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Regionales Rechenzentrum, Universität Hamburg

ISSN 0418-9833

NOTKESTRASSE 85 - 22607 HAMBURG



DESY behält sich alle Rechte für den Fall der Schutzrechtserteilung und für die wirtschaftliche 
Verwertung der in diesem Bericht enthaltenen Informationen vor. 

DESY reserves all rights for commercial use of information included in this report, especially in      
case of filing application for or grant of patents. 

To be sure that your reports and preprints are promptly included in the 
HEP literature database 

send them to (if possible by air mail): 

DESY          DESY 
Zentralbibliothek        Bibliothek     
Notkestraße 85          Platanenallee 6 
22607 Hamburg         15738 Zeuthen 
Germany                    Germany 



Advances in lattice hadron physics calculations using the
gradient flow

K.U. Can,𝑎,1,∗ R. Horsley,𝑏 Y. Nakamura,𝑐 H. Perlt,𝑑 P.E.L. Rakow,𝑒 G. Schierholz, 𝑓

H. Stüben,𝑔 R.D. Young𝑎 and J.M. Zanotti𝑎,1,∗
𝑎CSSM, Department of Physics, The University of Adelaide, Adelaide SA 5005, Australia.
𝑏School of Physics and Astronomy, University of Edinburgh, Edinburgh EH9 3JZ, UK.
𝑐RIKEN Center for Computational Science, Kobe, Hyogo 650-0047, Japan.
𝑑Institut für Theoretische Physik, Universität Leipzig, 04103 Leipzig, Germany.
𝑒Theoretical Physics Division, Department of Mathematical Sciences, University of Liverpool,
Liverpool L69 3BX, UK.

𝑓 Deutsches Elektronen-Synchrotron DESY, Notkestr. 85, 22607 Hamburg, Germany.
𝑓 Regionales Rechenzentrum, Universität Hamburg, 20146 Hamburg, Germany.

E-mail: kadirutku.can@adelaide.edu.au, james.zanotti@adelaide.edu.au

Lattice calculations of hadronic observables are aggravated by short-distance fluctuations. The
gradient flow, which can be viewed as a particular realisation of the coarse-graining step of
momentum space RG transformations, proves a powerful tool for evolving the lattice gauge field to
successively longer length scales for any initial coupling. Already at small flow times we find the
signal-to-noise ratio of two- and three-point functions significantly enhanced and the projection
onto the ground state largely improved, while the effect on the hadronic observables considered
here to be negligible. A further benefit is that far fewer conjugate gradient iterations are needed
for the Wilson-Dirac inverter to converge. Additionally, we find the renormalisation constants of
quark bilinears to be significantly closer to unity.
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Advances in lattice hadron physics calculations using the gradient flow K.U. Can and J.M. Zanotti

1. Introduction

The gradient flow approach has proven itself to be a powerful tool in investigating the long
distance behaviour of lattice gauge field theories (see for instance the reviews [1, 2]). In this
approach, the fundamental gauge fields, 𝐴𝜇, are evolved with respect to a fictitious flow time, 𝜏 > 0,
according to [3],

𝜕𝜏𝐵𝜇 = 𝐷𝜈𝐺𝜈𝜇, where, 𝐵𝜇

��
𝜏=0 = 𝐴𝜇, and (1)

𝐺𝜇𝜈 = 𝜕𝜇𝐵𝜈 − 𝜕𝜈𝐵𝜇 + [𝐵𝜇, 𝐵𝜈], 𝐷𝜇 = 𝜕𝜇 + [𝐵𝜇, ·] . (2)

The flowing procedure can be viewed as a particular realisation of the coarse-graining step of
momentum space renormalisation group transformations [4–8], which evolves the lattice gauge
fields to successively longer length scales for any initial coupling. Flowed fields are smooth
renormalised fields such that the correlators of the flowed fields are automatically renormalised [9].
As relevant to this work, this means the renormalisation of quark bilinear operators is expected
to become trivial as one flows to larger times, while the renormalised quantities (e.g. quark and
hadron masses) remain constant. In the rest of this contribution, we report on the advances of the
QCDSF/UKQCD Collaboration’s application of the gradient flow approach to extract some select
hadronic observables.

2. Simulation details and performance

We perform exploratory calculations on the 𝛽 = 5.5, 323×64, 2+1-flavour gauge configurations
generated by the QCDSF/UKQCD collaboration. A non-perturbatively O(𝑎)-improved Wilson
(Clover) action is used for simulating the dynamical quarks [10]. The lattice spacing of this
ensemble is 𝑎 = 0.074(2) fm [11] and the quark masses are tuned to the 𝑆𝑈 (3) symmetric point,
yielding 𝑎𝑀𝜋 ' 0.175 in lattice units and 𝑀𝜋 ' 470 MeV in physical units. More details on this
single set of configurations can be found in [12, 13].

In performing calculations, we first flow the original configurations to fixed flow times, and
then compute the valence quark propagators which are then used to calculate standard nucleon two-
and three-point correlation functions. Considering that the improvement coefficients are expected
to be driven to their tree-level improved values as a result of flowing, we employ a tree-level Clover
action (i.e. 𝑐𝑠𝑤 = 1) in computing the valence quark propagators. A mandatory step is retuning
the 𝜅𝑣𝑎𝑙 (𝜏) at each flow time (including 𝜏 = 0 since the action parameters have changed from those
used in the ensemble generation) to ensure that we are working at fixed quark mass. On each set of
(un)flowed configurations we tune 𝜅𝑣𝑎𝑙 (𝜏) to keep 𝑎𝑀𝜋 ' 0.175 consistent with its unitary value.
Note that this is a partially-quenched procedure since we do not modify the sea quarks. A similar
approach is taken in Refs. [14, 15]. If the physics is unaffected by the flowing procedure, one of the
quantities that should remain constant with respect to flow time is the 𝑀𝜋/𝑀𝑁 ratio. Once 𝜅𝑣𝑎𝑙 (𝜏)
is tuned, we find 𝑀𝜋/𝑀𝑁 ∼ 0.38 is constant in 𝜏, in very good agreement with its value obtained
in the unitary simulation [13].

In the results presented here, we perform calculations on 100 configurations only. Source and
sink nucleon interpolating operators are smeared in a gauge-invariant manner by Jacobi smearing.
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We r e p ort o nl y st atisti c al err ors i n t his  w or k  w hi c h ar e d et er mi n e d b y a b o otstr a p a n al ysis.
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Fi g u r e 1: Distri b uti o n of t h e n u m b er of it er ati o ns (r e d bl o bs) it t o o k f or t h e s ol v er t o c o n v er g e at e a c h fl o w
ti m e.  T h e  w hit e d ots s h o w t h e  m e a ns of t h e distri b uti o ns.  N ot e t h at t h e v erti c al li n es  wit h c a ps s h o w t h e f ull
s pr e a d of t h e distri b uti o ns, n ot t h eir 1 �휎 i nt er v al.

A si g ni fi c a nt b e n e fit of usi n g fl o w e d c o n fi g ur ati o ns is t h e i m pr o v e m e nt of t h e s ol v er p erf or-

m a n c e.  We s h o w i n Fi g ur e 1 t h at t h e n u m b er of it er ati o ns r e q uir e d f or t h e  Wils o n- Dir a c s ol v er t o

c o n v er g e d e cr e as e, al o n g  wit h t h e n u m b er of e x c e pti o n al c o n fi g ur ati o ns,  wit h i n cr e asi n g fl o w ti m e.

A fi n al r e m ar k is o n t h e p ossi bilit y of e x pl ori n g t h e  D as h e n/ A o ki p h as e  w hi c h h as i m pli c ati o ns

f or t h e str o n g-�퐶 �푃 pr o bl e m a n d t h e �푈 (1 ) a n o m al y [ 1 6 – 2 0 ].  T h e i m pr o v e d p erf or m a n c e of t h e s ol v er

all o ws us t o c o m p ut e v al e n c e q u ar k pr o p a g at ors f or �휅 �푣 �푎�푙 ( �휏 ) �휅 �푐 �푟 �푖�푡 ( �휏 ) at a r e d u c e d c o m p ut ati o n al

c ost f or a r a n g e of �휅 �푣 �푎�푙 ( �휏 ) v al u es f or �휏 > 0 . I n o ur e x pl or at or y c al c ul ati o n,  w e ar e a bl e t o  m a p t h e

p h as e b o u n d ari es (t h e criti c al li n es  w h er e t h e pi o n  m ass v a nis h es),  w hi c h s e p ar at e t h e n or m al a n d

�퐶 �푃 - vi ol ati n g  D as h e n/ A o ki p h as es f or  Wils o n q u ar ks, as s h o w n i n Fi g ur e 2 .  T his str u ct ur e of t h e

criti c al li n es  w as c o n fir m e d i n t h e q u e n c h e d a p pr o xi m ati o n b ef or e [ 2 1 ].  As �휏 → ∞ , criti c al p oi nts

a p p e ar at �휅 �푐 �푟 �푖�푡 ≡ 2 �휅 �푣 �푎�푙 = 1 / 8 , 1 / 4 .  We s e e t h at o ur �휅 �푐 �푟 �푖�푡 v al u es a p p e ar cl os e t o t h eir e x p e ct e d

v al u es at fi nit e fl o w ti m e.  E x pl or ati o n of t h e  D as h e n/ A o ki p h as e, h o w e v er, r e q uir es a f ull- Q C D

si m ul ati o n  wit h n o n d e g e n er at e u p a n d d o w n q u ar ks [ 2 2 ],  w hi c h  w e l e a v e t o a f ut ur e st u d y.
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Fi g u r e 2: T h e str u ct ur e of t h e criti c al li n es at �휏 = 0 .5 .  Bl a c k p oi nts ar e (�푎 �푀 �휋 ) 2 o bt ai n e d at e a c h �휅 �푣 �푎�푙 .  R e d
li n es ar e t h e fits of t h e f or m �푓 ( (�푎 �푀 �휋 ) 2 ) = �푏 (1 / �휅 �푣 �푎�푙 − 1 / �휅 �푐 �푟 �푖�푡 ) + �푐 (1 / �휅 �푣 �푎�푙 − 1 / �휅 �푐 �푟 �푖�푡 ) 2 ,  w h er e �푏, �푐 ar e t h e fit
p ar a m et ers.  Verti c al d as h e d li n es  m ar k t h e p ositi o ns of �휅 �푐 �푟 �푖�푡 .
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3.  H a d r o ni c o bs e r v a bl es

I n Fi g ur e 3 ,  w e gi v e e ff e cti v e e n er g y pl ots of a n u cl e o n t w o- p oi nt c orr el at or o bt ai n e d at di ff er e nt

fl o w ti m es a n d f or a c o u pl e of F o uri er  m o m e nt a.  T h er e is a cl e ar i m pr o v e m e nt i n t h e si g n al q u alit y

e v e n  wit h a s h ort a m o u nt of fl o w. Fl u ct u ati o ns i n t h e e arli er ti m e sli c es arisi n g fr o m e x cit e d st at es

ar e t a m e d,  w hil e t h e si g n al d et eri or ati o n fr o m st atisti c al n ois e is p us h e d b a c k t o l at er ti m es.  We

o bt ai n si mil ar n u cl e o n  m ass es vi a pl at e a u fits at fl o w ti m es �휎 = 0 , 0 .5 , a n d 1 .0 .  T h e  m ass o bt ai n e d at

�퐶 = 1 0 .0 , h o w e v er, is i n c o nsist e nt  wit h t h e ot h ers, i n di c ati n g t h at p ossi bl y t o o  m u c h s h ort- dist a n c e

p h ysi cs h as b e e n r e m o v e d fr o m t h e g a u g e fi el d c o n fi g ur ati o ns.  Alt h o u g h s h ort fl o w ti m es s e e m

a d e q u at e f or i m pr o vi n g t h e q u alit y of t h e h a dr o ni c o bs er v a bl es,  w e l e a v e i n v esti g ati n g t h e e ff e cts

of l o n g er fl o ws ti m es t o a l at er  w or k.
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Fi g u r e 3: N u cl e o n e ff e cti v e  m ass pl ots at v ar yi n g  m o m e nt a, c o m p ari n g t h e si g n al f or di ff er e nt fl o w ti m es.

As t h e g a u g e fi el ds ar e fl o w e d, o n e e x p e cts t h e r e n or m alis ati o n of q u ar k bili n e ars t o b e c o m e

tri vi al, i. e. r e n or m alis ati o n c o nst a nts of q u ar k bili n e ars s h o ul d e v ol v e t o w ar ds 1  wit h i n cr e asi n g

fl o w ti m e.  We s h o w t h e v e ct or a n d a xi al- v e ct or r e n or m alis ati o n c o nst a nts c al c ul at e d at e a c h fl o w

ti m e usi n g t h e  RI - M O M s c h e m e [2 3 ] i n Fi g ur e 4 as a n e x a m pl e.  T h eir t e n d e n c y t o w ar ds u nit arit y
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Fi g u r e 4: Ve ct or ( �휎 �퐶 ) a n d a xi al- v e ct or (�푃 �푈 ) r e n or m alis ati o n c o nst a nts  wit h r es p e ct t o fl o w ti m e.

is e vi d e nt.  At t h e s a m e ti m e,  w e s e e t h at �휅 �푣 / �푎 �푙 → 1 , a f e at ur e t y pi c all y r es er v e d f or f er mi o n

a cti o ns  wit h g o o d c hir al s y m m etr y.

O n e p arti c ul ar h a dr o ni c o bs er v a bl e of gr e at i nt er est is t h e a xi al c h ar g e of t h e n u cl e o n,  w h os e

e xtr a cti o n is pr o n e t o s yst e m ati c e ff e cts.  O n e t y pi c all y n e e ds t o c o ntr ol t h e e x cit e d st at e c o n-

t a mi n ati o n b y  m a xi misi n g t h e s o ur c e-si n k s e p ar ati o n f or a r eli a bl e, hi g h- pr e cisi o n d et er mi n ati o n.

C o ntr olli n g t h es e s yst e m ati cs,  w hi c h h a v e b e e n a hi g hli g ht of r e c e nt c al c ul ati o ns [ 2 4 ], d e m a n ds

gr e at c o m p ut ati o n al e ff ort a n d c o m pli c at e d a n al ysis  m et h o ds.  T o a d dr ess t h es e iss u es,  w e i n v esti-

g at e t h e vi a bilit y of t h e gr a di e nt fl o w a p pr o a c h as a  m e a ns of e xtr a cti n g n u cl e o n c h ar g es a n d f or m

f a ct ors.

We ill ustr at e t h e c o m p ut ati o n of �휏 �휅 i n Fi g ur es 5 a n d 6 as a n e x a m pl e. I n Fi g ur e 5 w e

− 8 − 6 − 4 − 2 0 2 4 6 8
t / a

0 .9 0

0 .9 5

1 .0 0

1 .0 5

1 .1 0

1 .1 5

1 .2 0

1 .2 5

g
( u − d )
A

τ = 0 .0 g
( u − d )
A = 1 .0 1 9 ± 0 .0 1 5

τ = 0 .0 g
( u − d )
A = 1 .0 7 9 ± 0 .0 2 1

τ = 0 .0 g
( u − d )
A = 1 .0 6 9 ± 0 .0 2 9

τ = 1 .0 g
( u − d )
A = 1 .0 9 4 ± 0 .0 1 5

τ = 1 .0 g
( u − d )
A = 1 .0 9 5 ± 0 .0 2 2

τ = 1 .0 g
( u − d )
A = 1 .0 9 2 ± 0 .0 3 7

τ = 0 .0 g
( u − d )
A = 1 .0 1 9 ± 0 .0 1 5

τ = 0 .0 g
( u − d )
A = 1 .0 7 9 ± 0 .0 2 1

τ = 0 .0 g
( u − d )
A = 1 .0 6 9 ± 0 .0 2 9

τ = 1 .0 g
( u − d )
A = 1 .0 9 4 ± 0 .0 1 5

τ = 1 .0 g
( u − d )
A = 1 .0 9 5 ± 0 .0 2 2

τ = 1 .0 g
( u − d )
A = 1 .0 9 2 ± 0 .0 3 7

τ = 0 .0 g
( u − d )
A = 1 .0 1 9 ± 0 .0 1 5

τ = 0 .0 g
( u − d )
A = 1 .0 7 9 ± 0 .0 2 1

τ = 0 .0 g
( u − d )
A = 1 .0 6 9 ± 0 .0 2 9

τ = 1 .0 g
( u − d )
A = 1 .0 9 4 ± 0 .0 1 5

τ = 1 .0 g
( u − d )
A = 1 .0 9 5 ± 0 .0 2 2

τ = 1 .0 g
( u − d )
A = 1 .0 9 2 ± 0 .0 3 7

Fi g u r e 5: N u cl e o n is o v e ct or a xi al c h ar g e �푐 �푟 − �푖
�푡 c o m p ar e d t o t h e v al u e e xtr a ct e d ( bl u e b a n ds) fr o m u nit ar y

c al c ul ati o n usi n g a v ari ati o n al a p pr o a c h  wit h t h e f ull st atisti cs [ 2 5 ]. P oi nts ar e c e ntr e d f or a cl e ar c o m p aris o n
of t h e si g n als of di ff er e nt s o ur c e-si n k s e p ar ati o ns.  D ar k (li g ht) c ol o ur e d s y m b ols i n di c at e fl o w ti m e �휏 = 0 .0
(�휅 = 1 .0 ) r es ults f or �푣�푎�푙 �휏 �휏 = { 1 0 �퐶 ( ◦), 1 3 �푃 ( ), 1 6 �휏 ( ) }.

s h o w t h e si g n al f or t h e (r e n or m alis e d) is o v e ct or �휅 �푐 − �푟
�푖 a s o bt ai n e d fr o m a st a n d ar d t hr e e- p oi nt

f u n cti o n a n al ysis f oll o wi n g  R ef. [2 5 ].  We c al c ul at e t h e t hr e e- p oi nt f u n cti o n  wit h a si n gl e n u cl e o n

i nt er p ol ati n g o p er at or f or t hr e e s o ur c e-si n k s e p ar ati o ns, �푡�휅�푣 �푎 �푙 = { 1 0 �휅, 1 3 �푐, 1 6 �푟 } , at fl o w ti m es �푖 = 0
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Fi g u r e 6: S u m m ar y pl ot f or t h e n u cl e o n is o v e ct or a xi al c h ar g e �휎 �퐶 − �푃
�푈 e xtr a ct e d at e a c h �휅 a n d �푣�푎�푙 �휏 �휅 c o m-

p ar e d t o t h e v al u e e xtr a ct e d ( bl u e b a n d) fr o m u nit ar y c al c ul ati o n usi n g a v ari ati o n al a p pr o a c h  wit h t h e f ull
st atisti cs [ 2 5 ].

a n d 1 .0 .  T h e fit r e gi o ns ar e i n di c at e d b y r e d b a n ds a n d t h e e xtr a ct e d v al u es ar e gi v e n i n t h e fi g ur e

l e g e n d.  T h er e is a stri ki n g c o ntr ast b et w e e n t h e u n fl o w e d a n d fl o w e d r es ults  w h er e t h er e is t h e

c ur v at ur e d u e t o e x cit e d st at es a n d t h e f a mili ar s o ur c e-si n k s e p ar ati o n d e p e n d e n c e i n t h e u n fl o w e d

c as e,  w hil e t h e p oi nts o bt ai n e d o n t h e fl o w e d e ns e m bl e ar e al m ost o n t o p of e a c h ot h er a n d t h e

c ur v at ur e is fl att e n e d.

We pr o vi d e a s u m m ar y pl ot of t h e e xtr a ct e d �푐 �푟 − �푖
�푡 v al u es i n Fi g ur e 6 ,  w hi c h i n cl u d es a d diti o n al

r es ults o bt ai n e d at �휏 = 0 .5 f oll o wi n g t h e s a m e pr o c e d ur e. Fi n all y, b ot h t h e si g n al a n d t h e e xtr a ct e d

v al u es ar e c o m p ar e d t o a pr e vi o us d et er mi n ati o n of �휅 �푣 ( bl u e b a n ds o n b ot h fi g ur es) o n t h e f ull

ori gi n al e ns e m bl e fr o m a v ari ati o n al a n al ysis [ 2 5 ].  N ot e t h at o ur r es ults ar e fr o m 1 0 0  m e as ur e m e nts

o nl y  w hil e [ 2 5 ] h a v e O ( 1 0 3 ) m e as ur e m e nts.  Gi v e n t h e di ff er e n c e i n st atisti cs, o ur r es ults ar e i n

e x c ell e nt a gr e e m e nt.  T h e st a bilit y of t h e c e ntr al v al u e  wit h r es p e ct t o s o ur c e-si n k s e p ar ati o n at

�푎 = 1 .0 is e n c o ur a gi n g f or f ut ur e pr e cisi o n c al c ul ati o ns  w h er e o n e c a n p ot e nti all y us e t h e s h ort er

s e p ar ati o n  w hi c h h as b ett er st atisti c al a c c ur a c y.  We ar e c urr e ntl y i n t h e pr o c ess of r e p e ati n g t his

a n al ysis  wit h i n cr e as e d st atisti cs  w h er e t h e r es ults  will b e r e p ort e d i n a f ut ur e p a p er al o n g  wit h

ot h er h a dr o ni c o bs er v a bl es.

4.  C o n cl usi o ns

We h a v e r e p ort e d o n  Q C D S F/ U K Q C D  C oll a b or ati o n’s a d v a n c es i n e xtr a cti n g s e v er al h a dr o ni c

o bs er v a bl es b y a n a p pli c ati o n of t h e gr a di e nt fl o w  m et h o d.  We h a v e s h o w n t h at  w or ki n g o n fl o w e d

c o n fi g ur ati o ns i m pr o v es t h e s ol v er p erf or m a n c e a n d r e d u c es t h e c o m p ut ati o n ti m e.  B as e d o n t h e

pr es e nt e d r es ults,  w e h a v e ar g u e d t h at k e e pi n g t h e �푙 �휏 �휏 c o nst a nt  wit h r es p e ct t o fl o w ti m e b y

r et u ni n g t h e b ar e q u ar k  m ass es o n fl o w e d c o n fi g ur ati o ns is e n o u g h t o k e e p t h e p h ysi cs c o nst a nt

( e. g. �퐶 �푃 / �휏 �휅 r e m ai ns t h e s a m e), h o w e v er a ri g or o us c h e c k is d esir a bl e f or c o n fir m ati o n.  T h e
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advantage of the gradient flow is most evident for the hadronic observables where the excited states
contamination is tamed and a better signal is obtained for both two- and three-point correlation
functions and related quantities. These preliminary results were extracted from a low statistics run.
We are working towards a high-statistics calculation.
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