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Abstract

The generic Hidden Local Symmetry (HLS) model has recently given rise to its BHLS»
variant, defined by introducing symmetry breaking mostly in the vector meson sector;
the central mechanism is a modification of the covariant derivative at the root of the

018v2 [hep-ph] 9 Feb 20

z HLS approach. However, the description of the 7 dipion spectra, especially the Belle
o one, is not fully satisfactory whereas the simultaneous dealing with its annihilation sec-
= tor (ete~ = wta— fata—al/nly /ny/K+ K~ /K Kg) is optimum. We show that this
—_ issue is solved by means of an additional breaking term which also allows to consis-
- tently include the mixing properties of the [7°, 1, '] system within this extended BHLS,
N (EBHLS3) scope. This mechanism, an extension of the usual 't Hooft determinant term,
oo only affects the kinetic energy part of the BHLS; Lagrangian. One thus obtains a fair

= account for the T dipion spectra which complements the fair account of the annihilation

i
C

channels already reached. The Belle dipion spectrum is found to provide evidence in favor
of a violation of CVC in the 7 lepton decay: this evidence is enforced by imposing the con-
ditions < 0|J3|[¢'q"](p) >= ipufodsq, {[qd],q = u,d, s} on EBHLS3 axial current matrix
elements. EBHLS: is found to recover the usual (completed) formulae for the [7°, n, 7]
mixing parameters and the global fits return mixing parameter values in agreement with
expectations and better uncertainties. Updating the muon HVP, one also argues that the
strong tension between the KLOE and BaBar pion form factors imposes to provide two so-
lutions : a] VF~FO(KLOE) = 687.48 + 2.93 and o)} " ¥~"C(BaBar) = 692.53 + 2.95,
in units of 10~!°, rather than some combination of these. Taking into account common
systematics, their differences with the experimental BNL-FNAL average value exhibit sig-
nificances > 5.40 (KLOE) and > 4.1 (BaBar) with fit probabilities favoring the former.
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1 Introduction

The Standard Model provides the accepted framework which embodies the strong, elec-
tromagnetic and weak interactions; it accounts accurately for the observable values reported
from low energies up to the highest ones reached at the LHC. A very few specific mea-
surements look, however, borderline enough to rise a hint of a physics beyond the Stan-
dard Model. Among these, the very precisely measured muon anomalous magnetic moment
a,, plays a special role; it has generated — and still generates — an important experimental
and theoretical activity related with its measurement by the E821 Experiment at BNL [1]
a,(BNL) = [11659209.1 + 6.3] x 10~'%, for its latest update; this value is at variance with
expectations by 3.5¢ to 4.5, depending on the various predictions, essentially differing by
their estimates of the leading order hadronic vacuum polarisation (HVP-LO) as reported in [2]
and displayed therein in Figure 44.

Actually, the significance just quoted refers to using HVP-LO evaluations derived by means
of various Dispersion Relation (DR) methods. In contrast, the Lattice QCD (LQCD) Collabo-
ration BMW [3] recently published an estimate for the HVP-LO [3] claiming a (.8% precision
and very close to what is needed to match the BNL measurement; accordingly, the BMW HVP-
LO is at variance by more than 2.6 with any of the reported DR evaluations of the HVP-LO.

The Muon g—2 Experiment running at FNAL has very recently published its first results [4]
and found them in excellent accord with the previous BNL measurement [1]; the consistency
of these two measurements allowing for their combination, the experimental reference value
becomes :

a,(Exp) = [11659206.1 + 4.1] x 1077 |

Compared to the BNL measurement, this weighted average provides a noticeably improved
uncertainty (30% reduction) and a downward shift by 3 x 10~ 10 This value still favors numer-
ically the BMW estimate [3] for the HVP-LO over any of the DR ones.

Hence, the puzzle which was "DR versus Data” may become ' DR versus LQCD” for
which some different kind of physics beyond the Standard Model could have to be invoked.
Indeed, if the HVP-LO as derived by DR methods provides a good global EW fit, the change
suggested by the BMW evaluation severely impacts the goodness of the global EW fit [6],
except if the changes can be localized at low enough energy — Reference [6] quotes 1.94 GeV,
assuming the change in the cross-sections to be a mere global rescaling.

As long as the missing piece may spread out across the whole non-perturbative region of
QCD which, as shown by the KEDR data [7], does not extend much above ~ 2 GeV, one has
at hand a somewhat large lever arm. However, the recent KMPS study [&] has shown that the
missing contribution to the HVP-LO should come from the energy region below ~ 0.7 GeV
to accomodate the global EW fit. This locates the requested missing part of the annihilation
cross-section o(e*e~ — Hadrons) to a very limited energy region widely explored by several
independent groups having collected data using different detectors and colliders; this missing
hadronic cross-section piece is expected to contribute an additional da,, ~ (15 < 20) x 10~
to the muon HVP-LO, larger than the light-by-light (LbL) contribution to the HVP.

!One should remind that + based evaluations of the muon HVP may not be in contradiction with the BMW
estimate as can be seen in the recent [5] (see also [2] for previous evaluations). This, however, supposes that the

significant Isospin breaking mechanisms involved in the pion form factor in the 7 decay and in et &~ annihilations
—which can well differ — have all been clearly identified. This is one of the issues addressed in this article.
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Thus, the energy region to scrutinize is located well inside the realm of the Effective Reso-
nance Lagrangian Aproaches (RLA) which have extended the scope of the Chiral Perturbation
Theory (ChPT). The inclusion of resonances has given rise to the Resonance Chiral Perturba-
tion Theory (RyPT) formulation and to the Hidden Local Symmetry (HLS) Model which have
been proved equivalent [9, 10]. Beside other processes, the HLS Model [11] encompasses the
non-anomalous annihilation channels ete~ — 7t7—/ K+ K~ /K Kg; it can be complemented
by its anomalous sector [12] which allows to also cover the ete~ — 77— 7" /7%y /my annihi-
lation channels. Because it deals with only the lowest lying resonance nonet, the validity range
of the HLS Lagrangian naturally extends up to the ¢ mass region and is thus quite appropriate
to explore the faulty energy region in accordance with QCD which is at the root of the different
RLA.

As the BMW evaluation of the muon HVP-LO questions the annihilation data in the energy
region up to the ¢ meson mass, it is worthwhile testing our understanding of its physics by
means of such RLA, in particular the HLS model, which allows to explore this region already
well covered by a large number of data samples in all the significant channels and thus shrink
the window of possibilities to find a non negligible missing da,,.

As the original HLS model? assumes U(3) symmetry in both the vector (V) and pseu-
doscalar (P or PS) sectors, it should obviously be complemented by symmetry breaking inputs
in order to account for the rich amount of data samples it is supposed to cover. A first release
named BHLS [14, 15] essentially based on the BKY breaking mechanism [16, 17], extended
[18] to account for Isospin breaking effects, was proven to perform satisfactorily; however,
it exhibited some difficulty to manage with the threshold and ¢ regions for resp. the dipion
and the 3 pion annihilation channels. In order to solve this issue, the breaking procedure has
been deeply revisited and gave rise to BHLS: under two variants [19] named respectively the
Basic Solution (BS) and the Reference Solution (RS). Both BHLS: variants are derived by
complementing the BKY breaking mechanisms at work in the £, and £y sectors of the non-
anomalous HLS Lagrangian by additional breaking schemes affecting solely the vector meson
fields.

Regarding the vector sector of the BHLS; BS variant, the new breaking input — named
Covariant Derivative (CD) Breaking — turns out to perform the substitution® V = V + 4V in
the covariant derivative which is a fundamental ingredient of the HLS model; the aim of 41" is
to break the U/(3),, symmetry for the components along the basis matrices Ty = I /+/6, T3 and
T% of the canonical Gell-Mann U/(3) algebra. The V' — V' + 4V rule naturally propagates to
the anomalous sector — i.e. the VV P and V PP P Lagrangian pieces®.

Regarding the PS sector of the BS variant of BHLS, : Besides the BKY breaking associ-
ated with the £, part of the non—anomalous Lagrangian, the symmetry has been reduced by
including the so—called 't Hooft determinant term [20]; for our purpose, this turns out to add
the singlet term A /23, 1m00" 1 to the kinetic energy of the PS fields.

However, if this canceled out the difficulties met at the dipion threshold and in the ¢ mass

?See [13] for a comprehensive review covering the anomalous and non-anomalous sectors.

*To avoid lengthy repetitions, we refer the reader to the companion paper [19] for details. The present study is
essentially an extension of BHLS: which endorses its content, particularly its vector sector.

4As one assumes the FKTUY [12] intrinsic parameters c3 and r4 to be equal, V AP couplings (A being the
electromagnetic field) identically vanish.



region, the account for the dipion spectra collected in the T decay was not fully satisfactory as
can be seen in Table 3 of [19] (see also the discussion in Section 17 herein); a closer look indi-
cated that it is the description of the high statistics Belle sample [21] which is faulty. This issue
was circumvented by introducing an additional breaking mechanism (the Primordial Mixing)
which defines the RS Solution.

The original aim of the present study is to reexamine the issue actually raised by the 7
dipion spectra and to figure out which kind of breaking can solve the 7 problem met by the
BS variant of BHLS:. In order to motivate this new breaking scheme — a generalization of
the usual 't Hooft determinant term — Section 3 proceeds to a thorough study of the various
dipion 7 spectra and of their impact on the other channels involved in the BHLS; framework,
especially on the pion form factor in the timelike and spacelike regions.

Once motivated, this extended breaking scheme is precisely defined and analyzed in Sec-
tions 4 and 5. The purpose of Section 6 is to address the modifications generated in the non—
anomalous BHLS, Lagrangian derived in [19] by this newly introduced kinetic breaking. Spe-
cial emphasis is on the pion form factor involved in the decay of the 7 lepton F7 (s) compared
to its partner in e* e~ annihilations F(s); it is shown that, while F*(0) = 1 is still fulfilled®, the
CVC assumption is violated in the 7 sector as FZ(0) # 1. As the ALEPH [22] and Cleo [23]
spectra accomodate easily a modelling with either of the F7(0) # 1 and F(0) = 1 constraints,
this result emphasizes the interest of having another 7 dipion spectrum with a statististics com-
parable to those of Belle [21] or larger.

However, allowing for a violation of CVC within BHLS; cannot be solely localized in the 7
sector of the BHLS; Lagrangian and it propagates to the anomalous Lagrangian pieces as noted
in Section 7 and developped in the various Appendices. Hence, the description of processes as
important as the et e~ — w7 —7?/m%y /7y annihilations is deeply modified and so should be
tested versus data, as well as the P — ~y decay modes and those involving 7'V 7 couplings.

Prior to this exercise, our set of reference data samples has to be updated to account for
new data samples [24, 25] or updated ones [26, 27]. This is done in two steps. First, the
purpose of Section 8 is to deal with the newly issued three pion data sample collected by the
BESIII Collaboration [24]. It is shown that the BESIII spectrum energies should be appropri-
ately recalibrated to match the common energy scale of the other data samples included in our
reference data set, especially in the w and ¢ peak locations.

On the other hand, dealing with the dipion spectra is of course an important — and contro-
versial — issue because of the long standing discrepancy between some of the available high
statistics data samples. Therefore, we take profit of the newly published SND dipion spectrum
[25] to revisit in Section 9 the consistency analysis of the different dipion samples to illustrate
the full picture and motivate the way we deal with strong tensions when evaluating physics
quantities of importance, especially the muon HVP-LO.

Having updated our reference set of data samples, Section 10 reports on global fits per-
formed under various conditions, updating the results derived with the BS and RS variants of
the former version of BHLS; and those obtained using the extended formulation which is the
subject of the present study; this extension will be named EBHLS; for clarity. Section 11 ad-

*Under conditions on §V discussed in Sections 4 and 7 of [19].



dresses a key topic of the broken HLS model within the EBHLS; context. Indeed, the question
of supposedly uncontrolled uncertainties associated with using fit results based on an Effective
Lagrangian may cast some shadow on this kind of methods. To definitely address this issue,
the best is to quantify the effect by comparing the estimates for the muon HVP derived from
EBHLS; with those derived using more traditional methods under similar conditions. Subsec-
tion 11.1 illustrates for the dipion contribution to the muon HVP that specific biases attributable
to using EBHLS; are negligible compared to i/ the way the systematics, especially the normal-
ization uncertainty of the various spectra, are dealt with by the various authors, ii/ the sample
content used to derive one’s estimates. These two major sources of uncertainty are, on the other
hand, common to any of the reported evaluations.

With these conclusions at hand, our evaluations of the muon HVP-LO are derived. Our
favored result which excludes from the fit the dipion spectra from KLOEOS [28] and BaBar
[29, 30] is examined in Subsection 11.2; an alternative solution where all KLOE data samples
are discarded in favor of the BaBar one is also presented in Subsection 11.5. The full HVP-LO
is constructed (Subsection 11.4) and compared with the other currently reported evaluations in
Subsection 11.6.

Equiped with the kinetic breaking mechanism defined in Subsection 4.2, EBHLS, is well
suited to address the mixing properties of the [7°, 7, 77] system more precisely than was done
with a similar — but much less sophisticated — modelling in [31]. The final aim is to rely
on the results of the EBHLS, fit over the largest set of data samples ever used to derive the
corresponding mixing parameter values with optimum accuracy.

The derivation of the axial currents is the subject of Section 13. Section 14 addresses the
singlet-octet basis parametrization defined by Kaiser and Leutwyler [32, 33, 34]; it is shown
that EBHLS; allows to recover the expected Extended ChPT relations. In Section 15, a similar
exercise 1s performed within the quark flavor basis developped by Feldmann, Kroll and Stech
(FKS) in [35, 36, 37] and one also yields the expected results. This clearly represents a valuable
piece of information about the dealing of EBHLS; in its PS sector.

The aim of Sections 16 and 17 is to push EBHLS, a step further : One focuses on how
[sospin symmetry breaking shows up in the axial currents Ji associated to light quark pairs

{[47], ¢ = u,d, s} when expressed in terms of PS bare fields — a leading order approximation.
The Kroll Conditions [38] :

< 0|J;|[q'@](p) >= Py fabaar

are then examined in detail and shown to exhibit — at ((4) in breakings — unexpected con-
straints among the various components of the kinetic breaking term. In particular, satisfying
the Kroll Conditions implies that a kinetic breaking with solely a d,m9*np term is not con-
sistent and should be extended in order to involve 87", g and #ng quadratic contributions.
Whether this property is inherent to only EBHLS> may look unlikely.

In Section 18, one reports on additional EBHLS:; fits suggested by the Kroll Conditions and
tabulates the fit parameter values. The short Section 19 reports on side consequences on some
physics parameters, especially the muon HVP-LO. Sections 20 and 21 report on the numerical
evaluation of the [7”, i, '] mixing parameters and compare with available results from other

groups.



Finally, Section 22 collects the conclusions of this work, an almost 100% COVIDI19 lock-
down work.

2 Preamble : On the Free Parameters of the BHLS, Model

Significant (anti-)correlations between ¥, 2 and the specific HLS parameter o have been
reported in our study [19]; this topic was the purpose of its Subsection 20.1. As parameter
correlations may easily be of pure numerical origin®, we did not go beyond analyzing the issue
numerically but emphasized that the physics conclusions were safe, i.e. not shadowed by these
correlations.

Actually, one can go a step further. Indeed, it can be remarked that the three parameters
Yy, 2v and a are involved only in the £y piece of the non—anomalous BHLS; Lagrangian
Lyrs = L4+ aLly and do not occur in its anomalous FKTUY pieces [12, 13]. Let us consider
the pieces inherited from aLy named here and in [19] £y yp and £, and perform therein the
following parameter redefinition :

a—a' =a(l+Xy), 2y — 2, =2 /(1+Zy) > 2(1 — Ey) (1)

where ¥, and 2y, are introduced by the X breaking matrix affecting £- which actually writes
Xy =diag(1l + Ly /2,1 — ¥y /2, \/Zy) in the BHLS, framework’.

One can then check that the dependency upon Xy drops out everywhere except in the W=
mass term shown in the £, Lagrangian piece (see Equation (40) below). Obviously, this mass
term has no influence on the phenomenology we address and thus is discarded.

It follows herefrom that the actual values for a, z and - are in fact out of reach and
that the single quantities which can be accessed using the data are their a’, 2;, combinations.
Practically, fitting within the BHLS; framework — having fixed ¥y = 0 — reduces the pa-
rameter freedom and the parameter correlations without any loss in the physics insight, being
understood that the derived a and 2y are nothing but o' and 2, just defined.

On the other hand, specific parameters are involved in order to deal with the [77, 5, 7]
system. They come from the transformation leading from the renormalized fields — those which
diagonalize the PS kinetic energy term — to the physically observable [7°, 7, 17'] states and can
be found® in Section 5. These parameters have been named #p, € and €' in accordance with the
usual custom [35, 38].

In our previous works on the HLS model, in particular [14, 19], one of the (n, 7') mixing
angles [32, 33] has been constrained (f; = 0) following a former study [31]. This turns out to
impose the mixing angle #p be algebraically related to the BKY parameter z, and the nonet
symmetry breaking parameter A (see Subsection 4.4 in [14]). The experimental picture having
dramatically changed since [31], this assumption deserves certainly to be revisited as will be

SFor instance, the coefficients of the subtraction polynomial of any given loop function, may undergo signif-
icant correlations in minimization procedures; they are accounted for in the parameter error covariance matrix
returned by the fits.

"Note the missing square root symbol in the definition for X~ given in [19].

ESee also Subsection 4.3 in [14].



done in the present work. Moreover, we also imposed [39] :

€€ = —e2sin20p, with € = ﬂ Md =~ Mu ond 1 = %{mu +my) . (2)

s — 17
As a whole, this lessens the number of free parameters by 2 units without any degradation of
the fit quality or any change in the HVP values.
However, for the present purpose, it has been found worthwhile to release these constraints
and let fp, ¢ and € vary freely. When analyzing below the [7”, 1, 7] mixing properties, this
assumption will be revisited in a wider context.

3 Revisiting the 7 Dipion Spectra : A Puzzle?

Section 17 of [19] reported the properties of our set of — more than 50 — data samples when
submitted to global fits based on either of the Reference Solution (RS) and Basic Solution (BS)
variants of the BHLS; model. Table 3 therein displays a detailed account of the information
returned by the fits for the various physics channels. More precisely, this Table shows that the
reported x?/ Npoint. averages for the displayed groups of the held data samples are generally of
the order 1 —with the sole exception of the K* K~ data sample from [40].

The 7 channel x?/N,;.:. overall piece of information displayed in this Table 3, covers a
data group merging the samples provided by the Aleph [22], Cleo [23] and Belle [21] Collabo-
rations. One can read” therein : x?/N,pine. = 92/85 (RS variant) and x?/N,in. = 98/85 (BS
variant). In the following, one may refer to these data samples as, resp. A, C and B.

However, this fair behavior of the 7 channel data actually hides contrasted behaviors among
the three samples gathered inside this group. This issue deserves reexamination'® within the
BHLS, [19] context.

It was noted in Section 11 of [19] that the subtraction poynomials resp. P, (=) and P;(s) of
resp. the =7 and m*7— pion loops involved in the pion form factors are different, allowing
this way for relative Isospin Symmetry breaking (IB) effects; more precisely, they are related
by :

PZ(s) = P<(s) + 8P(s) , 3)

and the polynomial 4 P] () is also determined by fit.

Within the BHLS context, P:(s), as any of the other loops involved, is a second degree
polynomial with floating parameters. However, in order to get good global fits when including
the T data — especially the Belle spectrum [21] — the degree of 4 P](s) has been increased to
the third degree in the BS variant'! of BHLS,. Actually, this § P7(s) degree assumption is not
harmless as it corresponds to introducing a non-renormalizable counter term in the renormal-
ized BHLS, Lagrangian. As A and C well manage within the BHLS framework with a second

?The corresponding fits have been performed fixing #p through the condition #; = 0 and imposing the con-
dition ee’ = —&f sin 28 p, as reminded in Section 2; one yields now more favorable y? by having released these
consiraints as will be seen shortly.

!0This issue was already addressed in [41] in the context of an oversimplified version the broken HLS model.

"In the present paper, one focuses solely on the BS variant — which carries 3 floating parameters less than the
RS variant — as RS and BS return similar pictures with the collection of existing samples and, especially, in the +
SECLOL.



degree 4P (s), the issue raised by the Belle spectrum is thus worthwhile to be cautiously ex-
amined; this is the matter of the present Section.

For the series of (BHLS;) global fits presented in the present Section, we have chosen
to discard the data covering the e*e~ — wr7m—n" annihilation channel to lessen the fit code
execution times. The lowest energy data point of the Cleo spectrum [23] is discarded as outlier;
with this proviso, the three 7 spectra [22, 23, 21] are fully addressed within our fits from
threshold up to 1 GeV.

Formally, the differences between the dipion spectra in the 7 decay and in the e*e~ anni-
hilation should solely follow from Isospin Symmetry Breaking (IB) effects. Therefore, a real
understanding of these supposes a minima a simultaneous dealing with the ete~ — w¥m—
annihilation channel and with the dipion spectra collected in the 7+ — 77, decay. The an-
nihilation data addressed in our fitting codes — CMD-2 [42, 43, 44], SND [45] KLOE [46, 47],
BESIII [26], Cleo-c [48] — have been presented'” in detail in Section 13 of [19].

Actually, the BESIII Collaboration has recently published an erratum [27] to their [26]
which essentially confirms the original spectrum but drastically reduces the statistical uncer-
tainties. This will not be discussed at length and one only quotes the y* [/ Npoints €volution: Run-
ning our standard BHLS; code with the uncorrected BESIII dipion spectrum [26], the various
fits return 2 [Npgints =~ 35/60, whereas running it with the corrected data [27] one yields
X2/ Npointa = 50/60; this more realistic goodness of fit clearly indicates that the errors are
indeed better understood, allowing the BESIII spectrum to really influence the physics results
derived from fits.

One should also remind that the 2 dipion spectra from KLOEOS [28] and BaBar [29, 30],
exhibiting a poor consistency with all the (> 50) others, are discarded since the very beginning
of the HLS modelling program [14, 15]. Finally, the SND dipion spectrum [49] measured over
the 0.525 < /s < 0.883 GeV energy interval will be analyzed separately below.

3.1 Fitting the T Dipion Spectra
The 7 spectra submitted to global fits are defined by :

1dl,, , 1dN(s)

I. ds ™N ds

(C))

using the event distributions and branching fractions B, provided by each of the Aleph [22],
Belle [21] and Cleo |23] Collaborations. The full 7 width is derived from its lifetime taken
from [50]. The relation with the pion form factor is :

dl'zx
ds

Gt 2
= —5SewGem(s)]|F (s)] ©)

where F7(s) is derived from the BHLS; Lagrangian [19] and Sgw collects the short range
radiative corrections [51]; the long range radiative corrections are collected in Ggar(s) and
evaluated on the basis of [32, 53, 54]. The normalization of the full form factor at the origin is,

128e¢ also Section 9 below.



thus, given by the product [Sgw Gia(s)] in the standard BHLS, which fulfills™ automatically
F7(0) =1+ O(8%).

Anticipating on the following Sections, let us state that one will define an extension of
standard BHLS; [19] to allow for a violation of CVC in the 7 sector; it will be named EBHLS,.
The main difference — not the single one — between EBHLS, and the standard BHLS; [19] is
that it fulfills F7(0) = 1 — A3/2 where )3 is a floating parameter of order @(1/4) reflecting a
symmetry breaking. Moreover, setting A3 = 0 therein allows to recover exactly the standard
BHLS; [19]. When A3 # 0, the rescaling generated by EBHLS; is numerically modulated
by accompanying changes in the internal structure of the p term in F7 (s). On the other hand,
as the rest of the non—-anomalous Lagrangian pieces are unchanged, the properties of F:(s)
remain unchanged; in particular, the condition F=(0) = 1 + O(4?) is still valid as in BHLS:
because the term of ((4) vanishes by having stated [19] & = &s.

As the 7 data analysis is the main motivation for the forthcoming EBHLS: extension, it was
found worthwhile to display, beside the standard BHLS, fit results, the corresponding EBHLS,
information, prior to dealing with its derivation'.

3.2 BHLS; Global Fits Excluding the Spacelike Data

Table 1 reports on a series of fits which aims at coping with the 7 topic; the global fits
reported in this Subsection discard the spacelike data [35, 56] and the discussion emphasizes
solely the behavior of the dipion data from the annihilation channel and from the 7 decay.

As stated just above, the reference therein to the parameter A5 anticipates about the EBHLS»
extension proposed below, and stating the condition A3 = 0 is strictly identical to having
BHLS; running, in particular its BS variant [19] solely used all along the present work, except
otherwise stated.

* The first data column displays the global fit performed using the published A, B and C
spectra imposing the polynomial 4 F] (s) (see Equation (3)) to be second degree. Obvi-
ously, the x?/N,,,n:. averages are reasonable for all the displayed data samples or groups
shown (as well as those not shown) except for Belle which yields the unacceptable aver-
age X/ Npoints = 2.52.

* The simplest (ad hoc) choice to better accomodate the Belle spectrum turns out to al-
low 4P (s) to be third degree. Doing this, the second data column shows that the fit
returns a fair probability, as already known since [19]. Indeed, beside a quite marginal
improvement of the e*e~ — w7~ account, one observes a sensible improvement in the
description of the Aleph (x? : 41 — 22) and Belle (x? : 48 — 36) spectra, whereas the
Cleo spectrum y” remains unchanged and satisfactory. The improvement for the Belle

A1l breaking parameters occuring in BHLS;, in particular those associated with the breaking of the Isospin
Symmetry or of the Nonet Symmetry are considered being of order 4, a generic perturbation parameter. All
expressions derived from our Lagrangian are understood truncated at this order and, therefore, terms of order
((4?) or higher are always discarded.

4The derivation of EBHLS; is mainly addressed in Sections 4 and 6.
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spectrum is significant (x?/Npoine= : 2.52 — 1.90) but not fully satisfactory. Never-
theless, the top panel in Figure 2 shows that the normalized residuals for the T spectra
exhibit a reasonably flat behavior, thanks to having a third degree § P7 (s).

So, once the degree for 4 P7(s) is appropriate, BHLS, gets a fair account for the A and
C data and an acceptable one for the Belle spectrum.

However, inspired by the fit summary Table VII in the Belle paper [21], one has addressed
two other similar strategies :

« Instead of fitting the A, B and C spectra as such, one chose using each of them normal-
ized to its integral over the fitting energy range (< 1. GeV), i.e one rather fits the A, B,
C lineshapes within the global BHLS; framework. In this case, a second degree 4 P (s)
is already sufficient and yields a fair global fit (95 % probability). The corresponding
results are displayed in the third data column; they are clearly satisfactory in both the
annihilation channel and the 7 sector. In this configuration, the Belle spectrum under-
goes an individual y? improvement by 10 units and comes out with a more reasonable
X2/ Npgints = 1.37.

Stated otherwise, once the T spectra are normalized, BHLS; provides a fairly good simul-
taneous account of the A, B and C spectra and proves that the A, B and C lineshapes are quite
consistent with each other without any need for some ad hoc trick. Moreover, there is no point
in going beyond the second degree for 4 P ().

An obviously similar approach to the lineshape method just emphasized is to let the pion
form factor |F7 (s)|? be such that' |F7(s = 0)|> # 1. This is inspired by the standalone fit
performed by Belle and reported in Table VII of their [21].

In this study, a first fit has been performed across the full energy range of the Belle dipion
spectrum using a Gounaris—Sakurai (GS) pion form factor |F7(s)|> — which fulfills |F7(s =
0)|* = 1; this fit is the matter of the leftmost data column of their Table VII and reports
X?/Npoints = 80/62. Belle also reports therein a second fit, having allowed for a mere rescal-
ing :

EZ($)% = (14 M) | (s)]2
of their GS parametrization; the corresponding results are reported in the rightmost data column
of their Table VII with x?/N,n:. = 65/62. The noticeable 15 unit gain for the x* value (a 4
o effect), resulting from a single additional floating parameter, stresses the relevance of what
was just named A.. Let us perform likewise within the global BHLS: context.

* As the standard BHLS; [19] provides | F7(s = 0)|* = 1, one performs as Belle by using
rescaling factors of the form 1 + A,. We have first performed global fits using a single T
spectrum (A, B, C in turn) and derived the following results :

Cleo : A, =(—312+066)%, X*/Npine= =27/28, Prob=95%  (6)

Aleph @ A, = (—T7.63+£0.66)%, X*/Nuyine= = 15/37, Prob=98%
Belle : A = (—596+0.52)%, X*/Npine= =23/19, Prob=92%

130ne should remind that, in conirast to the neutral vector current, the charged vector current is conserved only
in the isospin symmeiry limit.
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BHLS, Fit BHLS; = (A3 =0) Ag free
(Excl. spacelike) | spectra | spectra (3™ deg.) || lineshapes | rescaled spectra
NSK m+a— (127) 138 136 135 138 138

KLOE 7+7— (135) 146 143 145 144 140
BESII nw+7— (60) 47 47 48 48 50
T (ABC) (84) 122 92 79 79 78
T (ALEPH) (37) 41 22 23 23 21
7 (CLEO) (28) 33 34 30 31 32
7 (Belle) (19) 48 36 26 25 25
Fit Prob. 66% 93% 05% 04% 96%

Table 1: Global fit properties (spacelike data excluded) : x? values for the various sample
groups; the numbers of data points are given between parentheses. The subtraction polynomial
dP7(s) is always second degree except when explictely stated (second data column). The tag
“spectra” stands for fitting with the reported A, B and C dipion spectra; the tag “lineshapes”™
stands for the case when these spectra are normalized to their integral over the fitted energy
range; the tag "rescaled” covers the case when a common rescaling factor is applied to the three
dipion T spectra. The last data column displays the results obtained fitting within EBHLS:.
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which, unexpectedly, indicate that B, as well as A and C, nicely accomodate a rescaling
factor without degrading the description of the annihilation data. One has also performed
a global fit merging the three 7 spectra each renormalized by a common (single) scale
factor. One gets :

A+B+C: A =(-6952£037%, X°/Npoints =T79/84, Prob=94% ; (7)

more details can be found in the fourth data column of Table 1: the normalized residuals
derived from this fit are displayed in the middle panel of Figure 2. Comparing the fit re-
sults reported here, one observes a 13 unit gain compared to using a third degree § P7(s),
in line with the Belle own fits — with exactly the same model parameter freedom as A
comes replacing the coefficient dropped out by reducing the degree of 4 P7(s) by 1 unit.

Such a common rescaling is certainly beyond experimental biases as, moreover, A, B and C
have been collected with different detectors by independent teams. This is also much beyond
the reported uncertainties on their respective 7~ — 7~ 7"r branching fractions which govern
the absolute scale of the fitted T spectra.

So, one reaches an outstanding fit quality by rescaling the 3 spectra by the same amount;
this improvement of the 7 sector is not obtained at the expense of degrading, even marginally,
the account of the e*e~ annihilation data. Within the BHLS, context — and discarding the
spacelike spectra — it is found that A, = (—6.95+0.37)%, a non-negligible value. This amount
is certainly related to intrinsic details of the Lagrangian model, noticeably the mass and width
differences of the neutral and charged p mesons which, also, contribute to the absolute scale.

Finally, the last data column in Table 1 shows that the forthcoming EBHLS, succeeds to
produce a nice fit, very close to BHLS, ones corresponding to the information displayed by
Equations (7) and reported in the fourth data column of Table 1. The normalized residuals are
displayed in the bottom panel of Figure 2.

One can observe that the three sets of normalized residuals shown in Figure 2 are almost
identical and each is quite acceptable. Finally, one should stress that in all configurations, Table
1 exhibits a fair account of the A and C spectra; it is therefore noticeable, and even amazing,
that a remarkable simultaneous fit of A, C and B can also be derived. Moreover, in both kinds of
configurations (rescaling or not) a same and fair account of all the annihilation data is obtained.

3.3 BHLS; Global Fits Including the Spacelike Data

The fit properties and parameter values reported just above have been derived using the
dipion spectra only in the timelike region for both the 77— and 7*7" pairs. Moreover, it
has been shown [19] that, within the BHLS; framework, the same analytic function fairly well
describes the pion form factor in the spacelike and timelike energy regions. It is, therefore,
desirable to enforce the impact of the Analyticity requirement within the BHLS framework by
requiring a simultaneously account of both energy regions.

So, including the spacelike data [55, 56] into the set of samples submitted to the global fit
looks a natural step. A priori, this should mostly affect F>(s); however, as F2(s) and F] (s) are
deeply intricated within the BHLS; framework, extending the fit to the spacelike region can be
of consequence for both form factors. This Subsection reports on the global fit results derived
when including also the spacelike data.
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Fitting Framework

(Incl. Spacelike)

spectra || spectra (3™ deg.) || rescaled (2™ deg.)

BHLS, = (\; = 0)

EBHLS; = (A, free)
spectra | rescaled

NSK 7+a— (127) 138 134 137 138 136
KLOE 77— (135) 139 146 154 140 141
BESIII 77~ (60) 48 47 47 48 48
Spacelike 7+ 7~ (59) 62 65 77 62 61
T (ABC) (84) X 92 88 81 77

7 (ALEPH) (37) 24 23 28 25 21

T (CLEO) (28) 30 33 30 31 32

T (Belle) (19) w 37 30 25 24
Fit Prob. 93% 89% 79% 01% 04%

Table 2: Global fit properties (including the spacelike data) : x? of the various sample groups;
their numbers of data points are shown between parentheses. The subtraction polynomial
dP7(s) is always second degree except when explictely stated (second data column). The tag
“spectra” stands for fitting the A, B and C 7 dipion spectra as such; the tag "rescaled™ covers
the case when a common rescaling factor is applied to the three dipion 7 spectra.
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The fit reported in the first data column of Table 2, displays the fit information when fitting
with BHLS: using a second degree 4 P"(s) polynomial, having discarded the Belle spectrum.
As evidenced by its reported probability (93%), the fit exhibits a nice account of each group
of data samples as one always observe x?/Npoints =~ 1. This proves that the need for a third
degree 4 P7(s) is solely caused by the Belle (B) spectrum.

The second data column in this Table reports for the same fit including also the Belle spec-
trum but with a third degree 4 P7(s); it exactly corresponds to those already reported in the
second data column of Table 1. The average x” of the various sample groups are observed
quite similar, including for the Belle data sample (x?/Npgini. = 1.95); for the spacelike data
one yields a favorable x?/N,n.. = 1.10. This case corresponds to the fit configurations previ-
ously used in [19]; with a 89% probability, it is clearly a satisfactory solution and one does not
observe any degradation of the goodness of fit by having included the spacelike data.

The fit reported in the third data column of Table 2 is the exact analog of the one displayed
in the fourth data column of Table 1, taking also into account the spacelike data. Here also
4P (s) carries the second degree. The best fit returns a global rescaling factor 1 + A, with :

A+B+C: A =(—4421040)%, X*/Npoints =88/84, Prob=79% . (8)

Comparing with Equations (7), one observes a drop in probability produced by the inclusion
of the spacelike data within the global fit procedure (94% — 79%). Compared to having
excluded the spacelike data, the effect is noticeable on the KLOE data (v? /Npgints * 1.07T —
1.14) and for the 7 data (y? /Npgints © 0.94 —+ 1.05). On the other hand, having reduced the
dP7(s) degree, one observes a clear degradation of the spacelike data account as 2/ Npints :
1.10 — 1.31. Nevertheless, even if not the best reachable fit as will be seen shortly, this
configuration provides a quite reasonable picture.

The last two data columns in Table 2 refer to the Extended BHLS; model fit results. In this
case, one has examined the EBHLS, solution (fourth data column) and, for completeness, also
performed the analysis with an additional rescaling of the 7 spectra (fifth data column).

One clearly observes that the original spectra exhibit uniformly good properties in all chan-
nels, and the fit yields a 91% probability, as displayed in the fourth data column. Comple-
mented with an additional common rescaling of the 7 spectra, some marginal improvement is
observed in the description of these as shown in the last data column of Table 2.

In contrast with the preceeding Subsection (no dealing with the spacelike data), using a
second degree 4 P7(s) and rescaling the 7 spectra, while improving the 7 sector, leads to a
degraded account of the spacelike data (y* /Npgints : 1.10 — 1.31) and a loss of the remarkable
prediction of the LQCD pion form factor data [57] reported in [19]; this is illustrated by Figure
1. Comparing this Figure with Figure 8 of [19], derived by excluding the 7 data from the fit,
one observes a good agreement with EBHLS;(Aa # 0) solution'®. Finally, the last two data
columns in Table 2 show that EBHLS; perfectly succeeds in recovering uniformly good x*'s
with fit probabilities exceeding 90% and a fair account of all channels.

'8In the broken HLS frameworks, the pion form factor fulfills F£{0) = 1 + @(8%); when )z is left free, the fit
returns a departure from 1 by 2 permil whereas it becomes 1.3 percent when A3 is fixed to zero. This is the origin
of the "shift” exhibited by the two curves shown in Figure 1.
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3.4 Summary

Therefore, once including the T data within the BHLS; minimization procedure, a fit using
a third degree 4 P7(s) succeeds, reminding the conclusions already reached in [19]; however,
one has to accept an average x” of 1.95 for Belle, whereas those for Aleph and Cleo are resp.
0.62 and 1.18.

The fact that A, B and C carry a common lineshape may look hardly accidental. However,
in contrast with Table 1, where an evidence for solely a rescaling looks reasonable, Table 2
indicates that a mere rescaling is insufficient — not even mentioning that the EBHLS, prediction
for the LQCD pion form factor data [57] severely degrades compared to [19]. In this case,
EBHLS; — complemented or not with a common rescaling of the T spectra — performs nicely
and fulfills all desirable Analyticity requirements using a second degree 4 P7(s) only, as should
be preferred. The fits reported in Subsections 3.2 and 3.3 convincingly illustrates that the third
degree looks somewhat ad hoc and can be avoided.

Th - ETMC cAZ.09. 48 ' /N=4.8/10 = 25.3/10 (3, =0) P

095 « ETMC cA2.09.64 1 /N=3.3/9 —> 66.3/9 (= 0) & ’
085 |- =4

0.8 -— {

075 |- k

0.7 -—

0.65 - }‘[

ﬂ.E-'I 1 - PR I I I

-0.14 —0.12 =01 —0.08 -0.06 —0.04 -0.02 V]

5 (GeV")

Figure 1: |j'5',,r{s}|2 derived from the fits with A3 = 0 (red curve) and with Az 5 0 (blue curve).
The LQCD data points from [57], not fitted, are superimposed. The values for average >
distances x?/Npoints are shown for A3 # 0 and A3 = 0).

Therefore, one is led to complement the Covariant Derivative (CD) breaking introduced
in [19] by an additional term (see Section 4) which breaks the kinetic sector of the HLS La-
grangian. This points toward a violation of CVC in the 7 sector (at a ~ —2.5% level for
|F7(s)|). For completeness, one has also examined the effect of a possible rescaling com-
plementing the CVC breaking (generated by a non-zero A3); this is reported in the last data
column of Table 2. This rescaling may correspond to a (higher order?) correction to the prod-
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uct SewGrwm(s) (at a ~ —29% level). However, this additional freedom does not produce a
significant effect and is discarded from now on.

To conclude, the present analysis leads to stress the importance of having at disposal a new
high statistics 7 dipion spectrum; it is, indeed, of importance to conclude about the specific be-
havior exhibited by the Belle spectrum within global fits. The challenging properties exhibited
by fitting the 7 dipion spectra or, alternatively, their lineshapes may look amazing enough to
call for a confirmation of the Belle spectrum properties. Indeed, it is not unlikely that the much
higher statistics of the Belle spectrum (50 times those of Cleo [21]) allows a finer structure to
show up, calling for a more refined description.

4 Extending the BHLS, Breaking Scheme

The Hidden Local Symmetry Model [13] has been supplied with specific symmetry break-
ing mechanisms to provide the BHLS; framework [19] within which almost all e*e~ annihi-
lation channels occuring up to the ¢ mass are encompassed. This allowed for a simultaneous
fit of almost all collected data samples covering the non—anomalous decay channels (77—,
K+K—, K K5) and anomalous ones [12] (m*7—x", 7%, 57). As clear from [19], one gets a
fair description with superb goodness of fit.

As just emphasized in Section 3, the decay mode 7~ — w7 v, is also a natural part of the
successive HLS frameworks [58, 59, 41, 14, 19]. However, as illustrated by Table 2, the issue
is whether, one requires (or not) to consider, besides the ALEPH [22] and Cleo [23] spectra,
those from Belle [21]. Our present goal is to define an extension of BHLS; which can natu-
rally encompass simultaneously the A, C and B spectra and continuously recover the BHLS,
framework in some smooth limit. Anticipatively, this extension has been named EBHLS,.

BHLS, has been constructed by considering, beside the BKY mechanism [16, 17], the
Covariant Derivative Breaking and the Primordial Mixing procedures — see Sections 4 and 8
of [19]. These essentially address the vector sector of the HLS Model and rotations allow to
render BHLS; Lagrangian canonical. This lets also the vector meson kinetic energy supplied
by the Yang—Mills Lagrangian be canonical.

Regarding the pseudoscalar (PS) sector, the BKY mechanism [16, 17, 14] also contributes
to break the symmetries of the HLS Model. One should also emphasize that the mass breaking
in the kaon sector is at the origin of the Dynamical Mixing of the vector mesons [38], which
is the central piece of the various broken versions of the HLS model. Indeed, thanks to having
different charged and neutral kaon loops, the (p°, w, ¢) mass matrix at one loop becomes non—
diagonal and, thus, imposes another step in the vector field redefinition [14, 19]. This forth and
back play between vector field redefinition and Isospin Symmetry breaking in the PS sector
should be noted.

Beside the two mechanisms just listed, in order to account for the physics of the anomalous
processes, the 't Hooft determinant terms [20], more precisely its kinetic part, provide the
needed nonet symmetry breaking in the PS sector. Moreover, higher order and loop terms in
Chiral Perturbation Theory and QED corrections are expected to extend the breaking of the
PS kinetic energy term beyond the singlet component. It is the purpose of the present Section
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Figure 2: Normalized residuals derived in the global fits excluding the spacelike data. Top
panel displays the case when A, B and C as such are simultaneously fitted; the middle panel
displays the case where a common rescaling factor is applied to A, B and C. The bottom panel
reports the corresponding results derived by fitting A, B and C as such within the EBHLS;
framework.
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to extend the kinetic breaking'” the full (7 — i — ) system; one already knows from the
preceeding Section that it provides a consistent picture of the 7 sector as it renders consistent
the account of the A, C and B spectra.

Once these symmetries have been broken, the PS kinetic energy term of the HLS La-
grangian is no longer diagonal and a field redefinition is mandatory to restore its canonical
form!®. This is performed in the two steps addressed right now.

4.1 Diagonalization of the £, PS Kinetic Energy Piece

In the BHLS/BHLS3 model, the pseudoscalar (PS) kinetic energy term writes [14, 19] :
'EA,H-ﬂ =Tr [anBrEXAanumXA] 1 (g]

where X is the so—called BKY breaking matrix at work in the £, sector of the BHLS; non-
anomalous Lagrangian [19] (£ = £4 + a£Ly); combining the new breaking scheme defined in
[17] and the extension proposed in [18], it writes [14] :

XA = Dlag[gA Ya, ZA]

Ya+Aa _1+EA—ﬂA (10)
2 1 Ya = 9 .
The departure from unity of the (u, %) and (d, d) entries (g4 and y4) of X1, numerically small
[14], are treated as O(4) perturbations' in amplitude calculations whereas 24 occuring as the
X4 (s,5) entry is expected and treated as ((1); this entry can be also referred to as flavor
breaking [37, 35, 36]. Assuming the pion decay constant f_ occuring in the HLS based La-
grangian models is the observed one, its renormalization is unnecessary and has been shown to
imply [14] £, = 0. Therefore, phenomenologically, one is left with only two free parameters,
ﬂj—‘. and Za.
To restore the PS kinetic energy of the £, piece of the BKY broken HLS Lagrangians to
canonical form, a first field transform [31] is performed :

Pri = X Prare X3° (11)

Ppy is the (first step) renormalized PS field matrix which brings £, ;;, back into canonical
form. One has :

ga=1+

\ (1 _Ba _Ba \ \
Mhare V6 2/3 Tt Tt
Ag
ﬂEﬂfE = _ﬁ B A ﬂDRl =W ﬂDRl (12]
Thare K Y A C MRt Mt
23 /

1"The recent [60] develops such a kinetic breaking focusing on a treatment of the  — iy’ system. Former studies,
like [61, 62] for instance, already considered such a breaking mechanism.

18R egarding the vector meson sector, the layout of the full renormalization procedure has been already defined
and thoroughly described in [19]; it applies here without any modification and will not be rediscussed.

19 We have already defined heuristically the first non—leading order in perturbative expansions by some generic
{perturbation) § parameter; this notation is prefered to the previous naming ¢ used in our [19] to avoid confusion
with breaking parameters to be introduced below.
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which defines the matrix W. We use the notation 7 to remind the specific Gell-Mann matrix
to which the neutral pion is associated, and devote the notation 7° to the corresponding mass
eigenstate. The (70, 17z) entries of W in Equation (12) are given by :

A:V’EZA_I _23,4+1 _2‘,4+2 1

— 2=_
3z, b= 3zq4 ¢= 324 (BC -4 zAJ (13

which are used all along this study. For further use, Equation (12) is re-expressed :

Veare = WVgt , with Vi = (72, 0., Thn,) (any =bare, Ry). (14)

any any? nuny’

In terms of the K1 renormalized fields, L4 gin 1s thus canonical :

1
Lakin= 5 { [8,73]" + [8,1%:]” + [a#nil]g} . (15)

The following expression of X4 in the U/(3) algebra canonical basis clearly exhibits the
precise structure of the BKY breaking procedure :

XA=I+{&AT3+£[2A—1] [TD—ﬁTB]}, (16)

where [ is the unit matrix. T = I/+/6 complements the usual Gell-Mann matrices normalized
by Tr[T,T}] = d./2.

Displayed in this way, the departure from unity of the X, breaking matrix exhibits its 3
expected contributions. A4, a purely Isospin Symmetry breaking (ISB) parameter, is asso-
ciated with 75 = Diag(1, —1,0),/2 as it should. In contrast, the effect of the flavor break-
ing amount z4 — 1 will be met several times below. Its origin is naturally shared between
Ty = Diag(1,1,1)/v6 and Tz = Diag(1, 1, —2)/2v/3; both simultaneously vanish in the
"no-BKY breaking” limit 24 = 1. So, as expected, the BKY matrix (s, ) entry, combines
correlatedly SU(3) and Nonet Symmetry (NSB) breakings in the PS sector. Let us also note
that [19] 24 = [fx/fx]? + O(8) as will be reminded below in the EBHLS; modified context —
see Equations (71).

4.2 The Kinetic Breaking : A Generalization of the 't Hooft Term

A more direct breaking of the UU(3) symmetric PS field matrix to SU(3) =« U(1) has also
been found phenomenologically requested to succesfully deal with the whole BHLS realm of
experimental data [14, 19]. These are the so—called 't Hooft determinant terms [20, 32, 33, 31];
limiting oneself here to the kinetic energy term, one has been led to supplement the HLS kinetic

energy piece by :
2
Litoofe = Aﬁ"ﬂ'ln 8,U x Trlma*Ut | U = ¢lép = exp[2iP/f,] , (a7

where P is the usual /(3) symmetric pseudoscalar bare field matrix [14, 19] and f, the (mea-
sured) charged pion decay constant. This relation is connected with det dU by the identity :
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Indetd,U = Trind,U .
Expanding In 8,U in Equation (17), the leading order term is” :

A
*:Ithfc = Eﬂg??gma‘?}fm-g (18)

only involving the singlet PS bare field n__.
The ’t Hooft term tool, already used in the previous broken HLS versions, can be fruitfully
generalized. Indeed, Equation (17) can be interpreted as :

2
Lrtttooge = %’”ﬁ In Xp8,U x Trin X0 Ut (19)

where?! X = ATy,

Equation (19) gives a hint that other well-chosen forms of the X matrix may exhibit
interesting properties. Indeed, it clearly permits to define mechanisms not limited to only nonet
symmetry breaking. This leads us to propose the following choice for Xy :

Xy = ATo + AT+ AsTi (20)

as it manifestly allows for a breaking of Isospin Symmetry and enrich the HLS Model ability to
cover the (7%, 7, ') mixing properties. As will be seen shortly, it also leads to differentiate the
pion pair couplings to v and W=, With this choice, Equation (19) becomes at leading order :

Lritoofe = = [AaBum + X08u” + As8,n%] [Mad7 + 2@ 0° + Xs81°] . (21)

1
2
This form for Xy is certainly not the unique way to generalize the usual 't Hooft term. For
instance, among other possible choices, one could quote :

2
Lottooge = & 3 TrinXp,8,U x T X, Ut |, Xg, = AT, 22)
a=0,3,8

which turns out to drop the crossed terms in Equation (21) — and in all expressions reported
below. On the other hand, as will be seen in Section 16, it happens that a generalization such as
Equation (20) is necessary to allow BHLS; to fulfill expected properties of the axial currents
in a non-trivial way.

In order to deal with kaons or charged pions, one could also define appropriate projectors
Xur; however, this does not look necessary as the BKY breaking already produces the needed
breaking effects [14, 19].

In the broken HLS frameworks previously defined, the (single) 't Hooft breaking parameter
A (= A?) was counted as O(4) when truncating the Lagrangian to its leading order terms in all
the previously defined BHLS; breaking parameters [19]. Consistency, thus, implies to count
all the \; just introduced as O(48'/?).

'In the literature, A is named A; [32, 33, 37]. Removing the derivative symbaols in Equation (17) generates a
singlet mass term — the topological susceptibility — to account for the »' mass.
2! Assuming A be positive, which is supported by our former fit results [14, 19].
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4.3 The PS Kinetic Energy of the Extended BHLS, Lagrangian

The full PS kinetic energy term of the broken HLS Lagrangians is provided by their £, =
L4+ Ly goope Lagrangian piece :

fin = 1T [0Poare X40Poare Xa] + 2 {Tr [ X1 0Poare|}* . (23)

Performing the change of fields of Equations (12) which diagonalizes £, ;;, and using Xj; as
given in Equation (20), the full kinetic energy term £;,, can be written :

I 1 I\ \
= 5 [{1 + A3)0u T Ty + (14 A3)Bumpy 0%y + (1 + A3)Bunpy O Ny
(24)
+ 2X0As N5 + 23 X0 T + 2Xa)s ?r”ém?u] ?

omitting the kaon and (charged) pion terms which are standard and displayed elsewhere [14,
19]. We have defined :

o= XB+ XA, Ag= NA+ AC (25)

where A, B, (' are given by Equations (13). One should note the intricate combination of the
't Hooft breaking parameters with the BK'Y parameter 2.
Defining the (co-)vector Vi, = (T, Nhis Tk )s Lhsy can be written :

. 1
kn = 5 V- M- Ve, (26)
M being the sum of the unit matrix and of a rank 1 one writes :
M=1+a-a*, where a*= (A, Ag, Ag) . 27)

The second step renormalized fields V% = (75, 7%, 1%) are defined by :

Vi = [1 +3a- .:.-,*] Vi (28)
which brings the kinetic energy into canonical form :
kin = % Vi-Vr+0O(8) . (29)
At the same order, one has :
Vit = [1 _ %a - a‘} Ve + 05 (30)

and, finally, using Equations (13) and (14) :
‘y‘bﬂrgzw-{l—%a-at]-VR+@{52J$ (31)
where W is defined in Equation (12).
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S PS Meson Mass Eigenstates : The Physical PS field Basis

The PS field R basis renders the kinetic energy term canonical; nevertheless, this R basis
is not expected to diagonalize the PS mass term into its mass eigenstates (7%, 7, 1'). Indeed,
for instance, up to small perturbations, the 1% and 7%, are almost pure singlet and octet field
combinations, while the physically observed 7 and 1" mass eigenstate fields are mixtures of
these. In order to preserve the canonical structure of the PS kinetic energy one should consider
the transformation from R fields to the physically observed mass eigenstates; as the PS mass
term (not shown) is certainly a positive definite quadratic form, this transformation should be a
pure rotation.

In the traditional approach, the physical 1 and 7’ fields are related to the singlet-octet states
by the so—called one angle transform :

n cosflp —sinflp 5
— : (32)
'i‘:.lr sin fp cosfp ’.I']DR

However, extending to the mass eigenstate (@, 5, 0 triplet, one expects a 3—dimensional
rotation and thus 3 angles. Adopting the Leutwyler parametrization [39], one has :

™ 1 —€ — °
e | = ecosfp + €sinflp  cosfp sinfp n (33)
% —esinfp + € cosfp —sinfp cosfp v

to relate the R fields which diagonalize the kinetic energy to the physical (ie. mass eigen-
states) neutral PS fields. The three angles occuring there (¢, € and even #p) are assumed O(4)
perturbations; nevertheless, it looks better to stick close to the one—angle picture by keeping
the trigonometric functions of #p, the so—called third mixing angle [31]; for clarity and for the
sake of comparison with other works, fp is not treated as manifestly small. The Leutwyler
rotation matrix can be factored out into a product of 2 rotation matrices :

1 —€ —¢' 1 0 0 1 —e —€
ecosfp +e'sinfp cosfp sinfp | =| 0 cosfp sindp e 1 0
—esinflp + € cosfp —sinfp cosfp 0 —sinflp cosfp £ 0 1

Substantially, the second matrix in the right-hand side of Equation (34) reflects Isospin breaking
effects. In the following, one names M (#r) and M (¢) the two matrices showing up there; they
fulfill :

[M(8p) - M(e)] ™" = M(e)M(0p) (35)
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up to terms of degree higher than 1 in 4. This implies [39] :

70 1 ecosfp+esinfp —esinfp + € cosflp T
] = —¢ cosfp —sinfp nﬁ . (36)
n —€ sinfp cosfp n”R

As for their perturbative order, € and ¢’ are treated as O(4). Equations (36) and (31) allow to
define the (linear) relationship between the physical 7°, 5 and 7/’ states and their bare partners
occuring in the original HLS Lagrangians.

6 Extended BHLS, : The Non-Anomalous Lagrangian

The non—anomalous EBHLS; Lagrangian in the present approach can also be written :
Lyrs=La+aly + Ly, (37)
as in [19]. As in this Reference, one splits up the first two terms in a more appropriate way :
Lo+aly =Lyyp+ L, . (38)

Ly p essentially adresses the physics of the e*e~ annihilations to charged pions and to kaons
pairs; within the present breaking scheme, it remains strictly identical to those displayed in
Appendix A.1 of [19]. The £, is also unchanged as it does not address PS mesons interactions;
it is identical to those displayed in Appendix A.3 of [19]. Both pieces have not to be discussed
any further and their expressions will not be reproduced here to avoid lengthy repetitions.

All modifications induced by the generalized 't Hooft kinetic breaking mechanism are con-
centrated in the £ piece and are displayed right now. Using® (m?® = ag?f?) :

mf.:l: = mi! [1 + EV] 3 fp'lri" = ﬂ-gfg [1 + EV] 3 (39]

the expression of L in terms of bare PS fields is given, at lowest order in the breaking param-
eters, by :

L, — “VM92W+ (1- “{1+E"JJ - [1———(1+%v)]K° 8 K-
‘/" 274
1
+mlipt - p — g2V, “df,m Wt.p + —{1 +Xy)p - [:rr" 8 T+ K5 K+]
24v/2
fﬂg% Ay Yy 2 2
+"‘*T { {[{1 + ?)2}4 +az2v(1+ ?J]|Vm| + [1+ a(l + Zv)]|Vad| ]}W" W

+$Eﬂzf3 {5 + EEV + EV:] flg s
(40)

A5 stated in Section 2, the breaking parameter Xy is phenomenologically out of reach and one imposes
¥y = 0 within our fits; it is, nevertheless, kept in the model expressions for information.
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where one has limited oneself to only display the terms relevant for our purpose. The (classical)
photon and W mass terms [13, 17] are not considered and are given only for completeness.
However, it is worth reminding that the photon mass term does not prevent the photon pole to
reside at & = 0 as required [63], at leading order. The interaction part of £, can be split up into
several pieces. Discarding couplings of the form W K'ns, one can write :

L.=Lox+L g+ Lon+ Ll +mipt-p (41)
with :
_ b _ e +,. %9 +L g5 K-
L.x= >/ {gﬂ»’ud [1 2214{1+EVJ]W +ZA{1+Eva } K'a K (42)
and :
i a o Vi _
f«r,qr = —5 {gﬂvud [1 - 5{1 +EVJ] W++"19{1 +EV}P+} T "TE - 922 dfpﬁ'w-l_'p
(43)

where the subscript b indicates that the 7° field is bare. Equations (31) provide the relationship
between bare and renormalized states, in particular :

A2 1 Aa\ 1 Aalg
d_d1-2iah - — LTI W S Aas | 8
m _{1 3 }?FH {\£&A+ 5 }ﬂR {gﬁf}.g+ 2 }?}R . (44)

The occurence of the A; parameter generates a decoupling of the Wr*n” and Ar+7— inter-
action intensities. Using also Equation (36), Equations (43) and (44) give at first non-leading
order :

Lo+= —

Lyme =+ {0aVaa [1 = SA+T0)| WH +ag(1+Zy)p?

1 AsAg 1 AsXo ' '

X [¢ —=A Op+{ —=Ay+— psinfp+e|-m ,

k [ 23 A 5 } P {\fﬁ A 5 P ] an
(45)

in terms of physical neutral PS fields, and then :

L..=LC Cost Loy — PV e e - 2, o0t g 46
o= kgt bgps + Lppgs Tfpﬁ" P +he.+mapt-p . (46)

Once more, the rest of the £, + a£y is unchanged compared to their BHLS, expressions
[19].
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Regarding the pion form factor in the T decay, the changes versus Subsection 11.1 in [19]
and the present EBHLS; are very limited :

2
WFr*x? coupling : [] —g{l-l-zv}] E— [1— %{]+EV}] { — %} ,
2 A7)
coupling : ag(l+Xy) = n,g{1+EV}{ _EE} )

pFaEm?

This implies a global rescaling of the BHLS, pion form factor F7 (s) by 1—A3/2; it also implies
that the 7°7 loop acquires a factor of [I — AZ]. The BHLS, W* — p¥ transition amplitude
F7(s) and the p~ propagator [D,(s)] ! are changing correspondingly (See Subsection 11.1 in
[19]). On the other hand, F:(s) remains identical to its BHLS: expression, as well as both
kaon form factors.

7 Extended BHLS, : The Anomalous Lagrangian Pieces

If only the £_ part of the non—anomalous BHLS; Lagrangian is affected by the kinetic
breaking presented above, all the anomalous FKTUY pieces [12, 13] are concerned.

The Lagrangian pieces of relevance for the phenomenology we address are, on the one
hand :

3
Lasp=— ?f;’"{l — 1) €988, 4,0, A5 Tr [Q2P]

3;2 (48)
Lyvp = Ik T [8,V,8.Va P]

where () is the usual quark charge matrix and A, V' and P denote resp. the electromagnetic
field, the vector field matrix and the U(3) symmetric bare pseudoscalar field matrix as defined in
[14] regarding their normalization. As one did not find any important improvement by assum-
ing 3 # 4, the difference of these has been set to zero; consequently, the £, Lagrangian
piece [13] drops out.

On the other hand, the following pieces should also be considered :

Lappp = —i% 1— %{61 — e +eg)| AT [Q 8, PE.PsP) ,
- (49)
39 .
Lvppp = —Em [c1 — 2 — €3] € Tx [V,,8, P8, Pz P) .

These involve, beside c3 and ¢4, a third parameter ¢; — ¢z which is also not fixed within the
HLS framework [13] and should be derived from the minimization procedure. In order to ease
the reading of the text we have found it worth pushing them in Appendices A and B.
Regarding the pseudoscalar fields, the Lagrangian pieces listed in Appendices A and B,
are expressed in terms of the physically observed 7°, 7, 1 whereas, for simplicity, the vector
mesons are expressed in terms of their ideal combinations : p, w; and ¢;. The procedures to
derive the couplings to the physically observed p°, w and ¢ and construct the cross-sections for
the ete~ — (7”/7n)~ annihilations are given in full details in Section 12 of [19]. Nevertheless,
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one has found worthwhile to construct the amplitude and the cross-section for the e*e™ —
77+~ annihilations in the Extended BHLS, framework; this information® is provided in
Appendix C.

8 Update of the 37 Annihilation Channel

The BESIII Collaboration has recently published the Born cross section spectrum [24] for
the ete~ — w7~ 7" annihilation over the 0.7 <+ 3.0 GeV energy range collected in the ISR
mode. This new data sample comes complementing the spectra collected at the VEPP-2M
Collider by CMD2 [64, 43, 65, 66] and SND [67, 68] covering the w and ¢ peak regions.
Besides, the only data on the 37 cross section stretching over the intermediate region was
collected much earlier [69] by the former Neutral Dectector (ND). As the measurement by
BaBar [70] only covers the /s > 1.05 GeV region, it is of no concern for physics studies up
to the ¢ signal. On the other hand, previous independent analyses [71, 19] indicate that the
CMD?2 spectrum [66] returns an average y” per point much above 2 units which led to discard
it from global approaches.

The BESIII sample [24] is the first 3 pion sample to encompass the whole range of validity
of the HLS Model, providing a doubling of the number of candidate data points and, addi-
tionally, the first cross-check of the cross section behavior in the energy region in between the
narrow w and ¢ signals.

We first examine how it fits within the global HLS framework in isolation (i.e. as single
representative of the 37 annihilation channel) and conclude about its consistency with the al-
ready analyzed data samples covering the other annihilation channels, namely 7, (7° /)y and
both K K modes. A second step is devoted to consistency studies between the BESIII spectrum
and those previously collected in the same 37 channel by the ND [69], CMD2 [64, 43, 65] and
SND [67, 68] detectors.

8.1 The BESIII 37 Data Sample in Isolation within EBHLS,

The fit procedure already developped within the previous BHLS frameworks [14, 19] — and
closely followed here — relies on a global y? minimization. In order to include the BESIII
sample within the EBHLS, framework®, one should first define its contribution to the global
x°. This requires to define the error covariance matrix merging appropriately the statistical and
systematic uncertainties provided by the BESIII Collaboration together with its spectrum and
paying special care to the normalization uncertainty treatment. This should be done by closely
following the information provided together with its spectrum by the Collaboration®.

For definiteness, the data point of the BESIII sample [24] at the energy squared s; is :

M £ Ogar; T O

syat,i 1

ZOne may note that F5(s) in Equation ( 144) corrects for an error in [19] missed in the Erratum (3£3/2 — 2£3).

M Actually, the 37 channel is marginally sensitive to the differences between BHLS; and its extension to
EBHLSs.

TIn the process of sample combination frameworks, additional issues may arise; for instance, the consistency
of the absolute energy calibration of the various experiments with each other should be addressed as done in [19]
with the dikaon data samples collected by CMD3 [72, 73] and BaBar [40].
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using obvious notations; it is useful to define o (s;) = Tayse i/, the ith experimental fractional
systematic error. Then, the elements of the full covariance matrix W associated with the BESIII
spectrum write :

Wi =Vij + o(s:i)o(s;) Aid; (50)

where the indices run over the number of data points (i,7 = 1,---N). V is the (diagonal)
matrix of the squared statistical errors (2, ;), and o(s;) is the reported fractional systematic
error at the data point of energy (squared) s;, defined as just above. The systematic errors are
considered point-to-point correlated and reflecting a (global) normalization uncertainty.

At start of the fit iterative procedure, the natural choice for A is the vector of measurements
itself (A; = m;); in the iterations afterwards, it is highly recommended [74, 75, 76] to replace
the measurements by the fitting model function M (A; = M(s;) = M;) derived at the previ-
ous iteration step for the concern of avoiding the occurence of biases. Then, the experiment
contribution to the global x? writes :

X2 = (m — M)W, (m — M), . (51)

Moreover, a normalization correction naturally follows from the global scale uncertainty.
It is a derived quantity of the minimization procedure. Defining the vector B (B; = o(s;) M;),
this correction is given by [76, 19] :
Bi":j_l{m — M);
1+ B,V;'B;

h— (52)

For the purpose of graphical representation, one could either perform the replacement m; —
m; — po(s;)M;, or apply the correction to the model function M; — [1 + po(s;)|M;. When
comparing graphically several spectra, the former option should clearly be prefered as, indeed,
even if not submitted to the fit, other parent data samples can be fruitfully represented in the
same plot by performing the change® :

m; — m; — poy(s;) M(s;)

using the BESIII fit function M(s). Such a plot is obviously a relevant visual piece of informa-
tion.

A global fit involving all data covering the w7, (m°/5)~ and both KK channels and only
the BESIII spectrum to cover the 37 annihilation final state has been performed and returns,
for the BESIII sample” , y2/N = 170/128.

The top panels in Figure 3 display the distribution of the BESIII normalized residuals
d0(s)/o(s) corrected as reminded just above. In the w region, at least, the normalized resid-
ual distribution is clearly energy dependent. The normalized (pseudo-)residuals of the unfitted
data samples displayed®, namely those from [42, 67] in the w region and from [64, 68] in the ¢
region, likewise corrected for the normalization uncertainty, are, instead, satisfactc-rym, despite

YNumerically, u is derived by using the function values M=) at the central values of the fit parameters.

T"We have prefered skipping the first few data points more subject to non—negligible background; the spectrum
is thus fitted in the energy range /s € [0.73 = 1.05] GeV.

ZEEor short, these will be referred to below as NSK.

PThus, the normalization correction applied to each of the NSK 3 data samples is determined by the fit of
solely the BESIII data [24] within the global framework.
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being unfitted. The fit process allows to compute the (global) x* distance of the NSK samples
to the (BESIII) fit function and returns y> /N = 180/158, a reasonable value for unfitted data.

However, the behavior of the BESIII residuals may indicate a mismatch between the w and
¢ pole positions in the BESIII sample compared to the other (~ 50) data samples involved in
the (global) fit; indeed, the narrow w and ¢ signals are already present in the (7°/n)y and KK
channels, and therefore, as when dealing with the CMD3 and BaBar dikaon samples in [19], a
mass recalibration (shift) could be necessary to avoid mismatches with the pole positions for
w and ¢ in the other data samples. We thus have refitted the BESIII data, by allowing for such
a mass shift to recalibrate the BESIII energies and match our reference energy scale®. So, we
define :

EE'ESIH = EHSK + 'EEBESIH

and let d Egggrrr vary within the fit procedure. The fit returns d Eggsrrr = (—286.09 £ 44.19)
keV with y? /Npesrrr = 141/128 and, thus, the (noticeable) gain of 29 units should be at-
tributed to only allowing for a non-zero d Eggsrrr. The corresponding normalized residuals,
displayed in the middle row of Figure 3, are clearly much improved, whereas the y? distance
of the NSK 37 data sample to the BESIII fit function stays alike.

Owing to the sharp improvement produced by this mass shift, it was tempting to check
whether the energy (re-)calibration could be somewhat different at the w and the ¢ masses. For
this purpose, it is appropriate to redefine the fitting algorithm by stating ;

0ESesir: Epesir < Emid

FEppsiir = Ensk + { (53)
8Ebpsir Epesir > Emid

where E;; should be chosen appropriately, i.e. significantly outside the w and ¢ peak energy
intervals. As obvious from the bottom panel of Figure 3, the 37 cross section in the intermediate
energy region is almost flat and indicates that the choice for E,,;4 is far from critical; one chose
Enia = 0.93 GeV.

The corresponding global fit has been performed and returns x> /Npesrrr = 123/128, an
additional gain of 18 x” units comes, to be cumulated with the previous 29 unit gain. The
recalibration constants versus En g are :

After having applied this recalibration, the BESIII normalized residuals, shown in the panels
of the bottom row in Figure 3, are observed flat, as well as their NSK partners also displayed.

One should remark that 8 E' ;5,7 18 in striking correspondance with the central value for
the energy shift reported by BESIII [24] compared to their Monte Carlo (—0.53 & 0.25 MeV)
and is found highly significant (about 7.50). § 55, is also consistent with this number but
quite significantly different from d E; g;;;. Actually, comparing the three rightmost panels in
Figure 3, one observes that the main gain of decorrelating the energy calibration at the w and ¢
peaks widely improves the former energy region; the later looks almost insensitive, as reflected
by the fact that the non-zero §E ¢, is only a 20 effect.

*Dur reference energy is actually defined consistently by more than 50 data samples. As an important part of
these has been collected at the VEPP-2M Collider in Novosibirsk, we denote, when needed, our reference energy
by Ensi.
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Figure 3: Normalized residuals of EBHLS; fits to the BESIII 3w data in isolation under 3
different configurations : No energy shift (top panels), one global energy shift (middle panels)
and two energy shifts (bottom panels). The normalized residuals are defined as do(s)/c(s)
where da(s;) = m| — M(s;) — see the text for the definitions. The partial x*/N’s are displayed.
Also shown, the NSK xﬂfr’N 's distance of the CMD?2 and SND data to the best fit solutions
derived from fitting BESIII data in isolation in each configuration.
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So, once two energy recalibrations have been performed, the description of the BESIII
sample is quite satisfactory and, fitted with the other annihilation channels, the x? probability
is comfortable (91.6%).

At first sight, the differing energy shifts just reported may look surprising as, for ISR spec-
tra, the energy calibration is very precisely fixed by the energy at which the accelerator is
running at meson factories. However, such energy shifts could be related with unaccounted
effects of the secondary photon emission expected to affect the resonances showing up at lower
energies. In the case of the BESIII spectrum, this concerns the ¢ and w regions, where photon
radiation effects get enhanced by the resonances, causing shifts between the physical resonance
parameters and their observed partners®'. This topic is specifically addressed in Appendix D,
where it is shown — and illustrated by Table 14 therein — that the expected shifts produced by
secondary ISR photons are in striking correspondence with the fitted §E% g, ;; and 6 Ep o ;-

8.2 Exploratory EBHLS; global Fits including the BESIII 37 Sample

Having proved that the BESIII 37 data sample suitably fits the global EBHLS; framework,
we perform the analysis by merging the BESIII and the parent CMD2 and SND data samples
within a common fit procedure. For completeness, we have first performed a global fit allow-
ing for a single energy calibration constant. The fit returns x2/N = 1284/1365 and 84.7 %
probability. The x? /N values for BESIII (154/128) and NSK (145/158) are also reasonable,
however, the normalized residuals for BESIII shown in the top panels of Figure 4 — especially
the leftmost panel — still exhibit a structured behavior.

Therefore we have allowed for two independent energy shifts d B gy and EEEESIH
within the iterative fit procedure. Convergence is reached with x? /N = 1267/1365 and 91.2%
probability. The x?/N values for BESIII (137/128) is improved by 17 units whereas it is un-
changed for NSK (147/158); so, the improvement of the total 2 only proceeds from the 17
unit reduction of the BESIII partial 2 The bottom panels in Figure 4 are indeed observed flat
in the w and ¢ regions (this last distribution is still less sensitive to the fit quality improvement).
The energy recalibration constants of the BESIII data with regard to the NSK energy scale are :

{0ESps = (—486.11 £ 71.51) keV , §E% o, = (—135.31 + 59.16) keV'} |

in fair accord with those derived in the global fit performed discarding the NSK 37 data. Com-
pared to its fit in isolation, the BESIII data v is degraded by 137-123=14 units, while (see
Table 4 third data column) the NSK data x? is degraded by 147-135=12 units compared to
the fit performed discarding the BESIII data sample, the rest being unchanged. Regarding the
average per data point, the degradation is of the order 0.1 x*—unit for both the NSK and BESIII
samples, a quite insignificant change. So, one can conclude that the full set of consistent data
samples can welcome the BESIII sample [24], once the energy shifts d £ g, and EEEESIH
are applied.

Figure 5 displays the fit function and data in the 37 channel. All data are normalization
corrected as emphasized above and, additionally, the energy shifts induced by having different
SE% g ry and 8 E% o, calibration constants are applied to the BESIII data sample; one should

*'Note that, for the NSK scan experiments, photon emission on resonances is corrected locally resonance by
Tesonance.
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Figure 4: Normalized residuals of EBHLS, fits to the BESIII, CMD2 and SND 37 data under
2 different configurations : Top panels correspond to a (global) fit with only one energy shift for
the BESIII spectrum, the bottom ones are derived allowing different d EY; .o, and 0 E oy
The partial /N are displayed for the BESIII sample on the one hand, and for the CMD2 and
SND ones (NSK) on the other hand.
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also note the nice matching of the ND and BESIII data in the intermediate region. Additional
fit details of this new global fit are given in the third data column of Table 4.
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Figure 5: The global EBHSL, fit with the 777" spectra, corrected for their normalization
uncertainty; only statistical errors are shown. The top panels display the data and fit in the w
and ¢» mass intervals, the bottom panel focuses on the intermediate energy region. The energy
recalibration has been applied to the BESIII data.

9 Revisiting the 27 Annihilation Channel

A fair understanding of the dipion annihilation channel, which provides by far the largest
contribution (~ 75%) to the muon HVP, is an important issue. Fortunately, the ete~ — w¥m—
cross-section is also the most important channel encompassed within the BHLS [14, 76] and
BHLS; [19] frameworks previously developped. All the existing dipion data samples were
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examined within the context of these two variants of the HLS Model. As some of them ex-
hibit strong tensions [14] with significant consequences on the derived physics quantities, it
looks worthwhile to revisit this issue when a new measurement arises, at least to check if the
consistency pattern previously favored deserves reexamination.

Beside the data samples formerly collected and gathered in [77], an important place should
be devoted to the data from CMD-2 [78, 43, 44] and SND [45] collected in scan mode on
the VEPP-2M collider at Novosibirsk; these CMD2 and SND samples are collectively referred
to below as NSK. These were followed by higher statistics samples, namely, the KLOEOS
spectrum [28] collected at Dadne and those collected by BaBar [79] at PEP-II, both using the
Initial State Radiation (ISR) method [80]. Slightly later, the KLOE Collaboration produced two
more ISR data samples, KLOE10 [46] and KLOEI2 [47], the latter being tightly related with
KLOEOS (see Figure 1 in [81]). In this reference, the KLOE-2 Collaboration has also published
a dipion spectrum derived by combining the KLOEOS, KLOEI0 and KLOEI2 spectra; this
combined spectrum is referred to below as KLOERS, thus named according to its number of
data points.

Two more data samples, also collected in the ISR mode, were appended to this list by
BESIII [26] — with recently improved statistical errors [27] — and a CLEO-c group [48]. Finally,
the SND collaboration has just published a data sample [25] collected in scan mode on the new
VEPP-2000 Facility at Novosibirsk; this spectrum, seemingly still preliminary, is referred to
below as SND20. Another high statistics data sample, also collected in scan mode, is expected
from the CMD?3 Collaboration [82].

Important tension between some of these samples — namely KLLOEO8 and BaBar — and all
others have already been identified [76, 2]; the occurence of the new data sample from SND
(and its comparison with NSK, KLOE and BaBar [25]) allows to reexamine this consistency
issue and gives the opportunity to remind how it is dealt within global frameworks.

9.1 The Sample Analysis Method : A Brief Reminder

The broken HLS modelings previously developped, especially BHLS, as well as its present
extension, aim at providing frameworks which encompass a large part of the low energy
physics, the realm of the non-perturbative regime of QCD, and extend up to the ¢ mass re-
gion; they have rendered possible fair simultaneous accounts of the six major e*e~ annihila-
tion channels (7¥7—, m¥7—7% K+*K—, Ky Ks, (7°/1)7) up to 1.05 GeV/c; slightly modified
(EBHLS:), this framework also provides now a satisfactory understanding of the A, B and C
dipion spectra from the decay of the T lepton.

As already noted several times, the Lagrangians which substantiate the various broken HLS
models emphasize a property expected from QCD : The different annihilation channels should
be correlated via their common underlying QCD background; this is reflected within our Ef-
fective Lagrangians by the fact that all their model parameters are simultaneously involved in
the amplitudes for any of the accessible physics processes they encompass. A straightforward
example is represented by g, the universal vector coupling and this property is, more generally,
exhibited by the expressions for the various amplitudes derived from within the various broken
HLS Lagrangians.

Most of the Lagrangian parameters are not known ab initio and are derived from the data
via a global fit involving all channels and, possibly, all available data samples. For this purpose,
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the provided data samples and associated information (data points, statistical errors, system-
atics, correlated or not) are supposed 113aaui;l:uluz.l:ll}r?'2 well estimated. With this at hand, one can
construct a motivated global x? and derive the Lagrangian parameters through a minimization
procedure like MINUIT.

Among the various kinds of uncertainties reported by the different experiments, a special
care should be devoted to the global normalization uncertainties — which can be energy depen-
dent as already dealt with in Subsection 8.1. Actually, as for energy scale recalibrations (see
also Subsection 8.1), it looks obvious that the most appropriate normalization of a given sam-
ple can only be determined by comparing with several other independent spectra covering the
same physics channel. Even more, a global treatment of these provides the best normalization
of each sample versus all the others by a kind of bootstrap mechanism.

Actually a global fit, when possible, looks the best tool to determine the most appropriate
normalization of each spectrum in accord with its reported uncertainties, including its nor-
malization uncertainties; this is reminded in details in [76, 19] and above in Section 8. The
goodness of the corresponding fit tells the confidence one can devote to the normalization cor-
rections.

The probability of the best fit reflects the quality of the experimental information and the
relative consistency of the various data samples involved in the procedure within the model
framework; we have now 3 significantly different HLS frameworks at hand which have been
shown in [19] and just above to lead to a consistent picture.

9.2 Samples Covering the 777~ Channel : A Few Properties

Let us first consider the data samples already identified as not exhibiting significant tension
among them within the BHLS; frameworks, the previous one [19] or the present one; this
defines a Reference set of data samples, named ‘H . This already covers the 37 data samples
already considered in Section 8 and all the existing data samples covering the 7"+ and 1y decay
channels. Regarding the dikaon spectra, we refer the reader to our analysis in [19] where the
tensions between the CMD?3 spectra [73, 72] and the others from SND, BaBar and (corrected
[19]) CMD2 has led to discard them from the analysis®. As for 7 dipion spectra, it has been
shown in Section 4 that the residual tension observed in the account for Belle compared to
Aleph and Cleo can be absorbed. The reference set ‘H  also includes the spacelike pion [55, 56]
and kaon form factor spectra [83, 84] which are satisfactorily understood within the BHLS,
frameworks [19].

For the purpose of reexaming sample tensions, it looks appropriate to also include in Hpg,
the pion form factor spectra collected by BESIII [26, 27] and Cleo-c [48]. Indeed, anticipating
somew hat on our fit results, it has been observed that, alone or together with either of the NSK,
KLOE, BaBar samples, or with any combination of these, they get the same individual sample
x*’s, with fluctuations not exceeding 1.5 units for each of them. Fitting the H{ r sample set thus
defined within the present framework returns x?/N = 926,/1021 and a 94% probability; in this

*10f course, it is unrealistic to expect that the spectrum and uncertainties defining any data sample have been
perfectly determined- see below.
*¥The CMD?3 data have, nevertheless, been dealt with to estimate systematics in the muon HVP evaluation [19].
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fit, the BESIII and Cleo-c samples yield

[X%/Nlsesir = 49/60, [*/Nlcieoe = 27/35 .

One can consider the probability of the global fit (here 94%) as a faithful tag of mutual
consistency of the (more than 50) samples included in Hy which fairly fit the broken HLS
framework.

x2/Ny. [Prob] +NSK + KLOE + BaBar

NSK 7+7~ (127) | 120/127[95.3%] | 142/127 [91.2%] | 138/127 [51.7%]

KLOE m+7— (135) | 136/135 [91.2%] | 132/135 [95.2%] | 148/135 [31.9%)]

BaBar m+7— (270) | 328/270 [51.7%] | 354/270 [31.9%] | 326/270 [62.9%]

Table 3: Properties of the global fits performed with the present upgraded BHLS; model using
the H p, sample collection with one among the NSK, KLOE and BaBar samples and with pairs
of these. The Table is organized in such a way that the first line displays the value for x%/Nygx
returned by fitting the 3 configurations (H p+NSK), (H p+NSK+KLOE), (H z+NSK+BaBar);
the corresponding fit probabilities are shown within squared brackets. The second and third
lines display the similar information for KLOE and BaBar. The number of data points in each
of NSK. KLLOE and BaBar is reminded in the first column for convenience.

We have made two kinds of global fits :

= i) Fits involving ‘H ;; and each of NSK, KLOE* and BaBar in turn; the diagonal in Table 3
reports the main results, namely the value returned for x? /N of resp. NSK, KLOE, BaBar
and the probability of the global fit at the corresponding Table entry.

= ii) Fits involving ‘H and the pairwise combinations (NSK, KLOE), (NSK, BaBar) and
(KLOE, BaBar) in turn; the main fit results are reported in the non-diagonal entries of
Table 3. In order to make easier the comparison of each of the NSK, KLOE, BaBar
accounts provided by these "pairwise” fits, we have organized the non-diagonal entries
in a specific manner : The entry (NSK, KLOE) provides [x?/N]ysx and the global fit
probability whereas the entry (KLOE, NSK) provides [x?/N]xror and the (same) fit
probability. The same rule applies mutatis mutandis to the other pairwise fits : (NSK,
BaBar) and (KLOE, BaBar) together with H .

Relying on Table 3, one clearly observes that the single mode fits for NSK and KLOE are
fairly good and in nice accord with the results returned by the corresponding pairwise fit. The
pattern is somewhat different when BaBar is involved.

In order to be complete, let us briefly summarize the fit results obtained within the present
framework concerning KLOEOS and the KLOES5 sample derived by the KLLOE2 Collaboration
from their combination of the KLOEOS, KLOE10 and KLOE12 spectra[81].

MKLOE indicates the simultaneous use of KLOE10 and KLOE12
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* Regarding KLLOEOS : The global fit for Hr + KLOEOS returns ;{2 /Nkroes = 95/60
and a 74.7% global fit probability. With an average < x? >~ 1.5, one does not consider
confidently the results derived from fit to this combination compared to KLOE10+KLOE12.

* Regarding KLOES5 : The fit for Hp + KLOESS returns x°/Nyropss = 83/85 (global
fit probability 94.7%) which clearly indicates that the KLOEOS issue is reasonably well
dealt within the KLOES5 combination [81].

One has also performed the pairwise fit Hr + KLOES5 + NSK. In this case, one gets :
[X*/Nlnsk = 160/127, [x*/Nlxropss = 93/85 |

with a 80.7% probability. This fit is obviously reasonable® but less satisfactory than H
+ NSK + KLOE, as the tension between KLOES5 and NSK is large, much larger than
when using Hp +NSK + KLOE as displayed in Table 3.

9.3 The case for the 2020 SND Dipion Sample : Fits in Isolation

In order to analyze the new data sample recently provided by the SND Collaboration [25],
the treatment of the reported systematic errors has been performed as emphasized above for
the 3w data from BESIII (see Subsection 8.1) as the systematics are expected to be fully point-
to-point correlated®. For the present analysis, we have first performed global fits*’ where the
single representative for the e~ — w7~ annihilation channel is SND20, the new SND data
sample [25]; the spacelike pion form factor data [55, 56] have also been discarded from the fits
in isolation. Figure 6 summarizes our results.

The top panel in Figure 6 indicates that, in single mode, the best fit returns a reasonable
probability. However, this comes together with a large average < x? >gypop= 54/36 = 1.5
(to be compared with the diagonal in Table 3). Nevertheless, amazingly, the SND20 form factor
derived from this global fit provides a fairly good account of the NSK (CMD2 and SND) data
not submitted to the fit as one yields < Y2 >nsk= 130/127 = 1.02, much better than SND20
itself. The NSK (pseudo-)residual spectrum is consistent with flatness and, addtionally, the
ratio 130,127 indicates that there no significant energy calibration mismatch between the NSK
samples and SND20 — this may have shown up in the p° — w drop-off region.

The bottom panel in Figure 6 displays results derived by assuming the SND20 systematics
fully uncorrelated (i.e. the non-diagonal elements of the error covariance matrix are dropped
out). The global fit is successful and returns a 92% probabability. The gain for SND20 is
noticeable as < x? >sypa= 35/36 = 0.97 and, clearly, the (alternative) pion form factor
derived by fitting only the SND20 data (in this manner) within the global framework is almost
unchanged; this is the way the x? distance of the NSK samples to this alternative fit form
factor can be understood : < x? >ygx= 132/127 = 1.04. Moreover, once again, the NSK
(pseudo)residual distributions are as flat as (and almost identical to) those displayed in the
top panel of Figure 6. We got substantially the same results and conclusions by enlarging the

*30One should note that the estimates for a, (77—, /s < 1.05) GeV marginally differ : 403.18 £ 0.90 (Hg +
NSK + KLOE) and 493.75 + 0.79 (#r + NSK + KLOER3) in units of 10—1°,

*There is no explicit statement in [25] about how the systematics should be understood; however, this assump-
tion corresponds to what is usually understood with the data collected at the Novosibirsk facilities. This topic is
further discussed just below.

*"For convenience, here, the 3 annihilation channel and data are discarded from the fit procedure.
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Figure 6: Fit of the SND20 data [25] in isolation within the BHLS; framework. The top panel
displays the results corresponding to a fit where SND20 systematics are fully point-to-point
correlated, whereas the bottom panel is obtained by treating the SND20 systematics as fully
uncorrelated. The NSK spectra are displayed but not fitted. See text for more explanations.
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SND20 pion form factor statistical errors™ by 0.04 and keeping unchanged the systematics —
i.e. treated as point-to-point correlated; this also points towards the interest to have, beside
information on correlations, information on the accuracy of the uncertainties [2]. So, the way
the SND20 uncertainties should be understood deserves clarification.

9.4 The case for the 2020 SND Dipion Sample : Pairwise Fits

An interesting topic addressed in [23] is the consistency of SND20 with respectively NSK
(e.g. CMD2 [78, 43, 44] and SND-98 [45]), KLOE ( KLOE10 [46] and KLOE12 [47]) and
BaBar [79]. For this purpose, it looks worthwhile performing global fits by including pair-
wise combination to cover the 7+ 7~ annihilation channel®. This allows to observe the tension
between the partners in the pair and to get a probability which emphasizes their global consis-
tency. Our main fit results are collected in Figure 7.

The middle panel in Figure 7 shows the case for the global fit with the (SND20+NSK)
combination. As could be expected, this confirms the fit of SND20 in isolation reported in the
top panel of Figure 6 : < ywsx > is negligibly improved whereas < yswyp20 > is unchanged;
the large value for < Yswypan >= 1.5 is responsible for the global fit probability reduction
compared to fits with NSK alone (or combined with KLOE), as can be seen in Table 3. With
this proviso, BHLS> confirms the statement that SND20 and NSK are consistent [25] with a
73% probability.

In order to address the consistency topic about SND20 and BaBar already studied in [25],
we have run our global fit procedure with the (SND20+BaBar) combination. To stick the closest
possible to the study reported in [25], we have found it worth to exclude from the fit the part of
the BaBar spectrum with /s € [0.60, 0.71]. The results are displayed in the top panel of Figure
T and show some resemblance between SND20 and BaBar (normalized) residuals outside the
BaBar excluded region (delimited by the green rectangle). Nevertheless, the fit probability is
poor and its < Xsyp2o == 82/36 = 2.3 indicates a significant tension compared to the fit in
isolation (< Ysypan == 1.5)

Finally, the bottom panel in Figure 7, reports the main fit results obtained by fitting the
(SND20+KLOE) combination. One can note the results compared to the fits in isolation :
< Xswnpo >= 2.1 (versus < Yswpzo >= 1.5) while < yxror >= 144/135 = 1.1 (versus
< Xxroe == 0.98) and a 37% probability. Here also, one can observe that the residual
distributions for SND20 are not really at variance with those for KLOE along the whole energy
range.

So, on the whole, the SND20 spectrum [25] does not help in clarifying the consistency issue
raised by the existing dipion spectra and, presently, SND20 does not bring in more support, or
less support, to the choice performed following our previous analyses (see Tables 4 and 3) and
illustrated by Figure 8.

*¥The pion form factor squared Table in [25] gives numbers with only one decimal digit, so adding 0.04 to the
statistical uncertainty rounds down to (.

*1t has been found appropriate to re-introduce the spacelike data from [55, 56] within the minimization pro-
cedure. As the pion form factor in the spacelike and timelike regions is the same analytic function, this is a
consiraint.
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Figure 7: Fits of the SND20 dipion data [25] together with the spacelike data [35, 56]. The
top panel shows the fit residuals when the timelike dipion channel is covered by the SND20
and BaBar [79] samples; similarly, the middle panel displays the fit residuals when covering
the timelike dipion channel by the SND20 [25] and NSK [78, 43, 44, 45] spectra; the bottom
panel reports likewise the case when the timelike dipion channel is covered by the SND20 and
KLOE[46, 47] samples. All reported systematics are treated as point-to-point correlated.
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Figure 8: BHLS; fit to the 7w data, the upgraded BS solution : The left-hand panel shows
the pion form factor squared in the e™e~ annihilation and the right-hand one displays the same
spectrum in the 7 decay. The fitted regions extend up to s = 1.0 GeV>.

10 Overview of the EBHLS; Fits

Some of the general properties of the global fits performed in the EBHLS, framework have
already been emphasized in Sections 3, 8 and 9 with special emphasis on resp. the T decay
dipion spectra, the ete~ — mtr—m" annihilation channel and the crucial e*e~ — 777~ one.
The general features of our fitting algorithm concept are detailed in Section 15 of our [19], for
instance. Let us, for convenience, remind the gross features of our global fit method :

+ The contribution of each data sample to the global x” to be minimized is constructed
using solely the uncertainties exactly as they are provided by each experiment without
any external input. Additionally, this kind of input may influence the numerical outcome
of the fits in an uncontrolled way. On the other hand, if not already performed by the rel-
evant experiments, the reported uncorrelated systematics are merged appropriately with
the statistical error covariance matrix,

* The correlated systematic errors — possibly s-dependent — are treated with special care
[76] as emphasized in Subsection 8.1 in order to avoid the so-called Peelle Pertinent
Puzzle [85] which generally results in biasing the evaluation of physics quantities based
on x? minimization procedures [86, 87]. Moreover, an iterative procedure is used which
has been proved to avoid biases [76].

In the case of a global 2 minimization, it should be stressed that the absolute scale of
each experiment is derived in full consistency with those of all the other experiments (or
data samples), especially — but not only — with those collected by other groups in the
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EBHLS, BS (A; = 0) (Ag # 0)
Excl. 7 Incl. 7 BS RS
NSK 7+o—= (127) 136 134 138 136
KLOE 77— (135) 141 146 139 139
BESII 77— (60) 48 47 49 48
Spacelike 77~ (59) 62 67 62 60
7 (ABC) (84) P 93 82 80
w0y (112) 89 88 88 87
77y (182) 120 120 124 124
NSK mtr—n" (158) 142 146 147 147
BESHI nra—w" (128) 138 138 137 137
NSK K K5 (92) 103 104 103 104
NSK K+K~ (49) 41 42 39 39
BaBar K+K— (27) 41 42 41 41
Spacelike K+ K~ (25) 18 19 17 18
Decays (8) 5 4 9 9
X2/ Ny 1179/1280 | 1285/1365 || 1269/1365 | 1262/1365
Probability 93.3% 83.1 % 90.0 % 91.5 %

Table 4: Global fit properties of the EBHLS; fits ; second line in the Table title indicates the
running conditions regarding the data samples submitted to fit or the running of the BS or RS
variants when As 7 0. The number of data points involved is given between parentheses in the
first column. The last lines display the global x? /N, and probability of each fit.
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same physics channel*’. Several examples can be found in [19] where it is shown that
the derived scale corrections quite well compare with the corresponding experimental
expectations.

* When merging the different data samples which cover the same energy range, their dif-
ferent energy calibrations may exhibit some mismatch; this issue was previously encoun-
tered in our [19] with the energy calibration of the dikaon spectra from CMD-3 [72, 73]
and BaBar [40] versus those of the corresponding samples from CMD2 and SND; this
issue happened again herein when dealing with the BESIII 37 sample [24] and is solved
accordingly (see Section 8 above). It should be noted that, for signals as narrow as the
w and ¢» mesons, global fit technics are certainly the best suited way to match the energy
scales of various spectra otherwise poorly consistent.

= In order to confidently rely on global fit outputs to evaluate physics quantities, one should
discard data samples which exhibit noticeable inconsistencies with the rest of the bench-
mark samples. Our requirement to identify such samples has generally been to get an
average x per point smaller than ~ 1.5.

Compared to the fits reported in [19] and as already noted in Section 2, we have here
released the constraint (Equation(2)) on the product e¢’ and also let the mixing angle #7 float
freely. Moreover, as several preliminary fits typically return :

Ay =[055+459 %1072, and Mg =[2.18 £4.18] x 1072, (54)

imposing A4 = Ag = 0 looks worthwhile; indeed, Equations (54) clearly shows that the
physics presently addressed in the EBHLS, framework does not exhibit a significant sensitivity
to these parameters when left free. These constraints will be reexamined*! in the context where
the [7?, 7, 7] mixing is also addressed.

Table 4 reports the fit results under 4 configurations; the energy scale corrections for the
BaBar dikaons [40] and the BESIII samples [24] are floating parameters. The first 2 data
columns, actually, update the BHLS- fit results derived for the BS variant given in [19]; for the
fit performed including the T spectra, the polynomial 4 P7(s) here is third degree.

For the EBHLS: fits reported in the last two data columns, § P7(s) is second degree*?. The
third data column displays the x? contributions of various groups oyf data samples to the global
x? using the BS configuration. For completeness, the last data column reports the EBHLS: fit
results obtained under its RS configuration [19].

One should note that, substantially, these pure EBHLS, fits and the BHLS; fit excluding
the 7 spectra (first data column) exhibit similar and favorable y” averages per point for all
groups of data samples with the sole exception of the individual decay modes which is doubled.
In the EBHLS, BS or RS configurations, the single mode which significantly departs from
< (1.0 +1.2), is § —+ v, which retums 4, e.g. a 20 difference with the Review of Particle
Properties [50]. On the other hand, one may consider, in view of Table 4, that the BS variant

40A ctually, this looks the natural way, if not the single one, to derive reliably and consistently the correction to
the normalization of the various specira.

41See below the Sections devoted to the [w”, 5, '] mixing.

42This means that BHLS; and EBHLS actually carry an identical parameter freedom.
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of EBHLS; does not need to be improved by the Primordial Mixing mechanism introduced in
[19] to construct the RS variant of BHLS..

The numerical values of the model parameters of the EBHLS2:/BHLS: framework will be
examined and commented in a wider context involving also the treatment of the [7°, 7, 77]
mixing properties in Section 18.

11 Evaluation of a,, the Muon HVP

As the previous BHLS releases [ 14, 19], EBHLS; encompasses the bulk of the low energy
e*e~ — hadrons annihilations up to, and including, the ¢ mass region. Therefore, taking
into account suitably the various kinds of uncertainties reported by the different experiments
affecting the spectra they collected, a fuldly global fit is expected to lead to precise evaluations
of the contributions to a}" *~"“ from the energy region /s < 1.05 GeV. Within this approach,
the specific contribution of the hadronic channel H; is obtained by means of the cross section
o(H;, 8) = o(ete” — H;,s) with parameter values derived from the global fit performed
within the EBHLS, framework :

1 Bout
a,(H;) = ﬁf ds K(s) o(H;,s), H,={r*a ", 7%, py,ntn o, Kt K-, K. Ks} .
SHI.

(55)
K (=) [88, 89] is the usual kernel which enhances the weight of the threshold regions compared
to the higher energy regions of the H; spectrum; sy, is the threshold of the H; hadronic channel
and /Sq: = 1.05 GeV is the validity limit, common to the different HLS frameworks.

11.1 Remarks on the /s < 1.05 GeV Contribution to a,(7)

We find it of special concern to substantiate what supports the choices performed in our
global fit approach in connection with the muon HVP outcome. For this purpose, the analysis
of the 7" 7~ channel properties within the (E)BHLS; framework is of special relevance. Global
fits have been performed involving the data samples collected for all the HLS final states except
for mm and complemented in turn by each of the various KLOE samples already commented in
[19] to feed solely the 77— channel.

Table 5 — reprinted from Table 3 in [2] — clearly shows that the (E)BHLS: central values
are obviously in close correspondence with those derived by directly integrating the data [90],
except for KLOEOS8 which, correlatedly, exhibits a poor global fit probability; this substantiates
the reason why one may prefer discarding poorly fitted data samples to avoid biases, possibly
large. However, one should also remark that its effect within the KLOEBS combination is
much softer as the KLOESS fit probability (65%) remains comparable to those for KLOE10
and KLOEI12 which are both higher and almost identical (78% and 80 %).

Table 5 also shows the important reduction of the uncertainties induced by the non—m+m—
channels involved in the reported global fits; this reduction is, of course, amplified when in-
cluding the other accepted w7~ samples in the fit procedure as will be seen shortly. On the
other hand, when the fit probability is poor, the values returned by the fits for the uncertainty
and the central value should be handled with care.
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mtm— Data Sample | Direct integration [90] BHLS- xiﬁ_ /N +— (Prob.)
KLOE10 376.0 £ 3.4 375.04 £2.35 69/75 (78%)
KLOE12 3774126 376.74 £1.59 59/60 (80%)
KLOESS 377522 377.17 £0.89 05/85 (65%)
KLOEOS 378.9+ 3.2 373.78 £1.54 130/60 (14%)

Table 5: The w+7— contribution to the HVP-LO in the range [0.35, 0.85] GeV? in units of
1019, The direct integration evaluations are read off Fig. 6 in [90]. The (E)BHLS; evaluations
are derived by fits as sketched in the text; the last data column displays relevant pieces of the
fit information.

Table 6 shows a breakdown of the contributions to a,(7m) from different energy in-
tervals. The top lines display the results derived by other groups, namely CHS [91], DHMZ
[92] and KNT [93] while the bottom lines show the EBHLS,; outcome from fits performed
under the various indicated configurations. The favored configuration, which corresponds to
a good account of all the channels encompassed within the EBHLS, framework, is tagged by
"KLOE+X". Nevertheless, in order to really compare the global fit method with [91, 92, 93]
it is worth relying on the same set of experimental data. To this end, we have also run our
code including the BaBar data sample within the set of 7" 7~ fitted spectra so that the sample
contents are similar in all the discussed approaches; nevertheless, in order to avoid the effects
of energy calibration mismatch between the BaBar and KLOE spectra within the fit procedure,
we have removed the BaBar p° — w drop-off region from the fit. The corresponding results are
given in Table 6 under the tag "KLOE+BaBar+X".

Regarding the reported central values for a,, 7], it is clear that CHS18, DHMZ19, KNT19
and the evaluation derived from the KLOE+BaBar+X fit are similar; nevertheless, one should
point out the higher similarity of the KNT19 and EBHLS:(KLOE+BaBar+X) evaluations. In-
deed, the difference between their central values are resp. 0.1, 0.7 and 0.2 for resp. the
Vs < 0.6 GeV, 0.6 GeV < /s < 0.9 GeV and 0.9 GeV < /s < 1.0 GeV energy inter-
vals. One may infer that this fair agreement is mostly due to having similar treatments of the
correlated systematics in the BHLS approaches [76] and in the KNT dealing [93].

As in global approaches the data collected in the non—m7~ channels are equivalent to
having at disposal an additional statistics in the "7~ channel, one expects smaller errors
for the (E)BHLS, evaluations of a, [w]; this is indeed what is observed for the /5 < 0.6
GeV and 0.6 GeV < ,/s < 0.9 GeV contributions to a,[7m| but, surprisingly, not for the 0.9
GeV < /s < 1.0 GeV interval. Nevertheless, integrated up to 1.0 GeV, the contribution to
a,, [m] exhibits an uncertainty improved by a factor of ~ 2.5 compared to the other approaches
reported in Table 6.

This comparison proves that the observed central value differences between BHLS; and
the others — especially KNT — are mostly due to having discarded BaBar (and KLOEOS) and
only marginally to the global fit method. Finally, the last 2 lines of Table 6 shows the effect
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/5 Interval (GeV) V5 =06 0.6<+5<09 |09<,5<10 VE=1.0
CHS18[91] 110.1£0.9 369.6 £ 1.7 15.3+0.1 495.0 £ 2.6
DHMZ19 [92] 11044+ 04+05 | 3715+ 1.5+23 | 155401 +£0.2 || 4074+ 1.8 £3.1
KNT19 [93] 108.7£ 0.9 369.8 £ 1.3 15.3+0.1 4938 +1.9
KLOE+BaBar +X X2 /Ny, : BaBar=1.45, KLOE=1.15, NSK=1.10
Prob=11.4% 108.83 + 0.09 369.06 + 0.62 15.36 + 0.38 493.19 +0.73
KLOE +X X% /Npts : KLOE=1.03, NSK=1.09
Prob=90.0% (Incl. 7) || 107.79 £0.12 366.76 £+ 0.73 15.16 + 0.42 489.70 + 0.84
Prob=93.3% (Excl. 7) | 107.67 £0.13 367.21 £ 0.84 15.17 4+ 0.48 490.05 + 0.98

Table 6: Breakdown of 10' x a,[rm] by energy intervals. The displayed data for CHS18,
DHMZ19 and KNT19 are extracted from Table 6 in [2]. The EBHLS, fits are reported using
BaBar and KLOE10/12 and the later only together with the NSK, BESIII and Cleo-c dipion
spectra, globally referred to as X. The data collected in the eighties [77] are also part of X.

of including the T data. The use of these generates an additional (modest) improvement of
the uncertainties as could be expected, and a marginal shift. The comfortable probabilities
reached by the EBHLS:(KLOE+X) fits should also be noted. As reminded in Section 10,
they are reached without resorting to error information beyond what is provided by the various
experiments like error inflation factors, for instance.

As noted several times, the validity range of the HLS approaches to e*e~ annihilations ex-
tends up to ~ 1.05 GeV, thus including the ¢ mass region. However, the [1.0, 1.05] GeV energy
interval of the dipion spectrum is poorly known; indeed, apart from the BaBar spectrum™® [29],
the most recent information about this spectrum piece follows from the old SND results [94]
which underly the RPP [50] entries for the ¢ — 7w decay.

As clear from Figure 8, in this mass region the spectrum is widely dominated by the tail of
the p resonance with, on top of it, a tiny effect due to the narrow ¢ signal. A direct numerical es-
timate derived from the scarce data collected around the ¢ mass gives a, (7w, [1.0, 1.05] GeV) =
[3.3540.04] x 10~'°, On the other hand, relying on the RPP [50] information, EBHLS returns :

a,(wm,[1.0,1.05] GeV) = [3.07 £ 0.11] x 10717 ;

replacing within the data set fitted via EBHLS; the RPP ¢ — wm datum by the BaBar [1.0,1.05]
GeV spectrum piece returns a,, (7, [1.0, 1.05] GeV) = [3.10 £ 0.10] x 10~'°. Therefore, some

(mild) systematics affects this mass region as the cross section lineshape is not really well
defined (see Figure 1 in [15]).

430ur [15] provided a study of ¢ mass region in the BaBar spectrum.
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11.2 Contribution to the Muon HVP of the Energy Region < 1.05 GeV

The sum a,(HLS) = }_.a,(H;) of the quantities defined by Equation (55) represents
about 83% of the total muon HVP; it can be computed with fair precision using the EBHLS»
fit information to construct the relevant cross sections; these are derived by sampling the model
parameters using the parameter central values and the error covariance matrix returned by the
MINUIT minimization procedure. Sampling out the model parameters allows to compute a large
number of estimates for the different a,(H;) and for a,(HLS), the average values of which
defining our reconstructed central values and their rm.s. giving their standard deviations.

The fitted cross sections are also used to estimate the FSR contributions for the 77—,
mtr—m” and K+ K~ final states and the Coulomb interaction effect which is significant for the
K+ K~ final state as the kaons are slow in the ¢ energy region.

The HLS model functions are describing VP amputated data, accordingly, all the data sub-
mitted to our global fits are amputated from their photon VP factor. Uncertainties related to VP
amputation and FSR estimates are included below as separate systematics.

EBHLS, BS (A =10) (Ag #0) Data Direct
Excl. T Incl. T BS RS Integration
wta— 49312+ 098 | 492,77 £ 0.85 || 492.77 £ 0.86 | 493.00 £ 0.90 || 496.26 + 3.46
Tru'}f 4.41 +0.02 4.40 +0.02 4.41 +0.02 4.41 +0.02 4.58 + 0.08
Y 0.64 £+ 0.01 0.65 %+ 0.01 0.65 %+ 0.01 0.65 £ 0.01 0.55 £+ 0.06
mta—ml 4440 £0.32 | 44.41 +0.32 4445 +0.32 | 44.41 +0.30 4480+ 1.72
K+K- 18.20 £ 0.10 18.17 £ 0.09 18.20 £ 0.09 18.20 +0.11 18.98 +0.28
KiKs 11.67 £ 0.06 11.67 £+ 0.06 11.66 £+ 0.06 11.60 £+ 0.06 12,61 £0.27
HLS Sum || 572.44 £ 1.08 | 572.06 £ 0.95 || 572.14 £ 0.95 | 573.07 £ 1.00 || 577.77 £ 3.89
2 /Nps 1179/1280 1285/1365 1269/1365 1262/1365 P
Probability 03.3% 83.1% 90.0 % 01.5 % P

Table 7: EBHLS, contributions to 10' x a}/V* =1 integrated up to 1.05 GeV, including FSR
and Coulomb interaction among the (slow) kaons involved in the K+ K~ final state. The run-
ning conditions are indicated on top of the Table, BS and RS stand resp. for the so-called Basic
and Reference variants defined in [19]. The last column displays the evaluation through a direct
integration of the data.

Regarding the FSR correction of the 7*7— 7" channel, we assume that the FSR correction
of the 2w channel applies to the 27 subsystem of the 37 final state as well. Thus we take
Oary(8) = 03.(s)[27(s)] as an estimate, assuming that the invariant mass square s of the
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charged 7" 7~ subsystem may be approximately identified as s =~ s. This is justified because
the main contribution comes from the p” enhanced intermediate state (yp%7"), i.e. the reso-
nance enhancement happens at about the same s ~ M7 in both the 27 and the 37 channels
(see also [95]). One then obtains a FSR contribution 0.17 x 10~'° to which a 5% error is as-
signed. The same approximation is accepted by the BESIII Collaboration and their recent 37
spectrum [24] already includes the FSR correction computed this way.

Table 7 collects the results derived from EBHLS; fits performed under various conditions.
The largest difference beween the central values for the HLS sums does not exceed 0.4 x 10~1°
and reflects the effect of using or not the 7 dipion spectra — together with slightly improved
uncertainties (~ 10%) in the former option. The second data column collects the results derived
by assuming A3 = 0 and 4 P7(s) third degree (i.e. the previous BHLS; framework); the third
data column information is derived by letting A, free and fixing the 4 P7(s) degree to 2. Despite
their different probabilities, their HVP’s differ by only 6 x 10~!? and their uncertainties too.
Comparing the third and fourth data columns also shows that the gain achieved by using the
Primordial Mixing Mechanism [19] is, by now, negligible.

Therefore, it looks consistent to choose as final evaluation of the BHLS channel contribu-

tion to a; V"~ up to 1.05 GeV :

a"PYO(HLS) = [572.14 £ 0.95] x 107 '°

up to additional systematics considered just below.

On the other hand, the last data column in Table 7 displays the results derived by a direct
integration of the annihilation data; in this approach, the normalization of each of the combined
spectra is the nominal one and all uncertainties (correlated or not) are combined to provide its
weight in the combined spectrum. This brings us back to the discussion presented in the previ-
ous Subsection : It is not surprising to observe the data shifting compared to expectations and
their uncertainties enlarged by the correlated contributions. This effect is the largest for the mm
contribution but represents only a ~ 10, effect. The difference for the dikaon contributions
is rather due to taking the CMD3 data into account in the direct integration whereas they are
absent from the set of data samples submitted to the EBHLS, fit procedure (see [19]); their
effect is, nevertheless, taken into account as systematics.

11.3 Systematics in the HLS Contribution of the Muon HVP

Subsection 11.1 has illustrated, specifically on the 7w channel, that a possible hint for a
significant bias induced by the global fit method itself is tiny. Indeed, Table 5 shows that, as
long as the fit probabilities are good, the values for a, (7m) derived from the fit are very close to
the KLOE Collaboration own evaluations [90]. More precisely, the EBHLS; fit estimates are
distant by only resp. 0.280,,,,0.250,,, and 0.150,,, from the KLOE own direct integration
evaluations for resp. KLOE10 (78% prob.), KLOE12 (80% prob.) and the KLOE85 combined
data set (65% prob.) The example of KLOEOS is, however, also interesting : Indeed, even if
the fit probability is poor (14%) — and for this reason excluded from our reference set of data
samples — the fit is away from the KLOE direct integration of this spectrum by only 1.60,,,, .

On the other hand, the set of accepted data samples being similar, Table 6 also indicates
that the way the normalization uncertainty is dealt with accounts for the bulk of the differences
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between the various approaches. The (similar) choices made by KNT [93] and us [76] look
the best grounded one and leads to consistent central values. The better precision reached
within the broken HLS frameworks mostly proceeds from the global fit tool they allow which
numerically correlates the various annihilation channels as if the statistics in each channel was
larger than nominal. One should also remind the marvellous agreement (still valid) between
the BHLS; prediction and the Lattice QCD form factor spectra [57] emphasized in [19] (see
Figure 8 therein) — and in Figure 1 above.

Therefore, once a canonical treatment of the various kinds of systematic uncertainties re-
ported by the various groups together with their spectra is applied, one may consider that these
are already absorbed in the uncertainties derived from the MINUIT minimization procedure.

However, additional sources of uncertainty can be invoked. Until EBHLS; is experimen-
tally strengthened by new high statistics dipion spectra to be collected in the 7 decay, one
may consider that the difference between using or not the 7 data contributes a systematic un-
certainty which can increase a;¥"~'? by at most 0.32 x 10~'? (see Table 7). On the other
hand, it is worthwhile to anticipate on the treatment of the [77, 7, 7] mixing properties ad-
dressed in this paper from Section 12 onwards. This will emphasize the relevance of the kinetic
breaking mechanism defined in Section 4 and lead to consider a possible shift of a;VF =7 by
+0.3 = 10712 (see Section 19).

The poor knowledge of the dipion spectrum in the ¢ mass region has been emphasized.
Here also, considering the numbers given in Subsection 11.1, the central value for aﬂw‘m
might undergo a shift of +0.28 x 1071, In [19], assuming their systematics uncorrelated,
fits related with the CMD3 dikaon data [73, 72] are reasonably good; therefore, leaving them
outside our reference sample set may result in missing +0.54 %10~ when evaluating a,, (K K ).

The still preliminary SND dipion data [25] examined above has been submitted to our
standard global fit by including it into the set of accepted dipion spectra. The fit returns, with a

probability of 66.2%,

a, (mm) = 493.26 £ 0.81 and a7 = 572.60 £ 0.89 ,

in units of 1071 As the average x?/N,gin:. for this SND sample is large (~ 2) we gave up
including it inside the fitted sample set and preferred affecting the difference +0.48 x 10~ to
the systematics.

Well identified other sources of systematics deserve to be addressed: (i) The uncertajnty"“
on the total photon VP (7V P) has been estimated to £0.29 x 10~ and (ii) The FSR effect in
the HLS energy range covers its contributions to the 77—, 777" and K+ K~ annihilation
channels; its value amounts to 4.81 x 107'? over the whole non-perturbative region and may
be conservatively attributed a 2% uncertainty®. In the non-HLS range above 1.05 GeV the
contributions listed in Table 8 include FSR effects estimated via the Quark Parton model. The
1y = 3-, 4- and 5-flavor range LO contributions are to be multiplied by the radiative correction
factors 32 N, 317, Q2, which yields 0.42 x 10~ as a total FSR effect and one may assign a

“4A part of this effect might already be accounted for in the experimental uncertainties.

43In the HLS region (/5 < 1.05GeV), we have the FSR contributions 4.26 x 10~ 1° from =+ 7=, 0.17x 1010
from 7t 7~ x" and 0.38 x 10~ from KK —+. Altogether this amounts to 4.81 x 10~!° to which a 2%
uncertainty is attributed, i e. 0.10 x 10—1°,
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10% uncertainty here. The uncertainty values just given actually affect the HVP over the whole
energy range.

These possible additional source of systematics rather play as shifts and, thus, should not
be combined with the uncertainty returned by the fit. Summing up all these estimates, our final
result can be completed with the most pessimistic systematic uncertainty* :
aVP-LO(H LS, /s < 1.05 GeV) = 572.14 £ [0.95] ;;, + [F231], .0 (56)

i

in units of 10~19,

Finally, the tiny contribution generated by the “non-HLS" channels *’ should be considered
to fully complement the [s, = m2,, s,,,;] energy interval contribution to the muon HVP; it has
been re-estimated by direct integration of the (sparse) existing data to = [1.21 £0.17] x 10~1°,

11.4 The Muon HVP and Anomalous Magnetic Moment

To finalize our HLS based estimate of the muon HVP, our result Equation (56), comple-
mented for the non—HLS channel contribution below ,/5.: = 1.05 GeV already given, should
be supplied by the contributions from above this energy limit. This is displayed in the left-hand
part of Table 8; the different contributions up to /s~ = 5.20 GeV are derived by a numerical
integration of the experimental data (annihilation spectra and F(s) ratio measurements) as for
the T energy interval. This part carries a significant uncertainty. The rest, evaluated using
perturbative QCD, is reported under the tag "pQCD” and exhibits a high precision.

Summing up the various components, our evaluation of the muon HVP integrated over the
full energy range is:

ay P70 = {687.48 £+ [2.93] pir + [F5 58] eyt } x 10710 (57)
In order to derive the anomalous magnetic moment of the muon, its HVP should be comple-
mented with the contributions other than the LO-VP: Higher order HVP effects, light-by-light,
QED and electroweak inputs. For consistency with others, we have used for these the values
given in Table 1 of [2]. This sums up to :

HLS __ 2.3
a5 = 11659 175.33 £ 3.49 + [*35] (58)

in units of 10~ which exhibits a 5.72¢ difference with the experimental average [4]. If
taking into account the possible shift of the a, central value following from our systematics

upper bound, the significance for Aa, = a?¥* — a1 can decrease down to 5.310.

A final remark should be asserted : Dﬁe may Found amazing the jump in significance of
Aay, compared to [19] ; a mere comparison of the EBHLS2 numerical outcome with those of
our previous work clearly shows that it is almost unchanged. The changes reported here are
solely due to the 30% reduction of the uncertainty produced by the averaging®® the FNAL [4]

and BNL |1 ]measurements.

4A model uncertainty, estimated to £0.3 x 10~% in Section 19, has been added linearly to the systematics.

4Tt is provided by the low energy tails of channels like et e~ — 4, 2w or 5’y - - - the thresholds of which
being smaller than the ¢ meson mass.

“Using only the BNL datum leads to a significance for the Aa,, central value of 4.7¢.
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Contribution from | Energy Range || 10'% x of™YP~12 ||l Contribution from 1010 % ap
missing channels VB = 105 1.21 £ 017 LO-HVP 687.48 + 293 4 [12E0
- myst
Jip 8.94 + 0.50 NLO HVP[93] —9.83 4 0.07
T 0.11 +0.01 NNLO HVP [96] 1.24 4 0.01
hadronic (1.05, 2.00) 62.95 + 2.53 LBL [97, 2] 92419
hadronic (2.00,3.20) 21.63 +0.93 NLO-LBL [98] 0.34+0.2
hadronic (3.20, 3.60) 3.81 +£0.07 QED [99, 100] 11 658 471.8931 4 0.0104
hadronic (3.60, 5.20) 7.59 4 0.07 EW [101, 102] 15.36 £ 0.11
poCD (5.20,9.46) 6.27 £ 0.01 Total Theor | 11650 175.33 + 3.40 4 [té;ﬁ*]
sysi
hadronic (9.46, 11.50) 0.87 + 0.05 Exper. Aver. [4] 11 650 206.1 4+ 4.1
pACD (11.50,00) 1.96 + 0.00 1010 x Aay 30.77 4 5.38 — [+233]
myst
Total 105 — co 115.34 4 2.77 Significance (no) 5.720
+ missing chann.

Table 8: The left-hand side Table displays the updated contributions to ay "~ from the
various energy regions and includes the contribution of the non-HLS channels in the /s <
1.05 GeV region; only total errors are shown. The right-hand side Table provides the various
contributions to a, in accord with Table 1 in [2] together with our own datum for a V' F~1©,
The result for Aa, = a,(exp) — a,(th), based on the EBHLS; fit and the average of the BNL
and FNAL measurement [1, 4], is also given; the effect of the systematic is discussed in the

body of the text.
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11.5 A Challenging Value for o'V "¢

In Subsection 9.2 , we have revisited the consistency topic of the various available dipion
spectra. The most relevant fit properties of these are collected in Table 3. Comparing the
x?/N averages for NSK, KLOE and BaBar in global fits where each of them is used as single
representative for the mm channel and fits using their pairwise combinations permits several
conclusions reflected by the fit probabilities displayed therein®’. Namely :

* The tension exhibited by the pairwise fit involving KLOE and NSK is marginal compared
to the fits using each of them in isolation : The fit probabilities are quite similar.

* In the pairwise fit involving KLOE and BaBar, one observes a strong tension reflected
by the drop in probability between the pairwise fit and those with KLOE and BaBar in
isolation.

* The pairwise fit of the NSK and BaBar spectra also exhibits some tension between them,
but at a softer level : If the drop in probability versus the NSK fit in isolation is large (a
factor of ~ 2), the corresponding drop in probability versus BaBar in isolation is small
(62.9% — 51.7%).

This motivates examining a global fit involving the NSK®, BESIII [26, 27], Cleo-c [48]
and BaBar spectra, the KLOE data samples being excluded. In contrast with the fits reported
in Table 3, this special fit includes the three pion spectra and involves 1500 data points; it
converges at x>, , = 1484, yielding a 39.5 % probability. This fit is not as good as the standard
one (see the Subsection just above) which results in a ~ 90% probability, but is reported in
some details here for completeness.

For the region up to 1.05 GeV, one gets :

a,(Tm) = 497.83+0.90 and a,(HLS) = 577.19 + 1.00 (59)

in units of 1071°. The corresponding standard results can be read off Table 7, more precisely
its third data column; the increases produced by BaBar (excluding KLOE) for these quantitites
are equal : da, (7m) = da,(HLS) = 5.07 x 10~1%. So the differences is fully carried by the 77
channel. The information displayed in the left-hand Table & allows to derive the full HVP-LO :

aVP-LO(BaBar) = [692.53 + 2.95] x 10710 (60)

i

and can be affected by the same additional systematic uncertainty proposed above. Finally,
the difference between af’¥'¥—LC(BaBar) and the experimental average [4] drops down to
Aa, = a9 — afVP~1O(BaBar) = 23.65 + 5.38 and exhibits a statistical significance of
4.78¢ not counting the systematic uncertainty effect. Taking it into account, the significance

may drop down to 4.350.

“*The 3-pion data are discarded from the fits reported in this Table.
*ncluding the former data collected in [77].
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BML+FHAL Comb.

Direct btegration 2020
693.11£4.76

Fermilab /HPQCD,/MILE 2019
6094841413

ETMC 2019
682.1%16.53

RBC/UKQCD 2018
TIT.4%£16.5£9.2

BMYW 2020
FOF.542.3£5.0

HPQCD/RV 2016
667164£12

Mainz,/CLS 2019
F20.0412.448.9

RBEC/UKQCD 2018
692.5%1.4£0.5£0.7%£2.1

KNT 2019
602.78£2.42

DHMZ 2019
694.0%4.0

FJ 2017
688.77+3.36

BHLS, 2020 SKLGE}
687 .481£2.9

BHLS, 2020 (BaBaR)
692.53£2.95

“74% 760 780 800 820

10" a,(HVP-L0O)
Figure 9: Recent evaluations of 10' x a}V*~19: On top, the result derived by a direct inte-
gration of the data combined with perturbative QCD); the dotted vertical lines indicate the +10
interval. The LQCD data are followed by the results derived using dispersive methods from
[93], [92] and [103]. The two HVP-LO evaluations derived using EBHLS; fitting codes are
given at bottom (see text). The +1¢ interval corresponding to the BNL+FNAL average [4] is
shown by the shadded area.
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11.6 The Different Muon HVP-LO Evaluations

Figure 9 collects recent evaluations of the leading order muon HVP. A numerical integration
of the annihilation and (=) data, appropriately completed by perturbative QCD calculations
(see Table 8) yields the entry displayed at top of the Figure, It is followed by some reference
evaluations derived by LQCD Collaborations, namely [104], [105], [106], [3], [107], [108]; the
second of the RBC/UKQCD evaluations [ 106] relies on mixing LQCD and dispersive informa-
tion. This datum is just followed by the HVP-LO dispersive evaluations from [93], [92] and
[103]. The bottom pair of data points are the EBHLS, based evaluations of the full HVP-LO
derived in this study. It can be noted that the prefered EBHLS, evaluation (90% prob.), tagged
by KLOE, is 5.30 x 10~'° smaller than KNT19 [93] and 6.54 x 10~'% smaller than DHMZ 19
[92]. In contrast, the challenging evaluation (40% prob.), tagged by BaBar, is only distant by
resp. 0.25 x 107" and 1.47 x 10~ from resp. KNT19 and DHMZ.19.

The difference of our 2 evaluations (5.05 x 10~17) compared to their respective accuracies
(2.9 % 10719, makes us reluctant to propose a mixture of these or a common KLOE+BaBar fit
evaluation. Nevertheless, it shows that model dependence is not the main source of disagree-
ment between the various dispersive evaluations.

The difference between the most recent BMW evaluation [3] and those based on the various
Dispersion Relation (DR) Approaches ranges between 13 x 10~1% and 20 x 10717 it looks
difficult to fill such a gap with only e*e~ annihilation data below ~ 1 GeV, an experimentally
well explored energy region.

12 The EBHLS; Approach to the [7°, 7, /] System

The mixing properties of the [1%, 7, 7/] system underly the physics of the light meson ra-
diative decays as well as the amplitudes for the e*e~ — Py annihilations which are obviously
tightly related. The other important data involved in this issue, namely the P~y decays and the
V1’ couplings, are also part of the EBHLS, scope'.

Phenomenological descriptions of the [7”, i, 77'] system were first based on using [/(3) sym-
metric V' P~ coupling expressions enriched by parametrizations of Nonet Symmetry breaking
in both the pseudoscalar and vector sectors as done in [109], for instance. A first HLS based
model including its anomalous sectors [12] has provided a unified framework which encom-
passes the P — ~y7 decays and the radiative decays of the form V' Py [110]. The Effective
Lagrangian approach, started long ago (see [61], for instance), has been pursued up to very
recently (a comprehensive list of previous references can be found in [111]).

On the other hand, Chiral Perturbation Theory and its Extension (EChPT), originally for-
mulated by Kaiser and Leutwyler [33, 34], allowed to fully address the [, 77, /'] mixing and
gave rise to the singlet-octet basis description in terms of 2 angles and 2 decay constants. It was
shown in [31] that this approach is naturally accomodated within a HLS framework with only
one mixing angle provided that SU/(3) and Nonet Symmetry breakings are also accounted for
within its Effective Lagrangian. Beside the singlet-octet basis formulation, another convenient
formulation, known as quark flavor basis has also been proposed in [35, 36]; its properties and

I Actually, among the data traditionally used to address this topic, only the J /4 decay information remains
outside the EBHLS: scope.
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its relation with the singlet-octet formulation have been thoroughly reported in [37].

Finally, Isospin Symmetry breaking in the [77, 77, 7] system has also been considered and
parametrized as 77 and 77’ admixtures inside the physically observed 7° meson [39, 37]. Addi-
tional Isospin breaking effects have also been studied, generated by having different ui and dd
decay constants [38].

It happens that the parameters which substantiate the singlet-octet [33, 34] and quark flavor
basis parametrizations [35, 36, 37] can be accessed within the EBHLS; framework as reported
above —and in [19]. Its Lagrangian leads to quite similar expressions and includes also Isospin
Breaking contributions. Moreover, the global fits performed and already referred to in the previ-
ous Sections allow precise numerical determinations of the mixing parameters of the [7°, 7, 77]
system in both the singlet-octet and quark flavor bases.

In the following, one reports on works performed in parallel with both the BHLS; frame-
work previously defined [19] and its EBHLS; Extension analyzed in the preceding Sections.
However, the detailed analysis of the [7”, 17, 77'] system exhibits properties which make relevant
a further analysis related with the kinetic breaking introduced above to account for the T dipion
spectra, especially the Belle one, by far the most precise spectrum.

If the fate of EBHLS: versus BHLSs is tightly related with a forthcoming high statistics
measurement of the dipion spectrum in the T decay, the analysis of the [7°, 17, 7/'] system nev-
ertheless reveals constraints among the three terms of the kinetic breaking matrix Xy which
should be addressed and which, certainly, influence this picture.

13 The Axial Currents from the EBHLS, Effective Lagrangian

The main tool to address the [7°, 7, 77'] mixing topic are the axial currents which are derived
from the pseudoscalar kinetic energy term Equation (23) — reminded here for convenience :

K=Tr [apbareXAanareXA] +2 {I]?r [XHanare]}E (ﬁ‘l]

by the derivatives :
fta{a Pbﬂm.gj [ bare — Zﬂ_ﬂ 3 ] 3 (ﬁZ]
with respect to the entries associated with each of the [/(3) basis matrices normalized such that

Tr[T.Ti] = das/2; the breaking matrix X4 is given in Equation (10) and X} can be found in
Equation (20). They are given by (summation over repeated indices is understood) :

I3 =2f, Tr [T, X T, X 4] 0P, + 4 Tt [Xg8Poare) Tr [XyT,] (800 + Oaz + 0ag) . (63)

The axial currents relevant for our purpose are :

[ Pife= omd+ &—é V2618 + 0] + X [Xadm$ + Mool + AsOf]

2
§ Jf.= Don +Gon + \/;&,4 Oy + Ao [Aadmy + Aodp + AsOy] (64)

Ay
JBf. = G+ Fon} + T’% amy + A [Aadmy + XoOmy + Ash]
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where the subscript b stands for bare and :

2

D
in terms of 24, the (s, 5) entry of the X4 breaking matrix. Equation (31) and the definitions

given in Section 4 allow to express the axial currents at first order in breakings in terms of the
renormalized R-fields — those which render canonical the PS kinetic energy term — by :

i i ~—
A Azdo  Ag Aads | Ay
3 fr = (1 + EE) Butr + (T 76 Butlp + 3 T Bunie
AoAs AoA Ao
I fr = (v@ +—=- ) BTy + (5,4{3' + %) Auny + (—zAA - %) R

Ay A A Ash
T3 fe = (2‘} ‘; E) BTy + (—zAA + A‘;;”) Bun + (ZAB + %) Bunl»

(66)
Ap and Ag having been given in Equations (25) in terms of A, B, C, Ay and Az. The following
matrix elements are of purpose for the  — 1" mixing topic (4, — ig,, outgoing momentum) :

o

.

i

Aog
< 0| 2| >= fx { z2aC+ —— 5 }“Iu("?n) = ifo qu(mz) .

<0181 >= 1 {—zAA ok } igu(7) = ito 0, (75)
d AsA ©n
<0\ Jzlng >= fx { 2B+ %} ig (1) = ifs 0u(7%)

<O\ >= 1 {—m + %} igu(n) = ibs (1)

.

which define the decay constants fy, fs, bo and bs. One observes that the kinetic breaking
affects all these matrix elements; in order to connect with [31], one should identify the usual
kinetic ('t Hooft) breaking term with }ug.

Regarding the other fields, EBHLS; does not go beyond the BKY breaking [16, 17] as their
R renormalized and physical states coincide. They relate to their bare partners by [14] :

1 A 1 A

This transformation to R fields brings the corresponding part of the kinetic energy term into
canonical form [14]. The corresponding axial currents write :

f = fubumg , JET = @[1+%] fO.Kf , JE = @[1— %] fO. Ky .
(69)
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Using also the expression for Jj given just above, one can use the expectation values :
<O|J/|P(g) >=ifpgq, . (P = m*,7° K* Ki/Kj) (70)

to derive :
A
fo=[1+3] 5o fre=te=va 1452 5 po=va -2

(71)
and then, one gets 24 = [fi /fx]" up to Isospin breaking corrections. Moreover, it should also
be noted that, once Az is floating, f,o may differ from f.(= f»+) by as much than ~ 2.5 %, in
line with the remarks in [112]. This comes out of our fits which successfully involve, beside
the 7 dipion spectra, the ete~ — (w°/n)7 annihilation data and the widths of the anomalous
decays {P — 7y, P € (7% n,7)}.

]2

14 The n—n' Mixing : The Octet-Singlet Basis Parametriza-
tion
The axial current matrix elements in the two angle scheme write :
< 0|28 |n/n >= if‘fﬁfq# (72)

in terms of the physical 77/7' fields carrying a momentum g,,. As usual, one defines the F*®
couplings and the #, s mixing angles by [32, 33, 34]:

( .F;? = FS("CEQ3= fgCﬂSgp—bESiﬂHp,
= F®sinfs = fssinfp 4+ bgcosbp,

(73)
—F%sinfg = bycosfp — fysinfp,

S G R
I

= FPcosfy= bysinfp + fycosfp,

.

the f’s and b’s being those given by Equations (67). The 73 components of the physical 1
and 1/’ fields, providing contributions of order ((4?) in the matrix elements < 0|.J)%|n /1’ >,

are discarded. Using Equations (67) and (73) and the definitions for A, B and C' given in
Subsection 4.1, one derives :

2
(PP = (PP + P9 = 3+ = | 21243 12,

; (74)
223 +1

PP = (FgP+ Uiy = 12+ = |22 3] 12

The no-BKY breaking limit is obtained by letting 24 ~ [fx/f.]* — 1. The correspondence
with others [33, 37, 36] becomes manifest, when using the following identities :
25 +2 _ 22141 _|_{z,4,—1]|2
3 3 3
225 +1 4241
3 3
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which provide :

op = {2ty I G

[F*) = {42’43_ ! + [}ué + gl[zg — 1}2] } f2.

If one assumes Az = 0, these expressions coincide at leading order in breakings with their
usual EChPT analogs [33, 37]; one should note the (2,4 — 1]2 dependent terms, which, even if
non-leading, are not negligible compared to the contributions provided by the kinetic ('t Hooft)
breaking. Regarding the non—leading terms in the [F/%]2, one can anticipate on our fit result
analysis by mentioning that A2 ~ 8 x 10~2 while the flavor breaking correction is governed by
(24 — 1)? ~ 9%.

At leading order in breakings, one also finds :

(76)

FoFysin (6 — ) = [—(EA —1)- )'tn)'ts] f2, (77)

which vanishes when no breaking, leading to #3 = #y = #p. This expression can be rewritten :

FyFgsin (6 — 65) = i( 2a—1)f2 + [?(% —1)*— )'tu}ts] fz, (78)

which also coincides at leading in breaking with its EChPT analog [33, 37], as soon as Az —
which is not involved within EChPT — is dropped out.

The usual axial current matrix elements in the 2—-angle mixing scheme yield the following
expressions in terms of the singlet-octet mixing angle #p and of the BKY and kinetic breaking
parameters :

by 2z A- s
fs  22,B+Ashs |
b 22aA—dos
fu 2z2,C + }LDID ‘

tan @y = tan [#p + V|, tanPg =
(79)
tanﬁ'u:tan[t?p—‘ﬂu] tan Ug = —

Compared with [31], the expression for tan fg is recovered in the limit Ay — 0. Regarding
tan f, in the same limiting case, the leading order terms yield :

1:3111'LIT[,=é 1—}%2 3(za+1) A

C V92, za 7 2)| — oL~ 080Al.

which exhibits a behavior similar to the nonet symmetry breaking coefficient x defined in [31].

Equations (79) allow to derive interesting expressions for the Kaiser-Leutwyler angles #,
and A3 in terms of the BHLS model parameters. Discarding terms of orders @[(z, — 1)] and
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O[(24 — 1)?5] or higher’?, one gets :
V2 (2a —1)
3

B + 6 = 20p + —{2',4 —1)

Hs—eu——iu—u @#”—ru—u (24— 1)+ A2+ 23] .

— A4 M
(80)

The expressions one can derive for am:l fls coincide with those in Equations (84) in [37] at
leading order. Let us anticipate on the numerical information provided by our fits to indicate
that z4, — 1 ~ 0.3 while the different squared A combinations stand at the few percent level at
most; therefore the breaking corrections affect both the sum and the difference in a significant
way.

Equations (80) can be written :

s =0 —i{zA—l}[l—Jh] }‘“}‘B ﬂ

{214 - 1:]21
(81)
2
Hu=ﬂp+§{z,4 —1}[1 —)hg]———— XA — 1}2 .
One may note the symmetry between the expressions, symmetry only spoiled by the term of
order O[(z4 — 1)?. This shows that the departure from the one mixing angle scheme only
reflects the breaking the SU/(3) and Nonet (or kinetic) symmetries.

15 The n—n' Mixing : The Quark Flavor Basis Parametriza-
tion
Beside the Octet-Singlet parametrization of the 7 — i’ system developped by [32, 33, 34]
and referred to just above, another parametrization has been advocaded by [35, 36, 37]; this
challenging parametrization will be referred to either as Quark Flavor Basis or FKS scheme. It

looks worth analyzing how it shows up within the Broken HLS framework. The axial currents
relevant to figure out how the FKS parametrization arises within EBHLS, are

e
i e

in terms of the usual singlet and octet axial currents previously encountered. Using the results
collected in Equations (66), one can derive :

Aa  As 2 Ao 1 As
Jggfw={7+T]a#n’;+[ §+qu aﬁnﬂg+[\/;+ 5 ]aﬁﬂi,

. A 1 Ao 2 A
Jfrfﬂr——.uﬂ'l'[ §+T]3n??ﬂg—[2ﬂ/;—?]3n??ﬁs

*Let us remind that the )\ parameters introduced via the generalized 't Hooft term are treated as ((8'/?)

(82)

(83)
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where Eu. and Ig have been given in Equations (25) and where one has defined :

2 1 1 2

in tight connection with the definitions (82). The decay constants relevant in the FKS formula-

tion are : ) )
< 0|Jin/n >=iq.F, .,
(85)
< O0lJgIn/n >=iq.Fy,
and the mixing angles are defined by [37] :
Fl = Fyeosd, | Fﬁ = Fysin¢,,
(86)
F,f = —F,sing¢, , F,; = F,cosd, .

Using Equations (84) and the definition of the renormalized PS fields in terms of their physical
partners (see Equation (33)), one can derive :

r i — - -
2 ANl . 1 A
7 = — —_ —_— —_
Fl/fr= 3t ] sinfp + 3t 5 cosfp ,
2 AN [T A ]
q _ - q - g .
Fi/fx= 3+t 5 ]cusﬂp+ 3+ 5 sinflp,
‘ (7 %] [ 7 A% &
1 . , 2 s
F}/fr=— |24 §+ 20 sinfp — |24 37 28 cosfp ,
T Ao 2 A
k F,:r,}rfﬂr= Za §+ ED C'DSQP— ZA g— 23 Sl]lgp.
From Equations (86) and (87), one derives :
' 2 4 Ao .
3 3
t = tan[# U], tanlU, =Y ——— ~/2+ —AA
Ei.llt,'ﬁq Hﬂ[p-l— q]1- a1l q l_i_ﬁ& '\/_"‘ZEA gts
3 2
* . (88)
2 _ Ads
ZA
t3ﬂ¢3=tml[gp+U3], taﬂUa:\/;—ifﬁ—iAqks,
1 Asho 224
a3 T 75

"

up to terms of order @(4?%). Using the definition of the FKS ideal mixing angle® [37], frxs =
— arctan /2 = —54.7° . Equations (88) imply the following relationships :

6= 0= "E2 4 O@) | [6,+6]=20p — Opcs] +OE) (89

**In our previous papers as well as below — see Equations (112) — we prefered defining the ideal mixing angle
by f; = arctan1/4/2 ~ 35° in more natural correspondence with the p” — w ideal mixing angle.
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which emphasizes the numerical closeness of the ¢, and ¢, FKS mixing angles. It is worth-
while to go on by deriving additional expressions which can be compared to their partners in
[35, 36, 37]. We have :

[F] = [F? + [Fp] = 211+ A + O(8),
[E.] = [F]? + [ = f7lz3 + X + O(87), (90)
FiF; + FF5 = FyF.sin (¢, — ¢.] = f2A A + O(8%),

where F} and F;, and the FKS mixing angles are given by Equations (86) above. It is worthwhile
remarking that the second Equation (90) can be rewritten :

[F)? = fz3 + A2 = fi2za — 1+ A2+ (2a — 1)),

where the last term is second order in SU(3) breaking but not numerically small compared to
the Ag or A, parameter squared values.

Then, using the definitions for our parameters (and cancelling out Ag), it is obvious that the
quantities given by Equations (90) coincide up to the @(4?) and (24 — 1)? terms expected with
the corresponding FKS expressions-“. Moreover, it should be remarked that Equations (88) and
(89) exhibit the properties of the FKS mixing angles ¢, and ¢. emphasized in [37] for instance.
In particular, the single angle ¢ occuring in the the FKS parametrization is ¢ = [¢, + ¢.]/2
which only depends on #p, whereas the difference ¢, — ¢. is a pure effect of the kinetic breaking
mechanism defined in Subsection 4.2.

It should thus be remarked that the non-vanishing character of [¢, — ¢.] is not an Isospin
breaking effect and that ¢, = ¢, + @{52} rather implies either of Az = —/2Xg or Mg = V2)s.

16 Further Constraining EBHLS-

It can be of interest to identify additional constraints which could apply to EBHLS; and
highlight symmetry breaking effects not explicitly emphasized. In the FKS approach, an im-
portant ingredient are some properties of axial currents still not imposed to EBHLS,, namely
the diagonal character (at leading order) of the following matrix elements [38] :

< D"I;'ﬂa{pj == ipﬁfaéub 3 |ﬂa{p:] == |ﬂ.ﬁ{p:] > J: = EJT;.;TEE 3 {ﬂ- = ﬂ':d:‘g} .
91)
which may look natural constraints to be plugged into our model where one also works at order
O(4). The axial currents relevant for this purpose can readily be derived from those displayed
in Equations (64) and (82) :

1 1 1 2
{=Tmen, m=plm-n . g=3-f2n. ). @

*See Equations (28-30) in [37].
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As one can identify the leading order term in the Fock expansion of the various |n, > states
with the following bare PS field combinations :

r|1'|'|| >= |ull >= 1|:|TﬂI ::»+1|?}D }+1|?;r3 >
uw ‘\,.l"lﬁ bare ‘V/E bare v/g bare 1
[na >= |dd >= ——= |70, > +=lnl >+l > 9
4 d ’\,I"Iﬁ bare "u,-'"lﬁ bare V"{'E bare 1 ( ]
_ L \/E 8
s 2= |88 >= —|Mhare = — A/ S| Thare = >
k n I ﬁlmu 31Tk

the conditions imposed by Equation (91) can be accessed within EBHLS,. One thus gets™ :
1 A3+ A 1
{ E[fu+fd] = [1+ 2 ) q:l f?r 3 i[fu_fd] = [Aﬂkq'l_ﬂﬁ]f?r 3 .fal: [zi +)"f:| fw’ }
(94)
One should note that (f, + f1)/2 # fao if A; does not identically vanish®®, whatever is \a: it

should be emphasized that A is related with the so-called Aq(= A%} of EChPT (see [32, 33,
34, 37]). Moreover, the z parameter defined by Kroll [38] is :

_ fu - fd
fu + fd
which exhibits the expected dependence upon the Isospin breaking parameters of EBHLS;

coming via the X4 and Xy matrices.
On the other hand, the a # b matrix elements are (a factor i f.p, being understood) :

ZR roll = &A + }lg.}lq + @{52} . (95]

( 1 1
<O Ina(p) >= 5 Mg —X] . <OlTm(@) >= 5 [\ -] ,
(1 }‘3 d }‘3
{ < GIJﬁlﬂﬂip} = E [)"q + )"3] = Dl“fplﬂs{p} = '\/’E [)"q - )"3] 3 (9{5]
a }‘9 8 }‘3
<OUIp) >= £ D+ Nl o <OUImu(p) >= 22 Dy =

"

Three solutions” allow to exhaust the simultaneous vanishing of Expressions (96); they are :

Solutions A: A, =0, A, =+A =A== gxg =2\ ,

(97)
Solution B :A.#0 A =Xa=0 = Ag=—v2\ ,A3=0,

331t happens that this f, differs from the F, defined in the preceding Section; they are related by f,fr = F2.

*The condition A; = 0 implies that Ag and As are either simultanously non-vanishing or simultaneously
vanishing; we show just below that A; =0 = Az =0

7 Actually, each of the solutions below is 2-fold degenerated; indeed, as each physical quantity exhibits a
dependf:m:g: only upon squares of the ), any solution {A; = A, i = 0, 3, 8} carries the same physics than its twin
{h=—-A,1=0,3,8}
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not counting the trivial solution T' = {[A\g = As = Ag = 0]}, already known to be unable to
accomodate satisfactorily our set of Reference data — this statement is also valid for Solution B
as shown in the first data column of Table 1 in connection with the account of the Belle dipion
spectrum [21]. In contrast, both Solutions A+ are found to work well within our minimization
procedure. For these solutions, the 3 parameters of the kinetic breaking mechanism are no
longer free — as assumed in the preceding Sections in line with the common belief — but become
algebraically related with each other.

So, it follows from the developments just stated that imposing the Kroll conditions (91) is
far from anecdotal; indeed, any of the solutions (97) which cancel out the matrix elements in
Equations (96), shows that a non-vanishing A (the usual kinetic "t Hooft determinant term)
is possible if and only if Az is non-zero. This statement — valid if defining X;; by Equation
(20) — also applies if one prefers® defining X;; by Equation (22). It should also be stressed
that only one of the previously defined solutions can be valid; it could, hopefully, identified by
confronting each solution with the data.

17 The n° — n — ' Mixing : Breaking of Isospin Symmetry

Another topic relevant for the 7 — 1 — 1/ mixing is the content of isospin zero mesons
inside the physically observed 7° wave-function; accounts of this can be found in [37, 38] for
instance. In standard ChPT approaches, the physical " is expressed in terms of the bare m
field with admixtures of the physical 17 and ;' mesons :

|T° >= [Ty > +Kl7 > +K|7 > +O(8%) | (98)

the @(4) parameters £ and k' depending on the light quark mass difference take respectively
the values kg and k; defind by [37] :

2 2 2 2
1 Mg — My, i Mag — My,

1.
Kﬂ=§m¢ﬂ{fg_w 3 Kﬂ:ESIH‘ﬁﬂ{fg—ﬂrfg 3 (99]

up to higher order contributions®. The quark mass term can be estimated by® m?; — m2, =
2[M2, — MZ, — M2, + M2,.] ~ 1.03 x 1072 GeV? and ¢ is some approximate value derived
from the ¢, and ¢, angles defined in Section 15. However, because ¢,—¢, ~ A A, +O(4?), any
solution providing the vanishing of Equations (96) automatically provides ¢, = ¢, + O(4?).

On the other hand, Kroll has extended this formulation [38] in order to account for Isospin
breaking effects not generated by the light quark mass difference :

2 2 2 2
_ mdd — M ' g mdd —m;,
K-—(’CE(,{-‘ W'l‘ﬂj{,d[} , K =ElNag [ﬁ E‘r—ﬂ{f.?r:]—i_ZK’-dI s (]m]

*This comes down in dropping out the products A, A; for i # j € (0,3, 8) in all the expressions given in the
Sections above and in the Appendices.

* Another formulation [39] in terms of the quark mass difference and of the mixing angle named here 85 is
reminded below; it has been used in our previous studies [14, 15, 76, 19] and its fit properties will be commented
below.

“In this expression, the subtracted electromagnetic contribution to kaon mass difference is estimated to
AMg = Ay = M2, — M2, = —1.24 % 1072 GeV2. However, as discussed in [38], its exact magnitude
is rather controversial; for instance, Moussallam [113] rather yields AM g = EA; withk =2 = 3).
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where zx..n 1s expressed in terms of the f,, and f; decay constants defined by Equation (91)
and expressed in the EBHLS; framework by Equation (95).

In order to connect EBHLS, with the 7/1 fractions inside the physically observed 7",
[39, 38], one needs the relation involving these and TTEME. After some algebra, Equations (31)
and (33) allow to derive an expression similar to Equation (98) :

Aﬂ
|70 >= {1 + 33] |72 > +eln >+l >, (101)

where the rescaling of the 7 _ term is specific of the kinetic breaking X; introduced in the
EBHLS,; Lagrangian and < and =’ are given by :

}3}&‘1 + Ay ';'f'q + s AsAs ‘?5-: + ¢

£= €+ 2 cos ( 5 ) — 22, sin ( 5 ), o
P )'-Ej'-q'l_ﬂﬁ‘l . ¢’q+¢s /134‘13 ¢q+¢‘s
e=et o —sn(T }+22r,4 cos(Z5—),

up to terms of order @(4%), having used Equation (89) and defined 8y s = — arctan /2.

As (¢g + ¢.)/2 is certainly a quite motivated expression for the FKS parameter ¢ [37, 38],
the similarity of Equations (100) and (102) is striking, and even more if imposing A, = 0 — as
requested by any of the A solutions (see Equations (97)) — which drops out the last term in
each of Equations (102). The condition A; = 0, indeed, implies :

{ £= E+wcus¢5 . E’=E’+Msin¢5 } . (103)

with ¢ = ¢, = ¢, up O(4°) terms. Switching off the BKY (A ) and kinetic breaking mecha-
nisms turns out to set f, = f; and, then, one expects recovering the results usual in this limit
[37, 38]. Thus, the following identifications :

_1 mi, — _ 1 . mi,—m?
{E eﬂsqﬁw (= Kg) Zsmqbw (= .“LDJ} (104)

look motivated. However, because additional singlets — like a gluonium — may contribute to
the n — ' mixing, likely more inside the i7" meson than inside 7, it is of concern to allow for a
departure from the mere identification (104), especially for the 1" amplitude term €'. So, letting
e and €' floating independently provides a relevant piece of information.

kp and k; are a common way to express Isospin breaking effects due to quark masses in the
FKS picture; another way to proceed is proposed in [39] which has been used in our previous
works. This turns out to rely on quark masses, define :

{wu— —V2epcosfptandp , wy= V2epsinfpcotdp , 9= i—ﬂ;: —A } (103)

and replace Equation (104) by :
{e=wp , €=w}} . (106)
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The angle 4 occuring in these expressions, defined in Equations (112), is given by dp = 8p—6;
where 8 = 7/2 — fpks; in this approach, the floating parameter is no longer m3;, — m2_,
but £p. Using the light quark masses masses from FLAG 2016 [114], £ is expected around
~ 1.22 % 102, One can anticipate on fit results and state that fitting with Equations (104) or
(105) yields similar fit properties.

Finally, one should mention that the 2x,.; dependence in Equations (102) and (103) ex-
hibits an unexpected difference compared to Equations (100) : EBHLS; finds a weight for

2k roit SMaller by a factor of 2. Whether it is a specific feature of EBHLS; is an open question.

18 The m° — n — ' Mixing : The EBHLS, Analysis

In order to deal with the T dipion spectra and the update of the muon HVP, it was found
appropriate to release at most the constraints on the model parameters within the fit proce-
dure; this also applies to the model parameters named ¢ and € which were left free to vary
independently.

In order to compare with expectations, it is also worthwhile to consider the case when
€ = Kp and € = k, are imposed; this turns out to let the parameter m%; — m?_ floating and
derive € and €' by means of Equations (104) which constrains € and €' to be likesign. Instead,
if € and €' are floating independently, Equations (104) allow for separate determinations of
m3; — m2, from the fitted i and 7’ admixtures.

Furthermore, in the fits reported from now on, the polynomial 4 P7(s) is always second
degree and, for completeness, one lets the A 4 Isospin breaking parameter floating, even if it is
not really significant — never more than 2o.

The PDG value for the ratio fx / f» 1s included in the set of experimental data submitted to
fit. The Belle dipion spectrum is included and one refers the reader to Section 3 for the specific
consequences this implies for the dipion spectra collected in the 7 lepton decay.

To be the most comprehensive possible, several cases for the [Ag, As, As] triplet have been
considered, namely, the A, and B solutions defined in Equations (97), as well as the so-called
trivial solution {T" = [Ag = As = A3 = 0]}; it has been found worthwhile to also consider
the case when the three A parameters are left floating independently — referred to hereafter as
Solution E Solution F is, actually, very similar to the fit conditions of the previous Sections.

The main fits properties are gathered in Table 9 and lead to the following remarks :

* Regarding Solution B, the best fit returns Ag = (—0.01 £ 36.26) x 10~2, which clearly
exhibits convergence towards the trivial solution {T" = [Ag = As = A3 = 0]}; therefore,
there is no point in distinguishing Solution B from the trivial solution T" which is the one
actually reported.

» With a minimum total ¥ larger by 60 to 95 units than the other Solutions, Solution T/ B
can be safely discarded.

* When assuming condition
C = {e = ko, € = Ky}
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EBHL5z (BS) 5ol F S0l T/B Sol A4 Sol. A- Sol. A4 Sol. A-
e=mg & € =g} e & & free
NSK =ta~ (127} 139 134 132 136 136 138
KLOE =t~ (135) 137 153 143 139 141 138
BESII =t =~ (60) 49 48 47 49 48 49
Spacelike =t = (59) 61 64 61 50 60 59
7 (A+C) (66) 61 73 6l 59 65 61
T (B (19) 28 53 iz i 35 28
w0y (112) 86 98 86 04 86 92
ry (182) 123 132 131 120 125 120
NSK rta— =" (158) 149 158 154 150 150 149
BESHI =t =~ =" (128) 138 138 138 138 138 138
Py &'V (5) 5 8 8 9 1 7
%2/ Npts 1280/1366 | 1375/1366 | 1300/1366 | 1280/1366 || 12921366 | 1286/1366
Probability 85.9% 33% 70.6 % B1.5% B0.1 % B3.5%

Table 9: Selected individual f;’Nm& values in EBHLS,; fits versus the Kroll conditions (cf
Equations (91)). The first data column reports on the fit where the three A’s vary independently,
the others refer to the solutions defined in Equations (97). The leftmost 4 data columns assume
Condition ' (see text), whereas Condition C' has been relaxed in the last two column fits. The
last lines display the global y? /N and probability for each fit.



both Solutions A, return good probabilities. Solution A_ is, however, clearly favored
even if A, exhibits a reasonable goodness of fit. Nevertheless, relaxing Condition C,
solutions Ay exhibit practically the same fit probability. This indicates that Condition
C' is not a real constraint for Solution A_ the total y? of which is almost unchanched
(Ax? = 3). In contrast, Condition C' exhibits a strong tension with Solution A, and
provides a strongly degraded fit as Ay? = 17 for only one parameter less; however, ¢
and €' become unlike signs when relaxing Condition ' which is certainly inconsistent
with Equations (104) — or Equations (105) — and with common expectations.

One observes, nevertheless, that the decay information (at bottom in Table 9) are better
described®' by solution A, than A_. It should be noted that most studies of the [7°, 77, 77]
mixing properties just rely on the two-body decays with P~y and PVy couplings.

* Replacing Condition C' by
C' = {e = wy, € = wy}

does not lead to substantial differences. Indeed, one gets x?/N,. = 1303/1366 and
74.0% probability (A, ) or x?/N,,, = 1286/1366 and 83.8% probability (4_), e.g. So-
lution A_ remains prefered to A, by the data.

It should be noted that relaxing Condition C' (or C") leads to likesign € and €' for Solution
A_, but to unlike signs for Solution A, . As just noted, this could motivate discarding
Solution A, .

* As could be expected, Solution F' is also good, benefiting from a larger parameter free-
dom than A, submitted to condition C' or not.

The model parameter values returned by the various fits are displayed in Table 10. One can
remark that the specific HLS model parameters do not much vary depending on the solution
examined; this is indeed so for g, a(= agrs), 23, c1 — ¢2 and fort? (e3 + c4)/2. This is also
observed for the BKY breaking parameters 24 and 2y whereas A 4 is clearly not significant. In
contrast £ undergoes surprisingly a large change when going from A, to A_. The value for &
strongly depends on requiring or not Condition C' but are alike for Solutions A, and A_ in the
former case.

The parameter equivalent to the so-called A [32, 33, 37] (Ay = /\E) is found in the range
from 6.5% (A, ) to 8.5% (A_). However, it should be stressed that, once assuming the Kroll
conditions (91), it cannot come alone as reflected by Equations (97) and determined by our fits.
Their numerical values are marginally affected by Condition C' or by choosing A, or A_ —up
to the sign for As.

Therefore, an important piece of information should be stressed : Because of the strict
relation between A3 and Ay — and hence A; — the Kroll conditions (91) implies that the pion
form factor in the 7 decay fulfills F7(0) = 1 — A3/2 and, then, is no longer unity as inferred at
the beginning of the present study.

8'The x"V P and nV P are hidden inside the 7"+ and - annihilation cross sections and are of comparable
quality in both solution A fits.
52In our fits, c3 = ¢4 is imposed [14, 19].
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EBHLSz (BS) S0l F S0l T/B Sol A4 5ol A- 5ol A4 Sol. A-
E=KD e =K £ & & free
g 6.996 £+ 0.002 T.052 £+ 0.002 6.536 + 0.002 6.671 £ 0.001 T.069 £ 0.002 6.954 £ 0.002
ayLs 1.764 4+ 0.001 1.646 £ 0.001 1.728 £ 0.001 1.765 £ 0.001 1.752 £ 0.001 1.766 4 0.001
(ca +ca)/2 0.756+0.004 | 073040002 | 0769+0.004 | 074240003 | 076940004 | 074240002
] — o3 0.762 £+ 0.014 0.776 £ 0.012 0766 + 0.012 0.823 +£0.013 0.676 £+ 0.013 0809 £+ 0.013
10? x =3 —0.332 £ 0.004 | —0.364 £0.030 | —0.372 4 0.004 —0.354 + 0.004 —0.345 + 0.004 —0.339 £ 0.004
10% x [m2, —m2,] || 265+025 3.78 +0.13 249£0.15 3.01+0.14 x x
10% % e 3.67T+0.32 5.19 348 £0.20 4.16 + 0.20 228+ 030 362+030
102 x 0.93 + 0.09 1.34 0.86 £ 0.05 1.06 + 0.05 —1.20 £ 0.30 017 £ 0.27
ap —15.89+0.34 —1536 £ 0.28 —16.63 £ 0.30 —15.78 £ 0.28 —16.63 £ 0.30 —15.50 +0.28
z4 1.417 4 0.004 1.411 4 0.004 1.429 + .004 1.406 4 0.004 1.423 4 0.004 1.406 4 0.004
v 1.433 4+ 0.001 1.507 £+ 0.001 1.463 £ 0.001 1.419 £+ 0.001 1.436 £ 0.001 1.420 4 0.001
10% x Ay 012 +£5.09 10.93 £+ 5.05 —8.7T1 £5.16 1266 + 514 —6.82 £ 523 1294 +4.91
Az 0.236 £ 0.007 =0 0.212 0007 | —0.242 + 0.007 0.197 + 008 —0.233 + 0.007
Ap 0.152 £ 0.042 =0 0259 + 0.009 0.295 £ 0.009 0.241 £ 0.009 0.285 £+ 0.009
Ag 0,022 £+ 0.023 =0 0.183 £ 0.006 0.209 + 0.0086 0.170 + 0.007 0.202 + 0.006
102 x &y —7.237+0.019 | —5130£0.030 | —0.022 & 0.027 —3.114 £ 0.020 —T.808 £0.019 | —6.838 +0.018
102 x £q 2231 +£0.155 —3.598 £0.072 | 3.155+£0.129 3.034 £ 0.148 0.599 £ 0.136 1.496 4 0.150
x2/Nta 1280,/1366 12751366 1309, 1366 12891366 1292/1366 1286,/1366
Probeability 85.9% B3% T0.6% B2.5% BO.1% 83.5%

Table 10: Model parameter values from the fits performed within EBHLS; under the various

configurations defined in the text. Angles are in degrees, [m23; — m>_] in GeV2. Values written

boldface are not floating but derived from the floating parameters through Equations given
in the main text; their uncertainties are derived likewise and take into account the parameter
covariance matrix.
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19

Side Results from Fits

EBHLS:z (BS) Sol. F Sol A4 Sol A_ Sol A4 Sol. A_
e=ng & € =&} e & & fres
fp (deg.) —1589+0.34 | —1663+030 | —1578+0.28 || —16.63+030 | —15.59+£0.28
o (deg.) —6.35 £ 0,47 —8.04 £0.39 —8.05 £0.33 —7.95 +0.39 —T.71+£0.34
s (deg.) —M55+030 | —24444+025 | —2283+ 027 || —2450+025 | 2277 +£0.28
o — B (deg ) 18214+ 024 16.45 +0.23 14.85 £ 0.24 16.59 4+ 0.23 15134+ 0.24
Fo/f= 1.166 4 0.006 1.190 4+ 0.003 | 1.190 £ 0.003 1.184 4 0.003 1.187 £+ 0.003
Fg/f= 1.293 4 0.003 1.315 4+ 0,003 | 1.302 £ 0.003 1.309 4 0.003 1.302 £+ 0.003
FES & (deg.) 38.85 £ 0.35 38.96 £ 0.27 35.08 £0.29 38.09 £ 0.30 39.15 4+ 0.27
g — s (deg.) 0.20 + 0.18 =0 =0 =0 =
Foffn 1.008 & 0.007 1.050 £ 0.003 | 1.066 £ 0.004 1.044 4 0.003 1.061 £ 0.004
Faoffn 1.418 & 0.005 1.428 +0.004 | 1.406 £ 0.004 1.423 4 0.004 1.406 £ 0.004
Fiffx 1.192 4 0.003 1198 £ 0.003 | 1.181 £ 0.002 1.195 4 0.002 1.182 4 0.002
fx/fx 1.190 4 0.002 1.193 £ 0.002 | 1.189 £ 0.002 1.191 4 0.002 1.190 4 0.002
100 % ap (HLS) E72524+102 | 57184+ 098 | 572.44 £0.98 AT6.00+£095 | BT2.50+ 099
x%/Npta 1280/1366 13091366 1280/1366 1292/1366 1286/1366
Probeability B5.9% T0.6% 81 5% B 1% B3.5%

Table 11: Singlet-Octet and Quark Flavor bases mixing parameter values derived from fits
performed within EBHLSs under the F' and A, configurations defined in the text. For the con-
figuration F, ¢ = (¢yy + ¢.)/2 whereas ¢ = ¢, (= ¢.) for the A, solutions. Correspondingly,
the contributions of the HLS channels for /s < 1.05 GeV to the HVP are also given in each
case; they can be compared to Table 7. The main fit properties are reminded at the bottom end
of the Table.

Table 11 collects our main results, mostly related to the 7 — 1 — 1 mixing parameter
evaluations. However, it is worthwhile to include some topical pieces of information which
deserve special emphasis.

* The various estimates for fy/ f, displayed in Table 11 nicely compare to LQCD deter-
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minations, namely [114] 1.195 + 0.005 and [115] 1.1995 £ 0.0044.

EBHLS5; avrg. FES 98 EF 05 EGMS 15b oua7
fo —8.04 + 0.39 £+ 0.00 —0.2+1.7 —244+19 —6.9+24 "
s —23.64 £ 0.30 £ 0.27 —21.2+16 | —238+14 | -21.24+19 "
Foff= 1.190 4 0.003 & 0.000 1.17+£003 | 1.29£0.04 1.14 £ 0,06 "
Faffx 1.309 £ 0.003 £ 0.007 1.26 + 0,04 1.561 £0,06 | 127 £0.02 "
& 38524+ 029 +0.44 93+10 414+14 (353 £ 1.6) 98+£323424

Fg/lf= 1.058 4 0.004 4 0.008 107+002 | 1.09+003 | 1.03 £0.04 0960 + 0.037 £ 0.046

Faffx 1.417 4+ 0,004 £ 0.012 134+ 006 | 1.66 £0.06 | 1.36 £0.04 1.363 £ 0.27 £ 0.006

Faof fxc 1.190 4 0.003 £ 0.009 " b b 1.143 £ 0.023 £ 0.005

Table 12: Mixing parameters in the Singlet-Octet and Quark Flavor bases from various sources.
The EBHLS; evaluations displayed are the average values derived for Solutions A; and A_
assuming Condition C', whereas the second uncertainty is half their difference; the original A
and A_ are given in Table 11. The data derived by other groups are FKS 98 [36], EF 05 [116],
EGMS 15b [117] and the LQCD results OU 17 [118]; the number within parentheses is from
EMS 15 [119]. Angles are expressed in degrees.

* The pion and kaon charge radii given in Table 5 of [19] remain unchanged within the
EBHLS; framework; they were observed in fair accord with expectations.

* The values derived for the muon HVP contribution a,(HLS) of the (6) annihilation
channels embodied inside the EBHLS; framework and integrated up to /s = 1.05 GeV
are also shown and can be compared with the corresponding information in Table 7. The
reference evaluation reported there from a fit using a least constrained EBHLS; variant

was @
a,(HLS, /s = 1.05 GeV) = [571.97 £ 0.95] x 10717 |

which — accidentally — coincides with the average value derived using A, and A_ under
Condition C. In this case, the EBHLS, variants fulfilling the Kroll conditions (91) and
Condition C' do not depart from the average estimate by more than ~ 40.3 x 10~
this can be conservatively taken as the model uncertainty affecting our evaluation of
a,(HLS) as, moreover, taking into account the mixing properties of the 7° —  — 7'
discussed in Section 17, it looks natural to impose Condition C to EBHLS.,.

Finally, as noted in the preceeding Section 18, the closeness observed between Solutions
F and A_ has led to conclude that Condition C is a intrinsic feature of Solution A_, a
nice property not shared by A ; this leads to favor Solution A_ over Solution A, .
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Releasing, for completeness, Condition C exhibits interesting results concerning € and €.
In this case, Solution A_ returns likesign € and €' — as expected from Equations (104)— whereas
Solution A, returns unlike sign values and a significant shift®® upward of Aa,(HLS) =
574.83 — 571.97 = 2.86 in units of 10~'%, The unlike sign character of ¢ and ¢, contradicting
the expected properties of the 7° — i — 1’ mixing, also disfavors Solution A, over Solution
A

20 Evaluations of the 7 — n — ' Mixing Parameters

Table 11 displays the parameter values derived by fitting our set of data within EBHLS»
under the various solutions to Equations (91). We have found interesting to also produce the
results derived assuming the A; unconstrained (the so-called Solution F). One can remark a fair
stability of the usual mixing parameters as the spread of values is very limited for each of them.

It is, of course, worth comparing our results with other determinations. For this purpose,
we have selected a limited set of data and refer the reader to the corresponding papers to track
back to former references; the comparison can be easily performed by looking at Table 12.

In order to ease the comparisons, the first data column in Table 12 displays the averages of
the values derived using Solutions A, and A_ under Condition C' which can be found in Table
11; half their difference is given as an estimate of the systematic uncertainty and shown as the
second error.

The agreement is clearly satisfactory with FKS 98 [36] — based on meson decays involving
Py~ and J/1 decays to n and iy’. EF 05 [116] produces several parameter values depending
on the information implemented. For instance, using also the P — ~y and J/v — (n/7')y
decays only, together with the ChPT prediction Fz = 1.28f;, Escribano and Frere derive :

{ 0= (—222+18)°, §y=(-87£21)°, Fp/f,=118+004} , (107)

in very good agreement with FKS 98 and EBHLS,. Introducing, in addition, a parametriza-
tion® of the coupling constants (17/17')Vy, where V' = p° w, ¢, they can use the corresponding
tabulated decays widths to produce the numbers displayed in the third data column of Table
12. As for the Singlet-Octet parameters, the comparison with others is not as satisfactory,
nevertheless, the Quark Flavor scheme parameters compare reasonably well.

Analyzing the asymptotic behavior of the 1/1' meson transition form factors F{, /.. (Q%)
and using the Padé Approximant method, EMS 15 [119] derive 2 solutions; those based on the
asymptotics of F,_ .. (Q?) is in good accord with our results and the value for the ¢ angle is
displayed in Table 12. The solution based on the F,...(Q?) asymptotics, improved soon after,
is given in Table 12 under the tag EGMS 15b [117]; their evaluations are in good accord with
ours as well as with those in FKS 98. On the other hand, they also obtain :

¢, =[39.6 £2.3]° and ¢, =[40.8 £1.8]" ,

5A closer look at the various channel contributions indicates that this excess entirely comes from the anomalous
channels, in particular from the 3= annihilation which then contributes [46.30+0.36] x 10~!” whereas the solution
reported in Table 7 only yields [44.22 + 0.32] x 10—,

%The 7'V ~ couplings are explicitely involved in the data of the EBHLS; bunch, the "~ couplings are treated
as part of the et e~ — 1y annihilation cross-sections.
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which are consistent with ¢, = ¢, at a 1 level. Finally, the ETM Lattice QCD Collaboration
has derived the numbers given in the last data column tagged OU 17 [118]. Our results are
consistent with these LQCD evaluation at the ~ 1o level.

One more piece of information can be of interest which could mimic higher order effects.
Using Solution F' which slightly violates the Kroll Conditions, ¢, and ¢, become slightly
different; they allow to derive :

$a— 90 _ [0.50+£0.24] x 1072 << 1 (108)
Pg + @s
as expected.
EBHLSz (BS) Sol F Sol A4 Sol. A- Sol Ay Sol. A-
e=ng & € =&} e & & fres
102 x [m3, —m3,] || 2.65+0.25 2,49+ 0.15 3.01 £ 0.14 ® ®
107 e 367 +0.32 3484020 4.16 £+ 0.20 228 4+ 0.30 3624030
107 x & 0.93 + 0.09 0.86 + 0.05 1.05 £+ 0.05 —1.20 4+ 0.30 017+ 027
107 x = 4.92 4+ 0.37 580 +0.31 1.24 £ 0.32 433 +0.34 0.95 £+ 0.36
10° x &' 1.944+0.2% 2.66 + 0.18 —1.30+0.23 0.40 £+ 0.28 —2.00 & 0.32
fuff= 1.070 £ 0,015 | 1.131 2+ 0.009 | 1.020 £ 0.005 1.114 + 0.009 | 1.020 4+ 0.005
faff= 1.006 £ 0,006 | 1.014 £ 0005 | 1.170 £+ 0.012 1.012 + 0,005 | 1.157 4+ 0.012
102 % 25 pot 3.24 4+ 0.95 EEEL058 | —T40+072 | E134+0588 | —6.86L0.60
X2 /Nps 1280 /1366 1309/1366 1289 /1366 1292/1366 1286 /1366
Probability B3.9% T0.6% B2.5% B0 1% B33.5%

Table 13: Isospin breaking effects within EBHLS, Using Condition C' to relate € and €. See
text for definitions and notations. The entry for [m3, —m?2_] is in GeV?. The main fit properties
are reminded at the bottom end of the Table.

21 Isospin Breaking Effects in the 7° —  — 1/ System

Table 13 collects the main EBHLS, results related to Isospin breaking effects in the [77, i, 17]
mixing. In contrast with Section 20, the parameter values returned by the different solutions
may be very different and, then, averaging can often be misleading. On the other hand, to our
knowledge, there is very limited number of external evaluations of these parameters to compare
with.
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Regarding the [m~; — m> ] evaluations, they are all much larger than the estimates based
on meson masses we sketched above; whether this is due to unaccounted for higher order
corrections is unclear; in this case, one may expect the fit to take them effectively into account
to accomodate the data. Related with this, fits performed using Conditions C" (¢ = wp and
€ = wy) return the following piece of information :

Solution A, : e =[2.0240.11] x 102 | Prob. 74.0%,
(109)
Solution A_ : e =[2.394+0.11] x 102 | Prob. 83.4%,

while the quark mass estimate expects e ~ 1.2 x 1072, So, the picture looks somewhat
confusing and may indicate than our evaluations for [m3;, — m? ] and ¢ absorb higher order
(or other kinds of) effects to accomodate the data.

The issue just raised obviously propagates to the evaluations for the 77 and 7’ fractions inside
the physical 7°. Here also the values for ¢ and ¢ are also found much larger than expected.
Related with this, Kroll [120] quoted an estimate for ¢ = [3.1 £ 0.2] x 10~2 coming from a
ratio of®® ¥(2S) — J/v P decay widths, in line with our own findings.

Regarding 2, ;. our A, and A_ evaluations are consistent which each other up to the sign
— which is the key feature of these solutions; its absolute magnitude is found in the [6 + 8]%
range. Finally f, and f; are found very close to f, when considering their uncertainty ranges.

Stated otherwise, the picture in the realm of Isospin breaking effects involved in the 7° —
11 — 1 system provided by phenomenology is somewhat confusing.

22  Summary and Conclusions

Three main topics have been addressed in the present paper : The treatment of T dipion spectra,
the update of the HVP-LO using global fit methods and the mixing properties of the [77, 77, 77]
system showing up in the EBHLS, framework.

* Regarding the 7 dipion spectra :

In the previous version of the broken HLS model — named BHLS; [19] — the difficulty
of the basic solution (BS) to satisfactorily address the dipion spectrum collected by the
Belle Collaboration [21] was noted; it was partly compensated by the Primordial Mixing
(PM) of the vector fields which led to the so-called Reference Solution (RS). However,
the treatment of the Belle spectrum — which carries a statistics larger by a factor of ~ 50
than Aleph [22] or Cleo [23] — deserves improvement. On the other hand, the analysis of
the lineshape of the three T dipion spectra clearly shows that there is no tension among
them — as already noted in a previous study [41] — nor with the other channels embodied
inside our HLS framework, except for the spacelike spectra [55].

However, the present analysis clearly shows that the assumption which fits the best si-
multaneously the whole EBHLS; reference data set — including the Belle spectrum — is

5We don’t know about an update of this old result.
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slightly more involved than a mere rescaling. It is found that the kinetic breaking mech-
anism® defined in Section 4 allows for a fair description of each of the Aleph, Belle
and Cleo dipion spectra and, likewise, for the whole physics channels included inside
the EBHLS; framework, in particular the pion form factor F(s) in the spacelike and
timelike regions.

On the other hand, the relevance of a kinetic breaking term — involving simultaneously
components along the Tp, T3 and Tk basis matrices of the canonical Gell-Mann U/(3)
algebra — is also strengthened by considering properties related with the [, 77, /] system
as it comes inside the EBHLSs framework. This led us to examine the consequences

following from imposing conditions to matrix elements of the axial currents as expressed
by Kroll [38] :

< 0|.73d'q)(p) >= ipufobee ,{laTl.q = u.d, s}

where the various J are the axial currents associated with the leading [gg] terms occuring
in the Fock expansion of the [, g, 1js] bare fields.

Within the EBHLS; context, these conditions relate the mixing properties of the [7°, 5, 7]
system and the T dipion spectrum because of the 7” meson. More precisely, it is proven in
Section 16 that the solutions satisfying the Kroll Conditions written just above generate
non-trivial correlations between F (s = 0) and the A; parameter traditionally included
in EChPT to break the [/(3) symmetry of the chiral Lagrangian [32, 33, 37] via a sole
singlet term A; /28, 08" 1.

As a matter of fact, the Kroll Conditions imposed to the EBHLS; Lagrangian relate the
breaking of [/(3) symmetry in the PS sector and the violation of CVC in the T decay
which explains the observed Belle spectrum; this CVC violation is invisible in the Aleph
and Cleo spectra because of their lower statistics but our fits illustrates that Aleph and
Cleo absorb it quite naturally as obvious from Table 1.

It is clear that this unexpected property deserves confirmation and a forthcoming high
statistics T dipion spectrum is welcome to answer this question. On the other hand, the
picture which emerges from EBHLS, indicates that using 7 data to estimate the Isospin
breaking effects involved in F(s) is not straigthforward outside a global fit context.

* The EBHLS; update of the muon HVP-LO raises several topics :

1. Using the EBHLS:; model, one examines the two recently published data samples
of interest in the HLS energy range (< 1.05 GeV).
The BESIII ete~ — a’mF7— cross-section [24] is important as it doubles the
statistics covering this annihilation channel. Once the energies of this spectrum are
appropriately®’ recalibrated to match the energy scale of the (> 50) data samples
already included in our standard sample set, it is shown that the EBHLS; framework
leads to fairly good global fit properties.

56 A kinetic breaking effect going beyond the usual "t Hooft determinant term — which only provides a correction
to the singlet term — has been proposed by other authors using different Lagrangians, see [60] for instance.

571t is shown that this results in mere energy shifts, however different in the w and ¢ peak regions; both values
are found consistent with BESIII expectations. A possible origin for this difference is discussed in Appendix D.
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The SND Collaboration running on the new VEPP-2000 Facility has produced a

new spectrum [25] for the ete~ — w7~ cross-section covering the HLS energy
range which may allow to readdress the KLOE-Babar controversy.

Indeed, comparing the SND spectrum properties with those of the samples already
belonging to our Reference Benchmark gives the opportunity to re-emphasize our
sample analysis method.

Substantially, our approach is based on a few salient properties : (i) one sticks to us-
ing in fits only the uncertainty information provided by each experiment and refrain
from using any additional input like error inflation factors; (ii) one treats canoni-
cally the normalization uncertainty [76]; (iii) preliminary fits allow to identify the
Reference Benchmark data samples by their satisfactory fit properties; the Refer-
ence Benchmark is found to include more than 90% of the available data samples
covering all the channels addressed by EBHLS,.

Then, any newcomer sample is appended to the statistically consistent Reference
Benchmark within a global fit: If its fit quality is satisfactory, it becomes part of
the Reference Benchmark; otherwise, having detected inconsistencies between the
newcomer and the Reference Benchmark samples, one discards the newcomer, pre-
serving this way the statistical consistency of the Reference Benchmark.

The outcome can be summarized as follows : Naming H the set of all reference
data samples except for the dipion spectra from KLOE and BaBar, it is shown that
the most consistent combinations one can define are Hx = {H + KLOE} and
He = {H + BaBar}, the goodness of fit clearly favoring Hy compared to Hg;
moreover, the goodness of fit for each of ‘Hx and ‘Hg is much better than those
for Hkp = {H + KLOE + BaBar}. To deal with the muon HVP-LO issue, this
remark has led us to perform separate analyses for Hx and ‘Hp and avoid using
‘H i s which returns a poor probability and is found to produce significant biases
compared to either of Hy and H . This is further commented below.

On the other hand, when a new data sample covering the e*e~ — 77~ annihila-
tion channel is published, the issue is always to re-examine whether it may favor one
among the Hyx and Hp sample combinations or not. It has been found previously
that the dipion spectra referred to above as NSK and Cleo-c do not substantially
modify the fit picture of either of the Hx and ‘H g combinations; the BESIII sample
— recently corrected [27] — is reported to rather favor Hx over H g, but nothing re-
ally conclusive. The question is thus whether the SND spectrum [25] modifies the
picture. The main results of our study are gathered®® in Figure 7; the fit properties
displayed therein indicate a better consistency with the Hy combination over the
‘Hp one, however, there is still something unclear with the reported SND uncer-
tainty information — or its dealing with — which, for now, leads to use it only to
estimate systematics.

To end up with this topic, one should note that our reference set of data samples
contains 1366 pieces of information. Beside the data samples covering the 6 an-

5The 0.60 = 0.71 GeV region of the BaBar spectrum has been eliminated from the fit to keep close to what
SND suggests [25] whereas no cut has been applied in the global fit involving the KLOE spectra; this obviouly
enhances the probability of the (SND20+Babar) combination.
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nihilation channels already listed and the T dipion spectra, one finds the partial
widths for the P — ~+ decays and the V' Pr couplings not involved in the listed
annihilation channels; the PDG value for the ratio of decay constants fi / f is also
included. Stated otherwise, EBHLS; treats consistently the largest set of data and
physics channels ever submitted to a unified description in the non-perturbative
QCD region. Global fits have been performed under various conditions and return
probabilites in the range of 80% to 90% for the Hx set combination and ~ 40%
for the H g combination; the results based on H are commented in Section 10 and
their results gathered in Table 4, those based on the H g combination are the matter
of Subsection 11.5.

. Regarding model dependence of the HLS estimates for the muon HVP-LO :

In order to figure out possible model dependence effects, the most appropriate ap-
proach is to compare the information derived from our fits with the corresponding
information derived by others using so-called "direct numerical integration™ meth-
ods — which are also far from being free of assumptions.

Table 5 collects the numerical estimates for a,,(77) over the range s € [0.35, 0.85]
GeV? derived by the KLOE Collaboration itself [90] for the different data samples
they published (KLOEOS, KLOE10, KLOE12) and their combination (KLOERS).
Including each of these samples as single representative of the w7 channel within
the EBHLS; fitting procedure, one gets the numbers displayed in the second data
column with fit properties shown in the third data column. Except for KLOEOS
which yields a poor goodness of fit, each "experimental” central value is distant
from its EBHLS; analog by only a fraction of the relevant o..,; moreover, the gain
in precision by performing global fitting is here especially striking as the uncer-
tainty of the fitted a, (7m) values is significantly smaller than their corresponding
Texp S

Comparing different methods of combining data is the subject of Table 6. This
illustrates that, besides the selection of data samples, the way to deal with the re-
ported normalization uncertainty is a much more significant source of bias than the
choice of a model even if ours, by correlating different channels with 7, allows
for a much improved uncertainty for the w7 contribution — which is just the purpose
for promoting global fit methods.

. Ewvaluations of the muon HVP : KLOE versus BaBar.

The matter of Subsection 11.2 is to deal with various estimates for the HVP-LO
derived from EBHLS; under various fit conditions. Table 7 displays specifically
our results concerning the energy region up to 1.05 GeV and has to be completed
with information given in Table 8 to derive the full HVP-LO. The content of Table
7 is associated with using for the fits what was named above in this Section the
{H+KLOE} sample set. Similarly, Subsection 11.5 provides the analog evaluation
based on using the {H + BaBar} sample set. One gets for the muon HVP-LO:

{ {H+KLOE} = aV""? =687.48 +2.93, + [*53] st > 90% Prob.

{H + BaBar} = o779 =602.53 +2.95, + [*53] syt > 20% Prob.
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in units of 107, These are displayed together with other estimates in Figure 9.
One observes the strong effect of using {H + BaBar} preferably to {{ + KLOE}
despite the better goodness of fit of the latter set. One should note that the {H +
BaBar} evaluation of the HVP-LO differs from the KNT19 evaluation [93] by only
0.42 x 10~1%, However, taking into account the 5.47 x 10~1? difference between the
BaBar and KLOE based evaluations, it may look hasardeous to perform any kind
of combination of these.

Nevertheless, it looks interesting to quote the results derived from a fit based on
solely the ‘H sample set; indeed, ‘H only includes the NSK, Cleo-c and BESIII
samples as representatives of the m* 7~ annihilation channel for which there is a
commonly shared consensus. One thus gets :

, 91% Prob.

{H} = u.fVP—LG = 689.43 £ 3.08;, + [J_rgzgé]mt .

from a fit which also returns x? /N, = 1137/1231. This evaluation, just midway
between the {H + KLOE} and {#H + BaBar} estimates, still benefits from a very
good uncertainty and from a probability as good as those of the {H + KLOE} fit.

Compared to the average experimental value [4] for a, and taking into account
the systematic uncertainties, we find for the difference Aa, = a™ — af*™ a
significance greater than 5.30 (KLOE) or 4.4 (BaBar). It is worthwhile noting
that the difference of these evaluations is not a model effect but a pure reflection of
the tension between the BaBar and KLOE evaluations distant by 1.90;; from each
other.

Regarding the hiatus between the LQCD evaluation [3] for the muon HVP-LO and
any of the evaluations based on dispersive methods shown in Figure 9, it looks
uneasy yielding a missing da,, ~ (10 + 20) x 10~'? from annihilation data below
~ 1 GeV.

*» Regarding the [7°, 1, /] mixing properties :

The EBHLS; Lagrangian provides a convenient framework to also examine the mixing
properties of the [77, i, 17'] system. As this Lagrangian allows to derive the various axial
currents, it is possible to construct explicitely the parametrizations in the so—called octet-
singlet and quark-flavor bases. It is found that, at leading order in breakings, one recovers
the known expressions — compare to [32, 37] for instance — somewhat generalized to also
include the As and As terms.

Related with this, it has been found worthwhile to examine in detail how the Kroll Con-
ditions reminded at the beginning of this Section can be fulfilled by the EBHLS; La-
grangian. It is found that 2 solutions — named A, — among the 4 possible ones lead to
fair descriptions of our whole reference set of data. The A, and A_ solutions return
similar fit parameter values and the A_ solution is slightly favored compared® to A,.

However, an unexpected aspect shows up : the kinetic breaking term of the PS fields
which is usually a determinant term leading to solely a PS singlet contribution d,708,.70

“In case the kinetic breaking term given by Equation (21) is replaced by Equation (22), the Kroll Conditions
yield a unique non-trivial solution.
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cannot come alone and should be complemented by quadratic terms involving also the 7°
and 7z field derivatives. It follows herefrom that the Kroll Conditions generate a violation
of CVC in the dipion spectrum of the 7 lepton decay, as already noted. One may expect
that these conclusions are not specific to the broken HLS modellings.

Using the fit results derived by running the A, and A_ solutions to the Kroll Conditions,
the octet-singlet and quark flavor basis parametrization of the [7°, 17, /'] mixing are com-
puted (see Table 11) and compared with other available estimates (see Table 12). A good
agreement is observed with the other estimates with however, here also, better precision
for the EBHLS; evaluations. The Isospin breaking effects which can affect the [7°, 7, 77]
system [38] are also derived (see Table 13), but here, there is little external information
to compare with and conclude.
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Appendices
A The AAP and V'V P Anomalous sectors

A.1 The AAP Lagrangian
The AAP Lagrangian is given by :

Laap = —3;‘;"“{1 — c4) PG, A, 0, ATr [Q*P) (110)

where () is the quark charge matrix and P denotes the I/(3) symmetric matrix of the bare
pseudoscalar fields. Let us define :

25 +1
[}ha-l-in\/; 322

sinfp = %’E (mﬁép + v@sinép)

cosflp = % (\a’ﬁmsﬁp — sinﬁp)

which measures the departure from ideal mixing (f; = arctan1/v/2 ~ 35°): dp = 8p — 8.
Defining :

: [;’la FOVREL g] 11

1
V3 323

and the angle dp :

(112)

( 1 5 g L
[ —— E{I_E&A+E[A3_}‘ﬂ_}"8]}
€ bzg—2 524 +1
Bp— 2 f
+6J§{ 3o c80r V2 35, S0 p}
e Bza— 2 H2za+1
6 2 f
+E‘r\/§{ 371 sinfp + v/2 374 cos p}?
: _ R o o VAN, — VEAeN, — AT A
.gm_ 6 SEZA 00 58 32?._4' 018

+S“;§P {3&,4 — 10+ VBAX, + V3 A, + V2 IDZ;T}\HAB} ,
A

!

£ cosd 1022
Gy =~ — 365’{3&,4—1n+v’é;~..};~.;}+v’§}.3;~. +v2—/2 — ’4 Agﬁ,g}

+5e0r {23+ VBN~ VBALK, - 22 ”ADAS} ?
k 3624 323

(113)
the coupling constants of the physical pseudoscalar fields to a photon pair, 77, 7y and 7"y,
are given by :
Jtem
Gpoy, = — f (1—cy4)gpoy, - (114)
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A.2 The VV P Lagrangian
The V'V P Lagrangian is given by :

3q°
4mef_

Ncggcﬂ-

of
& T [BV,0uVsP) , C=—750

(115)

Lyyvp=—

A.2.1 The VV 7 Lagrangians

The V'V Lagrangians relevant for our phenomenology are given by :

Lyyp(r) = %e‘”‘“ﬁ{ [(1 - 2&; ES) Auw! + %{En - Es)ﬁﬁqe’)ﬁ] X [Oaphm™ + Bapzm™]
(116)

and :

C
E'VVF{TTD} = Ef-““’ﬁ{guﬁﬁpiﬁawé + Gy [Eﬁpﬂiaaﬂﬁ + aﬁpiﬂaﬂé + a#w;{acrwé

(117)
+G18, 80,05 + Ggﬂﬁpiﬂaig} w°

where :

_}*_g_'_ﬂﬁu-i-f.s

G"=[1 2 3

+f,3]$

1 1
Gy=——— [x/im + Aa(v2ho + )hs}] + - [ cosdp — esindp] ,
{ 4V3 2 (118)

A _ 1 .
Gy = W [}nu \ﬁkg] zmﬁ[f’mnép+fms§p],
2
| Ga=§(€u—€s]‘ ~

As actually, one imposes £y = &z, one has G3 = (.

A.2.2 The VVn Lagrangian
The V'V Lagrangian is given by :

C

Lyvp(n) = E'Ewnﬁ {Klagﬁﬁﬁaﬁg + Kzapﬁiﬂnﬂﬁ + KBa#w:{aawé + Kdaﬁli':{aa@é
(119)

+K55#w1{5&'1-£ + Ksﬂﬁpiﬂawé} 7.
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Defining :
i
H, = !
122‘,-.1,

1
{ Hy=35 k6], (120)

V2

T 1223

KpkKg ,

3

[k — 225 (3 + 28 + 4&)]
where :

Ko=V2do+As and ks = o — V2\s, (121)
the V'V i couplings are :

f

Kl =2[H10ﬂ6§p+HgSiﬂ|5p] s

Kg = Hl CDS!EP + {Hg - 53) Sillﬁp,

Ky = Hicosdp + |:H2 - 2&;58] sin dp ,

4 (122)
Ky = Hycosdp + ngsinép,
A
Kg = —M [ﬂﬂﬂﬁﬁp + ZAﬁSiHJP] s
35,4
Agks 1 ,
Ke = ————cosdp + —= | V3A4 + dako|sindp —€ .
k 6 22, V3 P 23 [ A 3ko P
A.2.3 The VVy' Lagrangian
The V'V’ Lagrangian is given by :
r C [a] T — T r o
Lyyp(n) = Efw ? {K 10,05 Bap + K38, 0,05 + K3d,whd,wj + K18,®.0,8
(123)

+K10,w,0,0F + K&ﬂﬁpiﬂawé} ',
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the VV1' couplings are :

K| =2[—H;cosdp + H; sindp]

K= —(Hy — &) cosdp + Hysindp,
Ky=— |:H2 — 2&; ES] cosdp + Hysindp,
g (124)
K = Hasindp — ziﬂlmsép,
A
K = —{Eﬂ' — &) [—zAﬁm§p+Zsin§p] ,
324

Ki=—

= V3A4 + Aako| cosdp + sindp — € .
K= 5[V J ose + 2%

B The APPP and V PP P Anomalous sectors

B.1 The APPP Lagrangian
The AP PP Lagrangian is given by :
Lappp = D e A, Tr[Q8,P8,P8;P] , D= —i Nee

3
1371-2}? 1— E{cl —ey+ey)| . (125)
Limiting oneself to the Lagrangian pieces relevant for our purpose, it can be written

'EAFFP - DEM&&A# {gjrwuay?ru + Qwauﬁ + g’rrfayﬂ’} aﬂﬂ_aﬂﬂ+ 3 (]26]
in terms of fully renormalized PS fields. Defining :

Ko=V2XA+2As and Kz =X —V2)s,

(127)
the couplings can be written :
i 1 Ay Aa . '
Gyt = —E [1 - ? — m (ED + V’E)&g) - E51ﬂ§p+f Qﬂﬂﬁp:l y
3\ ind A
! g, _%iﬂ [mgmapﬂﬁﬁ.}smap]fmﬁ (1—7"‘) +i, (128)
+/3) . cosd ay e
Gy = TAEIZAEDCCEJF—K-BSHIEF]— 4F(1—?A)+E .
B.2 The VPPP Lagrangian
The V PPP Lagrangian is given by :
. Ne
Lyppp = E ¢ Tr [V,8, P8, P8, P] —EHTQE [ey — o —ca] - (129)
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Its relevant part can be rewritten :

Lyppp = E e Z Vi {9y, T + gy, 0,m + Qv O, } O dgm®,  (130)

V=(p! w! ¢')
in terms of ideal vector fields and fully renormalized PS fields. The corresponding couplings
are : A
( 1
Qpind = [—A + ?}Lgﬁo +esindp — € cosdp| .
K sind
S oty = — 0 [kg cOSdp + 24Kpsindp| + P{1+.§3} \ (131)
24EA
Ko . cosdp
| Gplg = M[Zgﬁnﬂfﬁép—ﬁgﬂﬂlﬁp]— 1 (1+&a),
and : X otate
( 3 q o+ &8
.gwfﬂrn__i[l_i+ 3 ]:
Asv3 3A 3
§ Guing = — av3 [ks cosdp + zakosindp] — “—2 sindp + —€, (132)
82, 8 4
3A 3
L Gty = 82, [2aKp cos dp — Kg sin dp| + TA cosdp + EE’ .
Finally, we also have :
Y
gﬁi?l' :—— {,Eu—f'g} . gtﬂi _D y gqgﬂ;:{} . (]33]

It should be reminded that the condition F(0) = 1 + (4?) leads to & = &.

C The ete™ — ' 7~ Cross-section

The amplitude for the v* — 77+ 7~ transition involves most of the FKTUY Lagrangian
pieces; it can be written :

T(v* = w'wt7) = Tappp + Typpp + Tyve (134)

labeling each term by the particular piece of the FKTUY Lagrangian from which it originates.
As already noted, because c3 = ¢4 is assumed, there is no T4y p piece.
The T4 ppp contribution to the full T'(y* — 7%r 7 is:

ie 3
preys] I_E{CI_C?+54}]
(135)

where €,(7) is the off-shell photon polarisation vector, the other notations being obvious. One
has also defined :

Tappp = Cappp [l — G(6p)] €uas €4(7)D5. 02D}, Cappp=—

A A
G(dp) = ?"‘Hsmap—e'cusap +2—j§{ﬁkg+ﬁku+lgj. (136)
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Three pieces are coming from the V PPP:

S (s
TVPFF = CVPFP [ Z 5:55; Q;;fw.{,g:]] Euvag Eu {T}pﬁp‘ipf—a (]3?]
V=p.uw,d

where the renormalized vector couplings g _(s) to 3 pions have been derived using the vector
relation :

9V (8) = R(S)9vx - (138)
‘R.(s) being the matrix given in Eq. (38) or in Eq. (43) of the BHLS; companion paper [19]
depending on whether the Primordial Breaking is discarded or not. The components of the g/, _
vector which refers to the coupling of the ideal vector field combinations are :

i
giqr:%{%+Esm§p—f'cos§p+;\—;§hﬁﬁu+ﬁs) )
3 260+8& A3
o -1 _ ‘3 139
V2
Q.iw=—?{£n—£s] .
.

The V' — ~ amplitudes Fy. (s) and the inverse p propagators have been constructed in
Section 11 of [19]. The inverse propagators for the w and ¢ mesons have been discussed and
defined in Section 9 of the same Reference. One has also defined :

Jige
Cvppp = —Fgfg [cy —ca —ea] . (140)

The V'V P Lagrangian piece in Equation (117) given in terms of ideal vector fields has to
be reexpressed in terms of their renormalized partners as developped in Section 12 of [19] —
see Equations (70-75) therein. The simplest way to write down T'(v* — 77 7~) in a way
easy to code within our global fit procedure is displayed just below.

One first defines the H;(s) functions :

1 1 1
Ho(s) =1, 1) =D, * Doy T D60 an
) = ey B0 =860) | 55 o |

where s is the incoming squared energy and the s;;’s indicate the invariant mass squared of
the corresponding outgoing (7, j) pairs; the tilde mixing angles are those defined by Equation
(43) in [19]. Ty-vp depends on the 3 functions (H;(s), i = 1 ---3) with the s-dependent
coefficients F;(s) given below.

Collecting all terms, the full amplitude writes :

T(y* = ©r+n) = | Fo(s)Hals) + Cove 3 E(SJHi{s)] was Cu(VEEP], (142)

i=1-.-3
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with :

Jegm
Cyve = Sifg(uzv}cg (143)

In this way, to write down the full amplitude, the various F;(s) functions only depend on the
incoming off-shell photon energy squared s; the dependence upon the various sub-energies s;;
is, instead, only carried by the H;(s) functions as clear from Equations (141). One has :

’ Fy(s) = Cappp [l — G(dp)] + Cvppp Fn(®) gp(s) + =27 Fir (&) g0 (s) + Fols JQ (s)

Dy(s) " Du(s) " Dy(s) ™|

R{ s) A2 260 + &3 F[_i{s} 2 ~ 2(s)

) Fi(s) = a(s) D.(s) [1—5 [1+ 2 ] D.9) T 3 (b0 — &) +7(s) %

H
Fy(s) = [f’msap—fsmap—%— T{vﬁ.} }\3]] S } @Dw{{;},

F(s)
\ Fa(s) = D,(s) '

(144)

where a(s) = a(s) + v, and 7(s) = 7(s) + 1o, to possibly keep track of the Primordial
Breaking [19], (s) and (=) being the angles generated by the Dynamical Mixing mechanism
[14, 19].

A global fit to all cross-sections but e¥e~ — 77+7~ allows to yield the relevant parame-
ters with a good approximation; then, having at hand all ingredients defining the F;(s)’s, a first
minimization run [76] including the e¥e~ — w77~ cross-section can be performed to also
derive a first estimate for ¢; — c5. The output of this MINUIT minimization run is then used
as input for a next minimization step. This initiates an iteration procedure involving all cross-
sections which is carried on up to convergence — when some criterion is met, e.g. generally,
Ax? < 0.3 — for the global x? of all the processes involved in the EBHLS, procedure.

This method converges in a couple of minimization steps [76]. What makes such a mini-
mization procedure unavoidable is that the e*e~ — 7’7+ 7~ cross-section expression implies
to integrate over the s;;’s at each step. This is obviously prohibitively computer time consum-
ing for a negligible gain. Hence, at each step, one starts by tabulating coefficient functions,
exhibited in the next expression between curly brackets :

o(ete” =m0t s) = TE;: X [{f{r—'dﬁdﬂ} | Fo(s)[?
+Civp > ij1.a Fi(s)F}(s) {fGH,-H}‘dzdy}
+f::'vw,i;3 (FUI[SJF;{S} { [ GH;‘dxdy} + F(s)Fy(s) { [ GHidIdy})]

(145)

and these tables are used all along the next step. Equation (145) uses the Kuraev-Silagadze

parametrization [121] and its kemnel G(z, y) function; these are reminded in Appendix H of
[14].
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D Energy Shift of Resonances and Secondary ISR Photons

For the BESIII data sample [24] of concern here, photon radiation effects have been un-
folded by utilizing the PHOKHARA code [122], which also includes second-order photon
emission’’. In the leading ISR process, /s = 3.773 GeV is the energy at which the primary
ISR photon is emitted. Here we address the emission of a second photon near the ¢ and w
resonances, where the corresponding radiation effect appears resonance-enhanced.

The effect of a photon radiated off a Breit-Wigner (BW) resonance is well known from
the Z resonance physics at LEP I [125, 126, 127, 128]. A specific analysis for the process
ete” — wTm~ may also be found in [129, 130]. The leading effect is due to initial state
radiation, where the observed cross-section is given by a convolution’” :

1
o (s) = f dkpina(k) Oppys(s(1 — K)) | (146)
]

where k = E./E, is the energy emitted by the photon in units of the electron or positron
energy E. at which the resonance is formed and s = 4E2. The photon spectral function is

Pini(k) = BEP L (L4 07F + )+ 80+, (147)

with 3 = 2?“ (L-1),L=In —1 and the photon radiation corrections for the virtual + soft (v+s)
and the hard (h) parts read : ©

3 T2 o
ot = (2T ) 12 —k). 148
=2 (Gre g -2) =S a-ne-k (148

Let us consider the narrow resonances w and ¢ which are well parametrized by the Breit-
Wigner (BW) formula :

12aT.I'; 8

ME (s M+ METS’ )

opw(s) =

which has its maximum at /s = Mg (1 + ’}’2}% with 7 = I'r/Mg. The peak value is 0oz =
%r;—le (1+ 14?) and the half maximum locations read (1/s). = Mg (1+272) £ 58 (1— 142).
The leading photon radiation modifies these resonance parameters to

Vo = MR+ﬁWSFH—£’FMR, (150)
grobs g \?

r= @Z(ﬂr_ii) A+, (5D
5

Ve, -5 = Ty [1—gﬁw—§72+{gﬁ+ghﬂj{l+ﬁ+%ﬁ} . (152)

"Eor a discussion of the radiative correction tools see [123, 124].

"'Here one only considers the ISR part at order (o) which yields the main shift between the observed and
the physical peak cross-sections. For a more complete discussion of photon radiation effects see e.g. Eq. (39) ff
in [129]. The final state radiation piece contributing to the =+ 7~ =" cross-section has been taken into account in
the BES IIl measurement.
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The physical resonance appears wider with a reduced peak cross-section and the position of
the observed peak is shifted towards higher energies. Considering the emission of a second
photon, s = s(1 — k) in the convolution formula (146) turns into 8" = s'(1 — k) where
§' = s(1 — k1) ~ M}, i.e. s = M} in the relations listed before. This second photon shifts the
peak energy of the w and ¢ by 4 E' as given in Table 14.

The last data column here displays, correspondingly, the values for the shifts d B ¢ and
8E% g1y returned by a global EBHLS; fit involving all data and, especially for the 37 channel,
both the NSK and the BESIII samples; these fit values differ from the corresponding calculated
ones by only 1o.

Table 14: The energy shifts in keV of the resonance locations by local ISR photon emission at
s = M3. We adopted PDG resonance parameter values (in MeV). The values for (§E)™ are
obtained in a global fit involving all 37 data samples (BESIII4+NSK).

M, Tp 6E  (SE)™|

w | 782.65 B8.49 -403 -486+72
¢ | 1019.46 4.26 -213 -135+£59

Interestingly the calculated leading order shifts quite well reproduce the shifts found by
optimizing the fits of the BESIII data (about a 1o distance only for both signals). Therefore, the
question is whether BESIII has included (or not) the corresponding corrections when unfolding
the raw data from radiation effects.
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