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We identify the four observed intermediate states between J/y and ¢’ with the four jPC =j** P waves of a relati-
vistic bound state model. Assuming a point-like quark photon vertex we calculate bounds on their radiative couplings
to J/y and ¢’ by the help of four-dimensional dipole sum rules. These bounds also imply upper bounds on the total

widths.

We suggest that the pions are true relativistic cc
bound states with the special emphasis that in this
case there appear extra states which have no analogue
in the nonrelativistic charmonium model. These extra
states are excitation in relative time and thus vanish
in the nonrelativistic limit. Also the experimental situ-
ation possibly indicates the need to go beyond the
nonrelativistic description.

Three intermediate states between J/y and /',
x(3.41), P(3.51) and x(3.55) are consistent, in pro-
duction and decay, with the three nonrelativistic cc
bound states 3P]-, jEC=0%*, 1++ 2%+ The fourth
intermediate state [1], x(3.45), also is a cC state as is
strongly suggested by its large coupling to J/¢. For
the X(2.83) [2] on the other hand the ¢€ nature is not
clear because its coupling to J/y is very small and cou-
plings to other cc states are not yet observed. Both
states, however, the X(2.83) and the x(3.45), are wel-
come as the expected pseudoscalars 1, and 'n'c. But
both states immediately cause problems for charmo-
nium [3], i.e. the nonrelativistic perturbative treat-
ment of QCD. In particular the fact that one forbidden
M1 transition is not seen [4]. (¢’ = X(2.83)7y)
<2%- (225 £56) keV, but another forbidden M1 tran-
sition is a main decay mode of x(3.45) : B(x(3.45)
= J/Yy)=0.27 £0.13 [1, 4], would set a very small
upper limit on the total width of the x(3.45) (<11
keV) [5].

In relativistic bound state models [6] the first extra

C=+ state is a “time-like” “P” wave, degenerate with
the “space-like” P waves, and its quantum numbers are
either j£C€ = 0** or 1**. The two physical 0% (or
1*+) states in principle are mixtures of this time-like
P wave and the corresponding space-like P wave. There-
fore the x(3.45) might either be the second 0** or
1** state, the transition x = J/{ + v is an electric in-
stead of a magnetic transition and it is not forbidden
by any selection rule. Subsequently we sketch the oc-
currence of time-like excitations in a relativistic Bethe
salpeter (BS) model with heavy quarks and strong
binding [6]. We further give estimates of -y transitions
within this model assuming that the photon couples
point-like to the quarks. Our main emphasis, however,
are not the detailed features of the model but rather
the occurrence of an extra C=+ state on the P wave
level with j#€ = 0** or 1**. Thus it is in principle
clearly distinguishable from the n'c of charmonium by
general selection rules, i.e.: i) x # 2 pseudoscalars if
FP=07,1%,27, ;i) x pyyifj=1;iii) (ete~

> 71X > 1172 > 1172870 7) ~ (1 +cos281)(1
+cos26,) if j = 0, where 6, is the angle between v,
and the beam, 0 is the angle between the lepton pair
and y,.

As a guide to the relativistic c¢ bound state prob-
lem we take the conventional field theoretical descrip-
tion of mesons by BS amplitudes built from quark
fields ¢
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P2 +q B
P2~ q><]=P_X(q’ P

=FOIT{Y(x/2), ¥(—x/2)}meson)

which satisfy the homogeneous BS equation
S (P2 + q)x(a, PSE (P2 - q)
=i a4/ N @ N g, 4)x@, P).

The explicit model by B6hm, Joos and Krammer as-
sumes i) heavy quarks (2mq > Myound state)» il) @ con-
volution type kernel X=X+ (g —¢') with the cou-
pling strength A (which corresponds to strong binding
in a smooth potential) and free quark propagators S,
iii) a spin structure which reproduces the singlet trip-
let structure of the mesons. Technical inputs are the
Wick rotation to Euclidean space, the O(4) expansion
and the oscillator approximation to the potential-like
kernel. A Dirac structure + (5 X 7s) of the interaction
kernel leads to the leading components of the BS am-
plitudes X0 =P+ T+ S =y5®p + 0, B + &g and
~(rsX15)tox0=A+ V=157, Pk +v,0¢ and to
the scalar equation (in Euclidean space)

~(@*+m? - MA@ = [ 44K - )@ (1)

This equation allows separation of the ®’s into O(4)
spherical harmonics Y, and the hyperradial part.
The Y,,;,, are labelled by the O(4) quantum number
n and the ordinary angular momentum quantum num-
bers [, m with the restriction n 212 0. (n — [) counts
the nodes in relative time. For a given n the degeneracy
is (n+1)? as compared to 2/+ 1 in the O(3) case. Al-
though part of the time excited states are ruled out
by the field theoretical normalization condition [7]
there remain more states than in nonrelativistic mod-
els. The lowest ones of the remainder have n = 1 and
1=0. On the next excitation level # = 2 there are six
time excited states, among those two vector mesons
[8]. In table 1 we give the S and P wave covariants for
both models, which have to be multiplied with the
hyperradial wavefunction to yield the full amplitude
x’(q, P).

The occurrence of a fourth C'=+“P” wave state
leads us to tentatively identify the x(3.45) as a mem-
ber of the “P” family. In order to further investigate
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Table 1
S and P wave covariants in the models +y5 X v5. €uleyy) de-
note the polarization vector (tensor). In the two lowest lines
the extra states are found which vanish in the nonrelativistic
limit.

jPC Covariants (--ys X-ys) = Covariants (+v5 X ys)
n=0 0™ ys# s
1™ e Pe
1+- 2’)/51;6“(?” 2756”[1“
n=1 07 2i/3(g- @G PP 232G - (q-P)P)
1=1 1" 2\/Zewvroe 4,Bpys  2/\/IPekvPOC, 4By,
27 2ey4MyP 2Pe,q
n=1 1*" 2y5e(G-P) 0t~ 24P
I1=1 ot 2G-PP [ 2vs Pe(g+P)

this possibility we study the radiative transitions
among cC states.

The simplest ansatz for radiative transitions is a
point-like quark photon coupling. In the BS model
gauge invariance of the point coupling is guaranteed
[9] for light-like photons (k2 = 0) by taking the BS
amplitudes at the meson poles.

M =
ke, (v) =0,

Evaluating this matrix element according to the Feyn-
man rules gives in the —y5 X y5 model ¥

P+P +k=0.
i f

M= Tr(SU e(2m) f d*q o
X 2[4(1)Qa, +P, )0y + (e (1)~ k4 (1)D, B, )

if ®; and ®; are out of the same Dirac sector V or Aand

M= Tr(SU,)e(2m) "2
4 eLn (3)

Xi [d*q2e,, ke (y) Y@

*! Similar formulae hold in the +v5 X v5 model.
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if not. Here Tr (SU,) = 4/3 for ¢ and

p=—t . L. (9250 o2, )

In (2) the first term is a dipole term, while the second
one gives the expected relativistic corrections [10].
These are of the order of k/M and numerically add up
to 10 to 20% in the rates. Keeping these relativistic cor-
rections in mind we will only discuss the dipole term.
In the dipole approximation the n—! = even excita-
tions do not couple to the n—! = odd ones. This is
easily seen in the matrix element involving vector
states & ~ e” and the scalar state &, ~ (§-P)P, : M
~e"P, e!(y)],,. Here /,, denotes the loop integral.
Gauge invariance requires k#/, =0, thus/, ~ k, and
therefore W vanishes. However, the ordinary scalar
Pstate @, ~ @, — (G-P)P, couples to ” ~ ¢€”. Since
the physical states in principle are mixtures of these
two degenerate scalars 2 they may both couple to
the vector state.

In order to calculate the matrix elements (2) one
could start assuming a special “potential”” and then
solve the hyperradial equation (1) to gain the ampli-
tudes @ which enter eq. (2). Instead we will apply di-
pole sum rules [11] generalized to four dimensions ¥3:

4= 20507 ~ M

2
R L 12 a2
4(n+1) ¢ ngi»f (M7 —Mp)lx g ©)

*2 In the ++v5 X vs model there are two degenerate axial vec-
tors instead of scalars. The same arguments hold for these.

3 We derive the four dimensional analogue of the nonrela-
tivistic dipole sum rules with the full (squared) Hamilto-
nian H? = P2 + M2.
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(n+2)? _ 12 el
-—_—4(}1“‘1) f_,,f:Zn)iH“(Mi »va)|x|f s

to the width formula (4) in the corresponding shape

P=1T2(SU,) (2 + DEZIx 12 .

Now we use the property of the harmonic oscillator
that for radiative transitions i) 1P; - 18, saturates the
sum rule for 1S - Zfand ii) 25;~ 1P; together with
the former one saturates 1P; > ZS;(ny = n;—1). Since
the first transition is maximal and the sum is negative,
also the second transition is maximal. We now replace
(M12 —Mfz) [x l%i = 2Mikfi|x|f2i by its oscillator value,
thus saturating the sum rules (5), and obtain

le,lP

MIP

(1P, > 18,7) <3 TrX(SU,) a2
(6)

2
2i+1 ¥1p2s

3 M

(28, = 1P) <iT(sU,) a -

The same result holds — to this approximation — in
the 75 X 75 model. The numerical values are given in
table 2.

The experimental information on '~ x(3.45) + v
allows to determine the admixture of the space like P
wave covariant to the time-like covariant. This admix-
ture also accounts for the x(3.45) - J/ + v decay
and allows to derive limits on the total width of x(3.45)
which may well be in the range of 100 to 500 keV,
see table 2.

For the magnetic transitions the same model yield
from (3)

4 .
PV, > PS_.7) =4 TrX(SU,) 3 kst @

Table 2
Limits on the radiative \ﬁidths rMt=ry - Pc/x7v) and T'y = I' (P¢/x -> J/4) and on the total widths of the P./x states. The col-
umns a(b) refer to the (+)y5 X vs model. Bexy, is taken from refs. [1, 4].

T2
ke by = o (MeV)
Ty (keV) Iz (keV) Tpe/x Bexp
a b
x(3.55) <34 < 460 < 1.7:0.8 < 1.7+08
P.(3.51) Yo < 34 o <380 <0.63+0.16 <0.63 +0.16
x(3.45) Ja }a <0.45+0.23 <0.15 £ 0.08
x(3.41) <27 <230 < 1.0+06 < 1.0+06
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where M = Mpg(My,) for the (¥)v5 X v5 model. As be-
fore the quark masses do not show up in this formula
but only the masses of the physical particles, in con-
trast to charmonium calculations.

We have discussed the possibility that the x(3.45)
is a fourth P wave cC state as present in relativistic
models. We found that its experimental properties
lead to reasonable total widths in our model. The
pseudoscalar n, has still to be found. The pseudo-
scalar 7, is to be found, too, if the X(2.83) is no cc
state. On the other hand, if the X(2.83) is the n,, the
smallness of its radiative coupling to J/{ has te be ex-
plained. Unfortunately our simple ansatz would not
do this; eq. (7) yields numerical results similar to non-
relativistic charmonium calculations. We believe that
this problem could only be resolved by dropping the
point-like quark photon coupling, which, on the
other hand, is even numerically successful in the case
of the electric transitions to the cc P waves.

Finally we emphasize that — not only in the case
of x(3.45) — the search for a relativistic degree of
freedom in the hadron spectrum is important.

We thank H. Joos for a stimulating discussion on
the manuscript.
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