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Abstract: The connection between Feynman integrals and GKZ A-hypergeometric
systems has been a topic of recent interest with advances in mathematical techniques
and computational tools opening new possibilities; in this paper we continue to ex-
plore this connection. To each such hypergeometric system there is an associated
toric ideal, we prove that the latter has the Cohen-Macaulay property for two large
families of Feynman integrals. This implies, for example, that both the number of
independent solutions and dynamical singularities are independent of space-time di-
mension and generalized propagator powers. Furthermore, in particular, it means
that the process of finding a series representation of these integrals is fully algorith-
mic.

1. INTRODUCTION

Much of our understanding of physical amplitudes in quantum field theory is tied to their
perturbative expansion in terms of Feynman diagrams. This makes Feynman diagrams
and their associated integrals central objects in quantum field theory [1-3]. The analytic
view of Feynman integrals is as old as the integrals themselves, e.g. to guarantee causality
they are often continued into the complex plane in a predetermined manner. An algebraic
viewpoint is not as common in physics, even though it has been known for a some time [4],
see also [5]. Recently the algebraic methods of Gelfand, Kapranov and Zelevinski [5-8], using
what are now called GKZ A-hypergeometric systems, in tandem with the Lee-Pomeransky
representation of Feynman integrals [9] have attracted interest (see e.g. [10-14] also [15]),
partially due to the computational utility of this perspective. In this paper we focus on the
study of Feynman integrals using this GKZ A-hypergeometric system point of view.

Throughout this paper we will assume that the underlying Feynman graph G is two-
edge connected, or in common physics terminology, G is one particle irreducible (1PT).
This means that at least two edges in the graph have to be cut for the graph to become
disconnected. This is not a substantial restriction from a physical point of view as any
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connected amplitude can be factored into its 1PI components. Moreover, all integrals are
assumed to be dimensionally regularized with generalized dimension D.

More precisely we consider scalar Feynman integrals arising from a 1PI Feynman diagram,
i.e. a graph G = (V, E) where each edge is labeled with a mass m., momentum k., and
propagator 1/(k? —m?) and certain vertices are labeled with a momentum p(v). This set of
distinguished vertices are called external vertices, V., and are required to satisfy momentum
conservation ) ., p(v) = 0. Such integrals can be converted to the Lee-Pomeransky form,
which is the standard form we will use here. For a graph G we work over RIZl where |E|
is the size of the edge set F of the graph G. We will also define the Symanzik polynomials
U and F associated to G, cf. [16]. The polynomial U is obtained by summing over all
spanning trees in G' and for each such tree adding a monomial consisting of all variables
whose edge is not in the spanning tree, to obtain F we sum a polynomial depending on U
with one obtained by summing over spanning two-forests of G. Given a spanning two-forest
F=(T,T") of G set p(F) = >, crny.., P(v). In symbols the Symanzik polynomials are:

U= >y 1= (1)

T aspanning e¢T

tree of G
F=UY mir.+ Y p(F)P ] e (2)
eeE F' a spanning eZF

2—forest of G

where m, is the mass associated to the edge e and |p(F)|? is obtained from the Wick
rotation of the Lorentz form p(F)?* — —|p(F)|?. If the Wick rotation is undone, we consider
the Euclidean reagion s.t. p(F)? < 0 for every F.

Our main result is a theorem stating that in many cases the Newton polytope P =
Newt(U + F) (cf. (4)) associated to a Feynman integral is normal. This proves a weaker
version of the conjecture about existence of unimodular triangulations proposed in [11] for
our considered classes of diagrams. When working with Feynman integrals from the GKZ
A-hypergeometric system perspective we will also associate an ideal I4 to such a system.
Our main result will directly imply that this ideal I4 is Cohen-Macaulay; this in turn has
several important theoretical and computational consequences which are discussed in more
depth in Subsection 1.1.

Theorem 1.1 (Main Theorem). Let G = (V, E) be a Feynman diagram with associated
Symanzik polynomials U and F. Set G = U + F, then the Newton polytope Pg = Newt(G)
1s normal if either

e m.#0 foralle e E, or

e m, =0 for all e € E and every vertex is connected to an external off-shell leg, i.e.
p2 £ 0 for every v € V = V.

The second case especially includes all polygon diagrams like the triangle, box or pentagon.

We prove this theorem in two parts, the massive case is treated in Theorem 3.1 and
the massless case in Theorem 3.5. In short, this result means that not only can we expect
the hypergeometric systems associated to a Feynman diagram to have desirable mathemat-
ical properties, but additionally we can expect that the associated Grobner deformation



will be straightforward to compute, allowing us to obtain series solutions effectively in an
algorithmic manner.

1.1. Feynman Integrals and Hypergeometric Systems

Let b € Zg be an integral vector, and D € R; after conversion to Lee-Pomeransky form
the Feynman integral associated to the graph G is the integral J5(D,b) given by

b1 et

. B r(D/2) )
DD = = i Tm) g G e O

|E|
>0

where G =U+F, and ¢ := >, b; — L- D/2 with L the number of independent cycles in the
graph G.

Suppose that for a given Feynman diagram G the polynomial G has the form G =
> oi_y Gz%. Note that the ¢; are explicitly given constants determined by the momenta,
masses and graph structure. To consider this as an A-hypergoemtric system we will in-
stead take the coefficients as undetermined parameters and consider G = Y., ¢;z% as a

polynomial in the ring Q(D)[cy,...,¢|[x1,...,2g], this recovers our original polynomial
U+ F in Q(D)[x1, ..., x5] when we set ¢; = ¢;. We abuse notation and use U, F, and G to
denote both the polynomials in Q(D)[cy,...,¢][x1,...,2g] and the resulting polynomial
in Q(D)[z1,...,zg] when we set ¢; = ¢;. The polynomial G determines an (|E| + 1) x r

integer matrix A obtained by adding a row of ones above the matrix with column vectors
the exponents a; of G:

A=A % {1} — (1 1 .- 1 1) GN(|E|+1)><1" (4)
ap Qg - Ar_1 Gy 7
where A_ = (a1 Qg+ Qp_1 ar) € NIEIx ig the matrix whose columns are the exponent

vectors of G. We will refer to the Newton polytope of G, Newt(G) = conv({as,...,a,}),
defined by the convex hull of the vectors as the Symanzik polytope. We suppose this polytope
is given in half-space representation as

N

Newt(G) = ﬂ {o¢€ RE | (uy,0) < vi} (5)

=1

where y; € RIPI v € RV,

Now return to considering the Feynman integral J5(D, b;c), which we now take as a
function of ¢ since we consider G as a polynomial in Q(D)[cy,...,¢[x1,..., 2] The
integral Jc (D, b;c) is a special case of a so called Fuler-Mellin integral; it is shown in [17]
that such integrals admit a meromorphic continuation, giving

Ja(D,bie) = &(D,b;e) [ [T(wiD/2 = (s, b)) (6)

i=1

for some function ® entire in D and b; note v, p are as in (5). We will also define a
vector 3 determined by the vector b and the value D appearing in the Feynman integral in



Lee-Pomeransky form (3), that is

—D/2
—by
: (7)

—byp

The function ®(D,b;c) is a GKZ A-hypergeometric function of ¢ and satisfies the GKZ
A-hypergeometric system H4((3), which we now define. Let W = Q(D)[c1,...,¢,01,...,0;]
be a Weyl algebra with 0; denoting the differential operator association to ¢; (i.e. 0; acts
as differentiation by ¢; on a polynomial in Q|ey, ..., ¢,]) and let 4 = (0“ — 0V | Au = Av)
be the toric ideal in Q[0 ...,0,] defined by the matrix A as in (4) above; the toric ideal
is a prime binomial ideal and such ideals define toric varieties, see [18, Chapter 4]. Writing
A = [a;;], the system H4(5) is a left ideal Ha () := 14 + Za(B) in W where

Za(B) = <Zai,j0j3j—5i|i=17-~a|E|+1>- (8)

J=1

Finding a basis consisting of holomorphic functions for the space of solutions to the A-
hypergeometric system H () gives an expression for ®(D, b; ), and hence an expression for
the Feynman integral Jg(D, b; ¢). By the Cauchy-Kowalevskii-Kashiwara Theorem (see also
[19, Theorem 1.4.19]) the dimension of the complex vector space of solutions to the system
H(B) in a neighbourhood of a smooth point is equal to rank(H 4(3)), the holonomic rank
of the ideal H4(f). Results of [5, 20], see also [19, Theorem 4.3.8], tell us that if the toric
ideal 14 is Cohen-Macaulay for a given A then rank(H4(5)) = (|E|!) - vol(conv(A)) and the
singular points where solutions to the system H4(f) do not exist are independent of £.

A basis for the solution space to the system H,4 () may be computed using techniques
described in [19, Chapter 3]. An important step in this computation is finding the Grébner
deformation of H 4 (3) with respect to a weight vector w € R”, denoted in_y, .\ (Ha(8)). This
is also greatly simplified in the case 14 is Cohen-Macaulay since in this case

() (Ha(B)) = Za(B) + inw(La), (9)

[19, Theorem 4.3.8], where the later expression in,(l4) is the initial ideal (or lead term
ideal) of I4. The initial ideal of I4 can be computed directly from a Grébmer basis of
14, which is in turn straightforward to obtain using standard methods. We obtain the
appropriate weight vectors w by computing the Grobner fan of 74 and choosing a (generic)
representative vector w from each cone in the Grébner fan of 14, an efficient procedure (and
accompanying software implementation) for computing this Grébner fan of such a toric ideal
is detailed in [21]. Grébner fans can also be computed using the package Gfan [22], we make
use of this implementation via it’s Macualay2 [23] interface in Section 1.2 below.

1.2. Example

We illustrate this process on the Feynman diagram G shown in Figure 1. For further
reading on the techniques employed in our example we recommend the book [19].
In D dimensions the classical presentation for the Feynman integral for the diagram in
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FIG. 1: Feynman diagram G for the massive bubble. There are two edges, with mass m;
associated to the edge xy, and my associated to the edge x5 and two vertices with
(external) momenta p and —p, respectively.

Figure 1 is

d°E 1 1
J= ) 1
0 /wD/W—m%(k—p)z—mQ 1)

After Wick-rotating, introducing Feynman parameters and integrating over the loop mo-
menta, this integral can be written in the Lee-Pomeransky form (up to some factors of 7
and 7), as in (3) with b= (1,1) as
I'(D/2)
(D —2)
U(z) = o1 + x9, F(z) = (m] +mi + |p*)z1ze + miz] +miz;  (12)

36(D,b) = Jo(D, (1,1)) = /R U(x) + F(2)) P dwrdes, (11)

where [p|? > 0 is the Euclidean norm obtained by Wick rotation: p* — —|p|?. This integral
is a special case of the Euler-Mellin integral which admits the meromorphic continuation

/ U+ F)PPdzyde, =T(2 — D/2)I(D — 2)®(D) (13)

2
+

where ®(D) is an entire analytic function. Treating all the coefficients of the polynomial
U + F as arbitrary coefficients c¢;, gives

G(z,c) =U(z,c) + Flx,¢) = c101 + caTp + 32170 + 475 + c573.

Then the function ®(D;c) associated to the resulting integral

Ja(D,1;¢) = G(x,c) Pdridzy =T(2 — D/2)T(D — 2)®(D; c) (14)

2
R+

is A-hypergeometric as a function of ¢ and satisfies the A-hypergeometric system H4(53)
with

11111 —D/2
A=[10120] ={1} xNewt(G), 8= -1 |. (15)
01102 ~1

Now let W be the Weyl algebra

W:Q(D)[Cl,...,C5,81,...,85]. (16)



Then the A-hypergemoetric system Ha(5) = Z4(B) + 14 is the left-ideal in W defined by

[A = <8§ — 8485, 8283 — 3185, 8183 - 8284> (17)
0181 + 0282 + 0383 + 0484 + 0585 = 51
ZaA(B) = { 101 + c305 + 2¢404 = Po (18)

0282 + 0383 + 26585 = 53

where 1,4 is the toric ideal in 0; defined by A. Since m; and ms are assumed to be non-zero,
Theorem 1.1 guarantees that the polytope conv(A) is normal which in particular implies that
I, is Cohen-Macaulay. For (—w,w) € R!? the Cohen-Macaulay property of I4 guarantees
that the Grébner deformation of H4(8) can be decomposed as

() (Ha(B)) = Za(B) + iny(La)- (19)

The procedure for constructing a series solutions to H(3) consists of solving the system
given by the Grébner deformation in(_.)(H4(53)) and lifting these solutions to Ha(8) by
attaching them to a I'-series.

The solutions to in(_y.)(Ha(3)) will be monomials ¢* = ¢{* ---¢;®, u € C°. The toric
ideal I4 has a Grobner fan consisting of seven top-dimensional cones, meaning that there
are seven distinct initial ideals in,(14). If we choose weight vector w = (0,0, —2,1,1), then
I has the reduced Grobner basis

{(0204) — 0103, (0105) — 0205, (0405) — 03} (20)

where the monomials marked with parentheses generates in,(14). If ¢* is a solution of the
initial system, then the exponent vectors must satisfy

Ustly = uyus = uguy =0, (21)
Uy
11111\ | —D/?2
10120 |us| = =1 |. (22)
01102/ | uy 1
Us

The Cohen-Macaulay property of [, guarantees that the number of solutions to these equa-
tions is the normalized volume of the polytope conv(A), i.e., these six equations have three
solutions:

W= (2-D,0, -1, D/2—1, 0)
u® =(0,2-D, -1, 0, D/2 1) (23)
u® =(1-D/2, 1-D/2, D/2—2, 0, 0).

The three monomials ¢, c*® ¢ generate the solution space of in_uw (Ha(B)) and can



be lifted to solutions of H4(f) as

, Fw+1)
@) = ) MUY with 24
¢ Z F(u(l>+v+1)c W (24)
veEN (@)
D= {v=m(-1,1,1,0,—1) + n(2, 2,0, —1, 1) m,neZ|m>2n, m<0, n>m},
2):{v:m(—l,l,l,o, —-1)+n(2,-2,0,-1,1), myn€Z|2n>m, m <0, n <0}, and
8 = {v=m(-1,1,1,0,-1) + n(2,-2,0,-1,1), mn €Z | n <0, n>m},

where (—1,1,0,—1) and (2,—2,0,—1,1) span the integral kernel of A and the inequalities
guarantee that the quotients of I'-functions are always well-defined. A solution ®(D;c) to
the hypergeometric system H4(/3) can now be written as ®(D; c) = K¢ + Ky + K36,
The coefficients K; must be such that the meromorphic continuation on the right hand side of
(14) matches the left hand side on the domain of convergence of the integral. For example,
K can be determined by taking the limit cy,c5 — 0 in (14) where ¢ and c5 are picked
because their respective exponents in u!) are zero. The integral becomes

D -2)I'(1 —D/2
/ ( dxlde ( ) ( / )C% chlcf/Q 1’ (25)
R2

1Ty + C3T1 T2 + cqz3) P2 I'(D/2)

note the limit is not well-defined for ®(D;c) because ¢ and c5 appear as denominators,
or more precisely, they will have exponents with negative real part'. However, the limit is
well-defined in the Weyl algebra as the restriction ideal:

HA(/B)’CQ,CE):O = (HA(B) + CQW =+ C5W) N Q(D)[Cl, Cs, C4, (91, 83, (94] (26)
The solution space to this ideal is one- d1mens1onal and spanned by ¢ Pcg 1cf/ >~! we thus
interpret the limit as ®(D;c) — K2 Py 1cf/ *! Bquating this with the eXplicitly evalu-
ated integral and substituting into (14) yields
I'l—D/2)
K, = . 27
"7 I(D/2)L(2 - D/2) (27)
Similarly we obtain
ND/2-1)I'(D/2 -1
K= K, K= P/2-1D0(D/2-1) (28)

(D/2)T'(D —2)
We have now obtained an explicit series representation for the Feynman integral in one of the

seven Grobner cones, the same procedure can be used to obtain an explicit representation
in the other cones.

The paper is organized as follows; in Section 2 we review several definitions and results
which will be needed to prove the main theorem, Theorem 1.1. The main theorem is proved
in Section 3, this proof is separated into two cases, massive and massless. The massive case
is treated in Subsection 3.1 and the massless case is treated in Subsection 3.2.

! Note that the form of N(!) guarantees that the limit is well-defined for ¢().



2. BACKGROUND

In this section we briefly review several definitions and results from different areas of
algebra which will be needed in Section 3. Readers wishing further details should consult
books such as [8, 24-26] on algebraic geometry and [27] on matroid theory. As was discussed
in Section 1, in the context of computing series solutions to Feynman integrals, many things
become much simpler when the toric ideal 4 associated to the matrix A in (4) has the
Cohen-Macaulay property. Since the matrix A in (4) is always full rank with a row of
ones the resulting toric ideal is homogeneous; recall an ideal I is called homogeneous if it
has a homogeneous generating set (equivalently its Grobner basis consists of homogeneous
polynomials), i.e. I = (g1, ..., g;) where all monomials appearing in g; have the same degree.
Hence we will restrict our attention to the case of homogeneous ideals.

Let I be a homogeneous ideal in a polynomial ring R = k[zy,..., 2] over a field k of
characteristic zero defining a projective variety X = V(I) C P! with d := dim(I) =
dim(X) + 1. Then d homogeneous polynomials hy,...hy in R/I are called a homogeneous
system of parameters for R/I if dimg(R/I + (hi,...,hq)) < co. We say that a subsequence
hi,... h, is a (R/I)-reqular sequence of length r if R/I is a free k[hy,...,h,] module, or
equivalently if the Hilbert series of I, H;(z), is equal to the Hilbert series of I + (hq,...,h,)
divided by the polynomial JT;_, (1 — zde&(h).

Definition 2.1 (Cohen-Macaulay). A homogeneous ideal I in a polynomial R = k[zy, ..., 2]
over a field k with d = dim(I) is Cohen-Macaulay if there exists a homogeneous system of
parameters hy, . ..hg such that hy,...hy is also a (R/I)-reqular sequence of length d.

Our interest is in homogeneous toric ideals. That is for a full rank (|E|+ 1) X r integer
matrix with first row the all ones vector (e.g. as in (4)) we wish to consider the ideal
Iy = (2" — 2" | Au = Av) in the polynomial ring k[z1,...,2,.]; this ideal I, is always a
homogeneous prime ideal generated by a finite set of homogeneous binomials. The toric
ideal I4 defines a projective toric variety X4 = V(I4) C P*~'. We say the semi-group NA
is normal if

For toric ideals a result of Hochster’s [28], see also [29, Corollary 1.7.6], gives us a charac-
terization of the Cohen-Macaulay property of the ideal I4 in terms of the normality of the
semi-group NA.

Theorem 2.2 (Hochster). If the semi-group NA is normal then the toric ideal 14 is Cohen-
Macaulay.

Normality of a configuration of lattice points A = A_ x {1} can be characterised by a
combinatorial property of the polytope P = conv(A_):

Definition 2.3 (Normal Polytope). A polytope P is called normal, or said to have the
integer decomposition property? (IDP), if for any k € N

kPNZ=(k—1)PNZ'+ PNZ% (29)

Proposition 2.4 (Remark 0.1 of [30]). A polytope P is IDP if and only if N(Px {1}NZ4+1) =
]Rzo(P X {1}) N Zd+1.

2 This is sometimes called integrally closed.



This means especially that if all lattice points in conv(A_) are column vectors in A_
(which correspond to exponents of monomials in G), i.e. the set of column vectors of A_ is
conv(A_) N Z4, the toric ideal 14 will be Cohen-Macaulay if the polytope P = conv(A_) is
IDP.

Hence when considering the question of if a toric ideal I, is Cohen-Macaulay in Sec-
tion 3 we will instead seek to prove the stronger sufficient condition that the polytope

= conv(A_) is normal. We now recall two standard constructions in polyhedral geome-
try.

Definition 2.5. Let P,Q C R? be (lattice) polytopes. The Minkowski sum P + Q is
P+Q:={p+qeR'|peP, qeQ}
The Cayley sum P x Q is the convex hull of (P x {0}) U (Q x {1}) in R

In Section 3 the notion of an edge-unimodular polytope will play a prominent role. Recall
that a matrix M € Z%*" is said to be unimodular if all d x d minors are either 0, 1, or —1. A
polytope P is called edge-unimodular if there a unimodular matrix M such that the edges of
P are parallel to the columns of M. In Section 3 we employ Corollary 2.7 which is a direct
consequence of the following result of Howard [31, 32|, see also Danilov and Koshevoy [33].

Theorem 2.6 (Theorem 4.7 of [31], cf. [32]). Suppose that M is a unimodular matriz and
that P and Q) are lattice polytopes with edges parallel to the columns of M, that is P and Q)
are both edge-unimodular with matriz M. Then

PNZ'+QNZ'=(P+Q)NZ-. (30)

From this theorem we immediately obtain the following result which tells us that to show
the projective normality of a toric variety X, it is sufficient to show that the associated
polytope P = conv(A) is edge-unimodular.

Corollary 2.7. If a polytope P is edge-unimodular, then P is IDP.

Proof. Suppose P is edge-unimodular and let Q = (k— 1)P. Since @ is just a dilation of P,
thus @) is also edge-unimodular and the prerequisites of Theorem 2.6 are met. Hence,

PNZ'+ (k—1)PNZ'=kPNZ% O

To prove Theorem 3.5, our main result in the massless case, we will need the following
result by Tsuchiya [34, Theorem 0.4] (see also [35]) where a complete description of IDP
Cayley sums is given.

Proposition 2.8 (Theorem 0.4 of [34]). The Cayley sum P xQ is IDP if and only if P and
Q are IDP and also

(a1 P+ a,Q) NZ% = (a, P N ZY) + (a2Q N Z%) (31)
for any positive integers aq, as.

An important class of polytopes, which appear in Section 3, are the hypersimplices.
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Definition 2.9 (Hypersimplex). The hypersimplez A(d, k) C R? is the polytope
Ald k) ={(x1,...,2q) | 0< 2y, ...,2q <15 21+ + 24 =k} (32)

In Section 3 we will also employ several ideas from matroid theory, our main reference
for these notions is the book [27]. Below we give several definitions and a theorem which
will be of particular importance.

Given two matroids M, Ms on the same ground set E, we say that M; is a quotient of
M, if every circuit of My can be written as a union of circuits in M;. A pair of matroids
{My, M5} on the same ground set E form a flag matroid if M; is a quotient of M. In the
proof of our main result we will employ the following standard result which tells us that
quotients are flipped by duality.

Proposition 2.10 (Proposition 7.3.1 of [27]). Let My, My be two matroids on E, then M
15 a quotient of My if and only if M5 is a quotient of M.

Given a matroid M we may define the associated matroid polytope Py; to be the convex
hull of the indicator vectors of all bases of M. We will also wish to associate a polytope to
a flag matroid {M;, Ms}.

Definition 2.11. Let {M;, My} be a flag matroid, then the flag matroid polytope is defined
as the Minkowski sum of the constituent matroid polytopes: Py, + Py, .

3. NORMALITY OF SYMANZIK POLYTOPES

In this section we prove the main result, namely we show that the polytope associated
to entirely massive or entirely massless Feynmann integrals is always IDP, and hence the
desirable properties of the associated A-hypergeometric system described in Section 1 hold.
Throughout this section G' = (V, F) will be a 1PI Feynman graph as described in Section 1.

3.1. Massive Case

Let G be a 1PI Feynman graph with all internal edges massive, i.e. m, # 0 for all e € E.
We separate the F-polynomial (2) as F = F,, + Fo where F; is defined by the two-forests
and JF,, is given by F,,, = U->_ m?x, with U as in (1). The non-vanishing masses guarantees
that every monomial in Fy will be obtained in F,,, i.e. writing span(F’) for the k-vector space
span of the monomials in a polynomial F' over a field k£ we have span(F,,) 2 span(Fp). To
see this, note that every monomial in F, can be written on the the form ux; where u is a
monomial in ¢/ and x; corresponds to one of the edges in the spanning tree defining u. If all
masses are non-zero, then every x; will be in the sum y_ m2x, and thus every monomial in
Fo will be in F,,.

This means that the Newton polytope Pr := Newt(F) of F satisfies

Pr = Newt(F,,) = Py + Ap, (33)

where Py := Newt(U) and Ag = A(|E|,1) = conv(ey, ..., eg) is the (|£| — 1)-dimensional
standard simplex in RIZl; note that the final equality in (33) follows from the definition of
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Fon =U-> m?z.. Let G =U+F and let Ap = conv(0, ey, ..., e g) be the standard simplex
with 0 added as a vertex, then Py := Newt(G) = Newt(U + F) can be expressed as the sum

Pe =Py + Ag. (34)
Our goal is then to prove that the polytope Py is edge-unimodular.

Theorem 3.1 (Main Theorem I). Let Pg be the polytope defined in (34); then the polytope
P is edge-unimodular, and hence is IDP.

Proof. Note that we can construct a co-graphic matroid from i/ by taking the matroid whose
bases are the complements of the spanning trees of G; Py is the matroid polytope of this
matroid. By a classical result of Gelfand, Goresky, MacPherson and Serganova [36, Theorem
4.1] the edges of a matroid polytope are parallel to e; —e;, i # j, where ey, is the k" standard
basis in R Hence Py is an edge-unimodular polytope.

The edges of Ag are clearly either parallel to e; — e; or e;.

The Minkowski sum Pg = Py + Ap contains two types of edges: edges parallel to edges
of Py and edges parallel to edges of Ag. This means that Pg has edges in the totally
unimodular matrix matrix (I|A) where [ is the (| F| x |E|)-dimensional identity matrix and
the columns of A consist of vectors which are the columns of some totally unimodular matrix.
Hence Py is edge-unimodular and, by Corollary 2.7, is IDP. [

Remark 3.2. Lemma A.1 in the Appendiz below shows that the lattice points in Pg are
the same as the columns of A_, (i.e. the exponent vectors of G). Thus Pg being IDP is
equivalent to the semi-group NA = N(A_ x {1}) being normal, see Proposition 2.4 and
the surrounding discussion, which also implies that the toric ideal 14 is Cohen-Macaulay by
Hochster’s theorem.

The Symanzik polynomials &/ and F are not only relevant in the Lee-Pomeransky rep-
resentation but are also used in other parametric representations of Feynman integrals. As
observed in the proof of Theorem 3.1 Py is a matroid polytope, here we prove a similar
result for Pp.

Lemma 3.3. Let Pp be as in (33). Then Pr is a flag matroid polytope.

Proof. Let C(|E|) be the cycle graph on |E| vertices, i.e. the graph with |E| vertices con-
nected in a closed chain with |E| edges. Let Mg g)) be the associated graphic matroid,
that is the matroid whose independent sets are given by the forests of C(|E|). Then Ag
is the matroid polytope of the co-graphic matroid M(*}(‘ B)- Note that this is a matroid of
rank one and whose independent sets are Z = {0, {1},{2},...,{|F|}}, thus we see that
ME(IEI) = Uy, where Uy, is the uniform matroid of rank k& on {1,...,n}. Let M be the
matroid with matroid polytope Py, this is a matroid on the same ground set E as U; g but
has rank L where L is the number of independent cycles in the underlying Feynman graph.

It is a little easier if we proceed with the dual matroids My (the graphical matroid on
the underlying Feynman graph) and Ujg_1, g

Note that Ujgj_1, g only contains one cycle: {1,...,|E|}. Now, since we have assumed
that the underlying Feynman graph is 1PI then every element in E will be in some cycle of
M. Thus the union of the cycles in My will be the cycle in Ujg|—1, 5. This means that M
is a quotient of Ug_y, g/
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We will now employ Proposition 2.10 which tells us that quotients are flipped by duality;
in particular Proposition 2.10 implies that Uy, is a quotient of My, and thus {Uy g, M} is
a flag matroid. Since Pr = Py + Ag, where Py, respectively Ag, are the matroid polytopes
of My, respectively Uy g, and {Uy g, M5} is a flag matroid, we conclude that Pp is a flag
matroid polytope. O

From [37, Theorem 3.1] we have that the edges of a flag matroid polytope are contained
in the set of edges of a totally unimodular matrix. This gives us the following corollary.

Corollary 3.4. Let Pr be as in (33). Then the edges of Pr are parallel to the columns of
a unimodular matriz.

3.2. Massless Case

If all internal edges of a Feynman graph correspond to massless particles, then the F-
polynomial (2) consists only of the sum over spanning 2-forests, F = Fy, while the U-
polynomial (1) is independent of the internal masses. In order for z. to be included in a
term of U or F, the corresponding edge e € E must have been removed. Since an edge can
only be removed once, this means that z. can show up at most once in each term of U or
F. In particular this means that the vertices of Newt(U) and Newt(F) are vectors with
elements in {0, 1}.

For a Feynman graph with |E| edges and L independent loops, it follows from their
definition that U and F are homogeneous of degree L and L + 1 respectively. This in
particular means that their Newton polytopes are contained in hyperplanes:

Newt(U) € {(y1,...,ye) € RE | yy + - +yp = L}, (35)
Newt(F) C {(y1,---,yp) €R” [y + - +yp = L+1}. (36)

We noted above that the vertices of the Newton polytopes are vectors built of zeros and
ones, this together with the fact the polytopes are contained in hyperplanes yields

Newt(U) C A(E, L) and Newt(F) C A(E, L+ 1),

i.e. the Newton polytopes are subsets of hypersimplices (Definition 2.9). Moreover, the fact
that Py = Newt(U) and Pr, = Newt(F) are in different parallel hyperplanes (which are
isomorphic copies of RI¥I=1) means that Py is their Cayley sum:

PG’:PU*PFO- (37)

For a Feynman graph G = (V, E) with m, = 0 for all edges and with all vertices connected
to an off-shell external momenta, i.e. p? # 0, v € V = V., we have the following analog of
Theorem 3.1.

Theorem 3.5 (Main Theorem II). Let G = (V, E) be a Feynman graph with m. = 0 for all
e € FE and Vo =V, and let U and Fo be as above. Then the polytope Pg = Newt(U + Fo)
is IDP.

In light of (37) we will apply Proposition 2.8 to prove that the Cayley sum Pg is IDP,
hence proving Theorem 3.5. To employ Proposition 2.8 we need to show three things:
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(i) Py is edge-unimodular (with respect to the unimodular matrix M) and hence IDP.
As already discussed, this is clear since Py is a matroid polytope (see the beginning
of the proof of Theorem 3.1).

(ii) Pp, is edge-unimodular (with respect to same unimodular matrix M as in (i)) and
hence IDP, this is considered in Lemma 3.6.

iii at equation olds for the pair Py and Py, this is considered in Lemma 3.
iii) Th ion (31) holds for th ir Py and Pp,, this i idered in L 3.7
(keeping in mind Py and Pg, are both edge-unimodular with the same M).

We now consider (ii) above. For each subgraph g € G = (V,E) we associate the
0/1 vector in RI®l indexed by the edges removed from G to get g, this association is clearly
bijective. Given a 0/1 vector w in RI®l we will write g,, to denote the corresponding subgraph
of G obtained by removing the edges corresponding to entries in w with coordinate zero.

Lemma 3.6. Let F be the set of all spanning two-forest where we view the elements in Fy
as 0/1 vectors in RIFl j.e. Fy is the the set of exponent vectors of monomials appearing in
Fo, the part of F in (2) consisting only of the sum over spanning 2-forests. Then Fy is a set
of bases of a matroid. Further the column matriz of the edges of the polytope Pgr, = conv(Fp)
forms a totally unimodular matriz.

Proof. Recall that a finite non-empty set B C Z%; is a base of a matroid if the following
two properties hold:

(B1) all u € B have the same norm,

(B2) if u,v € B with u; > v;, then there exists j € {1,...,n} with u; < v; such that
u—e; +e; € B, where e, denotes the (" standard basis vector.

We now show these two properties hold for the set of exponent vectors of Fy; for a vector
u € 7, we will use the norm |u| = uy + - -+ + w,.

(B1) The polynomial F; is homogeneous of degree L + 1, where L is the number of inde-
pendent cycles in G, so every u € Fy satisfies |u| = L + 1.

(B2) Assume u and v are two different elements in Fy such that w; > v; for some 7. Then
the graph g,_., corresponding to the 0/1 vector u — e; can be one of two types of graphs:
(a) a spanning tree or (b) a graph with two components, one a tree and the other containing
one and only one cycle.

(a) By assumption u; < v; for some j, since g, ., is a spanning tree we know that g, _c, e,
is a spanning two-forest, i.e. u —e; +¢; € Fp.

(b) For contradiction, assume that for all j such that u; < v; we have u —e; +¢; ¢ Fy.
This assumption means that for any edge j we cut in the graph g,_., corresponding
to the vector u — e;, the cycle in g, ., will stay intact. Let’s do all these cuts; then
the graph g, .,y ¢, will still contain the cycle. The resulting graph contains the edge
¢ and all the cuts from u and v, since the edge ¢ is in the graph g, corresponding to
v, this means that the resulting graph is a subgraph of g,. But by assumption g, is a
spanning two-forest and thus can not contain any cycles. We have a contradiction.

Applying [36, Theorem 4.1] gives us that the column matrix of the edges of Pg, forms a
totally unimodular matrix and in particular are parallel to e; — e;. O
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Lemma 3.7. Let P and Q) both be edge-unimodular lattice polytopes with edges parallel to
the columns of the same unimodular matriz M. Then P and @Q satisfy (31).

Proof. This follows directly from Theorem 2.6 since edge directions are invariant under
scaling. In particular P and () have the same edge directions as a; P and as(). O

Proof of Theorem 3.5. As discussed in (i) above Py is edge-unimodular via [36, Theorem
4.1] since it is a matroid polytope. By Lemma 3.6 Pg, is also edge-unimodular (again via
[36, Theorem 4.1] since it is a matroid polytope). Further we saw in the proof of Lemma
3.6 that the edges of Pp, are parallel to e; —e;, ¢ # j, and saw in the proof of Theorem 3.1
that the edges of Py are also parallel to e; — e;, © # j. Hence Py and Pp, are both edge-
unimodular lattice polytopes with edges parallel to the columns of the same unimodular
matrix. It follows by Lemma 3.7 that (31) is satisfied for Py and Pg,. Thus Proposition 2.8
applies and Pg = Py * Pp, is IDP. O

Remark 3.8. Since Py and Pp, are maitroid polytopes they have no interior lattice points
and additionally they lay in parallel hyperplanes; hence the Cayley sum Pg = Py * P, also
has no interior lattice points and Pg N ZIF! consists only of the vertices of Pg. This means
that, if the columns of the matriz A_ are the exponent vectors of the polynomial G = U+ Fy,
then the semi-group NA = N(A_ x {1}) is normal, and the associated toric ideal 1 is
Cohen-Macualay.
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Appendix A: A Lemma on Lattice Points

Author: Uli Walther
Department of Mathematics, Purdue University
Email: walther@purdue.edu

In this section we will consider G = (V, E) as any Feynman graph, not necessarily a 1PI
graph, and let F,,, denote the set of all edges e with m, # 0. In order to rule out complications
from trivialities we assume that GG has at least one edge that is not a loop. In other words,
we assume that the rank of the associated co-graphic matroid is greater than one.

Lemma A.1. Let G = (V, E) be any Feynman graph and let E,, C E be the set of all edges
with non-zero mass, me # 0. Let U be as in (1), with Py = Newt(U) and let Ag, be the
simplex in RE=! given by the convex hull of the set of standard basis vectors {e; | j € En}

with Ag,, being the convex hull of this simplex along with the vector 0 € RIF=l. The lattice
points contained in the polytope P = Py + Ag, are exactly those of the form v+ v where v
is a vertex of Py and v' is a vertex of Ag, .
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Proof. Let My}, denote the co-graphic matroid of the graph G' and Py its matroid polytope.
The lemma clearly holds if |E| = 1, and more generally in the case where E is the union of
a basis for M{; with a set of loops, since then M}, has exactly one basis and so P is a point
and the sum Py + Apg,  is a shifted standard simplex. Let w be a point of Py + Ag,_ . Then
w can be written as a real linear combination

w = Z CiPi (Al)

where the real numbers ¢; > 0 with |¢] = > ¢; = 1 and where each p; is a vertex of the
polytope Py + KEW. Let r := rank(M};). Note that, for the vertex p; in RIF=| the entry-wise
sum |p;| equals either r or r + 1. It follows that |w| € {r,r + 1}. Now assume in addition
that w a lattice point; we must then have |w| € {r,r + 1}. Moreover, in either case, since
r and r + 1 are consecutive integers, the linear combination ) ¢;p; can only non-trivially
involve such p; with |w| = [p;].

Let Mg be the set of basis of a matroid M on ground set F with v € ZFl denoting the
indicator vector of a base B € M g; results of White [38, Theorems 1 and 2| tell us that the
points (1,a) in Z x ZIFl inside the positive cone spanned by all pairs (1,vp), are precisely
the vectors (1,vp) for B € Mp. In our case this result tells us that if |w| = r (in which
case each p; with nonzero ¢; must have |p;] = r and be the indicator vector of a basis for
M then w is a vertex of Py, and sow =w+0 € Py + &Em is as stipulated in the lemma.
We thus assume from now on that |w| =7+ 1, so w € Py + Ag,,.

We consider first the massive case F,, = E. Both Py = Py and A E,, are contained in the
unit cube, so any lattice point w of Py + Ap,, has coordinate value z.(w) in the set {0, 1,2},
for any e € E. If z.(w) = 0 then all nontrivial terms in (A1) must also satisfy x.(p;) = 0.
Since the set of exponent vectors in ¢/ with vanishing e-coordinate is made of the indicator
vectors of the bases for the submatroid of bases of M} that avoid e (the cographic matroid
to the graph derived from G by contracting e), it follows by induction on |E| that in this
case w is as stipulated in the lemma.

We can therefore assume that there is no e € E with z.(w) = 0 and so |w| > |E| > 7.
On the other hand, we know that |w| =+ 1, and so |E| € {r — 1,7}. In the latter case,
M} is Boolean where the lemma is straightforward (a Boolean matroid is one whose only
base is the ground set). So we are reduced to checking the case |E| = r + 1 which forces
w = (1,...,1). In the massive case E,, = F, choose any basis B for M}, necessarily of
size r. Its indicator vector is the difference w — ey for the edge {f} := E — B and thus
w=(w—ep)+ere Py+ ﬁEm is a sum of vertices as required.

In the non-massive case, F,, is a proper subset of E. The previous arguments above
show that we are reduced to investigating w = (1,...,1), and |E| € {r,r +1}. The Boolean
case being trivial, it suffices to show that if |E| = r + 1 then w = (1,...,1) is either not in
PU—i-A B,, at all, or equal to the sum of a basis indicator vector of M with a suitable ey with
[ € E,,. If the latter fails, none of the bases for M}, (all of which are of size r = |E| —1) are
the complement in F of an element of E,,. In other words, every element of F,, is contained
in each basis. In that case, M; is the matroid sum of the Boolean matroid on E,, (with
unique basis E,,) with the co-graphic matroid My , of the graph G,, on the ground set
E — E,, where G, is the graph derived from G by deleting the edges of E,,. The matroid
basis polytope of My is that of My shifted by rem,, €f- In other words, we have reduced
the problem to the massless case E,,, = (). Then, however, |w| = r+ 1 implies that w cannot



16

beinPUJrﬁEm. ]

1]

[16]

[17]

G. B. Folland, Quantum field theory, vol. 149 of Mathematical Surveys and Monographs.
American Mathematical Society, Providence, RI, 2008, 10.1090/surv/149.

S. Weinberg, The Quantum theory of fields. Vol. 1: Foundations. Cambridge University
Press, 6, 2005.

M. E. Peskin and D. V. Schroeder, An Introduction to quantum field theory.
Addison-Wesley, Reading, USA, 1995.

M. Kashiwara and T. Kawai, Holonomic Systems of Linear Differential Equations and
Feynman Integrals, Publ. Res. Inst. Math. Sci. 12 (1976) 131 — 140.

I. M. Gel’fand, A. V. Zelevinsky and M. M. Kapranov, Hypergeometric functions and toral
manifolds, Functional Analysis and its applications 23 (1989) 94-106.

I. M. Gel’'fand, A. V. Zelevinsky and M. M. Kapranov, Correction to the paper:
“Hypergeometric functions and toric varietie” [Funktsional. Anal. i Prilozhen. 23 (1989),
no. 2, 12-26; MR1011353 (90m:22025)], Funktsional. Anal. i Prilozhen. 27 (1993) 91.

I. M. Gel’fand, M. M. Kapranov and A. V. Zelevinsky, Generalized Fuler integrals and
A-hypergeometric functions, Adv. Math. 84 (1990) 255-271.

I. M. Gelfand, M. Kapranov and A. Zelevinsky, Discriminants, resultants, and
multidimensional determinants. Springer Science & Business Media, 2008.

R. N. Lee and A. A. Pomeransky, Critical points and number of master integrals, JHEP 11
(2013) 165, [1308.6676].

L. de la Cruz, Feynman integrals as A-hypergeometric functions, JHEP 12 (2019) 123,
[1907.00507].

R. P. Klausen, Hypergeometric Series Representations of Feynman Integrals by GKZ
Hypergeometric Systems, JHEP 04 (2020) 121, [1910.08651].

T.-F. Feng, C.-H. Chang, J.-B. Chen and H.-B. Zhang, GKZ-hypergeometric systems for
Feynman integrals, Nuclear Physics B 953 (2020) 114952.

A. Klemm, C. Nega and R. Safari, The l-loop Banana Amplitude from GKZ Systems and
relative Calabi-Yau Periods, JHEP 04 (2020) 088, [1912.06201].

K. Bonisch, F. Fischbach, A. Klemm, C. Nega and R. Safari, Analytic structure of all loop
banana integrals, JHEP 05 (2021) 066, [2008.10574].

M. Kalmykov, V. Bytev, B. A. Kniehl, S.-O. Moch, B. F. L. Ward and S. A. Yost,
Hypergeometric Functions and Feynman Diagrams, in Antidifferentiation and the
Calculation of Feynman Amplitudes, 12, 2020, 2012.14492, DOI.

C. Bogner and S. Weinzierl, Feynman graph polynomials, Int. J. Mod. Phys. A 25 (2010)
2585-2618, [1002.3458].

C. Berkesch, J. Forsgard and M. Passare, Euler-Mellin integrals and A-hypergeometric
functions, Michigan Mathematical Journal 63 (2014) 101 — 123.

B. Sturmfels, Grobner bases and convex polytopes, vol. 8. American Mathematical Soc., 1996.
M. Saito, B. Sturmfels and N. Takayama, Grébner deformations of hypergeometric
differential equations, vol. 6. Springer Science & Business Media, 2013.

A. Adolphson, Hypergeometric functions and rings generated by monomials, Duke
Mathematical Journal 73 (1994) 269-290.


https://doi.org/10.1090/surv/149
https://doi.org/10.2977/prims/1195196602
https://doi.org/10.1007/BF01078777
https://doi.org/10.1007/BF01078854
https://doi.org/10.1016/0001-8708(90)90048-R
https://doi.org/10.1007/JHEP11(2013)165
https://doi.org/10.1007/JHEP11(2013)165
https://arxiv.org/abs/1308.6676
https://doi.org/10.1007/JHEP12(2019)123
https://arxiv.org/abs/1907.00507
https://doi.org/10.1007/JHEP04(2020)121
https://arxiv.org/abs/1910.08651
https://doi.org/10.1016/j.nuclphysb.2020.114952
https://doi.org/10.1007/JHEP04(2020)088
https://arxiv.org/abs/1912.06201
https://doi.org/10.1007/JHEP05(2021)066
https://arxiv.org/abs/2008.10574
https://arxiv.org/abs/2012.14492
https://doi.org/10.1007/978-3-030-80219-6_9
https://doi.org/10.1142/S0217751X10049438
https://doi.org/10.1142/S0217751X10049438
https://arxiv.org/abs/1002.3458
https://doi.org/10.1307/mmj/1395234361

[21]
22]
[23]

[24]

25)
26]
27]
28]
20]
30]
31)
32)
33)
34]
35]
36]
37)

[38]

17

B. Huber and R. R. Thomas, Computing Grobner Fans of Toric Ideals, Experimental
Mathematics 9 (2000) 321-331.

A. N. Jensen, “Gfan, a software system for Grobner fans and tropical varieties.” Available at
http://home.imf.au.dk/jensen/software/gfan/gfan.html.

D. R. Grayson and M. E. Stillman, “Macaulay2, a software system for research in algebraic
geometry.” Available at http://www.math.uiuc.edu/Macaulay?2.

D. Cox, J. Little and D. O’Shea, Ideals, varieties, and algorithms: an introduction to
computational algebraic geometry and commutative algebra. Springer Science & Business
Media, 2013.

D. Eisenbud, Commutative Algebra: with a view toward algebraic geometry, vol. 150.
Springer Science & Business Media, 2013.

M. Michalek and B. Sturmfels, Invitation to nonlinear algebra, vol. 211. American
Mathematical Soc., 2021.

J. Oxley, Matroid theory, vol. 21 of Ozford Graduate Texts in Mathematics. Oxford
University Press, Oxford, second ed., 2011, 10.1093/acprof:0s0/9780198566946.001.0001.

M. Hochster, Rings of invariants of tori, cohen-macaulay rings generated by monomials, and
polytopes, Annals of Mathematics 96 (1972) 318-337.

R. P. Stanley, Combinatorics and commutative algebra, vol. 41. Springer Science & Business
Media, 2007.

D. A. Cox, C. Haase, T. Hibi and A. Higashitani, Integer decomposition property of dilated
polytopes, The Electronic Journal of Combinatorics (2014) P4-28.

B. J. Howard, Matroids and geometric invariant theory of torus actions on flag spaces,
Journal of Algebra 312 (2007) 527-541.

Mini- Workshop: Projective Normality of Smooth Toric Varieties, vol. 4, pp. 2283-2319.
2007.

V. I. Danilov and G. A. Koshevoy, Discrete convexity and unimodularity—i, Advances in
Mathematics 189 (2004) 301-324.

A. Tsuchiya, Cayley sums and minkowski sums of 2-convez-normal lattice polytopes,
1804.10538.

C. Haase and J. Hofmann, Convez-normal (pairs of ) polytopes, Canad. Math. Bull. 60
(2017) 510-521.

I. Gelfand, R. Goresky, R. MacPherson and V. Serganova, Combinatorial geometries, convex
polyhedra, and schubert cells, Advances in Mathematics 63 (1987) 301-316.

A. V. Borovik, I. M. Gelfand, A. Vince and N. White, The lattice of flats and its underlying
flag matroid polytope, Ann. Comb. 1 (1997) 17-26.

N. L. White, The basis monomial ring of a matroid, Advances in Mathematics 24 (1977)
292-297.


https://doi.org/10.1080/10586458.2000.10504409
https://doi.org/10.1080/10586458.2000.10504409
http://home.imf.au.dk/jensen/software/gfan/gfan.html
http://www.math.uiuc.edu/Macaulay2
https://doi.org/10.1093/acprof:oso/9780198566946.001.0001
https://doi.org/10.1016/j.jalgebra.2006.11.014
https://doi.org/10.1016/j.aim.2003.11.010
https://doi.org/10.1016/j.aim.2003.11.010
https://arxiv.org/abs/1804.10538
https://doi.org/10.4153/CMB-2016-057-0
https://doi.org/10.4153/CMB-2016-057-0
https://doi.org/10.1016/0001-8708(87)90059-4
https://doi.org/10.1007/BF02558461

	desy115
	InnenseiteDESY-Berichte
	desy21-115
	Cohen-Macaulay Property of Feynman Integrals
	Abstract
	1 Introduction
	1.1 Feynman Integrals and Hypergeometric Systems
	1.2 Example

	2 Background 
	3 Normality of Symanzik Polytopes
	3.1 Massive Case
	3.2 Massless Case

	 Acknowledgments
	A A Lemma on Lattice Points
	 References





