ANNALS OF PHYSIcs 101, 22-51 (1976)
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A covariant perturbation scheme is developed to give a coordinate independent
perturbation expansion of the chiral invariant pion model with nucleons. On the mass
shell the covariant approach is shown to be equivalent to the standard perturbation
theory.

INTRODUCTION

In a series of papers [1, 2] a nonlinear chiral SU(2) x SU(2) invariant Lagrangian
(function of the pion fields only) was studied within the framework of coordinate
independent perturbation expansion. This model was then used to calculate in a
coordinate independent manner the phase shifts for pion—pion scattering at low
energies in the effective range approximation. However, it is clear that the pion-
nucleon scattering problem at low energies as well as the calculations on the
corrections for the axial current coupling constant lie beyond the framework of the
covariant formalism developed in [1, 2]. To deal with such problems one has to
developed a covariant perturbation expansion of SU(2) x SU(2) invariant
Lagrangians which are functions of the pion as well as the nucleon fields. In this
paper we develop such a covariant formalism. Furthermore we show that on the
mass shell, the covariant formalism yields results which are completely equivalent
with the results of the standard perturbation expansion. The on mass shell
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equivalence between covariant and noncovariant perturbation theory for the case
of chiral invariant Lagrangians which are functions of the pion fields only was
demonstrated in [7]. Our proof for the equivalence theorem is very similar to the
one given in [7], that is, we show explicitly how one can express covariant graphs
by contributions of noncovariant ones and vice versa.

I. THE MODEL

In this paper we study the chiral SU(2) x SU(2) nonlinear pion model with
nucleons within the framework of coordinate independent perturbation expansion
(Ecker, Honerkamp [1, 2]).

The pion fields, which form an isovector, transform nonlinearly under chiral
SU(2) x SU(2) transformations, and are taken to be the co-ordinates of a curved
manifold, which is a 3-sphere, &3, of radius F, , F, being the pion decay constant.
The nucleon fields, on the other hand, transform in a quasilinear manner, and form
an isospinor corresponding to isospin §. The *“standard form” [3] of such a realiza-
tion 1s given by

geSUQR) x SUQy:m—a',  — =D ") (M
where D is a linear two-dimensional representation of SU(2), and

gen.A = e/ "Agu’ (@) V

where V;and 4, (i = 1, 2, 3) are, respectively, the vector and axial vector generators
of SU2) x SU(2). Any arbitrary nonlinear chiral realization is obtained from the
standard form (1) by a redefinition of the fields (=, ¥), e.g.,

7—>a =af(@), fO) =1 @

where f(7r) is a SU(2) scalar analytic function of =.

Following the prescription of Callan, Colleman, Wess, and Zumino [4] we
write down an SU(2) x SU(2) invariant Lagrangian with pions and nucleons in the
form

L =} gi(m) o miommd + Jliyrd, — m) ¢

where g,;(m) is the metric in &3 (isospace of constant curvature F?). The quantity
o,m is a contravariant vector under the pion field redefinition (2), whereas g;;(m)
transforms like a covariant tensor [5]. We also remark that 4, corresponds to the
operation of covariant differentiation on the nucleon fields [4, 5]. We shall show
later on that all the interaction terms in % are due to the curvature of %% and
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vanish in the flat space limit. However, it is possible to add further terms that do
not have this property. Such terms must be themselves chiral-invariant, because
the minimal form of the Lagrangian given above is already chiral-invariant. We
shall add one such term to the minimal form for the Lagrangian and take the
Lagrangian density to be

£ = (1/2) gifm) d,m0vm + iy, — m) § + (12F,) Pysy. L) poemt - (3)

where I'(7) are 2 X 2 matrices depending on the pion field and satisfying the
Clifford algebra

{L(m), ()}, = 28%().
A representation of this algebra can be obtained in the form
Tm) = ewm) 7a
where e,; (a = 1, 2, 3) are dreibein fields satisfying

(eaieaj)(ﬂ') = gia‘(ﬂ)
es'ey; = gy

Like 0,7, I'"(7) transforms as a contravariant vector under pion field redefinitions
(2). It is, therefore, clear that .# is a coordinate scalar.

II. COVARIANT EXPANSION OF THE ACTION

Consider the total action S = [ d*x%(x). Our aim is to construct a covariant
perturbation expansion of S with the terms of the expansion transforming co-
variantly under pion field redefinitions of the type (2). To this end we follow [1],
and write

S(a, ‘l’a ‘[) = Sy(7) + Sy, ‘ﬁa (:Z)

where Si(m), and Sy(m, i, ) represent the contributions from the first and the
last two terms in (3), respectively. Sy(w), of course, corresponds to pion self-
interactions and its appropriate covariant expansion can be found in [1]. Confining
ourselves, therefore, to Sy(7, ¢, ) we introduce a classical pion field ¢¢(x) which
satisfies the equation
8S(, 0, 0)
d7(x)

+J(x)=0 Q)

where J,(x) is a classical source for the field ¢#(x). In the following we intend to
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give a covariant expansion of S, around the classical field ¢ Let {{(A) be the
geodesics in &3 from ¢¢ to #* where the parameter (0 < A <Cs) measures the
length for this curve, and (0) = ¢, (i(s) = =% {{(}) (i =1, 2, 3) satisfy the
equations
d2€i : dgk dél o
oo Tlegray =0 ©

where I'j, are the Christoffel symbols, of the second kind, for the metric g;; .
Before we proceed any further, however, it is necessary to consider in some detail
the covariant spinor differentiation.

Let £, be a 9-component field defined by

Qz = % abz[Ta » Tb] (Cabl = —Cbal) (7)

where C,;,; (the Weyl connection) satisfies the differential equation [6].

3

a1 = a1 — L'1€am — Coprr, = 0 ®

(where eg,; = ey (m)/8m). Under the field transformations i — Si, 7 — =’ we
deduce from (8) that 2, transforms like

‘Ql —> S.QLS—]' + S’lShl. (9)

The covariant spinor differential (or Weyl covariant derivative) is, now, given by

'7[‘-1 = ‘p,l - ‘Qzl/'- (10
It is clear from (9) that ¢ ; transforms like ¢, i.e.,
¢-l — S§[11 .
Similarly we write
=904, an
and
Au¢ = au'7[l - Qza;ﬂ"l‘/’ (12)
At = 0,4+ + f+02,0,7 (13)

We now turn to the problem of the covariant expansion of Sy(m, i, ).
We introduce two spinorial quantities 6,(2) and 6++(}) satisfying the equations

dea 8 de

ax T eEak W 63 =0 (14)
dO+« diF
TR R (15)
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where 5, is the matrix element given by

Q8 = $Can([ra » Dk (16)

and
0,0) = £ud),  Ouls) = ()
g+(0) = £7(¢),  O7(s) = ().

We remark that in the case of vanishing curvature Eqs. (6), (14), and (15) imply the
absence of pion-nucleon interactions arising from the covariant derivative of the
nucleon fields. The last term in (3) reduces, in this flat space limit, to the gradient
coupling term (1/2F,) Jysy, 74 - 8,”. This term, however, gives a vanishing
contribution due to the choice of the coupling constant. Now, we can write

S2(7T, l)l” ‘L) = S2(C()\)5 O(A)a 9()‘))|A=s (17)
The functional on the right-hand side of (17) is an ordinary function of A with a
Taylor expansion
Sa(LQY), (), B(N) = Sx((0), 6(0), 6(0))
+ A((d/dN) S L), B, B0

-+ (220)((@%/dX2) Sy (L), OX), B ep + - (18)
where
d _di 8 ,do, 5 _dB* 3§
AN dr T AN

with the arrows indicating left and right derivatives. Using Eqgs. (6), (14), and (15)
Eq. (18) yields
So(L), 6N, BQV)) = 8*(0) A.5(L(0)) 0(0) + AL /dA) B*(A) A3..(L(2)) x(X))amo
+ (A22D)(dL 1AL [dA) B*(X) A8 (L) Bs(W)amo + == (19)
where
AL = GI3F°N) Sy L), B, B))(E/38,(X)
A2 L)) = (BALLA/SLN) — 2LALN) + A7) 2,
AL LYY = (BAELLN)/SLN) — QLASLN) + AL L)) 255 — THAZ (L)

and so on. Hence by virtue of the fact that d¢i/d |,_o = I" /s, where I ¢ is a chiral
bivector defined in [1], we get for A = s

Solm, b, ) = EAP) & + i (1/n1) EAL (@) &I -+ Tl (20)
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The corresponding expression for Sy(7) given in [1] has the form

Si(m) = SU$) + 3 (Un) Syey () T T

where the covariant derivatives of the coordinate scalar S are defined in the usual
manner, i.e.,

Sm‘ = Sl.i
St = S1,u5 — FZ?SI;M .
Before closing this section it will be instructive to look at the expansion (20)
from a slightly different point of view. First we observe that any integral curve of (6)

is determined by a point, which is taken to be the point corresponding to ¢¢ and a
direction at this point, namely d(?/dA |,_, = I'?/s Thus we have

1 qzp

L 0 B AT
2w L, T

o = £ + LA+

The coeflicients of A? and higher powers in A are given by (6) by differentiation with
respect to A and replacing the second and higher derivatives of {? by means of (6)
and the resulting equations. Thus by putting A = s we finally obtain

at = ¢t — Y (1/nY) F,ﬁl...knl“_kl coo [En 21
n=1

where I’,’;l.,. x, are the generalized Christoffel symbols (symmetric in the lower
indices) with I}’ = —§,%. Similarly we observe that the integral curves of the
first-order Eqs. (14) and (15) are determined by a point, which is taken conveniently
to be £, , and &=, respectively. Applying the same procedure as above we obtain

b = &+ QEEDF 1+ (1)21) Q8,5 £ T - -
P = & ExplF 4 (1)2) Exfp T +

where

KXok = ”ng
Qmﬂkl = %P[ng,z + ngggl] - ‘QaBmFIZ:r;

o —_ 1 N
Xgi = FP[—8.1 + 5825] + 5.0
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where P before an expression indicates symmetrization with respect to the chiral
indices. In general we can write

o = €u -+ Z (1/nY) 22 akyee kfsrkl I (22)
= E Y (UnY) Exiy g [ o T 23)

with €%, .., and x3, .., both symmetric in the chiral indices. Let #* = &+ xt
and expand the functional S(m, iy, ) around ¢*. Then

S(m, 4, §) = Su() + i (1/n?) Sy ppenor () X o X

+ JALH) s + 2 (1/n) FoAE e (B dox™ = %™ (29)
From (21) we have
Xi=n—¢'=— nil (UnY) Ty T e (I = =§)). (25)
Inserting (22), (23), and (25) in (24) we readily obtain the covariant expansion

S(m, i, §) = Si($) + i (1/nY) Sypy..z (@) TF2 oo TF

n=1

+ &4 & + Z (1/n!) &4 1y, () &I Tl (26)

We remark that in general summation over repeated indices implies integration
over their associated space-time coordinates, e.g.,

S ® s = [ dix [ atx zﬁ;ﬁ) X9 )
and
P2 s = [ dx [ dix’ T IO ¥) fulx)
where

ALE(x, %) = (8)882(x)) Su( b, thy TIB/Sha(x").
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ITI. COVARIANT PERTURBATION SCHEME

In this section we shall develop a covariant perturbation theory, as well as the
noncovariant analogue of it, using functional integral techniques. The starting
point is the generating functional for connected Green’s functions, w(J, 9, 7),
given by

ul D) — (I/N)f [TI1d=(g(m) 2 ] dip, T1 df*
® i o 8

X exp i IS(m, ) + [ 100 7) -+ 60 mux) + 79 0]
27
where 7, 7 are spinor sources of the anticommuting type, and N is a normalization
factor which is fixed by the condition e?*©® = 1. We remark that the factor (g(m))*/2,
with g(7) = Det(g;,(w)) is required to maintain a formal invariance of the functional

measure with respect to pion field redefinitions. In general we have, using a con-
densed notation,

H H (g('n'))l/2 dmi H d‘ﬁa I‘[ dl/;B — e{(1/2)6(4)(0)jlng(w)dm} D D'wl’ Dlﬁ. (28)
x 1 [ 8

To obtain a covariant perturbation expansion one proceeds by inserting the
covariant expansion for the action (26), and the expansions (22), (23) and (25) into
the expression (27) for the generating functional. After changing the integration
variables from = to I" # and from (2, 3,) to (&, £,) one expands all the exponentials
except for the term that involves Sy, z () I3 + & 4.5(¢) &. In this way one
obtains an expression for the generatmg functional of connected Green’s functions
in the covariant theory, which we denote by I'(J, », 7). This is written as follows:

T _ (1/N) ei(51(¢)+lio$i)f DI (ow/oT) gl/ze(i/2)Sl;klk2(¢)1"!°11".k2
x [ DE DE(@jaB) o jog) &4 @t ext)

X exp

( —i i (1/nY) Jil‘}'nl‘.’") -+ (i nf; (1/nY) ﬁ“Qs,ngﬁr.’n)

n=2

( > (1/n) Exiu, )§

14+ ) Y 2K, H (B 481 ($) £ Y

n>L (A),
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F YY), [T Sun

nzd (A, v=1
A =230
n—1 n—r _ 1
+ 2 Z z iZAUK()\)n—rr Z iZMDK(M)T H (qus.Iagﬁp.a)ha
n2d r=3 (A),_, (w)y, o=1
u1=u2=0
d ],
X [T Sy, Ty 29)
o=1

where we have used the concise notation of [7]. (A), is a partition of », that is, a
sequence A, , A, ,..., A, of natural numbers (X, > 0) such that 3, »A, = n. Such
partitions are denoted as follows

()\)n — (17(12/\2 nln).
Each partition carries its own symmetry number, K(}), , given by
1
ALY

y=1 V¥

The index I, is a shorthand for indices k; --- k,, . It is clear that, apart from off
shell contributions, the right-hand side of (29) is independent of the choice of the
pion field coordinates. We also remark that in (29) we have disregarded contribu-
tions of the 84(0) type, which arise from the Jacobian functions (8r/8I"), (8/0€),
and (0/0€), as well as from g1/2 (see (28)). This is certainly in agreement with the
BPH point of view. In (29) we neglect all explicit couplings of the sources to non-
linear functions of the fields, since these terms contain no single particle pole in their
matrix elements. The functional integral now reduces to a series of functional
integrals that can be calculated in a standard way. These integrals are either of the
Gaussian type [1], or of the type

J DE D¢ ei[suf(cb).fg+ﬁ“ea+§“na] e £
= Det(((A)P)E/is7) -+ fe~ ™ T . (§/isn) (30)

where B is the operator inverse to (i4), and Det((i4)?) is the functional determinant
of (i4). Thus in order to calculate the functional I'(J, %, ) we need to know the
vertices

Sur, = Suxeer, N =3,4,..

and

B — AB —
Aa'ln = AD"kﬂCz“'kn n = 1, 2,... .
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From [2] we have

Sl;kl"'kzn((;b) = 4n_lau¢mRmklk271R2k4rz - Rir1 8“¢>’""

an—l ‘oanTn
+ 4"'1(Du);cnl Rmkzkarlelkﬂz RZ; 2Kan—1"n ( ”) (}’l = 2) (31)
Sl5k1"’k2n+1 = 4" ¢mRmk k "1 ) R;:nil ( u)kznﬂ (n = 1)

where R,,,.;; is the Riemann curvature tensor. In the present case, where the curved
isospace, &3, has a constant curvature F;2, we have

Rmnlcl = F;Z(gmkgnl - gmlgnk) S(Xm - xn) S(Xm - xk) 8(-xm - xl)'
Also (D*):, is the differential operator given by
(D), = (8,70 + I'iy"") 8(x, — xy)

©
where 09 indicates differentiation with respect to x,. We shall now obtain expres-
sions for the vertex functions 4%, 1, (n = 1). From (7), and (11) we obtain

(AS) ) = iy"(4) — mdS + (1)2F,) ysy.(r2): ead”d’
with
(48 = 885 — 3Conud'([7a » ] -

We first calculate

(Ao = (DEx — Q0(A)S -+ (4,), 2,
This is given by

(Au)gk - %([Fma Im])g Rmnklau¢l'
Similarly, for
(T4€:0" 95 )cc = (Taeaza%l)i,k - QZk((Ta)ﬁ eazau‘lsl) + ((Ta)a ealau‘lsi) ‘st
We obtain
(Taealauqs )cx kE (Ta)g eal(Du)gc .

These results can be generalized to the nth derivative case giving rise to the expres-
sions

e, (B) = — () e (7)) e e R, R oo R @)

Eop—gkon—17"n

+ (2F) y(r,) e, Ry, - R, ¢ (m=1) (32)

kon—1¥antn

595/101/1-3
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and

AB-LI $¢7'n+1

akyRongy

(¢) = - (1/4) €abc(’rc)i eamebannklrl - R

u
Eonkon1Tn+1

+ (1/2F7") y5(T“ 5 e“iR;clkzrl R;:;ilk2nrﬂ(ﬁ)22n+l (n = 1) (33)
In deriving these formulae we have used the fact that, due to the constant curvature
situation, the covariant derivatives of the Riemann tensor are zero, as well as the
fact that the Weyl derivative of the dreibein field is zero due to Eq. (8). Further-
more, owing to the form of the generating functional in (29), only the symmetric
part of the vertex functions makes a contribution. Therefore, complete symmetriza-
tion of the &, --- &k, indices is understood in (31), (32), and (33).

In the dreibein field formalism one is not dealing directly with chiral tensors
T;,...i, » but only with their components along the dreibein fields themselves, which
form the basis functions of a local 3-D Euclidean space* These components are
scalars T, . given by

— pl1 tn
Tal @, €, [ AR
Thus we have
— k1 ... ok
(Sl)al'--a" - eal ea:SI;kl--'k"

where the expressions (S1)a,...a, (n = 3) are given in [2]. Also from (32), and (33) we
obtain

B8 — oF1 ... oFn 48
(Aa )al"'an - eal ea"Aa-kl"'kn

where

(AocB)al‘--azn = ((— l)n/Zan) ealbc('rc)g Sazaa Saznagaz,,_l(ﬁ)ba%

+ ((_1)n~1/2F3n+1) '}’5(7'41)5 [Saazabal - Sabsalazl 8a3a4 Saz,t,lagnﬁ(ﬁb
(34)
(AaB)al--‘az,,H = ((_1)n/2F:n+2) )’5("'a)5 [Bab8a1a2 - Saalsbazl 8(13(14 Saz,,_laz"(ﬂ)baz,,+1

+ ((_1)n+1/2F7-2r"+1) €abc('rc)g Saal Sagna2n+1$¢b (n = 1) (35)
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and
(AD)ay = (12F) y(71)e (Baay + (—D/2F )70}k €0ppel (36)
where 9,¢ = ¢,0,¢".
We remark that under dreibein field rotations, which, of course, leave the
metric invariant, (Sy),,...o, and (4,°),, ..., transform like Euclidean tensors.
We now turn to the noncovariant perturbation theory, which can be developed
along similar lines. The starting point is again the generating functional (27).

Inserting (24) in (27) we obtain

BT (1/N) S @+ f Dy 91726102 St (O 1
X f Dif Dijs W5 4 @bt 00n,]

X

14 Y Y ), H A1) dox™)

n3l (),

+Y ¥ i”vm)nﬁ Sui(®) X

n33 (W,
/\1=/\2=0

n-~1

+ Y Y KN, Y K,

>4 =3 (N),_, (m,
sy = tg=0

n—

H (A5 1. (D) ey H (S1.1,x™)"!. (37)

At this stage it is convenient to introduce certain abbreviations [7]. Let
. Cl_.[v~1 (Sy.1,x™) be the contribution to the integral | Dy exp{Sy,::($) x'x’}
T, (S, 1.($) x’V)"v which corresponds to the connection mapping C associated
with the particular pairing for the y’s. It corresponds to a graph with no external
lines. The vertices of the graphs are fixed by the partition (1), (see [7]), and C
describes which vertices have to be connected by full pion propagators iGy; . (A
full propagator is the one that includes all possible tree insertions). Similarly
Juwnigic Ty (P48 1,(P) Pgx™)* is the contribution to the 1ntegra1 [ Dx exp{%S,.4s
(@) x'x} | DYDY expliALB) P -+ 79 + Pon)} TIa FA2, () P
which corresponds to the connection mapping C associated with the particular
pairing of the y’s as well as the 8, n.J%, and ,7# pairings. Again this cor-
responds to a graph with no external pion lines, but with possible external nucleon
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lines coupled to the appropriate nucleon sources. Such external lines arise because
of (30). With this notation we obtain for w(J, 5, ) the expression

i'—'—'(J’ m ﬁ) = iU—‘iree(J, B 7—)) + iU-'llloop(Ja 7, "-I)

£ 3 F TR [ [
n=3 (i), [
)l—/\ =0

o

+ 3 T LKW [T @42 ™

n=1(d), ¢ $ae p1

n—1

IngE

+ Y KN PR (),

n

i

4 r=3 (N,_, (i),

X f I:I (P AL 1, XY H (Swx")*. (38)

s g=1

‘&l

The tree g, as well as the one 100p w4, contributions arise from
(1/N) ei(51(¢)+-’i¢i)f Dy e(i/2)51,ij(¢)xixjf Dlﬁ DI/J ei[l/?"AaB(aS)lllB+'?)°‘wa+</_!°‘m]

Wiiree and wiyyop contain, respectively, all the tree and one loop contributions due
to pion selfinteractions; they also contain some tree and one loop contributions
arising from pion-nucleon interactions. The remaining contributions of the latter
type arise from the last two terms in (38).

In a similar manner Eq. (29) yields the following expression for the generating
functional I'(J, , )

l'['(J, 7, 77) = iP{ree(Ja 7, 77) + iFllloop(Ja uB 77])

+Y Y L KO || [T (S Ty

n=3 (Ap - C p=]1
Ay=2,=0
+ 3 T YK, [, TIEaE>
n=1 (), ¢ £,¢ y=1

uMs

i T ¥ LK oK),
r=1 Ny, (u

—r (W) €

g f .8 I:[ (faAa Io BI‘IO)/‘U H (Sl;lpr-lp)up. (39)

o=1 p=1
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It is clear from (39) that the basic ingredients of the covariant perturbation
expansion (for the on shell connected Green’s functions) are the covariant vertices
Sy, (#) and 48, (#) given by (31), (32), and (33), and the full propagators G¥(¢)
and B,f(¢), which are the inverses of S;,;;(¢) and (i4)F (¢), respectively, i.e.,

[ a0 Sysun, 375 8) G, x5 ) = 88(x — x) “0)
f dx"(iA); (x, x"; ) By (x", x'; ) = 8,78(x — x'). (41)

The full propagators G¥(y, y'; ¢) and By(y,y"; #) can be depicted graphically
as shown in Fig. 1. Strictly speaking, the graphical representation shown for G#
corresponds to the full propagator in the noncovariant theory.

We define 8G, and 3,°S to be the limits of G* and iB,?, respectively, when the
pion source J is taken to zero.

1 S :
i U S A S
iG (y,y,é)= y.o -T y,* Y ’/‘\\ y,q ____I.- s
X X'k %
X
1
§ oy X x--4x
¢ : Loy : E
in(y,y';o):Y y" y—o——y + y"—H_y" v * vy v (
i
X
where _._._... x =G,J and =SF
FIGURE 1
Thus
Gi(x — x") — UG(x — x')
where
Go(x) = ifdn*(x® — i0)
and
iBA(x — x")— §.8Sr(x — x)
where

@i — m) Sp(x — x') = 8(x — x')
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IV. RELATIONS BETWEEN COVARIANT AND NONCOVARIANT DERIVATIVES

In this section we shall establish the connection between the covariant and
noncovariant derivatives of the total action S = S; + S, . For the first part of the
action S , the required connection is given in [7]. This reads

Suax™ = n! Y, KAy Sy, 1_[ (Tix"y" (42)
@,

with r = 3, A, . The coefficients T’ =T .-k, are symmetric in the lower indices,
and can be expressed in terms of the generahzed Christoffel symbols 1” 4, » Which
occur in (21). We confine ourselves, therefore, to the second part of the actlon Ss .
From (24) and (26) we obtain

Sulmy ) = FAKD) o+ 3, (1) FALL () dox™
. )
= EAKP &+ T (Un) EALL() &I

Now the relations (22), (23), and (25) can be inverted to express I"?, £, , and & in
terms of x%, 4, , and i, respectively. Thus we obtain

= Y Un) Tix™ (T = 8) (44)
£ = Yot Y (Und) @5, oI (@5)
E— § 4 Y (Un)) X5 I (46)

where @ %1, and Xg; can be expressed in terms of QF, and xg, , respectively. In (45)
and (46), of course, I"'» has to be expressed in terms of y/» via (44). Inserting (44),
(45), and (46) in the right-hand side of (43), and equating expressions with the same
power of x on both sides of the equation we obtain a formula analogous to (42),
namely,

‘ZOCAS,In((#) ¢BX’” = n! l'Z;O‘ Z Q‘ll lr AV I ®gll"‘lr

3
Ny Ny t+Ng=n

X ﬁ [K(Am)m I (Tho fﬁf’)Aﬁ"’] s (47)

i=1

where v; = Y A and n, = Y%, vA®,

v=1



COVARIANT PERTURBATION EXPANSION

NS
\‘/ \\6’ bf:
s S,. i
159 131, T
(i) (ii} {iii)
N e ~ n g ., .Q. e
\\:..[’ ‘5:..'1' > "
B iﬁ x5
Aoy, aj al,
v) (vi} tvii)
FIGURE 2

37

Following [7] we introduce, for each symbol, the graphical notation shown in
Figs. 2(i)-2(vii). This notation is used to express the formulas (42) and (47) in a

graphical manner and examples of this are given in Fig. 3 for small values of .

S,

’

\

N J

N\ l:' v' \\ '/'
X oe . U SN —eO e + O Do ¢ —d

Figure 3

For later convenience we introduce the notion of a generalized partition: A
sequence AP,..., A (i = 1, 2,..., M) of natural numbers A"’ > 0 is called a gene-
ralized partition of n, if ", vA® = n, and 3", n; = n. We denote such generalized

partitions as follows: {\}, = {(1%"

A D

(M)}
e oy A

---(N(xM) - nyem)}. The symmetry
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number associated with {\},, is denoted by K{)},, where K{A}, = [Ty K@), . It
is now possible to rewrite (47) in the following way

zﬁ"‘Ag,,n(qS) ‘/’BXI" = nlJ* Z K{A}n :ll---z,lAf-tr--z,zq)gzl---1,3
{4t

< T i) o (48)
i=1 Ly=1

where r; = 34 AP (i = 1, 2, 3) with r, = 0 and r, = O implying X,” = §,” and
D = 38, respectively.

V. THE EQUIVALENCE THEOREM

It is desirable to show the equivalence of the noncovariant and the covariant
perturbation expansions on the mass shell. That is, we expect that, on the mass
shell, the generating functional w(J, 5, 4) and I'(J, 5, ) for connected Green’s
functions in the noncovariant and covariant theory, respectively, are equivalent up
to contributions of the type §®(0). It is the purpose of this section to establish the
equivalence in some detail. This equivalence will serve as a possible link between
the usual BPH approach and the covariant approach. We shall follow closely the
proof of the “Equivalence Theorem™ in the case of pure pion selfinteractions given
in [7]. To this end we decompose each contribution from (38) into a sum of contri-
butions containing (i) the corresponding covariant contribution from (39), (ii)
contributions which vanish on the mass shell, and (iii) contributions which do not
vanish on the mass shell and are not covariant. However, it can be shown that
contributions of the type (iii) are either of the type 8(0), or they are cancelled out
by analogous contributions, which arise from the decomposition of a finite set of
other contributions from (38).

To proceed any further we need to introduce the notion of a double generalized
partition. In [7] a double partition, denoted by [(V)%] is defined to be the mapping
(A) — p(y which assigns to each partition (A) a natural number p(y > 0 which is
called the multiplicity of (A). In a similar manner we introduce a double generalized
partition, [{A}“], defined to be the mapping {A} — p(y which assigns to each the
multiplicity uqy = 0. Suppose all the generalized partitions that occur in [{A};] are
of the form
Ap (

3 e y (a)(m)
{A(m)}nm — H (1/\17 mo. (m) )E
i=1

3
‘ "'"=j§1nj
withm = 1, 2,..., N. Then

- N 3 Y (m) (:;)(m) Hy
[{A}] = ]__[ I_](l 1 ) (49)
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where the order n of [{A}“] is given by

(m)

n= i Hp g, = Z #m(Z z ,,,\(y)(m))

m=1 j=1 p=1

We also define the symmetry number associated with [{A}%] to be
u ~ 1 (my 1
KE1 = T~ KOy, ) =
m=1 Hm: T, p,! (T, T1%, A1 @™ Y
(50)
The contributions from wigee and wjy,, coincide (on the mass shell) with the
corresponding contributions from I'{,e, and I, . Hence it is only necessary to
establish the equivalence between w(J, 5, 1) and w(J, %, ), where

W(J, 7, 7—]) = w(J, 7, ﬁ) — Wiree(J, s ﬁ) - '-'-‘{Ioop(J; s 7_])
and
w(/,n, ) = I'(J,n, 1) — e, 1, 1) — T100p(Js 1, 7)-

From now on, however, we shall neglect the contributions to w(J, 5, 4) which
contain only pure pion selfinteractions. Such contributions are dealt with in [7].
Let w(J, , 7) denote the remaining contributions in w(J, , 7). Inserting (42), and
(48) in (38) we obtain the following expression for w(J, u, %)

W) =Y ¥ Y iEmgO]

21 [{AT e

N

Tayy 3 8
X n |:l/' Xall'“lr{W‘)A’"ll"'lrém)¢5ll"'lr§M)¢B

X, 6 =1
(m)
Lygo . FEIONYCTONN R
% TT{TT (Tt
j=1 \ p=1

LYY Y Y Y ek op ] EK(0),]

n34 r=3 [{A}E,] [(0)P] ¢
M

Tayy 8 3
X f I—[ [l/l Xmll...l'](-m)Ay.ll...lr;m)¢§ll...lrém)lpﬁ

X2 8.5.0 =1

('m)

% ﬁ ( 11 (T’(m)( )X,(m)(n))\(m)(n)]

F=1 \p=1

X TNI [Sl by f'[ (Thoxs") ”] (51)

P

="
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where in the first term 71 = 3 (Zl L S I AD) and i — 30 ) \om o)
(j= 1, 2, 3), whereas in the second term n — r = ZZ L (o ST )\5”‘”")
P = ST AmO) (= 1,2,3) and 1 — Toy pi (5 v0l) with 1 = 30 of).
Each term in the first part of (51) is characterised by a double generalized partition
[{A}“] and a connection mapping C. It corresponds to a graph (with no external
pion lines, but with possible external nucleon lines, coupled to the sourced » and 7)
where each vertex of the type shown in Fig. 2(iv) is replaced by the cor-
responding vertex shown in Fig. 4(ii) with the same number of pion lines (x%). The
connection mapping C acts on the y?’s as well as the ’s and ’s. The multiplicity
of each type of vertex is determined by ., (m = 1, 2,..., N). Similarly each term
in the second part of (51) is characterized by a pair of double partitions [{A}4_.] and
[()2], and a connection mapping C. It can be represented by a graph (with no
external pion lines, but with possible external nucleon lines coupled to % and 7)
where each vertex of the type shown in Figs. 2(i) and 2(iv) are replaced respectively,
by the corresponding vertices shown in Figs. 4(i) and 4(ii), with the same number

of legs (x%).

LN
\,

oW WA O
o <X W e
(i) {ii)
FIGURE 4

We consider first the contribution to w(J, 5, 7) characterized by the particular

double partitions
N

[4] = [H {(0)(1"m)(0)}“m] n=Y uitn

m=1
and

[{Afn-r] = [”I:i {(O)(I”M)(O)}um:l

()] = [ﬁ |

with n—r = Znﬂf:l ol , and r = 2;11 p#; . By examining the symmetry
factors K[{A}“1, K[{A}:_,], and K[(c)?] we can infer that this part of W(J, », ) is in
1-1 correspondence with w(J, 7, 7).

Let us consider now the contribution to w(J, 7, %) arising from the second part
in (51), when the double partition [(¢)?] contains at least one partition (¢‘¥) with
> o = 1. Such partitions give rise to vertices of the type Sy,;T; ;... . However,
because of (5) S;,; = —J; and graphs containing at least one such vertex, therefore,
give vanishing contributions on the mass shell.
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Let 4w(J, n, 7) denote the remaining contributions to (51). Then
e A — — ! . N 172 3
W, g, ) = Y, ¥ Y iE=rrK[{A]

n31 [{A4]

Toayy 8 8
X f I:l)b Xall...l'(m)Av.ll...lr(m)éml...zr(m){/‘ﬂ
PR ¢' ¢ m=1 1 2 3
(m)
e (m) () m) )
x IT{T1 (7¢ 7m0 axl

j=1 y=1

n—1

Y Y3 Yk k(o]

>4 r=1 [(E_,] [(9)2] ¢

+

3

M

1—[ ay Y 8 8
_ [SL °‘ll‘"lrfm)A‘/'ll"‘lré’”)ésll"'lrém)l’bs
28, C =1

X
><kﬁ

(m)
3

3
H (H (Tl(m)(])xl(M)(a))A(m)(7))]

ni PNROY
x I1 [Slgll...l,i [T (Thox") >] (52)
=1 v=1

where the summations 2" indicate that the double generalized partitions [{A}“] and
[{A}s_.] should not consist of generalized partitions of the type {(0)(1¥)(0)} alone.
Also the summation 2" indicates that the double partition [(¢)2] should not (i)
consist of partitions of the type (15) alone, and (ii) contain partitions of the type
(o) with Yo%, o = 1.

The equivalence between covariant and noncovariant perturbation expansions
will be established, if we can show that, up to terms which contain §(0) factors,
AW(J, m, 7) vanishes identically on the mass shell. In order to prove this we shall
make use of the following list of identities (due to (40), and (41)):

D Siap (65 ) IGT(x, X75 B) Sey (X7, x5 ) TR(X) = iSy,...(x; ) TH(X),
(33)

(D) A (x5 ) IGYCx, x7 5 ) Spuy(X7, X5 @) TE(X') = idi,...(x5 $) TI(),
(54
(i) A5.(6; ) B(x, 75 4) 4,°(x", x5 §) B, (X))

_ (_l) Acx sdyee (x; ¢) ®Bi2"'(x)’ (55)
(v) XA (x, X" ) BL(x", x5 ) As.y (X5 $)
= (—1) Xfil...(x) Ag.iy.. (x5 B). (56)
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The above identities show the possibility of contractions of full pion as well as
nucleon propagators. The factors appearing on the right-hand side of (53)-(56) play
a very important role in the proof of the equivalence theorem. In general we shall
have to examine the change of factors of i in 4w due to contractions. It is clear that
each contraction reduces by one the number of vertices of the graph under con-
sideration leaving, therefore, a factor of i (see factors of i in (51)). In (53) and (54)
there is a factor of i due to the fact that full pion propagators always appear in the
form iG and not simply G. This comes about because of the functional integral

-+ iG*hn—1"i2n

1 (/2 Sy, 550’ Ky ... Kam 1 iGEi Ry
Nf Dye X X" = const [Det(Sl,,-,-)]l/zz:lG 1Py

(57)
where the sum in (57) is over all possible pairings of the y?,s. Thus every contraction
corresponding to (53) and (54) gives rise to an overall factor i2 = — 1. Equations

(55) and (56), on the other hand, correspond to full nucleon propagator contrac-
tions. Now, from (30) it is clear that in order to get an internal nucleon propagator

corresponding to :,Hé both left and right derivatives 3/1'817"" and 5/1‘8773 have to act
on the same term (i7)” B,%$)(in), in the expansion of exp[—(i7) * B - (in)]. Thus,
we pick up an additional factor (—1). Taking now into account the factor of (—i)
appearing on the right-hand side of (55) and (56) we see that, once again, the overall

FIGURE §
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factor is i2 = —1. Hence we reach the conclusion that every contraction of a full
internal propagator gives rise to a factor (—1), which must be taken into account.

We remark that (53) and (54) correspond to contractions described in [7]. From
the work of [7] we know that the vertices S,.;; giving rise to contractions arise
necessarily from partitions of the type (1, k) k& > 2. Each partition (1, k) contained
in [(0)] gives rise to a vertex factor Sl;ilT]lkXiXIk- Let x* be connected to x/ by the
action of C. Then, either x/ is connected to S,,; . or to a nontrivial T, i.e., T}
(but not 7). In general we have the graphical representations shown in Fig. 5.
A vertex or a graph containing S, ;; of the kind corresponding to 5(i) and 5(ii) is
called contractible. Now let us examine the cases due to internal nucleon propaga-
tor contractions. We note that vertices 4,° may arise from the following types
of generalized partition: (){(A"), (0)(0)}, (i) {(A™), (0)(A®), } and (iii) {(0)(0)
a8y, } Each generahzed partition ‘of the type (i) 1mp11es a vertex factor b X
ASTLE (T X ' ¢B Let ¢, be connected to J® by the connection mapplng C
Then there exist two possibilities. Either ® is connected to a vertex described by a
generalized partition of the form {(0)(A®"),, - (A®)"), -} or to a vertex{(A™'),, - (A®"),, -
()x“’”)n -}. Graphically we have the representatlons *shown in Figs. 6(i) and 6(ii). A
graph of the kind 6(i) containing A4,f is again called contractible. Similarly in the
case when A, arises from {(0)(0)()\‘3’)ns} we have the two possibilities shown in
Figs. 6(iii) and 6(iv). In this case it is only 6(iii) that leads to contractible vertices or
graphs. Finally the case where A4, arises from {AM),, (0)(A®),, } leads to no
contractible vertices (or graphs).

FIGURE 6

In general 4w(J, », 7) contains contractible graphs. If one applies the identities
(53) — (56) to the contractible vertices of such a graph, one gets an uncontractible
graph. It is understood of course, that the connection mapping of the original
contractible graph has to be restricted to the remaining ¢, , J* and y*. Now (52)
shows that this contribution of such a contractible graph to 4w is equal to the
contribution of the associated uncontractible graph, explicitly present in (52), apart
from a sign and a combinatorial factor (due to the presence of the symmetry
factors K[{A}:], or K[{A}%_,] - K[(¢)2] and the possibility that the different connection
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mappings of the contractible graph give rise to the same connection mapping on
restriction to the uncontractible graph). The sign arises in the way described in the
remarks made following Eq. (56). Following [7] we remark that the uncontractible
graphs of 4w give rise to an equivalence relation among the totality of the graphs.
The equivalence classes consist of all graphs, which, after complete contraction (by
means of repeated applications of (53)-(56)), lead to a fixed uncontractible graph.
Thus, what we have to do, is to deal with a general equivalence class, e(g,) cor-
responding to an uncontractible graph g,, and show that 4dw letwy = 0, where
4w le(s,) denotes the partial sum of 4w taken over the class e( g). It is shown in
[7] that in the case of pure pion selfinteractions alone the corresponding class
€( go), which is in general quite large, can be divided into smaller classes with
vanishing partial sums. The same is true in our case, and this is what we would like
to show in the remaining part of this section.

Let g, be an uncontractible graph, and e(g,) the class generated by it. €(g,) is
precisely obtained by doing all admissible blow ups (a blow up is an operation
corresponding to the inverse application of (53)—(56)). Let there be N, admissible
blow ups on g, , then N, = #e(g,). Thus one way of dividing €( g,) into smaller
classes is to divide all blow ups on g, into a sequence of independent types. The
application of a blow up of a given independent type (keeping everything else fixed)
then gives rise to one such smaller class. This is in fact the construction of (s, x)
equivalence classes in [7]. To this end we choose a vertex from g, , which allows
blow ups. If this choice corresponds to a vertex arising from pion selfinteractions,
then the results of [7] are directly applicable with only trivial modifications. With-
out loss of generality we assume that our choice corresponds to-a vertex {x} +#
{(0)(1%)(0)}. Let {x} be given by {x} = {(xM)z, (x5, (x®); }. The vertex {x} allows
in general, three types of blow up with blow up factors given by (i) the generalized
partition {(x); (0)(0)}, (ii) the generalized partition {(0)(0)(x®); .J» and (iii) a non-
trivial T of the form Tl . Now, let u,y be the multiplicity of {x} in g, . Next we
proceed as follows. We' blow up the vertices = {x} of g, in an arbitrary way. Then
we blow up the vertices {x} of g, arbitrarily except for factors {(x), (0)(0)} and
{(0)(0)(x*®)z }. Thus, each of the u(, partially blown up vertices is described by a
generalized partition

), A= ) ), }

with

< x® (i 2) and z x® = Z x®,

The last relation fixes x{¥" uniquely. Next we define

(@), —max(lmfz) -nzﬁzz) ,
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the maximum taken with respect to the lexicographic order of the partitions
(2)’ —_ ’ . . .

(12" -+ A%, ). Let n, of the ug, vertices be of this maximal type. They define a

double generalized partition

™), G g, ) a)™]

This set of vertices can be distinguished uniquely from the remaining pgy — 7,
nonmaximal partially blown up vertices. We then blow up an arbitrary set of these
nonmaximal vertices in the way that gives blow up factors of the form
{(x™")5, (0)(0)} and {(0)(0)(x*¥); }. Our partially blown up graph is now described
by the following double generalized partition:

{(xY) 4, (0)(O)3 {(O)O)x®) 73 {(x™) 5, (B 5, (6P}
X {O)E®)z, X®)a M {xM)z, @), (O™ {ONED) 5, (0)}7]
X [{RYMI(R,)™] (57)

where the multiplicities are determined by the condition that the remainder
factors [{R,}"*][(R,)"2] are disjoint from the first factor in (57). The above double
generalized partition together with a connection mapping C, (specified during
the blow up processes) define our {x}-collapse graph. Define an {x}-contraction to
be a contraction on g € e( g,) given by one of the following cases (i) a contraction
of a vertex {(x®); (0)(0)} with a vertex {(0)(¥®),, (x®)}, (ii) a contraction of a
vertex {(0)(0)(x‘3’),, o with a vertex {(xV), (&), (0)} and (111) a contraction of two
vertices {(x™) (O)(O)} and {(0)(0)(x‘3’),,} with a vertex {(0)(5®)z, (0)}. Our {x}-
collapse graph does not admit any {x} -contractions. Two graphs in e(g, are
called {x}-equivalent, if they become equal (up to a numerical factor) after per-
forming all the appertaining {x}-contractions. This equivalence relation splits
( g,) into smaller classes. Each of these classes contains exactly one {x}-collapse
graph. Now for each {x}-collapse graph we can do the remaining blow ups, which
give rise to blow up factors {(x®); (0)(0)} and {(0)(0)(x¥)}. Each such blow up
results in a graph, which is described by one of the followmg double generalized
partitions.

(D), OO {O)O)x )z o (), Bz, (2P0
X AONE ), (D) ()5, (F)5, (O

X {(0)E?)s, O} LR I(R,)™] (58)
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with 0 <5 + ¢+ u <{n,. The next step is to evaluate how many connection
mappings C exist, for a given double generalized partition (58), which will give
C, after restriction to the {x}-collapse graph. This is straightforward. We obtain
the following factor

(=D My + s + ) (Ny + ¢t + ) (M5 + 5)! (Ny + D! (P + w)!
AN AV AV AVATTIT]

(59)

where the factor (—1)*** arises from the fact that every contraction gives rise to a
factor i = —1. Now it is clear from (52) that we have to calculate also the sym-
metry factor associated with the blown up graphs described by (58). It is important,
however, to remember that the disjoint factors [{R;}"1][(R,)"] give rise to numerical
factors, which are independent of s, £, and u, and therefore, can be omitted. Multi-
plying the required symmetry factor with (59), and summing over all the elements
of the {x}-class we get:

Constant factor independent of s, ¢, u ny! (— 1)+t
1y! KH%K%(%—~s—t—u)!s!t!u!
__ Const factor (I 1—1— 1) =0
Ho!

There remains the exceptional case where the choice of a vertex leads to a
generalized partition of the form {x} = {(0)(x®);, (0)}, with (x®), #(1%). In this
case one will proceed in 2 manner completely analogous to [7]. Here we sketch the
main steps. First we blow up the vertices = {x} of g, . Then we blow up the vertices
{x} of g, except for the factors Tilr--is (s being a fixed given natural number). Now
each of the u(, partially blown up vertices is described by a generalized partition

@ —p @
{oa=* - - Aga, )(0))
with x®" < x® (i > 2), and 312, x®" = ¥72, x® which fixes x{*". Then we define
(22 ... g .. nx;i)) = max (2% - ol . ﬁazc‘ﬁz;')
and

(x(z)) = (1% &) -(2) ”x(22)) with )—ng) — xgz)’ z —(2) z x(z)
i=1

~

where ~ implies omission and the maximum is again taken with respect to the
lexicographic order of the partitions (2¢¢" --- ng# ). Now, let fi, be the number of
these maximal vertices. They define the following double generalized partition

[{O)(AF -+ 5 - GZEN(0))™].



COVARIANT PERTURBATION EXPANSION 47

We consider now the remaining p(3 — 1, nonmaximal vertices, and we fix them
by blowing an arbitrary set of them in a way that gives blow up factors T’
Thus, our partially blown up graph is described by the following double generahzed

partition
(2)

[(1, 5)™] [H (O - goP . -“”)(0)}"v] {R™MI(Ry)™] (60)

where, once again, [{R,}"][(R,)"2] are disjoint from the first two factors in (60). The
above double generalized partition (60) together with the conncetion mapping
C, (specified during the blow up process) define our (s, {x})-collapse graph. Such
a graph does not admit any (s, {x})-contractions, where an (s, {x})-contraction is
defined to be the contraction in g € e(g,) which contracts a vertex (1, s) with a
vertex {(0)(15"+ -+ 5=~ - n¥%)(0)}. Such contractions characterize the (s, {x})
equivalence class. Each class contains exactly one (s, {x})-collapse graph. For each
(s, {x})-collapse graph one can do, now, the remaining blow ups of the remaining
n, maximal vertices, giving rise to blow up factors Tilr"is . Each blow up results in
a graph described by a generalized double partition

[, S)No+2,°f§=21)vlu] [aﬁ {(0)(1m1(2>+u e g2y L ﬁg,%))(o)}nvﬂv
X {(0)(1#17 -+ 59 oo ‘”)(0)}"0-] [{R™II(Ry)™] (61)

with / = Y% and 0 <7< n,. As in the previous case one has to evaluate how
many connection mappings C exist for a given double generalized partition (61),
which will give rise to C, on restriction to the corresponding (s, {x})-collapse graph.
From [7] we know that this is given by

(1 (o Zv_l )L H e 11 Gt o ©

Multiplying (62) by the symmetry factor associated with (61), and summing over
all the elements in the (s, {x})-class one readily obtains

(2)

Const factor independent of , y fo! ﬁ) [( y ( )]
! (ny — D! 5!

0<l<n
1«2

(2)

1+2( D (" )

Const factor
ny!

= {1 — D=0

595/101/1-4
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We have, now, to examine certain cases when the general cancellation procedure
is not applicable. Supposing for all choices of {x} € g, one gets {x} = {(x@),
(0)(0)} This vertex does not allow any blow ups. Hence e( g,) consists of only one
element. In this case g, is characterized by the double generalized partition
{(xPD), (0)(O0)} M2 - {(x1@), (0)(0)}M: ---] and a connection mapping. The
latter gives rise to three possibilities:

() Vertices of the type {(x®), (0)(0)} form a closed fermion loop. Such a
graph is of the §¥(0)-type, and is, therefore, disregarded. We remark, however,
that such loops may also occur in graphs containing vertices {(x ™)z, (x‘z’),72
(x*)5,} for which the general cancellation procedure works. They formally cancel
out. If, however, the graph under consideration contains only such loops besides

pure )
S

Q\Er or &ES
\ "N

vertices, its class e(g) contains just one element and its contribution does not
vanish, but can be ignored being of the 5@ (0)-type.

(ii) Vertices of the type {(x®), (0)(0)} are all coupled to the appertaining
nucleon sources. Such graphs give contributions which vanish on the mass sheil.

(iii) Some vertices are coupled to nucleon sources and some form closed
loops. Again such graphs are of the §0(0)-type and are disregarded.

The same three possibilities occur, when, for all choices of {x} €g, one gets
{x} = {(0)(0)(x®), }. Once again the contributions arising from these possibilities
are either of the §¥(0)-type, or vanish on the mass shell.

Finally we have the same three possibilities in the case when {x} = {{(x"V®) @
(0)(x®®), @} :
These three possibilities are shown graphically in Fig. 7(3) to 7(iii).

(i (i) (iii)

FIGURE 7
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The cases 7(i) and 7(iii) are disregarded being of the §(0)-type. However, it is
clear that in case 7(ii) blow ups giving rise to factors of the form {(x‘”‘“)ngn 0)Y0)}
and {(0)(0)(x®®"),w} can take place, and the general cancellation procedure is now
applicable. '

We remark that the above exceptional cases cover all the possibilities for gene-
ralized vertices, which do not allow any blow ups. We see, therefore, that in the
cases, when there exist no possibilities for blow ups (and, therefore, the general
cancellation procedure does not work), we always get contributions of the §#(0)-
type, or contributions vanishing on the mass shell. We may conclude that, on the
mass shell, 4% = 0 up to contributions of the §’(0)-type. This concludes the
proof of the Equivalence theorem.

It is easy to classify the graphs which will contribute to the cancellation of the
noncovariant parts in 4w arising from a given graph, g, in the noncovariant expan-
sion. First we assume that g has no external nucleon lines. Now, let n > 1 and
consider all partitions of the form

@ O (1)

v=1

B N = (II )

n2
(P)n, = (ﬂ 0"") with p; = p, =0
o=1

and Y2, (¢ — 2) p, = n,, where n, + n, = n. Take all the graphs in the non-
covariant expansion, which are described by partitions of the type («) or (8).

First we shall examine more closely the graphs of the type («). They correspond
to graphs arising from pion-nucleon interactions only. Let g’ be a graph of this
type. Let P(g’) be the power of F,* associated with g’, Then

2n

P(g')= ) vA = 2n = 2Lg(g")
y=1
where Ly (g') is the number of pion lines in g’. In general, however, N(g') =
L(g') — V(g") -+ 1, where N(g’) is the number of loops in g'. L(g") == Ly(g") +
Ly(g') with Lg(g") being the number of nucleon lines in g’, and V(g’) is the total
number of vertices in g’. Since g’ has no external nucleon lines Ly (g") = V(g').
Hence N(g') = Ly(g") + 1, which implies that

P(g")=2n=2N(g") — 1) = 2(N(g) — D).

Thus the graphs of the type («) are all the connected graphs with n + 1 loops
arising from pure pion-nucleon interactions.
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We proceed now to examine the graphs of the type (). Let g” be such a graph.
Then

2

P& = (5 b+ 30— 200

v=1

= 2n. (63)

ny+ny=2n

Now V(g") = V'W(g") + V®(g"), where V1)(g") is the number of vertices in g”
due to pion-nucleon interactions, and V®( g") the number of vertices due to pion
self-interactions. Also Ly(g”) = Yo, LY'(g") where LY is the number of pion
lines connecting vertices belonging to the set ¥, L is the number of pion lines
connecting vertices belonging to the set ¥®, and LY is the number of lines con-
necting pairs of vertices one of which belongs to V' and the other to V2. Since
g" has no external nucleon lines

N(g") =L(g") — V(g + 1= Ly(g") — V(g + 1 (64)
From (63) and (64) we obtain
P(g") = 2n = 2Ly(g") — 2V®(g") = 2AN(g") — 1).

Thus the graphs of the type () are all the connected graphs with n -+ 1 loops
arising from pion-nucleon as well as pion self-interactions. The totality of the
graphs of the type (a) and (B) constitute the class E,, .

EXAMPLE.

FiGURE 8

In general the sum over E,, of graphs with noncovariant vertices is equal (apart
from contributions which vanish on the mass shell, and contributions of the type
8%(0)) to the corresponding sum of graphs with covariant vertices.

Consider the example of the class E, shown in Fig. 8. Then on the mass shell we
have:

20,32 L2002 2 (-0
e I e L s

L iH-12 4 bo 1) - LS 4 ‘;oi_(z_-O 3
T 2T T D1 e

FIGURE 9
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We turn now to the case when the given graph g has external nucleon lines. In
order to get all the graphs, which contribute to the cancellation of the noncovariant
parts arising from g, we proceed as follows. First we construct a graph g obtained
from g by closing the external nucleon lines in an arbitrary (but admissible) way
in order to form loops. Thus g has only internal nucleon lines, the number of which
is ¥W(g). Then we consider the appropriate class E,,, which contains g. We now
split the nucleon loops of every element in E,, in all possible ways, and select those
graphs which have the same number of external nucleon lines, and the same number
of loops as in g. These are the graphs that will contribute to the cancellation of the
noncovariant parts in g. Let this set be denoted by #( g). We remark that the same
element in %( g) may arise from different elements in the class E,,(g) Furthermore
the sum over € of graphs with noncovariant vertices is equal, on the mass shell, to
the corresponding sum of graphs with covariant vertices (up to contributions of
the §9(0)-type).

ACKNOWLEDGMENTS
The authors would like to thank Professors H. Lehmann and K. Pohlmeyer for their continuous

support and encouragement and Professor J. Honerkamp for many illuminating discussions.
Part of the work was done when the authors were holding a Royal Society Fellowship.

REFERENCES

—

. J. HoNerxkAMP, Nucl. Phys B 36 (1972), 130-140.

. G. EcKER AND J. HONERKAMP, Phys. Lett. 42B (1972), 253-256. G. ECKER AND J. HONERKAMP,
Nucl. Phys. B52 (1973), 211-220.

. S. CoLEMAN, J. WEss, AND B. ZuMINO, Phys. Rev. 177 (1969), 2239.

. C. G. CaLLAN, S. CoLEMAN, J. WESS, AND B. ZuMINo, Phys. Rev. 177 (1969), 2247,

. K. Mee1z, J. Math. Phys. 10 (1969), 589.

. K. MEetz, Preprint BONN UNIV, PI 2-122, Sept. 1972.

. J. HoNErkAMP, F. KRAUSE, AND M, SCHEUNERT, Nucl. Phys. B 69 (1974), 618-636.

N

NN AW



