
DEUTSCHES ELEKTRONEN-SYNCHROTRON
Ein Forschungszentrum der Helmholtz-Gemeinschaft

DESY 21-102
CJQS-2021-022
arXiv:2107.03240
July 2021

Infrared Photons and Asymptotic Symmetries

Z. Liu

Deutsches Elektronen-Synchrotron DESY, Hamburg

P. Mao

Center for Joint Quantum Studies and Department of Physics,
School of Science, Tianjin University, China

ISSN 0418-9833

NOTKESTRASSE 85 - 22607 HAMBURG



DESY behält sich alle Rechte für den Fall der Schutzrechtserteilung und für die wirtschaftliche 
Verwertung der in diesem Bericht enthaltenen Informationen vor. 

DESY reserves all rights for commercial use of information included in this report, especially in      
case of filing application for or grant of patents. 

To be sure that your reports and preprints are promptly included in the 
HEP literature database 

send them to (if possible by air mail): 

DESY          DESY 
Zentralbibliothek        Bibliothek     
Notkestraße 85          Platanenallee 6 
22607 Hamburg         15738 Zeuthen 
Germany                    Germany 



ar
X

iv
:2

10
7.

03
24

0v
2 

 [h
ep

-th
]  

6 
O

ct
 2

02
1

DESY-21-102

Infrared photons and asymptotic symmetries

Zhengwen Liu

Deutsches Elektronen-Synchrotron DESY, Notkestrasse 85, 22607 Hamburg, Germany

Pujian Mao

Center for Joint Quantum Studies and Department of Physics,

School of Science, Tianjin University, 135 Yaguan Road, Tianjin 300350, China

Abstract S-matrix elements exhibit universal factorization when multiple infrared

photons are emitted in scattering processes. We explicitly show that the leading soft

factorization of tree-level amplitudes with the emission of any number of soft photons

can be interpreted as the Ward identity of the asymptotic symmetry of gauge theory.

1 Introduction

Understanding the factorization property of scattering amplitudes in various special kinematics,

such as soft, collinear and Regge limits, plays an important role in both making precision

predictions for physical observables and revealing the hidden structure of quantum field theory.

In particular, on-shell scattering amplitudes may display universal factorization when one or

more soft particles are emitted in scatterings, in e.g. gauge theories and gravity [1–11]. The

universal soft factorization of scattering amplitudes is often referred to as soft theorems in the

literature.

In recent years there have been renewed interests on soft theorems from a more theoretical side.

The new enthusiasm comes in part from the discovery of a remarkable connection between soft

theorems and symmetries at null infinity [12, 13]. The soft theorems can be rewritten as Ward

identities of certain asymptotic symmetries. In particular, the large gauge transformations of

electromagnetism and non-Abelian gauge theory are behind the soft photon theorem [14] and

the soft gluon theorem [15, 16]. The constraints on emission of soft gravitons come from the

supertranslation [17], the Abelian ideal part of the Bondi-Metzner-Sachs (BMS) transformations

[18–20]. More details on this connection can be found in the review [21].

While soft theorems in a variety of theories have been intensively investigated from various

perspectives, the study of the related asymptotic symmetries has been limited to single and

double soft limits. The purpose of this work is to extend the relationship between asymptotic

symmetries and soft theorems to any multiplicity for soft particles. For simplicity, we choose tree-

level amplitudes with multiple soft-photon emission as our testing ground in this work. First,

we derive the leading soft theorem for any number of soft photons using Feynman diagrams
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and the eikonal approximation. We then extend the mysterious relation between the single soft

photon theorem and the large gauge transformations of electromagnetism to any number of soft

photons.

2 The multi-soft photon current

In this section we present the soft-current for the emission of any number of soft photons from

a tree-level amplitude with an arbitrary number of hard particles, in order to reveal its relation

with asymptotic symmetries in subsequent sections.

We consider an on-shell scattering amplitude with any n hard external legs and m soft pho-

tons Mm+n(p1, . . . , pn; q1, . . . , qm), where {p1, . . . , pn} and {q1, . . . , qm} denote hard and soft

momenta respectively. Introducing an infinitesimal parameter λ, qi = O(λ) and pi = O(1) in

the soft limit λ → 0. In the multi-soft limit, any on-shell amplitude is expected to factorizes into

a product of a universal operator acting on the on-shell amplitude with only hard particles [8]

Mm+n(p1, . . . , pn; q1, . . . , qm) = Jm(q1, . . . , qm)Mn(p1, . . . , pn) + · · · , (1)

where the ellipsis denotes terms that are power-suppressed in the soft limit. It is convenient to

define the soft current with the polarization tensor structure stripped off

Jm(q1, . . . , qm) ≡ εµ1(q1) · · · εµm(qm)Jµ1···µm
(q1, . . . , qm), (2)

where εµi(qi) is the polarization vector of the soft photon i, we assume which satisfies qi·ε(qi) = 0.

It is well-known that the current for the emission of a single soft photon takes the form in the

all-outgoing convention [1, 2],

J µ(q) =
n
∑

i=1

ei Eµ
i (q), Eµ

i (q) ≡ p
µ
i

pi · q
, (3)

where ei denotes the charge of the hard particle i, and Eµ
i (q) is the famous eikonal vertex. It

is straightforward to verify that the eikonal current is conserved, i.e. qµJµ(q) = 0, due to the

conservation of charge.

It is clear that the leading soft current receives the contributions from only diagrams where

soft particles are emitted from external hard (charged) lines. To derive the multi-soft photon

current, let us introduce a generalization of the eikonal vertex. We define a m-point soft effective

vertex as a sum of all possible contributions for the emission of m soft photons from a single

hard external line. Schematically,

1
2

m

=

1 2 m

+ permutation(1, . . . , m).

(4)

Evidently, the single soft effective vertex is just the eikonal vertex (3)

J µ
i (q) = ei Eµ

i (q). (5)
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There are two different configurations for the emission of two soft partons from a single line. To

be precise, the double soft effective vertex is given by

J µ1µ2

i (q1, q2) = e2i

(

Eµ2

i (q12) Eµ1

i (q1) + Eµ1

i (q12) Eµ2

i (q2)
)

= e2i Eµ1

i (q1) Eµ2

i (q2) (6)

= J µ1

i (q1)J µ2

i (q2),

with qa···b = qa+ · · ·+qb. Similarly, there are 3! = 6 diagrams that contribute to the soft effective

vertex when three soft photons are emitted from a hard line. Therefore the triple soft effective

vertex is given by

J µ1µ2µ3

i (q1, q2, q3) = e3i

(

Eµ3

i (q123) Eµ2

i (q12) Eµ1

i (q1) + permutations
)

= e3i Eµ1

i (q1) Eµ2

i (q2) Eµ3

i (q3) (7)

= J µ1

i (q1)J µ2

i (q2)J µ3

i (q3).

As briefly outlined in [3], by induction it is easy to obtain the soft effective vertex for arbitrary

m soft photons

J µ1···µm

i (q1, . . . , qm) = J µ1

i (q1) · · · J µm

i (qm). (8)

Very nicely, the multi-soft photon effective vertex in (8) has a fully factorized form, i.e. a m-point

soft effective vertex factorizes into a product of m eikonal vertices. As we will see below, soft

effective vertices defined above not only are useful building blocks to construct full soft currents,

but also capture the key structure of the full soft current [22].

In the following, we show how to use soft effective vertices to derive the full soft current. The

single-soft current is simply the summation of eikonal vertices over all hard legs,

J µ(q) =

n
∑

i=1

J µ
i (q). (9)

To compute the double-soft photon current, we need to consider all tree-level Feynman diagrams

involving two photons and n external hard lines that carry momenta pi and charges ei. There

are two types of diagrams that contributes to the result: two soft photons emit from one and

two hard lines respectively

J µ1µ2(q1, q2) =

(

n
∑

i,j=1

i6=j

J µ1

i (q1)J µ2

j (q2)

)

+

(

n
∑

i=1

J µ1µ2

i (q1, q2)

)

=

(

n
∑

i=1

J µ1

i (q1)

)(

n
∑

j=1

J µ2

j (q2)

)

(10)

= J µ1(q1)J µ2(q2).

More generally, for the multi-soft current, the m soft photons can emit from at most m external

hard lines. Using the property that any m-point soft photon effective vertex factorizes into a

product of m eikonal vertices, i.e. (8), a sum over all possible diagrams gives

J µ1···µm(q1, . . . , qm) = J µ1(q1) · · · J µm(qm). (11)

As expected, the soft-current for the emission of any number of soft photons takes a nicely

factorized form.
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3 Soft theorem as Ward identity of asymptotic symmetries

In this section, we show how to recover the soft photon theorems with any number of soft photons

presented in the previous section as Ward identities of large gauge transformation. We begin

by reviewing the derivation of the single soft photon theorem from large gauge transformation

in [14,23]. In this section, we restrict ourself to the case of massless hard particles.

3.1 Single-soft photon theorem

The Minkowski spacetime has two null boundaries, past null infinity I−, and future null infinity

I+. Here we will concentrate on I+, while everything can be repeated on I− in a similar way.

The retarded spherical coordinates will be applied with the following change of coordinates:

u = t− r , x1 + ix2 =
2rz

1 + zz̄
, x3 = r

1− zz̄

1 + zz̄
, (12)

where r =
√

xixi. The line element of Minkowski spacetime now becomes

ds2 = −du2 − 2dudr + 2r2γzz̄dzdz̄ , γzz̄ =
2

(1 + zz̄)2
. (13)

The piece 2γzz̄dzdz̄ is just the metric of the round sphere S2. I+ is the submanifold r → ∞,

with topology S2 × R. We will denote the sphere at u = ±∞ by I+
± .

The soft momentum q can be characterized by an energy ωq and a direction on the sphere (w, w̄),

as

qµ = ωq

(

1,
w + w̄

1 + ww̄
, i

w̄ − w

1 + ww̄
,
1− ww̄

1 + ww̄

)

. (14)

For massless hard particles, the momenta pk can be parameterized as (14) by energies ωk and

directions (wk, w̄k) in a similar way. The single soft photon theorem (3) can be then rewritten

in the position space as

lim
ωq→0

〈out|ωq a+(−)(q)S|in〉 =
1 + |w|2√

2

n
∑

k=1

ek

w − wk

〈out|S|in〉 , (15)

where ek is the electric charge of the k-th particle, and a+(−)(q) is the annihilation operator that

creates outgoing negative(positive)-helicity soft photon with momentum q.

To connect with asymptotic symmetries, we recall that if a symmetry is generated by a charge

Q, the associated Ward identity reads as follows:

〈out|QoutS − SQin|in〉 = 0 , (16)

which is a consequence of [Q,S] = 0. The charge for a spontaneously broken symmetry must

act non-linearly on the states, otherwise it would annihilate the vacuum. So we can decompose

the charge into linear and non-linear pieces Q = QL +QNL. The Ward identity for the charge

of a broken symmetry becomes

〈out|Qout
NLS − SQin

NL|in〉 = −〈out|Qout
L S − SQin

L |in〉 . (17)

Since QNL creates zero-momentum Goldstone boson, equation (17) is very similar to the single

soft photon theorem (15).
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The charge responsible for the single soft photon theorem is given by [14,24,25]

Qεout = −
∫

I+
−

dzdz̄ γzz̄ ε(z, z̄)A
0
u , (18)

where ε(z, z̄) is an arbitrary function on the sphere that generates the large (residual) gauge

transformations of the form δAµ = ∂µε(z, z̄) in the radial gauge condition Ar = 0. It is a

symmetry of the S-matrix following [12, 14]. The gauge field and the conserved current that

coupled to the gauge field are assumed to follow a 1
r
-expansion as

Au =
A0

u(u, z, z̄)

r
+O

( 1

r2

)

, Az(z̄) = A0
z(z̄)(u, z, z̄) +

∞
∑

m=1

Am
z(z̄)(u, z, z̄)

rm
, (19)

Ju =
J0
u(u, z, z̄)

r2
+O

(

1

r3

)

, Jz(z̄) =
J0
z(z̄)(u, z, z̄)

r2
+

∞
∑

m=1

Jm
z(z̄)(u, z, z̄)

rm+2
. (20)

We have used the ambiguities of a conserved current to set the radial component of the current

to zero. This is consistent with working in the radial gauge. Maxwell’s equations yield

e ∂uA
0
u = γ−1

zz̄ ∂u(∂zA
0
z̄ + ∂z̄A

0
z) + J0

u . (21)

The charge Q splits into

QNL =

∫

I+

dzdz̄du ε ∂u∂z̄A
0
z , (22)

QL =
1

2

∫

I+

dzdz̄du γzz̄ ε J
0
u . (23)

For notational brevity, we will suppress the out label and keep only the anti-holomorphic term.

For the gauge field, we perform a stationary-phase approximation of the mode expansion:

A0
z(z̄)(x) = − i

8π2

√
2

1 + zz̄

∫ ∞

0
dωq

[

a+(−)(ωqx̂) e
−iωqu − a

†

−(+)(ωqx̂) e
iωqu

]

, (24)

where the creation and annihilation operators satisfy the standard commutation relations. Then,

using the Fourier relation (defining F (u) =
∫∞

−∞
dω eiωuF̃ (ω)):

∫ ∞

−∞

du∂uF (u) = 2πi lim
ω→0

[

ωF̃ (ω)
]

, (25)

and the special choice

ε(z, z̄) =
1

w − z
, (26)

we obtain for the non-linear piece of the charge1:

〈out|QNLS|in〉 =
1

4

√
2

1 + |w|2 lim
ωq→0

〈out|ωq a+(q)S|in〉 , (27)

1We only keep the anti-holomorphic part of the charge (22), namely the charge only contains ∂z̄ε. In particular

one needs to split (23) via J
0
u →

1

2
J
0
u + 1

2
J
0
u. Otherwise an extra factor of 2 that arise from a proper treatment

of the radiative phase space [14,26] is needed.
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For the linear piece, considering the complex scalar charged (with charge Qe) matter as example

where the current at leading order is J0
µ = iQe(Φ̄

0∂µΦ
0 − Φ0∂µΦ̄

0), we just need to use the

boundary canonical commutation relation [27]:

[Φ̄0(u, z, z̄),Φ0(u′, w, w̄)] =
i

4
γ−1
ww̄ Θ(u′ − u)δ2(z − w) , (28)

to obtain that

〈out|QLS|in〉 =
n
∑

k=1

− ek

4(w − wk)
〈out|S|in〉 . (29)

Assembling the two expressions, the soft theorem (15) can be recovered from (17).

We have only paid attention to the out part of (17). The analysis of the in part can be carried

out in the same way. The generators on I+ and I− are connected by an anti-podal identification,

see, e.g., [14] for details.

3.2 Double-soft photon theorem

After having the connection between the single soft photon theorem and the asymptotic sym-

metries, it is natural to ask about the case involving more soft photons. Let us start with the

double soft case, for which we need to consider a family of Ward identity

〈out|[Q1, [Q2,S]]|in〉 = 0 . (30)

Since [Q2,S] = 0, the crucial part for deriving the connection between the Ward identity and

double soft photon theorem is

[Q1NL, [Q2,S]] = 0 , (31)

which is equivalent to

[Q1NL, [Q2NL,S]] = −[Q1NL, [Q2L,S]] . (32)

Similar to the gravity case [28], this expression can be rewritten using the Jacobi identity among

Q1NL, Q2L and S as

[Q1NL, [Q2NL,S]] = [Q2L, [S, Q1NL]] + [S, [Q1NL, Q2L]] . (33)

The bracket structure should be considered as the large gauge transformation by the first gen-

erator on the second one. Since there is no gauge field in the expression of the linear piece of

the charge (23), it is gauge invariant and does not generate any gauge transformation. So the

linear piece of the charge commutes with the non-linear piece of the charge, i.e.,

[Q1NL, Q2L] = 0 . (34)

Substituting this back to (33) and using the fact that [S, Q1] = 0, one can derive

[Q1NL, [Q2NL,S]] = (−1)2[Q2L, [Q1L,S]] . (35)

Using the last expression and repeating the derivation in the previous subsection by inserting

twice the charges, one can recover the double soft photon theorem in a straightforward way.
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3.3 Triple-soft photon theorem

The derivation in the previous subsection can be easily extended to triple soft photon case where

the crucial ingredient is

[Q1NL, [Q2NL, [Q3,S]]] = 0 . (36)

After splitting the third charge into linear and non-linear pieces, one can obtain

[Q1NL, [Q2NL, [Q3NL,S]]] = −[Q1NL, [Q2NL, [Q3L,S]]] . (37)

First, repeating the derivation in the double soft case for Q2NL, Q3L, and S, the Ward identity

(37) can be rewritten as

[Q1NL, [Q2NL, [Q3NL,S]]] = [Q1NL, [Q3L, [Q2L,S]]] . (38)

Then, using the Jacobi identity among Q1NL, Q3L and [Q2L,S] and the commutation relation

between Q1NL and Q3L, we obtain

[Q1NL, [Q2NL, [Q3NL,S]]] = [Q3L, [Q1NL, [Q2L,S]]] . (39)

Finally, repeating the derivation in the double soft case for Q1NL, Q2L, and S, we get

[Q1NL, [Q2NL, [Q3NL,S]]] = (−1)3[Q3L, [Q2L, [Q1L,S]]] . (40)

This is the key ingredient for recovering the triple soft photon theorem from the Ward identity

of asymptotic symmetry.

3.4 Multi-soft photon theorem

In this subsection, we will show that the multi-soft photon theorem can be derived from the

Ward identity

[Q1NL, [Q2NL, ......, [Q(m−1)NL , [Qm,S]......] = 0 . (41)

We will prove it by induction. Suppose that the (m−1)-soft photon theorem can be obtained

from the Ward identity

[Q1NL, [Q2NL, ......, [Q(m−2)NL , [Qm−1,S]......] = 0 , (42)

which means that the Ward identity can be rewritten as

[Q1NL, [Q2NL, ......, [Q(m−1)NL ,S]......] = (−1)m−1[Q(m−1)L, [Q(m−2)L, ......, [Q1L,S]......] . (43)

Implementing the relation [Q(m−1)NL,S] = −[Q(m−1)L,S], one obtains

(−1)m[Q(m−1)L, ......, [Q1L,S]......] = [Q1NL, ......, [Q(m−2)NL , [Q(m−1)L,S]......] . (44)

For the case of m soft photons, after splitting the mth charge into the linear and non-linear

pieces, the Ward identity becomes

[Q1NL, ......, [QmNL,S]......] = −[Q1NL, ......, [Q(m−1)NL , [QmL,S]......] . (45)
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First, applying the relation in (44) for Q2NL,......,Q(m−1)NL , QmL and S, the Ward identity can

be rewritten as

[Q1NL, [Q2NL, ......, [QmNL,S]......] = (−)m−1[Q1NL, [QmL, [Q(m−1)L, ......, [Q2L,S]......] . (46)

Then, using the Jacobi identity among Q1NL, QmL and [Q(m−1)L, ......, [Q2L,S]......] and the

commutation relation between Q1NL and QmL, we obtain

[Q1NL, [Q2NL, ......, [QmNL,S]......] = (−)m−1[QmL, [Q1NL, [Q(m−1)L, ......, [Q2L,S]......] . (47)

Repeating such procedure for m− 2 times to put the Q1NL to the right, we get

[Q1NL, [Q2NL, ......, [QmNL,S]......] = (−)m−1[QmL, [Q(m−1)L, ......, [Q2L, [Q1NL,S]......] . (48)

Finally, using [Q1,S] = 0, we obtain

[Q1NL, ......, [QmNL,S]......] = (−1)m[QmL, ......, [Q1L,S]......] . (49)

This is precisely what we need to recover the multiple soft photon theorem from the Ward

identity (41) of asymptotic symmetry.

4 Conclusions and Discussions

To conclude, we have generalized the equivalence between the single-soft photon theorem and

the Ward identities of asymptotic symmetries to any number of soft photons. Remarkably,

the Ward identity for the m-photon theorem can be derived from the Ward identity for the

single soft photon theorem by induction. The derivation of the m-photon Ward identity simply

involves the Jacobi identity and the commutator of asymptotic symmetry generators. This

unexpected simplification fits very well with the linearity of the theory. Soft photons can be

inserted independently into the amplitudes and any number of soft photons insertion corresponds

any number of independent insertion of the conserve currents.

Let us comment on several directions for future research. First, our analysis in this work was

restricted to leading soft theorems. It would be interesting to continue our exploration beyond

leading order in the multiple soft limit. Second, it would be interesting to investigate the

relations between multi-soft theorems and asymptotic symmetries in non-Abelian gauge theory

and gravity. Third, it has been observed that the single soft photon theorem is equivalent to

the electromagnetic memory effect that is a residual velocity to the test charges in the detector

after the passage of electromagnetic radiation [29]. It is natural to ask for the memory effect

connected to the multi-soft limit of amplitude.

Finally, while the study of asymptotic symmetries until now has been restricted to theoretical

interests, their use to study scattering amplitudes relevant to real-life collider processes has

somewhat been limited. It would be very tempting to see if these novel ideas provide insight

into the structure of the infrared singularities of amplitudes in gauge theory. This would help

us improve theoretical predictions for multi-parton processes at the Large Hadron Collider.
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