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Mellin - Barnes integrals related to the Lie algebra u(N)

Alexander N. MANASHOV
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Saint - Petersburg Department of Steklov Mathematical Institute of Russian Academy of Sciences, Fontanka
27, 191023 Saint - Petersburg, Russia.
E-mail: alexander.manashov@desy.de

Abstract. We present an alternative proof of Gustafson’s generalization

of the second Barnes’ lemma.
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1 Introduction

In refs. [1, 2] R. A. Gustafson generalized the first and the second Barnes’ lemmas to the case of the Lie
algebra u(n). Namely, he calculated the following multidimensional Mellin - Barnes (MB) integrals in
closed form:

∫ i∞

−i∞

· · ·

∫ i∞

−i∞

∏N+1
k=1

∏N
j=1 Γ(αk − zj)Γ(βk + zj)∏

1≤k<j≤N Γ(zk − zjΓ(zj − zk)

N∏

k=1

dzk
2πi

==
N !

∏N+1
k,j=1 Γ(αk + βj)

Γ
(∑N+1

k=1 (αk + βk)
) (1.1)

and

∫ i∞

−i∞

· · ·

∫ i∞

−i∞

∏N
j=1

∏N+2
k=1 Γ(αk − zj)

∏N+1
m=1 Γ(βm + zj)

∏N
m=1 Γ(γ − zm)

∏
1≤k<j≤N Γ(zk − zjΓ(zj − zk)

N∏

k=1

dzk
2πi

=
N !

∏N+2
k=1

∏N+1
j=1 Γ(αk + βj)

∏N+2
k=1 Γ(γ − αk)

.

(1.2)

Here γ =
∑N+2

k=1 αk +
∑N+1

k=1 βk and it is assumed that the integration contours separate sequences of
poles going to the right, αn + k, and to the left, −βm − k, n = 1, . . . , N + 1(N + 2), m = 1, . . . , N + 1,
which are due to the gamma–functions in the numerators.

The integral (1.2) depends on 2n + 3 external parameters and implies the relation in (1.1). Indeed,
sending αN+2 → ∞ in (1.2) one recovers (1.1). The integral (1.2) was calculated in ref. [2] making use of
the residues theorem and evaluating the corresponding sums with the help of Milne’s U(n) generalization
of the Gauss summation theorem [3]. The proof of the MB integral (1.2) given in [1] is more involved
and follows a different route. It relies on the integral (1.1) and uses induction on N to show that the
expressions on the l.h.s. and the r.h.s. of (1.2) coincide for special values of the external parameters.
The general case then follows from Carlson’s theorem. In the present paper we present an alternative
non-inductive derivation of the integral (1.2).

Classical MB integrals can be extended to the q-beta and elliptic integrals, see refs. [1,2,4–6], and to
the MB integrals which involve the gamma–functions over the field of complex numbers [7]. In the latter
case it was shown [8] that studying properties of the counterpart of the integral (1.1) as a function of
external parameters one can recover the corresponding analogue of the second integral (1.2). We want
to apply the same approach, with some modifications, to the classical MB integrals with Euler’s gamma
functions. However, the integral (1.1) is not a good starting point for such an analysis so we first consider
a different MB integral with more suitable analytic properties.

2 Auxiliary integral

Let us consider the following MB integrals

R±(a, α, β) =

∫ i∞

−i∞

· · ·

∫ i∞

−i∞

e±iπ
∑

zk

∏N
j=1

(∏N+1
k=1 Γ(αk − zj)

∏N
m=1 Γ(zj + βm)

)

∏N
k=1 Γ(a− zk)

∏
k<j Γ(zk − zj)Γ(zj − zk)

N∏

k=1

dzk
2πi

. (2.1)
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These integrals are close cousins of the integral (1.1): the only difference is that we moved one gamma
function from the numerator to the denominator, Γ(zk+βN+1) → 1/Γ(a−zk) and added the exponential
factor, e±iπ

∑
zk . This factor compensates some sign factors arising during an evaluation of the integral

by the residues theorem and changes its analytic properties as a function of the external parameters,
{a, αk, βj}. Indeed, while the integral (1.1) converges (at large zk) for all values of the external parameters,
the convergence of the integrals (2.1) is controlled by the parameter

ν = a−
N+1∑

k=1

αk −
N∑

k=1

βk. (2.2)

The integrals R± converge only if Re(ν) > 0.
Assuming that this condition is fulfilled, the integrals (2.1) can be calculated according to the strat-

egy used in ref. [2] for the integral (1.1). Namely, one closes the integration contours in the left-half
plane picking up the residues at the poles of the gamma functions which are located at {−βj − k, k =
0, 1, . . . , 1 ≤ j ≤ N}. Taking into account the symmetry of the integrand under permutations of the
arguments one derives in this way

R±(a, α, β) = N !e∓iπB

∞∑

n1,...,nN=0

1

n1! . . . nN !

∏

k<j

sinπ(βj − βk)

π
(−1)nj+nk(βk + nk − βj − nj)×

N∏

j=1

∏N+1
k=1 Γ(αk + βj + nj)

Γ(a+ βj + nj)

N∏

1≤k 6=j≤N

Γ(βk − βj − nj)

= N !e∓iπB

∏N
j=1

∏N+1
k=1 Γ(αk + βj)

∏N
j=1 Γ(a+ βj)

×

∞∑

n1,...,nN=0

∏

k<j

βk + nk − βj − nj

βk − βj

N∏

j=1

N+1∏

k=1

(αk + βj)nj

(1− βk + βj)nj

. (2.3)

Here βN+1 ≡ 1− a and (a)n stands for the Pochhammer symbol. Finally, evaluating the sum in the last
line of Eq. (2.3) with the help of Milne’s generalization of the Gauss summation theorem, see e.g. [9,
Theorem 2.7], one obtains

R±(a, α, β) = N ! e∓iπB Γ(a− B − A )

∏N
k=1

∏N+1
j=1 Γ(αj + βk)

∏N+1
j=1 Γ(a− αj)

, (2.4)

where B =
∑N

k=1 βk and A =
∑N+1

j=1 αj . Note that the pole of the first gamma function at ν =
a−B−A = 0 signals that the integrals diverge for these values of the parameters. It is quite remarkable
that the residues of R± at ν = 0 can be itself represented as certain MB integrals. In order to find these
integrals it is convenient to represent the original integrals (2.1) in a determinant form.

3 Determinant representation for R±

Taking into account that

∏

k<j

1

Γ(zk − zj)Γ(zj − zk)
=

∏

k<j

1

π
(zj − zk) sinπ(zk − zj) (3.1)

one gets the following representation for R±

R±(a, α, β) = π−N(N−1)/2 1

(2πi)N

∫ i∞

−i∞

· · ·

∫ i∞

−i∞

N∏

k=1

(
cosπzk

)N−1
×

∏

k<j

(zk − zj)
(
tanπzj − tanπzk

)
Q±(z1) . . . Q±(zN )dz1 . . . dzN , (3.2)
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where

Q±(z) =
e±iπz

Γ(a− z)

N+1∏

k=1

Γ(αk − z)

N∏

j=1

Γ(z + βj). (3.3)

The factor
∏

k<j(zk − zj)
(
tan zj − tan zk

)
is given by the product of two Vandermonde determinants

(−1)N(N−1)/2 det

∣∣∣∣∣∣∣∣∣

1 · · · 1
z1 · · · zN
...

. . .
...

zN−1
1 · · · zN−1

N

∣∣∣∣∣∣∣∣∣
× det

∣∣∣∣∣∣∣∣∣

1 · · · 1
t1 · · · tN
...

. . .
...

tN−1
1 · · · tN−1

N

∣∣∣∣∣∣∣∣∣
, (3.4)

where tk ≡ tanπzk. Taking into account the symmetry of the integrand under permutations of the
arguments z1, . . . , zN one can represent the integrals (3.2) as follows

R±(a, α, β) = (−π)
N(N−1)

2 N !

∫ i∞

−i∞

· · ·

∫ i∞

−i∞

N∏

k=1

zk−1
k

(
cosπzk

)N−1
Q±(zk) det |TN |

N∏

ℓ=1

dzℓ
2πi

, (3.5)

where the matrix TN is the matrix of tangents in (3.4). Since the entries of the k-th column of the
matrix TN depend only on one variable, zk, one obtains the following (determinant) representation for
the integrals in question

R±(a, α, β) = (−π)N(N−1)/2N ! det |Q±|. (3.6)

Here Q± are N ×N matrices with the entries

(Q±)mk =
1

2πi

∫ i∞

−i∞

dz (cosπz)N−1 (tanπz)m−1 zk−1 Q±(z). (3.7)

Let I+mk(z) and I−mk(z) be the integrands in this expression. It is easy to see that I+mk(iu) and I−mk(−iu)
decay exponentially (∼ e−2πu) when u → ∞ and power-like when u → −∞. The integrands in the
expression (3.7), I+mk(iu) and I−mk(−iu), decay exponentially (∼ e−2πu) when u → ∞ and power-like
when u → −∞

I±mk(∓iu) =
u→∞

2πNuA+B−a−N+k−1 × (∓i)B−A+a+m+k−2 (1 +O (1/u)) . (3.8)

It is easy to see from Eqs. (3.7) and (3.8) that all matrix elements in the last row, (Q±)mN , diverge when
a → A + B. Namely,

(Q±)mN =
a7→A +B

πN−1 e
∓iπB(∓i)m+N−2

a− A − B
+O(1), (3.9)

while the elements (Q±)m,k with k < N are finite. Thus the singular part of the integrals R± in the
limit a → A + B can be represented in the following form

R±(a, α, β) =
a7→A +B

(−π)
N(N−1)

2 N !
e∓iπB(∓iπ)N−1

a− A − B
×

∫ i∞

−i∞

· · ·

∫ i∞

−i∞

(
N−1∏

k=1

zk−1
k

(
cosπzk

)N−1
Q±(zk)

)
det |T̂±

N |

N−1∏

ℓ=1

dzℓ
2πi

+ O(1), (3.10)

where the matrices T̂±
N read

T̂±
N =




1 1 · · · 1
t1 t2 · · · (∓i)
...

. . .
...

tN−1
1 tN−1

2 · · · (∓i)N−1


 . (3.11)
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The determinants of these matrices can be written as follows

det T̂±
N = (−1)N−1

N−1∏

k=1

(tk ± i)× detTN−1, (3.12)

where TN−1 is the (N − 1)× (N − 1) Vandermonde marix

TN−1 =




1 1 · · · 1
t1 t2 · · · tN−1

...
. . .

...
...

tN−2
1 tN−2

2 · · · tN−2
N−1


 . (3.13)

Since

tk ± i = ±i
e∓iπzk

cosπzk
one can rewrite Eq. (3.10) as follows

R±(a, α, β) =
a7→A +B

e∓iπB

a− A − B
(−π)(N−1)(N−2)/2N !×

∫ i∞

−i∞

· · ·

∫ i∞

−i∞

(
N−1∏

k=1

zk−1
k

(
cosπzk

)N−2
Q̃±(zk)

)
det |TN−1|

N−1∏

ℓ=1

dzℓ
2πi

+O(1), (3.14)

where the functions Q̃± are given by the product of gamma functions

Q̃±(z) = e∓iπzQ±(z)
∣∣∣
a=A +B

=
1

Γ(A + B − z)

N+1∏

k=1

Γ(αk − z)
N∏

j=1

Γ(z + βj). (3.15)

Since the integral in (3.14) coincides, up to changes N → N − 1 and Q → Q̃, with the integral (3.5) it
can be written in the form of the MB integral

R± =
a7→A +B

N
e∓iπB

a− A − B
× TN−1 + regular terms, (3.16)

where

TN−1 =

∫ i∞

−i∞

· · ·

∫ i∞

−i∞

∏N−1
j=1

∏N+1
k=1 Γ(αk − zj)

∏N
m=1 Γ(zj + βk)

∏N−1
k=1 Γ(a− zk)

∏
k<j Γ(zk − zj)Γ(zj − zk)

N−1∏

k=1

dzk
2πi

(3.17)

and a = A + B.
Comparing residues at a = A + B on the both sides of (2.4) one gets the following equation

TN−1 = (N − 1)!

∏N
k=1

∏N+1
j=1 Γ(αj + βk)

∏N+1
j=1 Γ (A + B − αj)

, (3.18)

which is, up to renumeration N → N − 1, nothing but the second Gustafson integral (1.2).

4 Summary

The Mellin - Barnes integrals and their q- and elliptic generalizations play an important role in many
topics in physics and mathematics, see e.g. refs. [4,10,11]. Many important results generalizing first and
second Barnes’ lemmas to certain Lie algebras were obtained by R.A. Gustafson [1, 2]. In this article,
we have presented an alternative proof of the integral (1.2), which is based on the study of the analytic
properties of some auxiliary integrals as functions of external parameters. This technique is not restricted
to the case under consideration. It has already been applied to the complex SL(2,C) MB integrals, see
ref. [8]. Finally we note that the same analysis, applied to the MB integral

∫ i∞

−i∞

· · ·

∫ i∞

−i∞

∏2N+1
k=1

∏N
j=1 Γ(αk ± zj)

∏N
k=1 Γ(β ± zk)Γ(±2zk)

∏
k<j Γ(±zk ± zj)

N∏

n=1

dzn
4πi

= N !Γ(β −A)

∏
k<j Γ(αk + αj)

∏2N+1
k=1 Γ(β − αk)

,

where Γ(±a) = Γ(a)Γ(−a), Γ(a ± b) = Γ(a + b)Γ(a − b), etc., allows one to obtain the MB integral
[1, Theorem 5.3].
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