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Gravitational Focusing of Wave Dark Matter

Hyungjin Kim∗ and Alessandro Lenoci†

Deutsches Elektronen-Synchrotron DESY, Notkestr. 85, 22607 Hamburg, Germany

A massive astrophysical object deforms the local distribution of dark matter, resulting in a local
overdensity of dark matter. This phenomenon is often referred to as gravitational focusing. In the
solar system, the gravitational focusing due to the Sun induces modulations of dark matter signals
on terrestrial experiments. We consider the gravitational focusing of light bosonic dark matter
with a mass of less than about 10 eV. The wave nature of such dark matter candidates leads to
unique signatures in the local overdensity and in the spectrum, both of which can be experimentally
relevant. We provide a formalism that captures both the gravitational focusing and the stochasticity
of wave dark matter, paying particular attention to the similarity and difference to particle dark
matter. Distinctive patterns in the density contrast and spectrum are observed when the de Broglie
wavelength of dark matter becomes comparable or less than the size of the system and/or when the
velocity dispersion of dark matter is sufficiently small. While gravitational focusing effects generally
remain at a few percent level for a relaxed halo dark matter component, they could be much larger
for dark matter substructures. With a few well-motivated dark matter substructures, we investigate
how each substructure responds to the gravitational potential of the Sun. The limit at which wave
dark matter behaves similar to particle dark matter is also discussed.

I. INTRODUCTION

The evidence for dark matter (DM) has been accu-
mulating for decades. Since the evidence is based on
the gravitational interaction, it still remains a mystery
how dark matter communicates with the standard model.
While there exists a plethora of possibilities, a particu-
lar class of DM candidates, namely weakly interacting
massive particle, has given particular attention due to its
predictive power and theoretical motivations. However,
it has avoided intense scrutiny of terrestrial DM searches
as well as cosmological and astrophysical probes.

A light bosonic particle with a mass smaller than
10 eV provides a compelling alternative dark matter can-
didate. Such a DM candidate arises from various beyond
the standard models with different theoretical and phe-
nomenological motivations. One specific example is the
QCD axion [1–3], which is originally proposed as a solu-
tion to the strong CP problem in the standard model [4–
10]. Not only from a solution to the strong CP problem,
it also arises from dynamical and anthropic solutions to
the electroweak hierarchy problem [11–16]. Moreover, a
large number of light bosonic states may arise from higher
form fields on compact extra dimensions in some ultravi-
olet theories [17, 18], and one of them can be dark matter
in the present universe.

A light bosonic DM candidate behaves like a classical
wave rather than an individual particle. With a typical
value of DM mass density in a collapsed halo, the number
of DM particles within a volume of de Broglie wavelength
takes a gigantic value. This allows us to treat DM as a col-
lection of waves, and hence, we call such candidates wave
dark matter candidates. The wave nature makes them
qualitatively different from usual particle DM candidates,
leaving unique cosmological and astrophysical signatures
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throughout the entire history of the universe. See a recent
review [19] for an overview.

As it appears ubiquitously in many beyond the stan-
dard models, many efforts have been put forward to find
such wave dark matter in Milky Way for past decades
(see e.g. [20] for a review on axion and axion-like par-
ticle searches). When it comes to terrestrial searches of
dark matter, one essential input is the dark matter local
distribution. A common starting point is to assume that
the dark matter forms an isothermal halo and its velocity
distribution is given by the Maxwell-Boltzmann distribu-
tion [21, 22]. Such a model is referred to as the standard
halo model, and as its name implies, it has been the stan-
dard assumption for various analyses of terrestrial dark
matter searches, not only for the wave dark matter but
also for particle dark matter. While the standard halo
model is simple and is reproduced reasonably well from
N-body studies [23, 24], it ignores several important as-
pects of our current understanding of the local dark mat-
ter distribution, which might be important to determine
a precise map of local dark matter.

Firstly, it does not account for the potential existence
of DM substructures near the solar neighborhood. With
precision astrometric data, recent analyses have identified
a stellar population near the solar neighborhood with a
distinct kinematic structure [25, 26]. This stellar sub-
structure is called Gaia-Enceladus or Gaia-Sausage due
to its elongated structure in the velocity space. It is in-
ferred that this stellar substructure was created through
a recent merger with a satellite galaxy of mass ∼ 1010M�
about 8–10 Gyr ago. The same merger event is expected
to deposit DM into the Milky Way. Numerical studies
showed that accreted dark matter from the same merger
event has a kinematic structure very similar to its stellar
counterpart [27, 28]. A nontrivial fraction of dark mat-
ter in the inner halo is therefore expected to be in form
of substructures [29–31]. In addition to Gaia-Enceladus,
there could be other substructures with completely dif-
ferent kinematic properties. Examples include streams
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with characteristically small velocity dispersion, and a
dark disk which may arise from the merger events that
are responsible for the formation of the thick stellar disk
in the Milky Way [32].

Secondly, it does not account for the deformation of lo-
cal dark matter distribution due to the gravitational po-
tential of the Sun. As we are bound to the solar system,
all the obervations are eventually affected by the presence
of the Sun. Specifically, the gravitational potential of the
Sun deflects the trajectory of DM, gravitationally focus-
ing DM particles in the solar system. This leaves a tail
of local overdensity in the opposite direction to the direc-
tion of the solar system in the Milky Way. It is therefore
important to examine how the dark matter profile near
the solar system is modified by the Sun, especially along
the orbital trajectory of the Earth. This gravitational fo-
cusing of DM has been studied, especially in the context
of weakly interacting massive particle DM searches [33–
38]. While it was found that the event rate due to the
local overdensity remains only a few percent level in the
standard halo model, it can lead to an interesting pattern
of DM flux in the sky map [36, 37] as well as modifying
the DM annual modulation signal [38].

The purpose of this work is to extend the discussion
to the gravitational focusing of wave DM and to examine
how wave dark matter substructures are focused in the
solar system. We consider a spinless, light, bosonic dark
matter candidate, minimally coupled to the gravity, with
a mass smaller than 10 eV. We first develop a formal-
ism which allows us to study the gravitational focusing
and the stochasticity of wave dark matter simultaneously.
Unlike particle DM, systems of wave DM include an ad-
ditional spatial scale characterized by de Broglie wave-
length, and much of wave properties of the problem is
controlled by the de Broglie wavelength; for instance, the
overdensity becomes constant when the radial distance
from an astrophysical source becomes smaller than de
Broglie wavelength and the width of density wake field is
controlled by de Broglie wavelength. All of these features
are distinct from particle dark matter and they are com-
monly observed in the other context of wave dark matter
studies at different scales; for instance the same wave
nature flattens the inner profile of DM halo, and hence,
may resolve small-scale issues in the cold dark matter
paradigm [39]. In addition, this wave nature reduces the
dynamical friction, friction induced by the density wake
field on astrophysical objects [40–42]. We discuss below
how this wave nature manifests itself in the solar sys-
tem and also discuss possible implications on terrestrial
experiments.

The paper is organized as follows. In Section II, we
briefly review the gravitational focusing of particle DM
for the purpose of later comparison with the wave DM.
We compute the local density contrast for the particle
DM and discuss its behavior as a function of parameters
of the system, such as DM mean velocity and dispersion.
In Section III, we investigate the gravitational response of
wave DM. The investigation is done in several steps. We
first begin with an action of a minimally coupled spin-
less bosonic particle, and expand the field in terms of
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FIG. 1. We show the density contrast of the particle dark
matter. We choose vdm = (−240, 0, 0) km/s, vdm/σ =

√
2

and the source mass to be the solar mass.

creation and annihilation operator with a mode function.
Then, we solve the Schrödinger equation for the mode
function in Section III A, which encodes an information
on the gravitational potential and spatial distribution of
the wave DM. We then determine statistical properties
of the DM field by specifying the density operator of the
system, which is discussed in Section III B. Specification
of density operator allows us to compute the ensemble
average of arbitrary operators constructed from the field.
This procedure together with the mode function obtained
from the Schrödinger equation enables us to consider the
gravitational focusing and the stochasticity of the field
at the same time. After discussing ensemble averages
of the field, we compare the wave gravitational focusing
with particle dark matter focusing, contrasting the sim-
ilarities and differences between them. In Section IV,
we apply the formalism discussed in the previous section
to the DM substructures in the solar system as well as
relaxed halo dark matter to see how each substructure
responds to the gravitational potential of the Sun. We
discuss the effect of coordinate transformation as well as
the classical limit of wave DM in Section V and conclude
in Section VI. Throughout the work, we use natural unit
c = ~ = 1 except for the section we discuss the classical
limit of wave DM.

II. PARTICLE FOCUSING

We review the gravitational focusing of particle dark
matter. We follow [36, 37]. The results summarized in
this section are to compare the particle DM result with
that of wave DM. Readers who are already familiar with
the gravitational focusing of particle DM may continue
to Section III.

Let us consider the dark matter phase space distribu-
tion, f(t,x,p). In the collisionless system, the phase
space density is conserved, i.e. df/dt = 0. According
to Liouville’s theorem, the phase space volume should be
conserved along the trajectory given by the Hamiltonian
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of the system.

The dark matter local overdensity can be easily esti-
mated by Liouville’s theorem. Consider particles con-
fined in an infinitesimal phase space volume, d3v0d

3x0,
asymptotically far away from a source of mass M . For
simplicity, let us assume a constant phase space density
over this infinitesimal volume. Due to the gravitational
potential, particles are accelerated and their speed at a
radial distance r becomes v2(r) = v20 + 2GM/r, where
v0 is the initial speed far away from the source M . Ac-
cording to Liouville’s theorem, the phase space volume
remains constant, d3x0 d

3v0 = d3x d3v, where d3x d3v is
the phase space volume of particles at r. This leads to
d3x = [v0/v(r)]d3x0. We find that the particle mass den-
sity at r is

ρ(r) ≈ ρ0[1 + v2e(r)/v20 ]1/2, (1)

where v2e(r) = 2GM/r is the escape velocity and ρ0 is the
mass density far away from the source M .

More quantitative analysis is possible. Suppose that
f(v0) is the phase space distribution at r → ∞, nor-
malized as

∫
d3v0 f(v0) = 1. The differential particle

mass in an infinitesimal phase space volume is mdN =
ρ0f(v0)d3x0d

3v0 = ρ0f(v0)d3xd3v. The mass density at
the position x relative to its asymptotic value is given by

ρ(x)

ρ0
= 1 + δ =

∫
d3v f(v0)

=

∫
d3v0 d(v0,x)f(v0). (2)

where δ is the density contrast. The Jacobian d(v0,x)
is [36]

d(v0,x) =
1

2

[(
1 +

2v2e/v
2
0

1− v̂0 · x̂

) 1
2

+

(
1 +

2v2e/v
2
0

1− v̂0 · x̂

)− 1
2

]
.

For a given velocity distribution, the above integral can
be numerically performed. One can directly compute
the first integral by using an explicit expression of v0 =
v0(v,x) [37].

For the further discussion, we consider the Maxwell-
Boltzmann distribution function f(v),

f(v) =
1

(2πσ2)3/2
exp

[
− (v − vdm)2

2σ2

]
. (3)

The velocity distribution is characterized by the mean
velocity is 〈v〉 = vdm and the velocity dispersion σ. With
the Maxwell-Boltzmann distribution, the density contrast
is completely described by three parameters,

vdm/σ, r/r̄, x̂ · v̂dm(≡ µ),

where

r̄ =
GM

σ2
= 0.03 AU

(
M

M�

)(
240 km/sec√

2σ

)2

is the radius of gravitational influence. One may choose

ve(r)/σ instead of r/r̄. We present the density con-
trast of particle dark matter in Figure 1 with vdm =
(−240, 0, 0) km/sec and vdm/σ =

√
2 for the purpose of

demonstration. The density contrast is invariant under
the rotation with respect to v̂dm-axis due to an azimuthal
symmetry.

A characteristic density wake field is formed along v̂dm.
Two variables might be useful to inspect the density wake
field,

δds = δ|µ=1, δavg =

∫
dΩx̂
4π

δ =

∫
dµ

2
δ, (4)

where δds is the density contrast along the downstream
(x̂ · v̂dm = 1) and δavg is the density contrast averaged
over a sphere of radius r. While above variables are a
function of two parameters, vdm/σ and r/r̄, they prac-
tically depend only on one specific combination of these
two. For the downstream density contrast, we find

1 + δds ≈
(

1 +
v2e
σ2

) 1
2

=
(

1 +
2r̄

r

) 1
2

. (5)

while, for the averaged density contrast, we find

1 + δavg =

∫
d3v0 f(v0)

(
1 +

v2e
v20

) 1
2

≈
(

1 +
v2e

σ2 + v2dm

) 1
2

. (6)

We check these expressions numerically in Appendix A.
The numerical results are within a factor of two for
wide range of parameters. Note also that the ratio
δavg/δds represents the angular scale over which the den-
sity contrast takes nonvanishing value. For σ > ve and
vdm > σ, this angular scale is approximately given by
∆µ ∼ (σ/vdm)2.

III. WAVE FOCUSING

We consider the wave dark matter in this section. For
concreteness, we consider a spinless bosonic dark matter
with a mass m, minimally coupled to the gravity. We
approach the problem in several steps. We begin with
the action and expand the field in terms of creation and
annihilation operators with a mode function. A mode
function for the system is obtained by solving the equa-
tion of motion, which is discussed in Section III A. The
mode function obtained in this way contains information
about spatial distribution of the wave near the source
M . Statistical properties of the field are determined by
specifying the underlying density operator of the system,
which is discussed in Section III B.

The action of the system is

S =

∫
d4x
√−g

[
1

2
gµν∂µφ∂νφ−

1

2
m2φ2

]
, (7)

where g = det gµν is the determinant of the metric, gµν
is the metric tensor, and m is the dark matter mass. The
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metric is given as

ds2 = (1 + 2Φ)dt2 − (1− 2Φ)d~x 2. (8)

where d~x 2 = dr2 + r2dΩ and Φ is the gravitational po-
tential. Since we are interested in non-relativistic dark
matter, we expand the field as

φ̂(x) =
∑
i

1√
2mV

[
âiψi(x)e−imt + â†iψ

∗
i (x)eimt

]
, (9)

where âi and â†i are an annihilation and creation operator,

satisfying the canonical commutation relation [âi, â
†
j ] =

δij . We have expanded the field in a finite box of volume
V . The index i denotes all possible quantum numbers.
We solve the equation of motion to determine the mode
function ψi(x) and specify the density operator in the
following sections as advertised.

A. Wave function

We first solve the equation of motion for the mode func-
tion. The wave function is given by the solution to the
Klein-Gordon equation, (� + m2)φ = 0. In the non-
relativistic liimt, we expand the field as in Eq. (9). In

the limit |ψ̈/ψ̇|, |ψ̇/ψ| � m and |Φ̇/Φ| � m, the Klein-
Gordon equation is reduced to the Schrödinger equation,

i∂tψ =
(
− ∇

2

2m
+mΦ

)
ψ. (10)

The gravitational potential Φ is determined by the Pois-
son equation, ∇2Φ = 4πG(ρM + ρdm), where ρM and
ρdm are the mass density of the source and dark matter,
respectively. Ignoring the self-gravity, the gravitational
potential is approximated as Φ(r) = −GM/r. In this
case, solving the Schrödinger equation Eq. (10) is iden-
tical to solving the Coulomb scattering problem of an
electron under the central 1/r potential generated by the

proton. With ψi(x) → e−i(k
2
i /2m)tψi(x), the wave func-

tion is given as [40, 43]

ψk(x)=eik·xΓ(1− iβ)eπβ/2M
[
iβ, 1, ikr(1− k̂ · x̂)

]
. (11)

where β = GMm2/k and M(a, b, c) is the confluent hy-
pergeometric function. Each mode is characterized by the

wavenumber k. For kr � 1 and µ = k̂ · x̂ < 0, the wave
function is approximated a plane wave ψk(x) ∼ eik·x.

B. Statistical properties

The discussion in the previous section shows how a
plane wave of wavenumber k responds to the gravita-
tional potential of the source M . A realistic dark matter
halo is a superposition of different modes, and so is the

field φ̂. To determine the statistical properties of φ̂, we
must specify the density operator of the system.

1. Density operator

Before we discuss the density operator for the field, let
us begin with a simple harmonic oscillator in quantum
mechanics as a toy model. The statistical properties of
simple harmonic oscillator are described by the density
operator ρ̂. If the system is in the thermal equilibrium,

the density operator is given by ρ̂ = e−βĤ/ tr(e−βĤ) with

a Hamiltonian of the system Ĥ = ωa†a. Alternatively,
the density matrix can be written as

ρ̂ =
1

1 + 〈n〉
∑
n

( 〈n〉
〈n〉+ 1

)n
|n〉〈n|, (12)

where |n〉 is an eigenstate of the number operator N̂ =
a†a. The mean occupation number is 〈n〉 = (eβω − 1)−1.
While the above form is obtained for the thermal system,
it applies for much broader systems as long as the statis-
tical properties of the excitation are chaotic [44]. More
specifically, the above density matrix maximizes the en-
tropy of the system for a fixed mean occupation number
〈n〉. Without assuming thermal equilibrium, we use the
above form of density matrix for the following discussion.

Since we are interested in a system with a large oc-
cupation number, it is convenient to express the above
density matrix in the coherent state representation. The

coherent state is defined as |α〉 = e−|α|
2/2
∑

αn
√
n!
|n〉 with

a complex number α. It is an eigenstate of the annihila-
tion operator, â|α〉 = α|α〉. With the coherent state, the
density operator can be expressed [45, 46],

ρ̂ =

∫
d2αP (α)|α〉〈α|. (13)

where P (α) is a quasi-probability distribution, defined as

P (α) =
1

π〈n〉 exp

[
−|α|

2

〈n〉

]
. (14)

For the density matrix Eq. (12), the quasi-probability
distribution has desired properties to be interpreted as
a probability distribution for a complex number α; it
is positive, P (α) ≥ 0, and it is integrated up to unity,∫
d2αP (α) = 1. Moreover, the quasi-probability dis-

tribution can be factorized into two probability distri-
butions, one for the modulus |α| and one for the phase
θ = arg(α),

P (α) = P (|α|)P (θ)

where the modulus |α| follows the Rayleigh distribution,
P (|α|) = 2(|α|/〈n〉) exp[−|α|2/〈n〉], while the phase θ
follows the uniform distribution, P (θ) = 1/2π. The

expectation value of any operator Ô(â, â†) is given by

〈Ô〉 = tr(Ôρ̂) =
∫

(d2α/π)〈α|Ôρ̂|α〉. Since the coherent
state is the eigenstate of annihilation operator, we may
replace Ô(â, â†) → O(α, α∗) and compute the expecta-
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tion value with the probability distribution P (α),

〈Ô(â, â†)〉 ≈
∫
d2αP (α)O(α, α∗). (15)

The only subtlety is that the commutation of ladder op-
erators does not vanish, leading to additional terms in
the above expression. However, those additional contri-
butions are suppressed by powers of the mean occupation
number, and therefore, they are subleading as long as the
occupation number is large. The error of the above ap-
proximation is O(1/〈n〉).

Motivated by this, we take the same form of density

matrix for the system of the DM field φ̂. Since we de-
composed the field as a linear combination of different
modes, the density operator is now given as product of
Eq. (13) for each mode i,

ρ̂ =

[∏
i

∫
d2αi P (αi)

]
|{αi}〉〈{αi}|, (16)

where P (αi) is the probability distribution for each αi.
The form of P (αi) is the same as in Eq. (14). The coher-
ent state here is defined as âj |{αi}〉 = αj |{αi}〉.

The density operator completely determines the statis-
tical properties of the scalar field. We can compute the

expectation value of any operators constructed from φ̂.
Similarly to the quantum mechanical harmonic oscilla-

tor, one may replace âi → αi, or Ô(âi, â
†
i ) → Ô(αi, α

∗
i ),

and treat each αi as a random variable following the prob-
ability distribution P (αi). As in the quantum mechanics
example, there are additional terms arising from nonvan-
ishing commutation relation between creation and anni-
hilation operators, but such contributions are again sup-
pressed by powers of the mean occupation number. For
instance, we find

〈a†iaj〉 = δij〈ni〉, (17)

〈aja†i 〉 = δij(〈ni〉+ 1) ≈ δij〈ni〉, (18)

where we see the quantum fluctuation is suppressed by
1/〈ni〉. This allows us to write the quantum field as

φ̂(t,x)→ φ(t,x) =
∑
i

1√
2mV

[
αiψi(x)e−iωit + h.c.

]
,

where ωi = m + k2i /2m. We treat each αi as a random
variable, following the probability distribution Eq. (14),
while ignoring possible quantum fluctuation suppressed
by 1/〈n〉. In the plane wave limit, ψk(x) = eik·x, this
approach easily reproduces the statistical properties of

the scalar field φ̂ obtained in different approaches [47,
48]. Including these stochastic properties is important for
data analysis of wave DM experiments as it may affect
interpretation of data [47–51].

2. Moments and spectrum

Equipped with the density matrix and the wave func-
tion, we proceed to compute the ensemble averages, i.e.

moments, of the field φ̂. We are particularly interested
in the second moment of the field for two reasons. The
second moment of the field 〈φ̂2〉 is directly related to the

density contrast as 1 + δ = 〈φ̂2〉/φ20, where φ0 is the
root mean square of the field value measured at asymp-
totically far away from the source. From this, we can
easily compare the density contrast of wave and particle
dark matter. Secondly, this quantity is, in many cases,
directly related to the observables in the terrestrial de-
tectors. For instance, in axion and axion-like particle

searches for L ⊃ φFF̃ ,1 a total signal power is often

proportional to 〈φ̂2〉 and signal power spectral density is

related to the spectral density of 〈φ̂2〉. The same holds
for scalar dark matter searches on L ⊃ φψ̄ψ, φFF via
the oscillations of fundamental constants.2

Using a generalized expression of Eq. (15), we obtain
the variance of the field as〈

φ̂2(t,x)
〉

=

∫
d3k

(2π)3
nk
m
|ψk(x)|2

= φ20

∫
d3v f(v)|ψk(x)|2 , (19)

where we have taken the continuum limit in the first line.
Here, φ0 is the mean field value at asymptotically far
away from the source and nk is the occupation number,
which is the continuum version of ni defined in the den-
sity matrix. We have also defined the velocity proba-
bility distribution function f(v) = (m/2π)3n(k)/(mφ20).
The asymptotic field value φ0 is related to the asymptotic
mass density as φ0 =

√
ρ0/m. The variance of the field

is directly related to the density contrast as

1 + δ =
〈φ2〉
φ20

=

∫
d3v f(v)|ψv(x)|2. (20)

This expression can be compared with the correspond-
ing expression for particle dark matter, Eq. (2). The
Jacobian factor in Eq. (2) that describes the particle
flow is now replaced with the squared amplitude of the
wave function. For the Maxwell-Boltzmann distribution
Eq. (3), the density contrast for the wave dark matter is
controlled by four parameters

vdm/σ, r/r̄, x̂ · v̂dm, 2πr̄/λdB, (21)

where λdB = 2π/mv is the de Broglie wavelength of dark

1 For instance, ADMX [52–54], HAYSTAC [55, 56], ABRA-
CADABRA [57, 58], DM-Radio [59], CAPP [60], MADMAX [61],
ORGAN [62] and so on.

2 For instance, atomic clocks [63–69], atomic and molecular spec-
troscopy searches [70, 71], and interferometry [72–76].
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matter,

λdB =
2π

mv
= 10 AU

(
10−15 eV

m

)(
240 km/sec

v

)
.

As we will see in the next section, the de Broglie wave-
length is a key quantity that controls the gravitational
response of the wave dark matter.

We also compute the spectrum of the field fluctuations
in the frequency space. The power and the power spec-

trum of the field φ̂ are defined as

Pφ = lim
T→∞

1

T

∫ T/2

−T/2
dt φ̂2(t,x) =

∫ ∞
−∞

dω

2π
Sφ(ω), (22)

where the power spectral density is

Sφ(ω) = lim
T→∞

1

T
|φ̂(ω)|2. (23)

Here the Fourier component of the field is obtained via

φ̂(ω) =
∫ +∞
−∞ dt eiωtφ̂(t). Since the field is a random field,

the power and power spectrum are also random fields.
The ensemble average of the spectrum is

〈Sφ(ω)〉 =
2πφ20
mv

f̄(v)

∣∣∣∣
v=
√

2(ω/m−1)
(24)

where f̄(v) is given as

f̄(v) =

[
v2
∫
dΩv̂ f(v)|ψv(x)|2

]
(25)

This f̄(v) might be interpreted as the speed distribution
of wave dark matter including the gravitational focusing
effect.

In above, we focus on the variance of the field itself.
Some of axion and axion-like DM searches are based on
L ⊃ ∂µφ ψ̄γµγ5ψ.3 In such cases, the signal power as well
as the power spectrum would depend on the variance of
the gradient of the field. The variance of the gradient can
be obtained in the same way,〈

(n̂ · ∇φ)2
〉

= φ20

∫
d3v f(v)|n̂ · ∇ψv(x)|2 . (26)

where a sensitivity axis n̂ is a unit vector determined by
the specific experimental setup. The spectrum can be
obtained as

〈S∇n̂φ(ω)〉 =
2πφ20
mv

[
v2
∫
dΩ f(v)|n̂ · ∇ψv(x)|2

]
.(27)

Same as the power spectrum of the field, the above ex-
pression should be evaluated at v =

√
2(ω/m− 1).

While we have mainly focused on computing variances
at the same location, it is straightforward to compute cor-

3 For instance, CASPEr [77, 78], atomic magnetometers [79,
80], and an oscillating neutron electric dipole moment experi-
ment [81].
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FIG. 2. We show the density contrast for the wave dark
matter in the monochromatic limit, i.e. with vanishing ve-
locity dispersion. We choose v = (−240, 0, 0) km/sec and
m = 10−15, 10−14 eV. The source mass is chosen to be the
solar mass.

relations of fields at different locations with the same for-
malism. Such correlations contain additional information
on wave DM phase at different locations, which can be
used to extract further information, such as directionality
of DM velocity distribution, and angular distribution of
potential DM substructures, from a network of wave DM
detectors [82, 83].

C. Monochromatic limit

To examine the gravitational response of the wave dark
matter, we consider the monochromatic limit. In this
limit, the density contrast Eq. (20) becomes

1 + δ(x) = |ψv(x)2|
= |ψv(0)|2|M [iβ, 1, imvr(1− v̂ · x̂)]|2. (28)

Here ψv(0) is the wave function at the origin. The
squared amplitude at the origin is

|ψv(0)|2 =
2πβ

1− e−2πβ . (29)

The above is identical to the Sommerfeld enhancement
for dark matter annihilation when the interaction is me-
diated by the Coulomb interaction [84].

In Figure 2, we show the density contrast of wave
dark matter in the monochromatic limit. We choose
v = (−240, 0, 0) km/s, m = 10−15, 10−14 eV, and
M = M�. We observe a similar density wake field along
the direction of dark matter velocity.

Some of wave properties in the density wake are re-
vealed upon a closer examination of Figures 2–4. Con-
trary to the particle dark matter, the density contrast
saturates to a constant value, δ ' |ψv(0)|2 − 1, for suffi-
ciently small r. In addition, there is an oscillating pattern
of density contrast over a certain specific spatial scale.
Both of wave characteristics are controlled by de Broglie
wavelength defined as

λ̃dB(r) =
2π

mṽ(r)
(30)
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FIG. 3. The density contrast at x̂·v̂ = 0. The constant density
contrast is observed for small radii satisfying mṽr < 1. The
black line corresponds to mṽr = 1.
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FIG. 4. The ratio between the density contrast averaged over
the solid angle for wave and particle dark matter. For large
radii, mṽr & 1, the averaged density contrast for wave dark
matter approaches that of the particle dark matter. The solid
black line represents mṽr = 1.

where ṽ is the speed at r, given as

ṽ2(r) = v2 + v2e(r). (31)

Note that we have used the speed at a radial distance r,
rather than the velocity asymptotically far away from the
source M .

To illustrate how this de Broglie wavelength controls
the monochromatic result, we show in Figure 3 the den-
sity contrast normalized with the central value, δ(x)/δ(0),
as a function of two parameters, r/r̄ and 2πr̄/λdB. Here
λdB = 2π/mv where v is the dark matter velocity far
away from the source. The black line in the figure is
λ̃dB = 2πr, i.e. mṽ(r)r = 1. We observe that the
density contrast saturated to δ(0) for sufficiently small
r, mṽ(r)r . 1. For mṽ(r)r & 1, the wave density con-
trast oscillates rapidly but on average, it behaves similar
to that of particle dark matter.

In Figure 4, we plot the ratio of density contrast aver-

aged over the solid angle for the wave and particle dark
matter. For particle dark matter, we choose 1 + δavg, p =√

1 + v2e/v
2. We observe that for mṽ(r)r & 1, the av-

eraged density contrast for the wave dark matter be-
comes increasingly similar to the particle result, while for
mṽ(r)r . 1, the averaged density contrast is suppressed

as 1 + δavg ≈ π(2πr/λ̃dB)(1 + v2e/v
2)1/2.

In both figures, we observe that a key parameter con-
trolling the wave dark matter density contrast is the rel-
ative size of the de Broglie wavelength λ̃dB and r. For
mṽr & 1, the response of wave dark matter to the gravita-
tional potential is similar to that of particle dark matter,
while for mṽr . 1, wave characteristics appear. The limit
mṽr � 1 is the limit at which the wave dark matter ap-
proaches to particle dark matter. This will be discussed
in more detail in Section V B and in Appendix B 2.

D. Comparison

The monochromatic results clearly show the role of de
Broglie wavelength. We now consider the density contrast
of wave dark matter with velocities distributed according
to the Maxwell-Boltzmann distribution to compare the
wave dark matter with particle dark matter on an equal
footing.

In Figure 5, we present two quantities, the density con-
trast along the downstream (top) and the density contrast
averaged over the solid angle (bottom). For both plots,
we choose vdm/σ = 1. As in the monochromatic case,
particle-to-wave transition takes place when mṽr ' 1.
Since we consider a medium with nonvanishing velocity
dispersion, we should be careful interpreting ṽ2 = v2 +v2e
since the final density contrast is the result of the su-
perposition of different velocity components. For the fol-
lowing discussion, we redefine ṽ2 = v2dm + σ2 + v2e for
the medium with nonzero velocity dispersion. In the fig-
ure, the black dashed line represents the result of particle
dark matter, while colored lines represent the result of
wave dark matter with mσr̄ = 0.5 (cyan), 1 (orange), 2
(purple). For mṽr . 1, the density contrast saturates to

1 + δ(0) =

∫
d3v f(v)|ψv(0)|2 ≈ 2π〈β〉

1− e−2π〈β〉 (32)

with 〈β〉 = (GMm/vdm) erf(vdm/2σ). For mṽr & 1, the
wave result converges to the particle dark matter result.

IV. DARK MATTER IN SOLAR SYSTEM

We apply our previous discussion to dark matter struc-
tures in the solar system. We work in the Galactic co-
ordinate system where the origin of coordinates is at the
location of the Sun. In the rectangular Cartesian coordi-
nate system, each component of (X,Y, Z) points towards
the Galactic center, the direction of Galactic rotation,
and the Galactic north pole. In this coordinate system,
we compute the density contrast at the position of Earth
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FIG. 5. (Top) We show the density contrast along the down-
stream. Each color represents different values of mσr̄. The
circle represents the point mṽ(r)r = 1. The black dashed line
is the result of particle dark matter obtained in Section II.
We observe that the density contrast approaches the particle
dark matter result for mṽr & 1, while it saturates to a con-
stant value for mṽr . 1. (Bottom) We show the averaged
density contrast. For both figures, we choose vdm/σ = 1.

in different times in a year for dark matter substructures
with different kinematic properties.

For the velocity distribution, we use the Maxwell-
Boltzmann distribution, Eq (3), for most of dark matter
substructures. The distribution is therefore characterized
by the mean velocity 〈v〉 = vdm and the one-dimensional
velocity dispersion σ.

A. Halo dark matter

We begin with the relaxed halo dark matter compo-
nent. In the Galactic coordinate, the halo dark matter
can be represented by the standard halo model with a
mean velocity in the Galactic coordinate [85, 86],

vdm = −v� = −(11, 241, 7) km/sec (33)

The velocity dispersion is

σ = vc(R�)/
√

2 = 162 km/sec (34)

where vc(R�) ' 229 km/sec is the circular velocity of
Milky Way at the position of the Sun [86].
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λ̃dB = 0.5 AU, [m = 17.0m15]

particle

FIG. 6. Density contrast for halo dark matter at the position
of Earth during a year 2021. The black dashed line is for the
particle dark matter, while each colored line represents the
wave dark matter result for λ̃dB = 20, 3, 0.5 AU. Correspond-
ing wave DM mass with respect to m15 = 10−15 eV is also
shown. The density contrast flatten for mṽr . 1, while it ap-
proaches the particle dark matte result for mṽr & 1 similarly
to the halo dark matter example. Around mṽr ∼ 1, the wave
density contrast becomes ∼ 25 % larger than that of particle
dark matter.

In Figure 6, we show the density contrast of wave
dark matter at the position of the Earth throughout
the year of 2021 for different values of mṽr. Since
ve ' 42 km/sec � σ, vdm, we expect that the overall
amplitude of density contrast is δ ' v2e/2σ

2 ' 0.03 at
least for the particle dark matter, which is confirmed by
the black dashed line in the figure. The maximum of
the density contrast takes place around March 1st since
µ = x̂ · v̂dm takes the largest value over a year. This
pattern can be seen also from the wave dark matter den-
sity contrast with varying degree of annual modulation
strength. While the maximum and minimum arise at the
same time, we observe that the density contrast flattens
for mṽr . 1 as the de Broglie wavelength becomes larger
than an astronomical unit. For mṽr � 1, the result can
be approximated as that of particle dark matter density
contrast. We also observe that the wave density contrast
is enhanced by ∼ 25% compared to the particle density
contrast at mṽr ∼ 1.

In Figure 7, we also show the modification of the speed
distribution for the wave dark matter. More specifically,
we plot

∆f̄(v) = v2
∫
dΩv̂f(v)(|ψv(x)|2 − 1), (35)

which is the difference between the speed distribution
with and without the gravitational focusing. We choose
March 1st and September 1st for the plots. As it is clear
from the figures, the effect of gravitational focusing is
prominent in the low velocity tail. Each colored line rep-
resent the result of wave dark matter for different values
ofmṽr. The black dashed line is the modification of speed
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FIG. 7. (Top) The difference of speed distribution with and
without the gravitational focusing, computed at March 1st,
2021. (Bottom) Same as top panel but computed at Septem-

ber 1st, 2021. Each colored line represents λ̃dB = 20, 3, 0.5
AU. The black dashed line is the same result for the particle
dark matter, and the black dotted line is the rescaled speed
distribution without gravitational focusing.

distribution in the case of particle dark matter. The dot-
ted line is rescaled speed distribution without gravita-
tional focusing.

The variance of the projection of the field gradient
along the sensitivity axis of a detector for the halo DM
component is shown in Appendix C.

B. Gaia Sausage

We consider a dark matter substructure with
anisotropic velocity distribution. Such a dark matter
substructure is motivated by the observation of a stel-
lar population with an anisotropic velocity distribution,
referred to as Gaia-Sausage or Gaia-Enceladus [25, 26].
It is inferred that this stellar component originates from a
relatively recent merger with a luminous satellite galaxy
of mass M > 1010M�. It is naturally expected that not
only stars but also dark matter is accreted on to the Milky
Way from the same event. Studies have shown that the
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FIG. 8. Same as Figure 6 but for sausage dark matter com-
ponent. Around λ̃dB ' 2 AU, corresponding to mṽr ' 3, the
wave dark matter contrast can be almost a factor two larger
than the particle density contrast. We also observe a slight
underdensity around fall.

kinematic properties of accreted stars and dark matter
are similar [27, 28] and that it could consitute O(10%) of
local dark matter [29].

We inspect the response of sausage-component dark
matter to the solar gravitational potential. Since the ve-
locity structure is anisotropic, we use a general three-
dimensional normal distribution for the DM velocity dis-
tribution,

f(v) =
1

(2π)3/2
√

det Σ

× exp

[
−1

2
(v − vdm) · Σ−1 · (v − vdm)

]
(36)

where Σ is the covariance matrix. We parameterize
sausage dark matter with vdm = −v� and

σr = 256 km/sec, σθ = σφ = 81 km/sec, (37)

where Σ = diag(σ2
r , σ

2
θ , σ

2
φ) [31]. This covariance matrix

reflects the high velocity anisotropy of this substructure.
In Figure 8, we present the density contrast for the

sausage dark matter component. We observe a similar
pattern as in the example of halo dark matter. Over-
all amplitude is similar to the halo dark matter com-
ponent, despite that the velocity distribution is highly
anisotropic. The maximum and the minimum of the den-
sity contrast also take place at the same period of the
time. A slight underdensity is also observed around fall.

C. Dark disk

As a next example, we consider dark matter in the form
of disk. This dark matter substructure is motivated by
the thick stellar disk. To explain the vertical structure of
stellar disk, several scenarios have been suggested. For
instance, thick stellar disk is composed of stars that are
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FIG. 9. Same as Figures 6 and 8, but for the dark disk. Due to
the small mean velocity and dispersion, the overall amplitude
of density contrast is larger than the previous DM structures.

accreted from satellite galaxies [87] or stars in pre-existing
thin disk are heated through merger events [88, 89]. It
has been suggested that such merger events could natu-
rally lead to the formation of thick dark disk as the ac-
creted dark matter is dragged to the disk plane through
dynamical friction [32]. The resulting dark matter disk is
co-rotating with Galactic disk with slightly smaller circu-
lar velocity by ∆v = 50 km/sec. While it is still not clear
whether the aforementioned merger scenario can solely
explain the evolution of stellar disk (see a review [90] and
references therein), it is still worthwhile to investigate
the response of such dark matter component to the solar
gravitational potential.

For the investigation of dark disk, we parameterize the
mea velocity and velocity dispersion as

vdm = (0,−50, 0) km/sec and σ = 50 km/sec.

While we refer this structure to dark disk, it could also
represent any cold dark matter substructure with a small
mean velocity.4

In Figure 9, we show the density contrast for the dark
disk. The pattern of the density contrast is similar to
previous cases, but with a larger amplitude due to the
small velocity and dispersion. In this particular example,
the disk dark matter can be focused and its density near
the orbital trajectory of Earth could be ∼ 30% larger
than its density far away from the Sun.

4 The velocity dispersion of thick stellar disk is (σr, σθ, σφ) '
(63, 39, 39) km/sec [91], but we assume an isotropic distribution
for dark matter for simplicity. In addition, even in the merger sce-
nario, the dark matter kinematic structure depends on the merger
details. Numerical studies have shown that the DM kinematic
structure follows that of accreted stars, and the accreted stars
are hotter than heated thin disk stars, indicating that the veloc-
ity dispersion of dark matter is likely to be higher than that of
stellar thick disk [32, 92]. Nonetheless, we choose σ = 50 km/sec
as this benchmark more clearly shows the characteristic behavior
of gravitational focusing.

The variance of the field gradient in the case of a dark
disk component is shown in Appendix C.

D. Stream

As a last example, we consider dark matter streams,
whose kinematic structure is similar to that of stellar
stream. Stellar streams are stellar substructures and they
are coherent both spatially and kinematically. If stellar
streams originate from dwarf galaxies, it is likely that
there are associated dark matter streams with similar
kinematic properties [28]. In the rest frame of Milky Way
dark matter halo, streams typically have large streaming
velocity with a small velocity dispersion. Various streams
and substructures have been observed in the inner halo in
the past decades. See a review [93] for details on stellar
streams and substructures in Milky Way.

To investigate the gravitational response of fast-moving
cold objects like streams, we consider

vdm = 400 km/sec, σ = 30 km/sec.

Note that the mean speed in the rest frame of the Sun
might be smaller than the above value for prograde
streams. In such cases, the density contrast as well as the
spectrum would resemble that of dark disk. For the direc-
tion of the stream, we consider two different inclination
angles with respect to the ecliptic plane, θdm = 0, π/6.

In Figure 10, we show that the density contrast for
dark matter streams for two different inclination angles.
For the case of vanishing inclination angle θdm = 0, we
observe interesting differences between the particle dark
matter and wave dark matter. Even for mṽr = 10, the
wave contrast is much broader than the particle contrast
in the time-axis. We have argued that the wave dark
matter contrast approaches to the particle contrast for
mṽr � 1, based on quantities like δavg, but note that
δavg is the averaged over the solid angle. At the same
time, we have seen both for the particle and wave dark
matter that there exists a certain angular scale ∆µ over
which the density contrast takes nonvanishing value. For
the particle dark matter, this angular scale is typically
∆µ ∼ (σ/vdm)2 because of the non-vanishing velocity
dispersion, while for the wave dark matter, due to the
de Broglie wavelength, it is ∆µ ∼ max[1/mṽr, (σ/vdm)2].
The stream that we consider has a large hierarchy be-
tween vdm and σ, and hence, the particle density contrast
is nonvanishing only for a relatively small period of time
in a year, i.e. ∆t ∼ (σ/vdm)2yr, while for the wave dark
matter, for mṽr = 10, the angular spread ∆µ is still con-
trolled by 1/mṽr rather than (σ/vdm)2. Therefore, the
wave contrast in Figure 10 is less localized in time (or in
space) compared to the particle contrast.

This same feature can also be observed in the example
of θdm = π/6. In this case, the density contrast for the
particle dark matter takes nearly vanishing value, while
for the wave dark matter, it takes still non-vanishing
value at the level of a few percent. Another interest-
ing feature is that the pattern of density contrast over a
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FIG. 10. (Top) The density contrast for the stream for the
vanishing inclination angle. Due to the hierarchy between
the mean velocity and the dispersion, the density contrast
is highly localized near March 1st. The wave dark matter
contrast for λ̃dB = 0.5 AU, corresponding to mṽr = 10, is still
quite different from the particle dark matter result. See the
main text for the explanation. (Bottom) The density contrast
for the stream for the inclination angle θdm = π/6. A small
velocity dispersion for stream does not completely erase the
oscillations of the wave function, and therefore, much faster
oscillation of density contrast is obtained in this example.

year yields much faster oscillations, which is clearly dis-
tinct from other substructures. This can be attributed
to the small velocity dispersion; the wave behaves more
a like monochromatic wave and the characteristic oscilla-
tion patterns survive even after the waves with different
wavenumber are mixed together.

V. DISCUSSION

A. Coordinate transformation

We have worked in the Galactic coordinate system.
This coordinate is useful for the investigation of the ef-
fects of gravitational focusing since the gravitational fo-
cusing effects can be easily isolated. Since terrestrial ex-
periments are bound to the Earth, it is worthwhile to

mention how the observables such as the density contrast
and spectrum change in the detector rest frame.

The density contrast does not change at all. Let us de-
note x for the Galactic coordinate and x′ for the proper
coordinate of detector. The density contrast is defined

from the two point function of the scalar field 〈φ̂2(x)〉,
and since this quantity is a scalar under the general co-
ordinate transformation, it should be the same in both

frames, i.e. 〈φ̂2(x)〉 = 〈φ̂′2(x′)〉. Note that the density
contrast is related to the total power of the signal. This
indicates that the density contrast obtained in the pre-
vious section is directly related to the total power of the
signal measured in detectors on Earth.

The spectrum needs more careful discussion. The fre-
quency ω is associated with the coordinate time t of the
Galactic frame. The Fourier transform in the Galactic
frame is defined as φ̂(ω) =

∫
dt eiωtφ̂(x), whereas it is

defined as φ̂′(ω′) =
∫
dt′ eiω

′t′ φ̂(x) in the detector frame
with a proper time t′. If the detector is an inertial ob-
server moving in a constant velocity with respect to the
Galactic frame, the proper coordinate can be related to
the Galactic coordinate as x′ = Λx with an appropriate
Lorentz transformation Λ. In this case, it is straight-
forward to show that the same expression for the spec-
trum, Eq. (24), can be used in the detector frame upon
a replacement of the velocity in the distribution with the
velocity observed in the detector frame, k → Λ−1k.

The orbital motion of the Earth introduces complica-
tions to the above discussion since a detector on Earth
is not an inertial observer with a constant velocity. The
above procedure of replacing k → Λ−1k to obtain the
spectrum in the detector frame is only valid if the time
series is extended over a time scale sufficiently shorter
than the orbital time scale of the Earth. If one attempts
to Fourier-transform the signal over a time scale longer
than orbital time scale or the coherence time scale of wave
dark matter, this procedure would introduce side-bands
in the frequency space due to the frequency modulation
induced by the orbital motion of Earth and the oscilla-
tions of the wave function.5

B. Semiclassical limit

In the previous section, we have observed that the wave
result approaches the classical particle dark matter result
when

mṽ(r)r � 1. (38)

This is the limit at which the size of the system becomes
much greater than the de Broglie wavelength of the wave
dark matter. We provide a brief explanation why both
results converge in this limit.

5 For experiments sensitive to the gradient, the rotation of Earth
introduces an amplitude modulation of the signal, leading to side-
bands in the spectrum. This also introduces additional compli-
cations in the frequency space analysis [50].
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The discussion of particle dark matter is entirely based
on the phase space distribution modified by the gravi-
tational potential of the source. To discuss the limit at
which particle and wave dark matter results converge, it
is convenient to find a quantity analogous to the classical
phase space distribution. The quantum mechanical ana-
log of the classical phase space distribution is given by
the following quasi-probability distribution,

fW (x,p) =

∫
d3y eip·y/~

×
∫
d3v f(v)ψ∗v(x + y/2)ψv(x− y/2).(39)

which was first introduced by Wigner [94]. We reintro-
duce the Planck constant ~. When it is integrated over
the phase space d3p, it reproduces the variance of the
field, which is directly related to the density contrast as∫

d3p

(2π)3
fW (x,p) =

∫
d3v f(v)|ψk(x)|2 = 〈φ2〉. (40)

Moreover, the quasi-probability distribution fW evolves
according to

∂fW
∂t

+ v · ∂fW
∂x

+
i

~

[
V
(
x +

i~
2
∇p

)
− V

(
x− i~

2
∇p

)]
fW = 0.

This can be derived from the definition of fW , Eq. (39),
and the Schrödinger equation with potential V . We see
that the leading term in the semiclassical limit (~→ 0) is
identical to the Boltzmann equation. From above, we can
conclude that the wave and particle dark matter result
should converge in the limit ~ → 0. This semiclassical
limit is identical to Eq. (38), which can be easily shown
from the Schrödinger equation. See Appendix B 2 for
more details.

VI. CONCLUSION

We have discussed the gravitational response of wave
dark matter. After a brief review on the gravitational re-
sponse of particle dark matter, we have discussed and pro-
vided a simple formalism to investigate wave dark matter
in the presence of the gravitational potential due to as-
trophysical object of mass M . We specifically discuss a
spinless bosonic field, minimally coupled to the gravity.
As in the canonical formulation of quantum field theo-
ries, we have expanded the dark matter field in terms
of the creation and annihilation operators with a mode
function. We solve the Schrödinger equation to find the
response of each wave mode and then specify the density
operator which completely sets the statistical properties
of the field. This procedure allows us to consider both
the gravitational response and the stochastic nature of
the wave dark matter.

A comparison of particle and wave dark matter reveals
interesting similarity and at the same time differences be-

tween them. It is already clear from the monochromatic
result that the wave nature becomes manifest only for
mṽr . 1, while for mṽr � 1, it practically converges
to the result of particle dark matter. The characteristics
of wave dark matter is the appearance of an additional
scale, the de Broglie wavelength, λ̃dB = 2π/mṽ. The spa-
tial structure of the wave density contrast is smoothened
on the scale of its de Broglie wavelength, which is the
feature commonly observed in the studies of wave dark
matter.

We have applied the formalism to the dark matter
substructures as well as halo dark matter in the solar
system. Different substructures are considered to exam-
ine the gravitational response of wave dark matter as a
function of the mean velocity and the velocity dispersion.
Substructures considered here are motivated either by re-
cent astrometric data or by a theoretical possibility to
explain the stellar substructures in the Milky Way. The
wave characteristics are clearly seen in all of the provided
examples: for mṽr � 1, the wave response is essentially
the same as the particle response, while for mṽr � 1, the
wave result becomes independent on the location of the
Earth. Interestingly, for mṽr ∼ 1, we observe that the
wave density contrast could be at most a factor two larger
than that of particle dark matter. Moreover, for streams
with small velocity dispersion, the angular distribution
of the density contrast could still be different from that
of particle density contrast. Although the gravitational
focusing effects remain subleading in many examples we
studied, they could provide important clues for the local
dark matter structures upon the detection of dark mat-
ter.
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Appendix A: Particle gravitational focusing

We discuss details of the gravitational response of par-
ticle dark matter. In the main text, we have provided
two approximations for (i) the density contrast along the
downstream Eq. (5)

1 + δds = 1 + δ|µ=1 ≈
(

1 +
v2e
σ2

) 1
2

and (ii) the density contrast averaged over the solid angle
Eq. (6)

1 + δavg =

∫
dΩx̂
4π

(1 + δ) ≈
(

1 +
v2e

σ2 + v2dm

) 1
2

.
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FIG. 11. (Top) We show the density contrast along the down-
stream µ = x̂ · v̂dm = 1 for different values of vdm/σ ∈ [0.1, 10]
(red band). The lower and upper boundary correspond to
vdm/σ = 0.1, 10, respectively. The dashed line corresponds

to Eq. (5), 1 + δds =
√

1 + v2e/σ2. The numerical result is
consistent to the approximation Eq. (5) within a factor two
for a wide range of vdm/σ. (Bottom) We show the density
contrast averaged over the solid angle for vdm/σ ∈ [0.1, 10]
(red band). The lower and upper boundary correspond to
vdm/σ = 0.1, 10, respectively. The dashed line corresponds to
the approximation Eq. (6). The numerical result is consistent
to the approximation Eq. (6) within a factor two for a wide
range of vdm/σ.

In Figure 11, we compare these approximations and nu-
merical results. In the top panel, we plot δds for vdm/σ ∈
[0.1, 10]. The result shows that δds does not crucially
depend on the value of vdm/σ. The dashed line is the
approximation given by Eq. (5), and the numerical result
matches well to the approximation within a factor of two
for a wide range of vdm/σ. In the bottom panel, we plot
δavg for the same range of vdm/σ. The dashed line is the
approximation given by Eq. (6). The result δavg is only
sensitive to r(σ2 + v2dm)/GM .

In the limit ve � σ, an analytic expression for the

10−1 100 101

mṽr

10−1

100

δ a
v
g
,w
/δ

av
g
,p

πm
ṽr

r/r̄ = 10

r/r̄ = 1

r/r̄ = 0.1

FIG. 12. We present the density contrast averaged over the
solid angle in the monochromatic case. Different solid lines
correspond to different values of r/r̄. All of them approach to
the classical particle result for mṽr � 1. For mṽr . 1, the
averaged density contrast is suppressed.

density contrast can be obtained [95],

δ(x) ≈ v2e
2σ2

exp

[
−v

2
dm

2σ2
sin2 θ

]
erfc

(
− vdm√

2σ
cos θ

)
where cos θ = x̂ · v̂dm. From this, one may obtain the ap-
proximations Eqs. (5)–(6) for ve/σ < 1. This expression
can be used for an investigation of dark matter substruc-
tures with σ > ve.

Appendix B: Wave gravitational focusing

1. Average density contrast in monochromatic limit

In Figure 12, we present the density contrast aver-
aged over the solid angle x̂ in the monochromatic limit
for different values of r/r̄. The averaged density con-

trast is normalized with δavg,p(r) =
√

1 + v2e(r)/v2 + 1.
We observe that for mṽr the wave dark matter result is
suppressed relative to the particle dark matter result as
δavg,w/δavg,p ∝ πmṽr. The behavior of δavg,w/δavg,p does
not sensitively depend on the values of r/r̄.

2. Semiclassical limit

In this appendix, we discuss the semiclassical limit in
the Schrödinger equation. We reintroduce the Planck
constant ~. We begin with the Schrödinger equation,
i~ψ̇ = (−~2∇2/2m + V )ψ. With ψ(t,x) → e−iEtψ(x),
the Schrödinger equation becomes

0 =

[
∇2 +

2m(E − V )

~2

]
ψ. (B1)
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The energy eigenvalue is E = k2/2m where k is the wave
number asymptotically far way from the source M . The
wave function is characterized by k. We perform Legen-
dre expansion of the field,

ψk(x) =
1

r

∞∑
`=0

χk`(r)P`(cos θ),

where cos θ = x̂ · v̂. This procedure leads to the
Schrödinger equation for the radial wave function χk`,

χ′′k` +
2m(E − V`)

~2
χk` = 0, (B2)

where the prime denotes the derivative with respect to r
and the potential V` is defined as

V`(r) = V (r) +
~2

2m

`(`+ 1)

r2
= V (r) +

L2

2mr2
. (B3)

We have defined L2 = ~2`(`+ 1).

We seek for the solution of the following form,

χk`(r) = eiσ/~ = exp

[
i

~
∑

~nσ(n)
`

]
. (B4)

The Schrödinger becomes σ′2 − i~σ′′ = 2m(E − V`). By
solving the Schrödinger equation order by order in ~, we
find

σ
(0)
` (r) =

∫ r

dr′
√

2m[E − V`] ≡
∫ r

dr′ p`(r
′), (B5)

σ
(1)
` (r) =

i

2
ln p`(r). (B6)

We have defined p`(r) ≡
√

2m[E − V`(r)], which is iden-
tical to the radial momentum in 1/r-potential in classical
mechanics.

This semi-classical or WKB approximation is valid
when |~p′`/p2` | � 1. This can be written as

d

dr

~
p`
� 1. (B7)

Naively speaking, this condition is approximately
~/p`r ∼ λdB/r � 1, indicating that the semi-classical
limit is valid only when the size of the system is much
greater than the de Broglie wavelength, λdB ∼ 1/p. More
specifically, the above condition can be written as

~m|F`|
p3`

� 1 (B8)

with

F` = p′` =
1

2mr3
[
(mver)

2 − 2L2
]

(B9)

For a given set of parameters, the dominant contribution
in the series expansion of wave function arises at ` ∼ mṽr.
With mṽr > mver, it is straightforward to show that this
condition Eq. (B8) can be approximated as mṽr � ~.
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FIG. 13. Daily modulation of the variance of the field gradi-
ent projected on the sensitivity axis of a detector located in
Hamburg, Germany and pointing in the east direction for halo
DM (top) and dark disk (bottom) on March 1st, 2021. Col-
ored lines are the results with gravitational focusing focusing
for different values of λ̃dB as in Figure 6 (top) and 9 (bottom),
respectively. The black dotted line denotes the asymptotic re-
sult. The bottom panels shows the contrast of focused result
with respect to unfocused ones.

Appendix C: Field gradient daily modulation

In Figure 13, we show the daily modulation of the
field gradient calculated with Eq. (26). As a benchmark
we consider a detector located in Hamburg, Germany
(54◦N, 10◦E) with sensitivity axis pointing towards the
east direction on March 1st, 2021. We show the result
for halo DM and dark disk component, with same bench-
mark choices for mṽr exploited in Figure 6 (top) and 9
(bottom). The dotted black line shows the result with no
focusing, asymptotically far away from the solar system.
In the bottom panels we show the contrast δ∇ between
the focused lines and the asymptotic value. Note that
in both cases the magnitude of the contrast is compa-
rable to the density contrast, signaling the effect is of
order O(v2e/σ

2). Another interesting effect due to gravi-
tational focusing is the modification of the position of the
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peaks. This effect is due to the velocity component ac-
quired by DM from the gravitation potential of the Sun,

which changes the direction of the total DM velocity vec-
tor, hence the time at which the peak value is reached.
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