / N p t s a n d pr o b a bilit y of e a c h fit.
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s a m e p h ysi cs c h a n n el 4 0 . Se v er al e x a m pl es c a n b e f o u n d i n [ 1 9] w h er e it i s s h o w n t h at
t h e d eri v e d s c al e c orr e cti o ns q uit e w ell c o m p ar e wit h t h e c orr es p o n di n g e x p eri m e nt al
e x p e ct ati o ns.

• W h e n m er gi n g t h e diff er e nt d at a s a m pl es w hi c h c o v er t h e s a m e e n er g y r a n g e, t h eir dif-
f er e nt e n er g y c ali br ati o ns m a y e x hi bit s o m e mi s m at c h; t hi s i ss u e w as pr e vi o usl y e n c o u n-
t er e d i n o ur [ 1 9] wit h t h e e n er g y c ali br ati o n of t h e di k a o n s p e ctr a fr o m C M D- 3 [ 7 2, 7 3]
a n d B a B ar [ 4 0] v ers us t h os e of t h e c orr es p o n di n g s a m pl es fr o m C M D 2 a n d S N D; t hi s
i ss u e h a p p e n e d a g ai n h er ei n w h e n d e ali n g wit h t h e B E SIII 3π s a m pl e [ 2 4] a n d i s s ol v e d
a c c or di n gl y (s e e S e cti o n 8 a b o v e). It s h o ul d b e n ot e d t h at, f or si g n al s as n arr o w as t h e
ω a n d φ m es o ns, gl o b al fit t e c h ni cs ar e c ert ai nl y t h e b est s uit e d w a y t o m at c h t h e e n er g y
s c al es of v ari o us s p e ctr a ot h er wi s e p o orl y c o nsi st e nt.

• I n or d er t o c o n fi d e ntl y r el y o n gl o b al fit o ut p ut s t o e v al u at e p h ysi cs q u a ntiti es, o n e s h o ul d
di s c ar d d at a s a m pl es w hi c h e x hi bit n oti c e a bl e i n c o nsi st e n ci es wit h t h e r est of t h e b e n c h-
m ar k s a m pl es. O ur r e q uir e m e nt t o i d e ntif y s u c h s a m pl es h as g e n er all y b e e n t o g et a n
a v er a g e χ 2 p er p oi nt s m all er t h a n ≃ 1 .5 .

C o m p ar e d t o t h e fit s r e p ort e d i n [ 1 9] a n d as alr e a d y n ot e d i n S e cti o n 2, w e h a v e h er e
r el e as e d t h e c o nstr ai nt ( E q u ati o n( 2)) o n t h e pr o d u ct ǫǫ ′ a n d al s o l et t h e mi xi n g a n gl e θ P fl o at
fr e el y. M or e o v er, as s e v er al pr eli mi n ar y fit s t y pi c all y r et ur n :

∆ A = [ 0 .5 5 ± 4 .5 9] × 1 0 − 2 , a n d λ 8 = [ 2 .1 8 ± 4 .1 8] × 1 0 − 2 , ( 5 4)

i m p osi n g ∆ A = λ 8 = 0 l o o ks w ort h w hil e; i n d e e d, E q u ati o ns ( 5 4) cl e arl y s h o ws t h at t h e
p h ysi cs pr es e ntl y a d dr ess e d i n t h e E B H L S 2 fr a m e w or k d o es n ot e x hi bit a si g ni fi c a nt s e nsiti vit y
t o t h es e p ar a m et ers w h e n l eft fr e e. T h es e c o nstr ai nt s will b e r e e x a mi n e d4 1 i n t h e c o nt e xt w h er e
t h e [π 0 , η, η′] mi xi n g i s al s o a d dr ess e d.

Ta bl e 4 r e p ort s t h e fit r es ult s u n d er 4 c o n fi g ur ati o ns; t h e e n er g y s c al e c orr e cti o ns f or t h e
B a B ar di k a o ns [ 4 0] a n d t h e B E SIII s a m pl es [ 2 4] ar e fl o ati n g p ar a m et ers. T h e first 2 d at a
c ol u m ns, a ct u all y, u p d at e t h e B H L S 2 fit r es ult s d eri v e d f or t h e B S v ari a nt gi v e n i n [ 1 9]; f or t h e
fit p erf or m e d i n cl u di n g t h e τ s p e ctr a, t h e p ol y n o mi al δ P τ (s ) h er e i s t hir d d e gr e e.

F or t h e E B H L S 2 fit s r e p ort e d i n t h e l ast t w o d at a c ol u m ns, δ P τ (s ) i s s e c o n d d e gr e e4 2 . T h e
t hir d d at a c ol u m n di s pl a ys t h e χ 2 c o ntri b uti o ns of v ari o us gr o u ps o yf d at a s a m pl es t o t h e gl o b al
χ 2 usi n g t h e B S c o n fi g ur ati o n. F or c o m pl et e n ess, t h e l ast d at a c ol u m n r e p ort s t h e E B H L S 2 fit
r es ult s o bt ai n e d u n d er it s R S c o n fi g ur ati o n [ 1 9].

O n e s h o ul d n ot e t h at, s u bst a nti all y, t h es e p ur e E B H L S 2 fit s a n d t h e B H L S 2 fit e x cl u di n g
t h e τ s p e ctr a ( first d at a c ol u m n) e x hi bit si mil ar a n d f a v or a bl e χ 2 a v er a g es p er p oi nt f or all
gr o u ps of d at a s a m pl es wit h t h e s ol e e x c e pti o n of t h e i n di vi d u al d e c a y m o d es w hi c h i s d o u bl e d.
I n t h e E B H L S2 B S or R S c o n fi g ur ati o ns, t h e si n gl e m o d e w hi c h si g ni fi c a ntl y d e p art s fr o m
χ 2 ≤ ( 1.0 ÷ 1 .2) , i s η → γ γ , w hi c h r et ur ns 4, e. g. a 2 σ diff er e n c e wit h t h e R e vi e w of P arti cl e
Pr o p erti es [ 5 0]. O n t h e ot h er h a n d, o n e m a y c o nsi d er, i n vi e w of Ta bl e 4, t h at t h e B S v ari a nt

4 0 A c tu all y, t his l o o k s t h e n at ur al w a y, if n ot t h e si n gl e o n e, t o d eri v e r eli a bl y a n d c o n sist e ntl y t h e c orr e cti o n t o
t h e n or m ali z ati o n of t h e v ari o u s s p e ctr a.

4 1 S e e b el o w t h e S e cti o n s d e v ot e d t o t h e [π 0 , η, η′] mi xi n g.
4 2 T his m e a n s t h at B H L S 2 a n d E B H L S 2 a ct u all y c arr y a n i d e nti c al p ar a m et er fr e e d o m.
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of E B H L S 2 d o e s n ot n e e d t o b e i m pr o v e d b y t h e Pri m or di al Mi xi n g m e c h a ni s m i ntr o d u c e d i n
[ 1 9] t o c o nstr u ct t h e R S v ari a nt of B H L S2 .

T h e n u m eri c al v al u es of t h e m o d el p ar a m et ers of t h e E B H L S 2 / B H L S2 fr a m e w or k will b e
e x a mi n e d a n d c o m m e nt e d i n a wi d er c o nt e xt i n v ol vi n g al s o t h e tr e at m e nt of t h e [π 0 , η, η′]
mi xi n g pr o p erti es i n S e cti o n 1 8.

1 1 E v al u ati o n of a µ , t h e M u o n H V P

As t h e pr e vi o us B H L S r el e as es [ 1 4, 1 9], E B H L S 2 e n c o m p ass es t h e b ul k of t h e l o w e n er g y
e + e − → h a dr o ns a n ni hil ati o ns u p t o, a n d i n cl u di n g, t h e φ m ass r e gi o n. T h er ef or e, t a ki n g
i nt o a c c o u nt s uit a bl y t h e v ari o us ki n ds of u n c ert ai nti es r e p ort e d b y t h e diff er e nt e x p eri m e nt s
aff e cti n g t h e s p e ctr a t h e y c oll e ct e d, a f ull y gl o b al fit i s e x p e ct e d t o l e a d t o pr e ci s e e v al u ati o ns
of t h e c o ntri b uti o ns t o a H V P − L O

µ fr o m t h e e n er g y r e gi o n
√

s ≤ 1 .0 5 G e V. Wit hi n t hi s a p pr o a c h,
th e s p e ci fi c c o ntri b uti o n of t h e h a dr o ni c c h a n n el H i i s o bt ai n e d b y m e a ns of t h e cr oss s e cti o n
σ (H i, s) ≡ σ (e + e − → H i, s) wit h p ar a m et er v al u es d eri v e d fr o m t h e gl o b al fit p erf or m e d
wit hi n t h e E B H L S 2 fr a m e w or k :

a µ (H i) =
1

4 π 3

s c u t

s H i

d s K (s ) σ (H i, s) , Hi = { π + π − , π0 γ, η γ, π + π − π 0 , K+ K − , KL K S } .

( 5 5)
K (s ) [ 8 8, 8 9] i s t h e us u al k er n el w hi c h e n h a n c es t h e w ei g ht of t h e t hr es h ol d r e gi o ns c o m p ar e d
t o t h e hi g h er e n er g y r e gi o ns of t h e H i s p e ctr u m; s H i

i s t h e t hr es h ol d of t h e H i h a dr o ni c c h a n n el
a n d

√
s c ut = 1 .0 5 G e V i s t h e v ali dit y li mit, c o m m o n t o t h e diff er e nt H L S fr a m e w or ks.

1 1. 1 R e m a r ks o n t h e
√

s ≤ 1 .0 5 G e V C o nt ri b uti o n t o a µ (π π )

We fi n d it of s p e ci al c o n c er n t o s u bst a nti at e w h at s u p p ort s t h e c h oi c es p erf or m e d i n o ur
gl o b al fit a p pr o a c h i n c o n n e cti o n wit h t h e m u o n H V P o ut c o m e. F or t hi s p ur p os e, t h e a n al ysi s
of t h e π + π − c h a n n el pr o p erti es wit hi n t h e ( E) B H L S 2 fr a m e w or k i s of s p e ci al r el e v a n c e. Gl o b al
fit s h a v e b e e n p erf or m e d i n v ol vi n g t h e d at a s a m pl es c oll e ct e d f or all t h e H L S fi n al st at es e x c e pt
f or π π a n d c o m pl e m e nt e d i n t ur n b y e a c h of t h e v ari o us K L O E s a m pl es alr e a d y c o m m e nt e d i n
[ 1 9] t o f e e d s ol el y t h e π + π − c h a n n el.

Ta bl e 5 – r e pri nt e d fr o m Ta bl e 3 i n [ 2] – cl e arl y s h o ws t h at t h e ( E) B H L S 2 c e ntr al v al u es
ar e o b vi o usl y i n cl os e c orr es p o n d e n c e wit h t h os e d eri v e d b y dir e ctl y i nt e gr ati n g t h e d at a [ 9 0],
e x c e pt f or K L O E 0 8 w hi c h, c orr el at e dl y, e x hi bit s a p o or gl o b al fit pr o b a bilit y; t hi s s u bst a nti at es
t h e r e as o n w h y o n e m a y pr ef er di s c ar di n g p o orl y fitt e d d at a s a m pl es t o a v oi d bi as es, p ossi bl y
l ar g e. H o w e v er, o n e s h o ul d al s o r e m ar k t h at it s eff e ct wit hi n t h e K L O E 8 5 c o m bi n ati o n i s
m u c h s oft er as t h e K L O E 8 5 fit pr o b a bilit y ( 6 5 %) r e m ai ns c o m p ar a bl e t o t h os e f or K L O E 1 0
a n d K L O E 1 2 w hi c h ar e b ot h hi g h er a n d al m ost i d e nti c al ( 7 8 % a n d 8 0 %).

Ta bl e 5 al s o s h o ws t h e i m p ort a nt r e d u cti o n of t h e u n c ert ai nti es i n d u c e d b y t h e n o n – π + π −

c h a n n el s i n v ol v e d i n t h e r e p ort e d gl o b al fit s; t hi s r e d u cti o n i s, of c o urs e, a m pli fi e d w h e n i n-
cl u di n g t h e ot h er a c c e pt e d π + π − s a m pl es i n t h e fit pr o c e d ur e as will b e s e e n s h ortl y. O n t h e
ot h er h a n d, w h e n t h e fit pr o b a bilit y i s p o or, t h e v al u es r et ur n e d b y t h e fit s f or t h e u n c ert ai nt y
a n d t h e c e ntr al v al u e s h o ul d b e h a n dl e d wit h c ar e.
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π + π − D at a S a m pl e Dir e ct i nt e gr ati o n [ 9 0] B H L S 2 χ 2
π + π − / N π + π − ( Pr o b.)

K L O E 1 0 3 7 6 .0 ± 3 .4 3 7 5 .0 4 ± 2 .3 5 6 9/ 7 5 ( 7 8 %)

K L O E 1 2 3 7 7 .4 ± 2 .6 3 7 6 .7 4 ± 1 .5 9 5 9/ 6 0 ( 8 0 %)

K L O E 8 5 3 7 7 .5 ± 2 .2 3 7 7 .1 7 ± 0 .8 9 9 5/ 8 5 ( 6 5 %)

K L O E 0 8 3 7 8 .9 ± 3 .2 3 7 3 .7 8 ± 1 .8 4 1 3 0/ 6 0 ( 1 4 %)

Ta bl e 5: T h e π + π − c o n tri b uti o n t o t h e H V P- L O i n t h e r a n g e [ 0.3 5 , 0 .8 5] G e V 2 i n u nit s of
1 0 − 1 0 . T h e dir e ct i nt e gr ati o n e v al u ati o ns ar e r e a d off Fi g. 6 i n [ 9 0]. T h e ( E) B H L S2 e v al u ati o ns
ar e d eri v e d b y fit s as s k et c h e d i n t h e t e xt; t h e l ast d at a c ol u m n di s pl a ys r el e v a nt pi e c es of t h e
fit i nf or m ati o n.

Ta bl e 6 s h o ws a br e a k d o w n of t h e c o ntri b uti o ns t o a µ (π π ) fr o m diff er e nt e n er g y i n-
t er v al s. T h e t o p li n es di s pl a y t h e r es ult s d eri v e d b y ot h er gr o u ps, n a m el y C H S [ 9 1], D H M Z
[ 9 2] a n d K N T [ 9 3] w hil e t h e b ott o m li n es s h o w t h e E B H L S 2 o ut c o m e fr o m fit s p erf or m e d
u n d er t h e v ari o us i n di c at e d c o n fi g ur ati o ns. T h e f a v or e d c o n fi g ur ati o n, w hi c h c orr es p o n ds t o
a g o o d a c c o u nt of all t h e c h a n n el s e n c o m p ass e d wit hi n t h e E B H L S 2 fr a m e w or k, i s t a g g e d b y
” K L O E + X ”. N e v ert h el ess, i n or d er t o r e all y c o m p ar e t h e gl o b al fit m et h o d wit h [ 9 1, 9 2, 9 3]
it i s w ort h r el yi n g o n t h e s a m e s et of e x p eri m e nt al d at a. T o t hi s e n d, w e h a v e al s o r u n o ur
c o d e i n cl u di n g t h e B a B ar d at a s a m pl e wit hi n t h e s et of π + π − fitt e d s p e ctr a s o t h at t h e s a m pl e
c o nt e nt s ar e si mil ar i n all t h e di s c uss e d a p pr o a c h es; n e v ert h el ess, i n or d er t o a v oi d t h e eff e ct s
of e n er g y c ali br ati o n mi s m at c h b et w e e n t h e B a B ar a n d K L O E s p e ctr a wit hi n t h e fit pr o c e d ur e,
w e h a v e r e m o v e d t h e B a B ar ρ 0 − ω dr o p- off r e gi o n fr o m t h e fit. T h e c orr es p o n di n g r es ult s ar e
gi v e n i n Ta bl e 6 u n d er t h e t a g ” K L O E + B a B ar + X ”.

R e g ar di n g t h e r e p ort e d c e ntr al v al u es f or a µ [π π ], it i s cl e ar t h at C H S 1 8, D H M Z 1 9, K N T 1 9
a n d t h e e v al u ati o n d eri v e d fr o m t h e K L O E + B a B ar + X fit ar e si mil ar; n e v ert h el ess, o n e s h o ul d
p oi nt o ut t h e hi g h er si mil arit y of t h e K N T 1 9 a n d E B H L S 2 ( K L O E + B a B ar + X) e v al u ati o ns. I n-
d e e d, t h e diff er e n c e b et w e e n t h eir c e ntr al v al u es ar e r es p. 0. 1, 0. 7 a n d 0. 2 f or r es p. t h e√

s ≤ 0 .6 G e V, 0 .6 G e V ≤
√

s ≤ 0 .9 G e V a n d 0 .9 G e V ≤
√

s ≤ 1 .0 G e V e n er g y i nt er-
v a l s. O n e m a y i nf er t h at t hi s f air a gr e e m e nt i s m ostl y d u e t o h a vi n g si mil ar tr e at m e nt s of t h e
c orr el at e d s yst e m ati cs i n t h e B H L S a p pr o a c h es [ 7 6] a n d i n t h e K N T d e ali n g [ 9 3].

As i n gl o b al a p pr o a c h es t h e d at a c oll e ct e d i n t h e n o n – π + π − c h a n n el s ar e e q ui v al e nt t o
h a vi n g at di s p os al a n a d diti o n al st ati sti cs i n t h e π + π − c h a n n el, o n e e x p e ct s s m all er err ors
f or t h e ( E) B H L S2 e v al u ati o ns of a µ [π π ]; t hi s i s i n d e e d w h at i s o bs er v e d f or t h e

√
s ≤ 0 .6

G e V a n d 0 .6 G e V ≤
√

s ≤ 0 .9 G e V c o ntri b uti o ns t o a µ [π π ] b ut, s ur pri si n gl y, n ot f or t h e 0 .9
G e V ≤

√
s ≤ 1 .0 G e V i nt er v al. N e v ert h el ess, i nt e gr at e d u p t o 1. 0 G e V, t h e c o ntri b uti o n t o

a µ [π π ] e x hi bit s a n u n c ert ai nt y i m pr o v e d b y a f a ct or of ≃ 2 .5 c o m p ar e d t o t h e ot h er a p pr o a c h es
r e p ort e d i n Ta bl e 6.

T hi s c o m p ari s o n pr o v es t h at t h e o bs er v e d c e ntr al v al u e diff er e n c es b et w e e n B H L S 2 a n d
t h e ot h ers – es p e ci all y K N T – ar e m ostl y d u e t o h a vi n g di s c ar d e d B a B ar ( a n d K L O E 0 8) a n d
o nl y m ar gi n all y t o t h e gl o b al fit m et h o d. Fi n all y, t h e l ast 2 li n es of Ta bl e 6 s h o ws t h e eff e ct
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√
s I nt er v al ( G e V)

√
s ≤ 0 .6 0 .6 ≤

√
s ≤ 0 .9 0 .9 ≤

√
s ≤ 1 .0

√
s ≤ 1 .0

C H S 1 8 [ 9 1] 1 1 0 .1 ± 0 .9 3 6 9 .6 ± 1 .7 1 5 .3 ± 0 .1 4 9 5 .0 ± 2 .6

D H M Z 1 9 [ 9 2] 1 1 0 .4 ± 0 .4 ± 0 .5 3 7 1 .5 ± 1 .5 ± 2 .3 1 5 .5 ± 0 .1 ± 0 .2 4 9 7 .4 ± 1 .8 ± 3 .1

K N T 1 9 [ 9 3] 1 0 8 .7 ± 0 .9 3 6 9 .8 ± 1 .3 1 5 .3 ± 0 .1 4 9 3 .8 ± 1 .9

K L O E + B a B ar + X χ 2 / N pt s : B a B ar = 1. 4 5, K L O E = 1. 1 5, N S K = 1. 1 0

Pr o b = 1 1. 4 % 1 0 8 .8 3 ± 0 .0 9 3 6 9 .0 6 ± 0 .6 2 1 5 .3 6 ± 0 .3 8 4 9 3 .1 9 ± 0 .7 3

K L O E + X χ 2 / N pt s : K L O E = 1. 0 3, N S K = 1. 0 9

Pr o b = 9 0. 0 % (I n cl. τ ) 1 0 7 .7 9 ± 0 .1 2 3 6 6 .7 6 ± 0 .7 3 1 5 .1 6 ± 0 .4 2 4 8 9 .7 0 ± 0 .8 4

Pr o b = 9 3. 3 % ( E x cl. τ ) 1 0 7 .6 7 ± 0 .1 3 3 6 7 .2 1 ± 0 .8 4 1 5 .1 7 ± 0 .4 8 4 9 0 .0 5 ± 0 .9 8

Ta bl e 6: Br e a k d o w n of 1 0 1 0 × a µ [π π ] b y e n er g y i nt er v al s. T h e di s pl a y e d d at a f or C H S 1 8,
D H M Z 1 9 a n d K N T 1 9 ar e e xtr a ct e d fr o m Ta bl e 6 i n [ 2]. T h e E B H L S 2 fit s ar e r e p ort e d usi n g
B a B ar a n d K L O E 1 0/ 1 2 a n d t h e l at er o nl y t o g et h er wit h t h e N S K, B E SIII a n d Cl e o- c di pi o n
s p e ctr a, gl o b all y r ef err e d t o as X. T h e d at a c oll e ct e d i n t h e ei g hti es [ 7 7] ar e al s o p art of X.

of i n cl u di n g t h e τ d at a. T h e us e of t h es e g e n er at es a n a d diti o n al ( m o d est) i m pr o v e m e nt of
t h e u n c ert ai nti es as c o ul d b e e x p e ct e d, a n d a m ar gi n al s hift. T h e c o mf ort a bl e pr o b a biliti es
r e a c h e d b y t h e E B H L S2 ( K L O E + X) fit s s h o ul d al s o b e n ot e d. As r e mi n d e d i n S e cti o n 1 0,
t h e y ar e r e a c h e d wit h o ut r es orti n g t o err or i nf or m ati o n b e y o n d w h at i s pr o vi d e d b y t h e v ari o us
e x p eri m e nt s li k e err or i n fl ati o n f a ct ors, f or i nst a n c e.

As n ot e d s e v er al ti m es, t h e v ali dit y r a n g e of t h e H L S a p pr o a c h es t o e + e − a n ni hil ati o ns e x-
t e n ds u p t o ≃ 1 .0 5 G e V, t h us i n cl u di n g t h e φ m ass r e gi o n. H o w e v er, t h e [ 1.0 , 1 .0 5] G e V e n er g y
i nt er v al of t h e di pi o n s p e ctr u m i s p o orl y k n o w n; i n d e e d, a p art fr o m t h e B a B ar s p e ctr u m4 3 [ 2 9],
t h e m ost r e c e nt i nf or m ati o n a b o ut t hi s s p e ctr u m pi e c e f oll o ws fr o m t h e ol d S N D r es ult s [ 9 4]
w hi c h u n d erl y t h e R P P [ 5 0] e ntri es f or t h e φ → π π d e c a y.

As cl e ar fr o m Fi g ur e 8, i n t hi s m ass r e gi o n t h e s p e ctr u m i s wi d el y d o mi n at e d b y t h e t ail of
t h e ρ r es o n a n c e wit h, o n t o p of it, a ti n y eff e ct d u e t o t h e n arr o w φ si g n al. A dir e ct n u m eri c al es-
ti m at e d eri v e d fr o m t h e s c ar c e d at a c oll e ct e d ar o u n d t h e φ m ass gi v es a µ (π π, [ 1.0 , 1 .0 5] G e V) =
[ 3.3 5 ± 0 .0 4] × 1 0 − 1 0 . O n t h e ot h er h a n d, r el yi n g o n t h e R P P [ 5 0] i nf or m ati o n, E B H L S2 r et ur ns :

a µ (π π, [ 1.0 , 1 .0 5] G e V) = [ 3 .0 7 ± 0 .1 1] × 1 0 − 1 0 ;

r e pl a ci n g wit hi n t h e d at a s et fitt e d vi a E B H L S2 t h e R P P φ → π π d at u m b y t h e B a B ar [ 1. 0, 1. 0 5]
G e V s p e ctr u m pi e c e r et ur ns a µ (π π, [ 1.0 , 1 .0 5] G e V) = [ 3 .1 0 ± 0 .1 0] × 1 0 − 1 0 . T h er ef or e, s o m e
( mil d) s yst e m ati cs aff e ct s t hi s m ass r e gi o n as t h e cr oss s e cti o n li n es h a p e i s n ot r e all y w ell
d e fi n e d (s e e Fi g ur e 1 i n [ 1 5]).

4 3 O u r [ 1 5] pr o vi d e d a st u d y of φ m ass r e gi o n i n t h e B a B ar s p e ctr u m.

4 6



1 1. 2 C o nt ri b uti o n t o t h e M u o n H V P of t h e E n e r g y R e gi o n ≤ 1 .0 5 G e V

T h e s u m a µ (H L S ) = i a µ (H i) of t h e q u a ntiti es d e fi n e d b y E q u ati o n ( 5 5) r e pr es e nt s
a b o ut 8 3 % of t h e t ot al m u o n H V P; it c a n b e c o m p ut e d wit h f air pr e ci si o n usi n g t h e E B H L S 2

fit i nf or m ati o n t o c o nstr u ct t h e r el e v a nt cr oss s e cti o ns; t h es e ar e d eri v e d b y s a m pli n g t h e m o d el
p ar a m et ers usi n g t h e p ar a m et er c e ntr al v al u es a n d t h e err or c o v ari a n c e m atri x r et ur n e d b y t h e
MI N UI T mi ni mi z ati o n pr o c e d ur e. S a m pli n g o ut t h e m o d el p ar a m et ers all o ws t o c o m p ut e a l ar g e
n u m b er of esti m at es f or t h e diff er e nt a µ (H i) a n d f or a µ (H L S ), t h e a v er a g e v al u es of w hi c h
d e fi ni n g o ur r e c o nstr u ct e d c e ntr al v al u es a n d t h eir r. m.s. gi vi n g t h eir st a n d ar d d e vi ati o ns.

T h e fitt e d cr oss s e cti o ns ar e al s o us e d t o esti m at e t h e F S R c o ntri b uti o ns f or t h e π + π − ,
π + π − π 0 a n d K + K − fi n al st at es a n d t h e C o ul o m b i nt er a cti o n eff e ct w hi c h i s si g ni fi c a nt f or t h e
K + K − fi n al st at e as t h e k a o ns ar e sl o w i n t h e φ e n er g y r e gi o n.

T h e H L S m o d el f u n cti o ns ar e d es cri bi n g V P a m p ut at e d d at a, a c c or di n gl y, all t h e d at a s u b-
mitt e d t o o ur gl o b al fit s ar e a m p ut at e d fr o m t h eir p h ot o n V P f a ct or. U n c ert ai nti es r el at e d t o V P
a m p ut ati o n a n d F S R esti m at es ar e i n cl u d e d b el o w as s e p ar at e s yst e m ati cs.

E B H L S 2 B S ( λ 3 = 0 ) (λ 3 = 0 ) D at a Dir e ct

E x cl. τ I n cl. τ B S R S I nt e gr ati o n

π + π − 4 9 3 .1 2 ± 0 .9 8 4 9 2 .7 7 ± 0 .8 5 4 9 2 .7 7 ± 0 .8 6 4 9 3 .0 0 ± 0 .9 0 4 9 6 .2 6 ± 3 .4 6

π 0 γ 4 .4 1 ± 0 .0 2 4 .4 0 ± 0 .0 2 4 .4 1 ± 0 .0 2 4 .4 1 ± 0 .0 2 4 .5 8 ± 0 .0 8

η γ 0 .6 4 ± 0 .0 1 0 .6 5 ± 0 .0 1 0 .6 5 ± 0 .0 1 0 .6 5 ± 0 .0 1 0 .5 5 ± 0 .0 6

π + π − π 0 4 4 .4 0 ± 0 .3 2 4 4 .4 1 ± 0 .3 2 4 4 .4 5 ± 0 .3 2 4 4 .4 1 ± 0 .3 0 4 4 .8 0 ± 1 .7 2

K + K − 1 8 .2 0 ± 0 .1 0 1 8 .1 7 ± 0 .0 9 1 8 .2 0 ± 0 .0 9 1 8 .2 9 ± 0 .1 1 1 8 .9 8 ± 0 .2 8

K L K S 1 1 .6 7 ± 0 .0 6 1 1 .6 7 ± 0 .0 6 1 1 .6 6 ± 0 .0 6 1 1 .6 0 ± 0 .0 6 1 2 .6 1 ± 0 .2 7

H L S S u m 5 7 2 .4 4 ± 1 .0 8 5 7 2 .0 6 ± 0 .9 5 5 7 2 .1 4 ± 0 .9 5 5 7 3 .0 7 ± 1 .0 0 5 7 7 .7 7 ± 3 .8 9

χ 2 / N p t s 1 1 7 9/ 1 2 8 0 1 2 8 5/ 1 3 6 5 1 2 6 9/ 1 3 6 5 1 2 6 2/ 1 3 6 5 ×

Pr o b a bilit y 9 3. 3 % 8 3. 1 % 9 0. 0 % 9 1. 5 % ×

Ta bl e 7: E B H L S 2 c o n tri b uti o ns t o 1 0 1 0 × a H V P − L O
µ i nt e gr at e d u p t o 1. 0 5 G e V, i n cl u di n g F S R

a n d C o ul o m b i nt er a cti o n a m o n g t h e (sl o w) k a o ns i n v ol v e d i n t h e K + K − fi n al st at e. T h e r u n-
ni n g c o n diti o ns ar e i n di c at e d o n t o p of t h e Ta bl e, B S a n d R S st a n d r es p. f or t h e s o- c all e d B asi c
a n d R ef er e n c e v ari a nt s d e fi n e d i n [ 1 9]. T h e l ast c ol u m n di s pl a ys t h e e v al u ati o n t hr o u g h a dir e ct
i nt e gr ati o n of t h e d at a.

R e g ar di n g t h e F S R c orr e cti o n of t h e π + π − π 0 c h a n n el, w e ass u m e t h at t h e F S R c orr e cti o n
of t h e 2 π c h a n n el a p pli es t o t h e 2 π s u bs yst e m of t h e 3 π fi n al st at e as w ell. T h us w e t a k e
σ 3 π γ (s ) ≈ σ 3 π (s )[ α

π
η (s ′)] as a n esti m at e, ass u mi n g t h at t h e i n v ari a nt m ass s q u ar e s ′ of t h e
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c h ar g e d π + π − s u b s yst e m m a y b e a p pr o xi m at el y i d e nti fi e d as s ′ ≈ s . T hi s i s j usti fi e d b e c a us e
t h e m ai n c o ntri b uti o n c o m es fr o m t h e ρ 0 e n h a n c e d i nt er m e di at e st at e (γ ρ 0 π 0 ), i. e. t h e r es o-
n a n c e e n h a n c e m e nt h a p p e ns at a b o ut t h e s a m e s ∼ M 2

ρ i n b ot h t h e 2 π a n d t h e 3 π c h a n n el s
(s e e al s o [ 9 5]). O n e t h e n o bt ai ns a F S R c o ntri b uti o n 0 .1 7 × 1 0 − 1 0 t o w hi c h a 5 % err or i s as-
si g n e d. T h e s a m e a p pr o xi m ati o n i s a c c e pt e d b y t h e B E SIII C oll a b or ati o n a n d t h eir r e c e nt 3 π
s p e ctr u m [ 2 4] alr e a d y i n cl u d es t h e F S R c orr e cti o n c o m p ut e d t hi s w a y.

Ta bl e 7 c oll e ct s t h e r es ult s d eri v e d fr o m E B H L S 2 fit s p erf or m e d u n d er v ari o us c o n diti o ns.
T h e l ar g est diff er e n c e b e w e e n t h e c e ntr al v al u es f or t h e H L S s u m s d o es n ot e x c e e d 0 .4 × 1 0 − 1 0

a n d r e fl e ct s t h e eff e ct of usi n g or n ot t h e τ di pi o n s p e ctr a – t o g et h er wit h sli g htl y i m pr o v e d
u n c ert ai nti es ( ≃ 1 0 %) i n t h e f or m er o pti o n. T h e s e c o n d d at a c ol u m n c oll e ct s t h e r es ult s d eri v e d
b y ass u mi n g λ 3 ≡ 0 a n d δ P τ (s ) t hir d d e gr e e (i. e. t h e pr e vi o us B H L S2 fr a m e w or k); t h e t hir d
d at a c ol u m n i nf or m ati o n i s d eri v e d b y l etti n g λ 3 fr e e a n d fi xi n g t h e δ P τ (s ) d e gr e e t o 2. D es pit e
t h eir diff er e nt pr o b a biliti es, t h eir H V P’s diff er b y o nl y 6 × 1 0 − 1 2 a n d t h eir u n c ert ai nti es t o o.
C o m p ari n g t h e t hir d a n d f o urt h d at a c ol u m ns al s o s h o ws t h at t h e g ai n a c hi e v e d b y usi n g t h e
Pri m or di al Mi xi n g M e c h a ni s m [ 1 9] i s, b y n o w, n e gli gi bl e.

T h er ef or e, it l o o ks c o nsi st e nt t o c h o os e as fi n al e v al u ati o n of t h e B H L S c h a n n el c o ntri b u-
ti o n t o a H V P − L O

µ u p t o 1 .0 5 G e V :

a H V P − L O
µ (H L S ) = [ 5 7 2.1 4 ± 0 .9 5] × 1 0 − 1 0

u p t o a d diti o n al s yst e m ati cs c o nsi d er e d j ust b el o w.
O n t h e ot h er h a n d, t h e l ast d at a c ol u m n i n Ta bl e 7 di s pl a ys t h e r es ult s d eri v e d b y a dir e ct

i nt e gr ati o n of t h e a n ni hil ati o n d at a; i n t hi s a p pr o a c h, t h e n or m ali z ati o n of e a c h of t h e c o m bi n e d
s p e ctr a i s t h e n o mi n al o n e a n d all u n c ert ai nti es ( c orr el at e d or n ot) ar e c o m bi n e d t o pr o vi d e it s
w ei g ht i n t h e c o m bi n e d s p e ctr u m. T hi s bri n gs us b a c k t o t h e di s c ussi o n pr es e nt e d i n t h e pr e vi-
o us S u bs e cti o n : It i s n ot s ur pri si n g t o o bs er v e t h e d at a s hifti n g c o m p ar e d t o e x p e ct ati o ns a n d
t h eir u n c ert ai nti es e nl ar g e d b y t h e c orr el at e d c o ntri b uti o ns. T hi s eff e ct i s t h e l ar g est f or t h e π π
c o ntri b uti o n b ut r e pr es e nt s o nl y a ≃ 1 σ e x p eff e ct. T h e diff er e n c e f or t h e di k a o n c o ntri b uti o ns
i s r at h er d u e t o t a ki n g t h e C M D 3 d at a i nt o a c c o u nt i n t h e dir e ct i nt e gr ati o n w h er e as t h e y ar e
a bs e nt fr o m t h e s et of d at a s a m pl es s u b mitt e d t o t h e E B H L S 2 fit pr o c e d ur e (s e e [ 1 9]); t h eir
eff e ct i s, n e v ert h el ess, t a k e n i nt o a c c o u nt as s yst e m ati cs.

1 1. 3 S yst e m ati cs i n t h e H L S C o nt ri b uti o n of t h e M u o n H V P

S u bs e cti o n 1 1. 1 h as ill ustr at e d, s p e ci fi c all y o n t h e π π c h a n n el, t h at a p ossi bl e hi nt f or a
si g ni fi c a nt bi as i n d u c e d b y t h e gl o b al fit m et h o d it s elf i s ti n y. I n d e e d, Ta bl e 5 s h o ws t h at, as
l o n g as t h e fit pr o b a biliti es ar e g o o d, t h e v al u es f or a µ (π π ) d eri v e d fr o m t h e fit ar e v er y cl os e t o
t h e K L O E C oll a b or ati o n o w n e v al u ati o ns [ 9 0]. M or e pr e ci s el y, t h e E B H L S2 fit esti m at es ar e
di st a nt b y o nl y r es p. 0 .2 8 σ e x p. ,0 .2 5 σ e x p. a n d 0 .1 5 σ e x p. fr o m t h e K L O E o w n dir e ct i nt e gr ati o n
e v al u ati o ns f or r es p. K L O E 1 0 ( 7 8 % pr o b.), K L O E 1 2 ( 8 0 % pr o b.) a n d t h e K L O E 8 5 c o m bi n e d
d at a s et ( 6 5 % pr o b.) T h e e x a m pl e of K L O E 0 8 i s, h o w e v er, al s o i nt er esti n g : I n d e e d, e v e n if
t h e fit pr o b a bilit y i s p o or ( 1 4 %) – a n d f or t hi s r e as o n e x cl u d e d fr o m o ur r ef er e n c e s et of d at a
s a m pl es – t h e fit i s a w a y fr o m t h e K L O E dir e ct i nt e gr ati o n of t hi s s p e ctr u m b y o nl y 1 .6 σ e x p. .

O n t h e ot h er h a n d, t h e s et of a c c e pt e d d at a s a m pl es b ei n g si mil ar, Ta bl e 6 al s o i n di c at es
t h at t h e w a y t h e n or m ali z ati o n u n c ert ai nt y i s d e alt wit h a c c o u nt s f or t h e b ul k of t h e diff er e n c es
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b et w e e n t h e v ari o us a p pr o a c h es. T h e (si mil ar) c h oi c es m a d e b y K N T [ 9 3] a n d us [ 7 6] l o o k
t h e b est gr o u n d e d o n e a n d l e a ds t o c o nsi st e nt c e ntr al v al u es. T h e b ett er pr e ci si o n r e a c h e d
wit hi n t h e br o k e n H L S fr a m e w or ks m ostl y pr o c e e ds fr o m t h e gl o b al fit t o ol t h e y all o w w hi c h
n u m eri c all y c orr el at es t h e v ari o us a n ni hil ati o n c h a n n el s as if t h e st ati sti cs i n e a c h c h a n n el w as
l ar g er t h a n n o mi n al. O n e s h o ul d al s o r e mi n d t h e m ar v ell o us a gr e e m e nt (still v ali d) b et w e e n
t h e B H L S2 pr e di cti o n a n d t h e L atti c e Q C D f or m f a ct or s p e ctr a [ 5 7] e m p h asi z e d i n [ 1 9] (s e e
Fi g ur e 8 t h er ei n) – a n d i n Fi g ur e 1 a b o v e.

T h er ef or e, o n c e a c a n o ni c al tr e at m e nt of t h e v ari o us ki n ds of s yst e m ati c u n c ert ai nti es r e-
p ort e d b y t h e v ari o us gr o u ps t o g et h er wit h t h eir s p e ctr a i s a p pli e d, o n e m a y c o nsi d er t h at t h es e
ar e alr e a d y a bs or b e d i n t h e u n c ert ai nti es d eri v e d fr o m t h e MI N UI T mi ni mi z ati o n pr o c e d ur e.

H o w e v er, a d diti o n al s o ur c es of u n c ert ai nt y c a n b e i n v o k e d. U ntil E B H L S 2 i s e x p eri m e n-
t all y str e n gt h e n e d b y n e w hi g h st ati sti cs di pi o n s p e ctr a t o b e c oll e ct e d i n t h e τ d e c a y, o n e
m a y c o nsi d er t h at t h e diff er e n c e b et w e e n usi n g or n ot t h e τ d at a c o ntri b ut es a s yst e m ati c u n-
c ert ai nt y w hi c h c a n i n cr e as e a H V P − L O

µ b y at m ost 0 .3 2 × 1 0 − 1 0 (s e e Ta bl e 7). O n t h e ot h er
h a n d, it i s w ort h w hil e t o a nti ci p at e o n t h e tr e at m e nt of t h e [π 0 , η, η′] mi xi n g pr o p erti es a d-
dr ess e d i n t hi s p a p er fr o m S e cti o n 1 2 o n w ar ds. T hi s will e m p h asi z e t h e r el e v a n c e of t h e ki n eti c
br e a ki n g m e c h a ni s m d e fi n e d i n S e cti o n 4 a n d l e a d t o c o nsi d er a p ossi bl e s hift of a H V P − L O

µ b y
± 0 .3 × 1 0 − 1 0 (s e e S e cti o n 1 9).

T h e p o or k n o wl e d g e of t h e di pi o n s p e ctr u m i n t h e φ m ass r e gi o n h as b e e n e m p h asi z e d.
H er e al s o, c o nsi d eri n g t h e n u m b ers gi v e n i n S u bs e cti o n 1 1. 1, t h e c e ntr al v al u e f or a H V P − L O

µ

mi g ht u n d er g o a s hift of + 0 .2 8 × 1 0 − 1 0 . I n [ 1 9], ass u mi n g t h eir s yst e m ati cs u n c orr el at e d,
fit s r el at e d wit h t h e C M D 3 di k a o n d at a [ 7 3, 7 2] ar e r e as o n a bl y g o o d; t h er ef or e, l e a vi n g t h e m
o ut si d e o ur r ef er e n c e s a m pl e s et m a y r es ult i n mi ssi n g + 0 .5 4 × 1 0 − 1 0 w h e n e v al u ati n g a µ (K K ).

T h e still pr eli mi n ar y S N D di pi o n d at a [ 2 5] e x a mi n e d a b o v e h as b e e n s u b mitt e d t o o ur
st a n d ar d gl o b al fit b y i n cl u di n g it i nt o t h e s et of a c c e pt e d di pi o n s p e ctr a. T h e fit r et ur ns, wit h a
pr o b a bilit y of 6 6. 2 %,

a µ (π π ) = 4 9 3.2 6 ± 0 .8 1 a n d a H V P − L O
µ = 5 7 2 .6 0 ± 0 .8 9 ,

i n u nit s of 1 0 − 1 0 . As t h e a v er a g e χ 2 / N p oi nt s f or t hi s S N D s a m pl e i s l ar g e (≃ 2 ) w e g a v e u p
i n cl u di n g it i nsi d e t h e fitt e d s a m pl e s et a n d pr ef err e d aff e cti n g t h e diff er e n c e + 0 .4 8 × 1 0 − 1 0 t o
t h e s yst e m ati cs.

Well i d e nti fi e d ot h er s o ur c es of s yst e m ati cs d es er v e t o b e a d dr ess e d: (i) T h e u n c ert ai nt y 4 4

o n t h e t ot al p h ot o n V P ( γ V P ) h as b e e n esti m at e d t o ± 0 .2 9 × 1 0 − 1 0 a n d (ii) T h e F S R eff e ct i n
t h e H L S e n er g y r a n g e c o v ers it s c o ntri b uti o ns t o t h e π + π − , π + π − π 0 a n d K + K − a n ni hil ati o n
c h a n n el s; it s v al u e a m o u nt s t o 4 .8 1 × 1 0 − 1 0 o v er t h e w h ol e n o n- p ert ur b ati v e r e gi o n a n d m a y
b e c o ns er v ati v el y attri b ut e d a 2 % u n c ert ai nt y 4 5 . I n t h e n o n- H L S r a n g e a b o v e 1. 0 5 G e V t h e
c o ntri b uti o ns li st e d i n Ta bl e 8 i n cl u d e F S R eff e ct s esti m at e d vi a t h e Q u ar k P art o n m o d el. T h e
n f = 3-, 4- a n d 5- fl a v or r a n g e L O c o ntri b uti o ns ar e t o b e m ulti pli e d b y t h e r a di ati v e c orr e cti o n
f a ct ors 3 α

4 π
N c

n f

i= 1 Q 2
i , whi c h yi el ds 0 .4 2 × 1 0 − 1 0 as a t ot al F S R eff e ct a n d o n e m a y assi g n a

4 4 A p a rt of t his eff e ct mi g ht alr e a d y b e a c c o u nt e d f or i n t h e e x p eri m e nt al u n c ert ai nti es.
4 5 I n t h e H L S r e gi o n (

√
s < 1 .0 5 G e V), w e h a v e t h e F S R c o ntri b uti o n s 4 .2 6 × 1 0 − 1 0 fr o m π + π − γ , 0 .1 7 × 1 0 − 1 0

fr o m π + π − π 0 γ a n d 0 .3 8 × 1 0 − 1 0 fr o m K + K − γ . Alt o g et h er t his a m o u nts t o 4 .8 1 × 1 0 − 1 0 t o w hi c h a 2 %
u n c ert ai nt y is attri b ut e d, i. e. 0 .1 0 × 1 0 − 1 0 .
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1 0 % u n c ert ai nt y h er e. T h e u n c ert ai nt y v al u es j ust gi v e n a ct u al l y aff e ct t h e H V P o v er t h e w h ol e
e n er g y r a n g e.

T h es e p ossi bl e a d diti o n al s o ur c e of s yst e m ati cs r at h er pl a y as s hift s a n d, t h us, s h o ul d n ot
b e c o m bi n e d wit h t h e u n c ert ai nt y r et ur n e d b y t h e fit. S u m mi n g u p all t h es e esti m at es, o ur fi n al
r es ult c a n b e c o m pl et e d wit h t h e m ost p essi mi sti c s yst e m ati c u n c ert ai nt y 4 6 :

a H V P − L O
µ (H L S,

√
s ≤ 1 .0 5 G e V ) = 5 7 2 .1 4 ± [ 0.9 5] f it + [ + 2 .3 1

− 0 .6 9 ]s y st. ( 5 6)

i n u nit s of 1 0 − 1 0 .
Fi n all y, t h e ti n y c o ntri b uti o n g e n er at e d b y t h e ” n o n – H L S ” c h a n n el s 4 7 s h o ul d b e c o nsi d er e d

t o f ull y c o m pl e m e nt t h e [s 0 = m 2
π 0 , sc ut ] e n er g y i nt er v al c o ntri b uti o n t o t h e m u o n H V P; it h as

b e e n r e- esti m at e d b y dir e ct i nt e gr ati o n of t h e (s p ars e) e xi sti n g d at a t o = [ 1 .2 1 ± 0 .1 7] × 1 0 − 1 0 .

1 1. 4 T h e M u o n H V P a n d A n o m al o us M a g n eti c M o m e nt

T o fi n ali z e o ur H L S b as e d esti m at e of t h e m u o n H V P, o ur r es ult E q u ati o n ( 5 6), c o m pl e-
m e nt e d f or t h e n o n – H L S c h a n n el c o ntri b uti o n b el o w

√
s c ut = 1 .0 5 G e V alr e a d y gi v e n, s h o ul d

b e s u p pli e d b y t h e c o ntri b uti o ns fr o m a b o v e t hi s e n er g y li mit. T hi s i s di s pl a y e d i n t h e l eft- h a n d
p art of Ta bl e 8; t h e diff er e nt c o ntri b uti o ns u p t o

√
s c ut = 5 .2 0 G e V ar e d eri v e d b y a n u m eri c al

i nt e gr ati o n of t h e e x p eri m e nt al d at a ( a n ni hil ati o n s p e ctr a a n d R (s ) r ati o m e as ur e m e nt s) as f or
t h e Υ e n er g y i nt er v al. T hi s p art c arri es a si g ni fi c a nt u n c ert ai nt y. T h e r est, e v al u at e d usi n g
p ert ur b ati v e Q C D, i s r e p ort e d u n d er t h e t a g ” p Q C D ” a n d e x hi bit s a hi g h pr e ci si o n.

S u m mi n g u p t h e v ari o us c o m p o n e nt s, o ur e v al u ati o n of t h e m u o n H V P i nt e gr at e d o v er t h e
f ull e n er g y r a n g e i s :

a H V P − L O
µ = 6 8 7 .4 8 ± [ 2.9 3] f it + [ + 2 .3 1

− 0 .6 9 ]s y st. × 1 0 − 1 0 . ( 5 7)

I n or d er t o d eri v e t h e a n o m al o us m a g n eti c m o m e nt of t h e m u o n, it s H V P s h o ul d b e c o m pl e-
m e nt e d wit h t h e c o ntri b uti o ns ot h er t h a n t h e L O – V P : Hi g h er or d er H V P eff e ct s, li g ht- b y-li g ht,
Q E D a n d el e ctr o w e a k i n p ut s. F or c o nsi st e n c y wit h ot h ers, w e h a v e us e d f or t h es e t h e v al u es
gi v e n i n Ta bl e 1 of [ 2]. T hi s s u m s u p t o :

a H L S
µ = 1 1 6 5 9 1 7 5 .3 3 ± 3 .4 9 + + 2 .3 1

− 0 .6 9 s y s t
( 5 8)

i n u nit s of 1 0 − 1 0 , w hi c h e x hi bit s a 5 .7 2 σ diff er e n c e wit h t h e e x p eri m e nt al a v er a g e [ 4]. If
t a ki n g i nt o a c c o u nt t h e p ossi bl e s hift of t h e a µ c e ntr al v al u e f oll o wi n g fr o m o ur s yst e m ati cs
u p p er b o u n d, t h e si g ni fi c a n c e f or ∆ a µ = a B N L

µ − a H L S
µ c a n d e cr e as e d o w n t o 5 .3 1 σ .

A fi n al r e m ar k s h o ul d b e ass ert e d : O n e m a y f o u n d a m a zi n g t h e j u m p i n si g ni fi c a n c e of
∆ a µ c o m p ar e d t o [ 1 9] ; a m er e c o m p ari s o n of t h e E B H L S 2 n u m eri c al o ut c o m e wit h t h os e of
o ur pr e vi o us w or k cl e arl y s h o ws t h at it i s al m ost u n c h a n g e d. T h e c h a n g es r e p ort e d h er e ar e
s ol el y d u e t o t h e 3 0 % r e d u cti o n of t h e u n c ert ai nt y pr o d u c e d b y t h e a v er a gi n g 4 8 t h e F N A L [ 4]
a n d B N L [ 1] m e as ur e m e nt s.

4 6 A m o d el u n c ert ai nt y, esti m at e d t o ± 0 .3 × 1 0 − 1 0 i n S e cti o n 1 9, h as b e e n a d d e d li n e arl y t o t h e s y st e m ati cs.
4 7 It is pr o vi d e d b y t h e l o w e n er g y t ails of c h a n n els li k e e + e − → 4 π , 2 π η or η ′γ · · · t h e t hr es h ol d s of w hi c h

b ei n g s m all er t h a n t h e φ m es o n m ass.
4 8 Usi n g o nl y t h e B N L d at u m l e a d s t o a si g ni fi c a n c e f or t h e ∆ a µ c e ntr al v al u e of 4 .7 σ .
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C o ntri b uti o n fr o m E n er g y R a n g e 1 0 1 0 × a H V P − L O
µ C o ntri b uti o n fr o m 1 0 1 0 × a µ

missi n g c h a n n els
√

s ≤ 1 .0 5 1 .2 1 ± 0 .1 7 L O- H V P 6 8 7 .4 8 ± 2 .9 3 + + 2 .3 1
− 0 .6 9

s y s t

J / ψ 8 .9 4 ± 0 .5 9 N L O H V P[ 9 3] − 9 .8 3 ± 0 .0 7

Υ 0 .1 1 ± 0 .0 1 N N L O H V P [ 9 6] 1 .2 4 ± 0 .0 1

h a dr o ni c ( 1. 0 5, 2. 0 0) 6 2 .9 5 ± 2 .5 3 L B L [ 9 7, 2] 9 .2 ± 1 .9

h a dr o ni c ( 2. 0 0, 3. 2 0) 2 1 .6 3 ± 0 .9 3 N L O- L B L [ 9 8] 0 .3 ± 0 .2

h a dr o ni c ( 3. 2 0, 3. 6 0) 3 .8 1 ± 0 .0 7 Q E D [ 9 9, 1 0 0] 1 1 6 5 8 4 7 1 .8 9 3 1 ± 0 .0 1 0 4

h a dr o ni c ( 3. 6 0, 5. 2 0) 7 .5 9 ± 0 .0 7 E W [ 1 0 1, 1 0 2] 1 5 .3 6 ± 0 .1 1

p Q C D ( 5. 2 0, 9. 4 6) 6 .2 7 ± 0 .0 1 T ot al T h e or. 1 1 6 5 9 1 7 5 .3 3 ± 3 .4 9 + + 1 .6 2
− 0 .0

s y s t

h a dr o ni c ( 9. 4 6, 1 1. 5 0) 0 .8 7 ± 0 .0 5 E x p er. A v er. [ 4] 1 1 6 5 9 2 0 6 .1 ± 4 .1

p Q C D ( 1 1. 5 0,∞ ) 1 .9 6 ± 0 .0 0 1 0 1 0 × ∆ a µ 3 0 .7 7 ± 5 .3 8 − + 2 .3 1
− 0 .6 9

s y s t

T ot al 1. 0 5 → ∞ 1 1 5 .3 4 ± 2 .7 7 Si g ni fi c a n c e ( n σ ) 5 .7 2 σ

+ missi n g c h a n n.

Ta bl e 8: T h e l eft- h a n d si d e Ta bl e di s pl a ys t h e u p d at e d c o ntri b u ti o ns t o a H V P − L O
µ fr o m t h e

v ari o us e n er g y r e gi o ns a n d i n cl u d es t h e c o ntri b uti o n of t h e n o n- H L S c h a n n el s i n t h e
√

s <
1 .0 5 G e V r e gi o n; o nl y t ot al err ors ar e s h o w n. T h e ri g ht- h a n d si d e Ta bl e pr o vi d es t h e v ari o us
c o ntri b uti o ns t o a µ i n a c c or d wit h Ta bl e 1 i n [ 2] t o g et h er wit h o ur o w n d at u m f or a H V P − L O

µ .
T h e r es ult f or ∆ a µ = a µ ( e x p) − a µ (t h), b as e d o n t h e E B H L S2 fit a n d t h e a v er a g e of t h e B N L
a n d F N A L m e as ur e m e nt [ 1, 4], i s al s o gi v e n; t h e eff e ct of t h e s yst e m ati c i s di s c uss e d i n t h e
b o d y of t h e t e xt.

5 1



1 1. 5 A C h all e n gi n g V al u e f o r a H V P − L O
µ

I n S u bs e cti o n 9. 2 , w e h a v e r e vi sit e d t h e c o nsi st e n c y t o pi c of t h e v ari o us a v ail a bl e di pi o n
s p e ctr a. T h e m ost r el e v a nt fit pr o p erti es of t h es e ar e c oll e ct e d i n Ta bl e 3. C o m p ari n g t h e
χ 2 / N a v er a g es f or N S K, K L O E a n d B a B ar i n gl o b al fit s w h er e e a c h of t h e m i s us e d as si n gl e
r e pr es e nt ati v e f or t h e π π c h a n n el a n d fit s usi n g t h eir p air wi s e c o m bi n ati o ns p er mit s s e v er al
c o n cl usi o ns r e fl e ct e d b y t h e fit pr o b a biliti es di s pl a y e d t h er ei n 4 9 . N a m el y :

• T h e t e nsi o n e x hi bit e d b y t h e p air wi s e fit i n v ol vi n g K L O E a n d N S K i s m ar gi n al c o m p ar e d
t o t h e fit s usi n g e a c h of t h e m i n i s ol ati o n : T h e fit pr o b a biliti es ar e q uit e si mil ar.

• I n t h e p air wi s e fit i n v ol vi n g K L O E a n d B a B ar, o n e o bs er v es a str o n g t e nsi o n r e fl e ct e d
b y t h e dr o p i n pr o b a bilit y b et w e e n t h e p air wi s e fit a n d t h os e wit h K L O E a n d B a B ar i n
i s ol ati o n.

• T h e p air wi s e fit of t h e N S K a n d B a B ar s p e ctr a al s o e x hi bit s s o m e t e nsi o n b et w e e n t h e m,
b ut at a s oft er l e v el : If t h e dr o p i n pr o b a bilit y v ers us t h e N S K fit i n i s ol ati o n i s l ar g e ( a
f a ct or of ≃ 2 ), t h e c orr es p o n di n g dr o p i n pr o b a bilit y v ers us B a B ar i n i s ol ati o n i s s m all
(6 2 .9 % → 5 1 .7 % ).

T hi s m oti v at es e x a mi ni n g a gl o b al fit i n v ol vi n g t h e N S K 5 0 , B E SIII [ 2 6, 2 7], Cl e o- c [ 4 8]
a n d B a B ar s p e ctr a, t h e K L O E d at a s a m pl es b ei n g e x cl u d e d. I n c o ntr ast wit h t h e fit s r e p ort e d
i n Ta bl e 3, t hi s s p e ci al fit i n cl u d es t h e t hr e e pi o n s p e ctr a a n d i n v ol v es 1 5 0 0 d at a p oi nt s; it
c o n v er g es at χ 2

t ot al = 1 4 8 4 , yi el di n g a 3 9. 5 % pr o b a bilit y. T hi s fit i s n ot as g o o d as t h e st a n d ar d
o n e (s e e t h e S u bs e cti o n j ust a b o v e) w hi c h r es ult s i n a ≃ 9 0 % pr o b a bilit y, b ut i s r e p ort e d i n
s o m e d et ail s h er e f or c o m pl et e n ess.

F or t h e r e gi o n u p t o 1 .0 5 G e V, o n e g et s :

a µ (π π ) = 4 9 7.8 3 ± 0 .9 0 a n d a µ (H L S ) = 5 7 7.1 9 ± 1 .0 0 ( 5 9)

i n u nit s of 1 0 − 1 0 . T h e c orr es p o n di n g st a n d ar d r es ult s c a n b e r e a d off Ta bl e 7, m or e pr e ci s el y
it s t hir d d at a c ol u m n; t h e i n cr e as es pr o d u c e d b y B a B ar ( e x cl u di n g K L O E) f or t h es e q u a ntitit es
ar e e q u al : δ a µ (π π ) = δ a µ (H L S ) = 5.0 7 × 1 0 − 1 0 . S o t h e diff er e n c es i s f ull y c arri e d b y t h e π π
c h a n n el. T h e i nf or m ati o n di s pl a y e d i n t h e l eft- h a n d Ta bl e 8 all o ws t o d eri v e t h e f ull H V P- L O :

a H V P − L O
µ ( B a B ar) = [ 6 9 2 .5 3 ± 2 .9 5] × 1 0 − 1 0 ( 6 0)

a n d c a n b e aff e ct e d b y t h e s a m e a d diti o n al s yst e m ati c u n c ert ai nt y pr o p os e d a b o v e. Fi n all y,
t h e diff er e n c e b et w e e n a H V P − L O

µ ( B a B ar) a n d t h e e x p eri m e nt al a v er a g e [ 4] dr o ps d o w n t o
∆ a µ = a a v r g

µ − a H V P − L O
µ ( B a B ar) = 2 3 .6 5 ± 5 .3 8 a n d e x hi bit s a st ati sti c al si g ni fi c a n c e of

4 .7 8 σ n ot c o u nti n g t h e s yst e m ati c u n c ert ai nt y eff e ct. Ta ki n g it i nt o a c c o u nt, t h e si g ni fi c a n c e
m a y dr o p d o w n t o 4 .3 5 σ .

4 9 T h e 3- pi o n d at a ar e dis c ar d e d fr o m t h e fits r e p ort e d i n t his Ta bl e.
5 0 I n cl u di n g t h e f or m er d at a c oll e ct e d i n [ 7 7].
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Fi g ur e 9: R e c e nt e v al u ati o ns of 1 0 1 0 × a H V P − L O
µ : O n t o p, t h e r es ult d eri v e d b y a dir e ct i nt e-

gr ati o n of t h e d at a c o m bi n e d wit h p ert ur b ati v e Q C D; t h e d ott e d v erti c al li n es i n di c at e t h e ± 1 σ
i nt er v al. T h e L Q C D d at a ar e f oll o w e d b y t h e r es ult s d eri v e d usi n g di s p ersi v e m et h o ds fr o m
[ 9 3], [ 9 2] a n d [ 1 0 3]. T h e t w o H V P- L O e v al u ati o ns d eri v e d usi n g E B H L S 2 fitti n g c o d es ar e
gi v e n at b ott o m (s e e t e xt). T h e ± 1 σ i nt er v al c orr es p o n di n g t o t h e B N L + F N A L a v er a g e [ 4] i s
s h o w n b y t h e s h a d d e d ar e a.
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1 1. 6 T h e Diff e r e nt M u o n H V P- L O E v al u ati o ns

Fi g ur e 9 c oll e ct s r e c e nt e v al u ati o ns of t h e l e a di n g or d er m u o n H V P. A n u m eri c al i nt e gr ati o n
of t h e a n ni hil ati o n a n d R (s ) d at a, a p pr o pri at el y c o m pl et e d b y p ert ur b ati v e Q C D c al c ul ati o ns
(s e e Ta bl e 8) yi el ds t h e e ntr y di s pl a y e d at t o p of t h e Fi g ur e, It i s f oll o w e d b y s o m e r ef er e n c e
e v al u ati o ns d eri v e d b y L Q C D C oll a b or ati o ns, n a m el y [ 1 0 4], [ 1 0 5], [ 1 0 6], [ 3], [ 1 0 7], [ 1 0 8]; t h e
s e c o n d of t h e R B C/ U K Q C D e v al u ati o ns [ 1 0 6] r eli es o n mi xi n g L Q C D a n d di s p ersi v e i nf or m a-
ti o n. T hi s d at u m i s j ust f oll o w e d b y t h e H V P- L O di s p ersi v e e v al u ati o ns fr o m [ 9 3], [ 9 2] a n d
[ 1 0 3]. T h e b ott o m p air of d at a p oi nt s ar e t h e E B H L S 2 b as e d e v al u ati o ns of t h e f ull H V P- L O
d eri v e d i n t hi s st u d y. It c a n b e n ot e d t h at t h e pr ef er e d E B H L S 2 e v al u ati o n ( 9 0 % pr o b.), t a g g e d
b y K L O E, i s 5 .3 0 × 1 0 − 1 0 s m all er t h a n K N T 1 9 [ 9 3] a n d 6 .5 4 × 1 0 − 1 0 s m all er t h a n D H M Z 1 9
[ 9 2]. I n c o ntr ast, t h e c h all e n gi n g e v al u ati o n ( 4 0 % pr o b.), t a g g e d b y B a B ar, i s o nl y di st a nt b y
r es p. 0 .2 5 × 1 0 − 1 0 a n d 1 .4 7 × 1 0 − 1 0 fr o m r es p. K N T 1 9 a n d D H M Z 1 9.

T h e diff er e n c e of o ur 2 e v al u ati o ns ( 5 .0 5 × 1 0 − 1 0 ) c o m p ar e d t o t h eir r es p e cti v e a c c ur a ci es
(2 .9 × 1 0 − 1 0 ), m a k es us r el u ct a nt t o pr o p os e a mi xt ur e of t h es e or a c o m m o n K L O E + B a B ar fit
e v al u ati o n. N e v ert h el ess, it s h o ws t h at m o d el d e p e n d e n c e i s n ot t h e m ai n s o ur c e of di s a gr e e-
m e nt b et w e e n t h e v ari o us di s p ersi v e e v al u ati o ns.

T h e diff er e n c e b et w e e n t h e m ost r e c e nt B M W e v al u ati o n [ 3] a n d t h os e b as e d o n t h e v ari o us
Di s p ersi o n R el ati o n ( D R) A p pr o a c h es r a n g es b et w e e n 1 3 × 1 0 − 1 0 a n d 2 0 × 1 0 − 1 0 ; it l o o ks
dif fi c ult t o fill s u c h a g a p wit h o nl y e + e − a n ni hil ati o n d at a b el o w ≃ 1 G e V, a n e x p eri m e nt all y
w ell e x pl or e d e n er g y r e gi o n.

1 2 T h e E B H L S 2 A p p r o a c h t o t h e [π 0 , η, η′] S yst e m

T h e mi xi n g pr o p erti es of t h e [π 0 , η, η′] s yst e m u n d erl y t h e p h ysi cs of t h e li g ht m es o n r a-
di ati v e d e c a ys as w ell as t h e a m plit u d es f or t h e e + e − → P γ a n ni hil ati o ns w hi c h ar e o b vi o usl y
ti g htl y r el at e d. T h e ot h er i m p ort a nt d at a i n v ol v e d i n t hi s i ss u e, n a m el y t h e P γ γ d e c a ys a n d t h e
V γ η ′ c o u pli n gs, ar e al s o p art of t h e E B H L S 2 s c o p e 5 1 .

P h e n o m e n ol o gi c al d es cri pti o ns of t h e [π 0 , η, η′] s yst e m w er e first b as e d o n usi n g U ( 3) s y m-
m etri c V P γ c o u pli n g e x pr essi o ns e nri c h e d b y p ar a m etri z ati o ns of N o n et S y m m etr y br e a ki n g
i n b ot h t h e ps e u d os c al ar a n d v e ct or s e ct ors as d o n e i n [ 1 0 9], f or i nst a n c e. A first H L S b as e d
m o d el i n cl u di n g it s a n o m al o us s e ct ors [ 1 2] h as pr o vi d e d a u ni fi e d fr a m e w or k w hi c h e n c o m-
p ass es t h e P → γ γ d e c a ys a n d t h e r a di ati v e d e c a ys of t h e f or m V P γ [ 1 1 0]. T h e Eff e cti v e
L a gr a n gi a n a p pr o a c h, st art e d l o n g a g o (s e e [ 6 1], f or i nst a n c e), h as b e e n p urs u e d u p t o v er y
r e c e ntl y ( a c o m pr e h e nsi v e li st of pr e vi o us r ef er e n c es c a n b e f o u n d i n [ 1 1 1]).

O n t h e ot h er h a n d, C hir al P ert ur b ati o n T h e or y a n d it s E xt e nsi o n ( E C h P T), ori gi n all y f or-
m ul at e d b y K ai s er a n d L e ut w yl er [ 3 3, 3 4], all o w e d t o f ull y a d dr ess t h e [π 0 , η, η′] mi xi n g a n d
g a v e ri s e t o t h e si n gl et- o ct et b asi s d es cri pti o n i n t er m s of 2 a n gl es a n d 2 d e c a y c o nst a nt s. It w as
s h o w n i n [ 3 1] t h at t hi s a p pr o a c h i s n at ur all y a c c o m o d at e d wit hi n a H L S fr a m e w or k wit h o nl y
o n e mi xi n g a n gl e pr o vi d e d t h at S U ( 3) a n d N o n et S y m m etr y br e a ki n gs ar e al s o a c c o u nt e d f or
wit hi n it s Eff e cti v e L a gr a n gi a n. B esi d e t h e si n gl et- o ct et b asi s f or m ul ati o n, a n ot h er c o n v e ni e nt
f or m ul ati o n, k n o w n as q u ar k fl a v or b asi s h as al s o b e e n pr o p os e d i n [ 3 5, 3 6]; it s pr o p erti es a n d

5 1 A c tu all y, a m o n g t h e d at a tr a diti o n all y u s e d t o a d dr ess t his t o pi c, o nl y t h e J / ψ d e c a y i nf or m ati o n r e m ai n s
o utsi d e t h e E B H L S 2 s c o p e.
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it s r el ati o n wit h t h e si n gl et- o ct et f or m ul ati o n h a v e b e e n t h oro u g hl y r e p ort e d i n [ 3 7].
Fi n all y, Is os pi n S y m m etr y br e a ki n g i n t h e [π 0 , η, η′] s yst e m h as al s o b e e n c o nsi d er e d a n d

p ar a m etri z e d as η a n d η ′ a d mi xt ur es i nsi d e t h e p h ysi c all y o bs er v e d π 0 m es o n [ 3 9, 3 7]. A d di-
ti o n al Is os pi n br e a ki n g eff e ct s h a v e al s o b e e n st u di e d, g e n er at e d b y h a vi n g diff er e nt u u a n d d d
d e c a y c o nst a nt s [ 3 8].

It h a p p e ns t h at t h e p ar a m et ers w hi c h s u bst a nti at e t h e si n gl et- o ct et [ 3 3, 3 4] a n d q u ar k fl a v or
b asi s p ar a m etri z ati o ns [ 3 5, 3 6, 3 7] c a n b e a c c ess e d wit hi n t h e E B H L S 2 fr a m e w or k as r e p ort e d
a b o v e – a n d i n [ 1 9]. It s L a gr a n gi a n l e a ds t o q uit e si mil ar e x pr essi o ns a n d i n cl u d es al s o Is os pi n
Br e a ki n g c o ntri b uti o ns. M or e o v er, t h e gl o b al fit s p erf or m e d a n d alr e a d y r ef err e d t o i n t h e pr e vi-
o us S e cti o ns all o w pr e ci s e n u m eri c al d et er mi n ati o ns of t h e mi xi n g p ar a m et ers of t h e [π 0 , η, η′]
s yst e m i n b ot h t h e si n gl et- o ct et a n d q u ar k fl a v or b as es.

I n t h e f oll o wi n g, o n e r e p ort s o n w or ks p erf or m e d i n p ar all el wit h b ot h t h e B H L S 2 fr a m e-
w or k pr e vi o usl y d e fi n e d [ 1 9] a n d it s E B H L S 2 E xt e nsi o n a n al y z e d i n t h e pr e c e di n g S e cti o ns.
H o w e v er, t h e d et ail e d a n al ysi s of t h e [π 0 , η, η′] s yst e m e x hi bit s pr o p erti es w hi c h m a k e r el e v a nt
a f urt h er a n al ysi s r el at e d wit h t h e ki n eti c br e a ki n g i ntr o d u c e d a b o v e t o a c c o u nt f or t h e τ di pi o n
s p e ctr a, es p e ci all y t h e B ell e o n e, b y f ar t h e m ost pr e ci s e s p e ctr u m.

If t h e f at e of E B H L S2 v ers us B H L S 2 i s ti g htl y r el at e d wit h a f ort h c o mi n g hi g h st ati sti cs
m e as ur e m e nt of t h e di pi o n s p e ctr u m i n t h e τ d e c a y, t h e a n al ysi s of t h e [π 0 , η, η′] s yst e m n e v-
ert h el ess r e v e al s c o nstr ai nt s a m o n g t h e t hr e e t er m s of t h e ki n eti c br e a ki n g m atri x X H w hi c h
s h o ul d b e a d dr ess e d a n d w hi c h, c ert ai nl y, i n fl u e n c e t hi s pi ct ur e.

1 3 T h e A xi al C u r r e nts f r o m t h e E B H L S 2 Eff e cti v e L a g r a n gi a n

T h e m ai n t o ol t o a d dr ess t h e [π 0 , η, η′] mi xi n g t o pi c ar e t h e a xi al c urr e nt s w hi c h ar e d eri v e d
fr o m t h e ps e u d os c al ar ki n eti c e n er g y t er m E q u ati o n ( 2 3) – r e mi n d e d h er e f or c o n v e ni e n c e :

K = Tr [ ∂ P b a r e X A ∂ P b a r e X A ] + 2 { Tr [ X H ∂ P b a r e ]}
2 ( 6 1)

b y t h e d eri v ati v es :

J a
µ = f π

∂ K

∂ (∂ µ P a
b a r e )

, P b a r e = a = 0 ,···8 T a P
a
b a r e , ( 6 2)

wit h r es p e ct t o t h e e ntri es ass o ci at e d wit h e a c h of t h e U ( 3) b asi s m atri c es n or m ali z e d s u c h t h at
Tr [T a T b ] = δ a b / 2 ; t h e br e a ki n g m atri x X A i s gi v e n i n E q u ati o n ( 1 0) a n d X H c a n b e f o u n d i n
E q u ati o n ( 2 0). T h e y ar e gi v e n b y (s u m m ati o n o v er r e p e at e d i n di c es i s u n d erst o o d) :

J a
µ = 2 f π Tr [ T a X A T b X A ] ∂ P b

b a r e + 4 Tr [ X H ∂ P b a r e ] Tr [X H T a ] (δ a, 0 + δ a, 3 + δ a, 8 ) . ( 6 3)

T h e a xi al c urr e nt s r el e v a nt f or o ur p ur p os e ar e :





J 3 / f π = ∂ π 3
b +

∆ A
√

3

√
2 ∂ η 0

b + ∂ η 8
b + λ 3 λ 3 ∂ π 3

b + λ 0 ∂ η 0
b + λ 8 ∂ η 8

b ,

J 0 / f π = D ∂ η 0
b + G ∂ η 8

b +
2

3
∆ A ∂ π 3

b + λ 0 λ 3 ∂ π 3
b + λ 0 ∂ η 0

b + λ 8 ∂ η 8
b ,

J 8 / f π = G ∂ η 0
b + F ∂ η 8

b +
∆ A√

3
∂ π 3

b + λ 8 λ 3 ∂ π 3
b + λ 0 ∂ η 0

b + λ 8 ∂ η 8
b ,

( 6 4)

5 5



w h er e t h e s u bs cri pt b st an ds f or b ar e a n d :

D =
z 2

A + 2

3
, F =

2 z 2
A + 1

3
, G =

√
2

3
( 1 − z 2

A ) , ( 65)

i n t er m s of z A , t h e (s, s ) e ntr y of t h e X A br e a ki n g m atri x. E q u ati o n ( 3 1) a n d t h e d e fi niti o ns
gi v e n i n S e cti o n 4 all o w t o e x pr ess t h e a xi al c urr e nt s at first or d er i n br e a ki n gs i n t er m s of t h e
r e n or m ali z e d R - fi el ds – t h os e w hi c h r e n d er c a n o ni c al t h e P S ki n eti c e n er g y t er m – b y :






J 3
µ / f π = 1 +

λ 2
3

2
∂ µ π 3

R +
λ 3 λ 0

2
+

∆ A√
6

∂ µ η 0
R +

λ 3 λ 8

2
+

∆ A

2
√

3
∂ µ η 8

R ,

J 0
µ / f π =

∆ A√
6

+
λ 0 λ 3

2
∂ µ π 3

R + z A C +
λ 0 λ 0

2
∂ µ η 0

R + − z A A +
λ 0 λ 8

2
∂ µ η 8

R ,

J 8
µ / f π =

∆ A

2
√

3
+

λ 3 λ 8

2
∂ µ π 3

R + − z A A +
λ 8 λ 0

2
∂ µ η 0

R + z A B +
λ 8 λ 8

2
∂ µ η 8

R ,

( 6 6)
λ 0 a n d λ 8 h a vi n g b e e n gi v e n i n E q u ati o ns ( 2 5) i n t er m s of A , B , C , λ 0 a n d λ 8 . T h e f oll o wi n g
m atri x el e m e nt s ar e of p ur p os e f or t h e η − η ′ mi xi n g t o pi c ( ∂ µ → i qµ , o ut g oi n g m o m e nt u m) :






< 0 |J 0
µ |η 0

R > = f π z A C +
λ 0 λ 0

2
i qµ (η 0

R ) ≡ i f0 q µ (η 0
R ) ,

< 0 |J 0
µ |η 8

R > = f π − z A A +
λ 0 λ 8

2
i qµ (η 8

R ) ≡ i b0 q µ (η 8
R ) ,

< 0 |J 8
µ |η 8

R > = f π z A B +
λ 8 λ 8

2
i qµ (η 8

R ) ≡ i f8 q µ (η 8
R ) ,

< 0 |J 8
µ |η 0

R > = f π − z A A +
λ 8 λ 0

2
i qµ (η 0

R ) ≡ i b8 q µ (η 0
R ) ,

(6 7)

w hi c h d e fi n e t h e d e c a y c o nst a nt s f 0 , f 8 , b 0 a n d b 8 . O n e o bs er v es t h at t h e ki n eti c br e a ki n g
aff e ct s all t h es e m atri x el e m e nt s; i n or d er t o c o n n e ct wit h [ 3 1], o n e s h o ul d i d e ntif y t h e us u al
ki n eti c (’t H o oft) br e a ki n g t er m wit h λ 2

0 .

R e g ar di n g t h e ot h er fi el ds, E B H L S 2 d o es n ot g o b e y o n d t h e B K Y br e a ki n g [ 1 6, 1 7] as t h eir
R r e n or m ali z e d a n d p h ysi c al st at es c oi n ci d e. T h e y r el at e t o t h eir b ar e p art n ers b y [ 1 4] :

π ±
b = π ±

R , K±
b =

1
√

z A

1 −
∆ A

4
K ±

R , K0
b =

1
√

z A

1 +
∆ A

4
K 0

R . ( 6 8)

T hi s tr a nsf or m ati o n t o R fi el ds bri n gs t h e c orr es p o n di n g p art of t h e ki n eti c e n er g y t er m i nt o
c a n o ni c al f or m [ 1 4]. T h e c orr es p o n di n g a xi al c urr e nt s writ e :

J π ±

µ = f π ∂ µ π ∓
R , J K ±

µ =
√

z A 1 +
∆ A

4
f π ∂ µ K ∓

R , J K 0

µ =
√

z A 1 −
∆ A

4
f π ∂ µ K

0

R .

( 69 )
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Usi n g al s o t h e e x pr essi o n f or J 3
µ gi v e n j ust a b o v e, o n e c a n us e t h e e x p e ct ati o n v al u es :

< 0 |J P
µ |P (q ) > = i fP q µ , (P = π ± , π0 , K± , KL / K S ) ( 7 0)

t o d eri v e :

f π 0 = 1 +
λ 2

3

2
f π , fK ± ≡ f K =

√
z A 1 +

∆ A

4
f π , fK 0 =

√
z A 1 −

∆ A

4
f π

( 7 1)
a n d t h e n, o n e g et s z A = [ f K / f π ]2 u p t o Is os pi n br e a ki n g c orr e cti o ns. M or e o v er, it s h o ul d al s o
b e n ot e d t h at, o n c e λ 3 i s fl o ati n g, f π 0 m a y diff er fr o m f π (≡ f π + ) b y as m u c h t h a n ≃ 2. 5 %, i n
li n e wit h t h e r e m ar ks i n [ 1 1 2]. T hi s c o m es o ut of o ur fit s w hi c h s u c c essf ull y i n v ol v e, b esi d e
t h e τ di pi o n s p e ctr a, t h e e + e − → (π 0 / η )γ a n ni hil ati o n d at a a n d t h e wi dt hs of t h e a n o m al o us
d e c a ys { P → γ γ, P ∈ (π 0 , η, η′)} .

1 4 T h e η − η ′ Mi xi n g : T h e O ct et- Si n gl et B asis P a r a m et ri z a-

ti o n

T h e a xi al c urr e nt m atri x el e m e nt s i n t h e t w o a n gl e s c h e m e writ e :

< 0 |J 0 ,8
µ |η / η ′ > = i F 0 ,8

η / η ′ q µ ( 7 2)

i n t er m s of t h e p h ysi c al η / η ′ fi el ds c arr yi n g a m o m e nt u m q µ . As us u al, o n e d e fi n es t h e F 0 ,8

c o u pli n gs a n d t h e θ 0 ,8 mi xi n g a n gl es b y [ 3 2, 3 3, 3 4] :





F 8
η = F 8 c os θ 8 = f 8 c os θ P − b 8 si n θ P ,

F 8
η ′ = F 8 si n θ 8 = f 8 si n θ P + b 8 c os θ P ,

F 0
η = − F 0 si n θ 0 = b 0 c os θ P − f 0 si n θ P ,

F 0
η ′ = F 0 c os θ 0 = b 0 si n θ P + f 0 c os θ P ,

( 7 3)

t h e f ’s a n d b ’s b ei n g t h os e gi v e n b y E q u ati o ns ( 6 7). T h e π 3
R c o m p o n e nt s of t h e p h ysi c al η

a n d η ′ fi el ds, pr o vi di n g c o ntri b uti o ns of or d er O (δ 2 ) i n t h e m atri x el e m e nt s < 0 |J 0 ,8
µ |η / η ′ > ,

ar e di s c ar d e d. Usi n g E q u ati o ns ( 6 7) a n d ( 7 3) a n d t h e d e fi niti o ns f or A , B a n d C gi v e n i n
S u bs e cti o n 4. 1, o n e d eri v es :






[F 0 ]2 = [ F 0
η ]2 + [ F 0

η ′ ]2 = f 2
0 + b 2

0 =
z 2

A + 2

3
+ λ 2

0 f 2
π ,

[F 8 ]2 = [ F 8
η ]2 + [F 8

η ′ ]2 = f 2
8 + b 2

8 =
2 z 2

A + 1

3
+ λ 2

8 f 2
π .

( 7 4)

T h e n o – B K Y br e a ki n g li mit i s o bt ai n e d b y l etti n g z A ≃ [f K / f π ]2 → 1 . T h e c orr es p o n d e n c e
wit h ot h ers [ 3 3, 3 7, 3 6] b e c o m es m a nif est, w h e n usi n g t h e f oll o wi n g i d e ntiti es :






z 2
A + 2

3
=

2 z A + 1

3
+

(z A − 1) 2

3

2 z 2
A + 1

3
=

4 z A − 1

3
+

2

3
(z A − 1) 2

(7 5)
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w hi c h pr o vi d e : 




[F 0 ]2 =
2 z A + 1

3
+ λ 2

0 +
(z A − 1) 2

3
f 2

π ,

[F 8 ]2 =
4 z A − 1

3
+ λ 2

8 +
2

3
(z A − 1) 2 f 2

π .

(7 6)

If o n e ass u m es λ 8 = 0 , t h es e e x pr essi o ns c oi n ci d e at l e a di n g or d er i n br e a ki n gs wit h t h eir
us u al E C h P T a n al o gs [ 3 3, 3 7]; o n e s h o ul d n ot e t h e (z A − 1) 2 d e p e n d e nt t er m s, w hi c h, e v e n if
n o n –l e a di n g, ar e n ot n e gli gi bl e c o m p ar e d t o t h e c o ntri b uti o ns pr o vi d e d b y t h e ki n eti c (’t H o oft)
br e a ki n g. R e g ar di n g t h e n o n –l e a di n g t er m s i n t h e [F 0 / 8 ]2 , o n e c a n a nti ci p at e o n o ur fit r es ult
a n al ysi s b y m e nti o ni n g t h at λ 2

0 ≃ 8 × 1 0 − 2 w hil e t h e fl a v or br e a ki n g c orr e cti o n i s g o v er n e d b y
(z A − 1) 2 ≃ 9 % .

At l e a di n g or d er i n br e a ki n gs, o n e al s o fi n ds :

F 0 F 8 si n (θ 0 − θ 8 ) =

√
2

3
(z 2

A − 1) − λ 0 λ 8 f 2
π , ( 77)

w hi c h v a ni s h es w h e n n o br e a ki n g, l e a di n g t o θ 8 = θ 0 = θ P . T hi s e x pr essi o n c a n b e r e writt e n :

F 0 F 8 si n (θ 0 − θ 8 ) =
2
√

2

3
(z A − 1) f 2

π +

√
2

3
(z A − 1) 2 − λ 0 λ 8 f 2

π , ( 78)

w hi c h al s o c oi n ci d es at l e a di n g i n br e a ki n g wit h it s E C h P T a n al o g [ 3 3, 3 7], as s o o n as λ 8 –
w hi c h i s n ot i n v ol v e d wit hi n E C h P T – i s dr o p p e d o ut.

T h e us u al a xi al c urr e nt m atri x el e m e nt s i n t h e 2 – a n gl e mi xi n g s c h e m e yi el d t h e f oll o wi n g
e x pr essi o ns i n t er m s of t h e si n gl et- o ct et mi xi n g a n gl e θ P a n d of t h e B K Y a n d ki n eti c br e a ki n g
p ar a m et ers :






t a n θ 8 = t a n [ θ P + Ψ 8 ], t a n Ψ 8 =
b 8

f 8
= −

2 z A A − λ 8 λ 0

2 z A B + λ 8 λ 8

,

t a n θ 0 = t a n [θ P − Ψ 0 ], t a n Ψ 0 =
b 0

f 0
= −

2 z A A − λ 0 λ 8

2 z A C + λ 0 λ 0

.

( 7 9)

C o m p ar e d wit h [ 3 1], t h e e x pr essi o n f or t a n θ 8 i s r e c o v er e d i n t h e li mit λ 8 → 0 . R e g ar di n g
t a n θ 0 , i n t h e s a m e li miti n g c as e, t h e l e a di n g or d er t er m s yi el d :

t a n Ψ 0 =
A

C
1 − λ 2

0

3( z A + 1 )

2 z A (z A + 2)
=

A

C
[ 1 − 0 .8 0 λ 2

0 ] ,

w h i c h e x hi bit s a b e h a vi or si mil ar t o t h e n o n et s y m m etr y br e a ki n g c o ef fi ci e nt x d e fi n e d i n [ 3 1].

E q u ati o ns ( 7 9) all o w t o d eri v e i nt er esti n g e x pr essi o ns f or t h e K ai s er- L e ut w yl er a n gl es θ 0

a n d θ 8 i n t er m s of t h e B H L S m o d el p ar a m et ers. Di s c ar di n g t er m s of or d ers O [(z A − 1) 3 ] a n d
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O [(z A − 1) 2 δ ] or hi g h er 5 2 , o n e g et s :





θ 8 + θ 0 = 2 θ P +

√
2

3
(z A − 1)

(z A − 1)

3
− λ 2

0 + λ 2
8 ,

θ 8 − θ 0 = −
2
√

2

3
(z A − 1) +

λ 0 λ 8

z A
+

√
2

3
(z A − 1) (z A − 1) + λ 2

0 + λ 2
8 .

( 8 0)

T h e e x pr essi o ns o n e c a n d eri v e f or θ 0 a n d θ 8 c oi n ci d e wit h t h os e i n E q u ati o ns ( 8 4) i n [ 3 7] at
l e a di n g or d er. L et us a nti ci p at e o n t h e n u m eri c al i nf or m ati o n pr o vi d e d b y o ur fit s t o i n di c at e
t h at z A − 1 ≃ 0 .3 w hil e t h e diff er e nt s q u ar e d λ c o m bi n ati o ns st a n d at t h e f e w p er c e nt l e v el at
m ost; t h er ef or e t h e br e a ki n g c orr e cti o ns aff e ct b ot h t h e s u m a n d t h e diff er e n c e i n a si g ni fi c a nt
w a y.

E q u ati o ns ( 8 0) c a n b e writt e n :





θ 8 = θ P −

√
2

3
(z A − 1)[ 1 − λ 2

8 ] +
λ 0 λ 8

2 z A

+
2
√

2

9
(z A − 1) 2 ,

θ 0 = θ P +

√
2

3
(z A − 1)[ 1 − λ 2

0 ] −
λ 0 λ 8

2 z A

−

√
2

9
(z A − 1) 2 .

( 81)

O n e m a y n ot e t h e s y m m etr y b et w e e n t h e e x pr essi o ns, s y m m etr y o nl y s p oil e d b y t h e t er m of
or d er O [(z A − 1) 2 ]. T hi s s h o ws t h at t h e d e p art ur e fr o m t h e o n e mi xi n g a n gl e s c h e m e o nl y
r e fl e ct s t h e br e a ki n g t h e S U ( 3) a n d N o n et ( or ki n eti c) s y m m etri es.

1 5 T h e η − η ′ Mi xi n g : T h e Q u a r k Fl a v o r B asis P a r a m et ri z a-

ti o n

B esi d e t h e O ct et- Si n gl et p ar a m etri z ati o n of t h e η − η ′ s yst e m d e v el o p p e d b y [ 3 2, 3 3, 3 4]
a n d r ef err e d t o j ust a b o v e, a n ot h er p ar a m etri z ati o n h as b e e n a d v o c a d e d b y [ 3 5, 3 6, 3 7]; t hi s
c h all e n gi n g p ar a m etri z ati o n will b e r ef err e d t o eit h er as Q u ar k Fl a v or B asi s or F K S s c h e m e. It
l o o ks w ort h a n al y zi n g h o w it s h o ws u p wit hi n t h e Br o k e n H L S fr a m e w or k. T h e a xi al c urr e nt s
r el e v a nt t o fi g ur e o ut h o w t h e F K S p ar a m etri z ati o n ari s es wit hi n E B H L S 2 ar e :






J q
µ =

2

3
J 0

µ +
1

3
J 8

µ ,

J s
µ =

1

3
J 0

µ −
2

3
J 8

µ ,

( 8 2)

i n t er m s of t h e us u al si n gl et a n d o ct et a xi al c urr e nt s pr e vi o usl y e n c o u nt er e d. Usi n g t h e r es ult s
c oll e ct e d i n E q u ati o ns ( 6 6), o n e c a n d eri v e :






J q
µ / f π =

∆ A

2
+

λ q λ 3

2
∂ µ π 3

R +
2

3
+

λ q λ 0

2
∂ µ η 0

R +
1

3
+

λ q λ 8

2
∂ µ η 8

R ,

J s
µ / f π =

λ s λ 3

2
∂ µ π 3

R + z A
1

3
+

λ s λ 0

2
∂ µ η 0

R − z A
2

3
−

λ s λ 8

2
∂ µ η 8

R ,

( 83 )

5 2 L e t u s r e mi n d t h at t h e λ p ar a m et er s i ntr o d u c e d vi a t h e g e n er ali z e d ’t H o oft t er m ar e tr e at e d as O (δ 1 / 2 )

5 9



w h er e λ 0 a n d λ 8 h a v e b e e n gi v e n i n E q u ati o ns ( 2 5) a n d w h er e o n e h as d e fi n e d :

λ q =
2

3
λ 0 +

1

3
λ 8 , λs =

1

3
λ 0 −

2

3
λ 8 , ( 8 4)

i n ti g ht c o n n e cti o n wit h t h e d e fi niti o ns ( 8 2). T h e d e c a y c o nst a nt s r el e v a nt i n t h e F K S f or m ul a-
ti o n ar e : 





< 0 |J q
µ |η / η ′ > = i qµ F q

η / η ′ ,

< 0 |J s
µ |η / η ′ > = i qµ F s

η / η ′ ,
( 8 5)

a n d t h e mi xi n g a n gl es ar e d e fi n e d b y [ 3 7] :





F q
η = F q c os φ q , F q

η ′ = F q si n φ q ,

F s
η = − F s si n φ s , F s

η ′ = F s c os φ s .
( 8 6)

Usi n g E q u ati o ns ( 8 4) a n d t h e d e fi niti o n of t h e r e n or m ali z e d P S fi el ds i n t er m s of t h eir p h ysi c al
p art n ers (s e e E q u ati o n ( 3 3)), o n e c a n d eri v e :






F q
η / f π = −

2

3
+

λ q λ 0

2
si n θ P +

1

3
+

λ q λ 8

2
c os θ P ,

F q
η ′ / f π =

2

3
+

λ q λ 0

2
c os θ P +

1

3
+

λ q λ 8

2
si n θ P ,

F s
η / f π = − z A

1

3
+

λ s λ 0

2
si n θ P − z A

2

3
−

λ s λ 8

2
c os θ P ,

F s
η ′ / f π = z A

1

3
+

λ s λ 0

2
c os θ P − z A

2

3
−

λ s λ 8

2
si n θ P .

( 87)

Fr o m E q u ati o ns ( 8 6) a n d ( 8 7), o n e d eri v es :






t a n φ q = t a n [ θ P + U q ], t a n U q =

2
3

+ λ q λ 0

2

1
3

+ λ q λ 8

2

≃
√

2 +
3

2 z A

λ q λ s ,

t a n φ s = t a n [θ P + U s ], t a n U s =
z A

2
3

− λ s λ 8

2

z A
1
3

+ λ s λ 0

2

≃
√

2 −
3

2 z A
λ q λ s ,

( 8 8)

u p t o t er m s of or d er O (δ 2 ). Usi n g t h e d e fi niti o n of t h e F K S i d e al mi xi n g a n gl e5 3 [ 3 7], θ F K S =
− ar ct a n

√
2 = − 5 4 .7 ◦ . E q u ati o ns ( 8 8) i m pl y t h e f oll o wi n g r el ati o ns hi ps :

[φ q − φ s ] =
λ q λ s

z A
+ O (δ 2 ) , [φ q + φ s ] = 2 [θ P − θ F K S ] , + O (δ 2 ) ( 8 9)

5 3 I n o ur pr e vi o u s p a p er s as w ell as b el o w – s e e E q u ati o n s ( 1 1 2) – w e pr ef er e d d e fi ni n g t h e i d e al mi xi n g a n gl e
b y θ I = a r ct a n 1 /

√
2 ≃ 3 5 ◦ in m or e n at ur al c orr es p o n d e n c e wit h t h e ρ 0 − ω id e al mi xi n g a n gl e.
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w hi c h e m p h asi z es t h e n u m eri c al cl os e n ess of t h e φ q a n d φ s F K S mi xi n g a n gl es. It i s w ort h-
w hil e t o g o o n b y d eri vi n g a d diti o n al e x pr essi o ns w hi c h c a n b e c o m p ar e d t o t h eir p art n ers i n
[ 3 5, 3 6, 3 7]. We h a v e :






[F q ]
2 = [ F q

η ]2 + [ F q
η ′ ]

2 = f 2
π [ 1 + λ 2

q ] + O (δ 2 ) ,

[F s ]
2 = [ F s

η ]2 + [ F s
η ′ ]2 = f 2

π [z 2
A + λ 2

s ] + O (δ 2 ) ,

F q
η F s

η + F q
η ′ F s

η ′ = F q F s si n [φ q − φ s ] = f 2
π λ q λ s + O (δ 2 ) ,

( 9 0)

w h er e F s a n d F q a n d t h e F K S mi xi n g a n gl es ar e gi v e n b y E q u ati o ns ( 8 6) a b o v e. It i s w ort h w hil e
r e m ar ki n g t h at t h e s e c o n d E q u ati o n ( 9 0) c a n b e r e writt e n :

[F s ]
2 = f 2

π [z 2
A + λ 2

s ] = f 2
π [ 2z A − 1 + λ 2

s + ( z A − 1) 2 ] ,

w h er e t h e l ast t er m i s s e c o n d or d er i n S U( 3) br e a ki n g b ut n ot n u m eri c all y s m all c o m p ar e d t o
t h e λ 0 or λ s p ar a m et er s q u ar e d v al u es.

T h e n, usi n g t h e d e fi niti o ns f or o ur p ar a m et ers ( a n d c a n c elli n g o ut λ 8 ), it i s o b vi o us t h at t h e
q u a ntiti es gi v e n b y E q u ati o ns ( 9 0) c oi n ci d e u p t o t h e O (δ 2 ) a n d (z A − 1) 2 t er m s e x p e ct e d wit h
t h e c orr es p o n di n g F K S e x pr essi o ns5 4 . M or e o v er, it s h o ul d b e r e m ar k e d t h at E q u ati o ns ( 8 8) a n d
( 8 9) e x hi bit t h e pr o p erti es of t h e F K S mi xi n g a n gl es φ q a n d φ s e m p h asi z e d i n [ 3 7] f or i nst a n c e.
I n p arti c ul ar, t h e si n gl e a n gl e φ o c c uri n g i n t h e t h e F K S p ar a m etri z ati o n i s φ = [ φ q + φ s ]/ 2
w hi c h o nl y d e p e n ds o n θ P , w h er e as t h e diff er e n c e φ q − φ s i s a p ur e eff e ct of t h e ki n eti c br e a ki n g
m e c h a ni s m d e fi n e d i n S u bs e cti o n 4. 2.

It s h o ul d t h us b e r e m ar k e d t h at t h e n o n- v a ni s hi n g c h ar a ct er of [φ q − φ s ] i s n ot a n Is os pi n
br e a ki n g eff e ct a n d t h at φ q = φ s + O (δ 2 ) r at h er i m pli es eit h er of λ 8 = −

√
2 λ 0 or λ 0 =

√
2 λ 8 .

1 6 F u rt h e r C o nst r ai ni n g E B H L S 2

It c a n b e of i nt er est t o i d e ntif y a d diti o n al c o nstr ai nt s w hi c h c o ul d a p pl y t o E B H L S 2 a n d
hi g hli g ht s y m m etr y br e a ki n g eff e ct s n ot e x pli citl y e m p h asi z e d. I n t h e F K S a p pr o a c h, a n i m-
p ort a nt i n gr e di e nt ar e s o m e pr o p erti es of a xi al c urr e nt s still n ot i m p os e d t o E B H L S 2 , n a m el y
t h e di a g o n al c h ar a ct er ( at l e a di n g or d er) of t h e f oll o wi n g m atri x el e m e nt s [ 3 8] :

< 0 |J a
µ |η a (p ) > = i pµ f a δ a b , |η a (p ) > = |a a (p ) > , J a

µ = a γ µ γ 5 a , { a = u, d, s } .
( 9 1)

w hi c h m a y l o o k n at ur al c o nstr ai nt s t o b e pl u g g e d i nt o o ur m o d el w h er e o n e al s o w or ks at or d er
O (δ ). T h e a xi al c urr e nt s r el e v a nt f or t hi s p ur p os e c a n r e a dil y b e d eri v e d fr o m t h os e di s pl a y e d
i n E q u ati o ns ( 6 4) a n d ( 8 2) :

J u
µ =

1
√

2
J q

µ + J 3
µ , J d

µ =
1

√
2

J q
µ − J 3

µ , J s
µ =

1

3
J 0

µ −
2

3
J 8

µ , . ( 9 2)

5 4 S e e E q u ati o n s ( 2 8- 3 0) i n [ 3 7].
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As o n e c a n i d e ntif y t h e l e a di n g or d er t er m i n t h e F o c k e x p a nsi o n o f t h e v ari o us |η a > st at es
wit h t h e f oll o wi n g b ar e P S fi el d c o m bi n ati o ns :






|η u > = |u u > =
1

√
2
|π 0

b a r e > +
1

√
3
|η 0

b a r e > +
1

√
6
|η 8

b a r e > ,

|η d > = |d d > = −
1

√
2
|π 0

b a r e > +
1

√
3
|η 0

b a r e > +
1

√
6
|η 8

b a r e > ,

|η s > = |s s > =
1

√
3
|η 0

b a r e > −
2

3
|η 8

b a r e > ,

( 9 3)

t h e c o n diti o ns i m p os e d b y E q u ati o n ( 9 1) c a n b e a c c ess e d wit hi n E B H L S2 . O n e t h us g et s5 5 :

1

2
[f u + f d ] = 1 +

λ 2
3 + λ 2

q

2
f π ,

1

2
[f u − f d ] = [λ 3 λ q + ∆ A ] f π , fs = z 2

A + λ 2
s f π .

( 9 4)
O n e s h o ul d n ot e t h at (f u + f d )/ 2 = f π 0 if λ q d o es n ot i d e nti c all y v a ni s h 5 6 , w h at e v er i s λ 3 ; it
s h o ul d b e e m p h asi z e d t h at λ 0 i s r el at e d wit h t h e s o- c all e d Λ 1 (≡ λ 2

0 ) of E C h P T (s e e [ 3 2, 3 3,
3 4, 3 7]). M or e o v er, t h e z p ar a m et er d e fi n e d b y Kr oll [ 3 8] i s :

z K r oll =
f u − f d

f u + f d
= ∆ A + λ 3 λ q + O (δ 2 ) , ( 95)

w hi c h e x hi bit s t h e e x p e ct e d d e p e n d e n c e u p o n t h e Is os pi n br e a ki n g p ar a m et ers of E B H L S 2

c o mi n g vi a t h e X A a n d X H m atri c es.
O n t h e ot h er h a n d, t h e a = b m atri x el e m e nt s ar e ( a f a ct or i fπ p µ b ei n g u n d erst o o d) :






< 0 |J u
µ |η d (p ) > =

1

2
λ 2

q − λ 2
3 ,  < 0 |J d

µ |η u (p ) > =
1

2
λ 2

q − λ 2
3 ,

< 0 |J u
µ |η s (p ) > =

λ s
√

2
[λ q + λ 3 ] , < 0 |J d

µ |η s (p ) > =
λ s
√

2
[λ q − λ 3 ] ,

< 0 |J s
µ |η u (p ) > =

λ s
√

2
[λ q + λ 3 ] , < 0 |J s

µ |η d (p ) > =
λ s
√

2
[λ q − λ 3 ] ,

( 9 6)

T hr e e s ol uti o ns 5 7 all o w t o e x h a ust t h e si m ult a n e o us v a ni s hi n g of E x pr essi o ns ( 9 6); t h e y ar e :






S ol uti o ns A ± : λ s = 0 , λq = ± λ 3 = ⇒ λ 0 = ±
3

2
λ 3 =

√
2 λ 8 ,

S ol u ti o n B : λ s = 0 , λq = λ 3 = 0 = ⇒ λ 8 = −
√

2 λ 0 , λ3 = 0 ,
(9 7)

5 5 It ha p p e n s t h at t his f s diff er s fr o m t h e F s d e fi n e d i n t h e pr e c e di n g S e cti o n; t h e y ar e r el at e d b y f s f π = F 2
s .

5 6 T h e c o n diti o n λ q = 0 i m pli es t h at λ 0 a n d λ 8 ar e eit h er si m ult a n o u sl y n o n- v a nis hi n g or si m ult a n e o u sl y
v a nis hi n g; w e s h o w j u st b el o w t h at λ q = 0 = ⇒ λ 3 = 0 .

5 7 A ct u all y, e a c h of t h e s ol uti o n s b el o w is 2-f ol d d e g e n er at e d; i n d e e d, as e a c h p h y si c al q u a ntit y e x hi bits a
d e p e n d e n c e o nl y u p o n s q u ar es of t h e λ i , a n y s ol uti o n { λ i = λ 0

i , i = 0 , 3 , 8 } c arri es t h e s a m e p h y si cs t h a n its t wi n
{ λ i = − λ 0

i , i = 0 , 3 , 8 } .
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n ot c o u nti n g t h e tri vi al s ol uti o n T ≡ { [λ 0 = λ 8 = λ 3 = 0] } , alr e a d y k n o w n t o b e u n a bl e t o
a c c o m o d at e s ati sf a ct oril y o ur s et of R ef er e n c e d at a – t hi s st at e m e nt i s al s o v ali d f or S ol uti o n B
as s h o w n i n t h e first d at a c ol u m n of Ta bl e 1 i n c o n n e cti o n wit h t h e a c c o u nt of t h e B ell e di pi o n
s p e ctr u m [ 2 1]. I n c o ntr ast, b ot h S ol uti o ns A ± ar e f o u n d t o w or k w ell wit hi n o ur mi ni mi z ati o n
pr o c e d ur e. F or t h es e s ol uti o ns, t h e 3 p ar a m et ers of t h e ki n eti c br e a ki n g m e c h a ni s m ar e n o
l o n g er fr e e – as ass u m e d i n t h e pr e c e di n g S e cti o ns i n li n e wit h t h e c o m m o n b eli ef – b ut b e c o m e
al g e br ai c all y r el at e d wit h e a c h ot h er.

S o, it f oll o ws fr o m t h e d e v el o p m e nt s j ust st at e d t h at i m p osi n g t h e Kr oll c o n diti o ns ( 9 1) i s
f ar fr o m a n e c d ot al; i n d e e d, a n y of t h e s ol uti o ns ( 9 7) w hi c h c a n c el o ut t h e m atri x el e m e nt s i n
E q u ati o ns ( 9 6), s h o ws t h at a n o n- v a ni s hi n g λ 0 (t h e us u al ki n eti c ’t H o oft d et er mi n a nt t er m)
i s p ossi bl e if a n d o nl y if λ 8 i s n o n- z er o. T hi s st at e m e nt – v ali d if d e fi ni n g X H b y E q u ati o n
( 2 0) – al s o a p pli es if o n e pr ef ers5 8 d e fi ni n g X H b y E q u ati o n ( 2 2). It s h o ul d al s o b e str ess e d
t h at o nl y o n e of t h e pr e vi o usl y d e fi n e d s ol uti o ns c a n b e v ali d; it c o ul d, h o p ef ull y, i d e nti fi e d b y
c o nfr o nti n g e a c h s ol uti o n wit h t h e d at a.

1 7 T h e π 0 − η − η ′ Mi xi n g : B r e a ki n g of Is os pi n S y m m et r y

A n ot h er t o pi c r el e v a nt f or t h e π 0 − η − η ′ mi xi n g i s t h e c o nt e nt of i s os pi n z er o m es o ns
i nsi d e t h e p h ysi c all y o bs er v e d π 0 w a v e-f u n cti o n; a c c o u nt s of t hi s c a n b e f o u n d i n [ 3 7, 3 8] f or
i nst a n c e. I n st a n d ar d C h P T a p pr o a c h es, t h e p h ysi c al π 0 i s e x pr ess e d i n t er m s of t h e b ar e π 0

b a r e

fi el d wit h a d mi xt ur es of t h e p h ysi c al η a n d η ′ m es o ns :

|π 0 > = |π 0
b a r e > + κ |η > + κ ′|η ′ > + O (δ 2 ) , ( 9 8)

t h e O (δ ) p ar a m et ers κ a n d κ ′ d e p e n di n g o n t h e li g ht q u ar k m ass diff er e n c e t a k e r es p e cti v el y
t h e v al u es κ 0 a n d κ ′

0 d e fi n d b y [ 3 7] :

κ 0 =
1

2
c os φ

m 2
d d − m 2

u u

M 2
η − M 2

π

, κ′0 =
1

2
si n φ

m 2
d d − m 2

u u

M 2
η ′ − M 2

π

, ( 9 9)

u p t o hi g h er or d er c o ntri b uti o ns 5 9 . T h e q u ar k m ass t er m c a n b e esti m at e d b y6 0 m 2
d d − m 2

u u =
2[ M 2

K 0 − M 2
K ± − M 2

π 0 + M 2
π ± ] ≃ 1 .0 3 × 1 0 − 2 G e V 2 a n d φ i s s o m e a p pr o xi m at e v al u e d eri v e d

fr o m t h e φ s a n d φ q a n gl es d e fi n e d i n S e cti o n 1 5. H o w e v er, b e c a us e φ q − φ s ≃ λ q λ s + O (δ 2 ), a n y
s ol uti o n pr o vi di n g t h e v a ni s hi n g of E q u ati o ns ( 9 6) a ut o m ati c all y pr o vi d es φ s = φ q + O (δ 2 ).

O n t h e ot h er h a n d, Kr oll h as e xt e n d e d t hi s f or m ul ati o n [ 3 8] i n or d er t o a c c o u nt f or Is os pi n
br e a ki n g eff e ct s n ot g e n er at e d b y t h e li g ht q u ar k m ass diff er e n c e :

κ = c os φ
m 2

d d − m 2
u u

2( M 2
η − M 2

π )
+ z K r o ll , κ′ = si n φ

m 2
d d − m 2

u u

2( M 2
η ′ − M 2

π )
+ z K r o ll , ( 1 0 0)

5 8 T hi s c o m es d o w n i n dr o p pi n g o ut t h e pr o d u cts λ i λ j f or i = j ∈ ( 0 , 3 , 8 ) i n all t h e e x pr essi o n s gi v e n i n t h e
S e cti o n s a b o v e a n d i n t h e A p p e n di c es.

5 9 A n ot h er f or m ul ati o n [ 3 9] i n t er m s of t h e q u ar k m ass diff er e n c e a n d of t h e mi xi n g a n gl e n a m e d h er e θ P is
r e mi n d e d b el o w; it h as b e e n u s e d i n o ur pr e vi o u s st u di es [ 1 4, 1 5, 7 6, 1 9] a n d its fit pr o p erti es will b e c o m m e nt e d
b el o w.

6 0 I n t his e x pr essi o n, t h e s u btr a ct e d el e ctr o m a g n eti c c o ntri b uti o n t o k a o n m ass diff er e n c e is esti m at e d t o
∆ M K = ∆ π = M 2

π 0 − M 2
π ± = − 1 .2 4 × 1 0 − 3 G e V 2 . H o w e v er, as dis c u ss e d i n [ 3 8], its e x a ct m a g nit u d e

is r at h er c o ntr o v er si al; f or i n st a n c e, M o u ss all a m [ 1 1 3] r at h er yi el d s ∆ M K = k ∆ π wit h k = 2 ÷ 3 ) .
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w h er e z K r o ll i s e x pr ess e d i n t er m s of t h e f u a n d f d d e c a y c o nst a nt s d e fi n e d b y E q u ati o n ( 9 1)
a n d e x pr ess e d i n t h e E B H L S 2 fr a m e w or k b y E q u ati o n ( 9 5).

I n or d er t o c o n n e ct E B H L S2 wit h t h e η / η ′ fr a cti o ns i nsi d e t h e p h ysi c all y o bs er v e d π 0 ,
[ 3 9, 3 8], o n e n e e ds t h e r el ati o n i n v ol vi n g t h es e a n d π 0

b a r e . Aft er s o m e al g e br a, E q u ati o ns ( 3 1)
a n d ( 3 3) all o w t o d eri v e a n e x pr essi o n si mil ar t o E q u ati o n ( 9 8) :

|π 0 > = 1 +
λ 2

3

2
|π 0

b a r e > + ε |η > + ε ′|η ′ > , ( 1 0 1)

w h er e t h e r es c ali n g of t h e π 0
b a r e t er m i s s p e ci fi c of t h e ki n eti c br e a ki n g X H i ntr o d u c e d i n t h e

E B H L S 2 L a gr a n gi a n a n d ε a n d ε ′ ar e gi v e n b y :






ε = ǫ +
λ 3 λ q + ∆ A

2
c os (

φ q + φ s

2
) −

λ 3 λ s

2 z A
si n (

φ q + φ s

2
) ,

ε ′ = ǫ ′ +
λ 3 λ q + ∆ A

2
si n (

φ q + φ s

2
) +

λ 3 λ s

2 z A
c os (

φ q + φ s

2
) ,

( 1 02)

u p t o t er m s of or d er O (δ 2 ), h a vi n g us e d E q u ati o n ( 8 9) a n d d e fi n e d θ F K S = − ar ct a n
√

2 .
As (φ q + φ s )/ 2 i s c ert ai nl y a q uit e m oti v at e d e x pr essi o n f or t h e F K S p ar a m et er φ [ 3 7, 3 8],

t h e si mil arit y of E q u ati o ns ( 1 0 0) a n d ( 1 0 2) i s stri ki n g, a n d e v e n m or e if i m p osi n g λ s = 0 – as
r e q u est e d b y a n y of t h e A ± s ol uti o ns (s e e E q u ati o ns ( 9 7)) – w hi c h dr o ps o ut t h e l ast t er m i n
e a c h of E q u ati o ns ( 1 0 2). T h e c o n diti o n λ s = 0 , i n d e e d, i m pli es :

ε = ǫ +
λ 3 λ q + ∆ A

2
c os φ , ε′ = ǫ ′ +

λ 3 λ q + ∆ A

2
si n φ . ( 10 3)

wit h φ = φ q = φ s u p O (δ 2 ) t er m s. S wit c hi n g off t h e B K Y (∆ A ) a n d ki n eti c br e a ki n g m e c h a-
ni s m s t ur ns o ut t o s et f u = f d a n d, t h e n, o n e e x p e ct s r e c o v eri n g t h e r es ult s us u al i n t hi s li mit
[ 3 7, 3 8]. T h us, t h e f oll o wi n g i d e nti fi c ati o ns :

ǫ =
1

2
c os φ

m 2
d d − m 2

u u

M 2
η − M 2

π

( = κ 0 ) , ǫ′ =
1

2
si n φ

m 2
d d − m 2

u u

M 2
η ′ − M 2

π

( = κ ′
0 ) ( 10 4)

l o o k m oti v at e d. H o w e v er, b e c a us e a d diti o n al si n gl et s – li k e a gl u o ni u m – m a y c o ntri b ut e t o
t h e η − η ′ mi xi n g, li k el y m or e i nsi d e t h e η ′ m es o n t h a n i nsi d e η , it i s of c o n c er n t o all o w f or a
d e p art ur e fr o m t h e m er e i d e nti fi c ati o n ( 1 0 4), es p e ci all y f or t h e η ′ a m plit u d e t er m ǫ ′. S o, l etti n g
ǫ a n d ǫ ′ fl o ati n g i n d e p e n d e ntl y pr o vi d es a r el e v a nt pi e c e of i nf or m ati o n.

κ 0 a n d κ ′
0 ar e a c o m m o n w a y t o e x pr ess Is os pi n br e a ki n g eff e ct s d u e t o q u ar k m ass es i n t h e

F K S pi ct ur e; a n ot h er w a y t o pr o c e e d i s pr o p os e d i n [ 3 9] w hi c h h as b e e n us e d i n o ur pr e vi o us
w or ks. T hi s t ur ns o ut t o r el y o n q u ar k m ass es, d e fi n e :

̟ 0 = −
√

2 ε 0 c os θ P ta n δ P , ̟′0 =
√

2 ε 0 si n θ P c ot δ P , ε 0 =

√
3

4

m d − m u

m s − m̂
( 1 05)

a n d r e pl a c e E q u ati o n ( 1 0 4) b y :

{ ǫ = ̟ 0 , ǫ′ = ̟ ′
0 } . ( 1 0 6)
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T h e a n gl e δ P o c c uri n g i n t h es e e x pr essi o ns, d e fi n e d i n E q u ati o ns ( 1 1 2), i s gi v e n b y δ P = θ P − θ I

w h er e θ I = π / 2 − θ F K S ; i n t hi s a p pr o a c h, t h e fl o ati n g p ar a m et er i s n o l o n g er m 2
d d − m 2

u u ,
b ut ε 0 . Usi n g t h e li g ht q u ar k m ass es m ass es fr o m F L A G 2 0 1 6 [ 1 1 4], ε 0 i s e x p e ct e d ar o u n d
≃ 1 .2 2 × 1 0 − 2 . O n e c a n a nti ci p at e o n fit r es ult s a n d st at e t h at fitti n g wit h E q u ati o ns ( 1 0 4) or
( 1 0 5) yi el ds si mil ar fit pr o p erti es.

Fi n all y, o n e s h o ul d m e nti o n t h at t h e z K r oll d e p e n d e n c e i n E q u ati o ns ( 1 0 2) a n d ( 1 0 3) e x-
hi bit s a n u n e x p e ct e d diff er e n c e c o m p ar e d t o E q u ati o ns ( 1 0 0) : E B H L S 2 fi n ds a w ei g ht f or
z K r oll s m all er b y a f a ct or of 2. W h et h er it i s a s p e ci fi c f e at ur e of E B H L S 2 i s a n o p e n q u esti o n.

1 8 T h e π 0 − η − η ′ Mi xi n g : T h e E B H L S 2 A n al ysis

I n or d er t o d e al wit h t h e τ di pi o n s p e ctr a a n d t h e u p d at e of t h e m u o n H V P, it w as f o u n d
a p pr o pri at e t o r el e as e at m ost t h e c o nstr ai nt s o n t h e m o d el p ar a m et ers wit hi n t h e fit pr o c e-
d ur e; t hi s al s o a p pli es t o t h e m o d el p ar a m et ers n a m e d ǫ a n d ǫ ′ w hi c h w er e l eft fr e e t o v ar y
i n d e p e n d e ntl y.

I n or d er t o c o m p ar e wit h e x p e ct ati o ns, it i s al s o w ort h w hil e t o c o nsi d er t h e c as e w h e n
ǫ = κ 0 a n d ǫ ′ = κ ′

0 ar e i m p os e d; t hi s t ur ns o ut t o l et t h e p ar a m et er m 2
d d − m 2

u u fl o ati n g a n d
d eri v e ǫ a n d ǫ ′ b y m e a ns of E q u ati o ns ( 1 0 4) w hi c h c o nstr ai ns ǫ a n d ǫ ′ t o b e li k esi g n. I nst e a d,
if ǫ a n d ǫ ′ ar e fl o ati n g i n d e p e n d e ntl y, E q u ati o ns ( 1 0 4) all o w f or s e p ar at e d et er mi n ati o ns of
m 2

d d − m 2
u u fr o m t h e fitt e d η a n d η ′ a d mi xt ur es.

F urt h er m or e, i n t h e fit s r e p ort e d fr o m n o w o n, t h e p ol y n o mi al δ P τ (s ) i s al w a ys s e c o n d
d e gr e e a n d, f or c o m pl et e n ess, o n e l et s t h e ∆ A Is os pi n br e a ki n g p ar a m et er fl o ati n g, e v e n if it i s
n ot r e all y si g ni fi c a nt – n e v er m or e t h a n 2 σ .

T h e P D G v al u e f or t h e r ati o f K / f π i s i n cl u d e d i n t h e s et of e x p eri m e nt al d at a s u b mitt e d t o
fit. T h e B ell e di pi o n s p e ctr u m i s i n cl u d e d a n d o n e r ef ers t h e r e a d er t o S e cti o n 3 f or t h e s p e ci fi c
c o ns e q u e n c es t hi s i m pli es f or t h e di pi o n s p e ctr a c oll e ct e d i n t h e τ l e pt o n d e c a y.

T o b e t h e m ost c o m pr e h e nsi v e p ossi bl e, s e v er al c as es f or t h e [λ 0 , λ8 , λ3 ] tri pl et h a v e b e e n
c o nsi d er e d, n a m el y, t h e A ± a n d B s ol uti o ns d e fi n e d i n E q u ati o ns ( 9 7), as w ell as t h e s o- c all e d
tri vi al s ol uti o n { T ≡ [λ 0 = λ 8 = λ 3 = 0] } ; it h as b e e n f o u n d w ort h w hil e t o al s o c o nsi d er
t h e c as e w h e n t h e t hr e e λ p ar a m et ers ar e l eft fl o ati n g i n d e p e n d e ntl y – r ef err e d t o h er e aft er as
S ol uti o n F. S ol uti o n F i s, a ct u all y, v er y si mil ar t o t h e fit c o n diti o ns of t h e pr e vi o us S e cti o ns.

T h e m ai n fit s pr o p erti es ar e g at h er e d i n Ta bl e 9 a n d l e a d t o t h e f oll o wi n g r e m ar ks :

• R e g ar di n g S ol uti o n B , t h e b est fit r et ur ns λ 0 = ( − 0 .0 1 ± 3 6 .2 6) × 1 0 − 2 , w hi c h cl e arl y
e x hi bit s c o n v er g e n c e t o w ar ds t h e tri vi al s ol uti o n { T ≡ [λ 0 = λ 8 = λ 3 = 0] } ; t h er ef or e,
t h er e i s n o p oi nt i n di sti n g ui s hi n g S ol uti o n B fr o m t h e tri vi al s ol uti o n T w hi c h i s t h e o n e
a ct u all y r e p ort e d.

• Wit h a mi ni m u m t ot al χ 2 l ar g er b y 6 0 t o 9 5 u nit s t h a n t h e ot h er S ol uti o ns, S ol uti o n T / B
c a n b e s af el y di s c ar d e d.

• W h e n ass u mi n g c o n diti o n
C ≡ { ǫ = κ 0 , ǫ′ = κ ′

0 }
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E B H L S 2 ( B S) S ol. F S ol. T / B S ol. A + S ol. A − S ol. A + S ol. A −

ǫ = κ 0 & ǫ ′ = κ ′
0 ǫ & ǫ ′ fr e e

N S K π + π − ( 1 27) 1 3 9 1 3 4 1 3 2 1 3 6 1 3 6 1 3 8

K L O E π + π − ( 1 35) 1 3 7 1 5 3 1 4 3 1 3 9 1 4 1 1 3 8

B E SIII π + π − ( 6 0) 4 9 4 8 4 7 4 9 4 8 4 9

S p a c eli k e π + π − ( 5 9) 6 1 6 4 6 1 5 9 6 0 5 9

τ ( A + C) ( 6 6) 6 1 7 5 6 0 5 9 6 5 6 1

τ ( B) ( 1 9) 2 8 5 3 3 2 2 7 3 5 2 8

π 0 γ ( 1 1 2) 8 6 9 8 8 6 9 4 8 6 9 2

η γ ( 1 8 2) 1 2 3 1 3 2 1 3 1 1 2 0 1 2 5 1 2 0

N S K π + π − π 0 ( 1 58) 1 4 9 1 5 8 1 5 4 1 5 0 1 5 0 1 4 9

B E SIII π + π − π 0 ( 1 28) 1 3 8 1 3 8 1 3 8 1 3 8 1 3 8 1 3 8

P γ γ & η ′ V γ ( 5) 5 8 8 9 4 7

χ 2 / N p t s 1 2 8 0 / 1 3 6 6 1 3 7 5 / 1 3 6 6 1 3 0 9/ 1 3 6 6 1 2 8 9/ 1 3 6 6 1 2 9 2/ 1 3 6 6 1 2 8 6/ 1 3 6 6

Pr o b a bilit y 8 5. 9 % 2 3. 3 % 7 0. 6 % 8 2. 5 % 8 0. 1 % 8 3. 5 %

Ta bl e 9: S el e ct e d i n di vi d u al χ 2 / N p t s v al u es i n E B H L S 2 fit s v ers us t h e Kr oll c o n diti o ns ( cf
E q u ati o ns ( 9 1)). T h e first d at a c ol u m n r e p ort s o n t h e fit w h er e t h e t hr e e λ ’s v ar y i n d e p e n d e ntl y,
t h e ot h ers r ef er t o t h e s ol uti o ns d e fi n e d i n E q u ati o ns ( 9 7). T h e l eft m ost 4 d at a c ol u m ns ass u m e
C o n diti o n C (s e e t e xt), w h er e as C o n diti o n C h as b e e n r el a x e d i n t h e l ast t w o c ol u m n fit s. T h e
l ast li n es di s pl a y t h e gl o b al χ 2 / N p t s a n d pr o b a bilit y f or e a c h fit.
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b ot h S ol uti o ns A ± r etur n g o o d pr o b a biliti es. S ol uti o n A − i s, h o w e v er, cl e arl y f a v or e d
e v e n if A + e x hi bit s a r e as o n a bl e g o o d n ess of fit. N e v ert h el ess, r el a xi n g C o n diti o n C ,
s ol uti o ns A ± e x hi bit pr a cti c all y t h e s a m e fit pr o b a bilit y. T hi s i n di c at es t h at C o n diti o n
C i s n ot a r e al c o nstr ai nt f or S ol uti o n A − t h e t ot al χ 2 of w hi c h i s al m ost u n c h a n c h e d
(∆ χ 2 = 3 ). I n c o ntr ast, C o n diti o n C e x hi bit s a str o n g t e nsi o n wit h S ol uti o n A + a n d
pr o vi d es a str o n gl y d e gr a d e d fit as ∆ χ 2 = 1 7 f or o nl y o n e p ar a m et er l ess; h o w e v er, ǫ
a n d ǫ ′ b e c o m e u nli k e si g ns w h e n r el a xi n g C o n diti o n C w hi c h i s c ert ai nl y i n c o nsi st e nt
wit h E q u ati o ns ( 1 0 4) – or E q u ati o ns ( 1 0 5) – a n d wit h c o m m o n e x p e ct ati o ns.

O n e o bs er v es, n e v ert h el ess, t h at t h e d e c a y i nf or m ati o n ( at b ott o m i n Ta bl e 9) ar e b ett er
d es cri b e d 6 1 b y s ol uti o n A + t h a n A − . It s h o ul d b e n ot e d t h at m ost st u di es of t h e [π 0 , η, η′]
mi xi n g pr o p erti es j ust r el y o n t h e t w o- b o d y d e c a ys wit h P γ γ a n d P V γ c o u pli n gs.

• R e pl a ci n g C o n diti o n C b y
C ′ ≡ { ǫ = ̟ 0 , ǫ′ = ̟ ′

0 }

d o es n ot l e a d t o s u bst a nti al diff er e n c es. I n d e e d, o n e g et s χ 2 / N p t s = 1 3 0 3 / 1 3 6 6 a n d
7 4. 0 % pr o b a bilit y ( A + ) or χ 2 / N p t s = 1 2 8 6 / 1 3 6 6 a n d 8 3. 8 % pr o b a bilit y ( A − ), e. g. S o-
l uti o n A − r e m ai ns pr ef er e d t o A + b y t h e d at a.

It s h o ul d b e n ot e d t h at r el a xi n g C o n diti o n C ( or C ′) l e a ds t o li k esi g n ǫ a n d ǫ ′ f or S ol uti o n
A − , b ut t o u nli k e si g ns f or S ol uti o n A + . As j ust n ot e d, t hi s c o ul d m oti v at e di s c ar di n g
S ol uti o n A + .

• As c o ul d b e e x p e ct e d, S ol uti o n F i s al s o g o o d, b e n e fiti n g fr o m a l ar g er p ar a m et er fr e e-
d o m t h a n A ± s u b mitt e d t o c o n diti o n C or n ot.

T h e m o d el p ar a m et er v al u es r et ur n e d b y t h e v ari o us fit s ar e di s pl a y e d i n Ta bl e 1 0. O n e c a n
r e m ar k t h at t h e s p e ci fi c H L S m o d el p ar a m et ers d o n ot m u c h v ar y d e p e n di n g o n t h e s ol uti o n
e x a mi n e d; t hi s i s i n d e e d s o f or g , a (≡ a H L S ), z 3 , c 1 − c 2 a n d f or 6 2 (c 3 + c 4 )/ 2 . T hi s i s al s o
o bs er v e d f or t h e B K Y br e a ki n g p ar a m et ers z A a n d z V w h er e as ∆ A i s cl e arl y n ot si g ni fi c a nt. I n
c o ntr ast ξ 0 u n d er g o es s ur pri si n gl y a l ar g e c h a n g e w h e n g oi n g fr o m A + t o A − . T h e v al u e f or ξ 3

str o n gl y d e p e n ds o n r e q uiri n g or n ot C o n diti o n C b ut ar e ali k e f or S ol uti o ns A + a n d A − i n t h e
f or m er c as e.

T h e p ar a m et er e q ui v al e nt t o t h e s o- c all e d Λ 1 [ 3 2, 3 3, 3 7] (Λ 1 = λ 2
0 ) i s f o u n d i n t h e r a n g e

fr o m 6. 5 % (A + ) t o 8. 5 % (A − ). H o w e v er, it s h o ul d b e str ess e d t h at, o n c e ass u mi n g t h e Kr oll
c o n diti o ns ( 9 1), it c a n n ot c o m e al o n e as r e fl e ct e d b y E q u ati o ns ( 9 7) a n d d et er mi n e d b y o ur fit s.
T h eir n u m eri c al v al u es ar e m ar gi n all y aff e ct e d b y C o n diti o n C or b y c h o osi n g A + or A − – u p
t o t h e si g n f or λ 3 .

T h er ef or e, a n i m p ort a nt pi e c e of i nf or m ati o n s h o ul d b e str ess e d : B e c a us e of t h e stri ct
r el ati o n b et w e e n λ 3 a n d λ 0 – a n d h e n c e Λ 1 – t h e Kr oll c o n diti o ns ( 9 1) i m pli es t h at t h e pi o n
f or m f a ct or i n t h e τ d e c a y f ul fill s F τ

π ( 0) = 1 − λ 2
3 / 2 a n d, t h e n, i s n o l o n g er u nit y as i nf err e d at

t h e b e gi n ni n g of t h e pr es e nt st u d y.

6 1 T h e π 0 V P a n d η V P ar e hi d d e n i n si d e t h e π 0 γ a n d η γ a n ni hil ati o n cr o ss s e cti o n s a n d ar e of c o m p ar a bl e
q u alit y i n b ot h s ol uti o n A ± fits.

6 2 I n o ur fits, c 3 = c 4 is i m p o s e d [ 1 4, 1 9].
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E B H L S 2 ( B S) S ol. F S ol. T / B S ol. A + S ol. A − S ol. A + S ol. A −

ǫ = κ 0 & ǫ ′ = κ ′
0 ǫ & ǫ ′ fr e e

g 6 .9 9 6 ± 0 .0 0 2 7 .0 5 2 ± 0 .0 0 2 6 .5 3 6 ± 0 .0 0 2 6 .6 7 1 ± 0 .0 0 1 7 .0 6 9 ± 0 .0 0 2 6 .9 5 4 ± 0 .0 0 2

a H L S 1 .7 6 4 ± 0 .0 0 1 1 .6 4 6 ± 0 .0 0 1 1 .7 2 8 ± 0 .0 0 1 1 .7 6 5 ± 0 .0 0 1 1 .7 5 2 ± 0 .0 0 1 1 .7 6 6 ± 0 .0 0 1

( c 3 + c 4 ) / 2 0 .7 5 6 ± 0 .0 0 4 0 .7 3 9 ± 0 .0 0 3 0 .7 6 9 ± 0 .0 0 4 0 .7 4 2 ± 0 .0 0 3 0 .7 6 9 ± 0 .0 0 4 0 .7 4 2 ± 0 .0 0 3

c 1 − c 2 0 .7 6 2 ± 0 .0 1 4 0 .7 7 5 ± 0 .0 1 2 0 .7 6 6 ± 0 .0 1 2 0 .8 2 3 ± 0 .0 1 3 0 .6 7 6 ± 0 .0 1 3 0 .8 0 9 ± 0 .0 1 3

1 0 2 × z 3 − 0 .3 3 2 ± 0 .0 0 4 − 0 .3 6 4 ± 0 .0 3 0 − 0 .3 7 2 ± 0 .0 0 4 − 0 .3 5 4 ± 0 .0 0 4 − 0 .3 4 5 ± 0 .0 0 4 − 0 .3 3 9 ± 0 .0 0 4

1 0 2 × [m 2
d d − m 2

u u ] 2 .6 5 ± 0 .2 5 3 .7 8 ± 0 .1 3 2 .4 9 ± 0 .1 5 3 .0 1 ± 0 .1 4 × ×

1 0 2 × ǫ 3 .6 7 ± 0 .3 2 5 .1 9 3 .4 8 ± 0 .2 0 4 .1 6 ± 0 .2 0 2 .2 8 ± 0 .3 0 3 .6 2 ± 0 .3 0

1 0 2 × ǫ ′ 0 .9 3 ± 0 .0 9 1 .3 4 0 .8 6 ± 0 .0 5 1 .0 5 ± 0 .0 5 − 1 .2 0 ± 0 .3 0 0 .1 7 ± 0 .2 7

θ P − 1 5 .8 9 ± 0 .3 4 − 1 5 .3 6 ± 0 .2 8 − 1 6 .6 3 ± 0 .3 0 − 1 5 .7 8 ± 0 .2 8 − 1 6 .6 3 ± 0 .3 0 − 1 5 .5 9 ± 0 .2 8

z A 1 .4 1 7 ± 0 .0 0 4 1 .4 1 1 ± 0 .0 0 4 1 .4 2 9 ± .0 0 4 1 .4 0 5 ± 0 .0 0 4 1 .4 2 3 ± 0 .0 0 4 1 .4 0 6 ± 0 .0 0 4

z V 1 .4 3 3 ± 0 .0 0 1 1 .5 0 7 ± 0 .0 0 1 1 .4 6 3 ± 0 .0 0 1 1 .4 1 9 ± 0 .0 0 1 1 .4 3 6 ± 0 .0 0 1 1 .4 2 0 ± 0 .0 0 1

1 0 2 × ∆ A 0 .1 2 ± 5 .0 9 1 0 .9 3 ± 5 .0 5 − 8 .7 1 ± 5 .1 6 1 2 .6 5 ± 5 .1 4 − 6 .8 2 ± 5 .2 3 1 2 .9 4 ± 4 .9 1

λ 3 0 .2 3 6 ± 0 .0 0 7 ≡ 0 0 .2 1 2 ± 0 .0 0 7 − 0 .2 4 2 ± 0 .0 0 7 0 .1 9 7 ± 0 0 8 − 0 .2 3 3 ± 0 .0 0 7

λ 0 0 .1 5 2 ± 0 .0 4 2 ≡ 0 0 .2 5 9 ± 0 .0 0 9 0 .2 9 5 ± 0 .0 0 9 0 .2 4 1 ± 0 .0 0 9 0 .2 8 5 ± 0 .0 0 9

λ 8 0 .0 2 2 ± 0 .0 2 3 ≡ 0 0 .1 8 3 ± 0 .0 0 6 0 .2 0 9 ± 0 .0 0 6 0 .1 7 0 ± 0 .0 0 7 0 .2 0 2 ± 0 .0 0 6

1 0 2 × ξ 0 − 7 .2 3 7 ± 0 .0 1 9 − 5 .1 3 0 ± 0 .0 3 0 − 0 .0 2 2 ± 0 .0 2 7 − 3 .1 1 4 ± 0 .0 2 0 − 7 .8 0 9 ± 0 .0 1 9 − 6 .8 3 8 ± 0 .0 1 8

1 0 2 × ξ 3 2 .2 3 1 ± 0 .1 5 5 − 3 .5 9 8 ± 0 .0 7 2 3 .1 5 5 ± 0 .1 2 9 3 .0 3 4 ± 0 .1 4 8 0 .5 9 9 ± 0 .1 3 6 1 .4 9 6 ± 0 .1 5 0

χ 2 / N p t s 1 2 8 0 / 1 3 6 6 1 3 7 5 / 1 3 6 6 1 3 0 9 / 1 3 6 6 1 2 8 9 / 1 3 6 6 1 2 9 2 / 1 3 6 6 1 2 8 6 / 1 3 6 6

Pr o b a bilit y 8 5. 9 % 2 3. 3 % 7 0. 6 % 8 2. 5 % 8 0. 1 % 8 3. 5 %

Ta bl e 1 0: M o d el p ar a m et er v al u es fr o m t h e fit s p erf or m e d wit hi n E B H L S 2 u n d er t h e v ari o us
c o n fi g ur ati o ns d e fi n e d i n t h e t e xt. A n gl es ar e i n d e gr e es, [m 2

d d − m 2
u u ] i n G e V2 . Val u es writt e n

b ol df a c e ar e n ot fl o ati n g b ut d eri v e d fr o m t h e fl o ati n g p ar a m et ers t hr o u g h E q u ati o ns gi v e n
i n t h e m ai n t e xt; t h eir u n c ert ai nti es ar e d eri v e d li k e wi s e a n d t a k e i nt o a c c o u nt t h e p ar a m et er
c o v ari a n c e m atri x.
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1 9 Si d e R es ults f r o m Fits

E B H L S 2 ( B S) S ol. F S ol. A + S ol. A − S ol. A + S ol. A −

ǫ = κ 0 & ǫ ′ = κ ′
0 ǫ & ǫ ′ fr e e

θ P ( d e g.) − 1 5 .8 9 ± 0 .3 4 − 1 6 .6 3 ± 0 .3 0 − 1 5 .7 8 ± 0 .2 8 − 1 6 .6 3 ± 0 .3 0 − 1 5 .5 9 ± 0 .2 8

θ 0 ( d e g.) − 6 .3 5 ± 0 .4 7 − 8 .0 4 ± 0 .3 9 − 8 .0 5 ± 0 .3 3 − 7 .9 5 ± 0 .3 9 − 7 .7 1 ± 0 .3 4

θ 8 ( d e g.) − 2 4 .5 5 ± 0 .3 0 − 2 4 .4 4 ± 0 .2 5 − 2 2 .8 3 ± 0 .2 7 − 2 4 .5 0 ± 0 .2 5 − 2 2 .7 7 ± 0 .2 8

θ 0 − θ 8 ( d e g.) 1 8 .2 1 ± 0 .2 4 1 6 .4 5 ± 0 .2 3 1 4 .8 5 ± 0 .2 4 1 6 .5 9 ± 0 .2 3 1 5 .1 3 ± 0 .2 4

F 0 / f π 1 .1 6 6 ± 0 .0 0 6 1 .1 9 0 ± 0 .0 0 3 1 .1 9 0 ± 0 .0 0 3 1 .1 8 4 ± 0 .0 0 3 1 .1 8 7 ± 0 .0 0 3

F 8 / f π 1 .2 9 3 ± 0 .0 0 3 1 .3 1 5 ± 0 .0 0 3 1 .3 0 2 ± 0 .0 0 3 1 .3 0 9 ± 0 .0 0 3 1 .3 0 2 ± 0 .0 0 3

F K S φ ( d e g.) 3 8 .8 5 ± 0 .3 5 3 8 .9 6 ± 0 .2 7 3 8 .0 8 ± 0 .2 9 3 8 .0 9 ± 0 .3 0 3 9 .1 5 ± 0 .2 7

φ q − φ s ( d e g.) 0 .3 9 ± 0 .1 8 ≡ 0 ≡ 0 ≡ 0 ≡ 0

F q / f π 1 .0 0 8 ± 0 .0 0 7 1 .0 5 0 ± 0 .0 0 3 1 .0 6 6 ± 0 .0 0 4 1 .0 4 4 ± 0 .0 0 3 1 .0 6 1 ± 0 .0 0 4

F s / f π 1 .4 1 8 ± 0 .0 0 5 1 .4 2 8 ± 0 .0 0 4 1 .4 0 5 ± 0 .0 0 4 1 .4 2 3 ± 0 .0 0 4 1 .4 0 6 ± 0 .0 0 4

F s / f K 1 .1 9 2 ± 0 .0 0 3 1 .1 9 8 ± 0 .0 0 3 1 .1 8 1 ± 0 .0 0 2 1 .1 9 5 ± 0 .0 0 2 1 .1 8 2 ± 0 .0 0 2

f K / f π 1 .1 9 0 ± 0 .0 0 2 1 .1 9 3 ± 0 .0 0 2 1 .1 8 9 ± 0 .0 0 2 1 .1 9 1 ± 0 .0 0 2 1 .1 9 0 ± 0 .0 0 2

1 0 1 0 × a µ ( H L S ) 5 7 2 .5 2 ± 1 .0 2 5 7 1 .8 4 ± 0 .9 8 5 7 2 .4 4 ± 0 .9 8 5 7 5 .0 0 ± 0 .9 5 5 7 2 .5 9 ± 0 .9 9

χ 2 / N p t s 1 2 8 0 / 1 3 6 6 1 3 0 9 / 1 3 6 6 1 2 8 9 / 1 3 6 6 1 2 9 2 / 1 3 6 6 1 2 8 6 / 1 3 6 6

Pr o b a bilit y 8 5. 9 % 7 0. 6 % 8 2. 5 % 8 0. 1 % 8 3. 5 %

Ta bl e 1 1: Si n gl et- O ct et a n d Q u ar k Fl a v or b as es mi xi n g p ar a m et e r v al u es d eri v e d fr o m fit s
p erf or m e d wit hi n E B H L S 2 u n d er t h e F a n d A ± c o n fi g ur ati o ns d e fi n e d i n t h e t e xt. F or t h e c o n-
fi g ur ati o n F , φ = ( φ q + φ s )/ 2 w h er e as φ = φ q ( = φ s ) f or t h e A ± s ol uti o ns. C orr es p o n di n gl y,
t h e c o ntri b uti o ns of t h e H L S c h a n n el s f or

√
s ≤ 1 .0 5 G e V t o t h e H V P ar e al s o gi v e n i n e a c h

c as e; t h e y c a n b e c o m p ar e d t o Ta bl e 7. T h e m ai n fit pr o p erti es ar e r e mi n d e d at t h e b ott o m e n d
of t h e Ta bl e.

Ta bl e 1 1 c oll e ct s o ur m ai n r es ult s, m ostl y r el at e d t o t h e π 0 − η − η ′ mi xi n g p ar a m et er
e v al u ati o ns. H o w e v er, it i s w ort h w hil e t o i n cl u d e s o m e t o pi c al pi e c es of i nf or m ati o n w hi c h
d es er v e s p e ci al e m p h asi s.

• T h e v ari o us esti m at es f or f K / f π di s pl a y e d i n Ta bl e 1 1 ni c el y c o m p ar e t o L Q C D d et er-
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mi n ati o ns, n a m el y [ 1 1 4] 1 .1 9 5 ± 0 .0 0 5 a n d [ 1 1 5] 1 .1 9 9 5 ± 0 .0 0 4 4 .

E B H L S 2 a vr g. F K S 9 8 E F 0 5 E G M S 1 5 b O U 1 7

θ 0 − 8 .0 4 ± 0 .3 9 ± 0 .0 0 − 9 .2 ± 1 .7 − 2 .4 ± 1 .9 − 6 .9 ± 2 .4 ×

θ 8 − 2 3 .6 4 ± 0 .3 0 ± 0 .2 7 − 2 1 .2 ± 1 .6 − 2 3 .8 ± 1 .4 − 2 1 .2 ± 1 .9 ×

F 0 / f π 1 .1 9 0 ± 0 .0 0 3 ± 0 .0 0 0 1 .1 7 ± 0 .0 3 1 .2 9 ± 0 .0 4 1 .1 4 ± 0 .0 5 ×

F 8 / f π 1 .3 0 9 ± 0 .0 0 3 ± 0 .0 0 7 1 .2 6 ± 0 .0 4 1 .5 1 ± 0 .0 5 1 .2 7 ± 0 .0 2 ×

φ 3 8 .5 2 ± 0 .2 9 ± 0 .4 4 3 9 .3 ± 1 .0 4 1 .4 ± 1 .4 (3 8 .3 ± 1 .6 ) 3 9 .8 ± 2 .2 ± 2 .4

F q / f π 1 .0 5 8 ± 0 .0 0 4 ± 0 .0 0 8 1 .0 7 ± 0 .0 2 1 .0 9 ± 0 .0 3 1 .0 3 ± 0 .0 4 0 .9 6 0 ± 0 .0 3 7 ± 0 .0 4 6

F s / f π 1 .4 1 7 ± 0 .0 0 4 ± 0 .0 1 2 1 .3 4 ± 0 .0 6 1 .6 6 ± 0 .0 6 1 .3 6 ± 0 .0 4 1 .3 6 3 ± 0 .2 7 ± 0 .0 0 6

F s / f K 1 .1 9 0 ± 0 .0 0 3 ± 0 .0 0 9 × × × 1 .1 4 3 ± 0 .0 2 3 ± 0 .0 0 5

Ta bl e 1 2: Mi xi n g p ar a m et ers i n t h e Si n gl et- O ct et a n d Q u ar k Fl a v or b as es fr o m v ari o us s o ur c es.
T h e E B H L S 2 e v al u ati o ns di s pl a y e d ar e t h e a v er a g e v al u es d eri v e d f or S ol uti o ns A + a n d A −

ass u mi n g C o n diti o n C , w h er e as t h e s e c o n d u n c ert ai nt y i s h alf t h eir diff er e n c e; t h e ori gi n al A +

a n d A − ar e gi v e n i n Ta bl e 1 1. T h e d at a d eri v e d b y ot h er gr o u ps ar e F K S 9 8 [ 3 6], E F 0 5 [ 1 1 6],
E G M S 1 5 b [ 1 1 7] a n d t h e L Q C D r es ult s O U 1 7 [ 1 1 8]; t h e n u m b er wit hi n p ar e nt h es es i s fr o m
E M S 1 5 [ 1 1 9]. A n gl es ar e e x pr ess e d i n d e gr e es.

• T h e pi o n a n d k a o n c h ar g e r a dii gi v e n i n Ta bl e 5 of [ 1 9] r e m ai n u n c h a n g e d wit hi n t h e
E B H L S 2 fr a m e w or k; t h e y w er e o bs er v e d i n f air a c c or d wit h e x p e ct ati o ns.

• T h e v al u es d eri v e d f or t h e m u o n H V P c o ntri b uti o n a µ (H L S ) of t h e ( 6) a n ni hil ati o n
c h a n n el s e m b o di e d i nsi d e t h e E B H L S 2 fr a m e w or k a n d i nt e gr at e d u p t o

√
s = 1 .0 5 G e V

ar e al s o s h o w n a n d c a n b e c o m p ar e d wit h t h e c orr es p o n di n g i nf or m ati o n i n Ta bl e 7. T h e
r ef er e n c e e v al u ati o n r e p ort e d t h er e fr o m a fit usi n g a l e ast c o nstr ai n e d E B H L S 2 v ari a nt
w as :

a µ (H L S,
√

s = 1 .0 5 G e V) = [ 5 7 1 .9 7 ± 0 .9 5] × 1 0 − 1 0 ,

w hi c h – a c ci d e nt all y – c oi n ci d es wit h t h e a v er a g e v al u e d eri v e d usi n g A + a n d A − u n d er
C o n diti o n C . I n t hi s c as e, t h e E B H L S2 v ari a nt s f ul filli n g t h e Kr oll c o n diti o ns ( 9 1) a n d
C o n diti o n C d o n ot d e p art fr o m t h e a v er a g e esti m at e b y m or e t h a n ≃ ± 0 .3 × 1 0 − 1 0 ;
t hi s c a n b e c o ns er v ati v el y t a k e n as t h e m o d el u n c ert ai nt y aff e cti n g o ur e v al u ati o n of
a µ (H L S ) as, m or e o v er, t a ki n g i nt o a c c o u nt t h e mi xi n g pr o p erti es of t h e π 0 − η − η ′

di s c uss e d i n S e cti o n 1 7, it l o o ks n at ur al t o i m p os e C o n diti o n C t o E B H L S 2 .

Fi n all y, as n ot e d i n t h e pr e c e e di n g S e cti o n 1 8, t h e cl os e n ess o bs er v e d b et w e e n S ol uti o ns
F a n d A − h as l e d t o c o n cl u d e t h at C o n diti o n C i s a i ntri nsi c f e at ur e of S ol uti o n A − , a
ni c e pr o p ert y n ot s h ar e d b y A + ; t hi s l e a ds t o f a v or S ol uti o n A − o v er S ol uti o n A + .
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R el e asi n g, f or c o m pl et e n ess, C o n diti o n C e x hi bit s i nt er esti n g r es ult s c o n c er ni n g ǫ a n d ǫ ′.
I n t hi s c as e, S ol uti o n A − r et ur ns li k esi g n ǫ a n d ǫ ′ – as e x p e ct e d fr o m E q u ati o ns ( 1 0 4) – w h er e as
S ol uti o n A + r et ur ns u nli k e si g n v al u es a n d a si g ni fi c a nt s hift 6 3 u p w ar d of ∆ a µ (H L S ) =
5 7 4 .8 3 − 5 7 1 .9 7 = 2 .8 6 i n u nit s of 1 0 − 1 0 . T h e u nli k e si g n c h ar a ct er of ǫ a n d ǫ ′, c o ntr a di cti n g
t h e e x p e ct e d pr o p erti es of t h e π 0 − η − η ′ mi xi n g, al s o di sf a v ors S ol uti o n A + o v er S ol uti o n
A − .

2 0 E v al u ati o ns of t h e π 0 − η − η ′ Mi xi n g P a r a m et e rs

Ta bl e 1 1 di s pl a ys t h e p ar a m et er v al u es d eri v e d b y fitti n g o ur s et of d at a wit hi n E B H L S 2

u n d er t h e v ari o us s ol uti o ns t o E q u ati o ns ( 9 1). We h a v e f o u n d i nt er esti n g t o al s o pr o d u c e t h e
r es ult s d eri v e d ass u mi n g t h e λ i u n c o nstr ai n e d (t h e s o- c all e d S ol uti o n F). O n e c a n r e m ar k a f air
st a bilit y of t h e us u al mi xi n g p ar a m et ers as t h e s pr e a d of v al u es i s v er y li mit e d f or e a c h of t h e m.

It i s, of c o urs e, w ort h c o m p ari n g o ur r es ult s wit h ot h er d et er mi n ati o ns. F or t hi s p ur p os e,
w e h a v e s el e ct e d a li mit e d s et of d at a a n d r ef er t h e r e a d er t o t h e c orr es p o n di n g p a p ers t o tr a c k
b a c k t o f or m er r ef er e n c es; t h e c o m p ari s o n c a n b e e asil y p erf or m e d b y l o o ki n g at Ta bl e 1 2.

I n or d er t o e as e t h e c o m p ari s o ns, t h e first d at a c ol u m n i n Ta bl e 1 2 di s pl a ys t h e a v er a g es of
t h e v al u es d eri v e d usi n g S ol uti o ns A + a n d A − u n d er C o n diti o n C w hi c h c a n b e f o u n d i n Ta bl e
1 1; h alf t h eir diff er e n c e i s gi v e n as a n esti m at e of t h e s yst e m ati c u n c ert ai nt y a n d s h o w n as t h e
s e c o n d err or.

T h e a gr e e m e nt i s cl e arl y s ati sf a ct or y wit h F K S 9 8 [ 3 6] – b as e d o n m es o n d e c a ys i n v ol vi n g
P γ γ a n d J / ψ d e c a ys t o η a n d η ′. E F 0 5 [ 1 1 6] pr o d u c es s e v er al p ar a m et er v al u es d e p e n di n g
o n t h e i nf or m ati o n i m pl e m e nt e d. F or i nst a n c e, usi n g al s o t h e P → γ γ a n d J / ψ → (η / η ′)γ
d e c a ys o nl y, t o g et h er wit h t h e C h P T pr e di cti o n F 8 = 1 .2 8 f π , Es cri b a n o a n d Fr èr e d eri v e :

θ 8 = ( − 2 2 .2 ± 1 .8) ◦ , θ0 = ( − 8 .7 ± 2 .1) ◦ , F0 / f π = 1 .1 8 ± 0 .0 4 , ( 1 0 7)

i n v er y g o o d a gr e e m e nt wit h F K S 9 8 a n d E B H L S2 . I ntr o d u ci n g, i n a d diti o n, a p ar a m etri z a-
ti o n6 4 of t h e c o u pli n g c o nst a nt s (η / η ′)V γ , w h er e V = ρ 0 , ω, φ, t h e y c a n us e t h e c orr es p o n di n g
t a b ul at e d d e c a ys wi dt hs t o pr o d u c e t h e n u m b ers di s pl a y e d i n t h e t hir d d at a c ol u m n of Ta bl e
1 2. As f or t h e Si n gl et- O ct et p ar a m et ers, t h e c o m p ari s o n wit h ot h ers i s n ot as s ati sf a ct or y,
n e v ert h el ess, t h e Q u ar k Fl a v or s c h e m e p ar a m et ers c o m p ar e r e as o n a bl y w ell.

A n al y zi n g t h e as y m pt oti c b e h a vi or of t h e η / η ′ m es o n tr a nsiti o n f or m f a ct ors F ( η / η ′ ) γ ∗ γ (Q 2 )
a n d usi n g t h e P a d é A p pr o xi m a nt m et h o d, E M S 1 5 [ 1 1 9] d eri v e 2 s ol uti o ns; t h os e b as e d o n t h e
as y m pt oti cs of F η γ ∗ γ (Q 2 ) i s i n g o o d a c c or d wit h o ur r es ult s a n d t h e v al u e f or t h e φ a n gl e i s
di s pl a y e d i n Ta bl e 1 2. T h e s ol uti o n b as e d o n t h e F η ′ γ ∗ γ (Q 2 ) as y m pt oti cs, i m pr o v e d s o o n aft er,
i s gi v e n i n Ta bl e 1 2 u n d er t h e t a g E G M S 1 5 b [ 1 1 7]; t h eir e v al u ati o ns ar e i n g o o d a c c or d wit h
o urs as w ell as wit h t h os e i n F K S 9 8. O n t h e ot h er h a n d, t h e y al s o o bt ai n :

φ q = [ 3 9 .6 ± 2 .3] ◦ a n d φ s = [ 4 0 .8 ± 1 .8] ◦ ,

6 3 A cl o s er l o o k at t h e v ari o u s c h a n n el c o ntri b uti o n s i n di c at es t h at t his e x c ess e ntir el y c o m es fr o m t h e a n o m al o u s
c h a n n els, i n p arti c ul ar fr o m t h e 3 π a n ni hil ati o n w hi c h t h e n c o ntri b ut es [ 4 6.3 0 ± 0 .3 6] × 1 0 − 1 0 w h er e as t h e s ol uti o n
r e p ort e d i n Ta bl e 7 o nl y yi el d s [ 4 4.2 2 ± 0 .3 2] × 1 0 − 1 0 .

6 4 T h e η ′V γ c o u pli n g s ar e e x pli cit el y i n v ol v e d i n t h e d at a of t h e E B H L S 2 b u n c h, t h e η V γ c o u pli n g s ar e tr e at e d
as p art of t h e e + e − → η γ a n ni hil ati o n cr o ss- s e cti o n s.
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w hi c h ar e c o nsi st e nt wit h φ q = φ s at a 1 σ le v el. Fi n all y, t h e E T M L atti c e Q C D C oll a b or ati o n
h as d eri v e d t h e n u m b ers gi v e n i n t h e l ast d at a c ol u m n t a g g e d O U 1 7 [ 1 1 8]. O ur r es ult s ar e
c o nsi st e nt wit h t h es e L Q C D e v al u ati o n at t h e ≃ 1 σ l e v el.

O n e m or e pi e c e of i nf or m ati o n c a n b e of i nt er est w hi c h c o ul d mi mi c hi g h er or d er eff e ct s.
Usi n g S ol uti o n F w hi c h sli g htl y vi ol at es t h e Kr oll C o n diti o ns, φ q a n d φ s b e c o m e sli g htl y
diff er e nt; t h e y all o w t o d eri v e :

φ q − φ s

φ q + φ s
= [ 0 .5 0 ± 0 .2 4] × 1 0 − 2 < < 1 ( 1 0 8)

as e x p e ct e d.

E B H L S 2 ( B S) S ol. F S ol. A + S ol. A − S ol. A + S ol. A −

ǫ = κ 0 & ǫ ′ = κ ′
0 ǫ & ǫ ′ fr e e

1 0 2 × [m 2
d d − m 2

u u ] 2 .6 5 ± 0 .2 5 2 .4 9 ± 0 .1 5 3 .0 1 ± 0 .1 4 × ×

1 0 2 × ǫ 3 .6 7 ± 0 .3 2 3 .4 8 ± 0 .2 0 4 .1 6 ± 0 .2 0 2 .2 8 ± 0 .3 0 3 .6 2 ± 0 .3 0

1 0 2 × ǫ ′ 0 .9 3 ± 0 .0 9 0 .8 6 ± 0 .0 5 1 .0 5 ± 0 .0 5 − 1 .2 0 ± 0 .3 0 0 .1 7 ± 0 .2 7

1 0 2 × ε 4 .9 2 ± 0 .3 7 5 .8 0 ± 0 .3 1 1 .2 4 ± 0 .3 2 4 .3 3 ± 0 .3 4 0 .9 5 ± 0 .3 6

1 0 2 × ε ′ 1 .9 4 ± 0 .2 6 2 .6 6 ± 0 .1 8 − 1 .3 0 ± 0 .2 3 0 .4 0 ± 0 .2 8 − 2 .0 0 ± 0 .3 2

f u / f π 1 .0 7 0 ± 0 .0 1 5 1 .1 3 1 ± 0 .0 0 9 1 .0 2 0 ± 0 .0 0 5 1 .1 1 4 ± 0 .0 0 9 1 .0 2 0 ± 0 .0 0 5

f d / f π 1 .0 0 6 ± 0 .0 0 6 1 .0 1 4 ± 0 .0 0 5 1 .1 7 0 ± 0 .0 1 2 1 .0 1 2 ± 0 .0 0 5 1 .1 5 7 ± 0 .0 1 2

1 0 2 × z K r o l l 3 .2 4 ± 0 .9 5 5 .8 6 ± 0 .5 8 − 7 .4 9 ± 0 .7 2 5 .1 3 ± 0 .5 8 − 6 .8 6 ± 0 .6 9

χ 2 / N p t s 1 2 8 0 / 1 3 6 6 1 3 0 9 / 1 3 6 6 1 2 8 9 / 1 3 6 6 1 2 9 2 / 1 3 6 6 1 2 8 6 / 1 3 6 6

Pr o b a bilit y 8 5. 9 % 7 0. 6 % 8 2. 5 % 8 0. 1 % 8 3. 5 %

Ta bl e 1 3: Is os pi n br e a ki n g eff e ct s wit hi n E B H L S 2 Usi n g C o n diti o n C t o r el at e ǫ a n d ǫ ′. S e e
t e xt f or d e fi niti o ns a n d n ot ati o ns. T h e e ntr y f or [m 2

d d − m 2
u u ] i s i n G e V2 . T h e m ai n fit pr o p erti es

ar e r e mi n d e d at t h e b ott o m e n d of t h e Ta bl e.

2 1 Is os pi n B r e a ki n g Eff e cts i n t h e π 0 − η − η ′ S yst e m

Ta bl e 1 3 c oll e ct s t h e m ai n E B H L S 2 r es ult s r el at e d t o Is os pi n br e a ki n g eff e ct s i n t h e [π 0 , η, η′]
mi xi n g. I n c o ntr ast wit h S e cti o n 2 0, t h e p ar a m et er v al u es r et ur n e d b y t h e diff er e nt s ol uti o ns
m a y b e v er y diff er e nt a n d, t h e n, a v er a gi n g c a n oft e n b e mi sl e a di n g. O n t h e ot h er h a n d, t o o ur
k n o wl e d g e, t h er e i s v er y li mit e d n u m b er of e xt er n al e v al u ati o ns of t h es e p ar a m et ers t o c o m p ar e
wit h.
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R e g ar di n g t h e [m 2
d d − m 2

u u ] e v al u ati o ns, t h e y ar e all m u c h l ar g er t h a n t h e esti m at es b as e d
o n m es o n m ass es w e s k et c h e d a b o v e; w h et h er t hi s i s d u e t o u n a c c o u nt e d f or hi g h er or d er
c orr e cti o ns i s u n cl e ar; i n t hi s c as e, o n e m a y e x p e ct t h e fit t o t a k e t h e m eff e cti v el y i nt o a c c o u nt
t o a c c o m o d at e t h e d at a. R el at e d wit h t hi s, fit s p erf or m e d usi n g C o n diti o ns C ′ (ǫ = ̟ 0 a n d
ǫ ′ = ̟ ′

0 ) r et ur n t h e f oll o wi n g pi e c e of i nf or m ati o n :






S ol uti o n A + : ǫ 0 = [ 2 .0 2 ± 0 .1 1] × 1 0 − 2 , Pr o b . 7 4 .0 % ,

S ol uti o n A − : ǫ 0 = [ 2 .3 9 ± 0 .1 1] × 1 0 − 2 , Pr o b . 8 3 .4 % ,
( 1 0 9)

w hil e t h e q u ar k m ass esti m at e e x p e ct s ǫ 0 ≃ 1 .2 × 1 0 − 2 . S o, t h e pi ct ur e l o o ks s o m e w h at
c o nf usi n g a n d m a y i n di c at e t h a n o ur e v al u ati o ns f or [m 2

d d − m 2
u u ] a n d ǫ 0 a bs or b hi g h er or d er

( or ot h er ki n ds of) eff e ct s t o a c c o m o d at e t h e d at a.
T h e i ss u e j ust r ai s e d o b vi o usl y pr o p a g at es t o t h e e v al u ati o ns f or t h e η a n d η ′ fr a cti o ns i nsi d e

t h e p h ysi c al π 0 . H er e al s o t h e v al u es f or ǫ a n d ǫ ′ ar e al s o f o u n d m u c h l ar g er t h a n e x p e ct e d.
R el at e d wit h t hi s, Kr oll [ 1 2 0] q u ot e d a n esti m at e f or ǫ = [ 3 .1 ± 0 .2] × 1 0 − 2 c o mi n g fr o m a
r ati o of6 5 Ψ( 2 S ) → J / ψ P d e c a y wi dt hs, i n li n e wit h o ur o w n fi n di n gs.

R e g ar di n g z K r oll , o ur A + a n d A − e v al u ati o ns ar e c o nsi st e nt w hi c h e a c h ot h er u p t o t h e si g n
– w hi c h i s t h e k e y f e at ur e of t h es e s ol uti o ns; it s a bs ol ut e m a g nit u d e i s f o u n d i n t h e [ 6 ÷ 8] %
r a n g e. Fi n all y f u a n d f d ar e f o u n d v er y cl os e t o f π w h e n c o nsi d eri n g t h eir u n c ert ai nt y r a n g es.

St at e d ot h er wi s e, t h e pi ct ur e i n t h e r e al m of Is os pi n br e a ki n g eff e ct s i n v ol v e d i n t h e π 0 −
η − η ′ s yst e m pr o vi d e d b y p h e n o m e n ol o g y i s s o m e w h at c o nf usi n g.

2 2 S u m m a r y a n d C o n cl usi o ns

T hr e e m ai n t o pi cs h a v e b e e n a d dr ess e d i n t h e pr es e nt p a p er : T h e tr e at m e nt of τ di pi o n s p e ctr a,
t h e u p d at e of t h e H V P- L O usi n g gl o b al fit m et h o ds a n d t h e mi xi n g pr o p erti es of t h e [π 0 , η, η′]
s yst e m s h o wi n g u p i n t h e E B H L S 2 fr a m e w or k.

• R e g ar di n g t h e τ di pi o n s p e ctr a :

I n t h e pr e vi o us v ersi o n of t h e br o k e n H L S m o d el – n a m e d B H L S 2 [ 1 9] – t h e dif fi c ult y
of t h e b asi c s ol uti o n ( B S) t o s ati sf a ct oril y a d dr ess t h e di pi o n s p e ctr u m c oll e ct e d b y t h e
B ell e C oll a b or ati o n [ 2 1] w as n ot e d; it w as p artl y c o m p e ns at e d b y t h e Pri m or di al Mi xi n g
( P M) of t h e v e ct or fi el ds w hi c h l e d t o t h e s o- c all e d R ef er e n c e S ol uti o n ( R S). H o w e v er,
t h e tr e at m e nt of t h e B ell e s p e ctr u m – w hi c h c arri es a st ati sti cs l ar g er b y a f a ct or of ≃ 5 0
t h a n Al e p h [ 2 2] or Cl e o [ 2 3] – d es er v es i m pr o v e m e nt. O n t h e ot h er h a n d, t h e a n al ysi s of
t h e li n es h a p e of t h e t hr e e τ di pi o n s p e ctr a cl e arl y s h o ws t h at t h er e i s n o t e nsi o n a m o n g
t h e m – as alr e a d y n ot e d i n a pr e vi o us st u d y [ 4 1] – n or wit h t h e ot h er c h a n n el s e m b o di e d
i nsi d e o ur H L S fr a m e w or k, e x c e pt f or t h e s p a c eli k e s p e ctr a [ 5 5].

H o w e v er, t h e pr es e nt a n al ysi s cl e arl y s h o ws t h at t h e ass u m pti o n w hi c h fit s t h e b est si-
m ult a n e o usl y t h e w h ol e E B H L S 2 r ef er e n c e d at a s et – i n cl u di n g t h e B ell e s p e ctr u m – i s

6 5 We d o n’t k n o w a b o ut a n u p d at e of t his ol d r es ult.
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sli g htl y m or e i n v ol v e d t h a n a m er e r es c ali n g. It i s f o u n d t h at t h e ki n eti c br e a ki n g m e c h-
a ni s m 6 6 d e fi n e d i n S e cti o n 4 all o ws f or a f air d es cri pti o n of e a c h of t h e Al e p h, B ell e
a n d Cl e o di pi o n s p e ctr a a n d, li k e wi s e, f or t h e w h ol e p h ysi cs c h a n n el s i n cl u d e d i nsi d e
t h e E B H L S2 fr a m e w or k, i n p arti c ul ar t h e pi o n f or m f a ct or F e

π (s ) i n t h e s p a c eli k e a n d
ti m eli k e r e gi o ns.

O n t h e ot h er h a n d, t h e r el e v a n c e of a ki n eti c br e a ki n g t er m – i n v ol vi n g si m ult a n e o usl y
c o m p o n e nt s al o n g t h e T 0 , T 3 a n d T 8 b asi s m atri c es of t h e c a n o ni c al G ell- M a n n U ( 3)
al g e br a – i s al s o str e n gt h e n e d b y c o nsi d eri n g pr o p erti es r el at e d wit h t h e [π 0 , η, η′] s yst e m
as it c o m es i nsi d e t h e E B H L S 2 fr a m e w or k. T hi s l e d us t o e x a mi n e t h e c o ns e q u e n c es
f oll o wi n g fr o m i m p osi n g c o n diti o ns t o m atri x el e m e nt s of t h e a xi al c urr e nt s as e x pr ess e d
b y Kr oll [ 3 8] :

< 0 |J q
µ |[q ′q ′](p ) > = i pµ f q δ q q ′ , { [q q ], q = u, d, s }

w h er e t h e v ari o us J q
µ ar e t h e a xi al c urr e nt s ass o ci at e d wit h t h e l e a di n g [q q ] t er m s o c c uri n g

i n t h e F o c k e x p a nsi o n of t h e [π 0 , η0 , η8 ] b ar e fi el ds.

Wit hi n t h e E B H L S 2 c o nt e xt, t h es e c o n diti o ns r el at e t h e mi xi n g pr o p erti es of t h e [π 0 , η, η′]
s yst e m a n d t h e τ di pi o n s p e ctr u m b e c a us e of t h e π 0 m es o n. M or e pr e ci s el y, it i s pr o v e n i n
S e cti o n 1 6 t h at t h e s ol uti o ns s ati sf yi n g t h e Kr oll C o n diti o ns writt e n j ust a b o v e g e n er at e
n o n-tri vi al c orr el ati o ns b et w e e n F τ

π (s = 0) a n d t h e Λ 1 p ar a m et er tr a diti o n all y i n cl u d e d
i n E C h P T t o br e a k t h e U ( 3) s y m m etr y of t h e c hir al L a gr a n gi a n [ 3 2, 3 3, 3 7] vi a a s ol e
si n gl et t er m Λ 1 / 2 ∂ µ η 0 ∂

µ η 0 .

As a m att er of f a ct, t h e Kr oll C o n diti o ns i m p os e d t o t h e E B H L S 2 L a gr a n gi a n r el at e t h e
br e a ki n g of U ( 3) s y m m etr y i n t h e P S s e ct or a n d t h e vi ol ati o n of C V C i n t h e τ d e c a y
w hi c h e x pl ai ns t h e o bs er v e d B ell e s p e ctr u m; t hi s C V C vi ol ati o n i s i n vi si bl e i n t h e Al e p h
a n d Cl e o s p e ctr a b e c a us e of t h eir l o w er st ati sti cs b ut o ur fit s ill ustr at es t h at Al e p h a n d
Cl e o a bs or b it q uit e n at ur all y as o b vi o us fr o m Ta bl e 1.

It i s cl e ar t h at t hi s u n e x p e ct e d pr o p ert y d es er v es c o n fir m ati o n a n d a f ort h c o mi n g hi g h
st ati sti cs τ di pi o n s p e ctr u m i s w el c o m e t o a ns w er t hi s q u esti o n. O n t h e ot h er h a n d, t h e
pi ct ur e w hi c h e m er g es fr o m E B H L S 2 i n di c at es t h at usi n g τ d at a t o esti m at e t h e Is os pi n
br e a ki n g eff e ct s i n v ol v e d i n F e

π (s ) i s n ot str ai gt hf or w ar d o ut si d e a gl o b al fit c o nt e xt.

• T h e E B H L S2 u p d at e of t h e m u o n H V P- L O r ai s es s e v er al t o pi cs :

1. Usi n g t h e E B H L S 2 m o d el, o n e e x a mi n es t h e t w o r e c e ntl y p u bli s h e d d at a s a m pl es
of i nt er est i n t h e H L S e n er g y r a n g e ( ≤ 1 .0 5 G e V).

T h e B E SIII e + e − → π 0 π + π − cr oss-s e cti o n [ 2 4] i s i m p ort a nt as it d o u bl es t h e
st ati sti cs c o v eri n g t hi s a n ni hil ati o n c h a n n el. O n c e t h e e n er gi es of t hi s s p e ctr u m ar e
a p pr o pri at el y 6 7 r e c ali br at e d t o m at c h t h e e n er g y s c al e of t h e (> 5 0 ) d at a s a m pl es
alr e a d y i n cl u d e d i n o ur st a n d ar d s a m pl e s et, it i s s h o w n t h at t h e E B H L S 2 fr a m e w or k
l e a ds t o f airl y g o o d gl o b al fit pr o p erti es.

6 6 A ki n eti c br e a ki n g eff e ct g oi n g b e y o n d t h e u s u al ’t H o oft d et er mi n a nt t er m – w hi c h o nl y pr o vi d es a c orr e cti o n
t o t h e si n gl et t er m – h as b e e n pr o p o s e d b y ot h er a ut h or s u si n g diff er e nt L a gr a n gi a n s, s e e [ 6 0] f or i n st a n c e.

6 7 It is s h o w n t h at t his r es ults i n m er e e n er g y s hifts, h o w e v er diff er e nt i n t h e ω a n d φ p e a k r e gi o n s; b ot h v al u es
ar e f o u n d c o n sist e nt wit h B E SIII e x p e ct ati o n s. A p o ssi bl e ori gi n f or t his diff er e n c e is dis c u ss e d i n A p p e n di x D.
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T h e S N D C oll a b or ati o n r u n ni n g o n t h e n e w V E P P- 2 0 0 0 F a cilit y h as pr o d u c e d a
n e w s p e ctr u m [ 2 5] f or t h e e + e − → π + π − cr oss-s e cti o n c o v eri n g t h e H L S e n er g y
r a n g e w hi c h m a y all o w t o r e a d dr ess t h e K L O E – B a b ar c o ntr o v ers y.

I n d e e d, c o m p ari n g t h e S N D s p e ctr u m pr o p erti es wit h t h os e of t h e s a m pl es alr e a d y
b el o n gi n g t o o ur R ef er e n c e B e n c h m ar k gi v es t h e o p p ort u nit y t o r e- e m p h asi z e o ur
s a m pl e a n al ysi s m et h o d.

S u bst a nti all y, o ur a p pr o a c h i s b as e d o n a f e w s ali e nt pr o p erti es : (i) o n e sti c ks t o us-
i n g i n fit s o nl y t h e u n c ert ai nt y i nf or m ati o n pr o vi d e d b y e a c h e x p eri m e nt a n d r efr ai n
fr o m usi n g a n y a d diti o n al i n p ut li k e err or i n fl ati o n f a ct ors; (ii) o n e tr e at s c a n o ni-
c all y t h e n or m ali z ati o n u n c ert ai nt y [ 7 6]; (iii) pr eli mi n ar y fit s all o w t o i d e ntif y t h e
R ef er e n c e B e n c h m ar k d at a s a m pl es b y t h eir s ati sf a ct or y fit pr o p erti es; t h e R ef er-
e n c e B e n c h m ar k i s f o u n d t o i n cl u d e m or e t h a n 9 0 % of t h e a v ail a bl e d at a s a m pl es
c o v eri n g all t h e c h a n n el s a d dr ess e d b y E B H L S 2 .

T h e n, a n y n e w c o m er s a m pl e i s a p p e n d e d t o t h e st ati sti c all y c o nsi st e nt R ef er e n c e
B e n c h m ar k wit hi n a gl o b al fit: If it s fit q u alit y i s s ati sf a ct or y, it b e c o m es p art of
t h e R ef er e n c e B e n c h m ar k; ot h er wi s e, h a vi n g d et e ct e d i n c o nsi st e n ci es b et w e e n t h e
n e w c o m er a n d t h e R ef er e n c e B e n c h m ar k s a m pl es, o n e di s c ar ds t h e n e w c o m er, pr e-
s er vi n g t hi s w a y t h e st ati sti c al c o nsi st e n c y of t h e R ef er e n c e B e n c h m ar k.

T h e o ut c o m e c a n b e s u m m ari z e d as f oll o ws : N a mi n g H t h e s et of all r ef er e n c e
d at a s a m pl es e x c e pt f or t h e di pi o n s p e ctr a fr o m K L O E a n d B a B ar, it i s s h o w n t h at
t h e m ost c o nsi st e nt c o m bi n ati o ns o n e c a n d e fi n e ar e H K = { H + K L O E } a n d
H B = { H + B a B ar } , t h e g o o d n ess of fit cl e arl y f a v ori n g H K c o m p ar e d t o H B ;
m or e o v er, t h e g o o d n ess of fit f or e a c h of H K a n d H B i s m u c h b ett er t h a n t h os e
f or H K B = { H + K L O E + B a B ar } . T o d e al wit h t h e m u o n H V P- L O i ss u e, t hi s
r e m ar k h as l e d us t o p erf or m s e p ar at e a n al ys es f or H K a n d H B a n d a v oi d usi n g
H K B w hi c h r et ur ns a p o or pr o b a bilit y a n d i s f o u n d t o pr o d u c e si g ni fi c a nt bi as es
c o m p ar e d t o eit h er of H K a n d H B . T hi s i s f urt h er c o m m e nt e d b el o w.

O n t h e ot h er h a n d, w h e n a n e w d at a s a m pl e c o v eri n g t h e e + e − → π + π − a n ni hil a-
ti o n c h a n n el i s p u bli s h e d, t h e i ss u e i s al w a ys t o r e- e x a mi n e w h et h er it m a y f a v or o n e
a m o n g t h e H K a n d H B s a m pl e c o m bi n ati o ns or n ot. It h as b e e n f o u n d pr e vi o usl y
t h at t h e di pi o n s p e ctr a r ef err e d t o a b o v e as N S K a n d Cl e o- c d o n ot s u bst a nti all y
m o dif y t h e fit pi ct ur e of eit h er of t h e H K a n d H B c o m bi n ati o ns; t h e B E SIII s a m pl e
– r e c e ntl y c orr e ct e d [ 2 7] – i s r e p ort e d t o r at h er f a v or H K o v er H B , b ut n ot hi n g r e-
all y c o n cl usi v e. T h e q u esti o n i s t h us w h et h er t h e S N D s p e ctr u m [ 2 5] m o di fi es t h e
pi ct ur e. T h e m ai n r es ult s of o ur st u d y ar e g at h er e d 6 8 i n Fi g ur e 7; t h e fit pr o p erti es
di s pl a y e d t h er ei n i n di c at e a b ett er c o nsi st e n c y wit h t h e H K c o m bi n ati o n o v er t h e
H B o n e, h o w e v er, t h er e i s still s o m et hi n g u n cl e ar wit h t h e r e p ort e d S N D u n c er-
t ai nt y i nf or m ati o n – or it s d e ali n g wit h – w hi c h, f or n o w, l e a ds t o us e it o nl y t o
esti m at e s yst e m ati cs.

T o e n d u p wit h t hi s t o pi c, o n e s h o ul d n ot e t h at o ur r ef er e n c e s et of d at a s a m pl es
c o nt ai ns 1 3 6 6 pi e c es of i nf or m ati o n. B esi d e t h e d at a s a m pl es c o v eri n g t h e 6 a n-

6 8 T h e 0 .6 0 ÷ 0 .7 1 G e V r e gi o n of t h e B a B ar s p e ctr u m h as b e e n eli mi n at e d fr o m t h e fit t o k e e p cl o s e t o w h at
S N D s u g g ests [ 2 5] w h er e as n o c ut h as b e e n a p pli e d i n t h e gl o b al fit i n v ol vi n g t h e K L O E s p e ctr a; t his o b vi o ul y
e n h a n c es t h e pr o b a bilit y of t h e ( S N D 2 0 + B a b ar) c o m bi n ati o n.
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ni hil ati o n c h a n n el s alr e a d y li st e d a n d t h e τ di p i o n s p e ctr a, o n e fi n ds t h e p arti al
wi dt hs f or t h e P → γ γ d e c a ys a n d t h e V P η ′ c o u pli n gs n ot i n v ol v e d i n t h e li st e d
a n ni hil ati o n c h a n n el s; t h e P D G v al u e f or t h e r ati o of d e c a y c o nst a nt s f K / f π i s al s o
i n cl u d e d. St at e d ot h er wi s e, E B H L S2 tr e at s c o nsi st e ntl y t h e l ar g est s et of d at a a n d
p h ysi cs c h a n n el s e v er s u b mitt e d t o a u ni fi e d d es cri pti o n i n t h e n o n- p ert ur b ati v e
Q C D r e gi o n. Gl o b al fit s h a v e b e e n p erf or m e d u n d er v ari o us c o n diti o ns a n d r et ur n
pr o b a bilit es i n t h e r a n g e of 8 0 % t o 9 0 % f or t h e H K s et c o m bi n ati o n a n d ≃ 4 0 %
f or t h e H B c o m bi n ati o n; t h e r es ult s b as e d o n H K ar e c o m m e nt e d i n S e cti o n 1 0 a n d
t h eir r es ult s g at h er e d i n Ta bl e 4, t h os e b as e d o n t h e H B c o m bi n ati o n ar e t h e m att er
of S u bs e cti o n 1 1. 5.

2. R e g ar di n g m o d el d e p e n d e n c e of t h e H L S esti m at es f or t h e m u o n H V P- L O :

I n or d er t o fi g ur e o ut p ossi bl e m o d el d e p e n d e n c e eff e ct s, t h e m ost a p pr o pri at e a p-
pr o a c h i s t o c o m p ar e t h e i nf or m ati o n d eri v e d fr o m o ur fit s wit h t h e c orr es p o n di n g
i nf or m ati o n d eri v e d b y ot h ers usi n g s o- c all e d ” dir e ct n u m eri c al i nt e gr ati o n ” m et h-
o ds – w hi c h ar e al s o f ar fr o m b ei n g fr e e of ass u m pti o ns.

Ta bl e 5 c oll e ct s t h e n u m eri c al esti m at es f or a µ (π π ) o v er t h e r a n g e s ∈ [ 0.3 5 , 0 .8 5]
G e V 2 d eri v e d b y t h e K L O E C oll a b or ati o n it s elf [ 9 0] f or t h e diff er e nt d at a s a m pl es
t h e y p u bli s h e d ( K L O E 0 8, K L O E 1 0, K L O E 1 2) a n d t h eir c o m bi n ati o n ( K L O E 8 5).
I n cl u di n g e a c h of t h es e s a m pl es as si n gl e r e pr es e nt ati v e of t h e π π c h a n n el wit hi n
t h e E B H L S2 fitti n g pr o c e d ur e, o n e g et s t h e n u m b ers di s pl a y e d i n t h e s e c o n d d at a
c ol u m n wit h fit pr o p erti es s h o w n i n t h e t hir d d at a c ol u m n. E x c e pt f or K L O E 0 8
w hi c h yi el ds a p o or g o o d n ess of fit, e a c h ” e x p eri m e nt al ” c e ntr al v al u e i s di st a nt
fr o m it s E B H L S2 a n al o g b y o nl y a fr a cti o n of t h e r el e v a nt σ e x p ; m or e o v er, t h e g ai n
i n pr e ci si o n b y p erf or mi n g gl o b al fitti n g i s h er e es p e ci all y stri ki n g as t h e u n c er-
t ai nt y of t h e fitt e d a µ (π π ) v al u es i s si g ni fi c a ntl y s m all er t h a n t h eir c orr es p o n di n g
σ e x p ’s.

C o m p ari n g diff er e nt m et h o ds of c o m bi ni n g d at a i s t h e s u bj e ct of Ta bl e 6. T hi s
ill ustr at es t h at, b esi d es t h e s el e cti o n of d at a s a m pl es, t h e w a y t o d e al wit h t h e r e-
p ort e d n or m ali z ati o n u n c ert ai nt y i s a m u c h m or e si g ni fi c a nt s o ur c e of bi as t h a n t h e
c h oi c e of a m o d el e v e n if o urs, b y c orr el ati n g diff er e nt c h a n n el s wit h π π , all o ws
f or a m u c h i m pr o v e d u n c ert ai nt y f or t h e π π c o ntri b uti o n – w hi c h i s j ust t h e p ur p os e
f or pr o m oti n g gl o b al fit m et h o ds.

3. E v al u ati o ns of t h e m u o n H V P : K L O E v ers us B a B ar.

T h e m att er of S u bs e cti o n 1 1. 2 i s t o d e al wit h v ari o us esti m at es f or t h e H V P- L O
d eri v e d fr o m E B H L S 2 u n d er v ari o us fit c o n diti o ns. Ta bl e 7 di s pl a ys s p e ci fi c all y
o ur r es ult s c o n c er ni n g t h e e n er g y r e gi o n u p t o 1. 0 5 G e V a n d h as t o b e c o m pl et e d
wit h i nf or m ati o n gi v e n i n Ta bl e 8 t o d eri v e t h e f ull H V P- L O. T h e c o nt e nt of Ta bl e
7 i s ass o ci at e d wit h usi n g f or t h e fit s w h at w as n a m e d a b o v e i n t hi s S e cti o n t h e
{ H + K L O E } s a m pl e s et. Si mil arl y, S u bs e cti o n 1 1. 5 pr o vi d es t h e a n al o g e v al u ati o n
b as e d o n usi n g t h e { H + B a B ar } s a m pl e s et. O n e g et s f or t h e m u o n H V P- L O :






{ H + K L O E } = ⇒ a H V P − L O
µ = 6 8 7 .4 8 ± 2 .9 3 f it + + 2 .3 1

− 0 .6 9 s y st
, 9 0 % Pr o b .

{ H + B a B ar } = ⇒ a H V P − L O
µ = 6 9 2 .5 3 ± 2 .9 5 f it + + 2 .3 1

− 0 .6 9 s y st
, 4 0 % Pr o b .
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i n u nit s of 1 0 − 1 0 . T h es e ar e di s pl a y e d t o g et h er wit h ot h er esti m at es i n Fi g ur e 9.
O n e o bs er v es t h e str o n g eff e ct of usi n g { H + B a B ar } pr ef er a bl y t o { H + K L O E }
d es pit e t h e b ett er g o o d n ess of fit of t h e l att er s et. O n e s h o ul d n ot e t h at t h e { H +
B a B ar } e v al u ati o n of t h e H V P- L O diff ers fr o m t h e K N T 1 9 e v al u ati o n [ 9 3] b y o nl y
0 .4 2 × 1 0 − 1 0 . H o w e v er, t a ki n g i nt o a c c o u nt t h e 5 .4 7 × 1 0 − 1 0 diff er e n c e b et w e e n t h e
B a B ar a n d K L O E b as e d e v al u ati o ns, it m a y l o o k h as ar d e o us t o p erf or m a n y ki n d
of c o m bi n ati o n of t h es e.

N e v ert h el ess, it l o o ks i nt er esti n g t o q u ot e t h e r es ult s d eri v e d fr o m a fit b as e d o n
s ol el y t h e H s a m pl e s et; i n d e e d, H o nl y i n cl u d es t h e N S K, Cl e o- c a n d B E SIII
s a m pl es as r e pr es e nt ati v es of t h e π + π − a n ni hil ati o n c h a n n el f or w hi c h t h er e i s a
c o m m o nl y s h ar e d c o ns e ns us. O n e t h us g et s :

{ H } = ⇒ a H V P − L O
µ = 6 8 9 .4 3 ± 3 .0 8 f it + + 2 .3 1

− 0 .6 9 s y st
, 9 1 % Pr o b .

fr o m a fit w hi c h al s o r et ur ns χ 2 / N pt s = 1 1 3 7 / 1 2 3 1 . T hi s e v al u ati o n, j ust mi d w a y
b et w e e n t h e { H + K L O E } a n d { H + B a B ar } esti m at es, still b e n e fit s fr o m a v er y
g o o d u n c ert ai nt y a n d fr o m a pr o b a bilit y as g o o d as t h os e of t h e { H + K L O E } fit.

C o m p ar e d t o t h e a v er a g e e x p eri m e nt al v al u e [ 4] f or a µ a n d t a ki n g i nt o a c c o u nt
t h e s yst e m ati c u n c ert ai nti es, w e fi n d f or t h e diff er e n c e ∆ a µ = a e x p

µ − a p h e n o.
µ a

si g ni fi c a n c e gr e at er t h a n 5 .3 σ ( K L O E) or 4 .4 σ ( B a B ar). It i s w ort h w hil e n oti n g
t h at t h e diff er e n c e of t h es e e v al u ati o ns i s n ot a m o d el eff e ct b ut a p ur e r e fl e cti o n of
t h e t e nsi o n b et w e e n t h e B a B ar a n d K L O E e v al u ati o ns di st a nt b y 1 .9 σ f it fr o m e a c h
ot h er.

R e g ar di n g t h e hi at us b et w e e n t h e L Q C D e v al u ati o n [ 3] f or t h e m u o n H V P- L O a n d
a n y of t h e e v al u ati o ns b as e d o n di s p ersi v e m et h o ds s h o w n i n Fi g ur e 9, it l o o ks
u n e as y yi el di n g a mi ssi n g δ a µ ≃ ( 1 0 ÷ 2 0) × 1 0 − 1 0 fr o m a n ni hil ati o n d at a b el o w
≃ 1 G e V.

• R e g ar di n g t h e [π 0 , η, η′] mi xi n g pr o p erti es :

T h e E B H L S 2 L a gr a n gi a n pr o vi d es a c o n v e ni e nt fr a m e w or k t o al s o e x a mi n e t h e mi xi n g
pr o p erti es of t h e [π 0 , η, η′] s yst e m. As t hi s L a gr a n gi a n all o ws t o d eri v e t h e v ari o us a xi al
c urr e nt s, it i s p ossi bl e t o c o nstr u ct e x pli cit el y t h e p ar a m etri z ati o ns i n t h e s o – c all e d o ct et-
si n gl et a n d q u ar k- fl a v or b as es. It i s f o u n d t h at, at l e a di n g or d er i n br e a ki n gs, o n e r e c o v ers
t h e k n o w n e x pr essi o ns – c o m p ar e t o [ 3 2, 3 7] f or i nst a n c e – s o m e w h at g e n er ali z e d t o al s o
i n cl u d e t h e λ 8 a n d λ 3 t er m s.

R el at e d wit h t hi s, it h as b e e n f o u n d w ort h w hil e t o e x a mi n e i n d et ail h o w t h e Kr oll C o n-
diti o ns r e mi n d e d at t h e b e gi n ni n g of t hi s S e cti o n c a n b e f ul fill e d b y t h e E B H L S 2 L a-
gr a n gi a n. It i s f o u n d t h at 2 s ol uti o ns – n a m e d A ± – a m o n g t h e 4 p ossi bl e o n es l e a d t o
f air d es cri pti o ns of o ur w h ol e r ef er e n c e s et of d at a. T h e A + a n d A − s ol uti o ns r et ur n
si mil ar fit p ar a m et er v al u es a n d t h e A − s ol uti o n i s sli g htl y f a v or e d c o m p ar e d 6 9 t o A + .

H o w e v er, a n u n e x p e ct e d as p e ct s h o ws u p : t h e ki n eti c br e a ki n g t er m of t h e P S fi el ds
w hi c h i s us u all y a d et er mi n a nt t er m l e a di n g t o s ol el y a P S si n gl et c o ntri b uti o n ∂ µ η 0 ∂ µ η 0

6 9 I n c as e t h e ki n eti c br e a ki n g t er m gi v e n b y E q u ati o n ( 2 1) is r e pl a c e d b y E q u ati o n ( 2 2), t h e Kr oll C o n diti o n s
yi el d a u ni q u e n o n-tri vi al s ol uti o n.
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c a n n ot c o m e al o n e a n d s h o ul d b e c o m pl e m e nt e d b y q u a dr ati c t er m s i n v ol vi n g al s o t h e π 0

a n d η 8 fi el d d eri v ati v es. It f oll o ws h er efr o m t h at t h e Kr oll C o n diti o ns g e n er at e a vi ol ati o n
of C V C i n t h e di pi o n s p e ctr u m of t h e τ l e pt o n d e c a y, as alr e a d y n ot e d. O n e m a y e x p e ct
t h at t h es e c o n cl usi o ns ar e n ot s p e ci fi c t o t h e br o k e n H L S m o d elli n gs.

Usi n g t h e fit r es ult s d eri v e d b y r u n ni n g t h e A + a n d A − s ol uti o ns t o t h e Kr oll C o n diti o ns,
t h e o ct et-si n gl et a n d q u ar k fl a v or b asi s p ar a m etri z ati o n of t h e [π 0 , η, η′] mi xi n g ar e c o m-
p ut e d (s e e Ta bl e 1 1) a n d c o m p ar e d wit h ot h er a v ail a bl e esti m at es (s e e Ta bl e 1 2). A g o o d
a gr e e m e nt i s o bs er v e d wit h t h e ot h er esti m at es wit h h o w e v er, h er e al s o, b ett er pr e ci si o n
f or t h e E B H L S2 e v al u ati o ns. T h e Is os pi n br e a ki n g eff e ct s w hi c h c a n aff e ct t h e [π 0 , η, η′]
s yst e m [ 3 8] ar e al s o d eri v e d (s e e Ta bl e 1 3), b ut h er e, t h er e i s littl e e xt er n al i nf or m ati o n
t o c o m p ar e wit h a n d c o n cl u d e.
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A p p e n di c es

A T h e A A P a n d V V P A n o m al o us s e ct o rs

A. 1 T h e A A P L a g r a n gi a n

T h e A A P L a gr a n gi a n i s gi v e n b y :

L A A P = −
3 α e m

π f π
( 1 − c 4 ) ǫ µ ν α β ∂ µ A ν ∂ α A β Tr Q 2 P , ( 1 1 0)

w h er e Q i s t h e q u ar k c h ar g e m atri x a n d P d e n ot es t h e U ( 3) s y m m etri c m atri x of t h e b ar e
ps e u d os c al ar fi el ds. L et us d e fi n e :

λ ′
0 = λ 3 + λ 0

2

3

5 z 2
A + 1

3 z 2
A

, λ′8 = λ 3 + λ 8
1

√
3

5 z 2
A − 2

3 z 2
A

( 1 11)

a n d t h e a n gl e δ P : 




si n θ P =
1

√
3

c os δ P +
√

2 si n δ P

c os θ P =
1

√
3

√
2 c os δ P − si n δ P

( 11 2)

w hi c h m e as ur es t h e d e p art ur e fr o m i d e al mi xi n g ( θ I = ar ct a n 1 /
√

2 ≃ 3 5 ◦ ) : δ P = θ P − θ I .
D e fi ni n g :






g π 0 γ γ =
1

6
1 −

5

6
∆ A +

λ 3

2
[λ 3 − λ ′

0 − λ ′
8 ]

+
ǫ

6
√

3

5 z A − 2

3 z A
c os θ P −

√
2
5 z A + 1

3 z A
si n θ P

+
ǫ ′

6
√

3

5 z A − 2

3 z A

si n θ P +
√

2
5 z A + 1

3 z A

c os θ P ,

g η γ γ = −
ǫ

6
+

c os δ P

3 6 z A
− 2

√
2 +

√
3 λ 0 λ

′
0 −

√
6 λ 8 λ

′
8 −

5 z 2
A + 4

3 z 2
A

λ 0 λ 8

+
si n δ P

3 6
3 ∆ A − 1 0 +

√
6 λ 0 λ

′
0 +

√
3 λ 8 λ

′
8 +

√
2
1 0 z 2

A − 1

3 z 2
A

λ 0 λ 8 ,

g η ′ γ γ = −
ǫ ′

6
−

c os δ P

3 6
3 ∆ A − 1 0 +

√
6 λ 0 λ

′
0 +

√
3 λ 8 λ

′
8 +

√
2
1 0 z 2

A − 1

3 z 2
A

λ 0 λ 8

+
si n δ P

3 6 z A

− 2
√

2 +
√

3 λ 0 λ
′
0 −

√
6 λ 8 λ

′
8 −

5 z 2
A + 4

3 z 2
A

λ 0 λ 8 ,

( 1 13)
t h e c o u pli n g c o nst a nt s of t h e p h ysi c al ps e u d os c al ar fi el ds t o a p h ot o n p air, π 0 γ γ , η γ γ a n d η ′γ γ ,
ar e gi v e n b y :

G P 0 γ γ = −
3 α e m

π f π
( 1 − c 4 )g P 0 γ γ . (1 1 4)
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A. 2 T h e V V P L a g r a n gi a n

T h e V V P L a gr a n gi a n i s gi v e n b y :

L V V P = −
3 g 2

4 π 2 f π

c 3 ǫ µ ν α β Tr [ ∂ µ V ν ∂ α V β P ] , C = −
N c g

2 c 3

4 π 2 f π

. ( 1 15)

A. 2. 1 T h e V V π L a g r a n gi a ns

T h e V V π L a gr a n gi a ns r el e v a nt f or o ur p h e n o m e n ol o g y ar e gi v e n b y :

L V V P (π ± ) =
C

2
ǫ µ ν α β 1 +

2 ξ 0 + ξ 8

3
∂ µ ω I

ν +

√
2

3
(ξ 0 − ξ 8 )∂ µ φ I

ν × ∂ α ρ +
β π − + ∂ α ρ −

β π +

( 1 16)
a n d :

L V V P (π 0 ) =
C

2
ǫ µ ν α β G 0 ∂ µ ρ I

ν ∂ α ω I
β + G 1 2 ∂ µ ρ −

ν ∂ α ρ +
β + ∂ µ ρ I

ν ∂ α ρ I
β + ∂ µ ω I

ν ∂ α ω I
β

+ G 2 ∂ µ Φ I
ν ∂ α Φ I

β + G 3 ∂ µ ρ I
ν ∂ α Φ I

β π 0

( 1 1 7)

w h er e :





G 0 = 1 −
λ 2

3

2
+

2 ξ 0 + ξ 8

3
+ ξ 3 ,

G 1 = −
1

4
√

3

√
3 ∆ A + λ 3 (

√
2 λ 0 + λ 8 ) +

1

2
[ǫ ′ c os δ P − ǫ si n δ P ] ,

G 2 = −
λ 3

2 z 2
A

√
6

λ 0 −
√

2 λ 8 −
1

z A

√
2

[ǫ ′ si n δ P + ǫ c o s δ P ] ,

G 3 =

√
2

3
(ξ 0 − ξ 8 ) .

( 1 18)

As a ct u all y, o n e i m p os es ξ 0 = ξ 8 , o n e h as G 3 = 0 .

A. 2. 2 T h e V V η L a g r a n gi a n

T h e V V η L a gr a n gi a n i s gi v e n b y :

L V V P (η ) =
C

2
ǫ µ ν α β K 1 ∂ µ ρ −

ν ∂ α ρ +
β + K 2 ∂ µ ρ I

ν ∂ α ρ I
β + K 3 ∂ µ ω I

ν ∂ α ω I
β + K 4 ∂ µ Φ I

ν ∂ α Φ I
β

+ K 5 ∂ µ ω I
ν ∂ α Φ I

β + K 6 ∂ µ ρ I
ν ∂ α ω I

β η .

( 1 1 9)
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D e fi ni n g : 




H 1 =
1

1 2 z A
κ 0 κ 8 ,

H 2 =
1

1 2
κ 2

0 − 6 ,

H 3 =

√
2

1 2 z 3
A

κ 2
8 − 2 z 2

A ( 3 + 2 ξ 0 + 4 ξ 8 ) ,

( 1 2 0)

w h er e :
κ 0 =

√
2 λ 0 + λ 8 a n d κ 8 = λ 0 −

√
2 λ 8 , ( 1 21)

t h e V V η c o u pli n gs ar e :






K 1 = 2 [ H 1 c os δ P + H 2 si n δ P ] ,

K 2 = H 1 c os δ P + ( H 2 − ξ 3 ) si n δ P ,

K 3 = H 1 c os δ P + H 2 −
2 ξ 0 + ξ 8

3
si n δ P ,

K 4 = H 3 c o s δ P +

√
2

z A

H 1 si n δ P ,

K 5 = −
(ξ 0 − ξ 8 )

3 z A
2 c o s δ P + z A

√
2 si n δ P ,

K 6 =
λ 3 κ 8

2 z A

√
3

c os δ P +
1

2
√

3

√
3 ∆ A + λ 3 κ 0 si n δ P − ǫ .

(1 2 2)

A. 2. 3 T h e V V η ′ L a g r a n gi a n

T h e V V η ′ L a gr a n gi a n i s gi v e n b y :

L V V P (η ′) =
C

2
ǫ µ ν α β K ′

1 ∂ µ ρ −
ν ∂ α ρ +

β + K ′
2 ∂ µ ρ I

ν ∂ α ρ I
β + K ′

3 ∂ µ ω I
ν ∂ α ω I

β + K ′
4 ∂ µ Φ I

ν ∂ α Φ I
β

+ K ′
5 ∂ µ ω I

ν ∂ α Φ I
β + K ′

6 ∂ µ ρ I
ν ∂ α ω I

β η ′ ,

( 1 2 3)
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t h e V V η ′ c o u pli n gs ar e :





K ′
1 = 2 [ − H 2 c os δ P + H 1 si n δ P ] ,

K ′
2 = − (H 2 − ξ 3 ) c os δ P + H 1 si n δ P ,

K ′
3 = − H 2 −

2 ξ 0 + ξ 8

3
c os δ P + H 1 si n δ P ,

K ′
4 = H 3 si n δ P −

√
2

z A
H 1 c os δ P ,

K ′
5 = −

(ξ 0 − ξ 8 )

3 z A

− z A

√
2 c os δ P + 2 si n δ P ,

K ′
6 = −

1

2
√

3

√
3 ∆ A + λ 3 κ 0 c os δ P +

λ 3 κ 8

2 z A

√
3

si n δ P − ǫ ′ .

( 12 4)

B T h e A P P P a n d V P P P A n o m al o us s e ct o rs

B. 1 T h e A P P P L a g r a n gi a n

T h e A P P P L a gr a n gi a n i s gi v e n b y :

L A P P P = D ǫ µ ν α β A µ Tr [ Q ∂ ν P ∂ α P ∂ β P ] , D = − i
N c e

3 π 2 f 3
π

1 −
3

4
(c 1 − c 2 + c 4 ) . ( 1 25)

Li miti n g o n es elf t o t h e L a gr a n gi a n pi e c es r el e v a nt f or o ur p ur p os e, it c a n b e writt e n :

L A P P P = D ǫ µ ν α β A µ g γ π 0 ∂ ν π 0 + g γ η ∂ ν η + g γ η ′ ∂ ν η ′ ∂ α π − ∂ β π + , ( 1 2 6)

i n t er m s of f ull y r e n or m ali z e d P S fi el ds. D e fi ni n g :

κ 0 =
√

2 λ 0 + λ 8 a n d κ 8 = λ 0 −
√

2 λ 8 , ( 1 27)

t h e c o u pli n gs c a n b e writt e n :





g γ π 0 = −
1

4
1 −

∆ A

2
−

λ 3

2
√

3
κ 0 +

√
3 λ 3 − ǫ si n δ P + ǫ ′ c o s δ P ,

g γ η = −
κ 0 +

√
3 λ 3

2 4 z A
[κ 8 c os δ P + z A κ 0 si n δ P ] +

si n δ P

4
1 −

∆ A

2
+

ǫ

4
,

g γ η ′ =
κ 0 +

√
3 λ 3

2 4 z A
[z A κ 0 c os δ P − κ 8 si n δ P ] −

c os δ P

4
1 −

∆ A

2
+

ǫ ′

4
.

( 1 28)

B. 2 T h e V P P P L a g r a n gi a n

T h e V P P P L a gr a n gi a n i s gi v e n b y :

L V P P P = E ǫ µ ν α β Tr [ V µ ∂ ν P ∂ α P ∂ β P ] , E = − i
N c g

4 π 2 f 3
π

[c 1 − c 2 − c 3 ] . ( 12 9)
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It s r el e v a nt p art c a n b e r e writt e n :

L V P P P = E ǫ µ ν α β

V = ( ρ I , ωI , φI )

V µ g V π 0 ∂ ν π 0 + g V η ∂ ν η + g V η ′ ∂ ν η ′ ∂ α π − ∂ β π + , ( 1 3 0)

i n t er m s of i d e al v e ct or fi el ds a n d f ull y r e n or m ali z e d P S fi el ds. T h e c orr es p o n di n g c o u pli n gs
ar e : 





g ρ I π 0 =
1

4

∆ A

2
+

1

2
√

3
λ 3 κ 0 + ǫ si n δ P − ǫ ′ c o s δ P ,

g ρ I η = −
κ 0

2 4 z A
[κ 8 c os δ P + z A κ 0 si n δ P ] +

si n δ P

4
( 1 + ξ 3 ) ,

g ρ I η ′ =
κ 0

2 4 z A
[z A κ 0 c os δ P − κ 8 si n δ P ] −

c os δ P

4
( 1 + ξ 3 ) ,

(1 3 1)

a n d : 




g ω I π 0 = −
3

4
1 −

λ 2
3

2
+

2 ξ 0 + ξ 8

3
,

g ω I η = −
λ 3

√
3

8 z A
[κ 8 c os δ P + z A κ 0 si n δ P ] −

3 ∆ A

8
si n δ P +

3

4
ǫ ,

g ω I η ′ =
λ 3

√
3

8 z A
[z A κ 0 c os δ P − κ 8 si n δ P ] +

3 ∆ A

8
c os δ P +

3

4
ǫ ′ .

( 1 32)

Fi n all y, w e al s o h a v e :

g φ I π 0 = −

√
2

4
(ξ 0 − ξ 8 ) , gφ I η = 0 , g φ I η ′ = 0 . ( 1 3 3)

It s h o ul d b e r e mi n d e d t h at t h e c o n diti o n F e
π ( 0) = 1 + O (δ 2 ) l e a ds t o ξ 0 = ξ 8 .

C T h e e + e − → π 0 π + π − C r oss-s e cti o n

T h e a m plit u d e f or t h e γ ∗ → π 0 π + π − tr a nsiti o n i n v ol v es m ost of t h e F K T U Y L a gr a n gi a n
pi e c es; it c a n b e writt e n :

T (γ ∗ → π 0 π + π − ) = T A P P P + T V P P P + T V V P , ( 1 3 4)

l a b eli n g e a c h t er m b y t h e p arti c ul ar pi e c e of t h e F K T U Y L a gr a n gi a n fr o m w hi c h it ori gi n at es.
As alr e a d y n ot e d, b e c a us e c 3 = c 4 i s ass u m e d, t h er e i s n o T A V P pi e c e.

T h e T A P P P c o ntri b uti o n t o t h e f ull T (γ ∗ → π 0 π + π − ) i s :

T A P P P = C A P P P [ 1 − G (δ P )] ǫ µ ν α β ǫ µ (γ )p ν
0 , pα− p β

+ , CA P P P = −
i e

4 π 2 f 3
π

1 −
3

4
(c 1 − c 2 + c 4 ) ,

( 1 35)
w h er e ǫ µ (γ ) i s t h e off-s h ell p h ot o n p ol ari s ati o n v e ct or, t h e ot h er n ot ati o ns b ei n g o b vi o us. O n e
h as al s o d e fi n e d :

G (δ P ) =
∆ A

2
+ ǫ si n δ P − ǫ ′ c o s δ P +

λ 3

2
√

3
(
√

3 λ 3 +
√

2 λ 0 + λ 8 ) . ( 13 6)
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T hr e e pi e c es ar e c o mi n g fr o m t h e V P P P :

T V P P P = C V P P P

V = ρ, ω, φ

F e
V γ (s )

D V (s )
g R

V π (s ) ǫ µ ν α β ǫ µ (γ )p ν
0 p α

− p β
+ , ( 1 3 7)

w h er e t h e r e n or m ali z e d v e ct or c o u pli n gs g R
V π (s ) t o 3 pi o ns h a v e b e e n d eri v e d usi n g t h e v e ct or

r el ati o n :
g R

V π (s ) = R (s )g I
V π , ( 1 3 8)

R (s ) b ei n g t h e m atri x gi v e n i n E q. ( 3 8) or i n E q. ( 4 3) of t h e B H L S 2 c o m p a ni o n p a p er [ 1 9]
d e p e n di n g o n w h et h er t h e Pri m or di al Br e a ki n g i s di s c ar d e d or n ot. T h e c o m p o n e nt s of t h e g I

V π

v e ct or w hi c h r ef ers t o t h e c o u pli n g of t h e i d e al v e ct or fi el d c o m bi n ati o ns ar e :






g I
ρ π =

1

4

∆ A

2
+ ǫ si n δ P − ǫ ′ c o s δ P +

λ 3

2
√

3
(
√

2 λ 0 + λ 8 ) ,

g I
ω π = −

3

4
1 +

2 ξ 0 + ξ 8

3
−

λ 2
3

2
,

g I
φ π = −

√
2

4
(ξ 0 − ξ 8 ) .

( 1 39)

T h e V − γ a m plit u d es F e
V γ (s ) a n d t h e i n v ers e ρ pr o p a g at ors h a v e b e e n c o nstr u ct e d i n

S e cti o n 1 1 of [ 1 9]. T h e i n v ers e pr o p a g at ors f or t h e ω a n d φ m es o ns h a v e b e e n di s c uss e d a n d
d e fi n e d i n S e cti o n 9 of t h e s a m e R ef er e n c e. O n e h as al s o d e fi n e d :

C V P P P = −
3 i g e

4 π 2 f 3
π

[c 1 − c 2 − c 3 ] . ( 1 40)

T h e V V P L a gr a n gi a n pi e c e i n E q u ati o n ( 1 1 7) gi v e n i n t er m s of i d e al v e ct or fi el ds h as t o
b e r e e x pr ess e d i n t er m s of t h eir r e n or m ali z e d p art n ers as d e v el o p p e d i n S e cti o n 1 2 of [ 1 9] –
s e e E q u ati o ns ( 7 0- 7 5) t h er ei n. T h e si m pl est w a y t o writ e d o w n T (γ ∗ → π 0 π + π − ) i n a w a y
e as y t o c o d e wit hi n o ur gl o b al fit pr o c e d ur e i s di s pl a y e d j ust b el o w.

O n e first d e fi n es t h e H i(s ) f u n cti o ns :






H 0 (s ) = 1 ,  H1 (s ) =
1

D ρ (s + − )
+

1

D ρ (s 0 + )
+

1

D ρ (s 0 − )
,

H 2 (s ) =
1

D ρ (s + − )
, H3 (s ) = α (s + − )

1

D ρ (s + − )
−

1

D ω (s + − )
,

( 1 41)

w h er e s i s t h e i n c o mi n g s q u ar e d e n er g y a n d t h e s i j ’s i n di c at e t h e i n v ari a nt m ass s q u ar e d of
t h e c orr es p o n di n g o ut g oi n g (i, j ) p airs; t h e til d e mi xi n g a n gl es ar e t h os e d e fi n e d b y E q u ati o n
( 4 3) i n [ 1 9]. T V V P d e p e n ds o n t h e 3 f u n cti o ns (H i(s ), i = 1 · · · 3) wit h t h e s - d e p e n d e nt
c o ef fi ci e nt s F i(s ) gi v e n b el o w.

C oll e cti n g all t er m s, t h e f ull a m plit u d e writ es :

T (γ ∗ → π 0 π + π − ) = F 0 (s )H 0 (s ) + C V V P

i= 1 ···3

F i(s )H i(s ) ǫ µ ν α β ǫ µ (γ )p ν
0 p α

− p β
+ , ( 1 4 2)

8 4



wit h :

C V V P = − i
3 e g m 2

8 π 2 f 3
π

( 1 + Σ V )c 3 . ( 1 4 3)

I n t hi s w a y, t o writ e d o w n t h e f ull a m plit u d e, t h e v ari o us F i(s ) f u n cti o ns o nl y d e p e n d o n t h e
i n c o mi n g off-s h ell p h ot o n e n er g y s q u ar e d s ; t h e d e p e n d e n c e u p o n t h e v ari o us s u b- e n er gi es s i j

i s, i nst e a d, o nl y c arri e d b y t h e H i(s ) f u n cti o ns as cl e ar fr o m E q u ati o ns ( 1 4 1). O n e h as :






F 0 (s ) = C A P P P [ 1 − G (δ P )] + C V P P P

F R
ρ γ (s )

D ρ (s )
g R

ρ π (s ) +
F R

ω γ (s )

D ω (s )
g R

ω π (s ) +
F R

φ γ (s )

D φ (s )
g R

φ π (s ) ,

F 1 (s ) = α (s )
F R

ρ γ (s )

D ρ (s )
+ 1 −

λ 2
3

2
1 +

2 ξ 0 + ξ 8

3

F R
ω γ (s )

D ω (s )
+

√
2

3
(ξ 0 − ξ 8 ) + γ (s )

F R
φ γ (s )

D φ (s )
,

F 2 (s ) = ǫ ′ c o s δ P − ǫ si n δ P −
∆ A

2
−

λ 3

2
√

3
(
√

2 λ 0 + λ 8 )
F R

ρ γ (s )

D ρ (s )
+ 2 ξ 3

F R
ω γ (s )

D ω (s )
,

F 3 (s ) =
F R

ρ γ (s )

D ρ (s )
,

( 1 44)
w h er e α (s ) = α (s ) + ψ ω a n d γ (s ) = γ (s ) + ψ 0 , t o p ossi bl y k e e p tr a c k of t h e Pri m or di al
Br e a ki n g [ 1 9], α (s ) a n d β (s ) b ei n g t h e a n gl es g e n er at e d b y t h e D y n a mi c al Mi xi n g m e c h a ni s m
[ 1 4, 1 9].

A gl o b al fit t o all cr oss-s e cti o ns b ut e + e − → π 0 π + π − all o ws t o yi el d t h e r el e v a nt p ar a m e-
t ers wit h a g o o d a p pr o xi m ati o n; t h e n, h a vi n g at h a n d all i n gr e di e nt s d e fi ni n g t h e F i (s )’s, a first
mi ni mi z ati o n r u n [ 7 6] i n cl u di n g t h e e + e − → π 0 π + π − cr oss-s e cti o n c a n b e p erf or m e d t o al s o
d eri v e a first esti m at e f or c 1 − c 2 . T h e o ut p ut of t hi s MI N UI T mi ni mi z ati o n r u n i s t h e n us e d
as i n p ut f or a n e xt mi ni mi z ati o n st e p. T hi s i niti at es a n it er ati o n pr o c e d ur e i n v ol vi n g all cr oss-
s e cti o ns w hi c h i s c arri e d o n u p t o c o n v er g e n c e – w h e n s o m e crit eri o n i s m et, e. g. g e n er all y,
∆ χ 2 ≤ 0 .3 – f or t h e gl o b al χ 2 of all t h e pr o c ess es i n v ol v e d i n t h e E B H L S 2 pr o c e d ur e.

T hi s m et h o d c o n v er g es i n a c o u pl e of mi ni mi z ati o n st e ps [ 7 6]. W h at m a k es s u c h a mi ni-
mi z ati o n pr o c e d ur e u n a v oi d a bl e i s t h at t h e e + e − → π 0 π + π − cr oss-s e cti o n e x pr essi o n i m pli es
t o i nt e gr at e o v er t h e s i j ’s at e a c h st e p. T hi s i s o b vi o usl y pr o hi biti v el y c o m p ut er ti m e c o ns u m-
i n g f or a n e gli gi bl e g ai n. H e n c e, at e a c h st e p, o n e st art s b y t a b ul ati n g c o ef fi ci e nt f u n cti o ns,
e x hi bit e d i n t h e n e xt e x pr essi o n b et w e e n c url y br a c k et s :

σ (e + e − → π 0 π + π − , s) =
α e m s 2

1 9 2 π 2
× G d x d y |F 0 (s )|2

+ C 2
V V P i, j = 1 ···3 F i (s )F ∗

j (s ) G H iH
∗
j d x d y

+ C V V P

i= 1 ···3

F 0 (s )F ∗
i (s ) G H ∗

i d x d y + F ∗
0 (s )F i(s ) G H id x d y

( 1 4 5)

a n d t h es e t a bl es ar e us e d all al o n g t h e n e xt st e p. E q u ati o n ( 1 4 5) us es t h e K ur a e v- Sil a g a d z e
p ar a m etri z ati o n [ 1 2 1] a n d it s k er n el G (x, y ) f u n cti o n; t h es e ar e r e mi n d e d i n A p p e n di x H of
[ 1 4].
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D E n e r g y S hift of R es o n a n c es a n d S e c o n d a r y I S R P h ot o ns

F or t h e B E SIII d at a s a m pl e [ 2 4] of c o n c er n h er e, p h ot o n r a di ati o n eff e ct s h a v e b e e n u n-
f ol d e d b y utili zi n g t h e P H O K H A R A c o d e [ 1 2 2], w hi c h al s o i n cl u d es s e c o n d- or d er p h ot o n
e mi ssi o n 7 0 . I n t h e l e a di n g I S R pr o c ess,

√
s = 3 .7 7 3 G e V i s t h e e n er g y at w hi c h t h e pri m ar y

I S R p h ot o n i s e mitt e d. H er e w e a d dr ess t h e e mi ssi o n of a s e c o n d p h ot o n n e ar t h e φ a n d ω
r es o n a n c es, w h er e t h e c orr es p o n di n g r a di ati o n eff e ct a p p e ars r es o n a n c e- e n h a n c e d.

T h e eff e ct of a p h ot o n r a di at e d off a Br eit- Wi g n er ( B W) r es o n a n c e i s w ell k n o w n fr o m
t h e Z r es o n a n c e p h ysi cs at L E P I [ 1 2 5, 1 2 6, 1 2 7, 1 2 8]. A s p e ci fi c a n al ysi s f or t h e pr o c ess
e + e − → π + π − m a y al s o b e f o u n d i n [ 1 2 9, 1 3 0]. T h e l e a di n g eff e ct i s d u e t o i niti al st at e
r a di ati o n, w h er e t h e o bs er v e d cr oss-s e cti o n i s gi v e n b y a c o n v ol uti o n 7 1 :

σ o b s (s ) =
1

0

d k ρ i ni(k ) σ p h y s (s ( 1 − k )) , ( 1 4 6)

w h er e k = E γ / E e i s t h e e n er g y e mitt e d b y t h e p h ot o n i n u nit s of t h e el e ctr o n or p ositr o n
e n er g y E e at w hi c h t h e r es o n a n c e i s f or m e d a n d s = 4 E 2

e . T h e p h ot o n s p e ctr al f u n cti o n i s

ρ i ni(k ) = β k β − 1 ( 1 + δ v + s
1 + . . . ) + δ h

1 + · · · , ( 1 4 7)

wit h β = 2 α
π

(L − 1) , L = l n s
m 2

e
a n d t h e p h ot o n r a di ati o n c orr e cti o ns f or t h e virt u al + s oft ( v +s)

a n d t h e h ar d ( h) p art s r e a d :

δ v + s
1 =

α

π

3

2
L +

π 2

3
− 2 ; δ h

1 =
α

π
( 1 − L )(2 − k ) . ( 1 4 8)

L et us c o nsi d er t h e n arr o w r es o n a n c es ω a n d φ w hi c h ar e w ell p ar a m etri z e d b y t h e Br eit-
Wi g n er ( B W) f or m ul a :

σ B W (s ) =
1 2 π Γ e Γ f

M 2
R

s

(s − M 2
R ) 2 + M 2

R Γ 2
R

, ( 1 49)

w hi c h h as it s m a xi m u m at
√

s = M R ( 1 + γ 2 )
1
4 wit h γ = Γ R / M R . T h e p e a k v al u e i s σ m a x =

1 2 π Γ e Γ f

M 2
R Γ 2

R
( 1 + 1

4
γ 2 ) a n d t h e h alf m a xi m u m l o c ati o ns r e a d (

√
s ) ± = M R ( 1 + 3

8
γ 2 ) ± Γ R

2
( 1 − 1

8
γ 2 ).

T h e l e a di n g p h ot o n r a di ati o n m o di fi es t h es e r es o n a n c e p ar a m et ers t o

√
s m a x = M R +

β π Γ R

8
−

1

4
γ 2 M R , ( 1 50)

ρ =
σ o b s

σ B W

=
Γ R

M R

β

( 1 + δ v + s
1 ) , (1 5 1)

√
s + −

√
s − = Γ R 1 −

π

2
β γ −

5

8
γ 2 + (

π

4
β +

β

2
l n 2)( 1 + β +

π

4
β ) . ( 1 52)

7 0 F or a dis c u ssi o n of t h e r a di ati v e c orr e cti o n t o ols s e e [ 1 2 3, 1 2 4].
7 1 H er e o n e o nl y c o n si d er s t h e I S R p art at or d er O (α ) w hi c h yi el d s t h e m ai n s hift b et w e e n t h e o b s er v e d a n d

t h e p h y si c al p e a k cr o ss- s e cti o n s. F or a m or e c o m pl et e dis c u ssi o n of p h ot o n r a di ati o n eff e cts s e e e. g. E q. ( 3 9) ff
i n [ 1 2 9]. T h e fi n al st at e r a di ati o n pi e c e c o ntri b uti n g t o t h e π + π − π 0 cr o ss- s e cti o n h as b e e n t a k e n i nt o a c c o u nt i n
t h e B E S III m e as ur e m e nt.
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T h e p h ysi c al r es o n a n c e a p p e ars wi d er wit h a r e d u c e d p e a k cr os s- s e cti o n a n d t h e p ositi o n of
t h e o bs er v e d p e a k i s s hift e d t o w ar ds hi g h er e n er gi es. C o nsi d eri n g t h e e mi ssi o n of a s e c o n d
p h ot o n, s ′ = s ( 1 − k ) i n t h e c o n v ol uti o n f or m ul a ( 1 4 6) t ur ns i nt o s ′′ = s ′( 1 − k 2 ) w h er e
s ′ = s ( 1 − k 1 ) ∼ M 2

R , i. e. s = M 2
R i n t h e r el ati o ns li st e d b ef or e. T hi s s e c o n d p h ot o n s hift s t h e

p e a k e n er g y of t h e ω a n d φ b y δ E as gi v e n i n Ta bl e 1 4.
T h e l ast d at a c ol u m n h er e di s pl a ys, c orr es p o n di n gl y, t h e v al u es f or t h e s hift s δ E ω

B E S I I I a n d
δ E φ

B E S I I I r et ur n e d b y a gl o b al E B H L S2 fit i n v ol vi n g all d at a a n d, es p e ci all y f or t h e 3 π c h a n n el,
b ot h t h e N S K a n d t h e B E SIII s a m pl es; t h es e fit v al u es diff er fr o m t h e c orr es p o n di n g c al c ul at e d
o n es b y o nl y 1 σ .

Ta bl e 1 4: T h e e n er g y s hift s i n k e V of t h e r es o n a n c e l o c ati o ns b y l o c al I S R p h ot o n e mi ssi o n at
s = M 2

R . We a d o pt e d P D G r es o n a n c e p ar a m et er v al u es (i n M e V). T h e v al u es f or (δ E ) fi t ar e
o bt ai n e d i n a gl o b al fit i n v ol vi n g all 3 π d at a s a m pl es ( B E SIII + N S K).

M R Γ R δ E (δ E ) fi t

ω 7 8 2. 6 5 8. 4 9 - 4 0 3 - 4 8 6 ± 7 2
φ 1 0 1 9. 4 6 4. 2 6 - 2 1 3 - 1 3 5 ± 5 9

I nt er esti n gl y t h e c al c ul at e d l e a di n g or d er s hift s q uit e w ell re pr o d u c e t h e s hift s f o u n d b y
o pti mi zi n g t h e fit s of t h e B E SIII d at a ( a b o ut a 1 σ di st a n c e o nl y f or b ot h si g n al s). T h er ef or e, t h e
q u esti o n i s w h et h er B E SIII h as i n cl u d e d ( or n ot) t h e c orr es p o n di n g c orr e cti o ns w h e n u nf ol di n g
t h e r a w d at a fr o m r a di ati o n eff e ct s.
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