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1. Introduction

As wehavewitnessedat this conference,therearecurrentlytwo competingideason dynamical
problemsin high energyphysics.Onthe onehandthereis therapidly developingfield of classical
solutionsof nonlinearequationsandtheir quantization(“soliton”-physics)with manyinteresting
applicationsandthe promiseto understandthingsas “quarkentrapment”.On theotherhand,
after theprogressat the beginningof the 70ties in critical phenomena,therehavebeenseveralat-
temptsto uselatticemethodsfor abelianandnon-abeliangaugetheorieswith the aim to under-
standquarkconfinementvia a charge-screeningmechanism.In thelatterapproachquantumfluc-
tuationsareright from the beginningvery importantandonedoesnot envisageclassicallimits to
be helpful.

Somemodels,for examplethe two dimensionalA4-theoryhavebeeninvestigatedin the quasi-
classicaldomainas well as in the long rangefluctuation( critical) domain(A4 is believedto have
the samecritical behaviouras the Lenz—Ising-model).

We will in the following sketchthe quasiclassicalaspectsof theD = 2 Lenz—Ising-modelwhich
aresimilar to thoseof the A4-theory. In particular,the conclusionthat therearenew coherent
states[1] which appearto be Majoranafermionsaresimilar to theA4-theory. It would be tempt-
ing to speculatethat thereis an equivalentdescriptionin termsof a Lagrangianwhich containsa
Majoranafermionfield in the sameway as the sine-GordonequationandtheThirring field seem
to be related.We havenot yet beenableto establishsuchan equivalence.The only independent
evidencefor thisspeculationcomesfrom the investigationof the critical region. In section3 we
give an explicit constructionfor thescaleinvariant limit (correspondingto the A4-theorywhere
the two minimacoalescefor the first time) andshowthat its mostsimplefield theoreticaldescription
can be given in termsof a freeD 2 Majoranafield. All fields, including the basicfield variables,
can be written as functionsof theMajoranafield but for somefields (including all oddpowersof
the basicfield) the relationis somewhatnonlocal(involving line-integrals).

We will carryout the sameinvestigationfor the Baxter-model,which is a nontrivialgeneraliza-
tion of the Lenz—Ising-modelandturnsout to be described(in the scaleinvariantregion)by a
Lagrangianidenticalto the Lagrangianof the Thirring-model. In section4 we will briefly discuss
the relationof theThirring-modelto the sine-Gordonequation.Eventhoughour conclusions
agreewith Coleman[21, ourmethodis sufficientlydifferentas to justify ourpresentation.In the
last sectionwewill discussan interestingproblemfor a one dimensionalelectrongas originating
from a generalizationof thewell knownTomonaga—Luttinger-model[31. The formationof agap
which containssoliton—antisolitonboundstatesis very similar to the occurrenceof this phenom-
enonin the massiveThirring-model.
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2. Stationary,positiondependentmeanfield solutionsfor the Lenz—Ising-model

The (isotropic)Lenz—Ising-modelis definedin termsof thelatticeHamiltonian:

~C[cj]= —K ~ a,a~, (2.1)
<ii)

<ij) = summationover nearestneighbours

and:

K=13J,

J = ferromagneticcouplingstrength,

= l/kBT.

Thesymbol [a] indicatesa configuration,i.e. asassignmentof values±1 to everylatticespin a,.

Correlationfunctionsmaybe formedwith the helpof the generatingfunctional:

Z[h] C ~ exP(_~C[a]+ �~hiaj}. (2.2)

Here the C is a constantdeterminedin such away that Z[0J 1. The connectedn-point function

is obtainedin the usualway by taking thenth derivativeof lnZ with respectto the source:

(u”~a) = ah~1-~ah1~lnZ. (2.3)

In order to obtaina formalismwhich is morecloselylinked to field theory,it is costumeryto
tradethe discretespin for a continuousfield variableby performinga functionalLaplace-transfor-
mation:*

exp(~aKa)=~_N/
2IKI_l/2 JUl dI

1 exp(—~I~K’4’+ a’I~), (2.4)

N = numberof latticespins,

IKI = determinantof K,
0 li—/I> 1 andi—/ 0

K = (K,1), K~1= K1_1 = K, i — I I = I

Herea lattice index i standsfor a vector(whosecomponentsareinteger)which determinesa lattice
point. The Fourier-transformof Kn:

ir/a
K~ J k(k)exp(ikn)d”k (2.5)

(2ir)’~—IT/a

is the inverseof the “lattice propagator”(a = lattice length):

* For the anisotropic coupling wewill use K1, i 2, 1 for the horizontal resp.vertical coupling strength f~j~in a two-dimensional

lattice.
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k(k)2K~ cosak~. (2.6)

Absorbingall k-independentconstantsinto Cwe have,after doing the sumsof a. = ±I, the follow-

ing field theoreticalproblemin functional integrallanguage:

Z[h]=Cf H d~texp(_K1~+ ~lncosh(~1+h1)~. (2.7)

Passingto the continuouslimit:

-~ 1 ~ + ~ Ja~2dDx

we obtaina Euclideanfield theorywith a non-polynomialinteraction:

Z[hJCfd[~]exp(—~([a1) , (2.8)

= a J(~)2 dDx + 1 f~2 d°x— ln cosh(~ + h) (2.9)

which in relativisticlanguagebelongsto a relativistic Lagrangian(in zeroexternalfield):

£ ~ — 1 ~ + lncoshl + const. (2.10)
2a

2D a2

Hereapositivemassterm stabilizesthe weakly (asymptoticallylineardecreasing)falling off inter-
actingpart of the effectivepotential. In usingthe effective F Lagrangian(2.10)we should not
forgetthat theoriginal a is a point transformation(a = tanhb) of the 1; thisis a direct conse-
quencefrom (2.3)and(2.8) which leadto:

(a(x
1)~”a(x0))~ ((tanh4(x1)”. tanh’I(x~))~. (2.11)

For largeK (smalltemperature)we havethe well knowndegenerate“meanfield” vacua:

Mm ( 1 ~2 — log cosh F
\2a

2D a2

= ±4~,solutionsof transcendentalequation:

= 2KD tanh~
0 (2.12a)

resp.:

tanh~o02KDa0. (2.12b)

Justas in the (analyticallysimpler)caseof theA
4 interactionthereexistsa stablestationarykink-

like solution [11 with finite energyrelative to thevacuum.The identificationof the classicalsolu-
tion as an approximationto the quantumtheoreticalform factorin anew statewould indicateas
in the A4 casethe Majorana(selfconjugate)fermionnatureof such astate.In contrastto the A4
casethe modelhashoweveronly oneparameterandonecannot achievea weakcouplingregime
by a suitablechoiceof parameters.We will not pursuethe semiclassicalaspectsof this modelany
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furtherbut go directly to the investigationof the critical behaviour(i.e. that temperaturewhich
correspondsto the confluenceof the degeneratemeanfield minima) andestablishrigorously the
fundamentalrole playedby (in this casezero-mass)Majoranafermions.

3. Investigationof the critical region,constructionof thescaleinvariantlimit

Accordingto a commonlyacceptedworking hypothesiscritical phenomena(i.e. secondorder
phasetransitions)find their naturalexplanationin an underlyingscaleinvariant field theory.The
validity of this picturehasonly beenrigorously establishedfor thosecasesfor which meanfield
theory is exact(for exampleA4 in D 4 dimensions)and thereforeourfollowing construction
for theD = 2 Lenz—Ising-modelis far from beinga simpleexercise.

It is well knownthat thecomputationof theD = 2 Lenz—Isingpartitionfunction(2.2) for
C = 1 andh = 0 maybe reformulatedin termsof a transfermatrix (latticesize N X M)

Z= tr VN,
(3.1)

v= v~’~V
1 V~

1~
with M

V
1 = (2 sinh2K1)~

2exp(K~�~ , tanhK~ exp (—2K
1)

V2exp(K2 ~ cr~a~+1)

Thereareseveralpossibilitiesto simplify this transfer-matrixwith thehelpof “Pauli—Jordan
lattice fermions” [5]

C~= a~exp~ �I~ , C~= (C~. (3.2)
m+1

The relationof thesespinorsto the spinorsusedby Kadanoff[6] are:

bm+=~C;~_i, bm_~~ (3.3)
with

CX =C~+C iC~=C~ Cm m in’ m m m~

Furthersimplification is reachedby Fourierdecomposition(cyclic boundaryconditionsfor C)

C~ M’
12 e~IT/4 ~ ~_iqm~+ (3.4)

—IT<q<1r

anda Bogoliubov—Valatintransformation[5]

= cos~Fq~q+ sin4qi~tq~ = cos~qt7_q—sin*~I~qfl~ (3.5)

whichdiagonalizesthe transfermatrix:

V (2sinh2K
1)

M/2exp ~ ~ — ~) , (3.6)
—Ir<q <IT
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tan = Bq_Aq

Aq = exp(2K~)(coshK2 — sinhK2 cosq)
2 + exp(—2K~)(sinhK

2 sinq)
2

Bq = exp(2K~)(sinhK
2 sinq)

2+ exp(—2K~)(coshK
2+ sinhK2cosq)

2

Cq (2sinhK
2 sinq)(sinh2K~sinhK2cosq—cosh2K~coshK2)

and

cosh = cosh2K2 cosh2K~— sinh2K2 sinh2K~cosq , (3.7)

wherethenotationis from ref. [5].
Theoriginalclassicalformula(2.3) for thea-correlationfunctionsnowbecomesa “quantum-like”

formulain the Hubert-spaceof the transfermatrix (if i1 ~ i,~are indices in a row):

(011 a,) = (iIi0!af afI~i0) (3.8)

I ~‘~) = highest eigenvalueof transfermatrix (3.9a)
and

G~=C~!1m, C~=I1m+i~C~ (3.9b)

with

~ C~C7).
m+1

Pm is the “disorder” variableof Kadanoff[7]. Using mathematicaltechniquesof Wu [8] one
mayobtainavery transparentderivationof the following Kadanoff—Cevaformula [91:

Statement(KadanoffandCeva). At T= T~for largedistancesthe correlationfunctionwithin a
row are given by the formula:

N 0 ifF=0
~UI D,1.(r1)) (3.10)

i=1 ‘ [1 [c(r._r1)]~i
7i’°i”J, if[’~�r0.1~i<j~N

Here

Tl<T
2~<TN, ~ D112~a, D_112~p.

Thep, are determinedrecursivelyby:

p~= (— l)2~’1, F1~1= F1 + (— l)21~17

where

F171 and FFN.

The main stepin theproofis the realizationthatthe specialcase:K1 (verticalcoupling)-+ 0,
K2 -÷ dominatesfor long distancesin arow [7].
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The specialformulafor the fermiontwo point functions

(CX(ri) Cx(r2)> = 0 = (iC’(r1) iC
3’(r

2))
(3.11)

(Cx(r1) iC~O~))= 1
ir(r1 — r,)

andthe statementthat the higherpoint functionsof fermionsarejust productsof two point func-
tions is a sideresultof the sameconsiderationswhich leadto the Kadanoff—Cevaformula.We
want to interpretnow the critical long distancecorrelationfunctionsas the correlation functions
ofoperatorsin a scaleinvariantfield theory.In this theory onemayform compositefields for
example:

E(r) = lim (r’ —r)
314a(r) a(r’) . (3.12)

—~r

Kadanoff has postulated two-dimensional transformation properties (which cannot be rigorously
derived by investigations on one line only, the best one can do is give certain consistency checks)
for the operators in the scale invariant field theory. For example CX and i C~are supposed to be
linear combinations of a two dimensional spinor-field, whereas a, p and E are scalars. This field
theory is an Euclidean field theory. An Euclidean field theory under certain circumstances may
be viewed as the Euclidean continuation of a relativistic quantum field theory [10].

Wewill in the following indicate the explicit construction of a relativistic field theory which
leads to the Kadanoff algebra [11]. Consider the following D = 2 relativistic Majorana (self-con-
jugate)two componentspinorfield (Q, r = left resp. right):

1i
1(u) ~-‘~- J’ &~~‘a~(p)dp+h.c.

0 (3.13)

1112(v) ~_ J eiPua~(p)dp_h.c.

withu = t+x, v t—x.
The antihermiticityof ~ is a resultof the following representation of 7-matrices:

0(0 l\ ~_(~ —l\ (1 0

~ k~o)’ ‘~ ~l o)’ ~ —l

For T= Tc, q 0 we may view our transfer matrix:

V=e_H, H—fdqIqI(~~q_~) (3.14)

in terms of a relativistic Majorana Hamiltonian:

H=~iJdx1/.iy°a01p. (3.15)

So we expect this Majorana field to play a crucial role in the construction of scale invariant oper-
ators.

Weidentify the C’s in the following way with ~i:
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C~’(r) — ~(i1(t) + ~‘2(t), iC~(T) — i~i2(t) — i~i1(t) - (3.16)

Herethe tilde ‘~ meansequalityafter continuingto relativistic operatorsto imaginarytime: T = it.
The energydensityin termsof the Majoranafields is representedby the local operator:

E(r)=~CxiCY— ~1(t)~2(t)=E(t). (3.17)

For the bilocalsour latticeformulasgo over into the following line integrals[11]:

T < r’: p(r) p(r’) Zexp (_~~J E(t”) dt”) = p(t) p(t’) (3.18)

a(r) a(r’) — lim (c)
112 (CT)l/2 (~‘2(t — e) — ~ (t — ie)) p(t) p(t’) (iii (t’ + e’) + ~2 (t’ + e’))

a(r) p(T’) = lim ~1/2 (~-‘2(t — e) — ~ (t — e)) p(t) p(t’)
e—~0

p(T) 0(T’) = lim ~h/2 p(t) p(t’) (l~11(t’ + e) + ~2 (t’ + e’)) -

The Z is a renormalizationfactordueto infinities coming the endpointsif onetakesfunctions
(for exampletheexponential)of a line integral. The problemof this renormalizationandof com-
putationof line integralsis significantly simplified by the existenceof “Bosonson a time-likeline”.

Theorem [11]: The operatorE(t) canbe written as

E(t) E~~~(t)+ h.c. (3.19)

with

E~~~(t)= ~ J e’P~C~(p)dp

and: 0

[C(p), C(p’)] = 0 = [C~(p), C~(p’)]

[C(p), C~(p’)] pö(p—p’)6(p).

The proof of this theoremfollows from the definition of E leadingto:

C(p) = Jdko(k) [ar(p—k) a
2(h)0(p—k) —a~(k)ar(k+p) 0(p+k) —a~(k)a2(k+p)0(k+p)].

(3.20)
The restis straightforwardcomputation.

The line integralscanbeeasilycomputedwith the Bosepotentials

E(t) = a~4(t), 4(t) = ~- 7 e
1~t~-~F-1dp + h.c. (3.21)

For the orderedbilocal wewrite:

p(t) p(t’) = : eu~~(t):: e_~~~)(t’): (3.22)

with theZ havingdoneits duty after obtainingawell definedfinite operator.
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Clearly the 2 n-point function of ordered p’s on a line computedfrom (3.22)by Wick-contrac-
tionswill be exactly thatof the Kadanoff—Cevaformula(3.10).

With the helpof the commutationrelations[111:

[p1(t) + ~2(t), ~t’)] = log [—(t— t’)~] (~i~(t) + ~2(t)) (3.23)

(t—t’)~ (t—t’ R ic)
2

andthe correspondingcommutationrelationsfor the difference~P
2— ~P1with I~which follows

from (3.23) by taking thehermiteanadjoint onemaynow Wick order the fermionsrelativeto
the bosonexponentials.In this waywe mayestablishthe Kadanoff—Cevaformulaas a special
resultof our bilocalline-integralsof p anda (3.18).The importantcommutationrelation(3.23)
follows if we interpretethe infraredinfinite 1(t) with the helpof a particularinfrared regulariza-
tion. An alternativemoreelegantpossibility is to realize thatthe commutatorof ~ + ~ with
potentialdifferencesi.e. 4(t’1) — ~(t) is infrared finite andits knowledgesufficesto do all Wick-
contractionsnecessaryfor the computationof orderedcorrelationfunctionsof aandp’s on a
time-line.

Note finally that all evenlocal functionsof a, p areobjectswhosecorrelationfunctionsone
can computefor an arbitraryconfiguration.Only for correlationfunctionsinvolving oddpoiy-
nomialsof aandp our computationaltechniqueforce us to restrictourselfto a time-line [28].

The mainresult of our investigationis that the scaleinvariant Lenz—Ising-modelis mosteasily
describedin termsof a relativisticMajoranafield. This field is completein the Hilbert-space,but
its relationto a is nonlocalinvolving line integrals.Only evenpolynomialsof ahavea simple local
relationto theMajoranafield.

Let usnow briefly indicatetheextensionof ourmethodsto the Baxter-model[121 which con-
sistsof two superimposedLenz—Ising-modelscoupledby an energy—energycoupling [13]:

~int = —8gE1(x)E2(x). (3.24)

In thescaleinvariant limit for eachLenz—Ising-modeltherelativistic interactionoperatortakeson
the form

£jflt i~i~i~4i~~41. (3.25)

Becauseof Fermi-statisticsonemay addtermsas

.;1 71171 ,11.=O=.11 111,1 III.

i~’iWi9’i~ ~W2W2~’2’~’2

in order to obtain a °2 -invariantform of the interaction. With the help of Dirac combinations

= (iii’ + b,li”) (3.26)

we obtain the U(1) X U(l) invariantLagrangian

L~~~= 2g :l/J7~i/JJ~/7~1I: (3.27)

Note thatall 4-fermioncouplings involving only one Dirac-field are identical (Fierz-identities).
Our assumption that one may construct the scale invariant limit of the Baxter-model directly
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from the scaleinvariant versionsof thesuperimposedLenz—Ising-modelshas ledus the Thirring-
modelas thescaleinvariant limit of theBaxter-model.

It is well known that the U(l) X U(l) Thirring interaction(3.27)maintainsscaleinvarianceto
all orders,only thedimensionschangefrom their canonicalvalueto ag-dependentvalue. The con-
creteform of this relationwill dependon the parametrizationin termsof the couplingconstant
weuse.For examplein Klaiber’s parametrization[141 we obtain:

dim i~i= + 4g
2/ir2

dim~ l+~-—~-~1/1+~-~-- (3.28)

~ y
dim ~Jtr

1 7~I1= 1 +~—~--+~-~ 1/l÷~0 ~2 7T V

Otherparametrizationsas theJohnson[151 or theSommerfield[161 parametrizationagreewith
(3.28) in first order in g but deviatein higherorders.The latticeapproach,whichis very compli-
cated,leadsto Baxter’sparametrizationwhich againagreesto lowestorder.

An importantintrinsic (parameterindependent)featureof this modelis thatif the changeof
couplingleadsto an increasein dim i~i,it automaticallydecreasesdim i~rLJi(zero is limiting value).
This limit is calledthe strongcoupling limit of themodel. In termsof the original Lenz—Ising
variableswe have

(3.29a)

E” - (3.29b)

Thereforeweobtain from theadditionof a massperturbationmi~(iIi:

Index for correlationlength: i = (2 — dim i~”I’Y
1 = 1 — 4g/7r +

(3.30)
2(l—dim~t,i,Li) 8gIndex for specificheat: a = — = — +
2—dim~i 17~

Now considerthebilocals.Thesimplestoneis

t < t’, p(t) p(t’) = Z exp (~i~f E(t”) dt”) . (3.31)

In order to seetheinterpretationof theoperator,let usswitchoff the interaction.Due to (3.29a)
wehave:

p(t) p(t’) = (p(t) p(t’))’ (p(t) p(t’))”. (3.32)

Thissquareof the bilocals,which after switchingon the interactiondoesnot factorize,is related
to the electricpolarisabilityof theBaxter-model(actuallythis statementholds for the closely
relatedaa-bilocal).

Howeverin contrastto the decoupledcase,the line integralsover the “dressed”operatorE(x)
havea powerscalingandthereforeour constructionof the scaleinvariant Baxter-modelwould
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leadto abreakdownof powerscalingfor the bilocals.A closerexaminationof thissituation
suggestthatfor g> 0 the correlationfunctionsof the bilocalsmaydevelopan exponentialscaling
of the type:

(p(t)p(t’)) exp(—i~/2)(t’ — t)22dim~iP, = (2 dim i~i~— 1) (2—2 dim ~1n~i). (3.33)

This would be the mathematicalexpressionfor aphasetransitionof infinite orderon the levelof
correlation functions.

The behaviourof the Baxter-modelin the neighbourhoodof the critical temperatureis in our
languagedescribedby the massiveThirring-model. ThemassiveThirring-modelcontainsbound
statesof the soliton—antisolitontype [17] as will bediscussedin thenextsection.

4. Sine-Gordonequationandsuperrenorinalizableperturbationson Thirring-like models

Considera massivetwo dimensionalquantumfield theorywith an abelianchargestructure.The

conservedvectorcurrent/~2canalwaysbeaffiliated with a curl-freeaxial-current:

J~i5= ~
5tvJ~, curl/MS = 0 . (4.1)

In the classical version of the theory this situationwouldimmediately leadto a pseudo-scalar
potential:

(4.2)

The quantizedtheorywill alsogive a potential,howeverits constructionis muchmoredelicate[18].
The following definition turnsout to be helpful:

Definition: A stateB 0) is calledquasilocalif it is of theform:

B ~ ff(x1”.x~)fl Aj(xi)IO>d
2xi~”d2xn (4.3)

wheretheA
1 areanylocal fields (including spinorfields) of thetheoryand thef’s are fastde-

creasingtest functions.
First we define the ~ on the vacuum state:

~j~5(x)I0). (4.4)
aMa

The division by the differentialoperatoris meantin momentumspace;it causesno problembe-
causethe vacuumcomponentof the right-handsideis zeroandabovethevacuumthereis a mass
gapaccordingto our assumption.It is easyto seethat eventhoughthedivision destroyslocality,
the stateis still quasilocal(aftersmearingwith a fastdecreasingtestfunction).Thestatetrans-
formsas a pseudoscalar.Classicallywe would defineapseudoscalarfield as:

~c2(X) = ~ f c(s)/~(x— se)eM ds, eM = space-like unit vector. (4.5)
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The independenceon eM follows uponusingthe vanishingof the curl (4.1).The antisymmetrical
definition (4.5) guaranteesthe pseudo-scalarity.Thisclassicalconsiderationtogetherwith (4.4)
suggeststo define the quantumoperatoron thedensesetof quasilocalstatesas:

_LØ(X)Bl0)=~J �(s)[jMs(x_se)eM,B]IO)+B_~LaK/MS(x)I0). (4.6)

The commutatorposesno convergenceproblems.The soconstructedi~in addition to pseudo-
scalarity (andindependenceof e)hasthe following desirableproperties[18] whichwe state
without proof:

1. It is local relativeto itself.
2. With theotherbasicfieldsA1 of the theory it leadsto the following spacelikecommutator:

-~ [Ø(x),A~(y)] = ~e(x’—y’) [Q,A~(y)] for (x—y)
2<0. (4.7)

The field 0 is pseudo-scalarandhasnegativeC-parity. By sacrificingthepseudo-scalarityin the
highersectorsonemayobtainwith

2~ -~-- [~(x),A
1(y)] = 0(x’—y’) [Q,A1(y)]. (4.8)

Let usnow assumethe dynamicsis suchthatthe currentfor a fixed timeis completein each
chargesector.Equivalentlywe maysaythat0 anda~/atform a completeset. In a local covariant
theorywe shouldthenexpectthevalidity of a hyperbolicequationof motion:

aMaø= F(~, aK~3~). (4.9)

If we demandthis equationof motion in eachsector,andthenconsistencywith 2~will leadto
the periodicity [19]

F(~—~ aMø aMØ)= F(~, aMø a
Mø) - (4.10)

If in additionwe insistin theabsenceof derivativecouplingwe arrive at:

F(0+\/in)F(O), n±l,±2,... (4.11)

wherewehavesimplified our notationby omitting the hat on çb. ClearlyF = Csin 2~~J~Øand
higherFourier-components(the pseudoscalarityin the vacuum-sectordemandsF to be antisym-
metric!) aretheonly possibilities.Suchan interactionis superrenormalizable(this is equivalent
to a finite Schwinger-termin the currents)andby introducinga renormalizedfield with ØR =

with

[OR(x), ~R(Y)] = i6(x—y) (4.12)

obtainthe sine-Gordonequationin the usualform (omitting againsubscriptR):

aMa0C:sin_-~__0:. (4.13)
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The doubledot is theWick-orderingwith respectto the interactingvacuumi.e.

:0(x)2: lim ~cb(x)0(y) —

(4.14)
:Ø~(x):= lim {0(x)0(y)0(z) — 3(O(y)O(z))0(x)}

y,z—~x

etc.

The mostlikely candidatesfor modelsfulfilling theserequirementsare the massiveThirring-model
andcertainabeliangeneralizations,sincetheir zeromass— respectivelyshort distance— limits
leadto currentswhich areknownto fulfill the completenesscriteria in eachsector[20]. Indeed
for themassiveThirring-modelColeman[21] was ableto establisha directequivalencebetween
certainquantitiesin thatmodelandcorrespondingquantitiesin the properlyparameter— adjusted
sine-Gordonequation.

Ourversion [22] of thisequivalenceis the following. Considerfirst the masslessThirring-model:

£ = ~i1,1/7MaM~/ —gi~i’y~P~y~]i. (4.15)

The solution is usuallywritten in the form

0(x) = exp{i~(+)(x)}0~(x)exp{i~(x)}
(4.16)

x = aj(x) +

where/ andTarerelatedto the freespinorcurrentby:

jM~f_aM/, JM,f_öMJ~ (4.17)

Theirtwo point functionsandcommutatorswith ~ havebeeninfrared-regularized[23], the/ and
/ behaveas two free scalarmasslessfields andtheir relativecommutatoris the space-likeantisym-
metric function. Fromthe canonicalbehaviourof/ andJ’as well as their commutationrelations
with the spinorsthe following formulafor the dimensionandthe spin of 0 follows by straight-
forwardcomputation

4184ir ‘ ~ 27r (. )

For fixed ~ the remainingparametermaybe relatedto the couplingconstantg (4.15), however
sincein this modelthereis no massshell, wecannotwork with the usual“natural” definition of
the couplingconstant.The definitionwould dependon the way onedefinesthe currentfrom the
0’s by a space-timelimiting procedureand therearealmostas manycouplingconstantparametri-
zationsof the Thirring-modelas articleson thatmodel. Commonto all parametrizationsis the
statementthatg -÷ + oo, i.e. “strong coupling” means:

dim 0 -~ °° and dim i~1i0-~ 0. (4.19)

The only reasonwhy we sometimesprefer theKlaiber parametrization[14] is that the connection
betweendim 0 andg is non-singularon therealg-axis.

One commenton continuousspin. The Lorentz-groupbeingabelianin two-dimensionalspace-
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time allows for the covarianttransformationproperty

e_s~~0 \
U(A) 0(x) U~(A)= (o esx) 0(Ax). (4.20)

The spinin the Lorentz-sensecomplieswith the space-likecommutationpropertiesof thesequan-
tities [14]

01(x)01(y) + exp{ise(x’—y’)} 01(y)01(x) = 0, (x—y)
2<0, etc. (4.21)

Thesignificanceon the level of particlestates(which in masslesscasedo not exist) hasnot yet
beeninvestigated.Note that for s = ~N,N integer,the0 would be called in the usuallanguagea
nonlocalfield.

It is convenientto “bosonize” [22] the freefermionfield by applyingfirst a Klein transforma-
tion:

00 -~ exp{~iir(Q+ ~)}0~ (4.22)

which will leadto commutationbetweenthetwo different irreducibleLorentz-components,and
thento write this field (no new notationintroduced)as

00 —~—- :exp{i~/~/+i~,/~y~T}:a. (4.23)

Here a is the Thirring field for ~ = 0 = s~,i.e. a constantfield which commutes[14] with I andT
It is constantunitary operatorwhich canbediagonalizedin termsof angles[24]:

2ir 27r

I0)= f f 10
102)d01d02 (4.24)

(2ir)
2

with
a~I0102)= exp(iO,)10102).

We would omit this field in (4.23) if we would infer theuniquenessof the vacuumi.e. thecluster
property.The latterproperty appliedto the4-point functionof two 0’s andtwo 0~’swould i.e.
yield

(0~0~)= 0 (4.25)

for consistencyreasons.The 0~’sand their subsequentaveraging(4.24), i.e.:

(H 0(x
1) H 0~(y1))= fdo1do2 H 0(x1) H 0~(y1))0162 (4.26)

would build in ourboseformalism theseconsistencyrelations(the Q andQ selectionrulesof the
fermionlanguage)in a “foolproof” way.

The nextstepis to bring thesymmetricenergymomentumtensor,obtainedby applying
Noetherformalismto theThirring-model,into the Sugawaraform:

= 7r(:/MV — ~ gJ:). (4.27)
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The easiestway is by short distancelimiting procedureon the completelybosonizedThirring field

0 —~-— : exp{i&/+ iØ’y~j}:a (4.28)

with

d &2+~2

‘~ 4ir ‘ ~ 2ir
But evenwithout knowinganythingabout“bosonization”we may obtain(4.27)by performinga
short distancelimiting proceduredirectly on the linear spinor-partof 0M~[25]. Thebosonization
formula (4.28) will be only used in an essential way if we rewrite the mass perturbation on the
Thirring-model:

m
0N[0~02]+h.c.

wherethe normalproductN is definedby a space-timelimiting procedurein theThirring-model.
Using the Thirring-modelas an interactionpicturefor themassivecase,we obtainwith the help
of (4.28) the bosonizedform of the massterm, which after diagonalizationof adependson 0. In
termsof the Hamiltoniandensity~C= 0~we get the expression:

~c0=~(a~0)
2+~ cos(2~Ø+0): , (4.29)

0=01~02, 0—/-

The massperturbationin theThirring interactionpictureas well as the equivalentsine-Gordon
Hamiltonian(4.29)havea perturbationserieswith divergenciescoming from intermediateintegra-
tions overlargedistancesandhenceneeda spatialcut-off in order to beinfrared-finite.

In ref. [26] this infraredcut-off (i.e. aspace-box)hasbeenseriouslyconsidered.We takeas
Colemana formal point of view sinceat the endthe non-perturbativesine-Gordonproblemis sup-
posedto be the infraredcurefor the infrareddiseaseof the massperturbationson theThirring-
model. Let usconsiderexpectationvaluesof 0 differences:

(H (Ø(x~)— 0(y
1))) = ~ Jd01 dO2( H (Ø(x~)— Ø(y1)))~0. (4.30)

In m0-perturbationtheorythereis no differencebetweenaThirring computationandacomputa-
tion with ~C0.Imaginenow that in the summedup perturbationserieswe performthe field trans-
lation:

0201

213

In this way we completelyeliminatethe 0-dependenceof theHamiltonianandwe arenot generat-
ing an explicit dependencein the potentialdifferences.The clusterpropertyis maintainedandthe
0, averagingis renderedmanifestlysuperfluous.By clusterarguments(taking somecoordinates
“behindthemoon”) we mayget rid of potentialdifferences.Therelation to theThirring currents
is preciselythat given by Coleman[21].

We maygo onestepfurtherandconsiderspinor-bilocalsi.e.:
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~ :exp[i&] CMVaVO(x_s(y_x))eMds+T

1 (4.31)

:0
1(x)0~(y): = ~ :exp[i&f eMVaP0(x_s(y_x))eMds÷i~(0(y)+0(x))]:ala~

e = unit vector in directiony — x -

Thereadermayconvincehimself that the explicit 0. factorsin the a, togetherwith the0-depen-
dencecomingfrom the shift leadsto a completecancellation.

In this approach,the two point functionsF

0~(x)0~(y)= Flk(x —y) : 0~(x)~4(y): (4.32)

are not computeddirectly, theyhaveto be reconstructedby applyingclusterargumentsfrom the
higherexpectationvaluesof the orderedbilocals.Note thatoperatorsas 00 which do notcom-
mutewith thechargeinvolve line integralsto infinity. In the masslessThirring-modelsuch infinite
line integralsdecreasewith an inverse(noninteger)powerof the line-length.The corresponding
line integralsover thenon-perturbativesine-Gordonfield 0 areexpectedto decreaseexponentially
in the line distanceleadingin this way to a vanishingof expectationvalues as 00- It would be
desirableto establishrigorously thosepropertiesby fermionreconstructionstartingfrom thebi-
locals(4.31). Our resultsare as yet incompleteanddo not merit furtherdiscussion.On this rather
formal level of our considerationwe havenot yet seenanyreasonwhy the reconstructed0-fields
shouldanticommutefor space-likedistances.This problemmay be tracedbackto the problemof
whetherthe massiveThirring field hasto haves = ~. The massperturbation:N[ 00] in

£ ~CThirTing —m0N[00} (4.33)

is a scalarfield for anyspins~.Due to the nonlocalnatureof continuousspinweshould notex-
pecta local field equationfor 0- The ordered bilocals (4.3 1) satisfy however locality properties
(in the masslessversionof the model)consistentwith their formal bilocal nature,andhavea good
chanceof satisfyingbilocal massiveequationof motions.This would suggestthe tentativeconclu-
sionthat the solitonsof the sine-Gordonequationmayhaveanyspin, a problemwhich clearly
meritsfurther investigation. —

Oneremarkon fermionmass-renormalizations.Fordim 00 < 1, the infrared-regularizedpertur-
bationtheory indicatesthat in addition to the Thirring normalorderingresp.the Wick-ordering
on the sine-Gordonlevel thereareno ultraviolet divergencieswhichrequire the introductionof a
mass-counterterm.For 1 <dim 00 < 2 we do not havea clearultraviolet pictureyet.

Let us finally discussan abeliangeneralizationof the Thirring-modelwhich hasplayeda role
in solid statephysicsas a physically interestinggeneralizationof theTomonaga—Luttinger-model
[27].

Considera doubletThirring field:

0(x,s), s 1,2. (4.34)

Let £Th be the Lagrangianfor the two decoupledmasslessThirring fieldswith identicalinterac-
tion strengthandaddthe interaction:
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£1~1—AN0~(x,l)02(x, 1)i/4(x,2)01(x,2)+h.c. (4.35)

Written in terms of two-dimensional7-matricesthis interactionis a superpositionof scalarand
pseudo-scalarquadrilinearterms.

The short distance limiting procedureon the energy-momentumtensoragainleadsto the
Sugawara form for the Thirring part. “Bosonization”, as explained before, yields

= ~ (~:(a005)
2:+ ~: (~

1Os)2:) + 2 cos[2j~(41 — ~2) + 0] (4.36)

(27r)

with 0 02(2)0i(2)+Oi(l)02(l).

Introducing the linear combinations (a and 13~suitablydetermined)
~ ~2 ~1~2

1 a (4.37)

we obtainwith

~C0~:(a0çb)~: +~:(a10)
2: +~:(a

0a)
2: +~:(a

1a)
2: + X 2 cos(2~

0V7u+0) (4.38)
(2ir)

a decoupledHamiltonian.
The a-part is of the sine-Gordon type and if we take over the conjecture of Dashen, Neveu and

Hasslacher [17] that the WKBmethod is exact for the sine-Gordon equation we obtain a gap in
theaexcitationspectrum(twice the solitonmass)anddependingon thesize of ~ a numberof
boundstatesinsidethis gap.Small coupling13~i.e. small dimension of the perturbing operator
(i.e. big Thirring couplingsresp.field dimension)arefavorablefor the formationof boundstates,
andthereis the usualcritical upperlimit from which on theperturbationbecomesnonrenormaliza-
ble and the sine-Gordon theory looses its “ground statebottom”.

A proof of the Luther—Emery gap conjecture usingthe moreconventionalformulationof the
Tomonaga—Luttinger model has been given elsewhere[27].

Noteaddedin proof: Wehave meanwhile been able to give a direct proof of the sine-Gordon
equationfor thepotential0 without using any zero-mass intermediate steps.
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