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The Total Pair Production Cross Section in Hydrogen and Helium

Part II — Correction to the JLS value for Op

T. M. Knasel+

Laboratory for Nuclear Science
Massachusetts Institute of Technology

Cambridge, Massachusetts / USA

Abstract

Comparison of the Jost, Luttinger and Slotnick formula for the total

pair production cross section to more recent theoretical work by Maximon,
(for total coherent pair production), and by Mork (for total incoherent

pair production) is presented. If one neglects the effect of atomic
screening then the coherent and incoherent cross sections will be identical
except for small corrections important only at low photon energies. The
result of the comparison shows that the Jost, Luttinger and Slotnick formula
(for coherent production) agrees with the formula of Maximon to better than
1 part per 1000 above 5 MeV. A very simple approximate formula for the
total coherent (unscreened) pair production cross section is given. Finally
a comparison of the difference between the Mork calculation for the unscreened
incoherent cross section with the JLS formula gives the correction term

that must be applied to the JLS formula in the incoherent case (called the
retardation correction). The addition of screening correction and the
retardation correction to the JLS formula then gives the most precise value
for the total pair production . Comparison with recent experimental data

shows good agreement.

+ . . . . . ,
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Introduction

In part I of this paper the formula of Jost, Luttinger, and Slotnick!

for the total cross—section for pair production was evaluated for the
first time. It was shown that the values obtained were in good agreement
with previous calculations of Bethe and of Bethe and Heitler in restricted
energy regions. It is also possible to make a comparison with a recently
derived formula of Maximon? (which does not include screening) and this ’
will be done in the first section of this paper. Our second. task will be
to describe the various corrections that are necessary to be added to

the JLS cross section to make this cross section directly comparable with
experimental data. In particular at low energies a formula for the
correction due to the retardation of the electron's field in incoherent

pair production will be given.

1. Comparison of the JLS Formula to the Maximon Formula. (Without Screening)

Recently Maximon has computed the total pair production cross section in the
Born approximation in a way involving no approximation of high energy
behaviour.? His work however does not include screening (an effect due to the
atomic electrons) a correction that will be fairly important as the photon
energy increases above about 100 MeV. 1In principle his work and that of JLS
should agree for all energies — if screening is neglected in the JLS case.

As we have mentioned in Part I, up to now no evaluations of the JLS formula
were available for such a check. 1In order to ascertain the correctness of
these formulae, the JLS prescription was integrated with no screening correc-
tion over a large range of photon energies. The integration was carried out
in a similar way to that mentioned in Part I. Table I presents the results

of the JLS evaluation with no screening. The values up to 100 MeV are precise
to .1Z, and values up to 1000 MeV are precise to 1%. Also shown in Table I
are the values of Maximon. The following comments can be made about the

comparison.

a) For 3 MeV and above the JLS and Maximon values are in excellent

agreement, consistent with the error in the numerical evaluation.

b) Below 3 MeV the JLS and Maximon formulae differ - this may be
entirely attributable to the use of an approximate formula for R(t)
in the JLS formula. As was discussed in Part I this introduces an

error at very low photon energies.




Thus we can conclude that the evaluations of the two prescriptions

for pair production give identical results. This confirmation of the JLS
formula is important as it involves a comparison of two independently derived
formulae, both without energy dependent approximations. In Part I

it had been possible only to check the JLS formula at the two ends of the

range of photon energies.

2. Simple Formula for the Total Cross Section in the High Energy Limit

(Without Screening)

In the high energy limit and in the case of no screening, the formula for
pair production can be evaluated by analytical integration, and thus an
exact expression for the total cross sections can be obtained. Two such
formulae have been calculated by Sorenssen,? and by Mork3® - who also includes
the effect of retardation (i.e. pair production in the field of an electron).
In the Section 3 we shall study the retardation effect. For our present
purposes we need only note that as k - o the retardation effect vanishes.
Then in this limit the Mork formula as well as the Sorremsen formula (derived
with no retardation terms, but with approximations good only at high energy)
agree exactly, and this result should also agree with the JLS cross section
with no screening. These formulas can be further simplified in a straight-
forward way when k 1is large" and we present here only the final result -

namely both the Mork and Sorenssen formulas reduce to:

cT(mbarn) 1.80 £n k - 3.43 k in mec2 units

. (1
1.80 £n k - 2,22 k in MeV units.

I

Such a simple formula would not be expected to be too precise, however Table II
presents the result of an evaluation of formula (1). Comparing with Table I,
Column 2, the precise- JLS evaluation, we find agreement to much better than
1% above 50 MeV. Formula (1) is expected to be increasingly more precise as

k increases and is thus quite useful as a prediction of the total unscreened

pair production cross section (the total cross section for a proton without

atomic electron).

3, Calculation of an Approximate Formula for the Retardation Correction

Since a simple formula for op can be quite close to the best theoretical

estimates (when no screening is involved) a way is suggested to compute an
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approximation to the JLS formula to correct for retardation.effects.

- First let us briefly discuss the problem. The JLS formula is a correct

. prescription for pair .production.in the nuclear field. When the atomic

electrons .are considered there are two results

a) the nuclear pair production is reduced .by atomic.electron screening

b) the field of the atomic electrons themselves cause the photons to
produce electron‘ﬁositron pairs.

Wheeler and Lamb and later Suh and Bethe showed that a form factor for

electron field production replaces the nuclear form factor (describing

nuclear shielding by electrons) in the formula forwpairAprovduction.'*’5

This prescription when.applied to the JLS formula is incomplete since the

JLS formula does not contain any description of three types of effects

that occur when a pair is produced in the field of an electron. . .These. are

exchange effects, compton (y—e) effects and retardation effects. Mork

has made an extensive study of these processes.and concluded that exchange,

and y-e interactions decrease very rapidly in importance above threshold

. and .are only 2% at ~7 MeV.3 Retardation however has a very much larger

effect. To detemine its magnitude we subtract the Mork.formula for pair

production with retardation, from the prediction .of pair production alone

(as given by Sorenssen). (Both containing no screening, a multiplicative-

effect that does not affect our present calculation). Our notation is

such that

op = pair production total cross section

op = Op * Retardation correction
w = photon energy in mec2 units.
ag = +579 mbarn.
20
= —0 1~ (y,3 2 . 8 w
Op = E (L. (9)w + 2w? + 9] (1 + 24n 2) +
[ + (Z§J wd - 4u? + g%—— lgﬂ do(w = 1) +
- (88 3 .04 o _ 16 0 32
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. -1 .
0., becomes keeping terms of order w and higher,

T

200 7
= {[L - (59 w3 + 202101 - 2£n2 + 24n w] +

[(% w3 - be?ln w + [ - <%>w3 " %‘iwm .

Mork gives, for the total cross section with retardation effects included

. . . . -1 .
to the same approximation, i.e., terms 1n w included,

op = 0{3.111 £n 2w = 8.074 = [1.333 ({n 20)3

- 3(ln 2w)% + 6.84 fn 2w - 21.51] oy
We then form the normalized difference

Op — C

T R 3 2

= {( 82 _ 4 fn 2) + 1.333 G~ - 3G
Orp 9

(2
!

+ 6.84 G - 21.51} x w(3.111 G - 8.014)

with G = fn 2w and w 1is in units of meC2 = 1.

Using the above formula we have constructed Table III. The retardation
effect above 1 GeV is less than 2%. This is interpreted of course, as
2%/(Z + 1) error in the total cross section (or 1/Z in relation to the
coherent case). By the use of this formula, we can make this correction

quite accurately.

By noting that lim k -~ », A > O we see that these results confirm the
arguments of Suh and Bethe® that at sufficiently high energies

the expression for triplet and for pair production should be identical
(the screening terms are of course still different). Alternately, the
conclusion of Joseph and Rohrlich® that about a —-8% correction existed
even at the highest energies is shown to be invalid. In Ref.4, the error
in the Joseph and Rohrlich argument is shown. When their arguments are

corrected, one arrives at the identical formulation presented here.
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In order to check Equation (2) which contains approximations good only at
large energies the explicit evaluation of the full Mork formula (taken from
Ref.3) was subtracted from the results of the JLS formula (both with no
screening) presented here. Table III shows this exact calculation of the
difference, as well as the results of Equation (2).. The results.indicate
that Equation (2) is capable of giving resqlts precise to 2% in O (un-
screened) above 50 MeV (note 2% difference in oT(unscreened) yields 1%
difference in GT(Hydrogen))Table IV presents an evaluation of Eq.(2) in

MeV units.

4, Radiative and Other Corrections

The radiative correction to the total pair production.cross section has been
calculated by Mork and Olsen.’ They give the formula

%Rad = (.93 £ .05)Z I

O = Op + opap
This is good in.the limit of complete screening i.e. high energies. In
the case of no screening, i.e. low energies the correction is a little
larger being 1.12% at 15 MeV photon energy. For the purpose of providing
accurate cross sections above 50 MeV one may add simply 0.93% to the

total pair cross section as a very close approximation.

In addition to the corrections mentioned there is an uncertainty in the

case of Hydrogen as to the effect in the screening calculation of the
molecular form. The value of this correction term depends sensitively upon
the particular wave function of Hydrogen molecule used. In a test of several
molecular forms the author found that the correction was . consistent with

0 £ .57 for a selection of several models. Further details of this correction

will be published later.

5. Conclusion

In conclusion, it is possible now to present a table of total cross section
values for Hydrogen and Helium that will be precise to about * 0.5% for
Hydrogen, and +0.37 for Helium at all energies. These cross sections are
computed by the following prescription.

ZZGT(JLS, with coherent screening) +

Z{GT(JLS, with incoherent screening) — Retardation correction} +

Radiative Correction = ¢
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The values oT(JLS) were presented in Part I of this work, and the retardation
and radiative corrections are discussed in Part II. Using this prescription
Table V has been constructed for selected photon energies. More significant
figures than are justified are carried to the final answer in order to show
how each correction is computed. Numbers from this table then represent

the correct cross section for pair production in Hydrogen (% .5% accuarcy)

and in Helium (+ .3%). These numbers are useful in obtaining photon flux
values in a number of high energy reactions. It should be noted that recent
experimental work at DESY has obtained values for the total cross section

for pair production in Hydrogen and Deuterium® (which should have the identical
cross section to Hydrogen except for possible differences in the molecular
wave function of Deuterium). Table VI and Figure 1 shows a comparison of
these numbers, with the theoretical calculations presented here. In general
the Hydrogen and Deuterium data are the same within statistical errors,
showing to the level of about 1.0% in the total cross section that the
molecular correction differences between the two different states are not ob-
served. Comparison with the theoretical calculations presented here shows
that the data tends to give a slightly larger cross section, by about .2 mb,
or 1% on average, than theory would predict. Since this is only about one
standard deviation, one must regard the comparison as showing agreement
between experiment and theory. Refinement of the DESY measurements could in

principle allow a .1% absolute measurement”,
Summary

The theory of Quantum Electrodynamics can be used to make a very precise
estimate of the total cross section for photon interactions which produce
electron positron pairs. At high energies this is the predominant reaction
contributing to the attenuation of photons. The most complete calculation of
the pair production cross section had never been integrated nor numerically
evaluated to compate with experiment. In Part I of this paper this formula
was integrated including screening corrections necessary when applying the
result to measurement in Hydrogen and in Helium. In this form the values

so obtained were found to agree with two approximate cross section expressionms,
at the limits of very low and very high energy for the photon. In Part II
the JLS values for no screening were compared to recent calculations of
Maximon and found to agree exactly. In addition to screening two other small
corrections are considered. For pairs produced in the field of an atomic

electron an additional correction to the JLS formula, (which assumed a heavy
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nucleus for recoil) is necessary (retardatibn correction). By using an
expression for the unscreened total cross section with this correction
(due to Mork) and subtracting a formula Op without this correction

(both good at high energies) we were able to obtain a formula for the
retardation correction, that agreed well with the difference of values
given b& the unscreened atomic electron formula for pair production (also
due to Mork) and the JLS formula (both unscreened but good at all energies)
The radiative correction has been already calculated and was applied here.
The cross section for Hydrogen and Helium are given in a corrected form.
Recent experimental data on Hydrogen confirms the cross sections presented
here but only to *1.0%7. For other elements another experiment found
agreement to 0.3%.% The JLS total pair production cross section has been
verified by both theoretical and experimental cross—checks, and represents
the most precise way to compute the total pair production cross section

Y

presently available.

Table VII shows the corrected values of ¢ for Hydrogen and Helium at

T
‘various energies. The errors an + 0.5Z, and *0.37 respectively, arising
mainly from uncertainties in the screening corrections. These numbers are
the best estimates currently available for the total pair production

cross sections in Hydrogen and Helium.




TABLE I

Total Cross Section for Pair Production (no screening)

For a Z = 1 nucleus, with no atomic electrons. ¢ = 0.57938 mbarn

MeV
Photon Energy JLS JLS Maximon
mb ¢ units ¢ units
2 0.197 0.340 0.3030
3 0.506 0.873 0.8716
4 0.815 1.407 1.416
5 1.094 1.889 1.900
6 1.343 2.318 2.328
8 1.764 3.044 3.052
10 2.110 3.641 3.647
20 ' 3.255 5.617 5.618
50 4.855 8.380 8.377
100 6.092 10.514 10.511
200 7.336 12.662 12.659
500 8.986 15.510 15.507

1000 10,247 ' 17.685 17.662



TABLE IT

Evaluation of oT(mb) = 1.804n k- 2.22 (k in MeV)

k (MeV) o (mb)
10 1.93
50 4.83
100 6.084
200 7.333
500 8.985
1000 10.253
5000 ‘ 13.14

10000 14.39
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TABLE III
Mork JLS 8 Equation (2)
k(meC2 units)  op mb o mb mb (8/IL8)7% A Z
50 2,77 3.68 0.91 24.7 26,3
60 3.12 3.99 .87 21.8 23.0
70 3.43 4.26 .83 19.5 20.6
80 3.69 4,50 .81 18.0 18.7
90 3.93 4.71 .78 16.6 17.2
100 ho14 4.89 75 15.3 16.0
200 5.56 6.13 .57 9.3 9.6
300 6.38 6.86 .48 7.0 7.1
500 7.40 7.77 .37 4.8 4.9
1000 8.76 9.03 .27 3.0 2.9
5000 ‘11.84 12,03 .19‘ 1.6 0.8
TABLE IV

Evaluation of Formula (2)

k (MeV)

A7

20
30
50
70
100
120
140
160
200
300
400
500
750
1000
2000
4000
10000

31
23
16
13

O
O Ut W YW v & O

—
.

[ S S "2 B e R N B ¢ o}

.98
.56
.27
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Table VII

Corrected Total Cross Sections

Cross sections in mb/atom

Photon Energy aT or
k (MeV) Hydrogen Helium (Correlated w.f.)
100.0 11.66 35.1
150.0 13.15 39.0
175.0 13.69 40.3
200.0 14.15 41.4
300.0 ’ 15.45 44.5
400.0 16.28 46.3
500.0 16.85 47.6
600.0 17.28 48.5
700.0 17.62 49.2
800.0 17.88 49.7
900.0 18.10 50.2
1000.0 18.29 50.5
1250.0 18.65 51.3
1500.0 18.91 51.8
1750.0 19.11 52.1
2000.0 19.26 52.4
3000.0 19.65 53.2
4000.0 19.87 53.6
5000.0 20.02 53.9
8000.0 20.25 54,3

10000.0 ©20.33 54.4
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