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Abstract

We calculate the unpolarized and polarized three-loop anomalous dimensions and splitting
functions P;fs, Pyg and PYgq in QCD in the MS scheme by using the traditional method of
space-like off shell massless operator matrix elements. This is a gauge-dependent frame-
work. For the first time we also calculate the three-loop anomalous dimensions Pl\jfs’tr for
transversity directly. We compare our results to the literature.



1 Introduction

The anomalous dimensions of local quark and gluon operators determine the scaling violations
of the deep-inelastic scattering structure functions [1,2] by the scale evolution of the parton
densities and are therefore instrumental in the measurement of the strong coupling constant
a(M3%) = as(M%)/(4r) [3] for this inclusive precision data. They have been calculated to 3-loop
order both in the unpolarized and polarized case [4-7] using the method of on-shell forward
Compton amplitudes, in which the scale is set by the virtuality Q? = —¢? of the exchanged
current. At four—loop order a series of low moments for the non—singlet anomalous dimensions
has been calculated in Refs. [8] and at five-loop order in [9]. The O(TF) contributions at three—
loop order have been confirmed by the calculation of massive on-shell operator matrix elements
(OMEs) [10-14].

The traditional way of calculating the anomalous dimensions consists in computing the off
shell massless local OMEs; cf. [15-19] in the one—loop case, which in general implies the breaking
of gauge invariance to be dealt with. The two—loop anomalous dimensions have been calculated
in [10-14,20-35].

In this paper we are calculating the unpolarized and polarized three-loop anomalous dimen-
sions for the first time using the method of massless off shell OMEs in the flavor non-singlet
case, which is the first complete independent recalculation of the results obtained in Ref. [4].
The present calculation requires the knowledge of the corresponding massless off shell OMEs to
two-loop order, cf. [32,33,36], up to the terms of O(£") in the dimensional parameter ¢ = D — 4.
The off shell OMEs are gauge—dependent quantities. We will calculate the anomalous dimensions
and splitting functions: Plg, Pyg and Pgg. For the first time we also calculate the three-loop
anomalous dimension Pl\jfs’tr for transversity in a direct way.

The paper is organized as follows. In Section 2 we derive the structure of the physical part
of the flavor non-singlet unrenormalized off shell OMEs to three-loop order. From their pole
terms of O(1/¢) one can extract the non-singlet anomalous dimensions. Due to a known Ward
identity, cf. e.g. [10, 14], the polarized anomalous dimension can be calculated by applying
anticommuting 5. We also calculate the polarized OMEs in the Larin scheme [33,37] from
which one can determine the Z—factor ZNS(IV) of the corresponding finite renormalization to
three—loop order. The details of the calculation are described in Section 3. In Section 4 we
present the three-loop anomalous dimensions and splitting functions. We compare with results
in the literature in Section 5 and Section 6 contains the conclusions. In an appendix we briefly
summarize the transition from the Larin to the MS scheme for the polarized anomalous dimension
in the vector case.

2 The unrenormalized operator matrix elements

The massless off shell non—singlet OMEs are defined as expectation values of the local operators

a \

Ogimmm\] = V718 @/mem...DuN?@/)] — trace terms, (1)
NS,5 N—1 - )\r

Oprimiuy = S ¢757u1Du2-~DuN?¢ — trace terms (2)

between quark (antiquark) states 1 (1) of space-like momentum p, p?> < 0, and are given by

AN = (g(p)| OV g (). (3)
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Here S is the symmetry operator, A, a SU(Np) flavor matrix and D, = 0, + igsta A}, the
covariant derivative, with A7 the gluon field, ¢ the quark field, ¢, the generators of SU (N¢),
and g, = /4ra,. The Feynman rules of QCD are given in [38] and for the local operators
n [14,39]. The local operator in the case of transversity is given by

Ar

TR BN UN 2

ohsu = "' [EUumD .D w] — trace terms , (4)

where 0, = (1/2)[v, % — VY0l
The operator matrix elements have the representation

AN = [MNs,phys T pANS EOM} (Ap)N1 (5)

Here A denotes a light-like vector, A.A = 0. The following projectors are applied to separate
the physical (phys) contribution and the one vanishing by the equation of motion (EOM), which
does not hold in the off shell case,

. 1 i P A
ANS,phys — o ANS
4 4(A.p)N i ( A.p ) 4 |’ (6)
) 1 [
ANSEOM  _ t NS | 7
AApN |7 (7)

In the polarized case the operator (1) is replaced by the operator of Eq. (2) and the following
relations hold

AquSj _ 75M21]S,5,phys + 5 Zé_ANS5EOM:| (A.p)N_l (8)
with
ANS5phys 1 tr [ ]5 B il% ANS;5 (9)
9 4(A.p)N A.p V5|
. 1 [ .
NS,5,EOM  __ NS,5
Aqq - 4<A_p>N tr Zrx%Aqq : (10)

In the case of transversity we consider the unrenormalized Green’s function [40]

GAZ’;\S’H = 5ij (A.p)N_l

M2
Apo.upATAquS,phys (—p;, g, N) + ClA” + Cgp“ -+ Cg’yuﬁ + C4A¢Au
0

+C5A¢plt] ) (11)

where 7, j are external color indices and the coefficients ¢x|,_, , denote other OMEs than those
we are going to deal with.

Since the non—singlet anomalous dimensions receive only contributions from the unrenormal-
ized OME A(l;{ls,(f)),phys we will consider only this operator matrix element in the following. In
Mellin N space it has the representation

ek/2
Ao _ HZW( ) g, (12)



with the spherical factor
3
S. = exp |5 (v — In(4m))] . (13)
where v is the Euler-Mascheroni number and a the bare coupling constant. The free gluon
propagator is given by!

Doty = 07 [ g & (1 — &Lk (14)
AR = o |9 K240’

which defines the gauge parameter in the R; gauge. The renormalization of the massive off
shell non—singlet OMEs encounters the renormalization of the coupling constant and the gauge
parameter, as well as that of the local operator. In the following we will deviate from Refs. [32,33]
and perform the renormalization of the coupling constant and the gauge parameter and use the
resulting expression, A, at u? = —p? to extract the anomalous dimensions. In the unrenormalized
OME obtained in the diagrammatic calculation the coupling constant and the gauge parameter
are renormalized before comparing to A in Eq. (25). The unrenormalized coupling is given by

a=a {1+§ﬁoa+ (;2534—;61) GQ] + O(a*), (15)

where a denotes the renormalized strong coupling constant. The expansion coefficients of the
QCD S-function are given by [41]?

11 4

/80 = gCA — gTFNFa (16)
34 20

pr = 30,24 - ?CATFNF —4CFrTpNF. (17)

The bare gauge parameter é is renormalized by

where Z3 is the Z-factor of the gluon propagator, cf. [42-45],

211 9 | %22 221 3
Z =1 — —_— 4+ = o) 19
(O = 1eatga| 2 o (19
with
[ 13 8

21 = Ca Y +f} + gTFNF7 (20)

13 17 8
20 = O 5 Eﬁ +§2] + CATrNp {4—1* gﬁ} ; (21)

L 59 11 1.,

291 = OA —g + gf + Z—LE +4 CpTr Ny +5 CyTrNp. (22)

The color factors are Cr = (N —1)/(2N¢),Ca = No, T = 1/2 for SU(N¢) and Ng = 3 for
QCD; Np denotes the number of massless quark flavors.

Note a typo in [32], Eq. (2.6).
ZNote a typographical error in [32], Eq. (2.13) and [33], Eq. (2.14).
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In Mellin N space the Z-factor of a local non—singlet operator reads [39]
L1 (0)ns? 0),NS L _(oxs L1 (ons3
2 (271511) + 50715!1) + 2_8%511) o3 67(5(1)

1(1 2 2
9N+ 2009 NS) = (-752)’“75?“8 + 3P0 551752”“’)

(0),NS

ZNS = 1—|—a7qq——|—a2 +a|=
€

2
1 s
%m>]. (23)
In (23) the terms 75’;)”8, k= 0,1,2,... denote the expansion coefficients of the anomalous
dimension
k—1)
s = Za’w&s - (24)

The partly renormalized OME, AquS’phys, reads

) NS,(1,—1) NS(2-2) NS (2-1)
AquS,phys = 14a + anqS,(l,O) + (quqS’(l’l)E + 0,2 qaq = + qq - + anqS,(Q,O)
NS, (3,-3) NS, (3,—2) NS, (3,—1)
3| Qaq Qqq Qqq
+a = + = + . ] (25)
The expansion coefficients anqS’(i’j ) are in general gauge dependent. The renormalized OMEs are
given by
ANS,phys
NS,phys _  “'qq
ases = Dl (26)

expanded to O(a®) and setting S, = 1. The anomalous dimensions are iteratively extracted form

the 1/e pole terms and the other expansion coefficients aqq w0 are given in Ref. [36].

Eq. (25) is understood to hold both for the unpolarized as well as the polarized case, by
relabeling the corresponding quantities to f — Af. Similar expressions hold for transversity.

From them we will determine 71(\128) and Afyl(\lzs) in both cases. The further three-loop non-singlet

anomalous dimensions fyl(\?s)’s can be derived from other quarkonic diagrams at three-loop order.3

Because 71(\128)’5 occurs for the first time at the three-loop loop level, there is no renormalization

of the OME

2 |
—APS,(3),phys N — ~3 = (2)s N O 0 N N dd N> 1. 27
Ty W e = G5 () O, NEN, 0dd N 21 (27)

The other expansion coefficients occurring in (25) potentially coming from lower orders in the
coupling a do all vanish in this case. The anomalous dimension 71(\128)8 is formally obtained as the

O(1/¢) pole term of the pure—singlet OME by considering in the unpolarized case the analytic

3There is a further non-singlet anomalous dimension A'Yl(\125) * [7] occurring in the pole-term of an axialvector—
vector current interference contribution in the forward Compton amplitude, related to the polarized structure
function gs, introduced in Ref. [46], which has even moments. These aspects are of importance but are not
discussed in [47]. We will consider this quantity elsewhere.



continuation from odd values of N. The d,;.d*° terms in the non-singlet + contributions vanish.

One considers the contributions o< dg.d®* of this OME for the odd moments. In this way 71(\125)’5

corresponds to the non-singlet combination v — 7((1(23)’3.
In deep—inelastic scattering one may form up to three different combinations of quark distri-

butions in the unpolarized and polarized case

qf\lrs,z’k = ¢+G— (@ + @), (28)

Onsir = ¢ — G — (@ — 1), (29)
Np

ws = > (g — @) (30)
k=1

and analogously for (gx, k) — (Agr, Agr). Here i, k denote the different flavors. These combina-
tions can be obtained by combining the scattering cross sections for different neutral and charged
current exchanges off proton and neutron targets.* The corresponding anomalous dimensions
ruling the evolution of these non-singlet distributions are Vg, 7ns and Wg = ng + g In
the polarized case mostly pure virtual photon exchange has been studied experimentally, which
is described by the structure functions gy 2(z, @?). Their non-singlet contributions evolve with
At The following relations hold

A7§s = Inss (31)
A%Gs = VKIrs- (32)

3 Details of the calculation

The Feynman diagrams for the massless off shell OMEs are generated by QGRAF [39,49] and the
Dirac and Lorentz algebra is performed by FORM [50]. The color algebra is performed by using
Color [51]. The local operators are resummed into propagators by observing the current crossing
relations, cf. [1,46], as has been described in Ref. [36], in the corresponding OMEs ANSO) for
even or odd moments, which will depend on the resummation variable ¢ quadratically only. To
calculate the anomalous dimension 71(\125)’8 we resum first, using the variable ¢ itself.

In the flavor non-singlet case 684 irreducible diagrams contribute. The reducible diagrams
are accounted for by wave—function renormalization [43-45], decorating the OMEs at lower order
in the coupling constant [32,33,36]. The different local operator insertions are resummed using
generating functions of the type

[e.9]

1 1
+
- 1—Akt 1+Akt|’

(AR)Y (Y £ (—=t)N) (33)

N=0

where ¢ denotes an auxiliary parameter for the resummation of the formal Taylor series, see [52].
Eq. (33) implements the corresponding current crossing relations in the unpolarized (4) and the
polarized case (—) [1,46], which is not just a formality. Only the moments contributing to the
respective cases exist.?

4In the case of deuteron or He3 targets nuclear wave function corrections have to be applied. Heavier nuclear
targets have quite a variety of different corrections, known as EMC effect [48].

5This representation is sometimes misinterpreted. A prominent example is the Burkhardt-Cottingham sum-
rule. The fact that the Oth moment does not occur in the Mellin moment decomposition of the polarized structure
function g1 (7, @?) does not mean that the associated integral vanishes as a consequence of the light cone expan-
sion. In fact, the proof of the Burkhardt-Cottingham sumrule needs quite different techniques [53, 54].



In the calculation of the one— and two—loop contributions we also used the package Eval-
uateMultiSums [55] and also applied LiteRed [56] for some checks, cf. [36]. The irreducible
three—loop diagrams are reduced to 252 master integrals using the code Crusher [57] by apply-
ing the integration—-by-parts relations [58,59]. Relations between a small number of ¢-dependent
master integrals are difficult to prove analytically for general values of D. However, they can be
proven for the whole finite range of Mellin N and € used in the present analysis by the method of
arbitrary large moments [60]. For the calculation of the necessary initial values for the difference
equations we use the results given in [59,61].

The method of arbitrary large moments implemented within the package SolveCoupledSys-
tem [62] is also used to generate a large number of moments for the massless OMEs. By using
the method of guessing [63,64] and its implementation in Sage [65,66] we determine the dif-
ference equations, which correspond to the different color and multiple zeta value factors [67].

To calculate 71(\12)’i we generate 3000 even resp. odd moments and for 71(\125)’5 500 moments. It

turns out that the determination of the largest recurrence requires 1537 moments for %(\128),+’ 1568
moments for 4\a", 1104 moments for 7™ and for & ~", and 348 moments for 70", The
difference equations are solved by using methods from difference field theory [68] implemented in
the package Sigma [69,70] utilizing functions from HarmonicSums [71-78], to obtain the three-
loop anomalous dimensions. The largest difference equation contributing has order o = 16 and
degree d = 304. Comparing to the reconstruction of the anomalous dimensions out of their
moments performed in Ref. [64] the largest difference equation had order o = 16 and degree d =
192, requiring 1079 moments. The overall computation time using the automated chain of codes
described amounted to about 20 days of CPU time on Intel(R) Xeon(R) CPU E5-2643 v4 pro-
cessors. In the present calculation we kept only one power in the gauge parameter f to check the
renormalization, which has been sufficient to compute the non—singlet anomalous dimensions.
In calculating the complete OMESs, no gauge-dependent contribution can be neglected.
The anomalous dimensions, qxs, can be expressed by harmonic sums [71,72]

Spa(N) = Y (Si%%))ksa(k), Se=1, ba; € Z\{0}, N € N\{0}. (34)

Their Mellin inversion to the splitting functions P,,(2)

(V) = — / 022N 1By (2) (35)

can be performed using routines of the packages HarmonicSums and is expressed in terms of
harmonic polylogarithms [73] given by

Hya(z) = /OZ dxfy(x)Hz(z), Hy=1, b,a; €{-1,0,1}, (36)

with the alphabet of letters

1+z2 1—=2

QLHZ{fo(Z):é’ f—l(z):L7 fi(z) = ! } (37)

In z—space one usually distinguishes three contributions to the individual splitting functions,
because of their different treatment in Mellin convolutions,

P(z) = P°(2) + PP(2) + P™8(2), (38)
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where P°(2) = pod(1 — 2), P™8(z) is a regular function in z € [0,1] and PP"(z) denotes the
remaining genuine +-distribution, the Mellin transformation of which is given by

/O dz(zN1 — 1)PPu(s), (39)

We will use this representation in Section 4.

4 The anomalous dimensions and splitting functions

In the following we use the minimal representations in terms of the contributing harmonic sums
and harmonic polylogarithms by applying the algebraic relations between the harmonic sums
and the harmonic polylogarithms [79]. 26 harmonic sums up to weight w = 5 contribute. Both

the anomalous dimensions in the vector case, 71(\12 )’i(N ), and for transversity, 71(\128),1,&(]\7 ), are
sometimes written in terms of the difference 71(\12)’+(N )— 1(\12)’_ (N). This is somewhat problematic,

since 71(\125)’+(N ) is defined for positive even integers only, while 71(\125)’_(]\/ ) refers to positive odd

integers. Later the respective analytic continuations from N € N — C proceeds from the even
or the odd integers [78]. We will therefore refer to the complete expressions, respectively, as long
as they are written in terms of harmonic sums. Considering their Mellin inversion to z space
allows then to consider the respective difference term, since the corresponding expression is free
of N.

We obtain the following expressions for the non-singlet anomalous dimensions in Mellin N
space, using the shorthand notation Sz(N) = Sz. In the vector case they are given by

1
et =S [1+ (-1)Y]

2
72P;s 32P,;5 16 Py Pss
cxlC 91— S
X{ F{ N NS T O N0 T N NP T BN + V)
16.Pag 4288, 64( — 12+ 31N + 31N?)
INY{(14+N)* 9 7 3N(1+ N)

64( — 84 + 31N + 31N?)
3N(1+N)

S5 + 3208, — 10245,

S 91 + 37125 55 + 38405 5, — 716852,171> Sy + <25653

4P, 352
2 19 2
+1792SQ71> Sl + (m — 83253 — 52488271> So + ?82

16( — 30 + 151N + 151 N? 16 P AP,
( ) PN B _+(_—6 S 9565, | S,
3N(1+N) ON2(1+ N)? ON2(1 + N)2

32(12 + 31N + 31N?) S
( AT )5 6455 + 537651 — 38455, + 576@},) S,
32(8 + 3N + 3N? 32(108 + 31N + 31N? 16P
o ( ) +51251 S32+ ( ) L — 6 16
N(1+N) 3N(1+N) IN2(1+ N)2
16(138 + 35N + 35N2)
— 115252 + 26245, + 960S_5 | S_ — 14728, | S_
L b 2) 3+( SN+ N) 1) !



64( — 24 + 29N + 29N?)
3N(1+N)
32( — 174+ 31N + 31N?) 1920
S_95— 36485 53 — —————
3N(1+ N) 22 > N(1+N)
128( — 84 4 31N + 31N?)
3N(1+N)

+23045_5 + 768555 + 26885, _5 —

53,1 — 7683471

S_s1+ 172854,

—53763271,_2 + 15365371’1 — 5_27171 — 15363_2717_2

_ 16P5 + 4P34
IN2(1+ N)272 " 9N4(1 4+ N)*

( 8P4 1280 512 512 ) 128

—53765_901 — 5376S5_51.1 4 107525 5111 | + Tr N

- — e - RS, + 12 o2
ONZI L N2 9 S2 = T3S T S 128G |5 = S,

ON(I 1 N) T3 ONIL NP g i g

128(3 + 10N 4+ 10N?) 256 ) 256 256( — 3 + 10N + 10N?)

64(12 + 29N + 29N?) 512 ( 128( — 34 10N + 16N?) 2560 256 >
L+ =

S P s, - 205, —
8 2+< ON(L+ N) g Ol |oms T Ty ON(1+ N)

256 256 1024 32(2 + 3N + 3N?) ] }
3

— 831 — —5_ ——S 911 —
+ 3 0317 T3 22+ 3 2,1,1 N+ N

—21

8Pss 128 . 640, 128
— 228 - —— 5,4 8
IINF1+ NP 27 o 2T g

24P,
NZ(1 1 N)?
32P; 8Pg Py 4 P35
__ oM g S s
ONZ(I+ N2 2 T ONZ A+ N2 T BN (L - NP\ BNI(L + V)

16( — 8+ 11N + 11N?) 64( — 24 + 11N 4 11N?)
N(1+N) 3N(1+N)

+Cp { TZN: +C3 G

Sy — 25654 4 512551 —

—211

8344
—1024S 95 — 10245 3, + 20488_2,171> Sy + (—12883 — 5125_271> S? + (—2—7
16( — 24+ 55N + 55N?)

3N(1+ N)

32P,
10 5

—|—38453 + 15365_271> SQ — 9N2(1 + N)

Sy + 6455 + (

L 16Py 352
IN3(1+ N)® 3

48(2+ N + N?) 1095, | g2 16P;5 32(24 + 11N + 11N?)
NO+N) )P oNea g Ny 3N(1+ N) !
16(30 + 13N + 13N?)
3N(1+N)

64( — 12+ 11N + 11N?)
3N(1+N)
32( — 48 + 11N + 11N?) 512
- S_92+ 10885 53+ ————
SN+ N) 22+ 2T NI+ V)

Sy — 6455 — 153651 + 1285_51 — 192@,) S_s

125657 — 7685, — 3203_2> S 3+ ( + 32051> S_4

—7045_5 — 384553 — 7685, _5 +

Ss1 4 3845,

5_3’1 — 4485_4’1



128( — 24+ 11N + 11N?
—|—153652717_2 — 76883,1,1 ‘f‘ ( )

S_911+ 5125 91 5+ 1536[S_221

3N(1+ N)
8P31 ].6P30
S 414] —30725_ CATwNp | — _ 645
50 2110 F CALEAr |\ TorNB T 1 N +( JTNA(I L NJB O
256 5344 32(3 + 14N + 14N?) 320 1280
08 L, — 128G | S S, — Sa4+ 2228 =g
Ty C‘”’) CRES TR 3N(1+ N) 3t g 9 7!

64( — 3+ 10N + 16N? 128 64(3 + 10N + 10N? 128
( ) >A92-+ <—— ( ) 5&>A93

g et
ONZI+ N 32 ONLIN) 3

128 256 128( — 3+ 10N + 10N?)

IR e ON(I+ )

32(2 + 3N + 3N2 48P, 8P P
( ) + O3S — S G+ R e a—
N(1+ N) N2(1+ N2> " N2(1+N)27° " N5(1+ N)5

8Py 128(1 + 2N)
Ni 1+ N)*  N2(1+N)

128 512
S_ —8 99— —85_
21 1 3 2,2 3 2,11

G3

Sy + 12852 — 38495 + 1285, + 51255 1 — 332855,

384( — 4+ N + N?)
N+ N)

64(1 4+ 3N +3N?)
N3(14+ N)3

32(2+ 3N +3N?%) ,
N(1+ N) 2

32(2+ 15N + 15N?) o 32Py, 128(5 4 7N + 3N?)
N(1+N) TTANS(1+ N3 N2(1 4 N)2

S_51 — 35845 3, + 61445_2,171) Sy + (-

AP,
—15365_2,1> S? 4 (Wf]v)g + 5128 + 43525_2,1> Sz —

+ 51252> Sh

128

_64(4+4 3N +3N?)
N(1+N)

N(1+N)

32(8 4+ 5N +9N?)  64(20 + 3N + 3N?
—2565, | 5%, + ( ) 64 )
N2(1+4 N)? N(1+N)

Sg + 12855 — 4608551 + 2565_21 — 384C3> S_g+ (

Sy + 12805% — 21765,

6405_5 | S 32 (26 3N+ 3N2) +16645; | S 17925 3845
— 2 |os3+ | — NI+ 1]0o-4— 5 — 2,3

128( — 24 3N + 3N?) 64(4 — N 4+ 3N?)
—23045, S+ 3845, — _
2,-3 T NI+ 3,1 1 4,1 N1+ NP 2,1
64( — 26 + 3N + 3N?) 1792
- S_00+2944S 55+ ————S 31 — 16645
NI+ N) 22 23+ NI+ N 4,1
768( —4+ N + N?)

+4608531 —o — 7685511 + S_911 +10245 91,9

N(1+N)
+4608[S_2’2,1 + 5_3’1,1] — 92165_2’1,1’1}},

-1
ne” =5 [1= (=1)"]
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) 16( — 126 + 6N + 427N? + 770N 4 385N4) 723 Ps7
x{ CF CA[ [1— S5+ —5———
IN2(1 + N)?2 N2(1+ N)2
32Py3 16 P, Py 16 P 4288
T L N + + |- — Sy
IN2(1+ N)2"77" 9N2(1+ N)2  18N5(1+ N)° INY(1+ N+ 9
64( — 12+ 31N + 31N?) 64( — 84 + 31N + 31N?)
Sz + 3205, — 10245, _
3N(1+N) 3 79205 31t 3N(1+N) 1
4Ps3
37125 55 + 38405 3, — 71685_ S 25693 + 17925 51 |34+ | ==
+ 2,2 1 3,1 2,1,1) 1+ < 3+ 2,1) 1T <9N3(1 NP
352 16( — 30 + 151N + 151N?) 16 Py
—83253 — 52485 5, | S Sy S —
? 2’1> 2Ty 3N+ N) T\ ToM v

64P 32(12 + 31N + 31N?
+ ( SN NE 25652) 1+ ( ) Sy + 6455 + 537655, — 3845 5,

" 9N2(1+N) 3N(1+ N)
32(8 + 3N + 3N?) 32(108 4 31N + 31N?)
_ - 12 2
+576§3>52+< NI+ +5 Sl>52+< NI ) Sy
16Pyy > 16(138 + 35N + 35N?)
————— — 115257 + 2624 ]S — 1472
NIt N2 5257 4 26245, + 9605 2>53+< SN ) 725,
S_4 423045 _5 + 768555 + 2688S: G4( = 24 + 20N + 201%) Ss1 — 7685
X _ _ 9 — —
4 5 2,3 2,—3 3N(1+N) 3,1 4,1
32( — 1744 31N + 31N?) 19205_34

S 59— 36485 55 — +17285_41 — 5376551 s

3N(1+N) N1+ N)
+15365511 — 128(~ iﬁf’g& V) S_p — 15368 51 5 — 53765y, — 5376S_511
+107528 1,11 | + T Nr —%52 + ﬁfw N (_ 9N3f1pil —_— 12980 .
22— 228+ 128C3> 51— 253+ 64(129}2(?]1 jv)ngz) 55— 7S

128( — 3+ 10N + 16N?) 2560 256 128(3 + 10N + 10N?)
= + Si— =% S+
IN2(1+ N)? 9 3 IN(1+ N)

—2—2651> S_3— ?S% + ?5'3,1 — 256( _93]\—;_(113_]\[]\[—; 1ON2) 21— ?S—za
+&3245_2,1,1 - 32(2]2;(?]1 ;?NQ) G } + C’F{TIEN% 27N38(f2i N3 % 1
_%052 + %53 + i _N2(in371V)2 5 9N23(21?1N)2S_2’1 + %‘%
+54N555: 7 " (3]\/4?1})3_5 e 16( — 8]\—[:11:_]\[]\7—; 11N7) Sz — 2565, + 51253,
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64( — 24+ 11N + 11N?)

8_271 - 10248_272 - 10248_3,1 + 20485_27171> Sl

3N(1+ N)
) 8344
12885 = 512851y, | ST+ | = + 3848, + 15365, | Sy + 6455
16( — 24 4+ 55N + 55N> 32P, 16P 352
360 Joi (BB gy 10Pw 324 g
3N(1+ N) IN2(1+ N)2”' T ON3(1+ N)® 3

48(2+ N + N?) 16Pyo
—15365 1285 971 — 192¢3 | S— — 1925, | s? —_—
2,1 + 2,1 C3) 2 + ( NI+ 1) “ot <9N2(1 + N)2

32(24 4+ 11N + 11N?)
a 3N(1+ N)

16(30 + 13N 4 13N?)
3N(1+N)

Sy + 25657 — 7685, — 3205_2) S_ 3+ (

64( — 12+ 11N + 11N?)
3N(1+ N)

5125 3,
N(1+ N)

+32051> S_4 — T045_5 — 3845, 5 — 7685, _3 + S31

32(— 484+ 11N + 11N?)S_,,
3N(1+N)
128( — 24 4+ 11N + 11N?)
3N(1+N)

8P56 ( 16P52

3845, — +10885_y3 + — 4485_4,

+1536SQ’1’_2 - 768S3,1,1 +

S_911+ 5125 91 5+ 1536[S_221

+S_51.1] — 30728 5111 | + CaTeNp

_ - 64
27TN4(1+ N)* JTNA(1 4+ NJB

256 5344 32(3 + 14N + 14N?) 320
S =S50 — 1285 | S Sy — S3+ —S
+ 3 2,1 Cs) 1+ 57 2 SN+ ) 3+ 3 4
64( — 3+ 10N +16N?) 1280 128 64(3 + 10N + 10N?)
— Si+—5 S+ |-
INZ(1 + N)? 9 3 IN(1+ N)

128 128 256 128( — 3+ 10N + 10N?) 128
—S |83+ —84—=—-5 S g1+ —05_
3 1) R T N IN(1+ N) 21 7% 3o

512 32(2+3N+3N2)

—=%5.
3 b N(1+N)

G3

~ N2(1+N)2 ' N2(1+N)

. 48(3 P: 8P.
}—FC%{ G Py i 38 S,

Fos ( 8P 128(1+2N) Sy + 12852 — 3845 + 1285, + 51255,

NS Ny T\ NI LN N4 N
384( —4+ N + N?)

S_51 — 33285_55 — 35845_3, + 614452,171> S

N(1+N)
64(1 + 3N + 3N?) 4Py
— — 15365 91 | S + | = + 512853 + 43525 5, | S
( N3(1+ N)? “) I <N3(1 TN e 21 ]2
32(2+3N +3N?%) , 32(2+ 15N + 15N?) 32Pi L 210
N(1+ N) 2 N(1+ N) TN+ N ?
128(1 — N + 3N?) 64(4 + 3N + 3N?)
128, | S) — — 5128, + 12855 — 46
< N2(1 + N)2 + 5 SQ) 1 N(l + N) 52 SQ —|— 853 0852,1

12



128 32(20 4 17N + 21N?)
2565 51 — 384¢5 | S_ — 92569, | S? 128052
* 21 C3> 2 (N(1+N) 1) —2+< N1 NP ! 1

64(20 + 3N + 3N?) 32(26 + 3N + 3N?)
— 64085 _ N —
NIy Ny o008 2)53+< NI+ N)

—217655 —

+ 166451> S_4

128( — 2+ 3N +3N?)
N(1+N)
64(16 + 11N + 15N?) 64( — 26 + 3N + 3N?)
N2(1+ N)? 2! N(1+N)

1792 768( — 4+ N+ N?)
TN ) T 108 T TR

+S5_311] — 92165 2111 } } (41)

—17925 5 — 384555 — 23045, 5 + Sa1 + 3845 — 16645 44

+4608S271,72 — 572,2 + 29445172,3

S_91,1+ 10245 51 _o + 4608[S_221

In the case of transversity we obtain

NS

R = 5 1+ (1))

2

X{CF{TgN;

16( — 22 4+ 45N + 45N?) ( 16(9 + 209N 4 209N?)

ONOFN)  ari T et g

8(~ 8+ 17N +17N2) 128, 640, 128 ]

+C A TrNp

645
IN(1+ N) 27TN(1+ N) 0%

256 5344 448 320 1280 128
+?572,1 - 128C3) S1+ Sy — 753 + ?54 + <— Si+ ?Sz> S_o

27 9
640 128 128 256 1280 128 512
(‘7 ! 751> R T T
—968 + 1657N + 1657 N> 4Py,
96 5 — 1765
906 | +Cs I8N(1+ N) (3(—1 FN)N(I+N)2+N) 3

704
2368, + 512551 — 5~ Sz — 102453 — 10245 5, + 20485271,1> Sy + (—12853

44 112
_51252,1> S+ (—82—7 + 38455 + 153652,1> So + 5 5 Sy — ?&1 + 6455
16P; 32( — 241 + 134N + 134N?)S; 352
+ 2 + ( )% _ 222 5, — 6455
(-1+ N)N(1+ N)(2+ N) 9(—1+N)(2+ N) 3

—1536551 + 1285 9 — 192@) S o+ (48 — 19251) 52, + (25653 — 7685, — 32055

32( — 107 4+ 67N + 67N?) 352 208
- == _ — - +32 4 —T04S_5 — 384
TS ICESY 3sl>53+< 5 +3 051>S4 704S_5 — 3845, 3
704 64( — 107 4+ 67N +67N?)S_51 352
- 34— 4841 — = - ==S
768523+ 3= 55,1 + 38454, 9(—1+ N)(2+ N) 5 D-a

13



+10885_55 — 4485_4 1 + 1536[S0.1 5 + S_991 + S_51.1] — 7685511

1408 24(— 6+ 5N +5N?)(;
+—5_ + 5125 51 o —30725_ —
3 2,1,1 2,1,—2 2,1,1,1 1+ N)2+N)

8( =8+ 55N +55N?%) 1280 512 512
23 TpNp |92 + | — — =8 — —8_ 12
+CF{ "NE |92 + ( 3N(1—|—N) + 9 S 3 S3 3 S 2,1 1+ 8C3)
80 128 1856 512 2560 256 1280

Sy — =8y — —824 -5, — -5 S — =5, ]5_ —
><13232+9334+(91 32> 2+(9

256 256 256 2560 256 1024
_?Sl> S_g— ?5'74 + 753,1 - 7572,1 - 7572,2 + 75—2,1,1 - 96C3]

151 8( —206 + 211N + 211N?%) 4288 1984

Cu|l——=+ | - - S Sy + 3208 — 10245
L < 1T MNI N2 N) 9 23 st 31

1984 2
#5521 + 37128 55 + 384055 — TI68S 11 | Sy + | 25685 + 179255, | S5

604 352 6160 2416

+ (T — 83253 — 524852,1> Sy + ng -5 Ss + 3 Sy

ISP, 64P;
TN yesy T mNaE e+ N

— 25652> Sy

992
g 52 o 6455 + 537651 — 38451 + 576§3> S_o+ (—96 + 51251> S2,

( 32( — 187 + 134N + 134N?) 992

— 115257 + 2624 s
9(—1+N)(2+N) + 55 5&*-6A%+9m52>53

1856
3

560
+ (7 - 147251> S_4 + 23045_5 + 7685, 5 + 26885, _5 — —— 51 — 7685,

64( — 187 + 134N + 134N?)S_,,
9(—1+ N)(2+ N)
3968

—5376[521,—2 + S_291 + S_311] + 1536[5511 — S_21,-2] — 75—2,1,1
72(—6+5N + 5N2)§3] }

992
+ =552 — 36485 a3 + 172854,

+107525_ +

+C3{ =29 + 384(— 1+ N + V) + 12852 — 38455 + 1285, + 5128
r (=1+ N)N(1+ N)(2+ N) 2 ’ ! o
—384S5 51 — 33285 55 — 35845 3, + 61448_27171> Sy — 25652,5, + (12 + 5125,

32P,
(—1+ N)N(I+ N2+ N)

+43525_271> Sy — 9653 + 10455 — 4805, + (

14



384
+ + 51255 .57 — 19255 4 12853 — 460855 1 + 2565
<(_1 NN+ N2+ N) 2) 1 2 3 2,1 2,1
384(s | S_2 + 192 1925, + 128057 — 21765, — 6405_5 | S

+ (—96 + 166451> S 4 — 17925 5 + 384[—Sas + Ss1 + S11] — 23045, 3

3845_
ey (;1+ il 153652551 — 192555 + 29445 _5 5 — 16645_41 4 460855, _»

—768551.1 + 7685 511 + 10245 5, 5+ 4608[S 591 + S_51.1] — 92165 5,1,

48( — 645N +5N?) (s
 (F1+N)2+N) ’

(42)

Si = =52+ =5,

1

(2),tr,— N 2 A72
=201 —=(=1 w{ TAN _ =
NS 2[ ( ) }{C { B 9N(1+N) 27 27

16( — 8+ 49N + 90N? 4 45N?) ( 16( — 27 + 209N + 209N?)

8(—8+17N +17N?) 128 640, 128 ]

+CyTrNp

IN(1+ N)? 2TN(1+ N)

o7 P2 g s gt | T S

956 5344 448 320 1280 128
6485+ = Sa - 128§3> Sy + (- )5_2

640 128 128 256 1280 128 512
’ (‘7 ! ?Sl> R T T T T T

+96¢5| + C%

— 17655

P, 4(12 4 245N + 245N?)
18(—1+ N)N(1+ N)2(2+ N) 3N(1+ N)

704
2565, + 512551 — - S-a1 — 102455 — 102455, + 20485_271,1> Sy + (—1285'3

8344

112
—51252,1> 52 4 (—— + 38485 + 153652,1> Sy 42 550

9 Sg — ?84 + 6455

27

16( — 5+ 3N +3N?)  32(81 4 134N + 134N?) 352
Sy — —=8; — 6453 — 15365
( C1+ N2+ N) ON(1+ N) TR 21

32(81+ 67N +67N?) 352
1285 51 — 192¢; | S- 48 — 192 2 ——
+ 8S 2,1 9C3)S 2+<8 9S1>S_2—|—< 9N(1—|—N) 3 Sl

2
+25657 — 7685y — 32052> S_s+ <—$ + 32051> S_y — T04S5_5 — 384553 — 7685, _3

704 64(81 + 67N +67N?)S_51 352
——S31 + 384841 — = — TS 50+ 10885 55 — 4485
+ 3 3.1 + 41 ON(1+ N) 3 022 + 2,3 41
1408

+15365271772 — 76853,1,1 + 75727171 + 512572’1772 + 1536[572,271 + S73,171]

}

24(12 + 5N + 5N?) (s

—30725 9111 — N+ N)

15



+C% {TFNF

4(112 + 415N + 414N? + 207N?) 8(8 + 55N + 55N?) L 1280
IN(1+ N)? 3N(1+N) 9 77

512 512
g, 2
3 7% 3

256 1280 256 256 256 2560 256
—?Sz) S_a+ (— — —51) S_3— 75—4 + ?5371 - TS—Z,I - 75—2,2

128 1856 512 (2560
Sh

80 )
5_271 + 128C3> Sl — 382 — ?SQ + TSQ, — 754 + 9

9 3

1024 P
+g - S211 — 96Gs 20

+Ca 18(—1+ N)N(1+ N)2(2+ N)

8P 4288 , 1984
- - ==s S3 + 3205, — 10245
+< 1L NN+ NP+ N) 9 2T gt 371

1984
g Soa + BT125 5y + 38405y, — 71685'_2,171> Sy + (25653 + 17925_271) 52

4( — 24+ 151N + 151N?) 352 6160 2416
— 83255 — 52485_ —S52 - :
( SN ) 83283 — 52485 2,1>Sg+ 3%~ St 35
48(— 5+ 3N + 3N?) 64.Ps 992
Y - + | - — 2565, |51+ —S
( (—1+N)(2+ N) ( 9(—14+ N)N(1+ N)(2+ N) o R T

6455 + 53765, 1 — 3845_1 + 576<3> Sy + (—96 + 51251) S,

32(243 + 134N + 134N? 2
+ (- ( ) + %sl — 115252 + 26245, + 96052> S_ s+ (@

IN(1+ N) 3
1856
—14725, | S_4 4+ 23045_5 + 76855 3 4+ 26885, _3 — S31 — 768541
64(243 4 134N + 134N?) 992
S_ —8 99— 36485_ 17285 _41 — 537655 _
ON(L+ ) 2,1 1 3 2,2 2,3 1 4,1 2,1,—2

3968
—1536[5172,1772 — 537171] — 5376[57272,1 + 57371,1] — TSLZIJ + 10752572’1,171

72(12 4+ 5N + 5N?) (s
N(1+ N)

}+C§{ P
(-1+N)N(1+N)2(2+ N)

32P;
N T Oy 2EN

+ 12855 — 38453 + 1285, + 51253, — 3845 5,

16 4+ 3N + 3N?)
N(1+N)

4
—33285 55 — 35845 3, + 614452,1,1> Sy — 25652,9, + ( (

32(— 5+ 3N +3N?)
(-1+N)2+N)

+51253 + 43525_271> Sy — 9653 + 10453 — 4805, + (

( 128( — 9+ 4N + 4N?)

TN N 51252> Sy — 1925, + 12855 — 460855,
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+2565_5, — 384@,) S_y+ (

+ (—96 + 166451> S_y — 17925_5 — 3845, 5 — 23045, _5 + 384551 + 3845,

576
N(1+ N)

1152
) S_51 — 1536528 51 — 1925 95 + 29445 _5 5 — 1664S_41 + 4608551 o
— 7685511 + 7685 _511 4+ 10245 _51 5 + 46085 _551 4 46085 _51.1 — 92165 5111
48(12+ 5N 4+ 5N?) (s
N(1+ N) ‘

— 19285, + 128057 — 21765, — 6405_2> S_3

(43)

We have calculated the transversity anomalous dimensions for the first time directly and without
any assumptions.
The polynomials in Eqs. (40-43) read

Py
P,
Py
Py

N* —2N3 — 3N? 4+ 8N + 4,

3N* 4+ 6N —8N? — 11N — 2,

5N* + 10N? + N? — 4N — 4,

13N* +26N3 + 13N? — 16N — 20,

I5N* + 30N? + 7T9N? + 16N — 24,

17N* + 58N3 — 5N? — 94N — 24,

134N* 4+ 268N3 — 107TN? — 241N + 27,

134N* + 268N3 — 17N? — 151N — 243,

134N* 4 268N3 + 89N? — 81N — 72,

134N* + 268N3 + 116 N? — 18N — 27,

134N* + 268N3 + 137N? 4+ 3N + 27,

134N* + 268N® + 203N? + 69N + 27,

165N* + 330N3 + 165N2 + 256N + 80,

245N* 4+ 490N3 — 117N? — 362N — 112,

268N* + 536/N? 4 301N? — 3N + 90,

268N* 4 536 N? 4 487N? + 183N + 126,

385N + TTON? + 427N* + 6N — 126,

38ON* + T7T8N? + 398 N* + 9N — 81,

453N* + 906 N? + 1325N? + 344N — 264,

—1359N° — 4077N* — 11887N3 — 14003 N? + 14494N + 13376,
—29N® — 87TN* + 227N? + 503N? — 230N — 256,
81N® + 243N* — 337N3 — 893N? — 526N — 60,
1657N® + 4971 N* 4+ 4801 N3 4 261 N? — 6938 N — 3600,
3N® + 9N + 9N* 4 9N3 + 2N? + 4N + 2,

3NS +9N5 + 9N* + 51N + 76 N? + 60N + 16,

22N + 66 N° + 95N* + 88N?3 + 197N? + 160N + 52,
27N® + 81N° — 209N* — 487N?3 — 272N? — 48N — 9,
51N® + 153N° + 57N* + 35N% + 96N? + 16N — 24,
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135N% — 31N° — 601N* — 569N + 487N? + 621N + 216, (72)
209N + 627N° + 627N* + 209N* — 108 N? — 108N — 54, (73)
270N® + 810N® — 427N* — 936 N? + 269N? + 238N — 132, (74)
4971N°® + 14913N° — 24035N* — 41453 N3 — 452N? + 7024 N — 2904, (75)
—1359N® — 5436 N7 — 8274N® — 13452N° — 15103N* — 12528 N*

—4120N? 4 2560N + 1584, (76)
207N® 4 828N + 1491 N + 1779N® 4 1210N* + 453 N3 — 8 N2

—160N — 72, (77)
245N® 4+ 980N + 1542N° + 1196 N° + 395N* — 60N> + 156 N2

+222N + 90, (78)
—29N' — 145N? — 226 N® — 46 N7 — N® — 469N° — 976 N* — 940N*?

—576N? — 208N — 32, (79)
5N* + 10N? + ON? + 4N + 4, (80)
13N* +26N? + 13N? — 16N — 20, (81)
134N* 4 268N® + 188N? + 54N + 45, (82)
134N* 4 268N? + 215N + 45N + 54, (83)
134N* + 268N? + 245N? + 111N + 135, (84)
134N* 4+ 268N?3 + 311N? + 177N + 135, (85)
268N* 4 536 N® 4 625N? 4 321N + 414, (86)
268N 4 536 N3 4 811N? 4 507N + 450, (87)
81N® 4+ 162N* — 391N® — 286N? + 156 N + 72, (88)
3N® +9N° + 9N* + ON?® 4 6N? 4 8N + 2, (89)
3N® +9N5 + 9N* + 51N3 4 12N? — 4N — 16, (90)
22N% + 66N° + 95N* — 40N? — 115N? — 120N — 44, (91)
27N°® + 81N° — 155N* — 379N? — 92N? + 78N + 27, (92)
135N° — 31N° — 481N* — 617N?® — 395N? — 309N — 144, (93)
165N 4+ 495N° + 495 N* + 421 N3 + 144N? — 112N — 96, (94)
209N° + 627N° + 627N* + 209N° + 36 N* + 36N + 18, (95)
453N° 4+ 1359N° + 2231 N* + 1669N> + 368 N? + 24N + 144, (96)
207N® + 828N + 1443N° + 1635N° + 9ON* — 7TTIN? — 632N? + 120, (97)
245N® + 980N7 4 1542N° + 1196 N® + 475N* 4+ 100N? + 36 N2 + 22N — 6,  (98)
270N® + 1080N" + 347N® — 1471N® — 1507N* — 417N? — 362N*?

—12N + 144, (99)
—1359N* — 6795N? — 15246 N® — 27870N™ — 5163 N° + 40241 N° + 34648 N*
—12280N?% — 32592N? — 17616 N — 3456, (100)
—29N"' — 145N? — 130N® + 338N" + 383N° + 107N® + 464N* + 1748 N*?
+1600N? + 752N + 160, (101)
4971 N 4- 24855 N? 4 11770N® — 70578 N” — 147665N° — 144917N°®

—85692N* — 18992 N? + 22824 N? + 15840N + 2592. (102)
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Finally, we turn to the non-singlet anomalous dimension ’yl(\?s)’s for which we obtain

@s _ 4N daped™ 2Pso _ Pe1 g
s TNe |1+ NNS(I+ NP2+ N)  (—1+ N)NI(I+ N2+ N)™!
. 2Ps) - 4(2+ N + N?)? <\ g
(—1+ N)N3(L+ NP2+ N) (=1+N)N2(1+N)2@2+N)"")"7?
2+ N + N?
o (N2(1 + N)z) [S5 — 255+ 4S—Q,l] ) (103)
with dgp.d®¢/Ne = 40/9 for No = 3 in QCD and the polynomials

Py = N®+4N" 4 13N°® 4 25N° 4+ 57N* + 7T7N? 4+ 55N% + 20N + 4, (104)
Py = 3N®+12N7 4 16N° + 6N° + 30N* + 64N> + 7T3N? + 40N + 12, (105)
Psy = NO+3N°—8N*—21N® —23N? — 12N — 4. (106)

Note that 71(\125)’8 has no pole at N = 1, but vanishes.
The splitting functions in z space are given by

151 820 1976 1688
PIEIQS)’JDS = _{5(1 - Z){C% [CA [—7 + <? - 32C3> Ca + ?422 B (3 — 240@]

[ 80G,  928¢2  544( 5344C,  16¢2
2 — - TpNp|— —
+TrNp |9 3 5 + 3 + Cr|CaTrNp | —80 + 57 5
800G | ., ,[136 640G 128G , 11657 8992¢, ,  3104¢s
— TAN - C — 4
g | TirfhrlTg 7 "o | TY s 27+C2+9
—80Cs | | + CF | =29+ (— 36 + 64¢3) G — ?gz — 1365 + 480¢5 , (107)
1 128 930  2144¢,  352¢2  176(s
P(2),+,plu _ ) T2N22°° L 2| _ . 2
NS T O [TrNe gy O —57 T 5 3
3344 640(, 448 440

+OATFNF< TR 942 + 3<3) + C2TpNp - - 128@,] }} (108)

256(—1 + z) 64(11 — 12z 4 112?) N 32(1+ 2%
27(—1 + 2) T 9(—1+2)
3344 640 . 448 16(317 — 408z + 4252?)
N\t G) |-
27 9 3 27(—1+ 2)
256(4 + 3z + 42?) 323+ 2)(1+2%) G . 9896(1 —2)
9(1 + 2) 3=+ 2)(142) ) 27
16(11 + 28z + 1127 + 342%) N 32(1 + 2% ) 64z(1+2%)
9(—1+ 2)(1 + 2) 31+z2) )0 9(—1+2)(142) °

+ (—16(1 ) H{ + 64(1 — z)) H; + (32(1 +2) + —32(1 ) H

—128/27 +

P = —{OF{T%N%

xHg | + CaTr Np

(—1+2) (1-2 "
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128(1 + 2?) 256 (4 + 3z + 42?) 1282(1 + 2?)
—————"H_ |Hp; — 0,1 0,0,1
3(1+2) 91+ z) 3(—142)(1+2)
64(1 + 2?) 32(— 9 — 62 + 232?) 128(1 + 22)
—— T Hoo-1+ 2 0,1,—1
3(1+2) 9(1+ z) 3(1+2)
128(1 + 2?) 128(1 + 2?) 64(3 — 2z — 422 4 62°)
—H0,71,1 + 0 Ho1Ge — 3
3(1+ 2) 3(1+ 2) 3(—=1+2)(1+2)
980 = 2144 352 176 19474(—1 + 2)
C2 I o vves2 -
T4 ( 3‘1‘942 5(2 3C3>+ o7
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64(1 — 2z — 1227 — 223 4+ 2%)  2562(3 + 2) 3072z
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2562 15362
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1—=2 142
3072z 512z
+ Ho1,—1,-1+Ho 11,1 +Ho—1,-11] + Ho 101+ 322+ 2)¢
142 1—-=2
15362Cy. ., 642(13 —222)¢2  32z(—24 — 142 + 22)(;
R + . (112)
1+ 2 5(1—2)(1+2) 1+ 2
In the following we use the subsidiary functions
1+ 22
_ 113
DPqq 1127 (113)
tr ?
= . 114
pqq 1 + z ( )
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The difference terms between the + and —-type splitting functions are given by

2), 2),—
PR (2) - P& (2) =
3904 128 128 512
—_(—]_ + Z) + pqq <__H—1Hg + _Hg + —H_1H071

Ca
_{ (CF - 7) {CFTFNF 9 3 9 3
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3 0,0,1 T 3 11001 3 011 3 -1 9

2624 1024(4 + 3z + 42?)
128 (14 2)Hy —
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128 512
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+Pgq (—512H2_1H3 + 128H_H} + ( — 2048H? | — 512¢,)Hy s

+2048H_ HoHo 1 + 2048H_Ho o, — 2048H_Hoo_; + 4096H_; [Ho,, _, + Ho,_1.]
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3
2 2
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—128(3 + 132)H, +
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1+ 2 0] 00t 3(1+ z2)
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32(7 + 922 128(18 + 242 + 1722
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1+=2 1+2

[H0,1,—1 + Ho,—171]

HoHop,—1,-1 + H_i(y

(115)

and

2),+,tr 2),—,tr
P () - PR (2) =

A (er- G ) feron:

256 1024 1024 5120 512
+?H(2) — THO,I + 5 C2) H.,— 5 Ho—1 + ?[HO,O,I — Hoyp,-1]

448 1280 256 5120
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+ ( (—512H071 — 5]_2(2) Ho — ?Hg + 1024[H0,071 — H0707_1] + 2048[1’10717_1

3328
3

+H07_171] - CQ - 1536C3> H_1 + <256H(2) - 1024H0,1 + 1024{2) H2_1
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256
+32%)Hoo, + T( — 38 — 242 4 32°)Ho 0,1 + 1024Hg 01 — 3072H,0,0,1

+4096[Hp 01,-1 + Hoo—11 — Hoo—1.-1] +8192[Hp 11 -1 + Ho 11,1

+Ho,—1,-1,1] + 1024Hg 1 ¢ — 1536H, _1¢ — 512¢5 + 64( — 31 — 8z + 22)C3>

64(1 + 2)(1 — 10z + 2?)

z

(64(1 — 222 — 52%)

128(9 — Hy_; |H

z

1088 64(—1 4 2)(1 — 8z + 22
XH2,1H0+ <—T(—1+2)+ ( )( )C2>H1

( 64(3 + 12z — 5182% + 122° + 32*) 128(3 — 24z — 9827 — 242° + 32*)
+| - Ho +

92(1 + 2) 3z(1+ 2)
128(1 + 2) (1 — 10z + 2?) 64(3 — 24z — 14222 — 2423 4 32%)
xHo1 — Ho—1 — 2
2 32(1+ z)
64(3 + 122 — 5182% 4 122° + 32%)
H_; —128(1+ 2)H -
XH (1+2)Ho1 + 9-(1+2) 0,-1
128(3 — 24z — 9827 — 242°% + 32%)
— Ho1,—1 + Ho—
52(1+ 2) Ho1,—1+Ho—11]
128(1 + 2) (1 — 10z + 2?) 64( — 18 — 295z — 62% + 32%)
+ 0,-1,-1 — 2 (116)
z 9(1+ 2)

in the vector and transversity cases. Here we used the shorthand notation Hz(z) = Hz. 21
harmonic polylogarithms of up to weight w = 4 are contributing. 18 harmonic polylogarithms
of up to weight w = 4 are contributing to the difference terms.

The difference terms Pl%)Jr(z) - P1£12s)_(2) and P1§2S)’+’tr(z) - P1£125)7_’tr(2) do not contain soft
contributions. Their expansion around z = 1 is given by

PO (z) = PE(2) = ?(1 — 2) (CF - %) Cr(11CA—4TpNp) + O((1 — 2)?),  (117)

PRI = PYT() = (1 z){ (cp - %) Ct (—S( — 404 - 36@) - 6—ng)
64 Ca\’ 8
+§CFTFNF( — 74 6H,)| + (O - é‘) Cr —5(116 + 144¢)
8 2
—§( — 696 + 144¢)Hy | p 4+ O((1 — 2)?). (118)

In N space the leading term for N — oo is o< In(N)/N2.
Finally, the splitting function PIEIQS)’S reads

opedape | 400 2
——(1— —Z(100+9
N, { ( z)+< 3( +9z2) +

A1+ 2)(4 — 72 4 42?) -
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z
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16(14 2)(2 4 2 + 22?)
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. (8(1 + z)(43; T2+ 42%)

2
— 16(1 - Z)H0> H07_17_1 + <§<67 + 412’)

A(=1+2) (4 + 7z + 42?)
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-3 (34272 + 322*)Hp + 2(5 + 32)Hj — H,
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—?(3+5z )c} (119)

5 Comparison to the literature

We confirm the results for the non-singlet case for ”71(\18) 7'71(\18 ~ and nyS’S in Ref. [4] where the
on—shell forward Compton amplitude has been used for the calculation. The contributions o< 1%
have already been calculated independently as a by—product of the massive on—shell operator
matrix elements in Ref. [10]. We also agree with the fixed moments, which were calculated in
Refs. [39,80-83] and the prediction of the leading Ng terms for PNS and PNS ~ computed
in [84].

Furthermore, we derive the small z limit of the splitting functions, given by

176C4Tr Np
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32 242
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4Cy | 16Tr Ny
3 3

+ C%

27 27

+C%(60 + 384¢, + 192¢3) | Ho + CF

9 9 5
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256
+ Cr —FT};NJ%

1616(; 1300 640C  128(s
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3 )+ F F( 9 9 3

9896 19474 324¢2
+CaTpNr (2—7 —32C + 64C3> +C3 (‘2—7 + 224(5 — 5C2

12962

+14443> + 384(;»,) } +0(2), (120)

+ O3 (124 + 616¢, —

- 40C, | 32TpN
PR - PYT = 200(Ca— 2CF){(CA —20F)Hy + <— 42 F) H}

9 9

. <304TFNF

o T 8Cr(—4+413¢) — gCA(152 + 99@)) H;

16 4
+ (ETFNF (41 +6¢) + 320k ( — 4+ 6( + 5¢) — §CA( — 41 + 282(,

16
+25243)> Hy — 8CF(15 — 32¢ + 7¢5 — 24¢3) — gTFNF( — 61+ 20¢,
4
—18¢3) — §CA( — 367 + 92(, + 648(5 + 63(3) } +0(2), (121)
S da cda C ]- 2
PR* o NS [ DG - ZH + (18 — 10G) HE + (56 + 2G; — 1663) o
Ne L3 3
+144 — 66, + 62 + 164’3} +0(2). (122)

The leading small z terms for PIEIQS)’JF and PIEIQS)’_ agree with the prediction in Ref. [85] after
correcting some misprints there [86], see also [87]. Numerically the leading contributions are not
dominant but they are significantly reduced by subleading corrections, cf. [86]. For N = 3 and
Np = 3 one obtains

P~ 316049 HY + 45.0370 H3 + 407.565 H2 4 1684.87 Hy + 3469.02, (123)
P~ 2.86420 Hi + 52.1481 H3 + 570.854 H2 + 1973.93 H, + 3769.92. (124)

There are no predictions from genuine small z calculations for subleading terms. Also the small
z behaviour of PIEIQS)’S has not been predicted.
The splitting functions in the case of transversity do not contain logarithmically enhanced

terms in the small 2z region to three—loop order, but approach the following constants

. 1
lim PR (2) = CPlA84CT — 35204 T Ny + 6ATE NG, (125)
o I 128 64
lim PR (2) = —Cp|100C2 + 5 CaTpNp = ngNf%

[ (3344 448
+C |0y (— 4 32@) ~ TiNp—- —C3642 + G- (126)

9

For transversity we agree with the moments o< T calculated in [40] and the corresponding com-
plete N and z—space expressions given in [10]. In [88] the moments 1 and 3-8 of the transversity
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anomalous dimension have been computed, to which we agreeS, as well as to the result given
in the attachment to [89]. There the anomalous dimensions have has been obtained from 15
moments, under certain special assumptions on their mathematical structure.” We also agree to
the 16th moment of the transversity anomalous dimension calculated in [90].

6 Conclusions

We have calculated the three-loop non-singlet anomalous dimensions %%)Hr, 71(\1252’_, vl(\?s)’tr’Jr,
71(\128)’“’_ and %(\IQS)’S in Quantum Chromodynamics for unpolarized and polarized deep—inelastic

scattering. The method used in this first complete recalculation of the former results in [4, 89]
has been the traditional one, cf. [15,17], of massless off shell operator matrix elements, unlike the
on-shell Compton amplitude at virtuality Q? in [4]. The present method requests to obtain the
anomalous dimensions in a gauge-dependent framework. We confirm results given in the litera-
ture, also on partial results both in the unpolarized and polarized case. The former three—loop
calculations have been performed using gauge—invariant quantities. For the non—singlet anoma-
lous dimensions a finite renormalization can be avoided in the polarized case, due to a known
Ward identity and all the results are obtained in the MS scheme directly. The present calculation
has been performed fully automatically in all its parts using a chain of dedicated codes from dia-
gram generation to the final results. The three-loop anomalous dimensions have a comparatively
simple mathematical structure, since they can be expressed in harmonic sums only [71,72]. We

remark that also the three—loop unpolarized and polarized singlet anomalous dimensions (A)vgs)

and (A)m%) have been recalculated in complete form using the framework of massive on—shell
OMES in [12-14]. The flavor non-singlet anomalous dimensions play a particular role in the as-
sociated scheme-invariant evolution equations for non-singlet structure functions [91], allowing
for a direct measurement of the strong coupling constant.

The expressions of the anomalous dimensions and splitting functions have also been given in
computer-readable form as an atachment to this paper.

A Relation between the Larin and the MS scheme

The known Ward identity in the non-singlet case allows to derive the transformation between
the Larin scheme and the MS scheme directly. We calculated the anomalous dimension Aﬁ 5=
in both schemes and obtain the following transformation relations at three—loop order

Aygs”"\TS _ AL _9g [2(5(11)2 _ 2253),Ns] X 25125}1)7 (127)
9 = Sy (129

D% = O g+ WSt w T +2s_2]]
Ot _9N3(i?4+ SR N(]\176+ ot CFTFNFZJ]:Z(;V—]XI;)’ (129)

6In the last term of the 1st moment a factor N2 is missing.
"There is a sign error in the term o« C#Tr N in Eq. (A.15) of [89].

35



with

Ps3 = 2N*+ N*+8N? 4+ 5N +2, (130)
Psy = 103N* + 140N? + 58N? + 21N + 36. (131)

Acknowledgment. We thank A. Behring and A. De Freitas for discussions. This project has
received funding from the European Union’s Horizon 2020 research and innovation programme
under the Marie Sklodowska—Curie grant agreement No. 764850, SAGEX and from the Austrian
Science Fund (FWF) grant SFB F50 (F5009-N15).

References

[1] H.D. Politzer, Phys. Rept. 14 (1974) 129-180.

[2] A.J. Buras, Rev. Mod. Phys. 52 (1980) 199-276;
E. Reya, Phys. Rept. 69 (1981) 195-353;
B. Lampe and E. Reya, Phys. Rept. 332 (2000) 1-163 [arXiv:hep-ph/9810270 [hep-ph]];
J. Bliimlein, Prog. Part. Nucl. Phys. 69 (2013) 28-84 [arXiv:1208.6087 [hep-ph]].

[3] S. Bethke et al., Workshop on Precision Measurements of o, arXiv:1110.0016 [hep-ph];
S. Moch et al., High precision fundamental constants at the TeV scale, arXiv:1405.4781 [hep-ph];
S. Alekhin, J. Bliimlein and S.O. Moch, Mod. Phys. Lett. A 31 (2016) no.25, 1630023.

S. Moch, J.A.M. Vermaseren and A. Vogt, Nucl. Phys. B 688 (2004) 101-134 [hep-ph/0403192].
A. Vogt, S. Moch and J.A.M. Vermaseren, Nucl. Phys. B 691 (2004) 129-181 [hep-ph/0404111].
S. Moch, J.A.M. Vermaseren and A. Vogt, Nucl. Phys. B 889 (2014) 351-400 [arXiv:1409.5131 [hep-ph]].
S. Moch, J.A.M. Vermaseren and A. Vogt, Phys. Lett. B 748 (2015) 432-438 [arXiv:1506.04517 [hep-ph]].

P.A. Baikov and K.G. Chetyrkin, Nucl. Phys. Proc. Suppl. 160 (2006) 76-79;

P.A. Baikov, K.G. Chetyrkin and J.H. Kiithn, Nucl. Part. Phys. Proc. 261-262 (2015) 3-18 [arXiv:
1501.06739 [hep-ph];

V.N. Velizhanin, Four loop anomalous dimension of the third and fourth moments of the non-singlet twist-2
operator in QCD, arXiv:1411.1331 [hep-ph];

B. Ruijl, T. Ueda, J.A.M. Vermaseren, J. Davies and A. Vogt, PoS (LL2016) 071 [arXiv:1605.08408 [hep-ph]];
J. Davies, A. Vogt, B. Ruijl, T. Ueda and J.A.M. Vermaseren, Nucl. Phys. B 915 (2017) 335-362
[arXiv:1610.07477 [hep-ph]];

S. Moch, B. Ruijl, T. Ueda, J.A.M. Vermaseren and A. Vogt, JHEP 1710 (2017) 041 [arXiv:1707.08315
[hep-ph]].

[9] F. Herzog, S. Moch, B. Ruijl, T. Ueda, J.A.M. Vermaseren and A. Vogt, Phys. Lett. B 790 (2019) 436-443
[arXiv:1812.11818 [hep-ph]].

[10] J. Ablinger, A. Behring, J. Bliimlein, A. De Freitas, A. Hasselhuhn, A. von Manteuffel, M. Round, C. Schnei-
der, and F. Wiibrock, Nucl. Phys. B 886 (2014) 733-823 [arXiv:1406.4654 [hep-ph]].

[11] J. Ablinger, J. Bliimlein, A. De Freitas, A. Hasselhuhn, A. von Manteuffel, M. Round, C. Schneider and
F. Wissbrock, Nucl. Phys. B 882 (2014), 263-288 [arXiv:1402.0359 [hep-ph]].

. inger, A. Behring, J. Bliimlein, A. De Freitas, A. von Manteuffel and C. Schneider, Nucl. Phys.
12] J. Abli A. Behring, J. Bliimlein, A. De Frei A M ffel and C. Schneider, Nucl. Phys. B 890
(2014) 48-151 [arXiv:1409.1135 [hep-ph]].

[13] J. Ablinger, A. Behring, J. Bliimlein, A. De Freitas, A. von Manteuffel and C. Schneider, Nucl. Phys. B 922
(2017) 1-40 [arXiv:1705.01508 [hep-ph]].

[14] A. Behring, J. Bliimlein, A. De Freitas, A. Goedicke, S. Klein, A. von Manteuffel, C. Schneider and K. Schén-
wald, Nucl. Phys. B 948 (2019) 114753 [arXiv:1908.03779 [hep-ph]].

[15] D.J. Gross and F. Wilczek, Phys. Rev. D 8 (1973) 3633-3652.
[16] D.J. Gross and F. Wilczek, Phys. Rev. D 9 (1974) 980-993.

S O

=T S o=

=

36



[17] H. Georgi and H.D. Politzer, Phys. Rev. D 9 (1974) 416-420.
[18] K. Sasaki, Prog. Theor. Phys. 54 (1975) 1816-1827.

[19] M.A. Ahmed and G.G. Ross, Phys. Lett. B 56 (1975) 385-390.
[20]

20] E.G. Floratos, D. A.Ross and C.T. Sachrajda, Nucl. Phys. B 129 (1977) 66-88 Erratum: [Nucl. Phys. B
139 (1978) 545-546]; E.G. Floratos, D.A. Ross and C. T. Sachrajda, 152 (1979) 493-520.

A. Gonzalez-Arroyo, C. Lopez and F. J. Yndurain, Nucl. Phys. B 153 (1979) 161-186.
A. Gonzalez-Arroyo, C. Lopez and F. J. Yndurain, Nucl. Phys. B 159 (1979) 512-527.
A. Gonzalez-Arroyo and C. Lopez, Nucl. Phys. B 166 (1980) 429-459.

G. Curci, W. Furmanski and R. Petronzio, Nucl. Phys. B 175 (1980) 27-92.

W. Furmanski and R. Petronzio, Phys. Lett. B 97 (1980) 437-442.

E.G. Floratos, C. Kounnas and R. Lacaze, Nucl. Phys. B 192 (1981) 417-462.

R. Hamberg and W.L. van Neerven, Nucl. Phys. B 379 (1992) 143-171.

NN
w N =

o
o~

[
S L X N e o A =

[\
oo

R. Hamberg, Second order gluonic contributions to physical quantities, PhD Thesis, U. Leiden, 1991.
R. Mertig and W.L. van Neerven, Z. Phys. C 70 (1996) 637-654 [hep-ph/9506451v2].

W. Vogelsang, Phys. Rev. D 54 (1996) 2023-2029 [hep-ph/9512218]; Nucl. Phys. B 475 (1996) 47-72 [hep-
ph/9603366].

Ne)

= e e P e T e T o S
o

[31] R.K. Ellis and W. Vogelsang, The Evolution of parton distributions beyond leading order: The Singlet case,
arXiv:hep-ph/9602356 [hep-ph].

[32] Y. Matiounine, J. Smith and W.L. van Neerven, Phys. Rev. D 57 (1998) 6701-6722 [arXiv:hep-ph/9801224
[hep-ph]].

[33] Y. Matiounine, J. Smith and W.L. van Neerven, Phys. Rev. D 58 (1998) 076002 [hep-ph/9803439].

4] S. Moch and J.A.M. Vermaseren, Nucl. Phys. B 573 (2000) 853-907 [hep-ph/9912355].

A. Vogt, S. Moch, M. Rogal and J.A.M. Vermaseren, Nucl. Phys. B Proc. Suppl. 183 (2008) 155-161
[arXiv:0807.1238 [hep-ph]].

J. Bliimlein, P. Marquard, C. Schneider, and K. Schonwald, DESY 21-028.

S.A. Larin, Phys. Lett. B 303 (1993) 113-118 [arXiv:hep-ph/9302240 [hep-ph]].

F. Yndurain, The Theory of Quark and Gluon, Springer, Berlin 2006).

I. Bierenbaum, J. Bliimlein and S. Klein, Nucl. Phys. B 820 (2009) 417482 [arXiv:0904.3563 [hep-ph]].
J. Bliimlein, S. Klein and B. Tédtli, Phys. Rev. D 80 (2009) 094010 [arXiv:0909.1547 [hep-ph]].

D.J. Gross and F. Wilczek, Phys. Rev. Lett. 30 (1973) 1343-1346;

H.D. Politzer, Phys. Rev. Lett. 30 (1973) 1346-1349;

W.E. Caswell, Phys. Rev. Lett. 33 (1974) 244-246;

D.R.T. Jones, Nucl. Phys. B 75 (1974) 531-538;

0.V. Tarasov, A.A. Vladimirov and A.Y. Zharkov, Phys. Lett. B 93 (1980) 429-432;

S.A. Larin and J.A.M. Vermaseren, Phys. Lett. B 303 (1993) 334-336 [hep-ph/9302208];

T. van Ritbergen, J.A.M. Vermaseren and S.A. Larin, Phys. Lett. B 400 (1997) 379-384 [hep-ph/9701390];
M. Czakon, Nucl. Phys. B 710 (2005) 485-498 [hep-ph/0411261];

P.A. Baikov, K.G. Chetyrkin and J.H. Kiihn, Phys. Rev. Lett. 118 (2017) no.8, 082002 [arXiv:1606.08659
[hep-ph]];

F. Herzog, B. Ruijl, T. Ueda, J.A.M. Vermaseren and A. Vogt, JHEP 02 (2017) 090 [arXiv:1701.01404
[hep-ph]J;

T. Luthe, A. Maier, P. Marquard and Y. Schréder, JHEP 10 (2017) 166 [arXiv:1709.07718 [hep-ph]].

[42] K.G. Chetyrkin, Nucl. Phys. B 710 (2005) 499-510 [arXiv:hep-ph/0405193 [hep-ph]].

[43] K.G. Chetyrkin, G. Falcioni, F. Herzog and J.A.M. Vermaseren, JHEP 1710 (2017) 179 Addendum: [JHEP
1712 (2017) 006] [arXiv:1709.08541 [hep-ph]].

w

w
S

w
D

w
339

w
[0

T w e w W
= 9 9 X% 3 9

—_

37



[44] E. Egorian and O.V. Tarasov, Teor. Mat. Fiz. 41 (1979) 26 [Theor. Math. Phys. 41 (1979) 863].

[45] T. Luthe, A. Maier, P. Marquard and Y. Schréder, JHEP 1701 (2017) 081 [arXiv:1612.05512 [hep-ph]].
[46] J. Bliimlein and N. Kochelev, Nucl. Phys. B 498 (1997) 285-309 [arXiv:hep-ph/9612318 [hep-ph]].

[47) P.A. Zyla et al. (Particle Data Group), Prog. Theor. Exp. Phys. 083C01 (2020) and 2021 update.

[48] K. Rith, What can the 'EMC effect’ tell us about quarks and gluons in nuclei?, FREIBURG-THEP-83-4.
[49] P. Nogueira, J. Comput. Phys. 105 (1993) 279-289.

[50]

50] J.A.M. Vermaseren, New features of FORM, math-ph/0010025;
M. Tentyukov and J.A.M. Vermaseren, Comput. Phys. Commun. 181 (2010) 1419-1427 [hep-ph/0702279).

[61] T.van Ritbergen, A.N. Schellekens and J.A.M. Vermaseren, Int. J. Mod. Phys. A 14 (1999) 41-96 [arXiv:hep-
ph/9802376 [hep-ph]].

[52] J. Ablinger, J. Bliimlein, C. Raab, C. Schneider and F. Wilbrock, Nucl. Phys. B 885 (2014) 409447

[arXiv:1403.1137 [hep-ph]].

H. Burkhardt and W. N. Cottingham, Annals Phys. 56 (1970) 453-463

R. Jackiw, Springer Tracts Mod. Phys. 62 (1972) 1-28.

J. Ablinger, J. Bliimlein, S. Klein and C. Schneider, Nucl. Phys. Proc. Suppl. 205-206 (2010) 110-115
[arXiv:1006.4797 [math-ph][;

J. Bliimlein, A. Hasselhuhn and C. Schneider, PoS (RADCOR 2011) 032 [arXiv:1202.4303 [math-ph]];

C. Schneider,Computer Algebra Rundbrief 53 (2013) 8-12;

C. Schneider, J. Phys. Conf. Ser. 523 (2014) 012037 [arXiv:1310.0160 [cs.SC]].

[56] R.N. Lee, J. Phys. Conf. Ser. 523 (2014) 012059 [arXiv:1310.1145 [hep-ph]]; Presenting LiteRed: a tool for
the Loop InTEgrals REDuction, arXiv:1212.2685 [hep-ph].

[67] P. Marquard and D. Seidel, The Crusher algorithm, unpublished.

ot ot
N

‘ot
S

[58] J. Lagrange, Nouvelles recherches sur la nature et la propagation du son, Miscellanea Taurinensis, t. IT, 1760-61;
Oeuvres t. I, p. 263;
C.F. Gauf}, Theoria attractionis corporum sphaeroidicorum ellipticorum homogeneorum methodo novo trac-
tate, Commentationes societas scientiarum Gottingensis recentiores, Vol III, 1813, Werke Bd. V pp. 5-T;
G. Green, Essay on the Mathematical Theory of Electricity and Magnetism, Nottingham, 1828 [Green Papers,
pp. 1-115];
M. Ostrogradski, Mem. Ac. Sci. St. Peters., 6, (1831) 39;
S. Laporta, Int. J. Mod. Phys. A 15 (2000) 5087-5159 [hep-ph/0102033].

K.G. Chetyrkin and F.V. Tkachov, Nucl. Phys. B 192 (1981) 159-204.
J. Bliimlein and C. Schneider, Phys. Lett. B 771 (2017) 31-36 [arXiv:1701.04614 [hep-ph]].

1] F.V. Tkachov, Phys. Lett. B 100 (1981) 65-68; Theor. Math. Phys. 56 (1983) 866-870; Teor. Mat. Fiz. 56
(1983) 350-356;
See also: T. Gehrmann, E.W.N. Glover, T. Huber, N. Ikizlerli and C. Studerus, JHEP 06 (2010) 094
[arXiv:1004.3653 [hep-ph]];
R.N. Lee, A.V. Smirnov and V.A. Smirnov, Nucl. Phys. B Proc. Suppl. 205-206 (2010) 308-313
[arXiv:1005.0362 [hep-ph]];
R.N. Lee and V.A. Smirnov, JHEP 02 (2011) 102 [arXiv:1010.1334 [hep-ph]].

2] J. Bliimlein, P. Marquard and C. Schneider, PoS (RADCOR2019) 078 [arXiv:1912.04390 [cs.SC]].
3] M. Kauers, Guessing Handbook, JKU Linz, Technical Report RISC 09-07.

4] J. Bliimlein, M. Kauers, S. Klein and C. Schneider, Comput. Phys. Commun. 180 (2009) 2143-2165
[arXiv:0902.4091 [hep-ph]].

=@ o
S L

=)

= o

[65] Sage, http://www.sagemath.org/

[66] M. Kauers, M. Jaroschek, and F. Johansson, in: Computer Algebra and Polynomials, Editors: J. Gutierrez,
J. Schicho, Josef, M. Weimann, Eds.. Lecture Notes in Computer Science 8942 (Springer, Berlin, 2015)
105-125 [arXiv:1306.4263 [cs.SC]].

38



[67] J. Bliimlein, D.J. Broadhurst and J.A.M. Vermaseren, Comput. Phys. Commun. 181 (2010), 582-625

[

[
[
[
[
[
[

68]

82]
83]
84]
85]
86]
87]

[arXiv:0907.2557 [math-phl]].

M. Karr, J. ACM 28 (1981) 305-350;

M. Bronstein, J. Symbolic Comput. 29 (2000) no. 6 841-877;

C. Schneider, Symbolic Summation in Difference Fields, Ph.D. Thesis RISC, Johannes Kepler University,
Linz technical report 01-17 (2001);

. Schneider, An. Univ. Timisoara Ser. Mat.-Inform. 42 (2004) 163-179;

. Schneider, J. Differ. Equations Appl. 11 (2005) 799-821;

. Schneider, Appl. Algebra Engrg. Comm. Comput. 16 (2005) 1-32;

. Schneider, J. Algebra Appl. 6 (2007) 415-441;

. Schneider, Clay Math. Proc. 12 (2010) 285-308 [arXiv:0904.2323 [cs.SC]];

. Schneider, Ann. Comb. 14 (2010) 533-552 [arXiv:0808.2596];

Schneider, in: Computer Algebra and Polynomials, Applications of Algebra and Number Theory, J. Gutier-
rez, J. Schicho, M. Weimann (ed.), Lecture Notes in Computer Science (LNCS) 8942 (2015) 157-191
[arXiv:1307.7887 [cs.SC]];

C. Schneider, J. Symb. Comput. 72 (2016) 82-127 [arXiv:1408.2776 [cs.SC]]. C. Schneider, J. Symb. Com-
put. 80 (2017) 616-664 [arXiv:1603.04285 [cs.SC]]. S.A. Abramov, M. Bronstein, M. Petkovsek, Carsten
Schneider, J. Symb. Comput. 107 (2021) 23-66 [arXiv:2005.04944 [cs.SC]].

C. Schneider, Sém. Lothar. Combin. 56 (2007) 1-36 article B56b.

oNoNoNoNONONS!

C. Schneider, Simplifying Multiple Sums in Difference Fields, in: Computer Algebra in Quantum Field The-
ory: Integration, Summation and Special Functions Texts and Monographs in Symbolic Computation eds.
C. Schneider and J. Bliimlein (Springer, Wien, 2013) 325-360 [arXiv:1304.4134 [cs.SC]].

J.A.M. Vermaseren, Int. J. Mod. Phys. A 14 (1999) 2037-2076 [hep-ph/9806280)].
J. Bliimlein and S. Kurth, Phys. Rev. D 60 (1999) 014018 [hep-ph/9810241].
E. Remiddi and J.A.M. Vermaseren, Int. J. Mod. Phys. A 15 (2000) 725-754 [hep-ph/9905237].

J. Ablinger, J. Bliimlein and C. Schneider, J. Phys. Conf. Ser. 523 (2014) 012060 [arXiv:1310.5645 [math-
ph]l;

J. Ablinger, PoS (LL2014) 019 [arXiv:1407.6180[cs.SC]]; A Computer Algebra Toolbox for Harmonic Sums
Related to Particle Physics, Diploma Thesis, JKU Linz, 2009, arXiv:1011.1176[math-ph]; Computer Algebra
Algorithms for Special Functions in Particle Physics, Ph.D. Thesis, Linz U. (2012) arXiv:1305.0687[math-
ph]; PoS (LL2016) 067; Experimental Mathematics 26 (2017) [arXiv:1507.01703 [math.CO]]; PoS (RAD-
COR2017) 001 [arXiv:1801.01039 [cs.SC]]; arXiv:1902.11001 [math.CO]; PoS (LL2018) 063.

J. Ablinger, J. Bliimlein and C. Schneider, J. Math. Phys. 52 (2011) 102301 [arXiv:1105.6063 [math-ph]].
[76]

J. Ablinger, J. Bliimlein and C. Schneider, J. Math. Phys. 54 (2013) 082301 [arXiv:1302.0378 [math-ph]].

J. Ablinger, J. Bliimlein, C.G. Raab and C. Schneider, J. Math. Phys. 55 (2014), 112301 [arXiv:1407.1822
[hep-th]].

J. Bliimlein, Comput. Phys. Commun. 180 (2009) 2218-2249 [arXiv:0901.3106 [hep-ph]].
J. Bliimlein, Comput. Phys. Commun. 159 (2004) 19-54 [arXiv:hep-ph/0311046 [hep-ph]].
S.A. Larin, T. van Ritbergen and J.A.M. Vermaseren, Nucl. Phys. B 427 (1994) 41-52.

S.A. Larin, P. Nogueira, T. van Ritbergen and J.A.M. Vermaseren, Nucl. Phys. B 492 (1997) 338-378
[arXiv:hep-ph /9605317 [hep-ph]].

A. Retey and J.A.M. Vermaseren, Nucl. Phys. B 604 (2001) 281—311 [arXiv:hep-ph/0007294 [hep-ph]].
J. Bliimlein and J.A.M. Vermaseren, Phys. Lett. B 606 (2005) 130138 [arXiv:hep-ph/0411111 [hep-ph]].
J.A. Gracey, Phys. Lett. B 322 (1994) 141-146 [hep-ph/9401214].

R. Kirschner and L.N. Lipatov, Nucl. Phys. B 213 (1983) 122-148.

J. Bliimlein and A. Vogt, Phys. Lett. B 370 (1996) 149-155 [hep-ph/9510410].

J. Bartels, B.I. Ermolaev and M.G. Ryskin, Z. Phys. C 70 (1996) 273-280 [hep-ph/9507271].

39



[88]

J.A. Gracey, Phys. Lett. B 488 (2000) 175-181 [arXiv:hep-ph/0007171 [hep-ph]]; Nucl. Phys. B 662 (2003)
247-278 [arXiv:hep-ph/0304113 [hep-ph]]; JHEP 10 (2006) 040 [arXiv:hep-ph/0609231 [hep-ph]]; Phys. Lett.
B 643 (2006) 374 378 [arXiv:hep-ph/0611071 [hep-ph].

V.N. Velizhanin, Nucl. Phys. B 864 (2012) 113-140 [arXiv:1203.1022 [hep-ph]].

A.A. Bagaev, A.V. Bednyakov, A.F. Pikelner and V.N. Velizhanin, Phys. Lett. B 714 (2012) 76-79
[arXiv:1206.2890 [hep-ph]].

J. Bliimlein, H. Béttcher and A. Guffanti, Nucl. Phys. B 774 (2007) 182-207 [arXiv:hep-ph/0607200 [hep-
phl};

J. Bliimlein and M. Saragnese, The N*LO Scheme-invariant QCD Ewvolution of the Non-singlet Structure
Functions F3S(x,Q?) and gY3(z, Q?), arXiv:2107.01293 [hep-ph].

40



	desy104
	InnenseiteDESY-Berichte
	desy21-104

