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1. Introduction

Historically nuclear and neutron beta decays have played an important role in determining
the vector-axial (V-A) structure of weak interactions and in shaping the Standard Model (SM).
However, more recently neutron and nuclear 𝛽-decays can be used to probe the existence of
Beyond the Standard Model (BSM) tensor and scalar interactions. Many experiments are underway
worldwide with the aim to improve the precision of measurements of neutron decay observables,
two being the neutrino asymmetry 𝐵 [1], and the Fierz interference term 𝑏 [2, 3]. The parameter 𝑏
has linear sensitivity to BSM physics through:

𝑏BSM =
2

1 + 3𝜆2

[
𝑔𝑆𝜖𝑆 − 12𝜆𝑔𝑇 𝜖𝑇

]
≈0.34𝑔𝑆𝜖𝑆 − 5.22𝑔𝑇 𝜖𝑇 ,

(1)
𝑏BSM
𝑣 =

2
1 + 3𝜆2

[
𝑔𝑆𝜖𝑆𝜆 − 4𝜆𝑔𝑇 𝜖𝑇 (1 + 2𝜆)

]
≈0.44𝑔𝑆𝜖𝑆 − 4.85𝑔𝑇 𝜖𝑇 ,

(2)

where 𝜖𝑇 and 𝜖𝑆 are the new-physics effective couplings, 𝑔𝑇 and 𝑔𝑆 are the tensor and scalar
nucleon isovector charges and 𝜆 = 𝑔𝐴/𝑔𝑉 [4]. Here 𝑏BSM

𝑣 is a correction term to the correlation
coefficient 𝐵. Data taken at the Large Hadron Collider (LHC) is currently looking at probing scalar
and tensor interactions at the . 10−3 level [4]. However to fully assess the discovery potential of
experiments at the 10−3 level it is crucial to identify existing constraints on new scalar and tensor
operators.

The quark tensor charges are important quantities when analysing the neutron electric dipole
moment (EDM). The neutron EDM is sensitive to CP violation and hence is an excellent probe in
the search for physics beyond the Standard Model. CP violating interactions contribute largely to
the quark EDM. The dependence of the neutron EDM on the quark EDM, 𝑑𝑞, is related to the quark
tensor charges, 𝛿𝑞, by [5–7]:

𝑑𝑛 = 𝑑𝑢𝛿𝑑 + 𝑑𝑑𝛿𝑢 + 𝑑𝑠𝛿𝑠. (3)

Here 𝑑𝑢 , 𝑑𝑑 , 𝑑𝑠, are the new effective couplings which contain new CP violating interactions
at the TeV scale. The current experimental data gives an upper limit on the neutron EDM of
|𝑑𝑛 | < 2.9 × 10−26𝑒 cm [8]. In calculating the tensor charges and knowing a bound on 𝑑𝑛, we are
able to constrain the couplings, 𝑑𝑞, and hence BSM theories.
QCDSF/UKQCD/CSSM collaborations have an ongoing program investigating various hadronic
properties using the Feynman-Hellmann theorem [9–16]. Here we extend this work to a dedicated
study of the nucleon scalar and tensor charges. We discuss a flavour symmetry breaking method
to systematically approach the physical quark mass. Finally, we look at the potential impact of our
results on measurements of the Fierz interference term.

2. Simulation Details

In our simulations, we have kept the bare quark mass, �̄� = (𝑚𝑢 +𝑚𝑑 +𝑚𝑠)/3, held fixed at its
physical value, while systematically varying the quark masses around the 𝑆𝑈 (3) flavour symmetric
point, 𝑚𝑢 = 𝑚𝑑 = 𝑚𝑠, to eventually extrapolate results at the physical point. We also have
degenerate 𝑢 and 𝑑 quark masses, 𝑚𝑢 = 𝑚𝑑 ≡ 𝑚𝑙, restricting ourselves to 𝑛 𝑓 = 2 + 1. The lattice
spacings and pion masses are represented graphically in Fig. 1. Here the solid points represent
the ensembles reported in this proceeding while the open points are still being finalised. We have

2



Tensor Charges and their Impact on Physics Beyond the Standard Model R. E. Smail

Figure 1: Lattice ensembles that will be used in this work characterised by pion mass, �� , and lattice
spacing, �. The black lines represent the physical pion and kaon masses, where the continuum limit occurs
as � → 0. The solid points represent the ensembles used in this proceeding while the open points are still
being finalised.

five lattice spacings, � = 0.082, 0.074, 0.068, 0.059, 0.0521 fm enabling an extrapolation to the
continuum limit as well as three lattice volumes 323×64, 483×96 and 643×96, which are indicated
by the shapes of the points in Fig. 1.

3. Calculating Matrix Elements using The Feynman-Hellmann Theorem

The Feynman-Hellmann (FH) theorem is used to calculate hadronic matrix elements in lattice
QCD through modifications to the QCD Lagrangian. Consider the following modification to the
action of our theory:

� → � + �O. (4)

Then the FH theorem as shown in Ref. [9, 13], provides a relationship between an energy shift and
a matrix element of interest:

���,�( ��)
��

���
�=0

=
1

2�� ( ��)
〈�, �� | O |�, ��〉 . (5)

Importantly, the right-hand side is the standard matrix element of the operator O inserted on the
hadron, � , in the absence of any background field. In lattice calculations, we modify the action in
Eq. 4, then we examine the behaviour of hadron energies as the parameter � changes, and extract
the above matrix element from the slope at � = 0.

3.1 Application and Implementation

In order to calculate the tensor charge, the extra term we add to the QCD action is:

� → � + �

∫
�4���̄(�)����5�(�), (6)

3
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where we will take the case of each quark flavour, �, separately. The tensor charge is related to the
following nucleon matrix element:

〈 ��, �� | T �� | ��, ��〉 = 2
��

(���� − ����)�, (7)

where T �� = ��̄����5�. In our simulations, we have chosen � = 3, � = 4:

〈 ��, �� | T 34 | ��, ��〉 = 2��3, (8)

where �3 is the direction of nucleon polarisation along the 
 axis, hence the FH theorem in Eq. 5
then gives:

��+
�

��

���
�=0

= �,
��−

�

��

���
�=0

= −�, (9)

where �+/− denotes the energy of the hadron with spin up/down in the 
 direction in the presence
of the tensor background field (Eq. 6) with strength �. The energy as a function of � is therefore
given by:

�±(�) = � (0) ± �� + O(�2). (10)

We have related the change in energy of the hadron state to the transverse spin contribution from
the quark flavour �. Alternatively, due to the combination of ±�, the spin-down state with positive
� is equivalent to the energy shift of the spin-up state with negative �. The nucleon isovector tensor
charge is then given by the difference between the up and down quark contributions:

	� = � − �. (11)

3.2 Results

(a) (b)

Figure 2: (a) Change in proton energy for different parameter values, with a linear fit. Calculated at
� = 0.082fm, (�� , ��) = (0.119930, 0.119930). Noting the error bars are smaller than the points displayed
and we define Δ� = �� − � . (b) Proton effective mass for the ratio (Eq. 12) divided by �, for the down
quark at two different values of �, for spin up (circle points) and spin-down (triangle points), calculated at
� = 0.082fm, (�� , ��) = (0.119930, 0.119930). The points have been offset slightly for clarity.

We consider the ratio of two correlation functions, one calculated at � = 0 and the other at
some finite value of �. At sufficiently large Euclidean time, we isolate the energy difference by:

��(�)
� (�)

large �
= �−(��−�)� �

��

|�� |2
|�|2

. (12)

4
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In Fig. 2(a) we plot the calculated nucleon energies for each value of 𝜆. Note that while only two
positive values of 𝜆 are used, the energy shift of the spin-down state with positive 𝜆 is equivalent to
the energy shift of the spin-up state with negative 𝜆. Negative 𝜆 values hence come from flipping
the spin of the nucleon. In Fig. 2(a) we perform a linear fit to Eq. 10 and by extracting the slope we
get the following results:

𝛿𝑢 = 0.8266(77), (13)
𝛿𝑑 = − 0.1945(39), (14)

renormalised at 𝜇 = 2GeV in the MS scheme [17, 18]. The Feynman-Hellmann theorem has some
advantages over standard methods. Since hadron energies are extracted from two-point functions,
control of excited state contamination in the Feynman-Hellmann is simplified compared to standard
three-point analyses. Fig. 2(b) shows the effective mass for the ratio (Eq. 12) divided by 𝜆 for the
down quark at two different values of 𝜆, for spin-up and spin-down. The advantage of Feynman-
Hellmann can be seen in Fig. 2(b), where we see a plateau in the effective mass and a control over
excited state contamination.
The above process has been repeated for all pion masses on each of the lattice spacings as well as
for the Σ and Ξ baryons.
Now that we have the quark contributions for multiple lattice ensembles, we use a 𝑆𝑈 (3) flavour
symmetry breaking method to extrapolate results for the tensor charge to the physical quark mass.

4. Flavour Symmetry Breaking

As described above, here we keep the bare quark mass held fixed at approximately its physical
value, while systematically varying the quark masses around the 𝑆𝑈 (3) flavour symmetric point, to
eventually extrapolate results to the physical point.

When 𝑆𝑈 (3) is unbroken all octet baryon matrix elements of a given octet operator can be
expressed in terms of just two couplings 𝑓 and 𝑑. However, once 𝑆𝑈 (3) is broken and we move away
from the symmetric point we can construct quantities (𝐷𝑖 , 𝐹𝑖) which are equal at the symmetric
point but differ in the case where the quark masses are different. The theory behind constructing
these quantities is described in Ref. [19]. The result of constructing these quantities leads to ‘fan’
plots, with slope parameters (𝑟𝑖 , 𝑠𝑖) relating them. Following the method in Ref. [19] we use the
fan plots to extrapolate the tensor charge to the physical point.

4.1 Mass Dependence: ‘Fan Plots’

We hold the average quark masses, �̄�, fixed, while moving away from the symmetric point.
Hence we only consider the non-singlet polynomials in the quark mass. In this section quantities
(𝐷𝑖 , 𝐹𝑖) are constructed which are equal at the symmetric point and differ in the case where the
quark masses are different, we then can evaluate the the violation of 𝑆𝑈 (3) symmetry that emerges
from the difference in 𝑚𝑠 −𝑚𝑙. Here we introduce the notation for the matrix element transition of
𝐵 → 𝐵′ is as follows:

𝐴�̄�′𝐹𝐵 = 〈𝐵′ | 𝐽𝐹 |𝐵〉 , (15)
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where 𝐽𝐹 is the appropriate operator from Ref. [19], and 𝐹 represents the flavour structure of the
operator.

4.2 The d-fan

Following Ref. [19], we construct the following combinations of matrix elements:

𝐷1 ≡ −(𝐴�̄� 𝜂𝑁 + 𝐴Ξ̄𝜂Ξ) = 2𝑑 − 2𝑟1𝛿𝑚𝑙,

𝐷2 ≡ 𝐴Σ̄𝜂Σ = 2𝑑 + (𝑟1 + 2
√

3𝑟3)𝛿𝑚𝑙,

𝐷4 ≡ 1
√

3
(𝐴�̄� 𝜋𝑁 − 𝐴Ξ̄𝜋Ξ) = 2𝑑 − 4

√
3
𝑟3𝛿𝑚𝑙,

𝐷6 ≡ 1
√

6
(𝐴�̄� 𝐾Σ + 𝐴Σ̄𝐾Ξ) = 2𝑑 + 2

√
3
𝑟3𝛿𝑚𝑙,

(16)

where 𝛿𝑚𝑙 = 𝑚𝑙 − �̄�. The quantities 𝐷𝑖 can be calculated for each quark mass we calculated on
the lattice. For example:

𝐷1 = − (𝐴�̄� 𝜂𝑁 + 𝐴Ξ̄𝜂Ξ)

= −
(

1
√

6
(𝛿𝑢𝑝 + 𝛿𝑑𝑝) +

1
√

6
(𝛿𝑢Ξ − 2𝛿𝑠Ξ)

)
,

(17)

where we introduce the notation 𝛿𝑞𝐵 to denote the quark, 𝑞, tensor charge in the baryon, 𝐵. Here
𝛿𝑢𝑝, 𝛿𝑑𝑝, 𝛿𝑢Ξ and 𝛿𝑠Ξ are the results calculated using the FH theorem for each lattice ensemble.
An ‘average D’ can also be constructed from the diagonal amplitudes:

𝑋𝐷 =
1
6
(𝐷1 + 2𝐷2 + 3𝐷4) = 2𝑑 + O(𝛿𝑚2

𝑙 ), (18)

which is constant in 𝛿𝑚𝑙 up to terms O(𝛿𝑚2
𝑙
).

4.3 The f -fan

Similarly another five quantities, 𝐹𝑖 , can be constructed which all have the same value, 2 𝑓 , at
the 𝑆𝑈 (3) 𝑓 symmetric point:

𝐹1 ≡ 1
√

3
(𝐴�̄� 𝜂𝑁 − 𝐴Ξ̄𝜂Ξ) = 2 𝑓 − 2

√
3
𝑠2𝛿𝑚𝑙,

𝐹2 ≡ (𝐴�̄� 𝜋𝑁 + 𝐴Ξ̄𝜋Ξ = 2 𝑓 + 4𝑠1𝛿𝑚𝑙,

𝐹3 ≡ 𝐴Σ̄𝜋Σ = 2 𝑓 + (−2𝑠1 +
√

3𝑠2)𝛿𝑚𝑙,

𝐹4 ≡ 1
√

2
(𝐴Σ̄𝐾Ξ − 𝐴�̄� 𝐾Σ) = 2 𝑓 − 2𝑠1𝛿𝑚𝑙,

𝐹5 ≡ 1
√

3
(𝐴Λ̄𝐾Ξ − 𝐴�̄� 𝐾Λ) = 2 𝑓 + 2

√
3
(
√

3𝑠1 − 𝑠2)𝛿𝑚𝑙 .

(19)

6
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Again, an ‘average F’ can be calculated through:

�� =
1
6
(3�1 + �2 + 2�3) = 2 � + O(�2

� ). (20)

In this work, only the connected quark-line terms are computed. Quark-line disconnected terms
only show up in the �1 coefficient and �discon

1 cancels in the case 	� = � − �. Unlike the �-fan,
the � -fan to linear order, has no error from dropping the quark-line disconnected contributions, as
none of the �� parameters appear in the � -fan.

4.4 Results

(a) (b)

Figure 3: (a) The three fits �1, �2 and �4 (b) The three fits �1, �2 and �3. The vertical black dotted line
represents the physical point. Results for the three ensembles with the heaviest pion masses at � = 0.074fm
ensemble.

Fig. 3(a) shows the ‘fan’ plot �̃� = ��/�� for � = 1, 2 and 4. Here the lines correspond to
the linear fits of the �� using Eq. 16. From these linear fits the slope parameters �̃1 = �1/�� and
�̃3 = �3/�� are determined. These parameters can also predict the off-diagonal term for � = 6,
which is also shown. Similarly in Fig. 3(b) we have the ‘fan’ plot �̃� = ��/�� for � = 1, 2 and 3,
where the lines correspond to the linear fits using Eq. 19. Similarly, the parameters �̃1 = �1/�� and
�̃2 = �2/�� are determined from the linear fits. Again, the corresponding off-diagonal terms for
� = 4, 5 were also predicted and plotted.
By forming appropriate linear combinations, we reconstruct the matrix elements in a particular
hadron:

〈� | �̄Γ� |�〉 = 2
√

2 � +
(√3

2
�1 −

√
2�3 +

√
2�1 −

√
3
2
�2

)
��,

〈� | �̄Γ� |�〉 =
√

2( � −
√

3�) +
(√3

2
�1 −

√
2�3 −

√
2�1 −

√
3
2
�2

)
��,

(21)

and hence the nucleon isovector tensor charge:

	� = 〈� | �̄Γ� |�〉 − 〈� | �̄Γ� |�〉 , (22)

for Γ = ��34�5. To obtain an extrapolation of 	� to the physical point, we evaluate with �� → �∗
�
.

The physical quark mass point, �∗
�
, has been determined in Ref. [20]. A similar procedure is

7
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followed to determine the nucleon scalar charge.
In this proceeding the above method was applied using the ensembles represented by solid points
in Fig. 1. The result for each lattice spacing was averaged, giving:

	� = 0.95(03) (14), (23)
	� = 1.014(45) (80), (24)

renormalised at � = 2GeV in the MS scheme [17, 18]. The first error in brackets is the statistical
error and the last error is systematic. As these results are preliminary we have taken the systematic
error to be half the difference between the maximum and minimum value of 	� and 	� . Noting
that discretisation and volume effects have not yet been quantified. These results are comparable to
those given in the FLAG Review [21].

5. Impact of Lattice Results on Phenomenology

(a) (b)

Figure 4: (a) Allowed regions in the �� − �� plane for the scenario 	� = 	� = 1 with no uncertainty. The
green band is the existing band on �0+ [4, 22]. (b) Tensor and scalar charges taken from lattice QCD with
	� = 0.95(03) (14) and 	� = 1.014(45) (80).

As the long term goal of this work is to support precision tests of the Standard Model, here
we highlight the potential for improved precision from nucleon matrix elements in lattice QCD.
Following the work of Ref. [4], in Fig. 4(a) we show the constraint on the �� − �� plane assuming
perfect knowledge of the nucleon matrix elements. These current best constraints on scalar and
tensor interactions arise from 0+ → 0+ nuclear beta decays and radioactive pion decay, which
is shown by the green band [4, 22]. The neutron constraints are future projections at the 10−3

level, derived from Eq. 1 and Eq. 2, shown by the red and blue bands in Fig. 4(a). For a more
realistic constraint, including the hadronic uncertainties, in Fig. 4(b) we show the corresponding
figure including our best-estimates from the preliminary results reported here for 	� and 	� . When
accounting for uncertainties in these lattice QCD calculations, the boundaries on the bands in
Fig. 4(b) become wider and contraining power is lost. In order to fully utilise the constraining
power of future 10−3 experiments, understanding the lattice-QCD estimates of the tensor and scalar
charge at the level of 10% is required [4].

8
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6. Conclusion

In this work we have presented preliminary results for the nucleon tensor charge using the
Feynman-Hellmann theorem, as well as using a flavour symmetry breaking method to systematically
approach the physical quark mass. The Feynman-Hellmann theorem has advantages over using
standard methods as control of excited state contamination is more simple than the standard three-
point analyses. In the flavour symmetry breaking method we used, symmetry constraints are
automatically built in order-by-order in 𝑆𝑈 (3) breaking. We have full coverage of 𝑎, 𝑚𝜋 and
volume meaning in future we can control those systematics to reliably deliver desired precision
goals in the future.
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