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Abstract

Aspects of small x physics at HERA are discussed in honor of the work of Lev Li-
patov, who influenced and motivated a whole generation of physicists to investigate this
new region of phase space. The introduction of transverse momentum dependent parton
densities is one of the essential aspects of small x and BFKL physics, and its extension to
all flavors with application to various processes marks a new milestone.

*Contribution to the book ”From the past to the future, The legacy of Lev Lipatov” [1].
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1 Introduction
It is a funny story how I became interested in small x and BFKL effects and in the work of Lev
Lipatov: I started to work on the H1 calorimeter during my first postdoc at RWTH Aachen
from 1988 – 1993, and we were searching for an appropriate physics process for the energy
calibration. One idea was using the decay electrons from J/ψ production, and I started to
write the Monte Carlo event generator EPJPSI [2, 3]. With this tool at hand we investigated
possibilities to measure the gluon density at small x, even extrapolating to a hypothetical
LEP-LHC ep collider at high energies at

√
s = 1.26 TeV [4], where clear deviations from

DGLAP [5–8] predictions were expected. These studies raised my interest in small x physics
and established very close contacts to my Russian colleagues at HERA, resulting in a collabo-
ration, which is still ongoing [9–14]. In these early days, I never dreamed that I would have a
chance to meet Lev in person. Later when he was often at DESY in Hamburg we got to know
each other, and the greatest highlight in my scientific career was when Lev came once to my
QCD and MC lecture at DESY in 2006 [15]. Small x physics fascinated a whole generation
of scientists, resulting in several workshops (for example the HERA workshops [16–18], the
Lund Small x workshops [19–21] and also the HERA-LHC workshop series [22–24]).

2 Calculation of small x processes
In this section, I introduce a derivation of the BFKL evolution equation [25–27] in an heuristic
approach, based on the formulation of the DGLAP equation as a parton branching evolution.

The DGLAP evolution equation can be written in a form introducing a Sudakov form
factor ∆a [28, 29]:

xfa(x, µ
2) = ∆a(µ

2) xfa(x, µ
2
0)

+
∑
b

∫ µ2

µ20

dµ′2

µ′2
∆a(µ

2)

∆a(µ′2)

∫ zM

x
dz Pab(αs(µ

′2))
x

z
fb

(x
z
, µ′2

)
(1)

with

∆a(µ
2) = exp

(
−
∑
b

∫ µ2

µ20

dµ′2

µ′2

∫ zM

0
dz z Pba(αs(µ

′2), z)

)
, (2)

where Pab is the regularized splitting function for a process b→ a+c. The Sudakov form fac-
tor gives the probability for non-resolvable parton branching between the scales µ2 and µ2

0.
The parameter zM separates resolvable from non-resolvable branchings. The Sudakov form
factor resums all contributions from non-resolvable branchings as well as all virtual correc-
tions. It is shown explicitly in Refs. [29, 30], that the formulation of eqs.(1) leads exactly to
the original DGLAP equation at leading order, next-to-leading and next-to-next-to leading
orders in the expansion of the splitting functions, provided zM is large enough. Away from
x → 0, the singularities 1/(1− z) in the splitting function for g → gg and q → qg are treated
with the Sudakov form factor, the resummation of all contributions cancels against the sin-
gularity, a feature which we will also use later when discussing BFKL. Equation eq.(1) can be
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Figure 1: Schematic illustration of the iterative procedure to solve evolution equations: (left)
no emission, (middle) one emission, (right) two emissions.

solved by iteration, illustrated schematically in Fig. 1, leading to an intuitive physical inter-
pretation: the first term of eq.(1) gives the probability for no emission between the starting
scale µ0 and the scale µ (left in Fig. 1), while the second term describes the branching process
(middle and right in Fig. 1).

Although the transverse momenta of the emitted- and the propagating-partons are inte-
grated over in DGLAP, for several applications and in particular for the description in terms
of parton showers an exclusive formulation (including transverse momenta) of this equation
has advantages. The evolution equation can be extended for kt dependent (unintegrated–
uPDFs or Transverse Momentum Dependent–TMD) parton densities A(x,k, t) with k being
the two-dimensional (transverse) vector of the propagating parton [30]:

xAa(x,k, µ2) = ∆a(µ
2) xAa(x,k, µ2

0) +
∑
b

∫
d2q′

πq′2
∆a(µ

2)

∆a(q′2))

×
∫ zM

x
dz Pab(αs)

x

z
Ab
(x
z
,k + (1− z)q′,q′2

)
, (3)

In DGLAP we have: ∫
x Aa(x,k, µ2)

d2k

π
= xfa(x, µ

2) , (4)

and the partonic emissions happen in a phase space with increasing scales: µ0 � · · · �
q′ � q′′ � µ for x0 � · · · � x′ � x, as illustrated in Fig. 1.

In a formulation, which takes into account color coherence effects, the evolution scale
is identified with the angle (angular ordering), while the scale in αs is the transverse mo-
mentum of the emitted parton. The angular ordering condition requires for the rescaled
transverse momentum q̃ = qt/(1 − z) that q̃′′ > zq̃′, which for z → 0 leads to very weak
constraints [31–34].

The BFKL evolution addresses the high energy limit, i.e. x → 0. In this limit, only
the gluon contributes and the splitting function becomes Pgg = 6αs/z. The longitudinal
momenta become small and the transverse momenta of the propagating partons cannot be
neglected anymore, leading to the introduction of uPDFs. In analogy to the DGLAP case
with the singularity at 1/(1−z), the singular behavior at 1/z can be regulated by resumming
all virtual and non-resolvable branchings, described by the so-called non-Sudakov form factor,
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which includes now only the small x part of Pgg:

∆ns = exp

(
−3αs

π

∫
dq′2

q′2

∫ 1

z

dz′

z′
Θ(k2

t − q′2)Θ(q′2 − µ2
0)

)
(5)

= exp

(
−3αs

π
log

1

z
log

k2
t

µ2
0

)
, (6)

and the Theta functions limit the available phase space region. While for finite z, the trans-
verse momentum of the emitted parton q is related via µ = |q|/(1 − z) with the scale µ of
the evolution (angular ordering), at small z this reduces to µ = |q|. The total transverse mo-
mentum is calculated via k = −

∑
i qi. The angular ordering condition at small z leads to a

random walk in kt, since there is no constraint on qt coming from q̃′′ > zq̃′ for z → 0.
We can rewrite ∆ns as (using ᾱs = 3αs

π ) :

∆ns = exp (log z)
ᾱs log

k2t
µ20

= zω with ω = ᾱs log
k2
t

µ2
0

and obtain the (kt-dependent) BFKL splitting function as:

PBFKL =
6

z
∆ns = 6z−1+ω

The BFKL evolution equation in integral form [35, 36] can be written as:

xA(x, kt, q) = xA0(x, kt, q) +
αs

2π

∫
dz

6

z
∆ns

∫
dq′2

q′2
x

z
A
(x
z
, k′t, q

′
)

= xA0(x, kt, q) + ᾱs

∫
dz

z
zω
∫
dq′2

q′2
x

z
A
(x
z
, k′t, q

′
)

(7)

This equation describes parton emissions in the high energy limit, where all recoil effects
can be neglected (leading order formulation), and thus is violating (in principle) energy-
momentum conservation. Those effects are included as next-to-leading corrections. Recoil
effects are also included in the formulation of the CCFM equation, which applies color co-
herence and includes the 1/(1 − z) parts of the gluon splitting function, as formulated in
Refs. [31–34, 37, 38]. The CCFM evolution equation reads:

xAa(x,k, µ2) = ∆a(µ
2) xAa(x,k, µ2

0)

+

∫
dz

∫
d2q

πq2
Θ(µ− zq) ∆a(µ

2)

∆a(z2q2)
P̃ (z, q, kt)

x

z
Ab
(x
z
,k′,q′2

)
(8)

with k′ = k + (1− z)q′, and

P̃ (z, q, kt) =
ᾱs(q

2(1− z2))

1− z
+
ᾱs(k

2
t )

z
∆ns(z, q

2, k2
t ) (9)
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The recently developed Parton Branching (PB) method [29, 30] is an application of eq.(3)
at NLO. Fits to inclusive deep inelastic scattering data over a large range in x and Q2 leading
to the first complete set of TMD distributions at NLO for quarks and gluons are reported in
Ref. [39].
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Figure 2: Unintegrated gluon densities obtained in the PB-method [39], CCFM [40] and
BKFL [41] at different values of x (obtained with TMDlib and TMDplotter [42–44]).

The parton densities, and also the TMD parton densities are not observables themselves,
only after convolution with the appropriate parton cross section, predictions can be made.
Both BFKL and CCFM gluon densities need to be convoluted with off-shell matrix elements
(as required from kt-factorization [45–47]), while the PB-TMD distributions are convoluted
with on-shell ones. In addition, in BFKL and CCFM only gluon densities are calculated, in
the PB-TMD calculation the full flavor set of quarks and gluons is determined at NLO. Keep-
ing these differences in mind, it is still of interest to compare the kt-dependent distributions
for gluons (see Fig. 2). While both CCFM [40] and PB-TMD [30, 39] distributions fall off
quickly at kt ∼ µ, the BFKL distribution [41] has a tail to very large values of kt > µ.

3 Measurements with sensitivity to BFKL effects
While parton emissions from the initial state described by DGLAP evolution (i.e. its for-
mulation in terms of exclusive state, like parton showers or with the PB method) are essen-
tially ordered in transverse momentum of the emitted partons (or in its variant with angular
ordering), emissions described by BFKL or CCFM evolution at small x can perform a ran-
dom walk in transverse momentum (only limited by overall kinematic constraints), shown
schematically in Fig. 3. Partonic emissions in a BFKL evolution will have a different trans-
verse momentum spectrum at a fixed rapidity, compared to those coming from a DGLAP
evolution. Differences are expected in particular close to the proton direction, where the
transverse momentum coming from a DGLAP evolution is expected to be small.

In the following sections examples of measurements performed at the ep collider HERA
at DESY are discussed, which probe parton kinematics at small values of x.
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Figure 3: Schematic illustration of a DGLAP-evolution (left) and a BFKL evolution (right).
The length of the gluons indicates the size of their transverse momenta.

3.1 Inclusive cross section measurements

The inclusive cross section for deep-inelastic scattering was measured already at the start of
HERA in 1992 [48, 49], an example of this very first measurement of F2(x,Q2) from ZEUS is
shown in Fig. 4 (left). The behavior of F2(x,Q2) at small values of the momentum fraction x
indicates a clear rise, in contrast to some of the predictions.

In Fig. 4 (right) the reduced cross section (σred(x,Q2) ∼ F2(x,Q2)) from a combination of
the measurements of H1 and ZEUS after the full HERA running [50] is shown, confirming
impressively the rise of the cross section for small values of x, but also showing the enor-
mous improvement in precision of the measurements from the start of HERA to the finally
combined results at the end of the HERA running. The rise of F2 at small x was seen as an
indication for BFKL effects (for a discussion see [35, 51–57]), however, the measurements of
the inclusive deep inelastic cross section (σred) could be well described applying the DGLAP
evolution at next-to-leading (NLO) as well as at next-to-next-to-leading order in the expan-
sion of the strong coupling αs, as shown in Fig. 4 (right). The fits performed in Ref. [50] show
a very good χ2/ndf when measurements with Q2 > 3.5 GeV2 are included.

Recently a dedicated study, including BFKL resummation to the description of the inclu-
sive cross section, proved the need for BFKL effects [58, 59]. The effect of small x resumma-
tion is shown for the longitudinal structure function FL(x,Q2) in Fig. 5 (taken from [58]).
This study showed for the first time, that the measurements can be described better, if BFKL
effect are included in the calculation.

3.2 Transverse energy flow

A measurement of the transverse energy flow as a function of the rapidity can give insights
in the way transverse momenta of partons along the evolution chain are distributed (as illus-
trated in Fig. 6). In a DGLAP scenario, the transverse momenta of partons close to the proton
direction are expected to be small and they increase towards the hard scattering, while in a
BFKL scenario the transverse momenta can be sizable all over the rapidity range, and can
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Figure 4: Measurements of deep inelastic scattering cross section: (left) first measurement
by of the proton structure function F2(x,Q2) [49], (right) final measurement of the reduced
cross section obtained from a combination of the measurements from H1 and ZEUS [50]

Figure 5: Measurement of the longitudinal structure function FL(x,Q2) and comparison with
predictions using small x resummation [58].
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form a so-called Bartels-cigar [60], a diffusion pattern of the transverse momenta.

proton

0 2 4 6

TE
E − flow 
T

electron

labη
Θ

hard scattering

Figure 6: Schematic view of the process contributing to transverse energy flow in deep in-
elastic scattering.

The transverse energy flow in deep inelastic scattering was measured by H1 [61] and
ZEUS [62]. A significant transverse energy was found away from the hard scattering. An ex-
ample of one of the first measurements is shown in Fig. 7 (right), and compared to predictions
based on simulations using parton showers. All predictions* fall below the measurements
at large rapidities, except the prediction labelled as CDM [64] (which simulates unordered
emissions, similar to what is expected from BFKL). These first measurements were also com-
pared to calculations (i.e. in Ref. [65]) obtained with BFKL evolution, which confirmed the
increased energy flow in the forward region. Later measurements [66] with much higher

Figure 7: Transverse energy flow in deep inelastic scattering: (left) the distribution as a func-
tion of the difference to the direction of the scattered quark is shown (left) for the first mea-
surement [61], (right) the distribution with higher statistic, and for different regions of x, is
shown [66].

statistics (shown in Fig. 7 (right)) and with a finer binning in x and Q2 confirmed these early
findings (note that here the energy flow is plotted in the hadronic center-of-mass system,
and the proton direction appears at small η∗). All the different variants of the simulation
program LEPTO [67] (which includes order αs matrix elements and parton showers) fall be-
low the measurement at η∗ ∼ 0 at small x and small Q2.

*The prediction from HERWIG [63] had issues with large cluster sizes.
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3.3 Forward jet and forward π0 cross section

Measurements dedicated to investigate BFKL dynamics were proposed in Refs. [68, 69]. The
idea is to measure the cross section as a function of x for a jet in the forward region (at
large xjet) with a transverse momentum similar to the virtuality of the photon. By this re-
quirement, DGLAP evolution is expected to be suppressed, while the kt-unordered evolution
from BFKL will give significant contributions, at least at small x. The diagram for forward
jet production is schematically shown in Fig. 8 (left). In Fig. 8 (right) calculations for this pro-
cess are shown: except the predictions labelled as BFKL LO [70, 71] and ARIADNE (which is
the same calculation mentioned in the previous section as CDM) all predictions give a rather
small cross section for forward jet production. The forward jet cross section was also of inter-
est for investigations of hot-spots, localized regions with high density, inside the proton [72].

jet
=

Ejet

Eproton
= large

x bj x bj small

from large
evolution 

to small x

’forward’ jet

x

Figure 8: Left: schematic diagram illustrating forward jet production. Right: predictions for
forward jet production calculated in different schemes [73]

Forward jet production was measured by H1 [74–77] and ZEUS [73,78–80] collaborations.
Measurements from ZEUS are shown in Fig. 9 for jets with pT > 5 GeV. In Fig. 9 (left) it is
clearly seen, that the measured cross section increases steeply towards small x, while the
predictions obtained from DGLAP parton shower simulations fall below the measurements.
Only the prediction from ARIADNE comes closer the the data. In Fig. 9 (right) the cross
section is shown as a function of E2

T /Q
2, with ET being the transverse momentum of the

forward jet. For the typical DGLAP region, where E2
T is small compared to Q2, the predic-

tions describe the measurement, while in the region where E2
T becomes closer or even larger

than Q2, the measurements are above the predictions, indicating a very different kinematic
region.

One of the experimental issues in forward jet production is the requirement of the trans-
verse momentum of the jet, i.e. pT > 5 GeV, which limits the kinematic range, but is nec-
essary for a proper jet identification. Identified particles like π0 → γγ have been used in
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Figure 9: Left: measurement of forward jet production as a function of x [73]. Right: jet
production cross section as a function of E2

T /Q
2 [78].

H1 to measure a similar process [81, 82], but now being able to access lower x and lower
transverse momenta. The measurements from H1 are shown in Fig. 10 and compared to pre-
dictions using RAPGAP [83, 84] (which includes order αs matrix elements, and in addition
contributions from resolved virtual photons [85, 86]). The model including resolved virtual
photons describes the measurement very well, while a prediction based on the CCFM evo-
lution equation [87, 88] falls below the measurements.

The forward jet and forward pion cross sections increase towards small x, and only pre-
dictions which allow for unordered emissions during the initial state cascade come close to
the measurements, while predictions based on DGLAP parton showers, even with order αs

matrix elements are significantly below the data. Hot-spots inside the proton could not be
identified within the experimental precision reached so far.

3.4 Charged Particle Spectra

A new type of measurements, based on inclusive transverse momentum spectra of charged
particles was proposed in Ref. [90]. The advantage of such measurements is that one is able
to probe very small transverse momenta, accessing very low x values. The measurement is
performed in the hadronic center of mass frame, as indicated in Fig. 11. The measurement
is shown in Fig. 12 (left) for the proton direction and Fig. 12 (right) for the photon direction
region. In the proton direction region, the predictions based on DGLAP based parton shower
simulations (DJANGOH [91], RAPGAP [83,84] , HERWIG++ [92]) are significantly below the
measurements for transverse momenta pT > 1 GeV, while in the photon direction region the
predictions (except HERWIG++) come closer to the measurements. The calculation based on
CCFM (CASCADE [87, 93]) comes closer to the measurement in the proton direction region
at larger transverse momenta.
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3.5 Fixed order calculations and small x effects

Most of the calculations presented so far were based on order αs matrix elements supple-
mented with parton showers. Calculations using the complete next-to-leading order matrix
elements, matched with parton showers, became available only very recently [94]. However,
with advanced techniques of matching and merging of higher order tree-level diagrams, cal-
culations were performed for deep inelastic scattering [95] using tree-level diagrams of up to
5 partons.

In Fig. 13 a measurement [96] of inclusive jet production as a function of E2
T /Q

2 is shown
for different rapidity regions of the jet, compared to predictions based on different parton
multiplicities of the matrix elements. It is interesting to observe, that (at least) some mea-
surements dedicated to observe BFKL effects are well described when higher order matrix
elements are included in the calculations. Matrix element calculations cover the full avail-
able phase space (since no approximations are applied), but it remains to be seen, whether
a fixed order calculation is sufficient to describe the measurements at higher energies, or
whether resummation of enhanced contributions to all orders, as performed with BFKL or
CCFM calculations, are required.

4 The need for full hadronic Monte Carlo event generators for
small x physics.

Apart from inclusive cross section measurements (as described in section 3.1), comparisons
with measurements require the simulation of complicated cuts in phase space, and event
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generators are required. Some event generators provide only the partonic configuration
[97, 98], but for many applications a simulation of the complete final state is needed. Most
of the event generators applied at HERA were using collinear parton densities and matrix
elements up to order αs to calculate the cross sections supplemented with parton showers
based on the DGLAP evolution equation and hadronization (LEPTO, HERWIG and RAP-
GAP). The package ARIADNE applied color dipoles to simulate the partonic cascade. Only
the generators LDCMC [99,100] and CASCADE [87,93] used directly a BFKL motivated par-
ton shower, in the form of the CCFM formulation. The CASCADE event generator applied
unintegrated parton densities obtained from the CCFM evolution with a parton shower, fol-
lowing the uPDF. However, as reported in previous sections, the agreement of predictions
obtained from CASCADE with measurements is, in general, not satisfactory, only in ded-
icated phase space regions, the agreement is rather good. One reason is that only gluon
initiated processes were simulated, which is appropriate in the asymptotic region of appli-
cability of BFKL, but is clearly not sufficient for the kinematic region at HERA.

A significant step forward has been made recently with the development and determi-
nation of the so-called Parton-Branching TMD distributions [30, 39], which are uPDFs for all
flavors and obtained with NLO evolution. These uPDFs can be applied in a new version
of CASCADE [101] for detailed comparison with measurements, and impressive agreement
with measurements at the LHC [102] have been obtained. The new TMD (or uPDF) distri-
butions are a significant extension of the early HERA unintegrated gluon densities. With
this development, a new and promising attempt to understand small x measurements from
HERA has been started [103]. In the last years a major step forward has been achieved with
the automated calculation package KATIE [104, 105] for off-shell matrix elements for all fla-
vors in kt-factorization, as well as with PEGASUS [106], both also applicable to deep-inelastic
scattering.

5 Outlook
The study and investigations of small x effects at HERA, which were triggered by the pi-
oneering work of Lev, have led to a very deep understanding of parton dynamics at large
energies. Although, a final confirmation for the need of BFKL resummation could only be
given recently for inclusive deep inelastic cross section at small Q2, the studies of final states
in deep inelastic scattering, which aimed to confirm deviations from predictions of collinear
factorization, were extremely important for the investigations of new processes at large en-
ergies.

Recently a first complete set of unintegrated (Transverse Momentum Dependent) par-
ton densities including all flavors was determined and can be used in event simulation with
its unique application to parton showers. This development has great impact on present
measurements (not only at small x) at the LHC but also influences the preparation for mea-
surements at new colliders like the LHeC, the EIC or FCC, and thus the basic ideas of Lev
which influenced so much a whole generation of physicists at HERA, are alive also in the

13



studies for future colliders.
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[100] G. Gustafson, L. Lönnblad, and G. Miu, “Hadronic collisions in the linked dipole
chain model”, Phys.Rev. D67 (2003) 034020, arXiv:hep-ph/0209186.

[101] S. Baranov et al., “CASCADE3 A Monte Carlo event generator based on TMDs”, Eur.
Phys. J. C 81 (2021) 425, arXiv:2101.10221.

20

http://www.arXiv.org/abs/hep-ph/0109102
http://www.arXiv.org/abs/hep-ph/0012143
http://www.arXiv.org/abs/1302.1321
http://www.arXiv.org/abs/hep-ph/9606246
http://www.arXiv.org/abs/0803.0883
http://www.arXiv.org/abs/1008.0152
http://www.arXiv.org/abs/1512.01178
http://www.arXiv.org/abs/0912.3715
http://www.arXiv.org/abs/hep-ex/0206029
http://www.arXiv.org/abs/hep-ph/0104315
http://www.arXiv.org/abs/1703.05977
http://www.arXiv.org/abs/hep-ph/0209186
http://www.arXiv.org/abs/2101.10221


[102] A. Bermudez Martinez et al., “Production of Z-bosons in the parton branching
method”, Phys. Rev. D 100 (2019) 074027, arXiv:1906.00919.

[103] S. T. Monfared, F. Hautmann, H. Jung, and M. Schmitz, “Extending parton branching
TMDs to small x”, PoS DIS2019 (2019) 136, arXiv:1908.01621.

[104] A. van Hameren, “A note on QED gauge invariance of off-shell amplitudes”,
arXiv:1902.01791.

[105] A. van Hameren, “KaTie : For parton-level event generation with kT -dependent
initial states”, Comput. Phys. Commun. 224 (2018) 371–380, arXiv:1611.00680.

[106] A. Lipatov, M. Malyshev, and S. Baranov, “Particle Event Generator: A Simple-in-Use
System PEGASUS version 1.0”, Eur. Phys. J. C 80 (2020), no. 4, 330,
arXiv:1912.04204.

21

http://www.arXiv.org/abs/1906.00919
http://www.arXiv.org/abs/1908.01621
http://www.arXiv.org/abs/1902.01791
http://www.arXiv.org/abs/1611.00680
http://www.arXiv.org/abs/1912.04204

	desy193
	InnenseiteDESY-Berichte
	desy21-193
	1 Introduction
	2 Calculation of small x processes
	3 Measurements with sensitivity to BFKL effects
	3.1 Inclusive cross section measurements
	3.2 Transverse energy flow
	3.3 Forward jet and forward 0 cross section
	3.4 Charged Particle Spectra
	3.5 Fixed order calculations and small x effects

	4 The need for full hadronic Monte Carlo event generators for small x physics.
	5 Outlook


