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Abstract

We calculate the massless unpolarized Wilson coefficients for deeply inelastic scattering for
the structure functions F»(z, Q?), Fr(z, Q?), 2 F3(z, Q?) in the MS scheme and the polarized
Wilson coefficients of the structure function g1 (x, @?) in the Larin scheme up to three-loop
order in QCD in a fully automated way based on the method of arbitrary high Mellin
moments. We work in the Larin scheme in the case of contributing axial-vector couplings
or polarized nucleons. For the unpolarized structure functions we compare to results given
in the literature. The polarized three-loop Wilson coefficients are calculated for the first
time. As a by—product we also obtain the quarkonic three-loop anomalous dimensions from
the O(1/¢) terms of the unrenormalized forward Compton amplitude. Expansions for small
and large values of the Bjorken variable x are provided.



1 Introduction

The scaling violations of the deep—inelastic structure functions Fy(z,Q?) [1-4] in the massless
limit and twist 2 approximation are described by those of the twist 2 parton distribution functions
fi and massless Wilson coefficients C; in a perturbative expansion in the strong coupling constant
as(Q%) = a,(Q?)/(4m), where Q* = —¢? denotes the space-like virtuality of the scattering
process and z = Q?/(2p.q) is the Bjorken variable, with p the nucleon momentum. In the
present paper we calculate the Wilson coefficients in the case of virtual photon exchange in the
unpolarized and polarized case to three—loop order, where the latter results are new. For the
structure function xF3 we consider the exchange of both the weak W= bosons. The present
results are of importance for the experimental data analysis of the deep—inelastic scattering data
at HERA and future lepton—nucleon colliders, such as the EIC [5] and the LHeC—project [6] for
precision measurements in the unpolarized and polarized case, to extract the parton distribution
functions [7] and to measure the strong coupling constant at highest possible precision [8].

The calculation is based on massless virtual forward Compton amplitudes for on—shell par-
tonic states, which are gauge-invariant quantities. The structure functions are described by

File, @) = Zcm(, G & o 1)

with

ck( Qz)—élq%—iai;:lnn( ) O (), (2)

where ;2 denotes the factorization scale and ® the Mellin convolution

A(x) ® B(z) = /0 iz, /0 26 ( — 2172) A1) B(2). (3)

The Mellin transform
M[A(x)](N) = /0 dza™ "t A(x) (4)

diagonalizes the expression in Eq. (3) into the product M[A](N)-M[B](N) and will therefore be
often used in the subsequent calculation. The dependence on the factorization scale diminishes
for higher and higher orders in the coupling constant. One may also derive representations in
Mellin N space which are scheme-invariant order by order, see e.g. [9-11]. Here the preferred
scale of the deep-inelastic process is u? = Q2.

The massless Wilson coefficients for the structure functions Fy(x,Q?), Fr(z,@?*) and
xF3(x, Q?) have been calculated at one- [12], two— [13,14] and three-loop order [15-17]. Fur-
thermore, also their Mellin moments have been computed at 2- [18] and 3-loop order [19]. In
the polarized massless case the corresponding 1- and 2-loop Wilson coefficients for the structure
function g;(z, Q%) have been obtained in [20-24].

In the present paper we re—calculate the massless Wilson coefficients for the structure func-
tions Fy(z, Q?) and Fy(z, Q?) as well as for the structure function zFs(z, Q%) = zF)V" (z, Q?) +
zFV" (2, Q%) and calculate newly those for the polarized structure function g; (z, Q%) in the Larin
scheme [25,26]. The Wilson coefficients are calculated using the method of the forward Compton
amplitude. Here the parameter z = Q?/(2p.q) is the variable on which the master integrals and
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the associated differential equations depend. The Mellin moments of the structure functions
correspond to the expansion coefficients of the forward Compton amplitude in the unphysical
limit w = 1/2 < 1 which is frequently exploited to compute low Mellin moments. Therefore, the
variable w corresponds to the parameter ¢ used in Refs. [27-29] and the subsequent technical
steps are quite similar to those in the calculation of the three-loop anomalous dimensions.

The paper is organized as follows. In Section 2 we discuss the basic formalism, including
the renormalization, and summarize the technical details of the calculation in Section 3. In
Section 4 we calculate the one— and two—loop Wilson coefficients to the order in the dimensional
parameter ¢ = D — 4, needed for the present calculation at three—loop order and present the
2-loop Wilson coefficients. In Section 5 the three-loop Wilson coefficients for the structure
functions Fy(z, Q%) and Fp(x,Q?) are given and in Section 6 those for the structure function
xFy(x, Q?). Finally, we present in Section 7 the three-loop Wilson coefficients for the polarized
structure function g;(x, Q%) and also remark that the quarkonic anomalous dimensions being
obtained as a by—product of the present calculation from the O(1/¢) terms of the unrenormalized
Compton amplitude, agree with the results in the literature. In Section 8 we present the small—
x and large—r expansions of the respective Wilson coefficients and compare to the large Ng
behaviour predicted in the literature. Here Ny denotes the number of massless flavors. Section 9
contains the conclusions. To shorten the presentation we will identify the factorization scale
p? = Q% and only print the Mellin N space representation for the complete expressions. In an
ancillary file to this paper we present all Wilson coefficients in Mellin N and z-space, in full
form, including their scale dependence. Here z denotes the parton momentum fraction in the
nucleon, z € [0, 1], and is, for twist—2, identical to the Bjorken variable x.

2 Basic Formalism

We consider the forward Compton amplitude for neutral current photon exchange in the unpo-
larized case for the deep-inelastic structure functions Fy(z, Q?) and Fy(x, Q?), as well as for the
structure functions g;(z, @?) in the polarized case in the twist—2 approximation to three-loop
order. Furthermore, we study the charged current structure function zFs(x, Q?).

The hadronic tensor has the principal structure [4, 30]

N A0
e 2 PuPv 2 . q'p 2
WV = —Yuv — | I ) F ) - VU_F )
p ( Guw + qz) 1($Q)+p.q 2(z, Q%) Z%Azp_q 3(z, Q%)
q>\ o ,
+ie vie G IvQ +oe 5
o200 )

Here the ellipses denote contributions from other structure functions not considered in the present
paper, p denotes the nucleon 4—-momentum and S the polarization vector of the nucleon, which
can be taken in the longitudinal case in the nucleon rest frame

Sp = (M,0,0,0) , (6)
where only the energy component is non-vanishing and M denotes the nucleon mass. The vector

p is given by

X p.q
P=pp =y (7)

All structure functions can be isolated by using corresponding projectors in D = 4 + ¢ space—
time dimensions. In the polarized case one furthermore considers the polarization asymmetry,



i.e. the difference for S = Sy, and —S7. In the following we will consider the structure functions
Fy 1(z,Q?%) and g1(z,Q?) in the case of pure photon exchange, while zF3(z, Q?) is measured for
the arithmetic mean of W+ boson exchange.

The associated forward Compton amplitudes are given by the Fourier transform of the time—
ordered product of current operators

T, = i/dz ' (p|T (J}(2)1,(0)) p) , (8)
and
W, = %lmTW : (9)

We consider the deep—inelastic scattering cross section for pure photon exchange [31]

o (N, £S51) o? |, 9 xyM? 5
ey 275@ y2xF1(x,Q)+2(1—y— >F2(337Q)
+ [—2)\34 (2 —y — m{g ) xg (1, Q%) + 8)\ny ga(z, Q2)] } , (10)

with X the longitudinal charged lepton polarization, M the nucleon mass, y = Q?/Sx a Bjorken
variable, and S the cms energy squared. We will use the collinear parton model [32] in the
present calculation, where the parton momentum is given by zp, with p the nucleon momentum
and z € [0,1]. Due to this the Wilson coefficients of the structure function go(z, @?) cannot be
calculated. Tt requires the use of the covariant parton model [33], already at tree level.

One furthermore has

FL(w7Q2) :FQ($,Q2)—21’F1(1‘,Q2) : (11)

The structure functions are related to the parton densities for pure photon exchange at tree level
as [4]

Fy(,Q%) = x)_ e}lgs(, Q) + qr(=, Q%) , (12)
F=1

(0.0 = 5> ldag(e, Q) + Mgy, Q)] (13)
F=1

for pure photon exchange, with ¢;(g;) the unpolarized and Ag;(Ag;) the polarized parton densities
and Fj, = 0.

In the charged current case we consider the massless Wilson coefficients of the structure
function zF3(x, Q?). One should notice, that here also strange—charm transitions occur, which
imply heavy flavor corrections [34-37]. They are of importance in quantitative analyses. Here we
consider all contributing quark flavors as massless. For incoming charged leptons the scattering
cross section reads, cf. [38-40],

d?5¢ B GZS{ MI%V

- @ + My,

2
m {7 :| {Y+W2($7Q2) + Y_Wg(l', QQ) — yQWL(J],QQ)} , (]_4)
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where G, denotes the Fermi constant and Y. = 1+ (1 — y)? and both unpolarized leptons and
nucleons are considered. The structure functions are given by

WQ(x7Q2> = F;C’Ql(m’Q2)7 (15)
Wy(z,Q%) = —sign(QzF;"“ (x, Q%) (16)

where @); is the charge of the incoming charged lepton. At tree level these structure functions
have the following quark flavor decomposition [39]

Bt (@,Q%) = 20y [di(e, Q) + wilw, Q)] (17)
F59 (2,Q%) = Qxi[ui(x, )+ di(z,Q%)] (18)
PP (2, Q) = %i}@@@%—m@@ﬂ, (19)
eFyO 7 (1, Q%) = szz:[ui(x, %) — d;(z, 2)} , (20)

e.g. for four flavors!, and W, = F£“" denotes the longitudinal structure function with Ffo* =
FCC,:E _ 2xFCC,:t
2 1
In the present paper we consider in the charged current case the flavor non—singlet structure
function combination 2 F5*" (2, Q%) +x 5" (, Q?). At the experimental side one might consider
the scattering off deuteron targets, obeying the SU(2) isospin flavor symmetry

u(e, @) = d(x. Q) , (e, Q%) = d(x.Q%) . (21)

after deuteron wave function corrections. Through this one obtains at tree level

Feodt = plu4d+2s+a+d+2d (22)
F;Cvdv— = zlu+d+2c+u+ d+ 23] , (23)
F2CC,d7+ + F2CC1d1_ f— 2'1-2 , (24)
PFEYY = plutd42s —a—d— 24 (25)
xF;c,d,JerngCCadu— = 2x[u+d—ﬂ—§+8—§+c—5]v
= 2x[u, + d,], (27)
and
87 d2o.cc,d,+ d20.cc,d,f Y+ d d y2 d
" _ B I+ <FCC’ 4 Fcc, ,+> I (W+, . Wfd) 28
T Fy a GiS ady dxdy + v 2 2 v L L ( )

Here the non-singlet combinations for F§ and W¢ o Y., y? correspond to the quark flavor
combination

fio* =2a[(s = 5) = (c— )] , (29)

More generally, one has to account for the Cabibbo-Kobayashi-Maskawa mixing, cf. e.g. [35], effectively
redefining the down—quark densities in the charged current case.



which vanishes under the assumption of symmetric sea—quarks of the same flavor and one obtains
the direct projection on zF¢ by the weighted differential cross section difference. In other cases
one has to perform fits in Bjorken y to separate the Y_ from the Y, and y? contributions.

The projectors of the hadronic tensor allowing to isolate the Wilson coefficients of the different
structure functions are given by

P = %Q—xjp“p” : (30)
P = —D2f 5 (g“” — (D~ 1)4Q—ajp“p”) , (31)
P = pimgg (32)
B = oo 2)i(D —3) g{pr i %)

applied to W, cf. also [41]. The twist-2 contributions to the structure functions in the massless
case are given by Eq. (1).
The perturbative expansion of the structure functions

Fi(z, Q%) =) ai(Q*)Fix(x) (34)

obey the following renormalization group equation (RGE) in the massless limit [42, 43|, see
also [9)],

(D + 7, + Vs — nyye — naya Fi(N, Q%) = 0 (35)
with

0 0
— 27
D=up o2 +6(a8)8a5

in Mellin space with a, = as(p?), S(as) the § function of Quantum Chromodynamics (QCD),
and setting 4 = pup = pg, where upp are the factorization and renormalization scale. -, are
the anomalous dimensions of the currents forming the forward Compton amplitude and rn4)
and 7y (4) are the numbers of external quark (gluon fields) and their anomalous dimensions. One
may now split (35) for those of the renormalized Wilson coefficients and renormalized parton
densities,

(36)

Z [®(M2)5¢j + 9™ — gy — nA”VA} fi(Np?) = 0, (37)
J
2 S,NS Q2 o
Z [Q(M )0ij + Y + V0 — Vij ] Ci [ N, ? = 0. (38)

J
In this way the Z factors of the massless Wilson coefficients and the massless parton densities
are related.?

Before we turn to the renormalized Wilson coefficients we will study the unrenormalized
ones, as those emerge in the calculation. They have the following representation. Here and in
the following we work in Mellin N space.

C\Yiltqu — 1+ ds{écﬁf’(l’l) + NS(1,0) + gciqu,(l,l) + €2chs’(1’2) + 0(53)}

1,9

2This is different in the massive case, cf. [44], and even in treating heavy quarks as light at asymptotic scales.
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82 2,9 2,9

1 _ 1 _
+d§{—cNS’(2’ 2)+_CNS,(27 DN (20)+ NS CR T )}

1 1 1 _ )
+&§{gchs’( 94 =L AN gcfj’“’ Dy cff’“’m + O(s)} +0 (@@, (39)

) 1 a1
Crs = &i{—cwz’ 2)+— e )+cPS’(2’°)+ec§§’(2’1)+0(52)}

2,9 82 2,9 2,9

1 a1 1 _ )
+d§{gci§’(3’ R ¢ oy gcff’(?” Do o B0 0(5)} +0(ah) , (40)

Z7g

i 1o
Cig = ds{—c“’ D MO0 pedhl 2P 4 ofe )}
9

1 _ 1 o

2 Z7g 6 7’79
1 (3-9) 1 (32 I -1 30 4
T 3Gy TG TG T TO6) +0 (ay) , (41)

with the bare coupling constant a,. These relations apply synonymously to the structure func-
tions ¢ = Fy, Fy, g;.
For those of the structure function F; one obtains

N 1,0 NS, (1,1 NS, 12
CFL,Q = a/{FLC(] )+ FL,!(I )+€2 FLf(I +O< )}

(1
—i—az{chLg 4 9 e 1 O(e )}

Fqu
1 1
~3 NS, (3,-2) NS,(3,-1) 5,(3,0) 4
+a {52 CFraq + ECFL#I t+c FL q + O( )} +0 (aé’) ) (42)
A o 1 ps2,-1 PS,(2,0 PS,(2,1)
P, = ai{gc&é b @O PB4 o(e?)
3] 1 ps@3—2) 1 ps3-1 PS, (3,0 .
+a§’{€—2cFL,§ "ty e U+ 06 0 (@) (43)

Fr,9 Fr.g Fr.g

Cr.g = ds{c(l’o) et 4 g2y 0(53)}

1
+d52{€c( D2 )—1—5021)—1-0( )}

Fr,.9 FLg Fr.,g
! 1 3,0) .
+a§{€— Crpg + ZChg )+ iy + Ol )}+o(a§) . (44)

The renormalization proceeds in the following way. The coupling constant is renormalized in

the MS scheme
s = (1+ﬁ +{4f° Bl} 2+ 0(a )). (45)
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Here f3; denote the expansion coefficients of the QCD S—function, [45].

11 4

Bo(Nr) = ?OA_gTFNFa (46)
34, 5

BilNe) = S5 —4(3Ca+Cr ) TeNr . (47)

The color factors are Cp = (N —1)/(2N¢),Ca = N¢, T = 1/2 for SU(N¢) and N¢ = 3 for
QCD; Np denotes the number of massless quark flavors.  Later we will also need the color
factor?

(V& —1)(NE —4)

da Cdabc —
b 16N¢

(48)

and the dimension of the adjoint representation Ny = NZ — 1. We are carrying out a partial
renormalization of the Wilson coefficient of the structure function xFj5 for the axial vector cou-
pling, which is performed by multiplying the unrenormalized Wilson coefficient by Z4, [17], see
also [25,46],

~2

a“ |22 8
Zys = 14 =2 |=0C\Cr — =CrTrN a3
A +€ 3AF 3FFF+a382 57 57

1 484 352
—< CAOF+ —C CpTrNp
64 3578 308 1664
—2—70FT;N§> = (—OACF — 25CuCE = = CaCrTNe e CFTFNF

2
+%OFTJ%NI27>] : (49)

The non-singlet Wilson coefficients are renormalized via
CNS = ZNSCNS (50)

and the singlet Wilson coefficients via

Cisq _ sT isq
(Cl’uf;) -7 ‘<éi,g 7 (51)

with
(0),NS
NS Yaq o 11 (0),NS2 (0),N 1 (0),NS s 11 (0),NS3
qu = l+a, c tas| 5 £2 (2%1(1 +507qq +2 “Vaq + ag =3 é%q

1(1
e T >+5 <27§q)N87§q)NS+ 3h0 " + ﬁv“”NS)

+0(ad) (52)

L1 o (0) L
= (2%l %J +Bw + 5

3We follow the notation of COLOR, see Ref. [56].

1
(2),NS
+§7qq

0
S ,yl(j)
Zij - 57;]' + Ag -

2
+ ajg




3
+a;

1 1 0 0 0 4 0
3 (6%(1 RN + B vy + 553%8)

+ O(a}) . (53)

Ll oo, Lon,2, mn,2, o), 1
+E (6%1 ot g%l Y1y +§5o%j +§51'Yij ‘|‘3_'7”
The pole terms of the Wilson coefficients are predicted by the anomalous dimensions and
the expansion coefficients of the unrenormalized Wilson coefficients in lower orders, where in the
polarized case the anomalous dimensions v;; have to be replaced by A~;;.

NSv(lv_l) — NS, 0
iq = g o (54)
1
NS,(2,—2
ci7q( ) ,y(ll\;s (ﬁO‘i‘ ’7qq ()) 7 (55)
1
NS,(2,—1 NS,(1,0 ,
o 2-1) _ —cp (1,0) (,YNS (0) 4 280 ) . 57{1}\15 (1) : (56)
_ 1 2
NS,(3,—3
Ci,q( = —’qu ( BO + 5o ’VNS O 4 - 6 qu >0 > ) (57)
NS,(3,—2 NS,(1,0)
Ci,q ( ) - 46(2) zq ! + §517}I\;S’(0)
1 2 1
NS,(1,0 NS,(1,0
+350¢; 4 ( )%II\ZIS’(O) éciq( )%11\118’(0) + 507 +27qq ()731\;8’(1)7 (58)
C21(1:5,(3,—1) _ —51 NS (1,0) 452 NS,(1,1) 46005(15,(2,0) B 3500?1(18 (1, 1)%11\315,(0) B 0557(270)7518’(0)
1 NS7(1,1) NS,2 1 NS0 _Nsa I xs@
~ 5% Vaq o - 5Ciaq Vaq W— 2% @ (59)
2 2 3
PS,(2,—-2) 1 0) )
Cig = 27;1 chg ) (60)
_ 1
PS,(2,—1 1,0
TV = e = 5@ (61)
PS,(3,-3) ()., 0) _ L 00 I xs 0)
Cig = —hHo 7951)'7,59 675(79)7éq)76§9) 3711(1 ! Vz(iq)fytgg) ) (62)
PS,(3,-2) ) 1 RO a0 1 1
= 3Ponde, + 5759)752) b o e+ S 3
1 1
57500 ety + 5 Yoo+ 5% Ve (63)
1 1
PS,(3,—1 PS,(2,0 1,1 2,0 1,1 1,0
Ci,q( = —4fc Ciq ) — 300 79(1 ( ) ’Véq) E,g : Q’Vég)%(lq) E,g ) 579(12)61(}9 :
1 (0)~(0) NS,(1.1) NS, (0) PS,(2,0) 1 (0) ,NS,(0) (L1) 1 PS,(1) .NS,(1,0)
279(1 a9 Ciq qq 1,9 27gq qu Cig 27qq 1,9
1
_575(137(2) 7 (64)
and
b= (65)
(2,-2) ISNONG L (0).ns,0
1,9 507(19 + 5759)79(19) + 2759)%1(1 0 ) (66)
(2,-1) (1,0) (1.0) (. Ns,10) 1
1,9 _2ﬁ Clg - 7559) z qu)ci,q - 5 (gg) 9 (67)
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02(2_3) - _gﬁgﬁg) — o 792)%52) é Vég) 7{52) éfyg(lq) ng — o ng qu&(O)
— DA = 2of9 07

iy = 4sel,” + 36ty vgg)+%( VO 4 Bvqg +3Bociy V79
43 OO0 4 LAl 4 2D + 28D + 2Dy
4 OO éﬁ?ﬁf O 4 Z@S 4 2Dy

ey = ey —ap3el — 4pcy” = 3pocty ) — )

Lany o2 1 a0 @ NS (LD (0) _ NS.(20)_(0) _ PS,(20), (0)
9t lgg 5 ig lgg 300 G, Tag' ~ Cigq Yag' T Cig Yag

I Ns,,0)_(0)_ ) L LD 1 810, (1 1
502‘,!1 nygg)fytgg) 2 i,9 ngq)vtgg) 5 i,q 7() 3759)

ECN&(LI) (0),NS,(0)
2 2,9 q9 'qq

For the longitudinal structure function Fj, the poles are predicted by

NS, (2,— NS, (1,
CFL,‘(12 Vo= _CFL,¢(11 0 (71\318’(0) + 250) ;
NS,(3,—-2) 2 NS,(1,0) NS,(1,0) _ NS, (0 1 NS ,(1,0) NS, (0)2
CFrq = 4f;¢ Fr.q +3/BOCFL(] qq )+ 5 Fr.q qq ) J
NS,(3,—1 2 NS,(1,1 NS, (2,0) NS,(1,1) _ NS, NS NS.(0
CFL#(J : = _61 FLq 4ﬁ FLq : 4/800FL1(] _3/800FL71(] )'qu ©— CFLé )fqu )
_1ch,(1,1) NS, (0) 2 _1 NS,(1,0) . NS,(1)
2 Fr,q qq 2 CFrL.q Vag ’
PS,(2,-1) (1,0)
CFL,q - _75(111) FL79 ’
PS,(3,-2) _ 10 , 1 L0 1 5,10 , 1 (1,0
Fr,q - 35 ng FL + 275(79)75(1(1) FL7 + 275(@)755/) Fr,q +5 9 g(/q)qu () CFr,g
PS,(3,-1) PS,(2,0) (1,1) 0 (20 1 L) L 1y o
CFL,CI - _46 CFL 3607911 CFL79 Pyéq) FL,Q 2’}/!(]9)753 Fr.g QVSSQ)CFLQ
_17<) (0) NS(11) ) NS,(0) P$,(20) 1 (0) ,N5.(0) (1.1 L ps 1) NS,(1,0)
9 '9q a9 FL7‘1 qq Fr,q 2 99 Tqq FLg 2 qq Fr,q
2,1 1,0) 1,0 NS,(1,0
C%ng) = _QB EI‘ng 799) %L:; 7552) FL,C(I ) )

(1,0) L0 NS,(1,0) _(0)

1 1
p3 2 = 43 1.0) + 308c 4= NS, (1,0
C( L9 ) SCP( L:g 3 Crp g’ygg) 2 CFr.g 'Yég 3/BOCFL7Q Yag + —c (1,0) . (0) . (0)

9 Fra  Vgg Tag

1NS(10) (0).. NS,(0)

L o) .0
+§CFL,97£§q)7§g) + 5 Frq Jlag ’qu )

_ 1 2
3,-1 (1,0 1,1) 2,0) 1,1
C%ng : = 6 CFL s)] 4/83 g“—’L N/} 45 %L g 35 CFy, 9790) 57L 5)776(79) QC%L&)] 7;2)

1,0)_(1 NS,(11) ,(0) _ NS,(20),_ (0 PS,(20) (o) 1 NS(1,1)_(0)_(0
0~ 350 0Cr, 7(59) CFr.q %gg) T “FrLg tgg) o §CFL,q g(/g) tgg)

_5 Fr.9 a9

Lay o0 1 xsao o) 1 Nsay
_5 FL,g'yéq)fytgg) §CFL7Q 7(59) 5 FLq ’ytgg)'yqq o

(68)

(69)

, (76)

(77)

(78)

(79)

The renormalized Wilson coefficients for the structure functions F5, F3 and ¢g; have the fol-

lowing structure
Q2\ . 1 S.(1, Q*
qus = 1+ as{ o (# [ 2’7}1\31S (0)] + ng 0 + a? In* 12 [ /607
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1 1 1
L) 1 () oo Lo Lo g s

8 1,9 2
NS,(1,1) . NS, (0) NS, (2,0) 3 3 Q2 2 NS (0) NS, (0) 2
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The Wilson coefficients for the different deep—inelastic structure functions are split w.r.t. the
parton contents they are mapping to, the observables and the specific couplings of the gauge
bosons exchanged, see Ref. [47].

For pure photon exchange there are two contributions in the flavor non-singlet case. One
corresponds to a through-flowing external fermion line to which the photons are coupling to,
which is of relative weight w; = 1. The second case corresponds to a photon coupling to one
through-flowing line and another to a closed internal fermion line, with relative weight

N

tr(cnga)LZef, (@) _ 4 (86)

for SU(Np) and A, the generalized Pauli-Gell-Mann matrices. ey denotes the fermion charge and
Qr = diag(2/3,—1/3,—1/3,2/3,—1/3) the quark charge matrix of the electromagnetic current.
The flavor non-singlet structure functions for photon exchange read [14]

2 2
FNS+ 37 Q2 Zef lcNS ( 222) 4 W2ngbc < 3 ) ® fNS+ ( ) ’ (87)
with
tr(Qy) tr(QsAa) 1
= - Np =3) = Np=4) == Np =5) =
Ny tr(Q?AQ) ) W2( F 3) 0, wo(Np ) 5 7 wo(Np 5) (88)
The non—singlet distribution function is given by
Fog (@) = fap(a,®) + Foplo i) - N—Fw VOB (89)
with the quark singlet distribution
Ng )
S, 1) = Y far(z 1) + fopla, p?) . (90)

f=1
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In the flavor singlet case the weight factor ws appears

(Zf 1€f> 1 1
W3 — N y W3(NF:3>:O, Wg(NF:4):—, W3<NF:5):%, (91)
F Zf 1ef

because of the overall normalization to the sum of the quark charge squares for all diagrams in
which the electromagnetic current couples to two different fermion lines.
The flavor singlet structure functions for photon exchange are given by [14]

5 1 & Q’ @
Fo(z,Q%) = N Zefc C’Sq <x, —2) ® X(x, u?) + Cig (:)3, —2) ® G(x, 1?) | , (92)
Fi3 2 H
with
C3, = CON +wsClae+CY (93)
Cig = Cig +W3CZZbC ) (94)

and G(z, p?) denotes the gluon distribution and C’S [11 the non—weighted contributions and C’S ;12 the
one corresponding to the charge weight factor ws. Synonymous relations apply to the structure
function g;(z, Q%) by replacing the unpolarized quantities by the corresponding polarized ones.

Usually the deep—inelastic structure functions are represented referring to Ny = 3 massless
Wilson coefficients and massive Wilson coefficients [36, 37,44, 48-53] due to charm and bottom
quark corrections. The scaling violations of the heavy flavor Wilson coefficients are very different
compared to those in the massless case.

The renormalization of the forward Compton amplitude is performed by renormalizing the
strong coupling constant and removing the collinear singularities into the running of the parton
distribution functions. In the case of the non—singlet structure function xF3(z, Q%) the original
calculation is performed in the Larin scheme and we finally switch to the MS scheme by a
finite renormalization. In the case of the structure function g;(z,Q?) this last step requires
the knowledge of the polarized four—loop anomalous dimensions in the singlet case. Because of
this we present the corresponding Wilson coefficients in the Larin scheme and switch to the MS
in addition only for the non—singlet Wilson coefficient, since here the respective Ward identity
is known in explicit form. Thereby, we also derive the Z-factor Z)3(N, as) from the ratio of
off—shell massless non—singlet operator matrix elements to three—loop order.

3 Detalils of the calculation

The Feynman diagrams for the different massless Wilson coefficients are generated by QGRAF [54]
using the forward Compton amplitude.

We maintain all contributions up to the first order in the R, gauge parameter £, which is
canceling already for the unrenormalized result. For the Compton amplitude the corresponding
crossing relations have to be observed [3,31]. We decompose the Wilson coefficients into their fla-
vor non-singlet CX> > bure singlet Crs » and gluonic C; 4 parts. At one-loop order the contributions
up to O(e?) and two-loop order up to O(e) are required to extract the three-loop Wilson coeffi-
cients. We perform the calculation keeping the gauge parameter & to first order as a test for gauge
invariance and show that the corresponding terms disappear. The Dirac and Lorentz algebra is
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performed by FORM [55] and the color algebra is performed by using Color [56]. The crossing
relations [3,31] imply that for the Wilson coefficients contributing to the structure functions
Fy(z,Q?) and Fp(x,Q?) only the even moments contribute and to xF3(z, Q?) and g, (x, Q) only
the odd moments. The corresponding generating variable w = 1/x appears therefore dominantly
quadratically, except of a factor w in the case of zF3(z, Q%) and g, (z, Q?).

The irreducible three-loop diagrams are reduced to 293 master integrals using the code
Crusher [57] by applying the integration—by—parts relations [58,59]. The master integrals are
mapped to w? dependent structures and a sufficient number of their Mellin moments is calcu-
lated and inserted into the forward Compton amplitude. The required numbers of moments are
summarized in Table 1. For the gluonic and non-singlet structures we do not map to a manifestly
w? dependent structure a priori.

The number of moments in Table 1 in the lower loop orders includes also the terms needed to
renormalize the Wilson coefficients at three-loop order. As has been observed before in Ref. [27]
there is a small number of master—integral relations which are difficult to prove for vanishing
powers in w. We have verified them explicitly for their moments up to a much higher num-
ber than requested and to the respective contributing power in e, cf. Table 1. We determine
recurrence relations for the corresponding color and (—value projections [60] of the Wilson co-
efficients using the method of arbitrary large moments [61] implemented within the package
SolveCoupledSystem [62].

This is done by using the method of guessing [63,64] and its implementation in Sage [65,66].
For the calculation of the necessary initial values for the difference equations we use the results
given in [59,67]. In the three-loop case the calculation is based on 5000 even or odd moments.
We have explicitly checked, that the other moments vanish, which is implied by the amplitude
crossing relations. The difference equations are solved by using methods from difference field
theory [68] implemented in the package Sigma [69, 70] utilizing functions from HarmonicSums
[71-79], to obtain the three-loop Wilson coefficients. The largest difference equation for the
individual color, gauge parameter, and (y—factors contributing in the present case has order o
= 25 and degree d = 778 and needed 4300 moments. In parallel, we calculated the Wilson
coefficients by using the differential equations for the master integrals directly in the variable w,
using the method presented in Ref. [80]. The depth of the initial conditions in the dimensional
parameter ¢ is the same as in the method described previously. The corresponding systems
were decoupled using the formalisms of Ref. [81] implemented in the package ORESYS [82] and
we further proceeded to find the N-space solution by using algorithms contained in the package
HarmonicSums.

Comparing to the reconstruction of the anomalous dimensions and unpolarized Wilson co-
efficients out of their moments performed in Ref. [64] in 2008 the largest difference equation
had order o = 35 and degree d = 938 requiring 5114 moments. Here, however, even and odd
moments had been used. The overall computation time using the automated chain of codes de-
scribed amounted to about one year on Intel(R) Xeon(R) CPU E5-2643 v4 processors, using
also parallelizations.

Working in the variable w? rather than w we obtain the results of the recurrences first for
only the even or odd moments expressed in terms of cyclotomic harmonic sums at argument 2/N.
For a systematic study of this class of nested sums see [75]. These objects can be algorithmically
reduced to simple harmonic sums at argument N using HarmonicSums.

Therefore, all Wilson coefficients can be expressed by harmonic sums [71,72]

Spa(N) = (Sig;}%))ksa(k), So=1, ba; € Z\{0}, N € N\{0}. (95)
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If it is clear from the context we will write Sz instead of Sz(NV).
Their Mellin inversion to momentum fraction z—space

C(N):/O dzz""1C () (96)

can be performed using routines of the packages HarmonicSums and is expressed in terms of
harmonic polylogarithms [73] given by

Hyaz(z) = /Z dxfy(x)Hz(z), Hy=1, b,a; €{-1,0,1}, (97)

0

with the alphabet of letters

mHz{f0<z>=§ fale) = hle) = } (98)

T 142 1— -

In z-space one distinguishes three contributions to the individual Wilson coeflicients because of
their different treatment in Mellin convolutions,

C(2) = C%(2) + CP(2) + C™%(2), (99)

where C%(2) = ¢pd(1 — z), C™8(2) is a regular function in z € [0,1] and CP"(z) denotes the
remaining genuine +-distribution, the Mellin transformation of which is given by

CP(N) = /0 d= (N1 — 1) (). (100)

We will use this representation later on.

Wilson coefficient ‘ 1 loop ‘ 2 loop ‘ 3 loop ‘

FNS 126 | 1219 | 4300
FPS 0] 374 1708
FY 104 | 960 | 3534
FNS 48] 560 | 2387
FFS 0] 175| 774
F9 54 | 434 2046
CF)S | 126| 1219 4171
gNs 126 | 1219 ] 4171
grs 0] 175| 1458
9 84 | 1166 | 2998

Table 1: The necessary maximal number of non-vanishing even (resp. odd) Mellin moments for
Fy, Fr, (xF3, g1) to determine the Wilson coefficients.

In the Mellin N space representation it can technically occur that there are factors of up to
1/(N — 2)? contributing and structures of 1/(N — 1), in the cases that they are physically not
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allowed. However, these are all tractable poles, which can be shown by expanding at N = 2 and
N =1 using HarmonicSums. No Kronecker symbols have to be introduced for this case and the
usual analytic continuation, described in Ref. [78], can be applied to the N—space expressions
directly.

The Wilson coefficients can be represented in N space by harmonic sums weighted by rational
functions in N. Here the degree of the numerator needs not to be smaller than that of the
denominator, which needs special care in performing the inverse Mellin transform to z—space.
After applying the algebraic relations between harmonic sums, c.f. e.g. [79], one obtains the
following set of 60 harmonic sums

{51; So,5-25593,5-3,5921,5-21; 54, 5-4,5-22,531,5-31, 5211, 5-2,11; 55, 55, 523, 52,3,
52,737 572,737 S2,2,17 572,17727 572,2,154,17 574,17 82,1,727 53,1,17 573,1,17 32,1,1,17 572,1,1,1; Sﬁa 8767
8—3,37 S4,27 S4,—27 8—4,27 8—4,—27 55,17 S—5,1a 8—2,2,—27 5—2,2,27 SQ,—3,17 8_2,3,1a 8—3,1,—27 5—3,—2,17

S_321,5-41.1,9231,531,-2,932.1,94,1,1,59-2,-21,1,5-21,1,2,9-221,1,52,-2,1.1, 92,2,1,1, 93,1,1,1,
S_31.1,1,592,1,1,1,1, 572,1,1,1,1}- (101)

One may, furthermore, apply also the structural relations [78,83] and obtains the following 31
harmonic sums.

{517 S—1,17 5—2,17 5—3,17 S—4,17 S—5,17 52,17 S4,17 S—l,l,l; 52,1,17 51,2,—17 52,1,—17 5—2,1,—27 32,17—27
873,1,17 53,1,17 572,2,725 573,72,17 83,1,727 874,1,17 S4,1,17 572,1,1,17 S2,1,1,17 573,1,1,17 572,72,1,17

S_211,2,5-221,15,52,-2,1,1,92,2.1,1, 9-2.1,1,1,1, 52,1,1,1,1} (102)

Pkt ] 14yt

spanning all quantities. In z space, the number of harmonic polylogarithms is, usually, higher if
compared to the objects needed in Mellin N space. Here 68 harmonic polylogarithms of up to
weight w = 5, weighted by one more letter, contribute

{Hfla HOa Hla HO,fla H0,17 HO,fl,fla HO,fl,la H0’07,1, HO,O,la HO,l,fla HO,l,la HO,fl,fl,fla HO,*l,*l,l?

Ho,—1,0,1,Ho,—1,1,—1,Ho—1,1,1, Ho,0,—1,—1, Ho,0,—1,1, Ho,0,0,—1, Ho,0,0,1, Ho,0,1,—1, Ho,0,1,1, Ho1,—1,—1,
Ho,—1,1, Ho

Ho,—1,0,—1,—-1,Ho,—1,0,—1,1, Ho,—1,0,1,—1, Ho,—1,0,1,1, Ho,—1,1,—1,—1, Ho,—1,1,—1,1, Ho,—1,1,0,1, Ho,—1,1,1,—1,

a1,—1,Hop11, Ho—1,—1,—1,—1, Ho —1,—1,—1,1, Ho—1,—1,0,1, Ho,—1,—1,1,—1, Ho —1,—1,1,1,
Ho,—11,1,1, Ho0,—1,—1,—1, Ho,0,—1,—1,1, Ho,0,—1,0,—1, Ho,0,—1,0,1, Ho,0,—1,1,—1, Ho,0,—1,1,1, Ho,0,0,—1,—1,
Ho,0,0,—1,1, Ho,0,0,0,—1, Ho,0,0,0,1> Ho,0,0,1,—1, Ho,0,0,1,1, Ho,0,1,—1,—1, Ho,0,1,—1,1, Ho,0,1,0,—1, Ho,0,1,0,1,

HO,O,I,L—I; H0,0,1,1,17 HO,I,—I,—L—h HO,l,—l,—l,b HO,l,—l,l,—la HO,I,—I,I,I? HO,l,O,l,—lu HO,LO,LI;

Hoa1,-1,-1,Hoa,-1,1, Ho10,—1, H0,1,1,1,1} (103)

after algebraic reduction.

4 The one— and two—loop Wilson coefficients

In the following we present the results for the massless Wilson coefficients contributing to the
structure functions Fy, F,, xF3 and ¢g; at one- and two—loop order, together with the higher ex-
pansion coefficients in € of the corresponding forward Compton amplitudes in the unrenormalized
case, see Section 2. These contributions are needed for the calculation of the three-loop Wilson
coefficients. We will work in Mellin NV space and also present the renormalized one- and two—loop
Wilson coefficients.
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4.1 One-Loop Order

At one loop—order one obtains the following expansion coefficients, cf. (39-41),

w _ o {2+5N—2N2—9N3 —24 3N + 3N2
= F

2_
A0 T e v o s R 252}, (104)

2 3
wo_ Py ~2— 5N — UN? - TN® .
P2 F{2N3(1+N)+< 2N2(1+ N) MECRRC) Rt

(2—-3N—-3N?) , (—2+3N+3N?) (—2-3N—3N?)
INO+N) T AN+ N 2T TN )

_253} | (105)

P P. 2 —3N — 3N? 1 7
c%?q) = CF{— 5 _)+<4N3 2 -|-( )[S2+C2]+§S3—§C3>51

2

AN*(1+ N (1+ N) 8N(1+ N)

S 4 ! — 5

=S
2 24N(1+ N) 24

8N2(1+ N) 477 g

<2+5N+14N2+7N3 1 1C>S2 (—2+3N +3N?)

(—2+3N+3N?) 1

12N(1+ N) 5 = 45

( — 5N — 14N2 — 7N3

1 2
SN2(1+ N) +4<>52+ g2 T

—2— 5N +2N2 4 9N? 2 4+ 3N + 3N?
A 5N +2N2 +9N%)  T7(2+3N +3 )3}’ (106)

8N2(1+ N) 2 12N(1 + N)

(107)

4(—2—N—4N?+ N3  4(2+ N+ N?
c%?g):TFNF{—( + V%) (2+N+N?) }

N2(1+N)2+N)  NA+N)(2+N)"!
Ly 2P 2(—2— N —4N? + N?)
g = TFNF{_J\f?)(1+zv)(2+.i\f)+ N2(1+ N)(2+ N) 51

(24+ N + N?)

02 _ oy Ps N Py N (2+ N+ N?)
Fayg FEEY N1 1+ N)2+N) T \N3Q+N)2+N) " 2N(1+N)(2+ N)

X152 + CQ]) S1+ fﬁgi}%lﬁ) 157 = 5 = Gl + 65\7_(124:;7\;(; ivj% '
—_ 9 _ _ N2 2
+3§v<12+ zév)(z ]+V 13) 3 3;8 i %)?2]1 3v> C?’} ! (109)
Wl = CFHLN , (110)
il = CF{—HLN[HSA} : (111)
C%ljc)z = CF{lfN+1_:N51+2(11N)[5%—52—C2]} ; (112)
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= TpN 11
CFrg FYPIFN)2+N) (113)
16 8
Ly op oNLd — 114
Chp.g F F{ (1+N)(2+ N) (1+N)(2+N)Sl}’ (114)
16 8 2
02— RN + S1 +
P9 E F{(1+N)(2+N) 1+N)2+N)"" " (1+N)2+N)
(S} — S5 — §2]} : (115)
LOL _ o 2+3N—2N2—5N3+(—2+3N+3N2)S L 9g? _ 95 (116)
Cqu — F N2(1+N) N(1+N) 1 1 2 )
DL 2+ 3N +3N3*+8N* [(—2—-3N —10N2 — 7N?
Chsq = Cr 3 2 52 |51
2N3(1+ N) 2N%(1+N)
2 — 3N — 3N? — 243N 4 3N? 1 2
( ) 12+( )52——5'%——53
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The one-loop Wilson coefficients at p?> = @2 are given by the expansion coefficients ¢y,
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k =2, L. There are finite renormalizations for the Wilson coefficients of the structure functions
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where the superscript L denotes the Wilson coefficient obtained in the Larin scheme.

4.2 Two-Loop Order

The corresponding expansion coefficients at two—loop order read, cf. (39-41),
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AT V(NN + N2(2+ N2 (N —1)N2(1+ NP2+ N)?
L 968 - 325, 645,
1+N)2+N) (A+N)2+N) (1+N)2+N)
16 Psg 64(1+ N + N?)S,
+CrNFTr | = (N —2)N2(1+ N)3(2+ N)(3+N) N(1L+N)?22+N)
64(N — 1)S_,
TN )0 NGB ) (147)
ONT 165> Pry _ 1657 P
AN DN+ N2+ N2 (N—1)N(1+N)2(2+ N)?
16 Py - 1125%
V- —DN3(1+ N2+ N3+ N) 3(1+N)2+N)
32P84 11252 32C2
+< N DN(1 1 Ny (2+N)3+(1+N)(2+N)+(1+N)(2+N)>Sl
16 Psg 965,
+< NI+ N)? (2+N)2(3+N)+(1+N)(2+N)>S_
485 648, 6L+ N+ NG
(1+N)2+N) (1+N)2+N) (N—1)NA+N)322+N)?
20855 325 5, 144¢5

+3(1 +N)2+N) (1+N)2+N) (1A+N)(2+N)

8 Py; 16(5 + 3N).S,

TN N N (1 N 2 s NGB V) <_(1 +N)(2+N)B+N)
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16 Ps3 g 8(N —1)(12+ 13N +5N?) S,
TN E NP2 E NGB

(N —2)N2(1+ N)3(2+ N)(3+ N)
8(4+ 5N +5N?) St 16( — 26 + 3N + 7TN?)Ss
N(I+N22+N) (N-2)(1+N)2+N)3+N)

128 Ps; 128( —4+ N+ N?)5;
(N —2)2N(1+ N)? (2+N)(3+N)2 (N—=2)(1+N)(24+ N)(3+ N)

)sz

(
32(2+ N+ N?)S_4 32(5 + 3N) Sz
)

(N=2)1+N)2+N)3+N) (1+N)2+N)3B+N)

8(2+N—|—N2)C2 192(—6+3N+N2>C3
" N(A+NZ22+N) (N=2)(1+N)2+N)3B+N)

I

with the polynomials

—1239N* — 1554N3 — 259N? 4 584N + 396 ,
—1079N* — 2410N3 — 1379N? — 192N — 108 ,
—75N* — 248N3 — 225 N2 — 108N — 50 ,
N*—12N® — 11N? + 14N + 24,

N* —7N® —7N? + 27N + 18 ,
N*+2N3 - N? 2N -6,

N* 4+ 2N3 + 11IN? + 10N + 4,

N* 4+ 2N3 + 14N? + 13N + 4,

N*4+3N3 —6N?—2N -6,

2N* + 6N —9N? — 15N — 8,

3N* +4N3 — N2 —6N -8,

4N* + N3 —7N? + 2N — 12,

AN* 4+ 6N3 —9N? —9N — 4 |

5N* 4 31N3 4 38N? + 24N + 11 ,

6N* +7N® +8N? + 5N — 6,
6N*4+9N3 +4N? — 5N — 10,

12N* + 18N3 — 23N? — 23N — 8 |

I5N* +23N3 + 13N? — 9N — 22,

15N* + 28N3 — 21N? — 38N — 24 ,

26N* + 45N3 + 11IN? — 8N — 5 |

111N* + 138N3 + 11N? — 64N — 36 ,
281N* 4+ 430N3 — 1927N? — 1284N + 396 ,
373N* + 998 N3 + 673N? + 192N + 108
541N* 4+ 782N3 + 199N? — 42N + 36 ,

—4541N° — 17529N* — 20631 N® — 8099N? — 1968 N — 1188 ,

N° —5N3 —6N? —8N — 4 ,
N° —10N* — 37N® — 6N? + 56N + 48 ,
N5 —2N* —10N3 —5N? — 6N — 2,
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N° — N* —=5N3 +3N? + 14N + 12,

3N® + 10N* + 16 N3 + 11N? —4N — 4 |

8N® — 7TN* — 11N? + 68N? + 78N + 32,

13N® + 40N* + 45N> + 18N? — 12N — 8,

13N° + 80N* + 94N3 — 2N%? — 51N — 54 |

14N° + 35N* — 20N3 — 65N? — 42N — 72 ,

179N® + 1219N* + 1691 N3 + 111N? — 396N — 108 ,
229N° 4+ 821 N* 4+ 1081 N3 4+ 795N? + 198N + 108 ,

461N° 4+ 999N* — 2037N? — 4507N? — 1320N + 396 ,
4541N° + 17151 N* + 20199N3 4 8477N? 4 2292N + 1188 ,

—2311N% — 5520N® + 6417N* 4 19097N?3 + 15042N? + 4284 N + 4536 ,

—237N°® — 699N° — 683N* — 321 N® — 316 N? — 272N — 72,
—37NS — 171N® — 231N* + 7TN? + 388N? 4 352N + 96 ,

NS —12N* —13N3 — 12N? —8N — 4,

NS —2N* + 7N3 + 10N? — 4 ,

N6 — 6N° —22N* —2N3 + 5N2 + 16N + 12,

N6 —5N® + N* + 61N? — 26N? — 128N — 96 ,

NS —3N° — 11IN* —5N3 +22N? + 36N + 8,

N6 + N> —18N* — 27N3 — 17TN? + 16N + 12,

N6+ 3N° —2N* —7TN? + 3N? 46N + 24 |

NS +3N° + 13N* 4+ 21N% —2N? — 12N + 72,

N® + 7N° — TN* — 39N® + 14N? + 40N + 48 ,

2N6 — 2N — 5N* +20N3 — 39N? — 12N — 36 ,

2NS —2N° — 3N* +26N® — 45N? — 34N — 48 |

IN6 —2N5 + N* + 38N3 — 57TN? — 78N — 72,

3NS —6N° —28N* — 11N3 — 10N? + 4 |

6NC® + 35N° + 57N* + 73N3 4+ T7TN? 4+ 56N + 20 ,

TN® — 14N° — 64N* — 23N?® — 18N? + 4N + 12,

TNS — 10N° — 58 N* — 27N3 — 24N? + 4N + 12 ,

12N —9N® — 133N* 4+ 295N3 + 99N? — 524N — 492 |
13N® + 25 N5 + 16 N* — 27N® — 55N — 40N — 12,

15N% + 53N — 7TN* — 137N? + 40N? + 204N + 144 |

18NS — 18N® — 31N* 4 244 N> + 4T9N? + 168N — 44 |
23N°® 4+ 57N° — 171N* — 357N® — 120N? + 80N + 24 |
24NS — 25 N° — 21 N* + 433N?3 — 403N? — 1012N — 516 ,
27N® + 107N® + 139N* + 169N3 + 238N?2 + 136N + 48,
31N® + 130N° + 187N* + 192N3 + 176 N? 4+ 128N + 48 |
67NS + 375N° + 963N* + 1625N3 4+ 1656 N2 + 918N + 324 |
105N + 231N° + 159N* — 59N?3 — 172N? — 112N — 24 ,
834N® 4+ 1773N° — 2738N* — 7T729N? — 2150N? 4 2550N + 2916 ,
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2667N°® + 5469N° + 3269N* + 463N + 860N? + 1296 N + 504 |

7081 N® 4 28839N + 35439N* + 13693 N3 — 2580N? — 3888N — 1512,
14311N% 4 85344 N° + 179550N* + 159592N2 + 57195N? + 9036 N + 3564 ,
—37NT — 157N® — 335N° — 639N* — 924 N3 — 7T08N? — 320N — 96 ,

N7+ N6 — N° 4+ 3N* +8N? — 60N? — 208N — 192 ,

2N" —25N° — 84N* — 135N3 — 114N? — 68N — 24 |

13N + 56N + 52N° — 60N* — 121N3 — 56 N? + 12N + 8 ,

55NT +219N® — 41N° — 1119N* — 1418N3 — 320N? 4 184N + 48 ,

108N7 4 362N° — 6 N° — 908N* — 1447N3 — 2073N? — 1604N — 924 |
198N” 4+ 765N° + 114N° — 2865N* — 3904N?3 — 324N? 4 1984N + 1632 ,

[N NGO R NV
N = = =
O © 00 3

A~~~ A/~~~ /—~ /— /— /—~ —~ —~
N DN DN DO
N DN DN DD
=W NN =

]

[\]

ot
NSRS s N N4

(226

—56163N® — 166680N7 — 175082N% — 69468 N® — 1323 N* + 15676 N> + 27792 N2

+22608N + 6480 ,

(227)

—30651 N8 — 94248 N7 + 83888 N® + 331530N° + 210723 N* + 5534N> + 17376 N?

+67032N + 33264 ,
—5885N% — 20168N7 4 51756 N® 4 169186 N° — 154415N* — 399114 N3
—107208N? 4 34344N — 14256 ,

—397N® — 2944N7 — 8680N® — 12850N° — 10191 N* — 5186N?3 — 2760N>
—1392N — 288,

55N8 + 111N7 — 227N® — 263N° + 1108 N* + 2112N*

+1632N? + 688N + 160 ,

—86393N? — 545545 N8 — 734144N7 + 1327702N° + 4117751 N° + 3541963 N*
+1033098N? — 171576 N2 — 254232N — 99792 |

—17N? — 85N® —63N7 — 3N°® — 552N° — 1424N* — 1584 N3 — 1040N?
—480N — 128 ,

N+ 6N® + 7N7 + 25N6 + 124N + 285 N* 4 384 N3 + 304N? + 160N + 48 |
19NY + 41N® — 7TIN" — TIN® + 452N° + 894N* + 800N? + 432N*

+160N + 32,

2N + 8N —2N® 4 8N7 + 271N® 4 571N° + 491N* + 117N? + 98N?
+156N + 72,

3N+ 15N% — 11N® —93N7 — 24N® + 52N° + 304N* + 998 N3 — 356 N
—1272N — 720 ,

TN +19N? — 60N® — 186N + 139N® + 571N° — 542N* — 1940N?
+1224N?% + 3456 N + 1728 |

ON' + 44N + 83N® 4+ 107N + 291 N® + 879N® + 1579N* + 1672N>
+1128N? + 496N + 112,

ON'O + 66 N? + 147N® — 41NT — 787N® — 1627N° — 1655N* — 904 N3
—296N?% — 112N — 48 ,

18N + 114N + 109N — 331N7 — 718 N® — 904N® — 623N* + 545N3
+1386N” + 988N + 264 ,

34N + 136 N? + 10N® — 372N — 447NS — 99N° — 215N* — 921 N3
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(230)
(231)
(232)
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P112

P114

Piis

—1210N? — 716N — 168 , (242)
36 N0 + 248 N® + 451 N® — 523 N7 — 3189N6 — 5209N° — 4382 N4

—2104N? — 7T04N? — 272N — 96 , (243)
133N10 1+ 573N° — 1052N8 — 5646 N7 + 2901 N6 + 21505N° + 18130N*

+2320N3 — 160N? + 1200N + 288 , (244)
763N + 3027N? — 128 N® — 9930N" — 11309N® — 2945 N° — 350 N*

—5224N?% — 7296 N? — 3824 N — 672 , (245)
2N 17N + 34N — 34N® — 190N7 — 255N°% — 102N° + 648N*

+1592N? + 1136 N? + 32N — 192 , (246)
1203N' 4 9097N'™ + 19614N? — 6786 N® — 83057N" — 122227 N°®

—T4000N® — 9540N* + 26544 N> + 34608 N? 4 19072N + 3648 (247)
AN' 4 34N + 76N — 4N — 257TN® — 653N" — 1597N°

—3349N° — 4822N* — 4520N? — 2784N? — 1104N — 224 |, (248)
68N + 360N 4 367N — 1033N° — 2581N® — 2317N”7

—3258N® — 7354N° — 9852N* — 7648 N® — 3776 N? — 1184N — 192 | (249)

648699N12 + 3241902 N — 1257119N10 — 24261820N? — 20205047 N*®
+35553886 N + 60343151N° + 28400368 N° + 5406396 N* + 1441440N3
—4831920N? — 7008768 N — 2566080 , (250)
—4521N" — 26467N"® — 9301 N2 + 178761 N + 272257 N!0 — 131725 N?
—554287N® — 465045 N7 — 251812N° — 157892 N + 36656 N* + 261568 N>
+265824N? + 114048 N + 17280 , (251)
—92N1 — 560N — 355 N2 4 3542N!! + 7046 N0 + 469N? — 11572N8

—16160N" — 14914N° — 9595 N° + 5423 N* + 21784 N3 + 22728 N? + 11088 N

+2160 , (252)
28N + 246N + 715N + 259 N12 — 3044 N — 7282N10 — 6158 N9 4 28828
+18427N7 + 44383 N°® + 79244N° + 99004 N* + 83536 N® 4 47056 N2 + 16704 N
12880 , (253)
AN £ 174N 4 731N + 818N — 2448 N1 — 7521 N2 — 3298 N + 11946 N 10
+15938NY — 10959N® — 71053 N — 162458 N° — 255636 N° — 282952 N'*

—216304N? — 111584 N? — 36288 N — 5760. (254)

The expansion coefficients for the Compton amplitudes of zF3(x, Q?) and g, (x, Q?) are

(2,0),L
Fs,q

Cpl TeN - _
F{ PO 5AN3 (1 + N)3 IN(1+ N) 27N%(1+ N)?

P36 4(_6+19N+19N2)52+< 2P129
1

—6+4TN +47TN?)S; 104
IN(1+ N) 9

16 8 16 4 16
P144 P137

2(2+3N +3N?) (G
a 216(N — 1)N4(1 + N)4(2 + N) * 54N3(1 + N)3

3N(1+ N) +Ca
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4(3+ 11N + 11N?) 8 22
! )5 2455 — 16851 — 16551 — ¢ — 48<;3> o

3N(1+N)

66 — 481N — 1166 N2 — 583N°?)
IN(1+ N)2

2

(—66 1 233N 4 233N?

2
IN(1+ N) +452>51+

44 2(— 36 + 143N + 143N? 4P
+§Sf’ — 4535 + ( )53 ( 125

IN(1+ N) (N —1)N(1L+ N)2(2+ N)
—% + 1657 — 855) S_5 — 85, —1258%, + (ﬁ - 851> S_g
4(—6+ 11N + 11N?)
3N(1+ N)
11(2+ 3N + 3N?) 6(1+3N)(2+3N)
6N(1+N) N(1+ N)

—205_4 —

5271 — 245’371 + 85—2,2 + 165—3,1 + 24527171

}+C§

Puis N Pis0 2( — 14+ 9N + 9N?)
8(N —1)N4(1+ N)*(2+ N) " \ 2N3(1 + N)3 N(1+ N) 2

56 4(2+ 3N + 3N?) 2Pi1s
——53 + 16S. 25_ 4 —_
5 3+ 91 + 325 91 + NO LN Co +48C | St +

2‘S(2P119
N2(1+ N)?

C3

+

2(— 144 15N + 15N?)
3N(1+N)

2(— 2+ 33N + 33N?)

3 —_
5 3N(1+ N) ’

—285, — 8§2> S 4

(N—-1)N(1+ N)?(24+ N) N(1+N)

14
+§S{* + 655 + 125, + <— — 325}

4(—2+ 3N +3N?)
N(1+N)

16
N) + 1651> S_3 + 52’1

+1652> S_Q + <_.N(T

24+ 3N + 3N?)°
+405_4 + 2452, 4+ 40851 — 16S_55 — 3253, — 24551, — ( )

2N2(1 + N)? 2

—72@,] : (255)

C(2,1),L _ C C 25(2,1-P121 + P129 C o 2P135 C
Faq 17 oN2 A+ NY2+ N) T T2N3(1+ Np>* 9(N — )N2(1+ N)2(2+ N) ™

+ P148 + P143
2592(N — 1)2N5(1 + N)5(2 + N)2 648(N — 1)N4(1 + N)4(2 + N)
N So Prog 4(— 9+ 22N + 22N?%) S, 39, 851
IN2(1+ N)2(2+ N) IN(1+ N) ' NO+N)
— 66 + 233N + 233N?)¢ 72
—4851 —88_95 — 165_3, — 208 ( —
3,1 2.2 3,1 21,1+ BN(L+ V) + 5 &

514 ) ( Py (9 + 22N + 22N?) S,
Sy +

+ 855 —

i 1455+ 12
TG 108N3(1 1 N)? 3N+ N) 53 11252,
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66 — 233N — 233N2 8 1,
27N(1+ N) 3 9

11
+85_21 + ng + 24C3> S;+ ( — =5 |5} — =5

Piyo 22 29
* <1O8N3(1 +N3B2+N) 353 — 8521 =859 — g@ - 48(3) S
(—2—17TN — 17N?) 53 Pros
+2¢ |53
N(1+N) 27(N —1)N?(1+ N)?(2 + N)

(—33+59N + 59N?) S, 4P, 45

— 228 + (—

SN(L+ ) (N _12N(1+ NP2+ N)?
4P123 45% 3 432
+<_(N— DNO+ NP2+ N) T 1652“@)51 NG T Naa v
2C2 4 2
825, 8521 ~ iy - 72@,) Syt (— ¥ m 2051> s,

4P93 85 )
" ((N “ON(NERTN) | NN RS 052G 5

2(—4+ 5N +5N?)
N(1+N)

4(3+ 11N + 11N?)
3N(1+ N)

9(1 + 3N)(2 + 3N)(2
5N(1+ N)

4
-+ (m + 1251) S,4 - 38575 + 205273 - 8371

—89 3 — 4451 + 445 55+ 85 41 +

2,1,1

+4S5291 + 405311 —8S_91,-9 + 452111 — 45210 —

+1IrNp

18N2(1 + N)2<2 Tesvii+ v T\ TN+ V)

P120 P141 < P138

4(—6+19N+19N2)Sz+32 2( =6+ 19N + 19N?) ¢, 128 g
IN(1+ N) 97° IN(1+ N) g )t

Py 8., 4 \., 4(—6+19N+19N?)S} 4 ,
* (27]\72(1 + N)2 3% §C2> St 27N (1 + N) g
Piig 8¢ ,  16(—3+41N +41N?)S; 28
+(27N2(1+N)2 T | AS 27TN(1+ N) 3

32(2+ 3N + 3N2)(3] }

Sy

112
9

16
S 8831 — =S
2,1 + 0031 3 7211 + ON(I L+ V)
2521 124 Pis 4Pi34

O N Ve ) T EV s VP T RN S DN+ NER T )

C3

P147 P146

RN 1IN (L NP N (8(N TN+ N2+ N)
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Pios 4(—2+5N +5N?)S;

+<2N2(1+N)2(2+N) _842>52_235§_ N(1+ N) —385%
12+ ;f(\;i?}é\;z)‘%’l — 8531 + 165 95 + 325 5, + 32951,
(16 + 12N —17N? —29N®) 72 ,  4(32+ 21N + 21N?)

ON2(1+ N) 2= e 3N(1+ N) )Sl
L
+3<NN_(111£2NJ; N) (o — 1—3643> ST+ (—6N2(];1i: e ?Sg + 4Cz) S

= ;;?é\:;;wz) Si—Si+ ( 3(1 +Ij\flg)9 21N ?S?’ 1652,
+165 5,1 + 22 JJ\FI(Slj\:;VSN2 48<3> 5 + 200 IN2 7111}2)7N2) >
’ <3(N - 1)N22(f1j31v) 2+ N) ) SR tV])V)S + 0%

8 P42 8 P13
- 32
+<(N_ 1)2N(1+ N)3(2+ N)? * ((N— 1)N(1+ N)2(2+ N) 325
)T NG+ NT PUNIHN)T 3 -2
! 8 > 16
—i—m@ + 144C3> S_o+ (—405’1 + m) S2,+ (msl
8P193 )
- - 24 - 2 _ —_ 4 _ _ 24
+L S_4+T765_5 — 32555 + 165 _LS + 768
N(1+N) )7 - 2,8 2= T N N 41

2(2+ 15N + 15N?)

—885_273 - 168_471 - 827171 - 4853,1,1 + 163_2717_2

N(1+N)
108
—2052111 +85_21C + —Czl ) (256)
with
Piig = —1007N* —2122N? — 1091N? — 120N — 108 , (257)
Pi; = —83N*—208N? — 149N? — 80N — 50 , (258)
Pis = O9N* +27N% +24N? + 18N + 11, (259)
Py = 22N* 4+ 41N? 4+ 13N? —6N — 5, (260)
Piyy = 8TN*+ 138N? +59N? — 40N — 36, (261)
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229N* + 507N? + 188N? + 72, (262)
373N* 4+ 854 N3 4 457N? + 120N + 108 , (263)
2N° + 6N* + 5N° +2N? + TN + 2, (264)
27TN® + 66 N* +33N% — 2N? 4 24N + 16 , (265)
7T5N® 4+ 246N + 285N? + 202N* + 198N + 108 , (266)
179N® 4+ 896 N* + 1261 N® + 394N? — 204N — 72 , (267)
—4541N® — 14649N° — 16023 N* — 7523 N? — 2256 N? — 324N + 432 | (268)
—2311N® — 6393N° — 1423N* + 6333N? + 2654N? — 372N + 216 , (269)
—975N% — 2529N° — 2341 N* — 467N? + 428 N? + 108N — 144 | (270)
—~133N°® — 355 N° — 37T9N* — 281N? — 228 N? — 160N — 40 , (271)
—89N® — 351N® — 331N* + 83N? + 308N? + 224N + 64 |, (272)
57N° + 135N° + 103N* — 43N® — 68N? — 32N + 8 , (273)
104N® 4 246N® + 14N* — 208N® —3N? + N — 10 , (274)
180N + 351 N° — 120N* — 447N® — 232N? — 76N — 88 , (275)
726 N° + 1557N° — 320N* — 1921 N? — 1108 N? — 122N — 108 , (276)
1923N° 4 4725N° 4 3893N* 4 6TIN?® + 20N? + 864N + 504 , (277)
4541N° 4 14703N° + 15807N* + 7037N? + 1932N? + 324N — 432 (278)
7081N° + 24375N° + 26871 N* + 10813N? — 60N? — 2592N — 1512 , (279)
—345N7 — 1629N° — 2849N° — 2367N* — 1142N* — 456 N? — 208N — 32, (280)
13519N7 + 67649N° + 122235N° + 96259 N* + 31370N? + 3540 N2

+216N — 864 , (281)
—38715N® — 131784 N7 — 168338 N® — 89028 N® — 11355 N* + 4564 N?

+11808N? + 16560N + 6480 , (282)
3N® + 15N7 + 13N® — 41N® — 94N* — 78 N3 — 50N? — 36N — 20 , (283)
—86393N'0 — 469657 N? — 848380N® — 376714N" + 589247 N° + 803483 N°
+303838N* — 78072N? — 102168N? + 432N + 15552 (284)
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—8928N? + 4464 N + 6480 , (344)
Pos = 2N® 4+ 11N" +10N® — 26 N° — 2N* + 151N3 + 262N? + 160N + 8 , (345)
Py = 3N®++15N7 + 11N® — 45N° — 74N* — 30N? — 52N? — 80N — 36 , (346)
Pyyy = 10N®+34N7 + 4N® — 64N® — 51N* — 48N3 — 53N? 4+ 12N + 28 | (347)
Py = —86393N' — 479161 N9 — 842908 N® — 273610N" + 665567 N°®

+681947N° + 206494N* — 29400N? — 86616 N? — 20304N + 15552 (348)
Pogy = —30651N'" — 138387N? — 203260N® — 49510N" 4 185861 N® + 211505N°

+73610N* + 8504 N? 4 23688 N? 4 6768N — 5184 (349)
Pys = 4N™ 4+ 18N? — 18N® — 130N7 — 3N® 4+ 253N° + 131N* + 115N? + 146 N2

—44N — 88, (350)
Py = 16N +96N? + 137N® — 155N7 — 584N® — 618 N°® — 431N* — 67N>

+178N? — 20N — 88, (351)
Pyos = 34N 4+ 144N + 134N8 — 156 N7 — 147N° + 449N> + 825 N* + 355N3

—130N?% — 28N + 56 , (352)
Pys = BHON' + 214N +99N® — 533N7 — 355N° + 605N° 4 562N* + 338 N>

+244N? — 216N — 240 , (353)
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+1256N? + 1152N? + 368N + 224 (355)
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+49137N® — 79237N" — 137428 N® — 123924 N° — 65104 N* — 448 N*
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Py = 12N 476N + 33N — 576 N — 806N + 1161NY + 1790N®
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+2272528 N* 4 613584 N? — 713088 N? — 160704N + 145152. (360)

The evanescent poles at N = 2 are tractable, and the rightmost singularities are at N =1 for
the singlet contributions and at N = 0 for the non-singlet contributions, as generally expected,

cf. [84].
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4.3 The Two—Loop Wilson Coefficients

The two-loop Wilson coefficients for u? = Q? are given by
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Py = 331N 4 1451 N9 + 1492N8 — 1826 N7 — 4341 N°® — 1673N° + 246N*
—928N?* — 1232N? + 112N + 224 (398)
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with the polynomials

Pys = —2TN*—42N® —47TN? 424 | (404)
Pos = 95N* 4+ 178N% + 123N? + 40N — 16, (405)
Por = 103N* 4 140N + 58N2 + 21N 4 36 , (406)
Pysg = 247TN* 4+ 548N% + 223N? + 30N 4 72 , (407)
Pyg = —5IN®—131N® — 163N" — 81N? + 26N> — 8N — 16, (408)
Pyy = NS+45N°+43N* —13N? — 20N? + 12N + 16 , (409)
Pyy = 7TN®+16N° — 11N* — 18N® + 6N? — 44N — 32 , (410)
Py = 137TIN® 4 3429N° + 3437TN* + 655N° — 940N? + 72N + 360 , (411)
Py = 3155N° 4+ 9951N° 4+ 9867TN" + 3473N? + 546 N> — 72N — 432 , (412)
Pyso = G6N®+20N7 4+ 2N° — 36 N° — 43N* — 62N3 — 47TN? + 12N + 20, (413)
Pysz = —16395N"" — 74235 N? — 111388 N® — 28126 N” + 111413N° + 125177 N°®

+41930N* + 12464N? + 23688 N? + 3600N — 5184 |, (414)
Pyy = 2N'"0 4+ 18N? + 26N® — 42N" — 253N° — 563N° — 633N* — 181N?® + 126 N?

+4N — 40 , (415)
Pyss = AN' 4+ 18N? — 2N® — 7TANT + 5N® + 141N® 4+ 99N* + 171N? + 122N?

—44N — 56 , (416)
Py = 331N 4+ 1451N° + 2196 N® + 606 N™ — 2293N°® — 2697N° — 2506 N*

—2336N® — 1232N? 4 112N + 224 , (417)

with the coefficients zl(]l) given in [28,85]. Up to two—loop order, the Wilson coefficients are given

in different schemes [21,23,24,52]. In particular the non-singlet Wilson coefficients are also given
in the MS scheme [17,53].

5 The three-loop Wilson coefficients for the structure functions
Fy(x,Q?%) and Fr(z, Q%)

Before we present the three-loop Wilson coefficients we would like to remark that the unrenor-
malized three-loop forward Compton amplitudes depend on the complete anomalous dimensions
up to two-loop order, cf. e.g. [29], and contain the following three-loop anomalous dimensions
in their pole terms of O(1/¢): 753)”8,%,3)’%, AWC(,?,)’NS, AV(SZ)’PS,%(I? and A%(,?. We confirm the
previous results given in Refs. [27,28,85-92].

We now turn to the unpolarized three—loop Wilson coefficients for neutral-current deep—
inelastic scattering for pure virtual photon exchange, Fy(z, Q%) and F(z,Q?%). In the structure
of the following expressions there are some evanescent poles at N = 1, 2, which are, however, all
tractable. Therefore, the analytic continuation [78] to N € N can be carried out directly.

The non-singlet and gluonic Wilson coefficients are split for convenience as

B _ NSO dabe,(3) PS,(3)
Ci, = CJ 7 +C + G, (418)
B _ NSO dabe,(3)
Ci, = C 7 +Ce. (419)
The Wilson coefficients are given by
NS, (3
CFz,q( )=
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SN —2)(N-D)N1+ NP2+ N)B L)
_ 8S3Py10 n ( 1655 Py,
IN (N - DN+ NP+ NGB+ N)  \BNI+ NP2+ N3+ V)
- 165 Py L 45 5128, 5128,
3(N-2)(N-1)N1+N?22+N)3+N) 1+N 3(1+N) 1+N
. 1653 P360 _ 325 51 Psng

3N —2)(N—DN(IL+N22+ N)B3+N) 3(N-2)N(1+N)2@E+N)
37125 55  3840S_31  7168S_51.

1N 1IN 11N
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B 4Pyg4 1285, 16053 N 17285 5,
27(N — 2)2(N — 1)N3(1+ N)4(2+ N)(3+ N) " 3(1+N) 1+N 1+ N

160 2Py 2 | 6405} 41655 53128 5, | 96
1+ N 9N —2)N(1+ N)*(3+ N) 91+N) "\ 1+N 1+N "1+N
2 P37, 30455 G4(N —1)(2+ N)S;
3(N-2)N(1+N)32+N)3+N) 3(1+N) 1+N
i 64SQP299 + 16P461
3(N (L+N)23+N) 9N —2)2(N —1)N3(1+ N)* 2+ N)(3+ N)
N 32Pyu 1925, 6453
9N —1)N2(1+N32+N)3+N) 1+N 1+ N
64( — 542N + 2N2)S ~32(— 72— 108N + 35N° + 23N?) 57 | 537652,
1+ N 3(N-2)N(1+N)(3+N) 1+ N
128( =34+ N+ N?)S_o1  64(—21+2N +2N?)(s S
1+ N 1+ N -

+ 16P3()7 + 38481 + 1651P318
3(N-2)N1+N)23+N) 1+N )77 \3(N—-2)N(1+N)23+N)
16 Pyor 112052 26565, 4485_2> 5

TN (N )N+ NP+ MB+N) 14N " 1+N "IN

N 32 P35 16005, ) o 64(— 34+ N+ N?)S_; N 3845, 3
(N=2)N(1+N)2(3+N) 1+N | 1+ N 1+ N

26885, 5  384S,1  64(—65+2N +2N?)S 55 2496545 256531,

1+ N 1+ N 1+ N TN T IeN
5376551, | 7685511 128( =10+ N+ N?)S_512  5376S_521 53765 314
1+ N 1+ N 1+ N 1+ N 1+ N
107528 5111 160( — 21+ N + N?)(5 }
1+ N 1+N
. CF{ Nz | 32Pus 64(—6+7N+19N%)8, 6457 645,
BIN2(1+ N)? 2TN(1 + N)?2 91+ N) 9(1+N)
64.53 1 Pa74
AT N N N = D)1+ M2+ M) B+ V)
N 325, Py + 6455 Psg
3AN—2)(N—DA+N)2+NB+N) 9N —2)(N—1)(1+N22+N)B+N)
- 16Pyy5 . < 1024C5 Pz
8L(N —2)2N2(1+ N)¥B+N)  \3(N—=2)(N—1)(1+N)2+ N)3+ N)
25655 Pyrs 16 Pa

T3N—2)(N-DA+ N2+ N)B+N)  27(N—2)(N - DN2(1+ N3(2 + N)(3+ N)
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64(N — 1)(3+2N)S, 12855 5125 4, 640 325, )
: . Sl —I'_ _9( ) Sl

31+ N2B+N) ' 3(1+N) 3(1+N) 1+N) 3(1+N

64(21 + 28N + N?)S, 6452 25651 P32
9(1+ N)2(3+ N) 31+N) \ 9N —=2)(N-1)N1+N)(2+N)B3+N)

. 128 Py 25687 2565, | 1288
9N —2)2(N —)N2(1+ NP2+ N)B3+N) 3(1+N) 3(1+N)) 7> " 3(1+N)

. (_ 128 Py L2565, ) 1285
YN —2)(N-1N(1+N22+N)B3+N)  3(1+N) 1+ N
128(N —1)(3 +2N)Sy;  256( —16 — 23N + N2 +2N3)S_5; 2565 3, 645y,
31+ N)2(3+N) 9(N — 1)(1+ N)2(2 + N) 3(1+N) 14N
5128 511  128(36 — 45N — 22N?% + 2N?%) (s
“3(1+N) 3(N —2)N(1+ N)(3+ N)

10243_27171P279 + 648—2,2P288
3(N—2)N1+N2B+N)  (N-2)N(1+N)2(3B+N)
128S5_51 Poyr 16531 P42

BN NI+ N2B+N) (NN - DN+ NP2+ N)B+N)

85, Psg5 1655 P3¢
3N (N DN+ NP2 NBLN) ToN (N DN+ NP2+ N)B LN

325_271P373 8{3P374

TN —2) (NN + NP2+ N)B+N) 3N —2)(N—1DN(I+N22+N)(3+N)
4P420 512572,1P275
SI(N —272N2(1 + NPB L N) | (3(N "N+ N2B1N)
16S3P352 32C3P355
SN ) (N DNI+ NP2+ NMBLN) 3N —2(N- NI+ NP2+ NMB+N)
4Py 176(N — 1)(3 + 2N)S, 1925,

TN )N D)V + N2+ NB+N) 31+ NEB+N) 14N
3528, 38483, 10245 ., 10245 5, 204852,1,1> ( 1276
1

+C3

_|_

30+ N) T 14N 14N 1+N 14N o(1+ N)
N 885, 9655 5125 5,  64¢s \ ., [ 44(—51— 68N +TN?) N 28893
31+N) 14+N 1+N 14+N)71 9(1+ N)2(3+ N) 1+ N

153655, 17653 N 16(4 + N + N?)S; 51287 7045,
1+N )7 3(1+N) 1+ N 3(1+N) 3(1+N)
N 325 Pagg N 32(—4+ N+ N?)S,
9N —2)(N-1)N(1+ N2+ N)(3+N) 1+ N
B 16 Py 15369, 32(—4+ N+ NSy,
9N —2)2(N —1)N2(1+ N)>(2+ N)(3+ N) 1+ N 1+ N
32(N —3)(4 + N)(s 16 P30 1285 \ »
+ S o+ | — — S,
1+ N 3(N—-2)N(1+N)2(3+N) 1+N
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- 12851p293 + 16P378
3(N—=2)N(1+N)23+N) 9(N—-2)(N—-1)N(1+N)2(2+ N)(3+ N)
25657 7685, 1285, 16 P32 3845,

T S B i Byl L I W 0 Yy I B T S el L
16( — 40+ N + N?)S_5  352(N —1)(3 4 2N)Ss,  288Sy3 7685y -3 2885,

1+N 3(1+N)2(3+N) 1+ N 1+ N 1+N

_%(—%+JV+NﬂS43_7MS4J+1WSMJ+1%&th_5m&m1

1+ N 1+ N 1+ N 1+ N 1+ N

C32(N =3)(4+ N)S-g1-2 15365921 15368311 30728 5114

1+ N 14+ N 1+ N 14+ N
40( — 164+ N + N?)(
1+ N
Lol 2565211 Pasg L 1285 _5 9 Pago
1l (N—=2)N1+N)2(3+N) (N-2)N(1+N)23+N)

. 1285_371P292 + 32S?),IP?)57
(N—-2)N(1+N)?2(3+N) (N—=2)(N—-1)N(1+N)?(2+ N)(3+ N)

_ 1654 P359 _ 64.5_21Ps96
(N=2)(N—-1)N1+NZ22+N)3+N) (N=2)(N-1)N(1+N)3(2+N)B+N)

B 16(3 Pyo1 n 853 Pyo3
(N—2)(N—1)N2(1+ N22(2+ N)B+N) ' (N—=2)(N—1)N(1+N)32+N)3+N)

. Pig2 . 6453 Ps45
6(N —2)2N4(1+N)5(3+ N) (N=2)(N-1)N(1+N)2(2+ N)(3+ N)

n 64.5_2 1 Pags n 32(3 Ps54
(N—-2)N(1+ N)?2(3+ N) (N —=2)(N—-1)N(1+N)?(2+ N)(3+ N)

N 8 Pyeo 8(1+3N)(10+9N)Sy 6405y 645,
(N —=2)2(N—-1)N3(1+ N)*(2+ N)(3+N) N(1+ N)? 1+N 1+N
512593, 33285 55 358453, 61445 51, 2 Ps3

- - - + S+ | —
1+ N 1+ N 1+ N 1+ N (N —2)N2(1+ N)?(3+N)

_8%&+_M&__M%S%1_6%3‘§_8@+HMH@NQ$*_8%

I+N 1+N 1+N 1+N)7! N(1+ N)? 1+ N
2Py 32053 44805 57 192G 2452
+ - + = — S
(N—-2)N2(1+N)3(3+N) 1+N 1+ N 1+ N 1+ N
64(— 8+ N + N?)S; B 32 P59
1+ N (N—=22(N-1)N3(1+N)* 2+ N)(3+N)

12855 Pors N 64 Py37 L 3848 o
(N—=2)N(1+ N)(3+N) (N —22(N—DN2(1+NP2+N)3+N) 1+N )"
64(24 — 28N — N? + 3N?) S} 1283?_F128(——1+—Af+—Aﬂ)Sg 4608551

(N—2)NA1+N)3+N) 1+N 1+N 1+N
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128(N — 1)(2+ N)S_g; N 128( =9+ N+ N3G 2565,
1+N 1+ N ? 1+ N

32(—84+ N+ N (—6+5N+5N?) o2 3251 P
T N2 NO+NEB+N) I N Y5 R T gy

N 32Py4 | 121657 22408, 3845,
(N-2)(N-1)N2(1+ NP2+ N)3+N) 1+N 1+N 1+N )77
N 64 Pags , 16645, 64( — 28+ N + N?)S_;
(N-2)N(1+N)32@B+N)  1+N )" 1+N

16( — 243N +3N?)Sy1  384S,5 23045, 5 384S,; 128( —27+ N+ N?)S_55

N(1+ N)2 1+ N 1+ N 1+N 1+ N
21765 41 968511 46085y, 5 7685s:; 128( =8+ N+ N?)S_o1
1+ N 1+ N 1+ N 1+ N 1+ N
46085 51 , 46085 51, 92165 10, , 160(— 26+ N+ N2)c5}
1+N 1+ N 1+ N 1+ N
with
Pys; = —617TN* — 1108N? — 281 N? + 222N + 148,
Paysg = —9N* —4N? 4+ 3N? + 26N + 20,
Pyy = N*—22N3 —325N? 4+ 322N — 312,
Pyy = N*—22N* —237N? + 74N — 192,
Py = N*—22N3 —226N? — 11N — 280,

Py = N*—22N3 —217TN? + 310N — 240,

Pogs = N*—22N3 —137N? + 138N — 180,
Py = N*—22N3 —133N2 — 14N — 84,
Pogs = N*—22N3 —112N? + 583N — 502,

Py = N*—22N3 —64N? + 7N — 34,
Py = N*—22N3 —37N? + 202N — 168,

Pos = N*—22N3 —37N? 4+ 634N — 518,
Py = N*—22N3 — N2+ 406N — 96,
Pyrg = N*—22N3 4+ 98N2 + 313N — 354,

Py = N*—22N3 4+ 271N? + 582N — 500,

Py = N*4+2N? —4N? —5N +09,
Py = N*4+2N3 - N? 2N +6,
Pyry = NY*4+2N34+9N? 8N —4,
Pys = N*4+2N3+16N? 4+ 15N — 36,

Poyrg = 2N* —44N3 —197N? — 7N — 118,
2N — 44N3 4 369N? + 895N — 854,
Pyrg = 2N*+4N3 —5N? — 7N — 12,
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2N* +4N? + 11N? + 9N — 36,

3N* —66N3 — 1501 N? — 1720N + 192,
3N* —66N? — 1387N? 4 1562N — 1188,
3N* — 66N3 — 221N? + 2584 N — 1776,
3N* —66N3 — 166 N? + 2243N — 1665,
5N* 4+ 10N? + N? — 4N — 4,

6N* — 132N3 — 2003N? — 1577TN — 792,
6N* — 132N3 — 1723N? + 3311N — 2694,
9N* — 198 N3 — 1123N? — 52N — 576,
9N* + 18N3 + 11N? + 2N — 96,

IN* + 18N3 + 43N? + 34N — 144,

1ON* +20N? + 39N? + 29N — 150,
11N* 4+ 22N3 — 125N? — 136N + 180,
1IN* +22N3 + 35N? + 24N — 156,
13N* + 26 N3 — 23N? — 36N — 72,
15N* — 64N?® — 366 N? — 343N — 18,
15N* + 30N? + 8N? — 7N — 138,

18N* — 396 N? — 1537N? — 43N — 1296,
19N* + 38N3 — 11N? — 30N — 144,
23N* + 42N?3 + 55N? 4+ 60N — 276,
28N* + 56 N — 125N? — 153N — 36,
28N* + 56 N3 + 61N?% + 33N — 342,
3IN* + 62N3 — 203N? — 234N + 144,
43N* + 86N3 — 119N? — 162N — 144,
43N* + 118N?3 + 19N? — 104N — 60,
47TN* + 90N? + TN? — 12N — 420,
58N* + 116 N® — 111N? — 169N — 282,
59N* + 118 N3 + 305N% + 246N — 1008,
TTN* + 154N3 — 520N? — 606N + 432,
85N* + 86N3 — 47TN? — 136N — 84,
101N* 4+ 190N3 + 677N? 4+ 660N — 1980,
109N* 4 218N3 + 61N? — 48N — 1044,
121N* + 418N3 + 269N? — 140N — 36,
147N* 4 426 N3 + 80N? — 211N — 18,
203N* 4+ 178 N3 — 31N? — 6N + 36,
235N* + 596 N? + 319N* + 66N + 72,

265Nt + 1478 N3 4+ 745N? — 6156 N — 2844,

2TTN* + 728 N? 4+ 152N? — 383N — 108,
291N* 4 368N? 4+ 21N? — 380N — 272,
349Nt + 686 N3 — 347TN? — 612N — 2412,
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423N* 4+ 264N3 + 293N? + 452N + 54,

536 N* + 1351 N3 + 498N? — 329N — 42,

536 N* + 1459N?3 + 565N% — 358 N — 102,

562N* + 1565N3 + 649N? — 354N — 72,

575N* 4+ 1468N3 + 324N? — 845N — 294,

683N* 4+ 1702N3 + 767N? 4 164N + 292,

1055N* + 2236 N3 + 1139N? 4 66N + 72,

1124N* 4+ 2320N3 4 823N? — 451N — 93,

4513N* + 11762N3 + 2455 N? — 4794N — 684,

2N —9N* + 113N? + 273N? — 61N — 174,

2N® + N* — 38N3 — 13N? + 120N — 36,

17TN® — 62N* — 413N® + 218N? + 504N + 144,

31N® — 34N* — 301N? + 148N? + 540N — 288,

83N°® + 404N* + 643N3 — 50N? — 57N + 126,

97N® + 460N* + 32N? — 1669N? — 1518N + 72,

131N° + 308N* — 347N3 — 3392N? — 2004 N + 2592,

328N° 4 1985 N* + 2899N3 + 927N? — 231N — 180,

361N° 4+ 2020N* + 899N? — 7756 N? — 8724 N + 1728,

1103N® + 4825 N* 4+ 6329N3 4 2733N? 4+ 66N + 360,

1687N® + 7540N* 4+ 539N? — 34066 N? — 30444N + 9576,
3153N° + 3318N* — 13819N? — 2896 N? — 11820N + 9936,
8425 N° + 30483N* + 30615N3 4 7625N2 + 2712N + 3212,
—279N® — 1137N® — 1215N* — 63N? — T14N? — 1344N — 496,
13NS + 39N — 33N* — 131 N3 — 380N?2 — 308N + 48,

14N® + 39N> — 46 N* — 129N3 + 50N? + 72N + 144,

17N® + 51N° + 11N* — 63N> + 284 N? + 324N + 48,

18NS + 52N — 37N+ — 142N3 + 101N? 4 148N + 60,

21N® + 15N° — 383N* — 463N> + 378 N? + 608N + 96,

33N + 720N — 997N* — 4225 N3 + 5052N?2 + 3240N + 6264,
34N® — 450N° + 657N* + 3376 N3 — 4743N? — 3234N — 6192,
35N% + 69N® + 1763N* + 3747N? + 902N? — 1548 N + 3096,
36 N® — 390N® + 1249N* + 2912N? — 7001 N? — 3342N — 7632,
37N® + 169N® + 149N* — 749N3 — 1170N? 4 484N — 1032,
41NS +123N° — 157N* — 519N — 484N? — 204N + 72,
49NC + 210N® + 17N* — 848N — 80TN? + 20N — 318,
51N+ 141N° + 15N* — 93N3 + 226 N? + 100N + 360,

55N% + 165N° — 395N* — 1065N? + 28 N? + 588N — 504,
61N® — 50N° + 490N* 4 842N? — 3659N? — 1536 N — 3780,
65N% + 195N — 93N* — 511 N3 + 284 N? + 572N + 288,
TAN® + 302N° — 307N* — 1512N3 4+ 137N? 4 826N + 840,
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7T5N® +225N° — 131N* — 637N> + 240N? 4 596N + 432,

TTN® + 219N° + 161N* + 69N3 4 1742N? + 1548N + 216,

83N® — 109N® — 7T7TN* — 567N?® — 42N? 4 1096 N + 576,

96N® + 178N°® — 595N* — 7T40N3 — 13N? + 1274N + 1536,

100N® 4 313N® + 235N* 4+ 31N — T9N? — 60N — 20,

112NS + 517N° 4+ 773N* + 539N3 + 311N? + 184N + 156,

115N + 345N° — 671N* — 1917N3 + 1756 N? 4 2772N — 144,

122N% 4+ 300N° — 871N* — 1626 N3 + 2009N? + 1794 N + 468,

134N% 4+ 402N° — 373N* — 1416 N3 + 1121 N? + 1896 N + 252,

146 N® + 603N° — 733N — 2823 N3 4 2234N? + 3471N + 486,

158 NS + 178 N5 4+ 85N* 4+ 28 N3 — 4043N? — 1126 N — 3576,

182N% — 1416 N° + 1896 N* + 9632 N3 — 15849N? — 8379N — 19494,
208N® + 190N° + 7T11N* 4+ 456 N3 — 7635N% — 2802N — 7488,

248N® + 2595 N5 — 1572N* — 13771 N3 + 6576 N2 + 7356 N + 12672,
257N® 4+ T05N° — 913N* — 2385N? + 3410N? + 3642N — 324,

385 N6 + 99N® — 3089 N* — 1239N3 + 9376 N? + 4644 N — 2736,

388 NS 4 6360N° — 6891 N* — 36278 N3 + 34155 N? + 24738 N + 48240,
429NC + 1849N° + 285N* — 7533N3 — 7626 N? 4+ 716N — 3576,

449NC + 705 N° — 2395N* — 4669 N3 — 198N? + 3860N + 1896,

521NS 4+ 1497N° — 1177N* — 4233N3 4 1826 N2 + 3114N + 2844,

676N + 5853 N5 — 2718 N* — 32261 N2 + 8853N2 + 19179N + 23166,
913N® — 3282 N5 + 8202N* + 26842 N3 — 64629N? — 30582N — 73008,
1046 N® + 15756 N° — 11349N* — 94906 N® + 60393 N? 4 67464N + 102060,
1360N® + 4524 N5 — 4169N* — 19314N3 — 7739N? 4+ 7914 N + 5832,
1472N6 + 2121 N® + 2868N* — 2785 N3 — 43668 N? — 11448 N — 39960,
1540N°® 4+ 4053 N° — 150N* — 13805N° — 28359N? — 3609N — 20682,
1540N°® + 9345N° — 792N* — 42161 N> — 13683N? + 8649N + 13122,
1545N° + 5807 N> + 5289N* 4 833 N3 + 2254 N? + 3776 N + 1232,

2882N% + 12624 N° — 5307N* — 59242N3 — 19839N? + 22626 N + 8424,
4357N°® + 20253N° + 23997N* + 10171 N3 + 666 N? — 2700N — 1944,
4502N% + 9708 N® + 465N* — 27358 N3 — 93105N?% — 17352N — 73548,
4816N°® + 5952N° + 12135N* — 1466 N3 — 156051 N% — 48114N — 147312,
6457N® + 43941 N° — 12141 N* — 206669N3 — 9264N? + 63756 N + 108864,
7241 N® + 50345N° + 124855N* + 122983 N3 + 29388 N? — 3516 N + 4032,
7531N° + 26499N° + 27861 N* + 8401N?3 + 336 N2 + 504N — 540,

9187NC + 58477TN® + 134975N* + 133571 N3 + 52890N? + 27036 N + 24408,
—3221N7 — 26286N% — 57930N° — 47240N* — 11865N3 + 942N? — 72N
—1080,

23N7 + 88NO + 42N° — 144N* + 271N?3 + 824N? + 408N — 72,

25NT — 37T9N® — 1119N® + 2215N* + 4787N?® — 4173N? — 5436 N — 4860,
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TONT + 169N°® — 407N° — 1353N* — 912N + 88N? + 1536 N + 144, (563)
S8INT — 1463N°® — 5889N° — 333N* + 16148 N? 4 10448N? 4 7072N + 3216, (564)
83N" + 487N° + 582N° — 1789 N* — 4016 N* — 339N? — 180N — 1836, (565)
115N7 + 309N° + 141N® + 79N + 1552N? + 1180N? — 48N — 288, (566)
173N7 + 32N°® — 2263N° — 2810N* + 3582N* + 4014N? + 2120N — 120, (567)
179N 4 TO0N® + 352N° — 1242N* — 407N® + 1830N? + 1572N + 216, (568)
3TONT + 3227N° + 2631 N5 — 20843 N* — 22294 N3 + 6252N? 4 21744N
+18576, (569)
403N7 + 3797TN® + 6527N° — 9957TN* — 29446 N* — 8996 N? + 4936 N + 6240, (570)
41TNT 4 1362N° — 523N° — 4588 N* — 4220N?® — 2720N? 4 864N + 2880,  (571)
TI3NT + 1029N° — 2740N° — 1095N* + 11969N> + 6480N? — 2772N — 432, (572)
T2INT + 2716 N® — 38N° — 7892N* 4 4489 N? + 21520 N? 4 10308 N — 1296, (573)
781INT — 2755N% — 22167N® — 45617N* 4+ 12110N? + 59256 N? + 100728 N

+67824, (574)
1669N7 + 7264 N° + 3778 N° — 16112N* — 2843 N3 + 29584 N2 + 22020 N

+3024, (575)
1873N™ + 8797N® 4+ 5775N° — 38361 N* — 70804 N3 — 27520 N? + 20832 N

—3888, (576)
1964N7 + 11260N® + 8946 N° — 44536 N* — 72725N3 — 15489 N? + 21528 N
+12204, (577)
2251N7 + 11006 N® + 6514 N> — 39436 N* — 64685 N? — 23230N? 4 1596 N

—1656, (578)
2284 N7 + 12899N° + 12631N° — 41611 N* — 89702N?3 — 32317N? + 10896 N

—2700, (579)
2686 N7 — 128 N® — 28605N° + 15784 N* 4 49639N> + 2700N? — 7740N

+4752, (580)
3098 N7 + 17416 N® + 16611 N° — 60352N* — 122465N3 — 52368 N? + 12312N
—7128, (581)

3691NT + 18675N° + 34038 N° + 26401 N* + 6405N? — 618N? — 36N — 540, (582)
4591N” + 32765N6 + 46752N° — 90491 N* — 251779N3 — 89754 N? + 43020N

+10584, (583)
4645N" + 15287N°® — 15678 N® — 107039N* — 63475N? + 26208 N? 4 51948 N
+28080, (584)
16828 N7 + 802N°® — 194889 N° + 102862 N* 4 378583 N3 + 53370N? — 56556 N
126136, (585)
32287N7 + 193848 N + 395214 N 4 329536 N* + 98223 N3 + 5076 N2 + 3996 N
—324, (586)
—116957N® — 894616 N™ — 2631828 N® — 3627014 N° — 2222155 N* — 5438823
—286164N? — 177768 N + 23328, (587)

—28023N% — 203826 N" — 566428 N® — 738922 N — 430121 N* — 91484 N3
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—69852N2 — 97776 N — 34560, (588)

35N8 + 136 N7 + 72N°® — 222N° + 117N* + 702N3 4+ 472N? + 32N + 96, (589)
296 N® 4 920N7 — 1687N® — 6931 N° — 679N* + 9827N? + 5634 N? — 252

N — 216, (590)
805N® + 2632N" — 2678 NS — 12656 N° + 661 N* + 16144 N> + 5856 N?

—1044N + 648, (591)
1357N8 + 5260N7 + 1288 N6 — 12818 N® — 3761 N* + 16198 N3 + 16164 N2

+5976 N + 864, (592)
1511 N® + 9442N7 4 22584 N + 26891 N° + 16961 N* 4 5241 N> + 38N? — 804N
—648, (593)
17529N8 + 60627N” — 8987NS — 211343 N5 — 245062N* — 2251003 + 6936 N>
+155088 N + 23328, (594)
28551 N8 4 63048 N7 + 57098 N6 + 23004 N> + 3519N* + 3044 N — 9864 N
—21888N — 9936, (595)
50689N® + 231286 N7 + 374706 N° + 252688 N° + 58645 N* 4 3486 N*

+22752N? 4+ 19980N + 8100, (596)
—97249N? — 674988 N® — 1131968 N" + 1296434 N°® + 5370597 N> + 4078570N*
—68076 N> — 537576 N? + 352224 N + 114048, (597)
—71503N? — 495343 N8 — 1283176 N" — 1561498 N — 898003 N> — 199315N*
—12042N3 — 12852N? — 4536 N — 1620, (598)
—47295N? — 50958 N® + 608888 N7 + 213650N° — 1767525 N5 — 1823284 N*
+42212N3 4 300888 N? — 153216 N — 85536, (599)
—5021NY — 13792N® + 14010N7 + 70516 N° + 68039N° + 94644 N* 4 83628 N?

— 75096 N% — 108576 N — 25056, (600)
10N? + 14N® — 108N7 — 168NC 4+ 213N + 438N* + 29 N3 — 824 N?% — 180N

+288, (601)
14N? +20N® — 133N7 — 173NS + 407N° 4+ 397N* — 384 N3 — 964N? — 192N
+288, (602)
25N — 121N® — 775N7 — 546 N° 4 1772N° — 1113N* — 5854 N3 — 2060 N>
+1112N + 384, (603)
TIN® + 61N® — 785 N7 — 936 N® + 1418 N® — 2005N* — 8840N? — 7848 N>

—3104N — 1104, (604)
307N? + 3168N® 4+ 6674NT — 2144 N°® — 18819N° — 6472N* + 12218 N3 — 3564N2
—15128N — 6288, (605)
370N? 4+ 536 N® — 4027N7 — 4267N® + 14417N° + 9647N* — 14144 N3

—16788N?% — 3600N + 2592, (606)
430N? 4 728N® — 3699N7 — 6279N® + 7T1ITIN® + 13731N* — 616 N® — 21338 N
—5472N + 6552, (607)
575N? 4+ T672N® + 19410N7 — 7588 N°® — 68521 N — 45276 N* 4 238723
+21648N? — 8624 N — 3840, (608)
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1288N° + 33279N® + 109499N7 — 4538 N6 — 391455 N° — 190195N* + 311202N°

+104832N% — 74520N — 16848, (609)
1963N? + 30012N® 4+ 88574NT — 19280N° — 343611 N° — 220246 N* + 153144 N3
+49212N?% — 44496 N — 6480, (610)
2133N?Y + 810N® — 35584 N7 + 4418N° + 120351N° + 97028 N* — 21724 N?
—15336 N2 + 17856 + 7776, (611)
3761N° — 14568 N® — 104870N" — 23608 N°® + 335763 N° 4+ 109918 N'*

—430176 N® — 423972N? — 170640N + 9072, (612)
4258 N + 34062N°® + 65735 N7 — 85433 N° — 339093 N° — 148117N* + 85182N*
—99882N?2 — 153360N — 48600, (613)
5894N?Y — 12921 N® — 126065N" — 48880N° + 374049 N° 4 55783 N*

—668856N* — 635868 N2 — 254448 N — 20736, (614)
43949N? + 268194 N8 + 376282N7 — 637870N® — 2123703 N° — 1675742N*
—209052N? + 96174N? — 61992N — 8424, (615)
—5563N'0 — 24261 N? — 16394N® + 58642N7 + 172417N° + 124231 N°

—T76780N* — 55652N3 + 153696 N2 + 131616 N + 34560, (616)
—4253N10 — 18719N? — 3594 N® 4 69026 N" + 89183 N® + 6165 N° — 37744 N*
+8424N? 4 50664 N? + 35696 N + 8160, (617)
24N — 230N? — 267N® 4 2755 N7 — 219N°® — 13309N° 4 8190N* + 29248 N3
—144N?* — 28400N — 17376, (618)
261N 4+ 324N — 1405N® + 651 N7 — 1688 NS — 14839N° + 15318 N* 4 41614 N*
+29772N? — 27720N — 28944, (619)
561N 4+ 2115N? + 794N® — 3146 N7 — 15755N° — 9537 N> + 39368 N*

+15976 N3 — 84440N? — 83120N — 24864, (620)
6439N10 + 27179N? — 8632N® — 154834 N7 — 149641 N° + 93575N° 4 183334 N*
+75768N3 — 2448N? — 12636 N — 9720, (621)
7868 N1 4+ 57302NY + 2431 N8 — 508191 N7 — 330541 N + 1419481 N°®

+541702N* — 1330188 N? + 96696 N2 + 1283040N + 663552, (622)

—5729259 N — 8768673 N + 46945558 NP + 46575050 N8 — 44721647N”
—98312261N°® — 77570092 N° — 6099524 N* + 7097376 N* — 18265104 N>

+8239104N + 14427072, (623)
27TN™ + 69N — 176 N? — 554N® + 209N" + 1231N° 4 396 N® — 1730N*

—2104N?* — 792N? + 352N + 192, (624)
33N 90N — 827N — 2100N® + 2393N" + 7786N° + 2037N° — 7676 N*
—8880N3 — 936 N? + 1712N + 1248, (625)
1103N!! 4+ 2937N10 — 7526 N9 — 24942N8 + 3681 N7 + 52899 N + 29794 N5
—59478N* — 72556 N? — 4968 N? 4 16272N + 1728, (626)
1937NM + 4659N10 — 17094N? — 30326 N® + 45693 N7 + 123927N° + 59528 N'©
—29940N* — 13440N? + 26832N? + 17088 N + 2880, (627)

6009N ! + 89967 N0 + 280824 N? — 63490N® — 1473715N7 — 1627513 N°
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P471 =

P473 =

P476 =

+315866N° + 800300N* + 227984 N? + 702960 N? + 787680N + 229824, (628)
8183N' + 18327N' — 109486 N? — 251134 N® 4- 289655N7 + 850715 N°

+154440N° — 665500N* — 552096 N3 — 42048 N? + 84672N + 62208, (629)
80453 N 4 688424 N1 4 1757044 N° 4 44376 N® — 6544585 N7 — 10461842N°
—6460412N° — 1603590N* — 41364 N3 + 220968 N2 + 31104N — 69984, (630)

428649N'! + 601299N — 3536240N° — 3241402N® + 3843517N" + 7383499 N°®
+4538354N° + 20668 N* 4 528168 N> + 1514448 N? — 1263168 N — 1311552,  (631)
463143N" + 3002511N' 4 5392892 N° — 3891846 N® — 24947513 N7

—31706485N° — 15500034 N° — 1653956 N* — 1227864 N> — 2638368 N2

—1159488N — 124416, (632)
241N" + 521N" — 1523 N — 3268 N + 659N® — 1815N7 + 2291 N© + 25482 N°
+45116 N* 4+ 19656 N — 27296 N? — 32512N — 9984, (633)
10629N"2 + 22185 Nt — 70738 N0 — 118858 N9 4+ 91525 N8 — 54183 N7 — 58576 N'®
+818608N° + 1687828 N* 4 888516 N* — 727992N? — 580176 N — 28512, (634)
27765N'? 4 58437N' — 182597 N0 — 325952 N9 + 200843 N® — 157371N”
—55295N° + 2325230 N° + 4593788 N* 4 2307744 N> — 2192976 N* — 2038176 N
—326592, (635)
—3069N"3 + 31221 N2 + 144399N' — 301293 N0 — 795373 N® 4 250503 N'®
+1886057N7 4 1623213N° — 63486 N° — 894316 N* — 31760N3 + 890256V 2
+677088N + 157248, (636)
494694N" + 1075005 N2 — 4137924 N1 — 6752619N ' + 5087252N°

+13650627N® + 2421476 N” — 9000225 N® — 3343434 N> + 7931228 N*

+4200112N3 — 6598896 N2 — 6774048 N — 1729728, (637)
599375 N3 + 5709355 N2 4+ 18035106 N1 + 12196222N' — 51833983 N?
—129886893N® — 124003084 N — 53668604 N — 7785942 N> + 2544156 N*
+6838020N? + 7118928 N2 + 4129056 N + 1049760, (638)
—458487 N1 — 3433746 N3 — 4940481 N2 + 20878856 N + 64591263 N 1°
+10248134 N — 139889479N® — 158068804 N ™ — 33854512 N° + 17126664 N°
—5950960N* + 25711872N?3 + 46793088 N? + 27948672N + 5971968, (639)
3003N + 22594 N3 4 47885 N12 — 148240N!! — 659235 N0 — 247430 N?
+1482531N® 4 1874548 N7 + 339992N° — 373632N° — 131264 N* — 15009923
—2232704N? — 1344000N — 301824, (640)
—7255N'® — 25524 N 4 35986 N2 4 183186 N2 + 88824 N'1! — 295334 N'1°
—321342N? 4+ 60030N® + 10607N” — 441646 N® — 382164 N> + 194648 N*
+529968 N3 + 385824 N2 + 130752N + 17280. (641)

Further non—singlet contributions are

dabcv(3)
CFM

Ne B

daped®™ Np | 64( —3 — N + N?) 128(N — 1) S5 Py
(N —-2)(3+ N) (N—=2)N(1+ N)(2+ N)(3+ N)
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. 256S4P483 + 5125371P483
(N—=2)N2(1+N)?2(2+ N)(3+ N) (N —=2)N2(1+N)?(2+ N)(3+ N)

B 2565 _21Pisa Ll 128( — 66 + 5N — 9N? + N?)
(N—2)N(1+N)(2+ N)(3+ N) (N—2)N(1+ N)(2+ N)(3+ N)
25653 Pys3 1024(N — 3)S_a;

(N=2)N2(1+N2(2+N)3+N) (N-2)(1+N)3+N)
- [ 25651 Pyso 64P,s7

S

(N2 NI+ NP2+ NMB+N)  (N—2M(1+ NP2+ NB+N)
128 Py, 512(N — 3)5,
(N—2)N(I+N)2+N)3+N)  (N—2)(1+N)3+N)

64(N —1)S%, 64(—18+ N+ N?)S_, 1024(N — 3)S 55
1+ N (N-2)(1+N)3+N) (N—-2)(1+N)@B3+N)
512(N —1)S_y3 1024(N — 3)S_3, 512(N —1)S_44
~ N(1+N)  (N=2)1+N)B3+N) N(1+N)
2048(N — 3)S_514 32Pyss
(N—=2)(1+N)3+N) " |3(N=2)N(1+N)2+ N)(3+N)

1024( — 12 —4N —3N2 4+ N3)S;  1024(N — 1)5_2]C
3

XS_Z + S_g

+

TN N+ NI NB+N) T NI+ V)

1280(N — 3)(N — 2)
~ 3N(1+N) 55}’ (642)

dabcv(3)
CFL»(I Ne

—2)3+N) (N—=2)(N-1)(1+N)(2+N)(3+N)

dped® N { - 198N 12855 Pyms
(N

512551 Piso
(N—=2)(N-1)(1+N)2+N)(3+N)
1024(6 + N +2N? + 2N3 + N*)Sy
TN (N DONI I N2 F B LN
1536(8 + N + N?)
(N—=2)(N-1)(1+N)2+N)(3+N)
1024(6 + N + 2N? + 2N® + N*) S,
TN (N DN NEC I NGB N)
15365; Pysy

40965_5,,

T Y

+

+ Sh

NN (N - DN+ V22 NB+ V)
. 128 Pyss 12852,
(N=2)(N—1)NIA+N22+N)3+N)|"? 1+N
256 Pys 20485,

(N=2)(N-1)1+N)2+N)B+N) (N-=2)(1+N)(3+N) 53

_I__
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with

128(10 + N + N?)S_4 2048(6 + N 4 2N? 4+ 2N® + N*) S5,

(N—2)1+N)B+N) (N-2)(N-1)NI1+N22+N)3B+N)

. 40965 .5 512855 40965 3., L5125 4,
(N-2)1+N)3+N) 14N  (N-2)(1+N)3+N)
B 81925 51,1 L 64 Pyrr
(N —2)(1+N)(3+N) (N —=2)(N —1)(1+ N)(2+ N)(3+ N)
10245_, 6144(2+ N + N?)5; G+ 2560 4“5}, (643)
1+N  (N=2)(N-1)N(1+N)2(2+N)(3+N) 1+
Py = N*'42N% - 43N? — 44N + 36, (644)
Pyg = N'4+2N%+5N? 44N + 36, (645)
Pyo = N*'+46N°+6N?—8N — 24, (646)
Pigo = 2N*—4N® —17N? — 23N —6, (647)
P = 2N*+4N3 + 3N? + N +2, (648)
Pjss = 4N'4+8N? —31N2 - 35N + 18, (649)
Pgs = N°—5N®—12N? — 8N — 24, (650)
Py = 2N° —21N® 4 21N? + 46N — 24, (651)
Pgs = TN®+22N* — 25N3 + 128N2 + 60N — 432, (652)
Pgs = TN®+21N® — 26N — 8TN® — 47TN? — 12, (653)
Pig; = BHN'+11N% — 31IN° — 49N* + 28N? + 68N? + 40N + 48. (654)

The pure singlet contributions are given by

PS,(3)
CFzJI( o

512S,2P495

9(N —2)(N —1)N?*(1+ N)(2+ N)2(3+ N)
N 1283 Pios N 1652 Py

9(N —1)N2(1+ N)2(2+ N) ' 27(N — 1)N3(1 + N)3(2 + N)?
B 32P547

243(N — 2)(N — 1)N5(1 + N)5(2+ N)*(3+ N)
4 1652P522 + (= 32P537

27(N —1)N3(1 + N)3(2+ N)2 81(N —1)N4(1+ N) 2+ N)3

2

32(2+ N + N?)°S, 5 64(2 + N + N?)"S3
9N —1)N2(1+ N)22(2+N) )" T 27(N —1)N2(1+ N)2(2+ N)
160(2 + N + N?)*Sy . 10245,
27(N — )N2(1+ N)22+ N) ' 3(N —1)N(1+ N)(2+ N)
48(2 + N + N?)*

(N —=1)N2(1+ N)2(2+N) G

Cr {TP%N%

16S_22Pyss

FCATE N (N —1)N2(1+ N)?2(2+ N)
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n 645_3 1 Pag3 4 645_2 1,1 Paga
3(N — DNZ(1+ NP2+ N) " 3(N —1)N*(1 + N22(2 + N)

_ 6455 1 Pag7 _ 8S5_4Ps01
(N—2)N2(1+ N22+N)B3+N) 3(N—1)N%1+N)2(2+N)
B 4S4P508 - 8(2+N+N2>S§P510
3(N=2)(N—1)N2(1+ N)32(2+ N)(3+N) 27(N —1)2N3(1+ N)3(2 + N)2
B 16591 Ps19 _ 165_21 P52
3(N—DN3(1+ NP2+ N)2  3(N—1)N3(1+ N)3(2+ N)2
I 853P538 . 4‘S’2P542
27(N —2)(N —1)2N3(1+ N)3(2+ N)2(3+ N) 27(N —1)2N4(1 + N)*(2+ N)3
I 8P550 + (= 16572,1P499
243(N — 2)(N — 1)2N6(1 + N)5(2+ N)3(3+ N) 3(N — 1)N2(1+ N)2(2+ N)
I 853P513 + 852P526
9N —2)(N —1)N2(1+ N2(2+ N)3+N) ' 9(N —1)2N3(1 + N)3(2+ N)?
n 4 P58 g
8I(N —2)(N — 1)2N5(1+ N)3(2+ N)i(3+ N) |
. 4Psy, 802+ N+ N%)%S, ,
27(N — 1)2N4(1 + N)4(2+ N)3  3(N —1)N2(1+N)2(2+N) | !
28(2 + N + N?)*s} 16(2 + N + N?) (5 + 2N +2N?)S3
N ON I+ N22+N) T 3N DN+ N22+N)
- 1651 P51
3(N —2)(N —1)2N3(1+ N)3(2+ N)2(3+ N)
8 P53

" 9(N —2)(N —1)2N4{(1+ N) 2+ N)3(3+N)
16(—22+ N+ N?)(2+ N+ N?)S;  32(—8+4+ N+ N?)(2+ N + N?)S;
T BN DNIA+ NP2 N) T 3N DN+ NP2 LN -2

16(24+ N + N?)(2+ 3N + 3N?)S2, 851 Psos
 3(N—1)N%(1+ N2+ N) 3(N — 1)N2(1 + N)2(2 + N)

8 Psyr 32(2+ N + N?)°Sy;

NP1+ NP2+ N)2> S-s T 3(N —1)N2(1+ N)2(2 + N)

1651 P59
N\ B3 (N OV £ NP2+ N)B+ V)

16 P53y
9N —2)(N —1)2N3(1+ N)3(2+ N)2(3 + N)) 43] }
48(2+ N + N?)*
(N—-1)N2(1+ N)?(2+N)
6455 1 P06
(N —2)(N — 1)N2(1 + N)2(2+ N)(3+ N)

256.5_21 P96
(N _DN(1+ NP2+ N)?

—{—C%TFNF{ g4 -

5



854 P51
3(N —2)(N—1)N2(1+ N)?2(2+ N)(3+ N)
6455 1 P18 165?P521
NN+ NP2+ NE T aN—DN(1+ NP2+ N)?
B 853 Ps30 _ 4S5 Ps3:
N (N DN+ NP2 L NEB+N)  3(N - )N+ N2+ N)?
4 P59
3N — 2)2(N — )NO(1 + NP2+ N3+ N)
1655 P55 859 P53

* (9(]\7 “)(N—DN2(1+N22+N)3+N)  3(N—1)N3(1+ N)3(2+ N)2
8 Psu 2565_, ) 5

_|_

+3(N —2)(N—1)N5(1+ N)>(2+ N)A(3+N) N2(1+ N)2

4Py 112(2 + N + N?)*S, ,

N (3(1\7 —1)N*(1+ N 2+ N)® 3(N—-1)N2(1+N)2(2+ N)) L

44(2+ N + N?)*st 68(2 + N + N?)"S3

9N —1)N2(1+ N)2(2+ N) ' 3(N —1)N2(1+ N)2(2+ N)
3251 Psoa
N (‘ (N —2)(N_1)N(1+ N2+ N3+ N)
32Ps39 128(4 + N + N?)5%

TN 22N DN+ N2+ N2B+N) (NN (1+ NP22+ M)

128(4+ N + N?)S, 128(6 + N + N?)S;

)5_2 + ( -

(N—1)N*(1+ N)2(2+ N) —1N?’(1+ N)2(2+ N)

N 64 Psag s .4 128(6 + 5N + 5N?)S_y
(N=2)(N - )N3(1+N)B32+N2@B+N) )" (N-1)N2(1+ N)2(2+N)
256(2+ 3N +3N?)S_5, 1024(1+ N + N?)S_3,
(N—1)N?(1+ N)22+N) (N—1)N*(1+N)?(2+ N)
R+ N+N) S . 10245514
3(N—-1)N2(1+N)?2+N) (N—1)N(1+N)(2+N)

1285, Psor
N\ 3 (N OV (L NP2+ N)B+ V)

32 Psa9
N2 (N )N (1 + NP2+ NPB+ V) G

PS,(3
CFch(] : -
128 Ps36
Cp{ TENG
F{ FEFI97(N —2)(N — 1)N3(1+ N)*(2+ N)3(3+ N)
128(16 + 27N + 13N? + 8N?).5; 64(2+ N + N?)S?

9(N —1)N(1+ N)3(2+ N) 3(N—-1)N(1+ N)2(2+ N)
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64(2+ N + N?)5S, 204855

3(N—1N(I+N22+N) 3(N—2)(N-1)(1+N)2+N)3+N)

TN | 3255 Psos - 1652 Py
3(N—2)(N—DNA+N22+N)3+N) 3(N—12N?(1+ N)3(2+ N)?
N 1655 Ps14 - 32Ps5
3(N —1)2N2(1+ N)3(2+ N)2  27(N —2)(N — 12N4(1+ N2+ N)*(3+ N)

32 P54 160(2+ N + N?)S,
O WV PV M2 F VPGB N) T (N DN+ N2+ )

256(2 + N + N?)Ss g 160(2+ N + N?) 53
TN N D0+ NB+N [T T 3N - ONI N2+ V)

256(2 + N + N2)S4 12851 Pago

I N CE S CE ((N —)(N—1)NI+N22+N)(3+N)

64 Pso5 576(2 + N + N?)S_3
N2 (N 1PN (1 + NP2+ N3 + N)) Z (N=1)N(1L+N)22+ N)
512(2+ N + N?)S3, 384(24 N + N?)S_,,

TN (N DI N2INBIN) (N DN+ NE2CtN)

( 192(18 + 5N + 5N?) 512(2 + N + N?)S, )C”

(N—2)N(1+N2(B+N) (N-2)(N-1)1+N)2+N)B+N))>
) 256.5_3 P01 165, Psos
+CFTFNF{ (N—2)(N_DNI+ NP2+ MBI N) (N 1)N2(1+ NP2+ Ny
64,55 P5oq 1652 Psos

BN (N ONI L NP2+ MB+N) (NN (1 + NP2 1 N)?
. 32Psu, ( 96(2+ N + N2)S,

(N=22(N —1)N* 1+ NP2+ NPB+N)  \ (N = 1)N(L+N)22+ N)

32 533 512(2 + N + N?)S; )
(N=2)(N=DN3(1+ N2+ NBPB+N) (N-2)(N-1)(1+N)2+N)(3+N)
32(2+ N 4+ N?)S% 512(2+ N + N?) S,
O SN T INAT N2 AN (NN =D+ N+ N BN
1285, Pysg
* <_ (N —2)(N —1)N(1+N)2(2+ N)(3+ N)
256P517
TN 2PN DN+ NP2+ N3+ N))S_2
1024(2+ N + N?) S5, 10245,

TN )N - DT NME2INBIN) (N DNI+N22+ N

128 Pos
T N DN+ N2 VBN

7



1024(2 + N + N?) S, >C}
3

(N—2)(N— 1)1+ N2+ N)3+N)

N* 4+ 2N3 — 71N? — 72N — 20,

N* 4+ 2N3 — 15N? — 16N + 44,

N*4+2N3 — 13N? — 14N + 16,

N* +2N3 +3N? 4 2N — 16,

N* 4+ 2N3 + 41N? + 40N + 4,

N* +2N? + 65N? 4 64N + 28,

5N* + 10N? — 83N? — 88N — 4,

5N* 4+ 15N3 — 38N? — 36N + 72,

TN* + 16N? + 13N? + 12N + 4,

8N* 4+ 13N3 4+ 15N2 — 20N — 60,

1IN* +22N? + 39N? + 28N — 84,

25N* + 50N3 — 87TN? — 112N + 60,

41N* + 82N3 4+ 117N? + 76N — 204,

47TN* + 94N + 487N? 4 440N + 308,

A9N* 4+ 98N3 + 105N2 + 56 N — 372,

63N* + 126 N3 — N? — 64N + 4,

N5 —6N* — 19N?3 — 52N? — 76N — 32,

11N® 4 30N* + 47N? + 36 N? — 36 N — 32,

NS —13N° — 7TN* — 3N3 + 34N? + 44N — 120,

4N — 12N° — 11N* — 18N?® — 43N? — 20N + 84,

5N® — 177N® 4+ 65N* + 297N?3 + 190N? + 140N — 3720,

TN® + 117N° + 67N* + 3N3 — 382N? — 428N — 600,

TNS 4 246 N° + 558 N* 4 532N3 + 377TN? — 340N — 228,

19NS® — 135N° + 67N* 4+ 231N3 — 178 N? — 188N — 3336,

19N® + 9N® — 111N* — 329N3 — 364N? + 32N + 24,

37N® + 399N° + 301N* + 129N3 — 2326 N2 — 2516 N + 264,
41NS 4+ 87N® + 3N* — 175N3 — 284N? — 80N — 24,

43N°® — 159N° — 173N* — 273N? + 278 N? + 580N — 1896,

N7 —37N® — 248N° — 799N* — 1183N3 — 97T0N? — 580N — 168,
N™4+2N® — 10N° 4+ 37TN3 — 2N? + 4N — 40,

N7 +3NS +2N° 4+ 33N* 4+ 7T3N? + 52N? + 36N + 16,

SN+ 7TN® + 7N° + 125N* + 274N3 + 248N? + 200N + 80,
15N — 26 N® — 187N® — 464N* — 734N3 — 644N? — 504N — 176,
23N7 + 94N6 + 147N° — 28N* — 288 N3 — 348N? — 384N — 176,
49N 4 185N + 340N® 4 287N* + 65N3 + 62N? — 196N — 168,
5INT + 175N° + 139N° — 435N* — 1022N? — 1060N? — 952N — 384,
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N® + 9N —9N® — 165N — 148N* + 408 N? + 464N? + 432N + 576, (693)

6N® — 6NT — 17N 4+ 141N° + 61N* + 297N3 + 58 N? — 900N — 216, (694)
1IN® + 221N 4 754N° + 1826 N° + 2301 N* + 897N? — 150N? — 1180N

—648, (695)
37N® — 119N7 — 883N% — 2063 N° — 986 N* + 1994 N3 + 2252N? + 1576 N

1496, (696)
N? + 10N® 4+ 24N7 4+ 16 NS — 35N° — 214N* — 246 N3 + 100N? + 168N

+144, (697)
ONY — 54N® — 154N — 140NS — 1159N° — 1550N* + 1192N3 + 2896 N>

+3664N + 2208, (698)
37TN® — 7T44N® — 2698N" — 1652N° + 1309N° + 2820N* + 4416 N3

+560N? + 560N — 768, (699)
3N —15N% — 121N8 + 106 N7 4+ 993N° + 693N® — 1643N* — 2376 N>

—2088N? — 688N + 528, (700)
6N + 53N + 192N — 30N 4 160N + 4697N° + 12778N* + 17152N3
114848 N? + 7920 N + 1888, (701)
28N'0 4 205N + 641N® + 1139N7 + 1035N° + 92N° — 748N* — 1656 N*
—2944N? — 2464N — 768, (702)
67N — 142N? — 27N® + 1572N7 — 5543N°® — 12210N° + 5535N* + 16444 N3
1+20992N? + 3696 N — 5040, (703)
114N 4+ 681 N? + 1398N® — 264N" — 4306 N® — 2417N® + 7466 N* 4 14832 N3
+15008 N2 + 9040N + 2400, (704)
127N 4+ 842 N9 4+ 1753N® — 236 N7 — 8468 N°® — 17624 N> — 14130N*

—2296N? 4 288 N? — 1440N — 864, (705)
176 N0 + 973 N® + 1824N® — 948N " — 10192N°® — 19173N° — 20424 N*

—16036 N3 — 7816 N? — 1248 N + 288, (706)
220N'0 — 673N? — 3885N® — 2682N" + 1450N6 + 10779N® + 19215N*

—3632N°% + T12N? — 2928N — 2448, (707)
9N + 23N — 100N — 182N® + 333N" + 519N° + 446 N5 + 520N* —

1040N? — 2288N? — 2784N — 1152, (708)
64N + 343N — 190N? — 3834N® — 7845N" — 4410N° + 6491N° + 4865N*
—9500N? — 11760N? — 9216 N — 3024, (709)
82N — 107N + 1405N° + 19278 N® + 66823 N7 + 123752N° + 143766 N>
+112177N* + 57120N? + 5000N? — 7584 N — 1584, (710)
824N + 3749N0 + 6953N? + 11052N8 4+ 22103N7 + 50950N° + 83556 N3
+75245N* 4 44472N? 4 22840N? + 7584 N + 720, (711)

39N + 66N — 1159N — 6196 N'? — 3405N? + 38262N® + 50307N”

—84768N® — 167366 N° + 10252N* 4 198720N? + 200928 N2 + 92064 N

+17856, (712)
43N 4+ 253N1? 4+ 286 N — 985 N0 — 2023 N — 1277N® + 5318 N”
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+9049N° + 4744 N® + 1348 N* + 5408 N? + 8624 N? + 4736 N + 960, (713)
Psis = 1844N'" 4+ 16184N'3 4+ 50096 N'? + 39487 N'! — 152593 N0 — 478032.N?

—483740N® + 106345N7 + 667861N® + 593144 N° + 330028 N* + 334800N*

4331056 N2 + 152064N + 25920, (714)
Py = TSN 4 542N 4 845N 13 — 3182N12 — 15821 N — 29382 N0 — 37143 N?

—60252N® — 74387N" + 58234 N° + 375052N° 4 647480N* + 655920 N> +-

432480N? + 173632N + 31872, (715)
Psy7 = 1733N' + 14466 N1 + 39452 N1 + 4062N 12 — 191762N " — 320533 N 10

+130420N? + 775488 N® + 348241 N7 — 756255 N°® — 802132N° 4 107380N*

+801072N? + 878256 N2 + 502848 N + 119232, (716)
Py = 4373N'® +39739N1 + 116771N™ — 491N — 811481 N*? — 1974485 N1

—1526011 N0 + 1448375N? + 6113428 N® + 13620182N7 + 22903928 N'©

+27507368N° + 24009536 N* + 15346080 N> + 7254144 N? + 2401920 N

+414720, (717)
Psyg = 424N 4+ 3206N'" + 5830N1'0 — 13976 N5 — 63725 N — 46169N '3

+105366 N2 + 112942N' — 193953 N0 — 59123 N9 4 1048298 N® + 1685392 N7

+242464 N6 — 2245408 N — 3487424 N* — 2893056 N3 — 1520896 N2 —

480000N — 69120, (718)
Pssy = 24754N' 4 255605N '8 4 933618 N7 4 783522N'¢ — 4107236 N'*°

—12029850 N — 4276384 N3 + 29789918 N2 + 46452820 N — 4027635N1°

—75545302NY — 98368740N® — 114975366 N” — 183461620N° — 250266040 N

—242010000N* — 166111776 N® — 78065856 N? — 22156416 N — 2799360. (719)

Finally, the gluonic contributions read

Cg),g -
Cnd T2N2 | — 25651 Pss3 n 1653 Psos

PYTEF 9N(I 4+ N)22(24+ N)B+N)  81(N —1)N3(1 + N)3(2+ N)?
L 3253P627 . 4SQP648

8I(N —1)N3(1+ NP2+ N)2B3+N) 27(N—-1)N 1+ N)*(2+ N33+ N)
+ P663

243(N — 2)2(N — 1)NS(1 + N)5(2+ N)5(3+ N)
. 64C3P630

9(N — 2)(N —1)N3(1+ N)3(2+ N)2(3 + N)
- 1655 Psas

27(N —1)N3(1+ N)3(2+ N)?(3+ N)
8 P50 N 32(— 744 35N + 35N?) S,

243(N — 2)(N —1)N3(1 + N)5(2 + N)4(3 + N) 2TN(1+ N)(2+ N)

_128(N — 1)y, 5125 5, N 64(46 + 5N +5N?) (3
3N(I+N) " 3NA1+N)2+N) ' ON(I+N)2+N) |7

30



4Py 8(62+ 7N +7N?%)S,\ , 68(2+ N+ N?)St
* (81(N "N+ N2+ NE  ONOL N2+ ) ) T NA T N2+ N)
4(226 + 17N + 17N?)S3  56( — 14 + 17N + 17N?) S,
IN(1+N)(2+N)  9IN(1+N)(2+N)
. <_ 6491 Psos
9(N —2)(N —1)N2(1 + N)2(2+ N)2(3 + N)
32 Py 51252
S 9(N —2)2(N —1)N3(1+ N)2(2+ N)3(3+ N) 3N(1+ N)(2+ N)
. 5125, ) - 25652, ( 2565,
BN(L+N)2+N) "2 "3NA+N)2+N) \NA+N)2+N)

128 Psg3 S . 10245,
9N —2)(N —1)N2(1+N)2(2+ N)2(3+N) )" " 3N(1+ N)(2+ N)
64(10 + 3N +3N?)S51 | 512(=3+5N)S 51 5125 4,

3N(1+N)(2+N) ' 9N2(1+ N)(2+N) 3N(1+ N)(2+N)

10245 3, 64( — 10+ N + N?)Sp1,
BN(1+N)(2+ N) BN(1+N)(2+ N)

_|_

96C§P563 - 1652,1,1P564
5(N —1)N2(1+ N)2(2+ N)2  3(N —1)N2(1 + N)2(2+ N)?
251 Psgo 252 Psgs
C2T(N—1)N2(1+ N)2(2+ N)2  9(N — 1)N2(1+ N)2(2+ N)?
325_91,1P595
“3(N —2)(N —1)N2(1+ N)2(2+ N)2(3+ N)

+CATrNp | —

L 165_22Psg6
3(N —2)(N —1)N2(1+ N)2(2+ N)?(3+ N)
. 16S_3,1 Ps97
3(N —2)(N —1)N2(1+ N)2(2+ N)?(3+ N)
_ 16531 Poot
3(N —2)(N — DN2(1 + N22(2 + N)2(3 + N)
N 454 Ps16 n 85,1 F632
ON —2)(N —N2(1+ NP2+ N3+ N) " 9N — DN*(1 + NP2+ NP(3 + N)
_ 16S_21 Ps3s
9N — (N - DN (1 + NP2+ NPB+N)
B 8(3 5640
9N —2)(N = DN (1 + NP2+ NPB+ N)
_ 853 P4z
RN —2)(N — DN3(1+ NP2+ NP(B+ V)
. Péea n ( 8551 Pss5
9T2(N —22(N — )NS (1L + NP2+ NPB+N) |\ 3N (1 N2 (2 + V)2
325 91 Pss4 853 Fs12

3(N—2)N?(1+ N2+ NP2B+N) 27(N—2)(N — D)N2(1+ N)2(2+ N)2(3+ N)

81



_ 8C3P618 + 452P635

9N —2)(N —1)N>(1+N)2(2+ N)2(3+ N)  27(N —1)N3(1+ N)3(2+ N)3(3+ N)
N 2 Pse1 _ 80(2+ N+ N?)S3

243(N —2)2(N = 1)N3(1 + N)>(2+ N)*(3+N) N(1+N)(2+N)

8(382 4+ 47N +47N?%)S;  64(—130+ 7N +7N?)S;;  128(54 + 5N +5N?)S 5,

_|_
3N(1+N)(@2+N) 3N(1+N)(2+ N) N(1+N)(2+N)
16(1378 + 113N + 113N?)S_3;  32(1214 + 127N + 127TN?)S_5 1,
3N(1+ N)(2+ N) 3N(1+ N)(2+ N)

N(1+N)2+N)  5N(1+N)2+N) N2(1+ N)2(2+ N)2

N Ppsa 8( — 310+ 13N + 13N?)S;
81(N = 2)(N —1)N4(1+ N)*(2+ N)4(3 + N) 3N(1+ N)(2+ N)
32(24+ N 4+ N?)Sy1 32(286 + 35N +35N?)S_5;  32(— 166 + 19N + 19N2)g3>

TNIEME2EN) T BNIFM2LN) | 3NI+ M2+ N

o2 4 Psag 136(2+ N + N?)Sy \ 4
I RN S )N+ NP2+ NP T BN+ N2+ N) |7
Pese 8( — 898 + TN + 7N?)S;

NN OV DN e M QN BEN) T BNAT N2 )

C128(T2+ TN +TN?)S 5 96(2+3N +3N?)G 256(11+ N + N?)S;
N(1+ N)(2+N) N(I+N)(2+N) )72 3N(1+N)2+N)

80(2+ N+ N?)Sa11  96(2+ N + NG 485 Pss
— S1 + O —1)

855 Pso3
* <_3(N —2)(N —1)N2(1+ N)2(2+ N)2(3 + N)
852 Pgoq
3(N —2)(N —1)N2(1 + N)2(2+ N)2(3 + N)
8P655
9(N —2)2(N —1)N4(1 + N)4(2+ N)3(3+ N)
16 Poag 48(18 + N + N2)52>

+

- <_9(N —2)2(N —1)N3(1+ N)}(2+ N)3(3+N) N1+ N)(2+N)
16(178 + 17N + 17N?)S?  64( — 24 35N +35N?)S;  64(146 + 13N + 13N?) Sy,

ONI+N)2+ ) NI N2+ N) | NI+NME+N)
128(2+ N + N?)S_5;  1024(4 — 2N + N?)(3 S 256(11 + N + N?) S,
3BN1+N)2+N)  N1+N)2+N) - 3N(1+ N)(2+ N)
+ 32 Psge g2
3(N —2)N2(1+ N)2(2+ N)2(3+N) )2
NE 165, Psoo 16(490 + 41N + 41N?)S?
3(N —2)(N —1)N2(1+N)2(2+ N)2(3+ N) 3N(1+ N)(2+N)
N 8 Pssg 128(107 + 10N + 10N?)S,

N —2)(N—DN(1+ NP2+ NPEBLN) | 3N+ N2+ )
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32(—22+5N+5N2)5_2 g 8 Pso2
N+ N)(2+N) S 3N (NS DN+ NP2 F NGB+ N)

16(198 4 19N + 19N2)51) 16( — 562 + 31N + 31N?)S_5  64(38+ N + N?)Ss5
_ e

N(1+N)(2+N) 3N(1+ N)(2+ N) N(1+N)(2+N)
160(86 + 7N + 7N?)S5 3 64(134 + 13N 4+ 13N?)Sy;  256(50 + 19N + N?)S_55
3N(I+N)2+N)  3N(I+N)2+N)  3N(1+N)2+N)
256(7+ TN + N?)S_y1  64(434 + 37N 4+ 37TN?)Sy1 5 16(24+ N + N?)Ss2,
N(1+N)2+N) 3N(1+ N)(2+ N) ~ 3N(1+N)(2+N)
96( — 46 + N + N?)S31;  64(118 + 1IN + 11N?)S 5, »
 NA+N)2+N) 3N(1+ N)(2+ N)
2560(11 + N + N?)S_551  160(58 + 5N +5N?)S_31;  160(2+ N + N?)S5114
~ 3NA+N)2+N)  N(I+N)2+N) N(1+ N)(2+ N)
320(178 + 17N + 17N?)S_5111  80(118 — 95N + N?)(s
3N(1+ N)(2+ N) ~ NA+N)2+N) }
3253 P, 128551 P
+O“‘T§N§{ STV N(L NPT N T 9N+ N TN
64.95 Pssg 1652 Ps11
C8L(N—1)N(1+N)22(2+N)2  8I(N —1)N2(1+ N)3(2+ N)3
+ 8 Pseo n 32(3Ps77
243(N —2)(N = 1)N5(1+ N)5(2+ N)3(3+ N) = 9(N — 1)N2(1 + N)2(2 + N)2
. (_ 325 Pyzs . 8 Paso
27(N — 1)N2(1+ N)2(24+ N)2  243(N — 1)N4(1 + N)4(2 + N)4
32(110 + 19N + 19N?)S;  256( — 1+ N + N?)Sa4 2565 54
2TN(1+ N)(2+ N) IN(1+N)(2+N)  3N(1+N)2+N)
32(62 + 13N + 13N2)<3> ( 16 P15
~ 9N(1+ N)(2+N) PUASI(N = 1)NZ(1+ N)3(2+ N)3

8(14 + 19N +19N?) S\ , = 28(2+ N + N?)St N 4(— 34+ 31N + 31N?)S3
IN(1+ N)(2+ N) ' 2TN(1+ N)(2+ N) IN(1+ N)(2+ N)

IN(1+ N)(2+ N) " 9(N —1)N2(1+ N)2(2+ N)?
- 32 Py3: _32(N —2)(3+ N)S?
8I(N —2)(N —1)N3(1+ N)2(2+ N)*(3+N) 3N(1+N)2+N)
32(N — 2)(3 + N)S, 12852, 128 P55
SN+ N)(21N) ) 2 TINAI N2 N) (27(1\7 TDN?(1+ NR2(2+ N2
128( =1+ N + N2)51> 64(38 + TN +7N?)S_,  128(13 + 5N + 5N?)Ss,
3N(1+ N)(2+ N) 2 U 9N(A+N)2+N)  9IN(I+N)2+N)

256(—3 + 5N)S_o 4 2565 5. 5128 3,
- +
IN2(1+N)(2+N) 3BN(1+N)2+N) 3BN(1+N)2+N)

56( — 10+ 7N +7N?)S, ( 6451 Psgg
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64(— 16+ N 4+ N?)Sa14
IN(1+ N)(2+ N)

LOU TN, { A8(N — 2)(3 + N)(2Psss S2Psgy
5(N—=1)N2(1+ N)?2(2+ N)2  9(N —1)N2(1+ N)?(2+ N)?
i St Psgr n 16551 1 Ps69
27(N —1)N?(1+ N2(2 + N2 " 9(N — DN2(1 + N)2(2 + N2
. 853,1 Psg9 - 325 21,1 P604
ON —2)N?(L+ NP2+ NPBEN) 3N —2)(N=1)N2(1+ N22+ N2B L N)
L 16522 P05
3N —2)(N - )N2(1+ N2+ NGB+ V)
L 165_3 1 Fsor
3N —2)(N - )N2(1+ N2+ NGB+ V)
_ 254 F617 B 85,1 FPsas
ON —2)(N - N1+ NP2+ NPB+N)  27(N — N3 (1 + NP2 + NP
_ 325_91Fs37
N —2)(N - N1+ NP2+ NPB+ V)
n 4(3 Poa3
9N —2)(N —1)2N3(1 + N)3(2+ N)3(3+ N)
. 853 Poag
81(N —2)(N —1)2N3(1+ N)}(2+ N)3(3+ N)
_ 4 FPees n (_ 16591 Psss
243(N —2)(N — 1)2NS(1 + N)5(2+ N)6(3 + N) ON2(1+ N)2(2+4 N)?
N 1651 Psos _32( =70+ N+ N?)S;,
(N—2)(N— )N (1+ NP2+ NPB+N)  3NI+N)2+N)
N 8Cs Pe1s _48(2+ N +N?)S,
9N —2)(N —1)N2(1+ N)2(2+ N)?’(3+N) N(1+N)(2+N)
_ 853 P14 . 855 P34
27N —2)(N - DN?(1+ NP2+ NPB+ N) | 27(N — 1)2N3(1 + NP2 + N)?
4 Pggs 124(24 N + N?)S3

T 243(N —2)(N —1)2N5(1+ N)3(2+ N)3(3+N) 3N(1+N)(2+N)
32(226 + 5N +5N?)S_55  80(106 +5N +5N?)S_5;  16(2+ N + N?)S514

3N(1+ N)(2+ N) 3N(1+ N)(2+ N) 3N(1+ N)(2+ N)
32(— 374+ 5N +5N?)S 511 96(2+ N+ N?)(3 S
a 3N(1+ N)(2+ N) SN(I+N)2+N) |7

I 252P583 - 2P)653
(N —1)N2(1+ N)2(24+ N)2  81(N —1)2N4(1 + N)*(2 + N)*

8(154 + 29N +29N?)S;  32(2+ N 4+ N?)Sy1  32(—22+3N +3N?)S_5,

TTANIF N2+ N) BN E N2+ N) NOA+N2+N)
16(190 + 17N + 17N?%) (5 \ 8 P33
3N(1+ N)(2+ N) L5 8I(V —1)2N3(1+ N)3(2 + N)3
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+128(2+J\f+]\f2)52 s A2+ N+N?)SP 2Pgs2
IN(1+N)2+N) /™' 3N{1+N)2+N) S8I(N — 1)2N4(1 + N)4(2 + N)*
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P665

and

0(3)

Fr.,g

—5185536N? — 3830112N? — 1561248 N — 212544, (828)
1538 N!0 4 6349N1® — 4604 N — 4419N'3 + 247590 N2 + 595697 N

—155918 N — 1529965 N? — 660880N® + 802290 N " — 3242454 N

—12852560N° — 19050600N* — 16010208 N3 — 9510048 N2 — 4292352 N

—1026432, (829)
4920N'" + 59829 N'¢ + 268187 N 4 460995N ' — 275823 N3 — 2426947 N2
—3950033 N1 — 2689715 N0 — 806789 N? — 436062N® + 2361354 N7

+9732268 N6 4 15162440N° + 13427504 N* + 7410144 N> + 2426688 N>

+328320N — 20736, (830)
32968 N8 + 200687N17 — 76724N1¢ — 2085743 N 4 226312 N1

+17762935N "3 4 21073412N"? — 46005765 N ' — 129344416 N — 84661090 N?
+89668640N°® + 206886704 N " + 116843424 N° — 124546688 N° — 362045568 N*
—451275264N° — 326343168 N? — 127858176 N — 20404224, (831)
34763N'® + 253932N'7 + 235627 N'® — 2269948 N5 — 5497382 N1

+4841882N"® + 30639918 N'? + 32530946 N "' — 9999541 N0 — 49961642N°
—76271245N8 — 149423714 N7 — 245858156 N® — 261281936 N3

—186926496 N* — 92761632N3 — 31078080N? — 7713792N — 1306368, (832)
—10701N%* — 117180N" — 383698 N'® + 362182 N7 + 4985840 N6

+7991006 N> — 14095594 N — 52618222 N3 — 4462979N 2 4 154482966 N !
+143027116 N'® — 208752656 N — 456973712N® — 131024384 N7 + 630587904 N°
11328877824 N° + 1500652800N* + 1142401536 N® + 629462016 N

+238215168 N + 44789760, (833)
295317N?° + 3132540N' + 8925794 N'® — 15503126 N7 — 128158720 N 16
—159520558 N1 + 378838970N'* + 1195612190N '3 + 526578043 N '2
—1946889990N ' — 3106593740N'° — 1641770960N? — 862068320 N®
—1429854848 N7 4 580862976 N® + 5174659328 N + 7525373184 N*
+5839105536 N3 + 2748681216 N? + 747823104 N + 89579520, (834)
23379N? + 334890N% + 1845809N' 4 4416076 N*® + 910717N "

—19493138 N0 — 43527868 N'° — 31459862N ' + 720756 7TN'? — 2971600N *2
—47214885 N + 27754946 N'10 + 294517297 N? + 665343056 N® + 1059128256 N7
+1391632944N°® + 1471240544 N° + 1188614208 N* + 711979776 N3

+304328448 N? + 83960064 N + 11197440 (835)
C T2 N2 64512P685 + 64SQP698
FYTFRI3(N —)N2(1+ N)3(2+ N)2 * 3(N —1)N2(1+ N)3(2+ N)2(3+ N)

32Pm, ~ 18(5+3N)S,
9N —22(N—)N*(1+ NP2+ N)*(3+ N) 31+ N)(2+ N)3+N)
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32 P

TON - 2)(N - DN+ N2+ NP3+ N>> "

128(5 + 3N)S; 128 Poo
30+ M2 NB+N) T\ IOV 22N DN+ NP2+ NEB+ V)

256(N — 1)S; 5 512(N — 1)S_5
3N —2) 1+ N3+ "2 T 3N 1+ B+ V)

256(5 + 3N) Sy, 256( — 2 — 3N + N?)(;
AT NMEENBEN)  (N—DArNMeL BN | CaTrNr
12854 Pygr 512531 Pago
TN NI+ NP2 NBEN)  (N—2NI+ NP2+ NGB+ N)
1285_5 9 P72 256.53,1 Pess
TN NI+ V22 + BN (N=2(N—DONI+ N2+ N2B+N)
645, Pssg
TN (N DN+ NP2 FNEGB LN

2565_2 1 FPso7

TN (N DN+ NPECFNEG LN
3255 Pro3
“3(N-2)(N—1)NA+N)B32+N)2(3+N)
3255 Prog
C3(N—=2)(N-1)NA+N)32+N)2(3+N)
64C3P705
(N=2)(N=1)N2(1+ N)2(2+ N)2(3+ N)
3252 Pyg6
C3(N-2)(N-1)NA+N)32+N)2(3+N)
8Pra2
“9(N —2)2(N —1)Ni(1+ N)>(2+ N)4(3+ N)
. (_ 64.55 Pyrs
(N =2)(N=1)N(1+N)2(2+ N)2(3+ N)
64<3P692
TN (N _DNIFNE2 L NEB LN
8Prg

" 9(N —22(N —1)N3(1+ N)4(2+ N)3(3+ N)
1285 2,1 Pz . 16(90 + 203N + 330N + 117N3)52>
1

TN NI+ NE2+ BN SN+ NZ2+ N)3+ N)
16(2 + 13N 4 13N?) S} 25657 Pgs
~ 3N(1+N)2(2+N) (‘ (N—=2)N(1+ N)%(2+ N)(3+ N)
25651 Pro7
3(N —2)2(N — )N2(1 + N2+ N)2(3 + N)
32P;; 3072
ON 22N DN 1+ N2 I N2B+N) I+ N2 LN

+

+
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256(6 + N + N?) S, g 64( — 54 + 13N + 13N?) 52,
TN ONI I NP NBEN ) T N =0+ M2 BN

64 Prog
N3 NN+ NP2+ NB+ V)

6451 Pyra ) 128(9 + 35N + 50N2 + 18N?) S,
_3 -

(N=2)N(1+N)22+N)(3+N) 3N(1+N)2(2+ N)(3+ N)
15365_55 15365_4, 4608(N —1)S_514

1N+ T Ve+N) (V=201 N)EB+N)

7680 }
1285 5 Psor

S ICEY)
9N —2)(N —1)N(1+ N)2(2+ N)2(3+ N)
32P;g 64¢;

C2T(N=2)(N—=1)N3(1+ N)*2+ N 3+N) (N+1)(N+2)

64 Pyrr 1285, 256.5_,
+(‘27(]\[ TONO I NPRINE T TEMe2LIN) 30+ Me+ N))S1

128( —3 —8N —6N? +11N3)S7  128( — 6 — 19N + 11N? + 5N?) .S,
TTON DN NEQLN) T 9N —DNI L N2+ V)
12853 512, 5125_3 51255,

HIAMREN) A NN 30LNM2+N) 30+N)@2 +N)}

—i—CAT}%N}Q;{

409653 1 Pses 8512P676
(N—2(N—DNI+ NP2+ N2B+N) T N1+ NP2+ V)
12854 Psro 1285, Pssr
(N—-2)NA+N22+N)B3+N) (N—2)(N—-1)N(1+N)22+N)23+N)
855 Ps71 64.53 Proo
TNILNPRIN) 3N (N—DONI+ NP2+ NEB+N)
1285_5 1 Pro1
(N—2)(N - DN+ NP2+ N2B+N)

+CETe N F{

128(3 Pro2

TN (N DM+ NP2+ NEB N
8P4
(N =22Ni{1+N)5(2+ N)(3+N)
8Pr1o

N 2 OV M2+ NEB+N)

1285 Pimo
TN (N DN+ NP2 FNEG LN

128¢5Psoo 48(2+ N 4+ N?)S,

(N—)(N—ONI+NPCEN2B+N) NI+ N22+N)
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T68(N —1)(2+ N 4+ N?)S_5, 80(2+ N + N?)S3
 (N=2)NA+N)2B+N) )" 3N(1+N)>(2+N)

N 128 Pgos N 256(2 + N + N?) S}
(N —2)(N—-1)N2(1+N)2(2+N)2(3+N) N(1+N)2(2+N)
32P5 256(2 + N + N?)S,

(N —22(N-1)N}1+ N2+ N3+ N) N(1+N?22+N)
3072¢3 512( — 4+ N + N?)S2,
CA+N)2+N) )T (N=2) A+ N)2+ N)(B3+N)

64 Prog
N VDN NP2 VBTN

128( =18+ N + N?)(2+ N + N2)51>S 64(2+ N + N?) S,
- -3

(N—-2)N(1+ N)?2(24+ N)(3+ N) N(1+ N)?2+N)

256(2+ N + N?) (6 + N + N?)S_55 3072(2 4+ N 4+ N?)S_3,
 (N=2)N1+N22+N)B+N) (N—-2)NA+N)22+N)3+N)
L 1536555 15365 44 1024(24+ N + N?)S_ 51,

(I1+N)2+N) (L+N)(2+N) (N-2)(1+N)2+N)3B+N)

7680¢5
_(1+N)(2+N)}
64.54 Peso
+C§‘TFNF{ (N—2)(N—DON(Q+ N22+N2BLN)
N 25653 1 Posa

(N _2)(N DN+ NP2+ NGB L N)
1285 _2 1 Psso

TN (N DNIF NE2 I NEB LN
16C3P693
TN (N DN+ NP2 FNEG LN
3253 Psg4 3255 P10
9N =2)(N—1)NA+N22+N)2B+N) 9(N—-12N2(1+ N)3(2+ N)3
16 Pra3
TN ) (N 1PN+ NP2+ NPB )
325, Pyrs 12855 Py
T N S ONO+ NP NE T (N—2)(N— )N+ N22+ NP2B L V)
128¢5 Psg 512( — 14+ 3N + 3N?)S_o,
TIN_)(N-DNI+ NPZ2 - NEBLN)  (N—2)1+ N2+ N)(3+N)
32Prag 25655
TN (V1PN N NG M) | T | T O Me - V)

32Pm1
9N —1)2N2(1+ N)3(2+ N)?

,  32(—36—47N — 72N? + 83N?3) S}

* 1 9(N —1)N(1+ N)2(2+ N)
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325% 3257 12857
TSP E S R PSS TSP
64.5) Psos 256.5,
3N ) (N DNI L NPT NPB+N) T OINE+N)
B 32P;5 B 7685 g
9N —2)(N —1)2N2(1+ NP2+ N)¥(3+N) (1+N)2+N)|"?
32(—14+5N +5N?%)52, 512( — 16 4+ 3N + 3N?)S,

(N=2)(1+N)2+N)3+N) [(N— 2)(14+ N)(2+ N)(3+ N)

64 Psgy 140855
3(N =2)(N—=1)N(1+ N)*2+ N)*(3+ N) 3(1+N)(2+N)
32( — 122+ 23N +23N?)S_,  128(— 62+ 13N + 13N?)S_5,

+(N —2)A+N)2+N)3+N) (N—=2)(1+N)2+N)(3+N)

-3

3845 53 256( — 344+ 7N + TN?)S_5, 3845 44
TR+ N) (V-0 r M2 NBLN) 11 NME+N)
1024( — 14+ 3N +3N?)S_51 4 19205
TN 0T M2 MBIN) A+ N2 }

N*42N3 —6N%? — 7N — 6,

N*+2N3 + 16N? + 15N + 18,

2N* +4N? + N* — N + 12,

AN* +8N3 —3N? — 7N +6,

5N+ 10N3 — 27TN? — 32N — 36,

15N* + 48N? + 7IN? + 58N + 8,

17N* + 34N3 — 15N? — 32N + 12,

21N* + 42N3 — 31N? — 52N — 12,

25N* + 50N?% — 27TN? — 52N + 36,

35N* + 46 N3 — T9N? — 66N — 32,

35N* 4+ 84N?3 + 99N? 4 T8N + 16,

302N° + 597N* — 286 N® — 1017N? — 844N — 120,
NS £ 3N° — 87TN* — 179N?® — 46N? + 44N — 312,
N6+ 3N® —35N* — 75N3 — 26 N% + 12N — 168,
NS+ 3N® —33N* — 7IN3 — 4N? + 32N — 72,
NS + 3N° — 19N* — 43N3 + 22N — 36,

NS+ 3N° + 9N* + 13N? + 8N? + 2N + 36,

N® + 3N° + 37N* + 69N?3 + 22N% — 12N + 168,
NS — 6N° 4+ 143N* 4+ 396 N3 — 403N? — 720N — 612,
INS + 6N° + 7TN* + AN® + 9N? + 8N + 12,

3N® +9N° — 35N* — 85N3 — 4N? + 40N — 72,
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3NS +9N° 4+ 23N* 4+ 31N3 — 14N? — 28N + 264, 858

A9N® + 190NT — 244N° — 1346 N° — 1213N* + 4N3 4+ 1096 N? + 696 N + 288880
67N® 4+ 334N7 — T3NS — 1247N° — 406 N* + 1645N® + 1708N? — 12N — 72, (881
358 N® + 1078 N7 — 397NC® — 2729 N> — 529 N* + 2743N?3 + 2944N? — 12N

(858)

5N6 + 15N° + 65N* + 105N + 14N?% — 36 N + 408, (859)
8N® 4+ 20N — 13N* — 26N® — 9N? — 32N — 60, (860)
11NS +33N° — 85N* — 225N% — 130N? — 12N — 168, (861)
16NS + 48N° — 83N* — 246 N® + 13N? + 144N — 36, (862)
17TN® + 51N° — 211N* — 507N? — 154N? + 108 N — 456, (863)
33N+ 99N® — 421N* — 1007N? + 68 N? + 588N — 1152, (864)
35N% +33N° — 976 N* — 1407N® + 131N? + 132N — 3132, (865)
59NC + 129N° — 427N* — 669N> + 794N? + 678N — 612, (866)
N7 — NS — 11N® 4 9N* — 66 N — 68N? 4 168N — 96, (867)
N7 4+ TN® — 48N° — 160N* — 120N? + 29N? + 138N + 72, (868)
6NT 4 24N° 4+ 19N° — 37TN* — 7T3N? — 59N? — 36N — 36, (869)
13N7 4+ 13N — 103N° — 113N* + 74AN? 4+ 172N? + 520N — 864, (870)
17N7 4+ 56 N° + 216 N° + 554N* + 891 N? + 854 N? + 748N + 120, (871)
21IN7 + 80N® — 74N® — 468 N* — 343N?® + 164N? + 316N + 48, (872)
23NT + 75N® — 152N° — 473N* — 109N3 + 136 N? — 156N + 144, (873)
27TNT 4+ 42N°% — 68N° — 51N* + 109N* + 15N? — 554N — 384, (874)
3INT + 156 N® + 722N° + 1524N* + 1595N? + 960N? + 1828 N + 1248, (875)
32NT + 146 N® — 269N° — 972N+ — 149N? + 416 N? — 612N + 144, (876)
TIN™ +278N°® — 260N° — 1501N* — 725N? 4 1145N? + 1466 N + 384, (877)
14N® 4+ 11IN7 — 137N® — 85N® 4 514N* — 109N® — 880N? + 828N — 144, (878)
20N® + 112N7 — 42N°® — 484 N° — 463N* — 12N? 4+ 300N? + 112N + 192,  (879)
(880)

)

—216, (882)
9INY 4 417N — 128 N® — 2686 N7 — 6937N® — 9783 N> — 4234 N* + 2324 N3
+424N? — 1440N — 576, (883)
281N + 1405N° — 105N® — 7986 N " — 4629N° + 13197N° + 7549N*

—15904N3 — 2448 N? 4 16848 N + 2160, (884)
1SN + 68N 4 179N? — 304N® — 1767TN” — 2263N° — 230N° 4 1039N*

+T6N? — 1424N? — 1040N — 240, (885)
59N + 161N — 392N — 1310N® + 31N7 4 2625N° + 1478 N® — 1220N*
—152N? — 1088 N? + 64N + 768, (886)
93N 4 543N10 + 650N — 1782N® — 5427NT — 4905N° — 900N + 4272N*
+7024N3 + 5616 N? 4 T488N + 3456, (887)
581N + 1653 N — 3824 N — 13086 N® + 1281 N7 + 26757N® 4 12850 N°
—15036N* — 808N — 5184 N? — 6336 N + 3456, (888)
51N 4+ 423N — 314N — 9178 N? — 21183 N® 4 4305N7 + 82314 N6
+134826N° + 92180N* + 11968 N? — 18048 N? — 11232N — 1728, (889)
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Prig = 1347N'? 45385 N1 — 13244 N1 — 70178 N — 33309N® + 167445N7

+305262N° + 206148 N® — 13096 N* — 53200N3 + 70560N2 4+ 100800 N

+31104, (890)
Proy = 1820N'® + 12757N' + 15253 N — 73492N' — 200208 N? — 38667 N®

+354250N7 + 351875N6 — 74335N° — 203477N* + 26664 N? + 91944 N?

+58320N + 19440, (891)
Pryy = 12N® 4 134N™ + 501N + 453N — 1684 N — 5780N10 — 10781 N?

—18749N® — 8256 N7 4 28470N® + 10840N° — 52984 N* — 74944 N*

—83808 N2 — 58752N — 17280, (892)
Prys = 96N 4+ 266N — 5889N1? — 31881 N2 — 27580N 1! + 1475801 + 402667 N°

+282187N® — 247206 N” — 501336 N® — 287480 N° — 222400N* — 437536 N3

—461952N?% — 206208 N — 34560, (893)
Prys = 150N +1614N' — 1820N™ — 61808 N — 210369 N2 — 122317N !

+723938N' + 1759218 N? + 1253237N® — 923191 N7 — 2589744 N°

—2736284N° — 2333312N* — 1942608 N* — 1354752N? — 565056 N — 103680. (894)

The dg,. contribution read

abc \T2
dabey(3) dabcd NF
CF;Q 9 = {

Na
256891 P N 12853 Prog
N1+ N)(2+ N2 (N—=2)N(1+N)2+N)?)(3+N)
B 2565, Pr34 N 51255 1 Pr3y
3(N=2)N2(1+ N)22+N)23+N) 3(N—-2)N2(1+ N)?2(2+ N)2(3+ N)
128(N — 1)S5Pray 32 P49
45N(1+ N)(2+ N)  225(N —2)(N —1)3N3(1+ N)5(2+ N)>(3+ N)3
. (_ 64Px1 1024(N — 4)(N —1)S5,
225(N — 2)(N —1)2N%(1+ N)*(2+ N)4(3+ N)3 N(1+ N)(2+ N)
12855 Pr33 512(N — 4)(N —1)S,

" (N—=2)N2(1+N)22(2+N)2(B3+N) N +N)2+N)
512(8 — 3N + 3N2)s_2,1> (128(19 — 30N +3N2)  256(N — 4)(N — 1)53>

3N(1+ N)(2+ N) BN(1+N)(2+ N) N(1+N)2+N)

(g2 7T68(N — 4)(N —1)5,S3 256.9; Pr36

! N(1+ N)(2+ N) 45(N — 2)N2(1+ N)2(2+ N)2(3 + N)

64 Pr35 256(8 — 3N + 3N?)S?

BN N (L NPCLNPBLN)  BNI+N)2+ N
+24E(N —1)(21 — 2N + N?)S; + @(N —1)(21 — 2N + N2)5_2,1> S_s

5 45

128(N —1)52, 128 Pros 256(8 — 3N + 3N?) S,
C(1+N)2+N) " \45N(1+N)2+N)2  3N(L+N)2+N) |°7°
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_|_

256(4 — 3N + 3N?)S_
(4= 3N 4+ 5 >S4+%(N—1)(21—2N+N2)S_5

3N(1+ N)(2+N) 45
T68(N — 4)(N —1)Sys  768(N —4)(N —1)S,; = 256(8 — 3N + 3N?)S_,,
N(1+N)2+N)  N(1+N)2+N) 3N(1+ N)(2+ N)
256 256(8 — 3N +3N?)S_54

(N—1)(21 —2N + N*)S_55 +

45 3N(1+N)(2+N)
1536(N — 4)(N —1)S3,,  512(8 =3N +3N?)S_ 51,
N(1+N)2+4+N)  3N(1+N)2+N)
256 2 64Py3
E(N —1)(21 = 2N + N?)S_5;1 o + (—45(N SIS LS
5128 Pras 512(N — 4)(N —1)5?
3(N—-2)N2(1+N22(2+N)2(3+N)  N(1+N)2+N)

256

45 IN(1+ N)(2+ N

+E2(N —1)(21 — 2N + N2)5_2> (3 + 64N — 1) Pray )gs},

Cdabcv(?’) — dabcdachf%
Fr,g Ny

256S4P729 51253,1P729

(895)

(N—2)(N—1N(L+N22+N)2(3+N)

+

+

C15(N —2)(N = 1)N(1+ N)3(2+ N)3(3+ N)

AT Me+N) 0L NMe+N) 15

(N—2)(N—1)N(L+ N)22+N)2(3+N)

225(N —2)(N — 1PN*(L+ NP2 + NP3+ N

(1+N)2+N) (I1+N)(2+N)

256 Pry ( 614455, 30725,

51253P728 10245—271

(N=2)(N-D)N1+N)?22+N2B+N) (1+N)2+N)

256 Py30 § 1408
235N —2)(N - PN (1+ Ve e+ Ne ) T T ey

(1+N)(2+N)

128(N — 4)(5+ N)(18 + N + N?)S; 51252 256
15(1+ N)(2+ N) (1 a

153655 ) ,  1536(1+ N+ N?)(—10+ 3N +3N?)5, 46085555

TNRIN) 15 T LN
25651P731 256
15(N —2)(N—=)N(1+ N2(2+ N33+ N) 75 (V= 1)NS_o,

128 Py ) 25652,
-2

TS ICEY)

TN (N D)+ N2 L NBEN) T A=+

128(10 + N + N?) (30 + N + N?) 5125, g 5125_,4
T B -DI+ N2+ NE T+Me+m )t armesm

198 1)Ns, - 20085k 256(10 + N + N?) (30 + N + N?)S 5,
15  (1+N)(2+N) 15(N — 1)(1+ N)(2 + N)2
46085, 1 5125 55 256 5125 3,
: : N —1)NS_53— :
( JNS-2s (1+N)(2+N)
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921655 1 1 10248 51, 256 307257
Arvery T armery T VT UNS e ((1 N2+ V)
256 128 Pry;
B TR S S 1 s G G B o T g T
5125 Prgg 64(N —4)(5+ N)(18 + N + N?)
_(N—Q)(N—1)N(1+N)2(2+N)2(3+N)> ° 3(1+N)(2+ N) 5}’
(896)
with the polynomials
Pray N° + N* + 17N? + 59N? — 138N + 720, (897)
Pros = N°+ N*4+ 59N + 59N? + 225N — 450, (898)
Py = B5N° —16N* — 58N3 + 25N?% 4 32N + 60, (899)
Py = N®4+3N°+1162N* + 2319N? — 1661 N? — 2820N — 4860, (900)
Prg = 11N°® 4 33N° — 15N* — 85N? — 50N? — 2N + 36, (901)
Py = 21N°® 4 63N° — 25N* — 155N% — 104N? — 16N + 72, (902)
Pr3g = 23N°® 4+ 69N° — 35N* — 185N? — 96N? 4 8N + 72, (903)
Pry; = 45N°+ 135N° + 215N* + 205N° — 1340N? — 1420N + 624, (904)
Py = 2N7 +4NS 4+ 873N° — 3466 N* — 11255N? + 6582N? 4 7020N + 16200, (905)
Pz = 5N —19N°® — 105N° + 23N* + 240N? + 104N? — 8N — 96, (906)
Py = 6N7 —33N® — 154N° + 41N* 4+ 358 N® + 202N? + 36 N — 144, (907)
Prs = 9N" —24N°® — 161N° + 28N* + 362N? + 110N? — 60N — 144, (908)
Prys = 45N7 4+ 90NS + 50N° — 130N* — 1895N? — T40N? 4 984N — 1944, (909)
Py = N'WY 4+ 7N — 58N® — 438N7 — 1017N® — 987N® — 130N* + 674N?
+3940N? + 9960 N + 6480, (910)
Prss = 2NY 4+ 12N — 315NY — 2240N® — 4508 N " + 2140N° + 22169 N°
+36208N* + 30892N? + 10680N? — 23040N — 21600, (911)
Pry = 1065N™ + 14910N"® 4 91950 N2 + 334830 N'! + 786240N'° 4- 1070370 N?
+148290N® — 2319270N7 — 3721785N° — 1334280 N> + 2039760N*
+2233440N? + 654480N2, (912)
Pry = 220N" — 960N — 28415N" — 151530N " — 369410N ™ — 556890N *°
—T716080N? — 97590 N® + 2725310N7 4 4299810N°® — 627745N° — 5315880 N*
—2040120N? 4 1823040N? 4 1056240N, (913)
Py = 405N'™ + 6480N'" + 43335N'0 + 152280N "> 4 272970N'* + 103680 N '
—541890N' — 1017360N"'" — 393255 N'% + 810000N? + 1042875 N
+217080N" — 366120N°® — 272160N° — 58320 N, (914)
Py = 555N 4 6195N"® + 17955 N1 — 54135N'6 — 471780N"® — 1092330N

—398730N1'3 + 2590050 N2 + 4158675 N — 126225 N0 — 5426505 N
—3556395N8 4+ 1998870N 7 + 2874360 N° + 341280 N> — 641520 N*
—220320N°. (915)
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Despite the fact that the above equations contain terms in which the power of N is larger in the
numerator than the denominator, the whole expressions behave maximally oc In(N)/N for large
values of N for the Wilson coefficient of F, and oc In(N)/N? for that of F}.

6 The three—loop Wilson coefficients for the structure function
x F: 3(w7 Qz)

The Wilson coefficient for the structure function z F3(x, Q?) has already received the renormal-
izations of the coupling and those of the axial-vector coupling, as well the collinear singularities
have been removed, to arrive at (C . which still requires the finite renormalization to restore

3»

the Ward identities performed by

cy, = zZC¥ (916)

F3,q’

with, [17],

107

Z5 = 1+CLSOF —4—1O€+€2(—22+2C2) 2 __OAOF+22CF+ CFTFNF

6 2 7229

208 5834 62 32

356 32 2147 370
+204CrTr Np (— + ﬁ) + CiCF< + 56<3) + C3, (—— + 96(;;)]

+

81 3 27 3
(917)

One obtains

C(3)

Fs,q

Cryy

3,

v + C’FZ”; (918)
with the contributions
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5N2(1+N)2 " N2(1+N)2  3(—1+ N)N2(1+ N)2(2+ N)

_ 16S_2 9 Pso1 _ 8551 FPs10
3(=1+ N)N2(1+ N)2(2+ N) 3(—=1+ N)N2(1+ N)2(2+ N)
n 16S_211Fs12 B 254Pg16
3(=1+N)N2(1+ N)2(2+N) 3(=1+ N)N2(1+ N)2(2+ N)
_ 4¢3 Pgs3 + Prss
3(—1+ N)N3(1+N)3(2+N) 24(—1+ N)2N6(1+ N)5(2+ N)
n 253 Pg04 _ 165_2,1 Psog
3(=1+ N)N2(1+ N)2(2+ N) 3(—=1+ N)N2(1+ N)2(2+ N)
. 4S2,1P771 . 8<3P803 + P880
3N2(1+N)2  (N—1)N2(1+N)%2+ N) 24(N —1)2N5(1+ N)5(2+ N)
Psar 976 64 13696
L} — 83— — S+ ——8 51 —416(3 | S
+(61\73(1 TNp T3 BT T Ty CS) ?
2( — 54+ 25N +25N?)S3  4(—2+ 85N +85N?%)S, 2560 ¢ s
N(1+N) N(1+N) 3 7° 23
8( — 106 + 109N + 109N?)Ss5;  16( — 274 + 9N + 9IN?)S_s,
—368052 3+ LA
’ N(1+ N) 3N(1+N)
1696 11392 128 64(59 + 6N +6N?)S_54
— 8 93— —S8 = +10885_
I R e 3N(1+ N) * o
24( — 24 3N +3N?)Sy1, . 11200 N 64(— 52+ TN +T7N*)S_ 514
N(1+N) 3 L2 N(1+N)
1984 11648 7168
- 3 53,1,1 + 32645_2,1,—2 + TS—2,2,1 + 75_3,171 - 107528_2’1,1’1 - 1120(:5
].60 252P777 P870 2
v 1085,
3 52’2’1> 1t (3N2(1 TNE TRV )N NI N)
4(—46 4+ 75N + T5N?)S; 24( — 2+ 3N +3N?) Sy,
- 3448 = + 3365,
N+ N) ot N+ N) 29023,
32( =34+ 3N +3N?)S_5; 6880 6464
— = — S 99— ——S8_3, — 488, 48645
N+ N 3 2,2 3 3,1 21,1 + 21,1
352(3 ) Proy 12( =64+ 7N + 7TN?)S,
—_—— - — 4853 + 328
N(1+N)) ! <6N3(1+N)3 N(1+N) 3798921
P 2(—2+3N +3N?)S}
. 3 744 o 4 1
9605_91 + 96C3> S+ (—N2 EE 3652) S+ NI
4 Preo 4( — 398 4+ 513N + 513N?)S;
2 408
R (12(—1+N)N4(1+N)4(2+N) - 3N(1+ N) Ao
8( —4+ 15N + 15N?)S,, 16(218 + 9N + 9N?)S_,; 3296
— — — 43253 1 — + 5—2 2
3N(1+N) ’ 3N(1+N) 3 ’
1120 272 12416 32(5+ 12N + 12N?)¢; 148
——85_ == - =S Sy — —S3
3 S_g1+ 3 S2.1.1 3 21,1 N+ N 2 g °2
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+ P854

3(—1+ N)N3(1 + N)3(2 + N)
1664 ( 16C3 Pray 1655 Py 855 Pao
-5 M6

9 3N(1+N)  3N(1+N) 3(—1+N)N2(1+N)2(2+N)

64 9
+ 352,1 - TS—Q,I - ?Cé — 53

7616 320 > 512
S5~

So1

165_s1 Prsg 4Py, - (2368 11008
3 3

3N(1+N) 3(_1+N)2N4(1+N)4(2—{—N) Ss +

8 Pags . 16(16 + 3N + 3N?)S, L 704
3(N — 1)2N3(1 + N)3(2 + N) N(1+N) 3

+ S_o1+ 1216C3> S1

N 8 Pyor 96( — 1+ N + N?)53
3(—1+ N)N2(1+ N)2(2+ N) N(1+N)

6752 ,  64(32+9N +9IN?)Sy; 5248 5888
— = 43200851 + ———S 99+ ——5_
3N(1+ N) * 31T T3 o

12544 192 752 4P
Joo (25

— 6457

+ 35252> SZ

—6453 — Si+

B 192,
—5— S_911 5 G 3 3(—1+ N)N2(1+ N)2(2+ N)

176 8(70 + 27N +27N?) S\ , 64 , 2624
TR T TN ) St gt | Tyt

_|_

8 Pro7 )S _ 8 Pyso
3(—1+ N)N2(1+ N)22+N) J™" 3(=1+ N)N3(1+ N)3(2+ N)
16(64 + 3N + 3N?)S7 2656
- N(1+N) 3
16( — 44 4+ 9N + 9N?)
<_ N(1+ N)

8( —46 4+ 111N + 111N?)S, . 8000
3N(1+N) 3

S3+ S3

160 8960
- 160051> S_a+ =S - TS_Q,1> S_s

+2816SQ N 4 Prog N 8( — 26 + 81N + 81N?)S;
3 73 3(—1+ N)N2(1 + N)2(2+ N) 3N(1+ N)

. 1456
3

2
5 3N(1+ N) 3

1520 2816 8P 53445 1088
— 3 Sy — 3 SQ) S_4+ ( ol 1)55 + TS,G,

~ 3N3(1+N) N(1+ N)
8(158 + 7N + TN?)Sy 3 N 8( — 38+ 135N + 135N%)S,; 1088
N(1+4N) 3N(1+N) 3
16P851
3(=1+ N)N3(1+ N)3(2+ N)
32(—=2+43N +3N?)S_5_5 16(— 68+ 25N + 25N%)S_4;
3N(1+ N) N(1+4N)
9344 5920 2432 16(134 4 39N + 39N?)S51 _»

— S g S g+ Sy —
3 O T Ty T T 3N(1+ N)

4P 64 32( — 13+ 17N +17N?)S
( &3 + 192<3> So1 — 3522,1 o ( ) 2,3

Sap

6080

3

Si_s — 112085, + ( — 6455, + 512@,)

XS—2,1 -
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8055021 352 16( — 206 + 195N + 195N2) S5 1 4
3208 51 + o 4 TS0 g — =
* MEINILN) T3 2 3N(1+ N)
4576 8896 64 128 32(74 + 15N + 15N?) S 551
Sy _31 — S31 94+ =58 — 2
+ 3 D231 3 312 + 3 32,1 + 3 4Ll SN(L+ V)
896, 128, ~ 8960 - 32(4+ 39N +39N?)S 5.1,
3 —2,2,2 3 —2,2,—-2 3 -2,3,1 3N(1 + N)
224 1408 15104 64
—6405_31, 2 + ?5—3,2,1 + TS—3,—2,1 - TS_4’1’1 + 352,2,1,1
192( =16+ N + N?)S 551,
20485, 70485111 — 41925
+ 2,-2,1,1 + 3,1,1,1 NI+ N) + 2,1,1,2
2816 7168
_128572,271,1 + TS,Q,,Q,M + 25657371,171 + 921657271471’1 + 7532,1} (919)

with the polynomials

—617N* — 1180N?3 — 485N? + 90N + 52, (920)
—9N* — 12N? — 9N? + 22N + 20, (921)
N* 4+ 2N% — 293N? — 294N + 356, (922)
N*+2N? — 120N? — 121N + 258, (923)
N* 4+ 2N? + 15N% 4 14N + 60, (924)
N* 4+ 2N? + 15N% + 14N + 194, (925)
N* 4+ 2N3 + 24N? + 23N + 68, (926)
N* 4+ 2N3 4+ 42N? + 41N + 10, (927)
N* 4+ 2N? + 90N? + 89N + 166, (928)
N* 4+ 2N3 4+ 111N? 4+ 110N + 36, (929)
N* 4+ 2N3 4+ 115N? 4 114N + 54, (930)
N* 4+ 2N3 + 195N? + 194N — 156, (931)
N* 4+ 2N? +204N? + 203N + 40, (932)
N* 4+ 2N3 4 215N? 4 214N + 48, (933)
N* 4+ 2N? 4+ 303N? + 302N — 144, (934)
2N* + 4N3 — 413N? — 415N + 614, (935)
2N* 4+ 4N? + 153N? 4 151N + 46, (936)
3N* + 6N3 + 100N? 4+ 97N + 495, (937)
3N* 4+ 6N3 + 155N2 4+ 152N + 408, (938)
3N? 4+ 6N3 + 1321N% + 1318N — 252, (939)
3N* +6N® 4 1435N? + 1432N — 480, (940)
SN* + 10N® + 9N? + 4N + 4, (941)
6N* + 12N? + 1591 N? + 1585N + 246, (942)
6N* + 12N3 + 1871N? + 1865N — 216, (943)
9N* + 18N? + 925N? + 916N + 144, (944)
18N* + 36 N3 + 1141N? + 1123N + 756, (945)
29N* 4+ 51N3 + 16 N? — 20N — 6, (946)
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83N* + 166N + 239N? + 192N + 63,

85N* 4+ 134N?3 + 57TN? — 80N — 52,

97N* + 194N?3 — 121N% — 218N — 6,

131N* 4 262N3 — 23N? — 154N + 216,

147N* + 294N? + 38N? — 121N + 6,

235N 4+ 524 N3 4+ 211N? + 30N + 72,

27TTN* + 536 N3 4+ 200N? — 143N — 36,

291 N* + 488 N3 4+ 217N? — 304N — 256,

361N* + 722N3 — 433N? — 794N — 72,

423N + 792N 4 413N? + 44N — 90,

536 N* 4+ 1075N3 + 601N? 4+ 62N + 162,

536 N* + 1087N?3 4+ 414N? — 149N + 6,

575N* + 1084N3 4+ 420N?2 — 365N — 150,

683N + 1510N® + 4TIN? + 68N + 292,

1055N* 4+ 2164N? 4 1031N? 4 30N + 72,

1108 N* 4 2261 N3 4+ 1099N? — 126N + 288,

1124N* + 2224 N3 4 847N? — 331N — 57,

1687N* + 3374N3 — 1657N? — 3344N + 372,

4513N* 4+ 9026 N3 + 2815N% — 1698 N + 612,

112N° 4+ 313N* + 188N?3 — 7T3N? + 8N + 52,

328N° + 1513N* + 2150N3 4 959N? — 102N — 120,
1103N° 4+ 4010N* 4 4309N?3 + 1096 N? — 60N + 240,
7241N° 4+ 26102N* + 28297N?3 4 8428 N% — 540N — 384,
9187N5 + 33508 N* + 33155N3 + 2138 N2 + 2844 N + 8136,
—279NS — 7T05N° — 663N* — 159N3 — 402N? — 816N — 304,
25N® + 75N° — 161 N* — 303N3 + 901 N? + 705N + 54,
33N°® + 9N — 669N* — 1433N3 — 1180N? + 368N — 8,
34NS + 114N° + 695N+ + 1472N3 4+ 1051 N? — 430N — 632,
36N° + 138N° + 969N* + 2040N? + 1355N% — 682N — 400,
37TNC® + 49N° + 161N* 4+ 491 N3 4 242N? — 188N — 216,
49N + 148N® + 110N* — 4N3 — 24N? — 61N — 74,

61N® + 190N® + 530N* + 926 N> + 617N? — 320N — 276,
7TANS + 206 N° + 5N* — 328 N® — 203N? + 94N + 8,

TINC® + 215N° + 73N+ — 143N3 — 52N? + 36 N — 96,
81N® + 103N° — 651N* — 1335N3 — 570N? + 748N + 568,
83N°® — 293N° + 15N* — 23N3 + 170N? + 1040N + 704,
83N + 249N° + 164N* — 33N3 + 14N? — 63N — 90,
96N6 + 250N° + 49N* — 300N — 333N2 + 78N + 16,
100N + 349N° + 301N* + 31N? + 7T9N? + 128N + 76,
158N® + 454N° + 651N* + T80N? 4 471N?* — 290N — 496,
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173N% + 466 N° — 273N* — 1264N3 — 472N? + 462N + 380,

182N 4 528 N® + 2678 N* + 5724 N3 4 4385 N? — 1383 N — 1746,
208N + 622N5 + 1151 N* 4+ 1664N3 + 1113N? — 598N — 704,

248N® + 771IN° — 1216 N* — 4599N?3 — 3616 N? + 828N + 672,

379IN® + 1065N° — 3293N* — 9309N3 — 5402N? + 2304N + 3240,
388N + 1128 N° — 5339N* — 15318 N3 — 11297N? + 3702N + 2544,
403N® + 1191N° 4+ 633N* — 599N3 — 440N? — 116N — 16,

417N® + 900N> — 253N+ — 1208 N3 — 458 N2 4+ 20N — 192,

429N + 1233N° + 1041 N* + 459N? + 50N? — 676N — 808,

676N® + 2109N° — 2858 N* — 10617N?3 — 5747N? + 2811N + 3258,
7T81N® + 1227N° — 5909 N* — 14895 N3 — 12548 N? + 5496 N + 8568,
913N% 4 2766 N° 4 10126 N* + 19782N? + 14323N? — 5646 N — 5976,
1046 N® 4+ 3192N5 — 11971N* — 34482N3 — 20953 N? + 9492N + 12204,
1360N® + 3972N° 4 1355 N* — 3874 N3 — 2955N? 4+ 310N — 600,
1472N% + 4425N° 4 7064N* 4- 9099N?> 4 6692N? — 3048 N — 4968,
1540N® + 4629N° 4 4822N* 4 3087N?3 4 1945N? — 1785 N — 3870,
1540N + 4701 N® + 1444N* — 5937N3 — 7331N?% — 1671N — 522,
1545N% + 4511 N° 4 3537N* 4 7T37N? + 1222N? 4 2384 N + 784,
1873N° + 5331 N° + 2385N* — 3299 N3 — 2470N? + 44N — 1368,
1964N° + 5856 N® + 68 N* — 10116 N3 — 6055N2 + 1461 N + 1314,
2251N°% + 6552N° + 1826 N* — 6688 N3 — 3669N?2 + 292N — 132,

2284 N% 4+ 6951 N° + 3143N* — 5233N3 — 2970N? — 53N — 450,
2882N% 4+ 8592N° + 2333N* — 10050N3 — 5899N?2 + 1926 N — 1080,
3098 N6 + 9240N° + 3107N* — 8898 N3 — 5665N% — 18N — 1188,
3153NC + 7047N5 — 1489N* — 9635 N3 — 5120N? — 148N — 720,
4357NS + 16149N° + 16977N* 4 9091 N> + 3798N? — 1404N — 1944,
4502N5 + 13344N° + 15503N* 4+ 13194N3 + 8129N? — 6180N — 12204,
4591N% + 13935N° + 6934N* — 8871 N3 — 5873N? — 1464N — 612,
4645N° + 13341 N° — 4124N* — 31599N3 — 16541 N? + 8430N + 8568,

4816NS + 14448 N°® + 24487N* 4 33174N?3 + 23401 N? — 11478 N — 16272,

6457N® + 18885 N° — 245N* — 36645 N3 — 39944N? — 3372N — 2160,
7531N% 4 23619N° + 23253 N* + 7825 N3 + 2064N? 4 1080N — 252,
8425N°® + 26643 N° 4 24471 N* + 6857N> 4 2520N? + 1484 N — 864,

—116957N7 — 556705 N% — 889137 N> — 480947 N* — 48370N?3 — 93780N?

—76536N + 2592,
—28023N7 — 129045N° — 212881 N° — 149635N* — 36908 N — 4628 N2
—17376N — 9216,

—3221N7 — 19897N® — 43683 N> — 43139N* — 15736 N3 + 3828 N2 + 3720N

+720,
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e}
—_
=)

(1020)
(1021)

(1022)

1511N” + 6361 N° + 8811 N® + 3500N* — 61N? + 1842N? + 1772N + 552, (1023)
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3691N7 4+ 16568 N° + 25248 N5 + 13189 N* + 236 N2 + 1188 N? + 1860 N

+360, (1024)
32287N7 + 161273 N + 288291 N° + 220675 N* + 64886 N> + 4416 N

+1188N — 792, (1025)
—97249N® — 360322N" — 305212N° + 226586 N° + 292481 N* — 76528 N3
—50508N?% + 100320N + 63072, (1026)
—5021N® — 15158 N7 — 6690N° + 17488 N5 4 14927 N* — 3058 N + 13922
+6920N + 4560, (1027)
25N® + 105N7 + 101N + 52N° 4 1332N* + 2547N?3 + 890N? — 932N

—664, (1028)
TON® + 323N7 + 315N% + 22N5 4+ 1546 N* + 3031 N3 + 1088N? — 1076 N

—1720, (1029)
307N® + 1174N7 4+ 1142N° — 608 N® — 2451 N* — 2370N?3 — 250N

+888N + 824, (1030)
575N + 2226 N” + 1974N° — 1440N° + 15N* 4+ 5006 N? + 1172N? — 3320N
—1984, (1031)
1288 N8 + 4747N™ + 10549N° + 7126 N® — 99269N* — 195599 N3 — 68574N>
+70380N + 51624, (1032)
1963N8 + 7582N7 + 13276 N6 + 8530N° — 63305N* — 126830 N3 — 44544 N2
+45216 N + 33696, (1033)
3761N® + 15422N7 + 6284 N°® — 22930 N5 + 78905N* + 182846 N3 + 618722
—51408N — 36288, (1034)
4258 N® + 16762N7 + 18841 N° — 1469N° — 28625 N* — 39305N3 — 12672N?
+15102N + 12636, (1035)
5894N® + 24143N7 + 14789NS — 22336 N° + 120647N* + 264683 N>

+91248N? — 80460N — 55728, (1036)
17529N8 + 56958 N7 4 34840N® — 52470N° — 72773N* — 21696 N3 — 4220 N2
—10440N — 7344, (1037)
28551 N® + 92280N" + 118370N® 4 46548 N° — 11961 N* 4 10748 N*

+12600N? — 14112N — 9936, (1038)
43949N® 4+ 169784 N + 155918 N® — 99922 N5 — 174643 N* — 20848 N3

+15276N? — 15534 N — 7884, (1039)
50689N® + 208318 N7 + 323478 N + 236812N° 4 86401 N* 4 16554 N

—2304N? — 2772N — 540, (1040)
—71503N? — 425688 N® — 980826 N” — 1101180N° — 615171 N?

— 147456 N* — 4292N? 4 4428 N? + 2940N + 72, (1041)
24N? 4+ 82N® — N” — 166 N® 4 590N° + 262N* — 1321 N? — 1098 N>

+52N + 424, (1042)
261N? + 783N® — 127N7 — 1760N°® — 493N° — 1289N* — 1879N*3

—T758N? + 114N — 36, (1043)
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P881

7868 N? + 22794N® + 4185N7 — 36138 N® — 70242 N® — 28434 N*

+88933N? + 85194N? — 6336 N — 36720, (1044)
—5563N10 — 22141 N? — 36762N® — 34822N7 + 5681 N° 4 48719N°

+42980N* + 28996 N® + 19056 N? — 7936 N — 10560, (1045)
—4253N1' — 19223N? — 23706 N® + 10042N7 + 39207N°® 4 16757 N°

—6072N* + 1800N? + 6168 N* — 528 N — 1760, (1046)
561N 4+ 2523N? + 4538 N® 4+ 4510N7 + 1005N% — 5025N° — 8992 N'*

—7960N? — 8936 N2 — 1968 N + 1312, (1047)
6009N™ + 21117N? + 38586 N® + 68306 N + 61705N° 4- 28925 N°

—2468N* — 31900N? + 38584 N? + 73824 N + 29088, (1048)
80453 N + 440578 N® + 771262N® + 284116 N” — 538565N°® — 656852 N°
—328702N* — 44730N? + 83592N? + 19008 N — 16848, (1049)
463143N1'0 + 2173209N? + 3165914 N8 + 374654 N — 3058933 N°

—2659411N° — 640204N* — 29428 N — 117840N? + 26496 N + 53568, (1050)
245N + 944N + 786N — 975N® — 1959 N7 — 1998 N6 — 1756 N'D

—695N" 4 TA8N?® + 228 N? — 112N — 64, (1051)
10683 N + 42732 N0 + 25931 N9 — 78468 N® — 83703N" — 19116 N°®

—61407N® — 68436 N* — 10052N? + 14856 N? — 468N — 648, (1052)

27981 N 4+ 110952V + 73084 N — 183261 N® — 220299 N7

—92178N°® — 170226 N® — 155637 N* + 92N + 35868 N? — 3960N — 3024, (1053)
599375 N2 + 3815193 Nt 4+ 8947106 N*° + 8383052N° — 1037899 N*®

—9404623N7 — 8442036N° — 2234074 N + 1430550N* + 814536 N3

—384156N?% — 321408 N — 50544, (1054)
—458487N1? — 2189691 N — 3476151 N — 706147 N0

+5181991N? 4+ 6607155N® — 353013N7 — 6891201 N°® — 4645260 N°

+669484N* + 2725928 N? + 920640N? — 844704 N — 521856, (1055)
—3069N" 4 2556 N'2 + 79368 N'! + 221328 N0 4+ 43770N? — 547648 N®
—435404N7 — 15640N° — 194549N° — 563692N* — 68324 N3 + 170136 N2
+10848 N — 26784, (1056)
3003N'? 4 13255 N12 4+ 27059 N1 + 32543 N10 + 397N — 54447N® — 26095N7
+141989N° + 192852 N° + 62644N* — 92576 N® — 563362 + 29952 N

120672, (1057)
428649N1'3 + 1845381 N 4 2026189N' — 1935731 N'° — 5520669 N?
—1634037N® + 3712287N" + 2628591 N° 4 266216 N° + 1213892 N*

+461088 N3 — 542160N? — 82944 N + 119232, (1058)
—5729259N"% — 30802914 N'* — 53071856 N3 — 478888 N2

+104531506 N ™ 4 96490716 N** — 31073520N? — 90914040N® — 63564367 N’
—54366650N°® — 31332904 N° + 18604224 N* + 17762832 N3 — 2637792 N>
—4240512N — 559872, (1059)
—T7255N1 — 40527 N — 54850N"® + 77690N'? + 228204 N'! + 45864 N1°
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—240778N? — 240422N® — 203989N" — 270809N°® — 72500 N° + 144732

N* +110144N3 — 17904N? — 37248N — 10176, (1060)
Pasy = 494694N" + 2631933N™ + 3703662N ' — 3856542 N "% — 13210842N1*

—3078616 N0 + 14028102 N9 4 13282506 N® + 9865380N" + 14654523 N©

+7299204 N5 — 6176300N* — 4977096 N® + 807456 N2 + 1390176 N

+300672. (1061)
and
Cloe — dared™NE | 64551 Pesy - 32,55 Pyss
s N. 3(N—-1)N3(1+N)32+N) 3(N—-1)N3(1+N)3}2+N)
64521 Psss 1652 Pygo B 805¢ Psor
SN3(1+ NP ' 3(N - DNI(1 1+ N2+ N)  3(N — DNI(1 1 N2 1 N)
N 64 Pso4 B 16 Pgos
3(N — 1)2NO(1+ N)(2+ N2 |3(N — 12N3(1 + N3 (2 + N)?

32(2+ N + N?) (18 + 5N +5N?)S;  64(2+ N + N?)(17TN? + 17N — 10)S_3,

3(N—-1)N?2(1+ N)%2(2+ N) 3(N—-1)N?2(1+ N)%2(2+ N)
3255 Pyss 16(2+ N+ N?)S;  16(2+ N + N?)(— 14+ 3N +3N?)S,
3N3(1+ N)3 |7 3N2(1+ N)2 (N —1)N2(1+ N)2(2+ N)
- 645’1ng2 . 32P893
3(N—1)2N3(1+ N)3(2+ N)2  3(N —1)2N4(1+ N)4(2+ N)?
320(2 + N + N2)°S? L 26RENENS |
— -2

3(N—1)N2(1+ N)2(2+N) ' 3(N—1)N2(1+ N)2(2+ N)

C64(2+ N+ N?)S2, 182(2+ N + N?) (18 + 35N + 35N?) S,

3N2(1 + N)? 3(N —1)N2(1+ N)2(2+ N)
N 32 Pgsg 5.4 32(24+ N+ N?)(6+ N+ N?)S5_,
3(N—DN3(1+NpB2+N) | (N —1)N2(1+ N)2(2+ N)
256(2+ N + N?)Ss, 64(24+ N 4+ N?)(2+ 3N +3N?)S_5,
TNC)MOFNECLN) (N DN+ NP2 L)
128(2+ N + N2)*S_4, 512(2 + N + N2)S 5,
(N—1N2(1+N)22+N)  (N—1)N(1+N)2+N)
. 64 Pasg +256(2+N+N2)(4+N+N2)S1]<} (1062
(N —1)N3(1 4+ N)3(2+ N) (N —1)N2(1+ N)2(2 + N) S

with the polynomials

Pys = N'+2N°—5N> — 6N — 4, (1063)
Psgg = 3N°+9N° —9N* — 33N? — 74N? — 56N — 32, (1064)
Psg; = TN°+12N° — 73N* — 170N® — 104N* + 56N + 80, (1065)
Psgs = 11N®+30N° —26N* — 106N° — 113N* — 24N + 4, (1066)
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Pegy = 13N® 4+ 28N5 — 139N* — 326 N® — 288N? — 40N + 48, (1067)
Psgg = N®+6N"+20N° + 28N° 4 32N" + 44N 4+ 7T3N? + 40N + 12, (1068)
Psgy = 3N®+12N" + 16N +6N° + 30N* + 64N® + 7T3N? + 40N + 12, (1069)
Pygy = SN®+24N" — 51N® — 281 N® — 459N* — 383N? — 190N? + 76 N + 104, (1070)

Pys = 9N 4+ 37N° + 10N8 + 2N7 4+ 491 N® + 1291 N® + 1566 N* + 926 N3

+300N? — 8N — 16, (1071)
Pioy = AN 4+ 21N 420N — 158N — 683N® — 1644N7 — 2947N°©

—3115N° — 1578 N* + 92N3 + 484 N? + 240N + 48, (1072)
Pggs = 43N +232N" + 319N — 336 N? — 1485N® — 2782N" — 5229 N°®

—T7186N® — 5296 N* — 304N® 4 1896 N? + 1344N + 352. (1073)

7 The three—loop Wilson coefficients for the structure function
g1(z, Q2)

The non-singlet Wilson coefficient for the polarized structure function g;(z, @?) has the repre-
sentation

3 NS, (3 dape,(3 PS,(3
A(Cél),q - AOg1,q( )+ ACg @+ ACg1,q( ), (1074)
3 3
AC;),Q - AC;l?Q’ (1075)
with
NS,(3),M  _ NS, (3)
ACghq( : - CVFg,q (1076)

in the MS scheme similar to the observation at one- and two-loop order in Eqs. (134, 135) and
(390, 400). AC’;%(?’)’L is given by

ACNSOM(N ) = Z7Y(N,a,) ACYSGE(N, a,) (1077)

91,9 91,9

The Z-factor Z5 (N, a,) providing the finite renormalization is calculated in Appendix A.
The function chff:;‘:”) is given by

dgped® 64 P, 512P,
A abe:(3) . Zabe N 896 _ 897 g
914 Ne ") (N=1)NI+N)2+N) (N—1DN1A+N)2+N) >
256P898 S + 512P898 S.
4 3,1

(N —=1)N2(1+ N)2(2+ N) (N —1)N2(1+ N)2(2+ N)

32 Py 128( — 16 + 5N + 5N?)
T 1)N(1+N)(2+N)C3 (_(N— 1)N(1+ N)(2+ N)
B 256 Pos g — 1024 S
(N—-1)N2(1+ N)?(2+ N) (N-1)(2+N) =
1024(2+ N + N?) 128(2 — N 4+ 2N? + N*)
(N —1)N2(1+ N)2(2+ N) 3) Y (N—DNA+N)(2+N)?
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64 Psgg 256( — 1+ 2N + 2N?)

+(‘(N—n

N(I+N)2+N) (N—-1)N(1+N)2+ N)S1

1024 ) 256 Pgor
NO+ N)€3> S-2 +6455, + ((N "N+ N)2+ N)
512 64(6 + N + N?) 1024
+ Sy |53 + —4 —
(N —1)(2+ N) (N-1)(2+ N) (N —1)(2+N)
512 1024 512
 N(1+N) S-23 = (N -1)(2+N) S-s1t N(1+ N)S_4’1
. 2048 o 1280(N -2)(3+ N)C
(N —1)2+N)" 2 3N(1+ N) o

with

The Wilson coefficient chfi;’“)

N* +2N? — 7TN? — 8N + 30,

N* 4+ 2N3 —4N? — 5N + 2,

N* 4+ 2N3 — N2 — 2N — 4,

5N* 4+ 10N3 — 19N? — 24N + 10,
TN* + 14N3 — 19N? — 26N + 216.

obeys
Acdabc ) (3)

91,9

(N=1)=0

S_22

(1078)

(1084)

and does not contribute to the Bjorken sum rule [46,93]. Four-index dgpeq structures do, however,
contribute in four—loop order. Let us also present this term in z—space. One obtains

doped®™ N 224 32 1280
dabe,(3),0(1—2 o abc F 2
ACIe@002) () = N [64 160G+ =G — =G ——G 5(1 —2) (1085)
dCL CH 3 b —_—
ACIe®t(z) = 0 (1086)
d dach
dabe,(3),re _ abc F 2 3 4\ 172
ACye® @hreg(z) = N—C{—768(1 —z) + T gy (32(2 +2+32°— 32" + 2*)H}
64 128
—gz‘*Hg + T( —6— 112+ 32"+ 112° + 6z4)H0§2> +64(—3
+3z 4+ 112%)Ho — 128(1 + 62 + 2*)Ho,y + 64( — 5 + 52 + 327
64 64(1 + Tz + 22
+2°) G| + (1 — z) | —896H, + gHng + ( 2 )Hng
128 256(1 + 72 + 22 128(1 + 7z + 22
——HQHOJ - ( )HOHlHO,l + ( ) 81
3 3z 3z '
256(1 + Tz + 22 256(1 + 7z + 22 512
+ ( )Ho 01,1 — ( ) 0,0,1,1 + —2Ho 101
3z 3z 3
256(1 + Tz + 22 256(1 + 7z + 22 512
+ ( 3> ) oHiGe — ( 3> )H0,1C2 — TZHO,—1C2
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C512(1 + 4z + 2°)
3z

(1—2)

z

HiG| + (1 +2) (64H% Hy — 128H_;H,

512(1 —
+128H07_1,_1) + %(HO,—LOJ — HO,—1§2) +
4 4 2 128(1 — 2
64(3 + 2’~|—32)H_1Hg 8( Z+Z)H2_1H(2)

3z 3z
128(3 + 142 + 32?) 512(1 — z + 2?%)
™ —1Hp1 + 35
64(1 — 8z + 2?) 512(1 — z + 2?)

XH2_1H071 - 256H0Hg,1 - > H07_1 - 35

512(1 — z + 2?)
3z
128(3 + 14z + 32%)
3z

64(1 — 8z + 2?)

XH_1H0 —

+256H_ HiHo 1 —

128
H_1H0H07_1 + ?(7 + 3Z)H0,071 - 1024H_1H0H070,1 -

512(1 — z + 2?)

xH_1Hpp1 +
3z

H_1Hopop—1 +

1024(1 — z + 22
+256(Ho11 — Ho1,1)Ha — ( 2 )H_1H0717_1 — 256H,_; ,H?
128(3 + 14z + 322) 1024(1 — z + 2?)
+ Ho 11—
3z 3z
512(1 — z + 2?)
+
3z

0,1,—1

H_1Ho 1,1

512(1 — z + 2?)
3z

HoHp 1,1 + 1024H_1Hg 01 +

512(1 — z + 2?)
3z
512(1 — z + 2?) 1024(1 — z 4 2?)
- 3 0,0,—-1,-1 T
z 32

1024(1 — z + 2%) 1024 (1 — z + 2%)
0,-1,1,-1 1
3z 3z

+1536H0’0’0’1’1 - 1024H0’0’0’17,1 - 1024H0’0’0,71’1 + 1024H070’1’0’1
512(1 — z + 2%)

xHo,0,1,—1 + 1024HoHp 1,1 + Ho0,—1,1 + 1024HoHp o 11

Ho, 11 + 512H,

xHop,—1,01 + 0,—1,—-1,1

—512Hp 0,101 + H_1HoCo + 256H71H3C2

3z
64(9 + 222 + 922 512(1 — z + 22
- ( - )H,1<2 _ o 2 )H2_1<2 + 512HoHo,1 G2
2048
—512HoHy —1Ca — 1024H 912 + 512H 9, —1C2 — TH—1C2

256 (1 — z + 22
1M Ho + 25 )

H_1¢3 — 512Hg,1¢3 + 512Hp 1 (3

128 128( — 3 — 4z — 62% 4+ 102)
—22 (6 H2H, , — HyHy —

256 512 128( —3 — 2 — 1322 4 323
——22H8H0,,1 + —2(6 + 2)HoHop o1 + ( )

3 3 3z
1024
xHp -1+ 3 Z*HoHo0,—1 — 1024zHo 001 — 5122*Ho 0,1
64(1 — 2)(1 + 2)? 512

—1282(2 + 2)Hp(e + ( 2( ) HiG + 72(4 +2)G
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64 256
+ (—3 (79 — 25z + 152%) + 256<2>g — 3 (=64 2)zHoGs + 2560G5

256H00_1 — 192C;
1—2z ’

[lustrating three-loop heavy flavor effects on the polarized non-singlet structure function
g5 (z,Q?) in Ref. [53] it was assumed that there is no contribution by AC’gfﬁ’(?’), despite this
function is only known now. This is correct for the three massless quark flavors dealt with there,
but changes if four or five massless flavors are considered at very high virtualities or energies.
One may generally assume some suppression due to (1084), but there is a finite contribution.
Note that AC’;Z{%C’(?’) is independent of the scheme employed for the treatment of 75, since its
contribution is finite.

The other Wilson coefficients are calculated in the Larin scheme. The Wilson coeflicient
PS,(3),L
ACy """ reads

(1087)

ACPSGIL _

91,9

128(3 P, 32PF,
Cp {T}% N2 3 Poo2 936

9(N —1)N2(1+ N)2(2+ N) 243(N —1)2N5(1+ N)5(2+ N)

CRINY(1+N)Y 9N2(1+ N)? 27TN2(1 + N)?
+16(2 + N)(21 + 17N — 6N? + 16N?) 52 . 16(2+ N)(21 + 5N — 24N?% + 46N?)
27N3(1+ N)3 27N3(1+ N)3
160(N —1)(2+ N)S;  512( —5—12N +5N?)S_,
27TN2(1+ N)2 9(N —1)2N(1 + N)2(2+ N)
10245 _3
" 3(N—1)N(1+ N)(2+N)

( 3202+ N)Pyy  32(N —1)(2+ N)52> 5 BV - DR+ N)S]

XSQ—

64.5_31Poo1 _ 2054 Poos3

3N DNZ1+ N2+ N)  3(N —1)N*(1+ N2(2 + N)
_ 165_2,2Poos n 1655,1 Pyos 64.5_2 1,1 Poor

(N DN2(1+ N2+ N)  3N*(L+ NP ' 3(N —1)N?(1 + N)22(2 + N)
n 857 Py1o _ 8S_4Py15 _ 165_21 P23

DTN3(1+ N)®  3(N - DN2(1+ N22+N)  3(N - 1N3(1+ N)B32+ N)
. 853 Pyar n 8 Py3g

27N —1)N3(L + NP2 + N) " 243(N — 1)2NO(1 + N)5(2 + N)

o ( 8S2P913 168’72,1P911 8SSP912

+C A TrNp

IN3(1+N)® " 3(N—1)N2(1+ N)2(2+ N) 9(N —1)N?(1+ N2+ N)

. 8PQ?A S, + 4P926 _ SO(N — 1)(2 -+ N)SQ
8L(N — 1)N5(1+N)3(2+N) 7" " \ 27N4(1 + N)* 3N2(1 + N)2
e 28(N — 1)(2+ N)St  16(5 — 2N — 2N?) 52 16(22 + N + N?)53
! IN2(1 + N)2 3N2(1 + N)? 3N2(1+ N)2
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1651P922 16P933

NN+ NPR+N) TN —12NI(1+ N2+ N)
32(8+ N + N?)S, 16( — 2+ 3N + 3N?)S2, 485 Pyos
3N2(1+ N)? -2 3N2(1+ N)? 27TN4(1+ N)*
n 8P925 + 8S1P916 S
3(N—1)N3(1+ NP2+ N)  3(N—-1)N2(1+N22+N) )"
320(2+ N + N?) S5, B2(N —1)(24+ N)Sau1 96(N —1)(2+ N)¢3
(N —1)N2(1+ N)2(2+ N) 3N2(1+ N)? 5N2(1+ N)?
- 1681P908 . 16P924 C
3(N-=1)N2(1+N)22(24+N) 9N —1)N3(1+NB32+N) />
64551 P, 85, P
2T N N 3,14 904 44909
+CrTr F{ (N—DON2(1+ NP2+ N) 3N —DON2(1+ NP2+ N)
_ 853P920 . 4S2P931
9(N —1)N3(1+ N2+ N) 3(N — N1+ N2+ N)

B 8 Py37 N 1653 P14

3(N —1)2NS(1 4+ N)S(2+ N) * \ 9(N — 1)N2(1+ N)2(2+ N)
85y Pyir 8 Py3s

3N3(1+N)3 ' 3(N —1)2N5(1+ N)5(2+ N)
N 256(2+ N 4+ N?)S_5,

(N—1)N2(1+N)?2(2+N) |~

N 4 Py3y _112(N —1)(24 N)S, 42
3(N —1)N4(1+ N)*(2+ N) 3N2(1+ N)2 !
16(2+ N)(22 4+ 2N — 15N? + 27N*)S3  68(N —1)(2 + N)S3
+
IN3(1+ N)3 3N2(1+ N)?
+| - 32P929 _ 3251]3930
(N —12N3(1+ N2+ N) (N —1)2N3(1+ N)3(2+ N)
128( —4+4 N + N?)S} 128( —4+ N 4+ N?)S, g
(N —1)N2(1+N)22+N) (N—-1)N2(1+N)322+N) )"

+( 64 Py 15 _128(N -2)3+ N)S, ) 5.
(N—1)N3(1+N)22+N) (N—1)N2(1+N)2(2+N) )"~
128( =6+ 5N +5N?)S_y  64(4+3N —3N?+2N?3)S,,
(N —1)N?(1+N)?(2+ N) 3N3(1+ N)3
256(6 — N —2N?2 4+ N®)S_5;  256( — 2+ 3N +3N?)S o,
(N—1)N3(1+N)22+N) ' (N—1)N2(1+N)%(2+N)
1024( =1+ N+ N?)S_31  32(N —1)(2+ N)Sa14

(N _DN(1+ NP2+ N) 3NZ(1 1 N2
96(N — 1)(2 + N)¢2 10245 51 4 JA(N —1)(2 + N)S!
BNI1+NE  (N-DNATN)21N)  ON2(1 4 N)?
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( 32Py 128(7 + 4N + 4N2)Sl> }

n _ 5 b, (1088)

3(N —1)N3(1+ N)3(2+ N) 3N2(1 + N)?

with the polynomials
Poy = N*42N?—63N? — 64N + 28, (1089)
Pyp = N*+2N>—39N? — 40N + 4, (1090)
Pys = N'+4+2N® —15N% —16N + 124, (1091)
Pos = N'+42N® 4 5N? 44N + 20, (1092)
Pys = N*+2N°+73N% + 72N — 20, (1093)
Pos = N*410N> —5N? + 18N + 12, (1094)
Posy = BHN*+ 10N>+ 93N? + 88N — 4, (1095)
Pos = TN'414N% — 81N? — 88N + 100, (1096)
Py = 19N*+38N% — 105N? — 124N + 556, (1097)
Pao = 23N*+ N —107N? + 167N + 222, (1098)
Py = 25N* +50N% +137N? + 112N + 60, (1099)
Pyy = 3TN+ 74N® — 375N — 412N — 44, (1100)
Py = 37TN* 4+ 77TN® —9TN? + 151N + 246, (1101)
Pyy = 43N+ 86N 4 87TN? + 44N + 316, (1102)
Py = 47TN*+94N® — 393N? — 440N + 308, (1103)
Pyg = 63N? 4 126N% + 12TN? 4 64N + 4, (1104)
Pyr = 65N* 4+ 86N> — 49N? 4+ 66N + 96, (1105)
Pys = N°+2N*+7N® —6N + 12, (1106)
Pyg = 161N° +23N* 4+ 55N% 4+ 55N% — 12N — 18, (1107)
Pyg = 3N®+427N° 4+ 157N* + 461N + 1212N? + 380N + 64, (1108)
Py = 3N 33N° 4 7IN* 4 115N% 4 204N? 4 4N — 88, (1109)
Pyyy = 10N 4 24N® + TN* — 30N® — 135N2 — 64N + 92, (1110)
Pyo3 = 21N°+34N° — 191N* — 248N® — 40N? — 184N — 160, (1111)
Pyy = 58N +237TN° — 811IN* — 1741N® + 873N? + 652N — 852, (1112)
Pyos = 63N+ 138N° +23N" + 228N? + 308N — 456 N — 240, (1113)
Pys = TIN® +T78N° — 1526 N* — 1632N® — 794N* — 3351.N — 1710, (1114)
Pyyr = 199N° + 588N° + 20N* — 208N? + 3177N* + 1612N — 1068, (1115)
Pys = 953N° +2208N° — 664N* — 2490N? + 980N — 1455N — 1422, (1116)
P9 = N7+ N®—10N° — 14N* — 35N° + 9N? + 20N — 4, (1117)
Pyzy = N7+ 2N®420N° +10N* — 25N% — 92N? — 12N + 32, (1118)
Poz1 = B56N® +205N" + 154N° + 40N° — 84N* — 977N? — 942N? 4 308N + 472, (1119)
Py = 156N®+ 501N + 164N° — 374N° — 242N* — 1139N° — 958 N? + 524N

+600, (1120)
Pys3 = 45N? +57N® +386N7 + 232N° — 1896 N° — 2008 N* + 937N? + 63N>
—228N — 84, (1121)

Py = 2701N' 4+ 11348 N? + 6606 N® — 13281 N7 + 8301 N® + 20247N° + 980 N*
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+32572N3 + 10626 N? — 17460N — 10800,

Pyss = 96N 4+ 302N — 111N — 890N® — 689N” + 706 NS + 2477 N> + 2544 N4
—497N? — 1854N? 4 324N + 664,

Pyss = 2042N'! + 6095N10 — 2575 N9 — 15042N8 — 2412N7 + 15972N6 4 22057 N
+18358N* + 2452 N3 — 8427N? + 468N + 2484,

Posz = 260N 4+ 1033N'2 + 579N — 2050N10 — 2768 N — 582 N8 + 146 N7 — 680N°

+752N° + 1237N* — 765N% — 950N? + 356 N + 360,

Pyss = 30520N'2 + 123245N'2 4 50588 N — 274955 N0 — 241017N? + 129972 N8
+331898N7 + 404113N° + 59461 N° — 137557N* — 25818 N + 116766 N2
+1080N — 29160.

Finally, the Wilson coefficient AC;?,)Q is given by
3 _ 3),a 3 :da c
AC( = AC&SL)Q + Acél?g ’ )

91,9
with

_ 256P941 S . 64P1002
IN(1+N)2(2+N)2 %" 9(N—1)N3(1+ N)32+N)
16(N - 1)P946 3 32P1007 . 4Pl()29
8IN3(14+ N33t T BIN3(1+ N)3(24+ N)27%  27TN4(1+ N)*(2 + N)?
Proys - 16 P1oo3
243(N — 1)2NS(1 + N)5(2 + N)2 27TN3(1 4+ N)3(2 + N)?
8 P1o30 N 32(74 4 35N + 35N?)
243(N — 1)N>(1 + N)35(2+ N)2 ' 27TN(1+ N)(2+ N)
128(2+ N + N?) 512
3N(L+N)(2+N)">" 3N(1+N)(2+N)
64( — 46 + 5N + 5N?) N 68(N —1) _, 4P)ga5
INI+N)2+N) )7 T 2N+ N)t 7 | 8IN4(1+ N)*(2+ N)

8(— 624 TN +7N?) 2+4(—226+17N+17N2) )
IN(L+N)2+N) 2] IN(1+N)(2+N) 2

G3

91,9

ACBa — CF{T;N;

XSQ+

XSQ

3

S_a1

56(14 4+ 17N + 17N?) s 64 Pygo g
IN(1+N)2+N) 9N —1)N2(1+ N)22(2+ N)2""

- 32Pygos . 512 2
(N —1)2N3(1+ N)3(2+N)2  3N(1+N)2+N)™!

B 512 s ).+ 128 Pyg1
AN(L+N)2+N)72) 72 "\ 9N —1)N2(1 + N)2(2 + N)?

B 256 AT 25652, B 1024
NA+N)2+N)"" )77 3NA+N)2+N) 3NA+N)2+N)
64( — 10+ 3N + 3N?) 512(—3+5N)

BN(L+N)2+N) > 9N2(1+ N)(2+ N)S_2’1
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512 1024 64(10 + N + N?)

S S
BNIE M+ M) 2 3N e N T AN E 2+ V)
32 Pygs
S CuTeNp | — S
21| AN | TSN T N (T N22 + N2
2P949 2 16P966
— SQ + 5_22
ON2 1+ N2(2+ N)72 " 3(N —DN2(1+ N)2(2 1+ N2~ 2
N 16 Pygr 6. 16 Pyrs S
3(N —1)N2(1+ N)22(2+ N)2" %' 3(N —1)N2(1+ N)2(2+ N)2~%!
4p997 8P1006
5 S
N DN+ N2+ N2 T oM (I + NP2+ V)2
16 P, 8P,
1017 5_271 i 1023 C3

TN —DN3(1+ NP2+ N2 O(N —)N3(1+ NPP(2 + N)2
8 P27 Pioar

81N —1)N3(1+ N)3(2 + N)2S3 T OV Z 12N (1 + NP2 £ V)P
8Py 32 Pysg
521 - 5721
3N2(1+ N)2(2+N)"2' 3(N—1)N2(1+ N)2(2+ N)2° %
o 8P992 S . 8P999 C
27 (N — 1)N2(1+ N)2(2+ N)2™° (N — 1)N2(1+ N)2(2+ N)2 >
4P 2P
+ 1010 2‘5,2 + 1043

2TN3(1+ N)3(2+ N) 243(N — 1)2N5(1+ N)5(2+ N)3
80N —1) , | 8(— 382+ 47N +47N?) S 64(130 + 7N + 7N?) S
NI+ 2T T aNAFI LN T BNILI ML N) O
128( — 54 4+ 5N + 5N?) 16( — 1378 4+ 113N + 113N?)
N(1+N)(2+N) 3N(1+ N)(2+ N)
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39N® + 390N" — 2192N® — 4350N° + 10577N* + 8384 N? — 28776 N? — 9800 N

+13632, (1204)
42N® + 141N7 + 284N + 351N° — 1843N* — 2925 N3 — 730N? — 1272N

—960, (1205)
TIN® + 290N + 108NS — 624N° 4 437N* 4 1838 N + 384 N?

—248N + 48, (1206)
9ON® + 417NT — 155N° — 1779N° + T189N* + 14142N> + 6376 N? + 4776 N
+3504, (1207)
93N® + 1048N™ + 2200N® + 1622N° 4 1891 N* 4 890N3 — 936 N? + 376 N

+624, (1208)
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P1019

Pio20

P1021

P1022

Proas

P1024

P1025

Pioge

P1027

P1028

Pro2g

P1030

P1031

P1032

Pio3s3

P1034

P1035

Pio3e

P1037

P1038

Pro3g

114N® + 345N — 222 N6 — 1074N° — 1960N* — 3335N3 — 2280N? — 68N

+416, (1209)
153N® + 725N7 + 380N° — 2494N° — 3431N* — 399N> — 510N? — 1672N

—1008, (1210)
191N8® 4+ 684N7 — 217N® — 1949N> — 1246 N* 4 2305N3 + 4728 N? + 1120N

—432, (1211)
240N® + 1089N" — 917N® — 6465N° + 6181 N* + 19980N?3 + 8596 N? 4 3840 N
+3168, (1212)
339N® 4 843N™ — 2092N® — 2274N® + 1147N* — 14645N> — 26082N? + 116N
16360, (1213)
430N® + 1951 N7 — 340N° — 7385N° 4 2891 N* + 11059N? 4 970N? + 8136 N
13888, (1214)

1565N® + 5906 N” + 3476 N® — 7T570N° — 4705N* + 152N? — 8328 N2 + 3888, (1215)
1973N® + 5921 N" + 1402N° — 1417N° + 14062N* + 21596 N* + 41243 N?

+14832N — 14076, (1216)
4724N® + 15473N7 + 3469N° — 22813 N5 4 48721 N* + 140300N? + 112538 N2
+15108N — 6480, (1217)
19NY + 63N® + 192N7 + 162N°® — 513N° — 513N* 4 230N® — 720N?

—216N + 144, (1218)
651N + 3056 N® 4+ 1492N7 — 12986 N® — 24959 N° — 15422 N* — 6056 N3

—5680N? + 1296 N + 2592, (1219)
—12043N1 — 52199 N? — 68592N8 — 22926 N7 + 115557N° + 458949 N'®
+428806N* — 302176 N® — 337584 N? + 149040N -+ 140832, (1220)
63N + 201 N? 4+ 581 N8 + 1646 N7 + 2335N6 4+ 4289 N® + 13213N* 4+ 51503
—12616N? + 552N + 5232, (1221)
226 N0 + 1061 N + 860N® — 1831N" — 2444N° + 2045N° + 8496 N* + 6381 N3
—4438N? — 2268 N + 2280, (1222)
5399N' 4 21865NY + 4191 N® — 66642N7 — 36909 N® 4 68193 N° + 32287 N*
+4016N® + 45360N? 4 3888 N — 19440, (1223)
5459 N0 + 35950 N9 4 52398 N® — 48294 N7 — 52359 N° + 143592N° + 37432N*
—26596N? + 134946 N? — 70632N — 87480, (1224)
9429N10 + 33109N? — 26912N® — 199686 N™ — 184155N6 + 5745N° 4 39702N*
+97328 N3 + 107792N?% — 12816 N — 35424, (1225)
13789N' + 60242 N° + 31062N8 — 128262 N7 — 48825 N6 + 174492 N°

+110408N'* + 144844 N> + 66474N? — 183816 N — 115992, (1226)
205N'? + 1122N'" — 2485 N0 — 21156 N9 — 27453 N® + 17874N" + 42893 N°©
—5568N° — 25832N* + 2784 N? + 10512N? + 576N — 384, (1227)
254N12 + 1391 N + 413N — 8542N° — 8007 N® + 22639N" + 38167N°®
+10124N° — 9715N* — 4980N?3 + 2736 N? + 3344 N + 1328, (1228)

1538 N2 + 8703 Nt + 20491 N1 + 20280 N — 17340N8 — 20277N”
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Piosy =

P1041 -

P1042 -

Pz =

P1044 —

P1045 -

P1046 -

P1047 -

AC(3)7dabc

91,9

+105025 N6 4+ 77580 N° — 83254 N* + 66642 N3 + 131004N? — 18792 N

—42768, (1229)
3805N 12 4+ 23880 N + 31020 N'° — 63109N? — 153501 N® — 33090N7 + 131168 N©
+144597N° — 48240N* — 172070N? + 49356 N 4 44280N + 10800, (1230)

4920N13 4 22305N12 + 218N — 95044 N0 — 22165N? + 174177N® + 27618N”
—156150N° — 99101N° — 98972N* — 72698 N + 67716 N? + 20376 N — 22032(1231)
617TN™ 4+ 4175N' + 14349N'2 + 30747N 4+ 2059 N1 — 140311 N° — 226720N8
—109247N7 — 131196 N° — 283508 N> — 248768 N* — 18848 N? + 45408 N?

+6528 N — 2944, (1232)
32068 N + 214291 N3 + 230166 N2 — 1212607 Nt — 2507302N 1 + 1955271 N°
+5076722N® — 7562245N7 — 17306682N° — 3182438 N° + 7389328 N* + 339888 N?
—2572992N? 4 515808 N + 673920, (1233)
34763N™ 4+ 211157N '3 + 229596 N2 — 789770N'! — 1434236 N + 1014978 N?
+2087956 N® — 1947938 N™ — 3974499N°® — 2470711 N° + 66548 N* + 2887812N*3
+1290168N? — 982368 N — 702432, (1234)
—10701N' — 42606 N4 — 112294 N3 — 235574N 12 — 177548 Nt — 133306 N 10
—388110N? + 1317318 N® + 3159337N" + 1521824 N°® + 1661012N° 4 2875000 N*
—65712N? — 1912320N? + 39744N + 466560, (1235)
23379N1C + 176637N' + 336908 N4 — 418342 N3 — 1616541 N2 + 367147 N M
+3663481 N0 + 1241253 N — 2594354 N® — 1895204 N" + 1153767 N

+3040589N° — 340384N* — 2307312N3 — 1311840N? 4 714096 N + 513216, (1236)
295317N1 + 2034216 N'® + 4013522N — 2161486 N3 — 8694264 N 12
+30856978 N + 88306930 N'? + 17465238 N — 110878589 N® — 41117522N”
+85727340N° + 17006960N° — 58178704N* — 9306528 N* + 13384512N>
—1838592N — 3027456. (1237)

N4 BN1+N)2+N) > 9N(1+N)(2+N) G

128P1049 32F)1052

 daped™* N2 {_ 128(N — 2)(3+ N)Pioss . 64(N — 2)(3 + N)Pioss

S

TN NN+ N T BV DN+ N2+ N)?

_ 256 P53 S _ 512 P55 S
A5N2(1+ N)2(2+N)" > 3(N —1)N2(1+ N)2(2+ N)2™*
3(N—1)N2(1+ N)2(2+ N2> 45(N — 1)N2(1+ N)2(2 4 N)2>°

_ 128(—4+ N+ N°)Piso 64Pio51
(N —1)N2(1+N)2(2+ N2> 45(N —1)N(1+ N)(2+ N)?
512P 512( —4+ N + N?
n 1056 Cs + ( ) |

3(N—-1)N?2(1+ N)2(2+ N)? N(1+N)(2+ N)
1024( —4+ N+ N?)S3;  512( — 8+ 3N + 3N?)
N1 +N)2+N) 3N(1+ N)(2+ N)

S_91|S1
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128( — 19+ 3N +3N?%)  256( —4+ N + N?) 512( — 44 N+ N?)
SNOE N2 N) T NI+NMe+N) T NI+N2+N)

N(1+ N)(2+ N) 45(N —1)N(1+ N)(2+ N)?
256 Pros7 g 256( — 8+ 3N +3N?) ,
45(N —1)N2(1+ N)2(2+N)2”' 3N(1+N)2+N)
256 128
15 T

2+ N~
[ 128 Pros3 ~ 256(— 8+ 3N +3N?) 51] 5.

X (3

S993 +

St —

+

(N=1)(=21+ N+ N?)[S5 4+ S_21 + 3]

45N2(1+ N)2(2+ N)  3N(1+N)(2+N)
256( — 4 + 3N 4 3N?) 128

3N(1+N)(2+N) ~~' 45
768( — 4+ N+ N?)

N(1+N)(2+N)

(N—=1)( =21+ N+ N?)S_;

256( — 8 + 3N + 3N?)
3N(1+ N)(2+ N)

[52,3 - 54,1] +

—2.2

256 256( — 8 + 3N + 3N
+E(N —1)( =21+ N+ N?)[S_a5+ S 910 + 3]5](1 TNET N >S,371
1536( — 4+ N + N?) 512( — 8+ 3N + 3N?) }
311 — S o141 (1238)
N(I+N)(2+N) BN(1+N)(2+N) -
and
Pius = N*42N*—16N? — 17N + 120, (1239)
Py = 5N*+ 10N® — 16 N2 — 21N + 10, (1240)
Piso = SN'+10N? +3N? — 2N — 4, (1241)
Pusi = 46N*+92N3 + 1049N? + 1003N — 3342, (1242)
Pz = 65N* + 130N® — 593N? — 658N + 5232, (1243)
Pis3 = N°+3N°+24N* + 43N? — 142N? — 163N — 156, (1244)
Pigsa = 2N°+46N° +315N* 4+ 620N* — 1391N* — 1700N + 60, (1245)
Piss = 3NS+9N® —4N' —23N® — 14N? — N + 12, (1246)
Piose = 9IN°+27N° —13N* — 71IN® — 26N? + 14N + 24, (1247)
Piosy = 45N°+135N° — 140N* — 505N° 4 35N + 310N + 156, (1248)
Pipss = 2N®+8N" 4 815N° + 2417N® — 1509N* — 7037N* — 1780N?
+2140N + 624. (1249)

The above Wilson coefficients complete the massless parts of the polarized single and two mass
heavy flavor Wilson coefficients still missing in Refs. [49-53].

8 The small- and large x expansions of the Wilson coefficients

We will represent the small x and large x behaviour of the different Wilson coefficients first in
Mellin N space, where the former corresponds to the expansion around N = 0 and N = 1, while
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the latter corresponds to the expansion in the limit N — oco. Finally, we also consider the large

The non-singlet Wilson coefficients receive their leading small x contributions from the ex-
pansion around N = 0, retaining the pole terms. The singlet ones also receive contributions
from the pole terms at N = 1. This is due to the Mellin transforms

1 —1)k1 In"(z
(N—1)F Ek_)n!M[ x( )} (N) (1250)
% _ %M[lnk_l(x)](]\f). (1251)

In the large z region we will retain all terms up to o< 1/N in the asymptotic expansion. Here,
terms of the kind

L. = (In(N) +7p)’ (1252)
contribute, which we will replace by
1 1

to derive in a more direct way the inverse Mellin transforms. One obtains asymptotically up to
terms of O(L¥/N?), k >0, and smaller

1

MSi (M) & —r——+ 1, (1254)
MS2(N)](z) ~ %j) —2In(1—2) — GS(1 — ) + 1, (1255)
M~ [S3(N)](z) =~ —3111129 - L 13_@% +3n%(1 — 2) — 3In(1 — @) — 2G30(1 — )
—3C2, (1256)
41n*(1 — 12¢; In(1 — 8
M [SHN)](z) =~ “1 (_ - z) _ @1“_( - ?) 4 : _i — 4103(1 — 2) + 61n2(1 — z)
H126 (1~ 2) + SG35(1 ~ 2) ~ 66, ~ 86, (1257)
_ o bl'(l—=) 30 I*(1—z) 40GIn(1—x) 3¢
MTSTNN(@) =~ - 1—=x * 1—=z B 1—=x B 1—21:
+5In*(1 — z) — 101In*(1 — ) — 30& In?(1 — ) + (30, + 40¢s)
x In(1 — 2) + (20 — 24¢5)6(1 — ) + 3¢5 — 20(s, (1258)
_ _ 6I°(1—x) 60GIn*(1—=) 120¢In*(1 —x)  18¢FIn(l — )
M7 S{(M)(@) = 11—z 1—=z + 11—z + 21—x

—(120GGs — 144G5) 7 - - 61n°(1 — 2) + 151n*(1 — )
+60¢ In®(1 — x) — (90¢, + 120¢3) In*(1 — z) + (120¢3 — 18¢3) In(1 — )

+ (40§§ — 475@?) §(1 — ) + 9¢5 + 120¢2¢5 — 1445, (1259)

M~} {Sl(N)}(x) ~ —In(1—=x), (1260)

135



M! _S%](VN)_ () ~ In*(1—2x)— (s, (1261)
M- _Sfj(VN)_ (z) ~ —In*(1—2)+3Gh(1—1)—2G, (1262)
ML -Sil](\fN)- () ~ In*(1 —x) =6 In*(1 — )+ 8¢ In(l — z) + %(227 (1263)
M SYY) () ~ —In’(1—z)+ 10 In*(1 — ) — 20¢In*(1 — x) — 3¢ In(1 —
N ~ 2 z) GIn"(1—2) =3¢ In(1 — )
+20(2(3 — 24Gs, (1264)
M Slﬁj(vN) () =~ W°(1 =)= 15¢G In*(1 — ) +40¢ n*(1 — x) + 9¢3 In*(1 — )

+(144¢5 — 120¢2¢3) In(1 — 1) — 4—75@ +40¢3. (1265)

We will now present the asymptotic behaviour of the Wilson coefficients in the small z and large
x region. For the pure singlet and gluonic Wilson coefficients of the structure function g;(x, Q?)
we refer to the Larin scheme.?

8.1 The small x limit

In this section we will show the small x expansion of the Wilson coefficients calculated above.
The non singlet unpolarized Wilson coefficients have leading singularities at N = 0, o< In” (x)
and the unpolarized pure singlet and gluonic Wilson coefficients have their leading singularity
at N =1, i.e. terms as In(z)/x and 1/z. Here we also list the logarithmic contributions up to
the constant terms. One obtains

RN~ Cpl3—2n(x)), (1266)
10 178 16 55
C}(,ﬂi)’:]NS ~ CF{TFNF E 11’12(313) + 81n(x) + W — €C2] + CA _E 1112(.1’) — 32 ln(x)
1693 44 5
=t ggz —12¢3 } + C%{—g In®(z) + 91n®(z) + (17 + 24¢G) In(z) — 8¢
3
+5+ 56C3}, (1267)
@Ns 1o 67 5 [ 1001 91 .
Cha = —30rI’(@) + | 5C0F + (—WCA +5-TrNr | | In(2)
[ (2024 368, , 2783 , , (10
835 262 1984
= =646 |Ou | + O3 5+ =56 | | nP(2) + |Cp| ———T2NE
54 3 81
14392 23062 2630
= - 16@) CaTpNp + (—8—1 + 84@) Of,) +C% (TFNF (—8—1

4To one- and two-loop order it is known, that the gluonic Wilson coefficients are the same in the Larin and
M-scheme [26].
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532 17315 265(, 113 299
e _ — 64 e kit
9<2>+CA<162 9 643))+< 5 T3 e
646 4816 64 [ 78338 3058
+?C3)C?: T3N2<—8—1+§C2) +CA<—8—1+ 5 G2
14152 1376 9256
+32¢; — 24g§) + C4TrNp (— — G+ ?gq,) TrNp (

27 9
2999 964 106801 599 418 656
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1Il2 (ZE) + CF

+ C%

8L 9 324

+C%, (% + %@ + 1543 — ?@2)] In(z)

e ( c, (196349861 . 6;)14 : 1321789 ‘o % 4 506G+ 19370 C5>

PG s~ oG - 0G0 12—245) FTEN? (—%

+92287C2 . 12287§3> TN, (447824938 - 921;0 - 71054 o 2334 @))

+C3 (% + ?@ + 17330¢3 - %gg — 904(y(3 — 872<5> : (1268)
Oyt~ (1269)

O™~ CpTpNg i (% - %@) + ? In®(z) — 2In?(2) + (112 — 32¢;) In(x)

12— 16{3] , (1270)

Cl([’z),éps ~ CsCpTpNp —72?1;6 + 832@ - 236C3] In(z) + {CF T#N7 (% - %@

729 81 9 45

2180 1600 384 1
27 Np [ 527 — 32¢, — it
+C5Tp F( 57 32¢, 9 C3 + 5 Cz)}x+

512 1942568 30080 1504 7936
+§C3) + CATrNp (- + Co + G3 + Cg)]

—4CFCATFNF

+4C%TFNF 1115 (II?) +

27 27

3568 16984 320
Cr (——T}%N}% + CyTrNp (—— + TC2>>

110 854 184
—7C§TFNF + CF< CuTrNp — —T2N§>]
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xIn' () + 81 81
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3),a
Cf(72):g

572 1328

22912 64
C%@?W(—7§‘+E@)

101192 920 1024 218 512
+CATFNF< s TQQ - C3>) + C3TrNr (-7 — ?Q

640 304304 30872 640 752
—TQ,)] In®(z) + |Cp (CATFNF (‘ CQZ)

o3 T or @ g ST

198560 3392 64 160
+T2N? (— + o — 3<3)> + C2TpNp (692 2200, — —5-Ga

243 27

1102604 71896 32864 1856

_ 2
243 32T o7 8t 3 &

2896
+1—5€22>] ln(z) + CF

CATFNF<

225376 6176 1312 294
+592(5C5 — 1240@,) + T2N? (— + QS)]

243 ;T et 8t E

(1271)

4
i (215 - 49 w6 )

2 Co — 880C; + ?cg + 288(2(3 + 352¢5

—ATpNp(In(z) + 1), (1272)

10

CrTrNp -3 In®(z) — 3In*(z) — 32(1 — () In(z) — 86 + 32> + 64

1 2 2
+CaTrNr |~ (% - ‘%@) + 30 In’(z) — 21n*(z) 4 (116 — 16¢) In(z) + 30

+16¢2 + 8(3 |, (1273)

21
CuTu Ny (ﬂ 32,

C?Tr»N
AL FiVFE 27

78976 832 256 | In(x)
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9 5 729 27
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2004664 32192
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409 818 1064
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4589 656 35564 176
CsTrNp <W — 7@) + TZN3 (8—1 — TC2>> + CATr Ng (

138



27338 56 178 524
TR €C2> + CRTeNr (‘7 * 742)] tn(z) +

Cr (C’ATFNF<

20815 284 320 156500 872 304
- + Co — C3) + TI%N}%‘( - ?Cz - ?C?)))

81 3 3 81
1024 16 28580 1136
+CATEN <—8—1 — 3@) + CjTFNF< o 320 — ¢3>
284 1683904
+CETrNr (—88 +5 Gt 284{;»,) In*(z) + |Cr (T; N2 (W

17632 5072 224
— Co — 9 Gz + ?Qg) + CuTrNp (-

2176 935806 10912 2432 832
= C2TwNp | — e B
15 <2)> +Calr F( o3 T 9T e Q’)

147806 1516 : +2632
243 9 2" 9

C3

53512 112 256 368 550
+CATE NG <—% + ?Cz - 7(3) + CETrNp (? + 7(2 + 600(3

2179673 226144 41744 3632
T2N2 o o o 2
F F( 243 81 G2 27 s 45 G2

2310157+91424 . 1840 13064 :
972 81 2 97 45 2

56
—1—542?)] In(z) + Cr

+128(2(s — 96C5> + CyTpNp (—

1852 359827 4138 7348 908
—352 2TpN — — —(
352C2(3 + 3 Cs) + C4Tr Np 513 9 (2 9 Gz + 5 G
1288 5224 1925 572 4478 2176
— C2TpNp | —= — —= >
+— C2C3 5 G| + CplrNp 1 3C2+ 5 G+ B G
52712 400 1072 224
—320(5(3 — 248 CATENZ | ———= — —( — i— 1274
G2Gs G| + CaTpNE Y 9“2 9 G+ B Czla (1274)
O~ (1275)
(1276)
NS
WNS ~ (1277)
44 16
Crly” = Cp|=Cag +TrNp— | = 4CE |2In(x) = 3], (1278)
(3),NS 20 5. 3 3 2 2 9 704
CFL,q ~ —;CF In (JI) + 32CF - 66CFCA + 24CFTFNF In (QJ) + CF TCATFNF
128 968 448 1832
—TT;‘;N% + (—7 + 120@) ij) + C% <7TFNF — (T + 384@) CA)
1216 8368
+(168 + 416@)02] In(z) + Cp [—WTP%N% + (7 - 32@) CuTrNp

139



13060 2288 64 5800 1696

27 27 3 27 3
—96§3> CA> + (608(2 + 288@},) C3, (1279)
(1280)
CPdare g, (1281)
1
O~ 3204 TrNp —ox —I—ln(x)], (1282)
(113568 256 128 2048 11264
3),Ps 2 A2 2
Cria = CF{TFNF : (8—1 9 ) — g ) - =g (@) - 2—7]
(1 28768 640 160 496
TpNp | = =222 4 224¢, + —(3 | — —In? 2
+CuTr Fx< o + 224¢ + 3C3> 5 n’(z) + 3 n“(x)
800 1/ 4352 128 35200
Sl 224¢, | 1 e 4 64(, — 704
+( 9 +x( o7 + 352)+ §2> n(zr) + o + 64¢; Cs]}
1(3584 64. 256
160
—161n*(z) + = 1n3(x)] : (1283)
oy, =~ 0, (1284)
1
. 4352 128 | In(z 7744 256
O =~ C3TpNp — T3 G ; )4 {CF TENE (—81 - 7@) +OATFNF<
3584 64 256 3232 128 88192
il T2NZ| 2222 22 2T Np [ - 2222
7 3% 3<3) +Calf F( 27 9C2>+CAF F( 81
2080 . 640 1 160 40 80
+ 9 Co + TC:;) }E + _?CZTFNF - ?CIQFTFNF +Cr (ECATFNF
160 56 32
152 2 2
N | B |
1 13664
CuTpNp <—% — 288@) +TENZ <% — 256@)) + C2TrNp <32
2 20864
+192<2) + C2 TNy (—% T 240@,)] In(z) 4+ Cp | TANZ (%

140



1664 2776 512

3 Co — 128C3> + CaTrNp <_T — ?@ + 64(3) + CleFNF<

5168 ,

g+ 2006, = 704G | + CRTrNr | —24 + 2360, + 384¢,

2

——3270 CuTEN?, (1286)
O~ (1287)
Chy® = COr[l—2log(x)], (1288)

103 122 1327 80
Cg),;]NS >~ CF{CA —2 1113((17) - ? 1n2<l’> -+ (—? —+ 8C2> ln(x) — 5—4 + §C2
10 40 262 16 7

+21hﬁ¢p>+<214-8@>hmx)-%?-20@-+16@

1 4 4 124 271
_3l In*(z) — 4358 In®(z) + (—ﬂ — —@) In®(z) + <——

, (1289)

l

(3),NS 2
Cryg = CF{TFNF 27 3 81

27 9 T s G+ 3G o7

1436 2056 4123 8344 752 , 9884
Gs | In(x) 9 %2~ 3

+Cy —% In°(z) + ;1—2 In*(z) + (% + %@) In®(z) + <%497 + 4016,

+328<3) In*(z) + (_403421419 N 1622773C2 N 929O6C3 * 311%6@2) o) = 492616687

+5484112 Gt 1122 24 (—%25 - 648C2> G+ 53306 <5] }

_|_CF{TI%N1% —% In®(z) — %IHZ(@ + (—% + 2—4@) In(z) — %
12;2@ + 12—278(3 + CTeNp % In*(z) + % In®(z) + (%?;2 - %4(2>

81 27

592168 6224 608 433462 37480 1288
x In(x) + ( ) In(z) + - C3

C”?C?’ 729 s1 2T o7

64,1 2., . 166 , 9799 64\ . . 38642
o= 4 _ % _209 0% _ 00bas
15C2 +Cy 5 In”() o7 In*(z) + 1 5 G | In°(z) + 31

226 212 53650 11260 416 1696
e = 1 2 o iy 1
+ 5 G2 3 CS) n (95)4'( 31 + o G2 3 & 5 C3> n(z)

1010495+52214 1258 9932+292 a)e 896 ;
1458 81 2 15 2 27 3 ) gy

141



3),dabe
Cl(?d)q b

),NS,L
Acgl q

),NS,L
ACgl q

AC2)PSL

91,9

ACB)PSL

91,9

12

12

12

12

12

53 89 49 710 1085 1373
3 _1 5 _1 4 e —YPY
+C% 20 ()+12n(a:)+ 3 C2 n®(z) + 5 3 G2
5553 2308 1978 . 4748 71777
286{3) In*(z) + ( 1 3 G2 5 € B C2> In(z) + 2
2561 2248 710 1384
— — 2104 12
Co — B = ( 3 + 3 2)(3 04¢s |, (1290)
daped®™™Np | 32 . 704 256 2176
R Pl | L ~1600 — =——
N, [ 7p () + 5 5 G2 n’(z) + 600 G
1024 1088 1216 11456
+ 5 G+ 3 3) In(x) + (— 3 3) In?(z) — —3
3104 3904 1856 3584
+2560C, — ——(2 + — 2 (3 — Gl (1291)
15 3 3
—Cp(7T+ 2In(x)), (1292)
151 238 6391 128
Cpg Ca|—2I0%(z) — —In*(z) + | === + 8 | In(z) — —— + G 8G
6 3 54
10 56 502 7
+TpNp| 5 In n’(z) + 3 n (z) + 27 "3 —C2 } §1H3($)+211ﬂ2($)
117
+(21 + 8¢2) In(z) + - - 20(, + 16(5 |, (1293)
(1294)
CrTpNp |5 I (x) + 5810’ (z) + (172 — 32¢,) In(z) + 280 — 96¢, — 163 |,
(1295)
184 7312 . . 37744 64
TZN2|——In* O n? AR B
CF{ o7 () = g () + TR R
245504 | 1088 292640 14528 224
+(— 513 Cz——C?,) n(z) — 513 + Cz——C3+ 15(]
2 1 132
+CpTrNy [ 410°(x) + %m‘*(x) + (5 956 398 2) () + (2708
4096 256 23360 3856
— G _ 3<3> In?(z) + (T — 5064, — 224¢s + =G ) In(z)
31712 6160 5008
+og — 68560 + <_T + 32@)( 24+ 35245]
L 2450 67472 688 325580

142



6992¢, ) 2395192 74464 21136 3088
- — 3523 | 1 — — 2
5 §3> n (x)+< 913 o7 Ca 9 G+ 5 ¢y | In(z)
2166976 315832 93968 1808 10312
— - —— (2264 12
+—5 a1 G2 ( o >C3 (5 — 264¢5 }7 (1296)
AC\D "~ ATpNp[3 + In(z)], (1297)
10
ACP) QJHW~§m%m+4uﬁ@y+um—3%gm@y+w4—%@]

28
+Qﬂ}NF?;m%m+9mf@g+Cm4—mg)m@y+%4—1%@
—48¢3 ], (1298)
44 23 146 1627
ACQ:;))Q = TFNF{ gcﬁ - EC% + CF( Ca— 4TFNF)] In®(z) + —CA —210%

27 27

61699 976 79220 176 o [ 132454
+Cp (CA ( 3L —C2> +TrNp <_8—1 —C2> ) +C3 ( 31
656 602 332 422240 2600
——C2> +Ch <—T - —Cz)] *(z) + |Cp (TFNF <— + G2

81 3
304 221032 824 30296
+—C3) CA( 51 1188 + ?Q},)) + CyTpNp (—2—7 +80C2>

2143 2654 12056

3
236002 6844 92216 877 824
+C§1< 57 T 3 Ca — 3 C3> + 0127 <—? - —C2 - 252€3)] (95)
3711364  37264¢,  10064¢;  224¢2 728285
ToNg| — _
+ Ch’( r ‘?( 43 9 T 5 ) TO o

2 B 2
9 Ca + G + 943 3 Co + 5 &

46892 2944 27296 , (6175024 25564 9968
B 15 9 ¢ Ca

52064 2755 1450 5632 5464
02 o o 2
9 ) ( 3 3 G 3 G+ 15 ¢ )

970424 2144 1408 5 [ 39635

— G+ 1—5C CzC 31 31 G2

3

2494 9568 11032 , (2218820 1035208
+C2 =

83068 86584

495448 135320
9 Gz + (3 + 154423 — 664C5> + CATpNp (— +

81 81

G2

143



3

5696 1376
(3 — C ) +CFr 31 31 2+ 97

1456493 536656 75680
TrNp ( + G

29288 367691 488996 7432
——Cg 128C2C3+96C5>+CA<— 91 8l Ca — 57 3
72272 1936 12844
1299
+ 5 G- GGz + 3 C5)] }, ( )
dped® N2 | 13952 64 8192
3),dabe abc F
AC = = [— == — G+ 640G + 42] (1300)

Note, that the expansion has to be performed in z—space, since the Mellin space expression is
either applicable for even or odd moments. There are predictions of the leading series small
x behaviour of the Wilson coefficients of the structure functions Fy(x, Q?) and F(z,Q?) from
Ref. [94], to which we agree to three-loop order except of the overall sign. A small x expansion of
the non-singlet Wilson coefficient of the structure function g;(z, @?*) has been considered in [95]
based on [96], however, in a different not fully specified scheme.

8.2 The large x limit

In the large = limit one obtains the following leading term behaviour for the Wilson coefficients
calculated in the present paper. Here we dropped the terms O(L*/N?), k > 0.
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8.3 The large Ny limit

There are also some predictions on the large Np behaviour of deep—inelastic Wilson coefficients.
The O(CrT3EN3) contribution to the flavor non-singlet Wilson coefficient of the structure func-
tion Fy(z,Q?%) agrees with Eq. (15a) of [97], which can be brought into a more compact form.

For the structure function FNS(N,a,) the generating functional of the Wilson coefficients
reads [98].

k 5/3x
0 [ ge’’ " I'(z + N) (1334)

|
Gulg)=Cr Y — |
o) Fk:O Lozt | (1—2)2 =o)L+ +n)l(1+2)T(N) |- syrneg

The O(a*) Wilson coefficient is given by its kth expansion coefficient in the variable g, f }Jk) (9=
as) to be multiplied by (—1)*"1. This prediction agrees with the corresponding contributions in
our direct calculation to three loop order and implies a modification of [98].

9 Conclusions

We have calculated the unpolarized massless three-loop Wilson coefficients of the structure
functions Fy(z, Q%) and Fi(z,Q) for pure photon exchange and for the charged current struc-
ture function xF3(z, Q?) to three-loop order. In the polarized case, we calculated the Wilson
coefficients to the structure function g;(z, Q?) to three-loop order in the Larin scheme and for
the non-singlet case also in the MS scheme. We applied the forward Compton amplitude for the
respective scattering cross section and followed the other technical calculation steps having been
described in our previous calculations of the three-loop anomalous dimensions in Refs. [27,28].
By using the method of arbitrarily high Mellin moments [61] we have obtained a sufficiently large
basis to compute the Wilson coefficients without any reference to further structural assumptions.
In parallel, we also used the method of differential equations [80] since we face only first order
factorizable problems, which, even further, relate to harmonic polylogarithms only. This method
works for any basis of master integrals. The Wilson coefficients depend on 60 harmonic sums,
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weighted by rational functions in the Mellin variable N, after applying the algebraic relations,
and on 31 harmonic sums by also applying the structural relations. We confirm former results
on Fy, F, and zFy at three-loop order in Refs. [15,17] for the first time and all earlier results
at one— and two-loop order, also for the structure function g;(z, @?). The three-loop results
for the structure function g;(x,@?) are new. Concerning the polarized case we would like to
remark that one may perfectly work in the Larin scheme, expressing the Wilson coefficients, the
anomalous dimensions and the parton densities at the starting scale in this scheme, representing
the polarized deep—inelastic structure functions or any other observables. For convenience, we
also provide the expansions of the Wilson coefficients in the small x and large = region. The
latter information may be of relevance studying the high energy Regge limit and the soft region,
respectively. We also checked some predictions in the large Ng limit. The present results are
of importance for the application in experimental and phenomenological analyzes of precision
deep—inelastic data and in particular for precision measurements of the strong coupling constant.
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A Z35(N)

In the following we calculate the function ZN5(N) needed to transform the non—singlet Wilson
coefficient of the structure function ¢; from the Larin into the MS scheme to three-loop order.
To two-loop order it has been calculated in [26] in unrenormalized form.®> In [29] we provided
the expansion coefficients needed to two loop order at the required depth in ¢ for the present
calculation in the unrenormalized case.

The practical approach consists in deriving Z)®(N) in renormalized form, since it provides a
finite renormalization. It is given by

ANS,phys,ac,ren
24 =1+ aszél)’NS + aizéQ)’NS + ai’zég)’NS +0(ad),  (1335)

Z3°(N)

ANS,phys,Larin,ren
qq

where the OMEs are calculated for anticommuting 75 and in the Larin scheme. The gauge

parameter ¢ is defined in [27]. Note that in the Larin scheme one has to add the physical and

EOM expansion coefficients projected in Ref. [29], although the two projections are orthogonal.
For odd integers N it is given by

(DNSodd  _ _ ~ 8 1336

& "N+ N) (1836)
16(—3— N +5N?) 16(1 +2N) 16

(2NSodd _ s 2 IS

% PPN (1 + N)2 FINaE N T NI N
8Q)2 32 4Qs 16
S_,| —CuC S
AT ERA T I ) R B Ky T o v SR R &

®Note that Eq. (A11) in Ref. [26] contains typographical errors.
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Q4
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Qe
Q7
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Q10
Qll
Q12
@13
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Q15

QlG

8Q14 16Qs 256(1 + 2N)
3NN NP2+ N) T\ BN+ N 3NP(L V)2
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S_a1

S_21

N* +12N3 + TN? — 4N — 3,

2N* + N3 + 8N? + 5N + 2,

3N* 4+ 6N% +5N? + 2N + 2

85N* + 104N? + 13N? — 6N + 18,

103N* 4 140N + 58N? + 21N + 36,

N® —3N° +9N3 —33N%2 —6N +38,

17N® + 207N° — 685N* — 691N3 — 312N? + 80N + 48,

22N® + 50N° + 41N* — 132N3 — 153N? — 104N — 40,

24 NS + 72N° + 44N* — 32N3 — 35N? — TN — 12,

85N + 222 N° — 38N* — 336 N3 — 92N?2 + 69N + 36,

165N® — 185N° — 1034N* — 1285 N* — 895N? — 726N — 396,

349N® + 861N° — 152N* — 1263N3 — 665N? 4 222N + 216,

485N% 4 643N° + 253N* + 85N? + 326 N? — 96N — 144,

24N'0 + 99N? 4 259N® + 308 N7 — 186N — 853 N5 — 1153N* — 82N
+344N? + 328N + 144,

845 N0 + 3292N? + 7545N® 4+ 11366 N" — 121 N® — 19168 N° — 19017N*
—2522N3 + 5420N? 4 4008 N + 1440,

6087N' 4 24679N? + 32532N% + 11838N" — 18471 N°® — 38727 N°
—37968N* — 12190N® + 11772N? + 8352N + 1728.
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To derive the above relations one has to apply the relations [60]

N n MNp—
Snlv"'rnp (3) = 2 e P pzsin1,...,inp(N>' (1355)
+
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