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ABSTRACT: We compute the tree-level current for the emission of a soft quark-
antiquark pair in association with a gluon. This soft current is the last missing in-
gredient to understand the infrared singularities that can arise in next-to-next-to-next-
to-leading-order (N3LO) computations in QCD. Its square allows us to understand for
the first time the colour correlations induced by the soft emission of a quark pair and a
gluon. We find that there are three types of correlations: Besides dipole-type correla-
tions that have already appeared in soft limits of tree-level amplitudes, we uncover for
the first time also a three-parton correlation involving a totally symmetric structure
constant. We also study the behaviour of collinear splitting amplitudes in the triple-soft
limit, and we derive the corresponding factorisation formula.
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1 Introduction

The cornerstone of all methods to make predictions for modern collider experiments is
perturbative Quantum Field Theory, where observables are expanded into a series in
the coupling constants. The higher orders in the perturbative expansion capture, on
the one hand, the effect of the exchange of virtual quanta, and, on the other hand, the
emission of unobserved real particles in the final state. In theories featuring massless
particles, both the real and virtual corrections are separately divergent (even after
ultraviolet renormalisation), but their sum is finite for a scattering of colourless particles
in the initial state (e.g., at an eTe™ collider) due to the celebrated Kinoshita-Lee-
Nauenberg theorem.! The cancellation of these infrared singularities, however, is very

'Tf the scattering features also hadrons in the initial state, the divergences only cancel after we
perform mass factorisation.



intricate, because it only happens after phase space integration, and the real and virtual
corrections live in different phase spaces.

The infrared singularities stemming from real corrections arise from regions of
phase space where massless particles become unresolved, i.e., they become either soft
(meaning that they have vanishing energies) or collinear to each other. The behaviour
of scattering amplitudes in these unresolved limits is universal, in the sense that the
amplitudes factorise into amplitudes without the unresolved particles, multiplied by
a function that captures the divergence and does not depend on the underlying hard
scattering. This universality of soft and collinear divergences is at the heart of so-called
subtraction schemes, where, very loosely speaking, one subtracts the phase space di-
vergences of real corrections at the integrand level, and adds them back in integrated
form to cancel the infrared singularities of virtual corrections. Subtraction schemes at
next-to-leading order (NLO) and next-to-next-to-leading order (NNLO) in the strong
coupling constant are one of the cornerstones of modern precision computations in
(massless) Quantum Chromodynamics (QCD). The construction and the success of
subtraction schemes at NLO and NNLO rely crucially on the fact that the soft and
collinear divergences describing tree-level amplitudes with up to two unresolved parti-
cles and one-loop amplitudes with one unresolved parton are well understood [1-12].

In order to reach the target precision for current and future collider experiments,
like the Large Hadron Collider (LHC) at CERN and its potential successors, NNLO
computations in QCD may not be sufficient, but also next-to-next-to-next-to-leading
order (N3LO) corrections will be required. While first examples of non-trivial two-
and three-loop amplitudes relevant to N3LO computations have recently become avail-
able [13-20], one of the major bottlenecks is that there is currently no general under-
standing of how to combine the real and virtual corrections. Experience from NNLO
shows that it is important to understand in detail all the unresolved limits that lead
to singularities in an N3LO computation. The relevant collinear singularities are by
now completely understood, and they include the emission of four collinear partons at
tree-level [21, 22], three collinear partons at one loop [23-25] or two collinear partons
at two loops [26]. Soft singularities at N3>LO have also been studied. In particular, the
emission of a soft gluon at two loops is well established [27-29], as is the emission of
a pair of soft gluons or quarks at one loop [30, 31]. Tree-level soft emission of three
partons, however, has so far only been studied for the emission of three soft gluons [32],
but the case of a soft quark pair in addition to a gluon at tree-level has never been
considered. The main goal of this paper is to provide for the first time this last soft
limit needed to describe all infrared singularities that can arise in N3LO computations.

The paper is organised as follows: In section 2, we review soft limits of tree-level
scattering amplitudes, displaying explicitly the currents for a soft gluon and a soft gq



pair. In section 3, we present the main results of this paper, namely the tree-level
current for the soft gqg emission from QCD scattering amplitudes. In section 4, we
consider kinematic sub-limits of the soft ggg limit, which are useful for constructing
subtraction schemes at N3LO accuracy. In section 5 we draw our conclusions. We also
include two appendices where we display analytic results which are too lengthy to be
shown in the main text.

2 Tree-level soft currents

The aim of this paper is to study the behavior of tree-level QCD amplitudes in the limit
where a certain number of massless partons are soft, i.e., they have vanishing energies.
To be more precise, consider the scattering of n particles with momenta p;, and flavour,
helicity and colour indices f;, s; and c¢;, respectively. If a subset of m massless partons
become soft, the amplitude is divergent and the leading behaviour is captured by the
factorisation formula,

A My (P - pn)

C1...Cm;S1...8m,

= (e gs) " I P s p) MO (D pn)

where g is the strong coupling constant and p is the scale introduced by dimensional

(2.1)

regularisation. Throughout this paper we work in Conventional Dimensional Regular-
isation (CDR) in D = 4 — 2¢ dimensions. In particular, we assume that gluons have
D — 2 physical polarisations (quarks always have 2 polarisations). The symbol .,
in eq. (2.1) denotes the operation of keeping only the leading divergent term in the soft
limit. The scattering amplitude M(}:fl'.'_:;’:sm“”'s” on the right-hand side is obtained
from the amplitude on the left-hand side by simply removing the soft particles. The
current J' """ describes the leading divergent behaviour of the amplitude in the
soft limit, often referred to as the eikonal approximation in the literature.

The soft current depends on the colour, spin and flavour quantum numbers of the
soft partons. In order to keep our notations compact, we find it useful to work with the
colour-space formalism of refs. [33, 34], where scattering amplitudes are interpreted as
vectors that can be expanded into an orthonormal basis in colour ® spin space,

C1...Cn;S1...8n

My aP1y o iDn)) = C1. ) @ |51 8p) s (P1y- D) - (2.2)

We will often suppress the dependence on the momenta. With this notation, the
squared matrix element summed over spin and colour indices of the external particles
can be written as
2 _ Cnist..sn ]t CS1...8n
My gl? = My My, g = D MGG ] T mpgisise

(814-++58n)
(Clv---7cn)

(2.3)



The soft current can then be interpreted as an operator J¢, _f,. (p1, ..., Ppn) in this colour
space, and the soft factorisation in eq. (2.1) takes the form,

A M) = 9)" T M) - (2.4)

This operator acts on color space via the infinitesimal generators of the gauge trans-
formations,

Tiler...co) =lc1.. ¢ cn) T, (2.5)

where we defined T7, = ¢, if parton ¢ is a quark, T, = —¢7 , if it is an anti-

quark (here ¢, are the generators of the fundamental representation of SU(N.)), and

TS, =1 feac for a gluon. Since colour must be conserved in every scattering process,
the vector |[My, ., . ) must be a colour singlet, i.e., it must satisfy

n

> TiMyga) =0. (2.6)

1=m+1

Henceforth we will simply use the shorthand,

zn: T¢ =0, (2.7)

1=m+1

where it is understood that this identity is only valid when we act on colour singlet
states.

The soft current for the emission of a single soft gluon is known through two loops in
the strong coupling constant [8, 10, 11, 27-29, 35, 36]. The double-soft current is known
at tree-level and one-loop for the emission of a pair of soft gluons or quarks [1, 3, 6,
30, 31]. Triple-soft emission is currently only known at tree-level for three gluons [32].2
The main aim of this paper is to compute for the first time the triple soft current for the
emission of a soft quark pair in addition to a gluon. In the remainder of this section, we
review the known results for the tree-level soft currents for the emission of a single soft
gluon or quark pair, both in order to illustrate some general properties of soft currents
and to define some quantities that will be useful when computing the soft current Jg4,
in section 3.

2.1 The tree-level soft current for the emission of a single soft gluon

Let us start by discussing the case of the emission of a single soft gluon at tree-level.
It will often be useful to consider a variant of the soft current operator where we have

2Quadruple-soft emission is known at tree-level for four gluons in the special case of the emission
from two hard partons [32].



amputated the polarisation states, e.g., in the case of a single soft gluon, we define

Jo(p1) = la) @[s) Ig"(p1) = la) @ [s) €, (pr,n) Ig* (p1) - (2.8)

Note that throughout this paper we always work in axial gauge for external gluons,
where the polarisation vectors satisfy the constraints,

p/iLEfL(pl, ) = nle, (ph ) =0, (29)
where n is a lightlike reference vector with p; -n # 0. The soft current for the tree-level
emission of a single gluon is given by [35, 36]

n

It (pr) = IFH(p1) ZS" p)T (2.10)

i=2
with
St(p) = P (2.11)
Pi-P1
Note that, as a consequence of gauge invariance, the soft current is conserved,
P It (p) =Y T¢=0 mod Y T¢=0. (2.12)
i=2 =2

A similar relation also holds for multi-soft gluon emission, albeit, due to the non-
abelian nature of the gauge interactions, only upon replacing one polarisation vector
by its momentum. In ref. [32] a stronger version was shown to hold even if the remaining
external polarisation vectors are amputated, although one needs to project onto the
subspace spanned by the physical polarisations. Since our main interest is the current
for the emission of a single soft gluon in addition to a soft quark pair, we will not pursue
this further.

In applications one is usually interested in the effect of the soft current and the
color-correlations it induces after squaring the matrix element,

AN Mgpy.u P = (/fgs)2<Mf2 Sl g ()P My p)

; (2.13)
= :ugs ZS’L] pl |M(J Fn |2
1,j=2
where we have introduced the colour-correlated matrix element,
MG P = (Mg, | T Ty My, g, (2.14)



and the well-known eikonal function,

2
Sij(pl) = Xij (215)

with x;; = 2p;-p;j and T;-T; = T;-T; = T{T$. At this point we make some important
comments. First, if we simply evaluate the square of the soft current in axial gauge,
we find

13, (p) 2 = [prl)]*duu@l,nﬂ%l) (2.16)

-y TSUP1+ZTT< s )

0,j=2 ij=2 pi)(n-p1)  (pj-p1)(n-p1)

where d,,, (p1,n) denotes the sum over physical polarisations in axial gauge,

D—2
PipTw +n P1v
#I/ pla § pla p17 ) = —Gw + £ D Tl“ : (217)
s=1

We see that the terms dependent on n cancel due to colour conservation when acting
on the amplitude in eq. (2.13). We will from now on drop terms in the squared current
that vanish due to colour conservation in the hard amplitude. Second, we note that as
a consequence of T;-T; = T;-T;, the colour-correlated squared amplitude, \./\/l ' 2,
features a symmetry under exchange of the emitters (i <» j), to which we will refer as the
dipole symmetry. The dipole symmetry of |./\/l§é‘7 : fn|2 implies that the kinematic factor
(the eikonal function S;;(p1)) in eq. (2.13) is symmetric as well under the exchange of
the emitters, (i <> j). This is a general feature: The kinematic functions in the squared

soft current inherit the symmetry properties of the colour operators that they multiply.

2.2 The tree-level soft current for the emission of a single quark pair

Let us also briefly review the features of the soft current for a single soft quark pair
emission. It is again convenient to amputate the polarisation states,

Jag(P1,p2) = [17) @ |s182) J?;jslsz(phm)

Y 3 ; (2.18)
= ’Z]> @ ‘3152> Us, (pZ)Jqq(pMPZ)Um (pl) )

where 7 and j denote the anti-fundamental and fundamental colour indices of the anti-
quark and quark respectively. Note that Jg{z is a matrix in Dirac spinor space, though
we suppress the matrix indices for brevity. It is easy to see that the current for the
emission of a soft quark pair is entirely determined by the soft current for single-gluon
emission,

. 1
Je(p1,p2) = o t v dg" (p12), P2 =p1+pa, (2.19)



where we work with a gluon propagator in Feynman gauge. We can square the soft
current to obtain

S0l Magass s = (1793) Tr ZQU prp2) M2 (2.20)
,j=3

where Tp = 3 is defined by Tr(t*t*) = Tpd*, and we defined the kinematic function,

4 Xuixz + XuXei — XijXae
X12 Xi(12) X5(12) ’

H(p1,p2) = (2.21)
and X;(jk) = Xi;j + Xik- Note that, in addition to the dipole symmetry under exchange of
the emitters (i <» j), the soft gg function features charge conjugation symmetry under
the exchange of the quark and antiquark labels,

?]C'I(phpz) = ?Jg(pmpﬂ- (2.22)

Finally, we recall that the eikonal currents, and so the kinematic functions of a
single soft-gluon (2.15) or of a soft gq pair (2.21), do not depend on the mass of the
emitters, while the eikonal current of two soft gluons receives an extra contribution
which is proportional to the squared mass of the emitters [6].

3 Tree-level factorisation for soft gqg emission

In this section we present the main result of this paper, namely our result for the tree-
level soft current for soft gqg emission. We start by quoting the results for the soft
current, and then we discuss the analytic expressions for the squared current and the
ensuing colour correlations.

3.1 The soft current

Without loss of generality, we assume the anti-quark, quark and gluon to be partons 1,
2 and 3, respectively. The soft current is obtained by evaluating the diagrams in fig. 1,
using the usual eikonal Feynman rules for the coupling of a soft gluon to a hard parton.

We use axial gauge for the external gluon, but we evaluate all internal gluon prop-
agators in Feynman gauge. We rescale the momenta of the three soft partons by A,
pi — Api, 1 = 1,2,3, and we perform a Laurent expansion around A = 0. The leading
term in this Laurent expansion defines the soft current. We find it again convenient to
amputate the polarisation vectors,

sza ;818283

aqg (p17p27p3) - 623 (p3> n) asz(pQ) Jg&Z(PhPmm) Usy (p1> ) (31)
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Figure 1: Soft-gluon insertion diagrams for the emission of a soft gluon and ¢q pair.

where for brevity we keep the colour indices of the quark pair implicit on the right-hand
side.
We split the tree-level ggg soft current into two contributions,

JGae(P1. D2, p3) = K" (p1, p2,p3) + W (p1,p2, p3) - (3.2)

The first term on the right-hand side is given by,

1 .
Ka“u(pbp%p?)) = E{ngu(p?&)?JlE(pl?pQ)} )

— D AT 1), 37 (pr2) bt (3:3)

_2X12

1,7=4



where the soft currents appearing on the right-hand side have been defined in the
previous section. Equation (3.3) includes both uncorrelated (7 # j) soft emission from
two different legs, fig. 11V, as well as contributions to the abelian part of fig. 11II. The
second term on the right-hand side of eq. (3.2) has the explicit form,

1

Wa“plapzap?; J p123{ {
Z X123 | X13

V" (1) — év“p%%(t“tb)} (3.4)

1
—f“bc {—53 (SF(ps) — SH(p12)) + —Uya”(p127p3)} %ctc} )
X12 2

X123

where we have defined

U, (p12,p3) = =26, Phy + g™ (P12 — p3)» + 2055 (3.5)

and

k
Xtk = Z Xij - (3.6)

i<j

Let us make two comments. First, we have seen that the soft current for the emission of
a soft gq pair can be expressed as the soft current for the emission of a single soft gluon
contracted with the quark current, cf. eq. (2.19). From the Feynman diagrams in fig. 1,
it may appear that the gqg soft current can similarly be factorised into the double soft
gluon current J,, contracted with the quark current. This, however, is not so, because
there are certain contributions to J,, that can be dropped due to the transversality
condition in eq. (2.9), but they have to be kept if the gluon is off shell. Second, we
note that, as expected, we find that the divergence of the triple-soft current defined in
eq. (3.2) is proportional to the total colour charge of the hard partons, implying that
the current is conserved,

a, 1 C (& a > £aoc
pouTih = ——t mpwsb—@fbmeg}zrrb—o modsz—o 3.7

which is reminiscent of eq. (2.12) in the case of single-gluon emission.

Next, we consider the structure of the squared soft current. We find that we can
write the result as a sum over contributions from dipole, tripole and symmetrised colour
correlations,

(dip) (tri sym
FraslMagunse sl = (FE + SED + SE) Mot (38)



We now discuss the three contributions in turn. The dipole term reads

dlp)
123 |Mq1q293f4 fn

€ ab) (nab) mass ij
,u2 gg Ty Z [ qqg( +C’ ( g9 ( Qqqg( )} |M§‘4].?.fn|2’

3,j=4

(3.9)

where Cr and Cy denote the Casimir operators in the fundamental and adjoint repre-
sentations of SU(IV,),

CF: QNC and CA:NC. (310)

The kinematic functions will be defined below. We suppress from now on the depen-
dence of the kinematic functions on the momenta for readability. The dipole-correlated
matrix element |/\/l§f4] ) 5|2 was already defined in eq. (2.14). The sym term comes from
the symmetrised product of two dipole operators and is given by

n
(Sym

€ q (ik;50)
A" | Magsgssa gl = (7627 Te D Q9 IME)?, (3.11)

1,5,k 0=4

where we introduced the symmetric four-parton correlation function, which also appears
in the squared current for double-soft gluon emission at tree-level [3],

M (k) | (Myy g {Ti - Tr, Ty - T} My, g) - (3.12)

Besides the two- and four-parton correlations, which have already appeared in the
context of single- and double-soft emission at tree-level, we also find a non-vanishing
three-parton correlation,

(t k)
12fr51p |MQ1Q293f4 fn‘ ,u2€gg Z Qé}qu Z] ‘2 (313)
,j,k 4

where we defined the triple correlated tree-level squared amplitude by
ijk) abc a c
M, 2 = doe( My, g, |ITITUTE My, ) (3.14)
and we have introduced the symmetric structure constant d®*¢,
d®e = 2Tr [{t*,t"} 1] . (3.15)

Colour correlations between three hard partons do not appear in the tree-level soft
limits considered in refs. [1, 3, 32, 35, 36], and to the best of our knowledge it is the
first time that they occur in tree-level currents.

— 10 —



Before we discuss the form of the kinematics functions, we outline how the colour
correlations introduced above come about, and in particular how it occurs that only
the totally symmetric structure constant d**¢ enters the tripole correlations, but there
is no correlation between three hard lines connected by the antisymmetric structure
constant f%¢. In order to do so, we analyse the terms obtained from squaring the soft
current in eq. (3.2). The square of the K term in eq. (3.3) yields

KPP =557 [T T {TE T + G o D) Sulps) Qo) - (310
ijkl
Using the identity [6],
{Te T} {TL T + G o D) = [2{Ti T Ty Ty} (3.17)
+ %CA(?)Ti T(Guadie + 0i0m) — AT - T3 (G + ) + (i 3 B)| + (G 2 ).

eq. (3.16) is straightforwardly reduced to two- and four-parton colour correlations.
Next, we examine the crossed term, obtained by contracting K with W. The product
between K and the second line of eq. (3.4) yields

~Tp Y ift [{TE T, T5] Q) = 2T Cu Y T T;(Q) — Q1)),  (3.18)
i,j,l %]

where Qz(jll) is a function of kinematical invariants, and where in order to obtain the
equality on the right-hand side, we used the identity [6],

ifer [{Te, T} T5] = 204 (Ti - ) (S — 30) - (3.19)

We see that eq. (3.18) is reduced to a two-parton colour correlation. The product be-
tween K and the first line of eq. (3.4) contributes to two- and three-parton correlations.
In particular, the product between K and the second term in the first line of the W
term has the form,

SO AT T TS () + T (T T weeer’)| OF)
1,7,
i
-y ( — & T f [{T, T4}, Y] + a T?T?Tf) Qi (320)
,7,l

where, like QM in eq. (3.18), Qz(fl) is also a function of kinematical invariants, and we

used

, |
Tr (1774°) = 2d"" + S T f°. (3.21)

- 11 -



The contribution from the first term in the first line of W has a similar form. Note,
however, that the product between K and the first term on the first line of W has a
relative sign difference with respect to the second term on the first line of W. Therefore,
the kinematic term of the three-parton correlation (3.24) inherits a relative minus sign
under the exchange of the quark and antiquark labels. Conversely, that sign is cancelled
in the f2% term since f¢ is antisymmetric. Finally, like in eq. (3.18), the f% term is
reduced to dipole correlations using again the identity (3.19). This explains the absence
of three-parton colour correlations involving an antisymmetric structure constant.

Let us now discuss the form of the kinematic functions. First we note that, due to
the charge conjugation symmetry under exchange of the quark and anti-quark labels,
the functions are symmetric under an exchange of p; and p,. Further, while the four-
parton and three-parton correlations in eqs. (3.11) and (3.13) and the abelian part
of the dipole correlations in eq. (3.9) are insensitive to the mass of the emitters, the
non-abelian dipole correlation contains additional terms proportional to the mass of
emitters, which we have made explicit in eq. (3.9). This is in line with the dependence
of the triple-soft gluon current on the mass [32].

The four-parton correlated term in eq. (3.11) only receives contributions from
squaring the function K®* in eq. (3.3). Therefore, the kinematic function associated
to the four-parton correlations separates into the product of two eikonal functions, one
associated to the soft gluon and the other to the soft qq pair,

_ 1 _
?Z;gjg(pl,pz,pg) =73 j0(3) Q% (P1, p2) (3.22)

where the single-soft eikonal function and the soft-gq function are given in egs. (2.15)
and (2.21). From the symmetry of the colour operator in eq. (3.12), it follows that the
kinematic factor in eq. (3.22) features dipole symmetries under the exchanges (i <> k)
or (j «» (), as well as the symmetry under (i, k) <> (7, /).

Let us now turn to the kinematic functions appearing in the dipole correlations.
They must possess the dipole symmetry (i <+ j). The coefficient of Cr in eq. (3.9) is

- 12 —



given by

gag (ab) _ 8 {2 [XMX&' CoX12X3iX3i (@ n 1)
N XiasXi(23)X5(123) L 2 [ xas X13X23 Y\ Xas

n X1iX35 + X15X3i + X2iX3]} X2 (X12X4j — X1iX2j — X1jX2i)

X23 X13X23
I Xa2 (X3j X1 + X2jX3i + 2X3jX31) X <X13 — X1z X2 " 2) (3.23)
X13X23 X23 X13
O Xy O = Xei +2x3)  XsiXaa2) T X1 (Xsi — X2i) + XeiXjies) }
X13 X23
+ (1< 2),

with Xi(123) = X1i + X2i + X3i, which is manifestly symmetric under (i <+ j) once the
(1 <> 2) exchange has been added. The coefficients of C4 in eq. (3.9) are more lengthy,
and we provide them in appendix A.

Finally, the kinematic factor appearing in the three-parton correlations can be
written in an explicitly symmetric form as follows,

” 2 Ujk 1 Tk Lik Uijik
ggg(pbp%pg) =3 {Xij [ . + ( + + —
X123 Xk(123)Xi(12)  Xj5(123) \Xi(12)  Xk(12) Xk(123)

B 2 X2; (X1iXok + X1kX2i) L 2Xij X2k 1
X12X23 X k(123) X35 Xi(12) X23X3k Xi(12)Xj(123)
+ 5 permutations of (zgk:)} — (14 2), (3.24)
with
1
Iy = X13X2k X1k v
X12X23X3k  X12X3k  X23
X13X2k X1k X3k
tik:xxx T N Xasxa
12X23X3i 12X3i 23X 3i
_ X13X2k X1k X3k (3.25)
Uik = — + + )
X12X23X3i  X12X3i  X23X3i
Ui = —X1i (X25X3k + XorX37) + X153 (XorX3i — X2iX3k) — X1k (X2iX3j + X2X3i)
ik — :

X12X23X35Xi(12)
3.2 Strongly-ordered soft limits

In this section we examine the strongly-ordered soft limits, where one or more partons
are much softer than the others. The strongly-ordered limits can be computed by
rescaling the softer momenta by a parameter A and keeping only the leading term in
the Laurent expansion around A = 0. Since the rescaling of the momentum components
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is uniform in A, the ordering in the momentum components is equivalent to an ordering
of the energies E; of the soft particles. We will use the latter to label strongly-ordered
limits. We note that the strongly-ordered soft limits where the quark is much softer
than the anti-quark (or vice versa) is subleading, and we will not discuss those cases
here. Hence, we discuss in the following only the two strongly-ordered soft limits where
the energies of the quark and the anti-quark are of the same order.

The factorisation of the squared matrix element in any of the strongly-ordered
limits can be written as in eq. (3.8), after replacing the kinematic factors with their
expressions in the limit. We now discuss the two relevant strongly-ordered limits in
turn.

Let us start with the case where the gluon is softer than the gq pair, F3 < E1, F».
The kinematic functions behave as

S3Qi; ]l(P1,p27p3) leg;gjl(plap%p?)) )

75 QU 0. p5) = Q1. 2) 815 (s) — Soi(p)] + 5 permutations of (i),
3 QLY ") (p1, pa, ps) = 2 S1a(ps) Q¥ (pr,p2),

S ?;-19 (nab) (p1,p2,p3) = {i ;?]q(pl,]h) (S1i(p3) — Sij(ps) — Si2(ps)]

X1232a(P3) [S1i(p12)Sa; (Pu) S2i(p12)S15(p12)] [S1i(Pr2) — S2i(pr2)]

~ 5 Sij(p12) Sai(ps) + 3 8ij(p3> S1i(p12) Sai(pr2) + (i < ])} +(1+2).

X12X13X?(12)X3j XlZXSiX?(lg)XSj
+ (4 ). (3.26)

mass) 4 ) 4 ¥
T3 QU (p) py. ps) = m? ( g — Xig + (1 2))

We note that the function qu*‘; ;i eq. (3.22) is exact in this strongly-ordered limit. In
the case where the gq pair is softer than the gluon, E;, Fy < Ej3, the kinematic factors
behave as

<y12Q;'7]Z:qjl(pl7p??p3) = Q?]Zgjl(plap%p?)) )
tylZ 1]]{ (p17p27p3) yl? Qqqg( (p17p27p3) = 07

na 2 1
Fro QU™ () py ) = {—X13 Su(ps) | —22 = Syi(pia)
X12X3(12) X12X3(12) 2
2
+8i(ps) [ X8 8i(p12)? + —2 2 Syi(pry) —
2x3(12) X12X3(12) X12X3(12)
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+ 111 (Sli(p12)82i<p12> - Q?f(pbm)) 1

- Sij (p12) [8)21(212) Slj (p12) SQi(pIQ) (X13 Slj (Ps) — X23 Sio (PS))

+ %Si(n)(pg) (Slj(pm) + L) } + (i + j)} + (14 2),

X12
gg (m 4 1 8 ;
<y12 Q;Iqu( ) (p17p27p3) = m?( X3]2 ) X23X21j
X12X3(12)X3:X5(12)  X12X3(12)X3:X5(12)
Axij 8X1iX2; 2
- + 5+ ‘ + (14 2)
X12X3: Xi(12)X5(12)  X12X3:Xi(12)X5(12)  X12X3(12) X3i Xi(12)
+ (i ¢ J), (3.27)

where we defined Sy (7)) = Sie(pi) +Sjr(pi). The functions Q?,ijl in eq. (3.22) is again
exact in this limit. The tripole contribution is power-suppressed and can therefore be
neglected. The same is true for the coefficient of C'r in the dipole contribution.

4 Soft limits of the splitting amplitudes

So far we have only considered soft singularities of on-shell tree-level scattering am-
plitudes. Soft singularities, however, are not the only kinematic limits in which am-
plitudes become singular and factorise into universal building blocks, but they also
exhibit collinear singularities when two or more massless particles become collinear.
These limits need to be taken into account when constructing subtraction schemes for
higher order computations. In particular, one is also interested in understanding it-
erated soft and collinear limits. In this section we discuss the behaviour of scattering
amplitudes where a subset gqg of collinear massless particles become soft. Before we
do this, we give a short review of collinear factorisation in general.

4.1 Review of collinear factorisation

Throughout this section we follow closely the notations and conventions of section 2.
Consider a tree-level scattering amplitude for n partons, and assume that a subset of
m masslees particles become collinear to a light-like direction P. The approach to the
collinear limit is parametrised by a lightcone decomposition as follows,

2 H
ki, n

= PP+ kY — —=—
bi i 9, P.n

i=1,...,m, (4.1)

where p? = 0 and P - k;; = 0. Above, n* is an auxiliary light-like vector such that
n-ki; =0and n-p; # 0 # n- P. The longitudinal momentum fractions z; and the
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transverse momenta k,; can be chosen to satisfy the following constraints,

m

Zzizl and ik‘ﬁi:(). (4.2)
i=1

=1

The collinear limit is performed by introducing a uniform scaling parameter \. as
follows,

Then, we expand the matrix element into a Laurent series around A, = 0 and only keep

the leading divergent term. In the collinear limit a scattering amplitude factorises®
as [38-40],

Gl | My ) = SPrpy oM foirfn) s (4.4)

where f denotes the flavour of the parent particle (note that in QCD f can always be
inferred from the flavours fi ... f,, of the collinear partons). The symbol %}, indicates
that the equality only holds up to terms that are power-suppressed in the collinear limit.
The scattering amplitude on the right-hand side of eq. (4.4) is obtained from the original
amplitude by replacing the collinear particles with the light-like momentum P. The
quantity Sp is called the splitting matriz [23, 37] and only depends on the kinematics
and the quantum numbers in the collinear set.

The factorisation in eq. (4.4) implies that also the squared matrix element must
factorise,

2¢ 2

m—1
2:“ gs >
Gm My, g |* = (8—> (P tr pnl ) (81 Tt frnretnlS') (4.5)

1..m

where we defined the Mandelstam invariant sy, = (p1+...+pm)?. The helicity matriz
Tt fmir...fn denotes the square of the reduced amplitude by not summing over the spin
of the parent parton,

<S|Tffm+1---fn|3,> = <Mffm+1---fn|S/><S|Mffm+1---fn>' (4'6)

The dependence of the helicity matrix on the lightcone direction P as well as the mo-
menta of the hard partons is not written explicitly. The (polarised) splitting amplitude

3The factorisation in eq. (4.4) is valid to all orders in perturbation theory if all the collinear
particles are in the final state. For the case where at least one collinear parton is in the initial state,
the factorisation in eq. (4.4) is known to hold only at tree-level [37].

— 16 —



P is related to Sp by

m—1
2p* g - 1 t

S1..m

where C; is the number of colour degrees of freedom of the parent parton with flavour
f,ie,C, = N2 —1 for a gluon and C, = N, for a quark. In writing down eq. (4.7)
we implicitly sum over the spin and colour indices of the collinear partons. Due to
colour conservation in the hard amplitude, there are no non-trivial colour correlations,
i.e., the operator P f1..fn acts as the identity on colour space. However, there can be
non-trivial spin correlations. When the parent parton is a quark, helicity conservation
implies that the splitting amplitude is proportional to unity in spin space,

(P, gls) = 6" Py .0, (4.8)

where the quantity Pflm f. 1s a scalar. In the case where the parent parton is a gluon,
it is possible to write the splitting amplitude in terms of Lorentz indices as [3],

<S‘Pf1--~fm‘sl> = EZ(P,TL)* € (P7 n) P;‘fi.fm ) (49)
with
A}Ll/ uv = kilki]
PR =g Ap gt Y - Bij fi. fm - (4.10)
=1 "

The splitting amplitudes for the squared matrix element have been computed at tree-
level for the emission of up to four collinear partons [21, 22]. At one-loop level, they
been computed for the emission of up to three collinear partons [23-25].

So far all considerations were valid in the case where the collinear partons have
non-zero energies. In applications it can be interesting to understand how splitting
amplitudes behave if a subset of collinear partons are soft. In ref. [41] the single-
and double-soft limits of triple-collinear tree-level splitting amplitudes were considered.
Those soft limits were generalised to a generic set of m collinear partons [21], where
m > 2 in the single-soft limit and m > 3 in the double-soft limit, and applied to the
single- and double-soft limits of quadruple-collinear splitting functions. It was shown
in particular that the soft limits of splitting amplitudes involve universal quantities
reminiscent of soft currents. In the remainder of this section we extend the analysis of
refs. [21, 41] to certain classes of soft limits of more than two collinear partons.
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4.2 m~parton soft limit of the m-collinear splitting amplitudes

We start by analysing the special case where all m collinear partons are soft. This
implies that the parent parton must itself be soft, and therefore it must then be a
gluon. The soft limit of the collinear factorisation in eq. (4.4) then becomes:

ylm (glm |Mf1,fn> = IU/egS Spgfl...f"L JQ(P> |'Mf7n+l--~fn> Y (411>

where the soft-gluon current is given in eq. (2.10). Squaring eq. (4.11) and summing
over spin and colour indices, we obtain

yl...mcgl...m |Mf1---fn |2

m—1 n
€ m+1 2 UV i (412)
) ()X Sunl PP M, P

S1..m

i,j=m-+1

where 15;‘1 v 1., denotes the polarised splitting amplitude for a gluon to split into m
partons fi,..., f, defined in eq. (4.9), and the sum runs over the hard partons. The
soft factor Sj” is given by

i vy
SEY(P) = it ) 4.13
)= G Py ) )
Equation (4.12) generalises straightforwardly the analogous derivation for m = 2

collinear partons [6, 41].

4.3 Soft gqg limit of tree-level splitting amplitudes

In ref. [21], in the case of a tree-level amplitude of n massless partons, the behaviour
of an m-parton splitting amplitude was analysed where a single gluon, or a gq pair, or
two gluons from the collinear set become soft.

We consider now the more general case of a tree amplitude with (m + r) massless
and (n — m — r) massive partons. Firstly, we note that for an m-parton splitting
amplitude where a single gluon or a gq pair from the collinear set become soft, the
kinematic coefficients are the same as the ones of ref. [21], because they are degree-zero
homogeneous functions of the (n — m) momenta of the non-collinear partons. Thus,
the kinematic coefficients do not depend on the momenta of the non-collinear partons.
Likewise, for an m-parton splitting amplitude where two gluons from the collinear set
become soft, the massless pieces of the kinematic coefficients are the same as the ones of
ref. [21], while the pieces which are proportional to the squared mass of the partons [6]
are not singular in the collinear limit. Thus, we conclude that in the case of an m-
parton splitting amplitude where a single gluon, or a gq pair, or two gluons from the

— 18 —



collinear set become soft, the factorisation formulae are the same as the ones of ref. [21]
even in the more general case of a tree-level amplitude with massive partons.

We now focus on the behaviour of an m-parton splitting amplitude P;;gf4 S DL
the limit where a gq pair and a gluon from the collinear set become soft. The triple
soft limit of the splitting amplitude is defined by performing a rescaling by a small

parameter A, as follows,

Zi = Aszin ki = Ak, Xig = A2Xijs Xik = AsXik

(4.14)
1<i,j<3, 3<k<m.

We expand the ensuing splitting amplitude in A, and keep only the leading pole, of
O();%). We will argue that its coefficient is universal.

In order to obtain the factorisation of the splitting amplitude in the triple soft limit
from eq. (4.14), we use the fact that the soft limit and the collinear limit commute. We
then start from eq. (3.8) and take the collinear limit where partons 1 through m are
collinear using colour conservation for the hard amplitude,

Yo oTi=->)"T14. (4.15)
j=m+1 j=4

By doing so, we obtain the factorisation formula,

22 g2\ e 90sTr
S923 ( Paggta.s (,UQ 93 C

(ik;5L)
Z Uzqﬁcgz 123 ‘Spff; ’2 (4-16)

L.m i.j ke f=4

m

k b) b

b3 U S8+ 3 (o U + CoUTIE) e '2] |
i,j,k=4 i,j=4

with the factor Cy defined in eq. (4.7), and we introduced the two-, three- and four-

parton colour-correlated splitting amplitudes,

(i 2 _
|S f}4 ’ [Spff4 :| T T Spff4 frn’

Sp{Y 12 =d™ [Sp,y, ' TVTS Spyy, g (4.17)
ik;j50) _
SPY7 12 = [SPygyp, ) (T T, Ty - T4} Spff4 o

The two- and four-parton colour-correlated splitting amplitudes were introduced in
ref. [21]. The coefficients of colour-correlated splitting amplitudes are obtained by
taking the collinear limit of the soft functions in egs. (3.9), (3.11) and (3.13).
Applying colour conservation in the hard amplitude, eq. (4.15), we see that the hard
matrix element completely factorises from the collinear limit of egs. (3.9), (3.11) and

— 19 —



(3.13). This is due to colour coherence: a cluster of collinear partons acts coherently as
one single coloured object, i.e., the hard partons cannot resolve the individual collinear
partons, and the colour correlations are in the space of the collinear partons only. The
procedure to compute the contributions of the two- and four-parton colour correlations
has been presented in detail in ref. [21] in the context of single- and double-soft limits
of splitting amplitudes. The computation of the three-parton colour correlations is
similar, and so here we content ourselves to simply state the results.

e The coefficient multiplying Cr in the two-parton colour-correlated term in eq. (4.16)

is given by
ab) ab) ab
Zq]qf 2(3 Qqqg( Edlg) : (4.18)
where Q7 @) i given in eq. (3.23) and u )) collects contributions with at least

one spectator outside of the collinear set,

a 8 29(21 — 29) — 2232 212 za(23+ 2
ugdg) _ { 2(21 2) 3712 | 21 2X12 ( 3(23 123) +2>
X23 X13X23 Z1%2
21(z1 — 20 +223) 1 229X3(12) — X1223}

2 .2
X123%123

- + —DZ?,
X13 2 X13X23

8 21(89; — S1; — 283;
_{ - [Zz (E—X12X123+2>+ 1(2 1 3)
X123%1235i(123) X23 X13X23 X13
n D X13(8i12)23 — X3(12)%i) + 53i(X3012)21 — X12%3) (4.19)
2 X13X23
B S9i( 203 + 23 — 21) + S3:21 + 5123
X23
n X12(235i(13) + 22383; + 222811')] Lo j>}
X13X23

+ (14 2),

where we defined 2y p = 21 + ... 4+ 2x. The function multiplying C'4 in the
two-parton colour-correlated term in eq. (4.16) is

nab nab nab
qui]zga ) Qqqg( ab) 4 Edfp)), (4.20)

where Qqqg (nab) §5 given in eq. (A.1), while ug )) is provided in appendix B. Note

that there is no mass term in eq. (4.16), since the mass-dependent term Qqqg (mass)
in eq. (A.2) is not singular in the collinear limit.

e The function multiplying the three-parton colour correlations in eq. (4.16) reads

Uz‘qﬁglzs = zjk: Q + U(trip) (4.21)
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where Q! is given in eq.

(3.24), while u(uip) is

j
Uiy = { 82122223 . 2 {222 (X1(23)2 — X16%23 — Z1Xi(23))
3X123X12X23232122123  3X12X123X23 23212 Xi(123)

2 [2122 (X23Zz‘ — Z3X2i 2X2i B 1) 223 (—x122 + zax1 + ZlXQi):|
2123 | %12 22X 3i X3i 23Xi(12)
o [Z3X12 — Z2X13 + Z1X23 n 1 (22X13 + Z1X23 — Z3X12
Y 2123X3iXj(12) Xi(123) 212X3;
n (229 + 23) X12 + 22X13 — 21X23)1 _ [ 1 < U, j 1 )
23Xj(12) X3i \ 212X (123)  2123Xj(12)

with

U2;5
_l’_

Ui;5

1 <X12X3j+u3;j n

Xi(12) 2123X3j

>+ 1 (X12X3j+u3;j
<3Xj§(123) Xi(123) 212X 35

o)
<3X35(12)

L X (z1x35 — (222 + 23) X15) + 735

Xi(123) 212X 3j

1 [X% (z3X15 — 21 (2X25 + Xx35)) + 74

_ A2X15X3i — X3y (ZQXU + Z1X2i) — 21X25X3i

2123 X35 Xi(12)

. 23X1iX25 + X2i (222 + 23) X175 + 221X25) }

<123 X3iX§(12)

+ 5 permutations of (zyk)} —(1+2),

Ul; = —X12X3; T X13X27 T X15X23
Ug,; = X12X35 — X13X25 T X15X23

uz,; = X27 (2x12 + X13) — X1jX23 5

Tl'j—

) (Xlz‘ij + lest') — X2j ((22 + 223) X1 + 21X3:) -

<3X35(12)

(4.22)

(4.23)

e The function multiplying the symmetrised colour correlation in eq. (4.16) is given

by

with

_ 1 _
U’?j(igé;srt = éUge(J;srUjK;t’
225 2z

U‘E' = ! — O5e\Pt)

sat ZeXGt Xt s(pt)

. 4 11 . ZsXri + ZrXsi — %X
qq 2 qq SATL r A ST 1A 8T
ikisr o = Xsr 7 (p87p7“> -

ks X?r 4 F Zsr Xi(sr)

. ZsXrk + ZrXsk — ZkXsr 2252:7’
Zsr Xk(sr) Zgr
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(4.25)
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We note that just like the function (3.22), eq. (4.24) is the product of two func-
tions, one associated to the single-soft limit and the other to the soft-qq limit of
splitting amplitudes introduced in ref. [21].

Finally, we note that, just like in the two-soft-gluon case, all the kinematic terms in
the factorisation formula (4.16) of the splitting amplitude are independent of whether
the embedding tree amplitude contains massive partons or not.

4.3.1 Soft gqg limit of the quadruple collinear splitting amplitudes

So far all considerations were completely generic and hold for the soft-Ggg limit of any
splitting amplitude. We now focus on the soft-ggg limit within a quadruple collinear
splitting f — gqgf, and we work out all the color factors explicitly. Equation (4.16)
becomes

2M26 2\ 3
S 23 [( Paggs
51234

B (ab) (nab 44)12
= (g2 5[ (CruUitas + ca U™ [spif)
f (4.27)

qqg 444 qqg (44 44 2
444123‘SP | + 4444123|S ‘ ;

where the kinematic coefficients are given in eq. (4.17), and the colour-correlated split-
ting matrices are defined in eq. (4.17), with Sp;; = 7 (note that Sp;, acts as the
identity on both colour and spin indices). We can now evaluate the colour correlations
in eq. (4.17) explicitly. For the dipole and symmetric four-parton correlations, the
colour algebra is trivial,

|s 1 =y and |s P =202, (4.28)

where Cy denotes the Casimir in the representation of the fourth collinear parton, with
flavour f. For the three-parton correlation we need to distinguish two cases, depending
on the flavour f. If f = g, we have (T§),, = if*, and using d** = 2Tr ({t*, "} t°)

and fo¢ = —2iTr ([t“, tb] tc), one can check that the three-parton correlation vanishes.
If f is an (anti-)quark instead, (T§),, = t;,;,, we repeatedly use the identity,
atb 1 ab abc abc e
=3 51+(d +if*) | (4.29)
and we arrive at
N2 —1)(N? —4
dabc e tb ¢ = ( )( ) (430)
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N2 4
—< 5. Hence, we
C

where we used that d*®® = 0 and d*°¢f®? = (0, and d*°d*¢ =

obtain that
NZ —1)(N? — 4)

(444))2 (
where
0,iff=g
Opg = ’ ’ 4.32
fa {1, otherwise . ( )
Putting it all together, we see that for m = 4, eq. (4.27) can be cast in the compact
form,
2/1“2693 ’ » € dqg (nab q
S 23 [( S1934 Par| = (M2 93)3 C,%x (Ufzﬂéz% ) + 2UZZ£4;123> (4.33)
dqg (ab (Ve = D)(NE—4) 14q
+CprCy Uffﬁés )+ Ofq AN 225;123 :

Equation (4.33) describes quadruple splitting amplitudes f’qqg ¢ in the triple soft limit.
We stress that the derivation of eq. (4.33) only requires the knowledge of the triple
soft current of section 3. In particular, we did not need any explicit results for the
quadruple splitting amplitudes. We checked, however, that eq. (4.33) agrees with what
we obtain by taking the soft limit of the quadruple collinear splitting amplitudes for
f€{g,q,q'} of refs. [21, 22].

5 Conclusions

In this work we have computed for the first time the tree-level current for the emission
of a soft quark-antiquark pair in addition to a gluon. Our result is an operator in
the colour space of the hard partons, and it is valid for any number of hard particles,
irrespective of their flavour, spin, colour or mass.

We have also considered the square of the soft current and the colour correla-
tions it induces on the squared matrix elements summed over colour and spin quantum
numbers. Remarkably, we find that there are only three different types of colour corre-
lations. These include dipole correlations, which correlate two hard partons and appear
already for the emission of a single soft gluon, and symmetrised four-parton correlations
that show up in two-gluon emissions. A novel feature of our result is the appearance
of tripole correlations involving the totally symmetric structure constant d®¢. To the
best of our knowledge, this is the first time that such colour correlations have been
observed in soft limits of tree-level matrix elements.
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If our soft current is used in the context of an N3LO computation, e.g., to build
a subtraction scheme at N3LO, it is important to understand also kinematic sublim-
its, i.e., limits where a subset of unresolved particles develop additional singularities.
We have in particular studied the strongly-ordered soft limits in which the gluon is
softer than the quark pair (or vice-versa). We have worked out how collinear splitting
amplitudes behave if a subset gqg of collinear particles becomes soft. This leads to a
novel type of universal factorisation of splitting amplitudes, and we have derived the
universal building blocks entering this factorisation in detail.

Our soft current was the last missing ingredient to describe all kinematic infrared
singularities that can arise in N*LO computations. This brings the understanding of
these infrared limits to the same level as at NNLO, thereby opening the way to the
development of subtraction schemes to combine real and virtual corrections at N3LO
in the future.
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A Two-parton colour correlated soft function

In this appendix we provide the explicit expression for the coefficients of C'4 in eq. (3.9),
with

g na 1 3 a
Ta0 (ab) — [—Su(p:a) <3u(p12)32z'(1712) - Z%‘q(phm))

4
(A1)
+ — 1 (a0 + arxi; + aox3;) + (1 2)} + (i & 7)),
X7123Xi(123) Xj(123)
and
G0a (m 1 . 1
;1]{19( = = m} [2x?,QZf(p1ap2) T Sij (ps)
31 i(12) (A2)
2 o
+ (CO+CIXij>+(1<_>2)} + (i < J).
X123 X4(12) X5(12) Xi(123) Xj(123)

Like for the coefficient of Cr given in eq.(3.23), here we have exploited the dipole
symmetry under the exchange of the indices labelling the hard emitters, as well as the
charge conjugation symmetry of the ¢g current. On the second lines of egs. (A.1) and
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(A.2) we have extracted a pre-factor which captures the overall scaling of O(A7°%) in
the triple soft limit.
The coefficients ag, a; and as on the right-hand side of eq. (A.1) are given by,

0 — X3(12) { X12 <1 B 2X1i) n 2x13 n 1 [Xw I X3(12) (leXi(l?) _ 2X1i>}

Xi12)Xj(12) L X312) \ 2 X3i X3(12)  X12 X3i X3;
1 /2x1X

L ( X1;5Xi(12) _4X1i) } 1 X12 , (A.3)
X3i X3; 2X3iX3;

2x3 2 i X 2i 10x1; .~ 8xiy
o = D4 X2 ZxeXu  XyXei | Xs02) {X12 { ( Xij le)

17
X13X23 X13X3i X3iX35  Xi(12)X5(12) L X3(12) X13 X23

9v+:  Ovq. 6Y2. V1. Ax1iX3i 2 2 v 9 .
g ( Xij Xu)] 6y Dagxsi X (Xlgxlj L 2 +2X1j)
X13 X23 X3(12) X3i X3(12) X3(12)X3i \ X12X23 X23

2 2
X1j X15{X13 — X
+ — = |:X2i ( 1J< 13 23) + (X13 - )(23)2 - 4X13X23) + 4X23X1i(X23 - X13)
X12X3(12) X3j
X%z (X%s - X%s) X1j X2i [ 4X13X1iX2) 3X13X§i + X%i (4X13 + 10X23)
+ — — | —————— +3x1x23 | +
X3i X12X3(12) LX3j X3i X3i

X2iX1j [6)(13 i X33 _ &( 2X15 4x13 >

— X1 (dxas + 10)(23)] + + 22410
X3(12) L X23 X12X13 X3 \ X12X23 X23

6 4 2 2 2 2X1iX14 X2
L Bxes _@( Xos X23+2) L X3 +9} 2xuXy (X13X2 X2j +2Xu><23)

X13 X35 \X12X13 X13 X12X23 X%2X3i X3j
1 X (4Xi; 203X
+ — [X% (5X1j - A ( LAt 10x1; S 4X15X3i
X12 X3i \ X3j X3i X35
i 2X2' X2~X i i 2X1 X2 8x14
_X3(212)X2 {Xu( 15 +2X1j) 4 15 2} i X1 ( )(1;)(23+ X15X23
X12X3i X3j X3j X3(12) \ X12X13 X13
2Y14 i 4 ; Y2
_ eX1jX23Xi(12) <@ X 2) 4 X13X1j X 1OX1j) } _ X123 {leXQz
X3iX13 X12 X23 Xi(12)X5(12) L X23X3i
4 2X1z’X1jX21’X3(12) 4 QX%iXIj i X%jX?i B 4X1'L’X1jX2z‘Xj(l2)
X13X23X3i X13X3i X13X3j X12X3: X3
2 2.(2 Yoi + Y2 ) 22 oV
X3(12 X1 \2X1iX2i T Xj(12 X 4x1iX2iX
(12) { j 1) 2 < XX | g o+ Xy
Xi(12) X5(12) X23X3(12) X13X3(12) X1j
4 XX (le (2x1i + x21) (@ " Xj(12)> n 2x1i (15 + 2x25) + leX?i)
X13 X35 X23  X3(12) X23
n X15X5i X3 " X5 X3 (Xlinj + X1jX2i n Xlinj)
X13X23 X23X3i X3(12) X13
2 .2 2
X1 X2 4x1i i i i
_ 1]22{2+ X1[X23 (X—l(&—i—él)—l—xw +2+X_;+X2>
X12 X3i LX3(12) \ X2 \ X23 2X23 X3 2X1u
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+@(X—1 (&+3>+—X1’ 434 22 )+ Xlxﬂ

X35 \ X2i \ X2j 2X2j 2Xx1i X15X2i
i 2X23 <X13X1j + X2j (4X13 + X23) 4 2X%¢ + 4Xu) }
X3(12) X23X3; X%i X2i
n QX%]' {XsiXu (Xu (2x15 + 6x25) + X2 (x15 + 3x2;) n 2>
X12 | X3(12) X1iX3j
Tixai [ 8x2j i [ X2 iXi i [ 4AX2)
L e {XZJ_i_l_i_&( X2 +X2X2(23))+X_1( X2J+1)
X3(12)X3i L X1j X1 \ X1i X1i X2i \ X1j
j 5 iX2i | 4X25Xi i iXj i
i X2i X Xz; } 1 X1iX2i [ X25Xi(23) L6 X1i X X2iX5(12) I X (23)] H } 7 (A.4)
2x1i 2X71; X3(12) X15X2i X2i 2X35X1i X1i

2.2
g = X3(12) {2X1iX1j (ﬁ+2)+ leX%X%i <2X1iX23X2j+X13X1jX2i>

Xi(12)X5(12) U X13X3(12) \ X12 X12X3(12) X3i X13Xgi X23X%i
N X1iX3X23X2i <4Xlz’ e 2y 20 8Xe 8) N X2iX3i X1 <@ B 6X3j)
X%2X3(12) X2i X1iX15 X1i X1j X13X23 X3j X1j
N 2x15x2i (4x1iX25 + X2iX35) + X%j {Xm‘Xu {XuX% (X2j (2x73 + 4x33) n 2)
X%z X3(12) X12 [ X13X3i X%?)le
_ 4Xi3 (X13 2 X23 4 X2j i X3 X2j (X13 + X33) 3 — v
X23 X13 X1j X13X23X1i X35
n 2X1iX2i |:X3i (3x23 — 2x13) - 9X13 + 3X23 B 4X2j] } n QXMX%]'X:% <@ _ 3X3j>
X13 2X23X1i X23 X1;j X13X23 X3i  X1j
4 2X1z‘X1j {leX&‘ {& (ﬁ X @) 4 3X2(13) _ &} 1 X2 X3i (2X13 + X12 . @)}
X3(12) X12 X35 \X23 X13 X13 X23 X12 X23 X13
n X%jX%i (Xquj _ 6) I X%i |:X1jX3j <3X1(23) _ X23 2X12)
X13X23 \ X15X3i X3(12) X12 X23 X13 X13
2 3
I X1iX15X5(13) (ﬁ i @) n X1j (& (& n @) _ 3X13 - 3X23) n X15X23 }
X12X3i X23  X13 X12 \ X35 \X23  X13 X23 X13 X12X13 X35
2 .2 2
X1j2XQz' |:X_§j <4X11Xi(12) n 4X11X3¢) n 2X1in(13) n 2Xj(12) n 2X2i X 2X2;X3i _ 2]
X12 X2; X15X3i X3j X15X3i X3j X3i X2iX3;
2 .2
X1 X2 {4X1in(13) i Xu;(?n' <8X2j ~ 6Xjies) Loy 4Xi(12) . 6X%¢X22j) n 3X2i
X12X3(12) X15X3i X2; X35 X1j X3i X15 X34 X3i
3X + X2 i i [ 10x2; 1 [(4xoixsi  OX3iX3
L3N FXey X [x_l( X2j +2> +_( X2jXai  OX3iXa _8Xi(12)):|}
X3j X2i | X3i X1j X1i X3; X1j

2 .2

Xai o [4Axuxs (12X 2x3i (43 23

O X2XiXG [ XiiX3 ( X;i(23) +1) L 26 < X3 +1) N X3J”
X13X23X3(12) X2i X1j X2i X1j X1
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D 2X1iX1i + X1X2 X2 2 1 2
+ 2 {Xz:z( X1iX1j + X15X2i) 4 X13X1;jX2 + X33 ( X12 Ly _>
2 X12X13 X12X23 X13X23  X12  X13
2
Ny (2X1jX23 4 2x1j 1 6x1j i 2X1j):| B dx12X15X2i i X15X2i
X12X13 X12 X13 X23 X13X23 X13X3j
+ i (2X1iX1jX2z‘ i X1jX§i> n X123 X%jX% 2)&- 1— X2j (Xs(lz) + X23)
X3i X13 X23 Xi(12)X5(12) | X12X3: | X13 X23X1j
3 .2
X1 X2i (ijX3(12) n 1)
X12X13X3; X15X23
2 v . ( . _9 .)+3 .(2.—22.)
X3(12) X1;X2i (leg X2i — 2x1i) + 3x2i (X2 — 2X3;
Xi(12) X5(12) X12X3(12) X13
L XX (2x16 4 3x2i) + X5 (X3 — QX?Z-)) N Ax3x2iXi012) (X2iXG(12) — 2X10X25)
X23 X%2X3(12)
42 2 N2 (31 — Yo s (x1i — 3o
X1 <X2 By = xzy) | xai (g = 3xay) (s — 3xay)
XT2X3(12) X3i 2x1i X2i
2 2 2 .2
X1;X2  X1iX2j X1;X2iX3; 1 1 X2iX3i
21] 22 — =l 22]> e LB (XliXi(23) <— - —>  ABA% )
X1i X2i X12X3(12) X3i X13  X23 X13
2x1;x5; (x2i (X15 + 3X25) — X1iX2) N Xiixeixa (X3 — X23) (XagX3; — 2x3; (ay + 2x25))
X%2X3(12)X3j X12X13X23X3(12) X35
i iXj 2X1iX2j (2x14 i
I |:X_1 (X2 Xj(12)  4X1iX2j n 2X1j) X2 (2x1: + X2 )] } ‘ (A.5)
X12X3(12) L X23 X1i X2i X13
The coefficients ¢q and ¢; on the right-hand side of eq. (A.2) are given by,

X3(12) {Xz¢X2ij(12) ( X%iXSj 4 X2iX3j + X2 X3i 4 X3i X35 2)
X2i X2j

X_gi _ 2X1ix2) i X1iX2iX3(12) n

X23  X13X15X2i X13X23

{QX%]‘X% (leXm - Xlz’X2j) n
X12X13X23

+

_|_

_|_

X%jX?;iXQi

X2iX25X3i  X2iX3i  X2iX3j

cl =
Xi(12) X5(12) X3(12) X3i
4 X128 X502) |:X1jX2j (2X1iX2iX§j CO2XuXEX) X1iX3; gt
X12 X35 L X3(12) leX?jX%i X15X25X3i X15X25X3i  X2j
2
_ 2X2iX3; 4 X3j n 2> n X15X2i X35 <X%in(123) B X1iX5(12) n 2X11‘Xj(12)
X2 X3i X2j X123X3i X15X2iX3i X15X2iX3j X15X3i
I X25X3iXj(23) I X2iXj(23)  X2jXj(23) X1 X5(23) n X2i 2X2j>:| }
X15X2iX3j X15X3i X15X3j X3j X1j X3i X3j
_Xj(12) (X3z‘Xj(12) - X3sz’(12)) (A 6)
2 . ) :
X3:X3j
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and

2
o = X3(12) {leXQin(12)Xj(12) ( X35 Xi(12) 4 X35 Xi(123)X5(12) n 3X2;j I 4>

Xi(12) Xj(12) X23X3(12) X15X25X3i X15X25X3i X1j
_ X13X23Xi(12) Xj(12) {Xi(u) (X123X3j + X3(12)Xj(12)) (XliX2j + leX2i)
X%2X3(12) X13X23X§¢
X X3(123) <X1j (2X1i + XZi) —X1iX2i X1iX2i T X2j (Xli + 2X2i)> ]
X3i X13 X23
n X15X25 Xi(12) Xj(12) [E <& n 1) n 2x25 L34 X15X2(13)
X12X3(12) X23 \ X1j X1j X23X2j

2
X ; i [ 3X1i i i i
L Xiaz (X13+X1J+2>+X3J( Xu | Xi X <X1 +X2)

X15X35 \X23 X2j X3i \ X1j X2j X23 \ X1j X1j

2x2i N 2X2¢) n X1iXj(12)  X1iXj(12) n 2X3;Xi(12) B X13Xi(12)Xj(12):| }
X2j X1j X15X3i X25X3i X15X25X3i X15X23X3i
n 2X2jX?(12) n X;(12) (X3z' - Xi(12)) (X2(13)X3j - X2jX3(12))
X23X3j X12X23X3i
Xi(12) X5(12) (X1iX2j + X1jX2i) AT
_ ; . (A7)
X12X3;

_|_

B Collinear limit of the two-parton colour correlation

In this appendix we consider the ugz?;))) term in eq. (4.20),
(nab)
Y(aip)

4 D | z3 — 2 dy1023 — 2X 132 z
== {_{3 12<X123 X132_212<1+ 3 )+221>
Xi23%i23 | 4 X12 X23 23 — 212

223(z1 — 2 2212 Qv 1922 21 (21 — 29 + 22
+ 3(1 3)_ 13+X123]+1(1 2 3)
X23 X13 X13X23 X13
_ A3X12 (212 + 223) X 2212223 [213X13 (@ T 1) _R3AL X3(12)Z123]
X13X23 Xia Z1X23 \ 23 22212 2z12X23
2129 (21 — 293 — 23 % 322 4z + 2 2129 [ 2193 + 22
+12<1 23 3+ﬁ_ 3 42 3)+12{123 2
X23 212 21 Z122 ) X12 Z3
z 1 1 2 -2 9 2
p2 (g (L) g 22 22 9t g
Z12 z3 2 z1 4z 429
21 — Zo3 — Z z 2z 3z 22120 (2 — 2z
+@(1 23 3+_2+_2_2_|__3)]_|_ 12(2X13 3X12)
X23 212 21 z3 21 Z3X13X23
22 (1 22x13 + 22
+—3(—(D—6)+( 2X13 1X23)) }
X12 \ 4 23212X12
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4 . .
_ {2— (co+ c12i + 227) +(Z<—>j):| + (14 2), (B.1)
X123%123Xi(123)

with

23X 1iX3i Z it ZiXi i Z2X1i i, R
co = (D —6) 3X1iX3 T <X1Z;<23 I 1X (122)X23X3 ) I 2X1 (X_z n _2)
2X12X¢(12) Xi(12) X12 Z3X12%12 2Xx23 \X3i 23

z1X§i + 21X2i (ﬁ _ 2X12> _ X123{21X2¢ (Z3Xi(12) i F12X3i 1)
)

+
2X23X3:  X23 \223  X13 X12 U X12 \2212X3  223Xi(12
. Z9 (22X1iXi(13)+21X2iXi(23)) i 2122 X1i X 24 ( X%i _ 213X%i _ R13X2i
223X23Xi(12) Z12X23Xi(12) \2X1iX3i  222X1iX3i  222X3i

+X21+X1i_2’23Xi(12)+ﬁ+Q+ Z% +i+ﬁ+2)}
X1 2X3i  221X3 X3i A1 22123 223 23
i 2 (X13 (ZZXi(IZ) — Z2X3i + (212 - 2'3) X2¢) I 223X12X3i _ 22134
4 X12X23 X13X23 X13
B (212 — 223) X3: + 23 (X1i + 3X2i) _A1Xu Tt (23 — 22) X2i + Z2X3z’>
X23 X12
X1iX2i [ 212Xz (212 + 623) Xai LA 2203+ 23 — 621 420+ 23

2X23 a

+
23X 1iX2i X1iX2i X3i X14 X2i

A~ z i Z3% z1 (X1i — X2i + 2Xa
+_1(_2_ 2<X_3+1>_ 32”+ 1 (i — Xoi + 2x31)
<12 \X2i  X1i \X2i Z1X2i X13

_X12 (Z3Xi(13) + 223X3i) n X1iX2i | X1i (22’3 -2 n ﬁ) + X13%23
X13X23 2x12 | X3i X1i X2i X23X3i

B (23312 + (21 — 22)2) X123 X2i N i{2 n Z2X13 " 22 (2X13 B 1) n 23 (3X13 n 2)
212X23X3iXi(12) X1i Z3X23 %1 21\ X23

3 ilza (3 z z + 2 3z
_ X13+X3 {_2(X13+2)+_2(@+2)__2<X12 X13_|_3)__3+3}
X23 X2i [ ?1 X23 23 \ X23 212 X23 21

i |z z 2 29 {2x12 + 3 z 2z 2z
+X_2{_1X1(23) (1__2+ X23)+X3(12)] __2( X12 X13 1X123+ 23+_3)}

X3i [ %12 X23 21 X1(23) X23 212 X23 22X 23 ) 21
It (323)(1(23) L2 msaey | s(n-x) +ﬁ+1) +Q(Z23X12 LA

212X 36 21X23 21 Z2X23 2122 ) X2i \?12X23 212

z z 2 z3+ bz z 29 (22 — 22 ;
+_2<@+1)__1_ X13+3 1+3)+ 1 {2(12 Q)Xlz

<3 \ X23 <3 X23 Z9 Xi(12) 123X 2i

n 2y | X (X1es) —5x2s) 2 (2)(12 + 3X13 N 2> ) <X12 + 2x13 n 3)
2123 21X23X2i 21 X23 21 X23

i (3 2 2 3
I 212X3 (ﬁ 22 (X1(23) . 1) _ 2) X 4% (Q (X1(23) _ 2) X X1(23) 9% _4)
21X2i \ ?12 Z3 X23 212 \ %1 X23 X23 22
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Z9X1i | 222 i z z i |22
X 2X1 [ 2212X3 i 2 <X1(23) I 1> _ A2 <X1(23) 4 1)} X X2i {_2 <X1(23) _ 2)
Z1X3i | #123X2i Z12 X23 212 X23 X1i [ 212 X23

N 213X 2i (ﬁ (X1(23) . 1) CXie3) 1) _ 6z 4 X1(23) n Z123
212X3i \ %13 X23 X23 212 X23 Z3

JrX3 (&—l— 3 12>}+&+2} . 12X;X2 X13 <X_3_2>

X2i \ X23 21 X23 2x12 Z1X1i \ X2i
I 22 {4X13X2‘(12) _ 2 (2212X3(12)X1i I X13Xi(12)X3i) 4 X3(12)(3X1‘(12) - X3i>1
212 | 21X1iX2i Xi(12) 122X 2i Z1X1iX2i 22X1iX2i

2z i 232 1 /2 1 1 /4 i
n 12X3(12) X1 4 3 12{_( X13 4 X3(12)) 4 [_( X13X2 +X3(12)>
2321 X2iXi(12) 2122 (%12 \ X1i X3i Xi(12) |23 X1i

N 212X3(12) 1 (2X13X2i +y ) } } . 2X3(12) ( Z1X2i 22713 n 2122X3i >
— = — 3(12 —
22 212 X1i 12) 2122 \X1iX3i  Z3X2i  223X1iX2i

X123 {212X1iX3i B 2X?(12) i 2123X3iXi(12) (Xi(l?B)Xli n X%i B &)

X?(u) 2123X 2 Z1X2i 23X 1iX2i 21X3i Z1X3i Z1

n Z123Xi(12) (Xi(lz) _ 3Z12 . 1 (Z%2X3i i 323X11’X2i) ) L XaiXai [%X%i
2129 2x3i 223 2Xi(12)%123 23 X3i Z19X3i L 21X53;

z3xu [ 1 3 X2 Xi 2o — 2 2123Xi
L X <_+_) L Xia) ( i(123) ( 2 — 23 _3) L s 2(13))}}}
X2i 22 21 X1iX2i X2i 21 21X2i

X123 2Z12X2i (Xu (223 - 21) + 21X3i>

+

B 7 (B.2)
4z12X4(12) X123X23
o= D i X%23z123Xi(123) 2 X1iX2i | #1722 3 X2iZ1 T X1i%2
| = — 4 o e 2 _
2 4x12X3i%3 X12 X?(u) Z%g Xi(12)%12 X12
_F12 |:X3(12)X3i _ 2X2i21%2 ((XIS - X23)2 _ X13X23 i X%g _ *3X3(12) > }
Xi(12) 2X12212 <12X12 421229X12 2122X12 Z1712X12 22122212
+ Xia o X2iX12 R2X12 22Xl X123{X¢(12) ( 3 Z%Xz:s)
X13X23  2X23Xs3i  273X2s 223Xz X1z L Xsi \4212  ZhXie

iX2i | 2 i i 2 i i
. X12X2 [ Z1X1iX23 2123 (X_z 4 1) 4 221X23 (2 I X2 X3(12)) n 212X13X2 }
Xi(12) L#12X2iX12 212 \ X1 Z19X12 X1iX23 23X1iX12
~2X12X6(123)  X1iX2i  X1iX2i [ 2122 ((X2i ) Zl) . X122123]

= +2|+—
223X23X¢(12) 2X32’Xi(12) Z12X3i [ 23Xi(12) X1 ) 2X1iX23

212 2193 + 2 i 1 iz 3 + 2
122 +(123 3)X3}+&_(@+_> (X_2+_2)+ X12 T 2X13
223212 423Xi(12) X13 X23 2 X3i %3 X23
_ o Xi(12) 94 21 (1 ] n 22 (X123 + X3(12)) _ &) _ X123%123 (@ " 1)
4x3i 2212 21 Z1X23 X3i 2212X23 \ X3i
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iX2i 1 2 +2
4 X1iX2 { X13 {_ [21 ( X23 I 1) ¥ 2 (@ +2) _ X12723 Z3X3(12)]

2x12 | XuiXxei | 212 X13 X23 X13
e (E LA 2) B 4} X (Z2X3(12) + X1 | X3
23 \X23  %2X13 X1iX3i 212X13 X23
z
I 1X3(12) i 2) i X3(12) { X12 {ﬁ <ﬁ X 2> A2 1}
<3X13 X1iXi(12) L X3(12) [ X12 \ X23 23
2193 + 2 2192 + 2 2193 + 2 z
4 123 2 212 2}+ X3(12) ( 123 1 4 X23 __1+1>
212 23 X2iXi(12) 212 X3(12) <3
z 2z 2 2129 (212 — 23) X
_ X3(12) (ﬂ n 22 I 23X12 1 X23 ) I X123{ 122 (212 3) X (123)
X2iX3i \ 12 23 Z12X3(12)  X3(12) Z1273 212X 1iX2i X3i
Z12 Z2 2 X ; ; 322 > p
_ 122 { 12(X3¢ _1>+X3%X(12)+X_2+X_1_ 3,2, A
X3iXi(12) L2122 \ X1iX2i X1iX2i X1i X2 22122 21 22
23219X % 2z T 22y i 2 22 i ;
4 3212X34 +4} 4 1223X3 [ 3Xl2 (X1 I Xz; ) 4 12 (X(m)X& _ 1)
Z122X1iX2i Xi(12) L?123X3; 2x2  2X1; 2123X3i \ 2X1iX2i

n 21223 (Xi(l?)XSi _1) —i—ﬁ (&4—@—%2)}}
2123 X3i X1iX2i X3i \X2i X1
n 21Z2X1iX2i{X3(12) [(@ n X23) ( L L) ~ 4xasXes }
2X%2 2122 X1i X2i Xi(12)  X3i X3(12) X1i X 2i
N 2X13X3(12) (i B l) n Xg(n) ( 11 N 1 )
Z1X1iX2i £12 %3 Z1X2i \R12X3i  23X3i  23Xi(12)

n 2 (x13 — X23) (X23 — X13 " 2X23) " X123 { 2x13 [X?(lz)xi(ni’)) (ﬁ " X3(12))
212X2iXi(12) 21223 | X1iX2iX3i

21 <2 X?(lg) 21 2x13

_ 2zXei 3X27j:| X312 [221X2i n X?(12)Xi(123) L 621X23Xi(12)
Z1X14 X1i 2%2 22X 14 X1iX2iX3i 22X3(12) X3i

2 z i i 2 2’2 i 22 i 2z
+ X23 < 1X1 (Xl +X_§,) X 1X1 X 2 X1 LA
X3(12) \#2X3i \ X2  X1; Z2Z3X2i  R3R1X2i )

z 7 7 %
n 123X3(12) Xi(12) [ X3 (@ i Xzs) X3 . 1} }}
212223 X3 [ X3(12) \ X1 X2i Xi(12)

n X123 [Xlini (3021 + 282 L 2212 (x12 + 2x13) _ 2z19x3 2 (221 + 22) 212>

42’12X¢(12) X123 X2i X1iX23 X1iX2i 23X 2i
N 22123X2iXi(12) 2212Xz‘(123):| ’ (B.3)
X23X3i X23
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)

X12

X3(12)

2212X3i

_ Xi(12):| }

X2 Xg(u) 3X3232123Xi(123)

B dzzxsi  4x12212Xi(12) ( Z3X3iX§(12)
XliX?i{ X§(12) [@ (m _ 1)
2x12 | 2Z12X1iX2iXi(12) | 23 \ X3

n X123 <X3(12) Rt (Xlz + 2X3(12)) + 1) ‘
4dz12Xi(12) \ X123 Z3X123
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