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Abstract. The contributions from two QED pro- 
cesses, e + e - ~ # + # - 7 7  and e+e--->e+e-#+# -, 
to the heavy lepton signal observed in muon inclusive 
final states in e+e - annihilation are calculated 
for the experimental setup of PLUTO in the energy 
range 4-5 GeV. Some modifications in the usual 
calculation techniques for QED processes are des- 
cribed. We discuss the observability of the sequential 
heavy lepton signal at PETRA energies and show 
which experimental cuts sufficiently damp the back- 
ground to signal ratio. 

1. Introduction 

The inclusive muon cross section in e + e- annihilation 
certainly belongs to the experimentally cleanest 
and comparatively easily measurable channels for 
observing the recently discovered [1, 2] new heavy 
lepton via the reactions 

e + e- ~ "c + z- ~ e-+# -= + neutrinos (1.1) 

e + e- ~ ~+ z- ~ #+ #-  + neutrinos (1.2) 

e + e- ~ "c + ~- ~/~-+ + hadrons + neutrinos (1.3) 

For these reactions there are 4 QED background 
processes, two of which (e + e- ~ #+ #-  and e + e- 
#+/~-7) are easily dealt with [2] by an acoplanarity 
and a missing mass cut. The remaining two, 

e+e - --' # + # -  77 (1.4) 

and 

e + e- ~ e + e- #+ g-  (1.5) 

have to be calculated and integrated over the experi- 
mentally covered phase space. These calculations 
are difficult because i) they involve a seven dimen- 
sional integration with dramatically varying inte- 
grands, ii) the differential cross sections themselves 
are not trivial to obtain due to very large numerical 

* On leave of absence from Institute of Nuclear Research, Warsaw, 
Poland 

cancellations, and iii) all experimental cuts have to be 
incorporated in the integration limits. We therefore 
feel that calculations independent of those already 
existing [3, 4] are worthwhile to present, especially 
if some technical progress can be achieved. Using 
as an example the cuts characteristic for the PLUTO 
experiment [2] we confirm the existing estimates 
[1, 2] that the reactions (1.4) and (1.5) yield a back- 
ground of the order of 10~ for the anomalous muon 
signal observed at SPEAR and DORIS which is 
attributed to the decay of a heavy lepton z. Since 
the interpretation of the anomalous #-signal depends 
strongly on the momentum spectra of the #, we also 
calculate these and show that the corrections for 
them do not change the conclusions drawn in ref. [2]. 
Furthermore, in view of the pessimistic conclusions 
of ref. [4] concerning the observability of heavy 
leptons at PETRA/PEP energies because of the 
extremely copious production of muons in reaction 
(1.5), we propose some modifications of presently 
used experimental cuts which will clearly allow 
one to reduce the QED background to a small 
fraction of the heavy lepton signal at PETRA/PEP. 
In particular, the influence of the "energy scaled 
cuts" and of the detector acceptance is discussed 
quantitatively. 
The paper is divided as follows. In section 2 which 
deals with reaction (1.4) we briefly discuss the con- 
struction of the differential cross section, then give 
the list of experimental cuts which can be converted 
into proper integration limits, such that modified 
Gaussian integration techniques can be applied. 
Especially the strong variation of the differential 
cross section with the photon angles relative to the 
electron directions is treated in an optimal way, 
resulting in very short computation times. The 
results for reaction (1.4) at , / s  = 4-5 GeV are present- 
ed. 
In section 3 we consider reaction (1.5). Special atten- 
tion is given to a trick in the calculation of the matrix 
element which helps to get rid of enormous cancel- 
lations reported in the literature [3,4]. The results 
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for the various charge combinations as a background 
to two-prong events and multiprong events are 
presented. 
In section 4 we discuss both processes at ~ = 20 GeV 
and show that although the total cross section of 
(1.5) grows with s, whereas that of e + e - ~ z + z  - 
decreases as l/s, suitable cuts scaled with energy 
force (1.5) to fall as log s/s and make this reaction 
harmless as a background for two-prong events, 
at least for a detector with large angular acceptance 
( > 95%). 
Finally, in section 5 we list some conclusions and in 
the Appendix we give a more detailed description 
of our integration technique and the translation 
of experimental cuts into integration limits. 

2 .  R e a c t i o n  e + e -  ~ p +  p -  77  

2.1 Diagrams 

Up to a permutation of the two photons there are 
three classes of diagrams depending on whether 
the photons are emitted from one or two different 
fermion lines. First of all, there are four "single 
radiation" diagrams with one photon emitted from 
each (electron and muon) line (Fig. la-d). Then 
come three electron* "double radiation" diagrams 
(Fig. le-g) and finally three muon "double radiation" 
diagrams (Fig. lh-j). 
The total number of diagrams is 20, due to the 
necessary interchange of the two photons. This 
amounts to 210 independent terms in the cross section. 

2.2 Checks and Approximations 

We have neglected the 3 muon double radiation 
diagrams, since the bulk of the cross section comes 
from the region where at least one photon i~ within 
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a narrow cone around an electron, and the muon 
diagrams, Fig. lh-j, are not large there. This leaves 
us with 14 diagrams and 105 different interference 
terms and squares. They have been calculated and 
converted to FORTRAN subroutines by REDUCE 
[5]. The interference terms between the class of 
Fig. la-d and that of Fig. le-g are odd under #+ #--  
exchange, or, more precisely, ~r(b,j)~--~-a(a,j) and 
a(c , j )~-a(d , j ) ( j=e ,  fg )  under the interchange 
of the muon four momenta. As an important check we 
have verified the interchange properties for all 105 
terms. In most calculations we integrated symmetri- 
cally over #+ and #-  coordinates and omitted the 
mentioned interference terms. 
In order to check the overall normalization we 
have taken the diagrams of Fig. la-d and compared 
the cross section integrated over photon directions, 
but with photon energies fixed and small, with the 
"soft photon formula" [6] 

df2udET~dE72 dO, ET~E72 \ zc J 
\[" ~4E~+ ) (  ~4E2+ ) 

�9 | l og  - 1 l o g  _ 1 
m .  

(2.1) 

where da"U/dOu is the lowest order cross section for 
e+e - -*#+#- .  There is agreement within 15% at 
~fs= 5 GeV, which is satisfactory in view of the 
large muon mass. 

2.3 Experimental Cuts and Integration Method 

Since the total cross section for background QED 
events is much larger than the heavy lepton signal, 
it has to be reduced by specific cuts. We shall list 
those applied in the PLUTO experiment [2], together 
with the cuts determined by the detector acceptance*. 

(a) (b) (c) [tl) 

(el (f] {gl 

th) (i] (j) 

Fig. l .a-j .  The diagrams contributing to 
the process e § e- ~ #+/~ 77 in lowest order. 
a d "single radiation" diagrams 
e-g  electron "double radiation" diagrams 
h-j  muon "double radiation" diagrams 

* By "electron" we mean e + or e-.  If charges are important, we 
write them explicitly e -+ 

* We use the following notation: Pa,Pb = 4-momenta of the initial 
e- and e + respectively; p~ = 4-momentum of the muon identified 
as such in the outer detector, P2 = that of the other charged particle 
(/~ or e in reaction (1.5)) observed in the inner detector. The other 2 
particles will have subscripts 3 and 4. 
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The apparatus-determined cuts are 

a) I P~ I ~ Pex = 1 GeV 
for the identified muon (outer detector), (2.2) 

b) ]P2[ > Pmin = .25 GeV 
for the second particle (inner detector), (2.3) 

C) ]COS 011~_~ COS 0] nin = .75 

required for good momentum resolution, (2.4) 

d) [cos 02] ~ COS 0~ nin = .87 

as given by solenoid chambers. (2.5) 

The QED-cuts are: 
e) To get rid of the elastic #+ #- production, an 
acoplanarity cut is employed: ~ z  > 4)AC = 10~ or 
more precisely 

[ang{(Pl • Pa),(P2 X Pa)}[ ~ 7C -- ~)AC" (2.6) 

f) To reject / t+#-7 events, a large missing mass 
is required: if only particles 1 and 2 are detected, 

(1)3 + p~)2 > M M  = 1.4(x/s/3.6 GeV) 2. (2.7) 

All these restrictions can be converted into explicit 
integration limits for the 2 muon three momenta 
(see Appendix). Now the last two cuts simplify the 
numerical integration of the differential cross section. 
First of all, the missing mass cut eliminates soft 
photons and the corresponding peak at zero photon 
energies. Secondly, the two photons cannot be 
emitted simultaneously in the beam direction, as 
this would lead to coplanar p+/~-. Consequently, if 
we introduce as variables the two muon 3-momenta 
and the direction of one photon, the differential 
cross section is still strongly peaked in the photon 
angle with respect to the beam axis, but this type 
of peaking is that of ordinary bremsstrahlung, since 
the second photon must be at larger angles. Thus the 
typical singularity is known to be of the form 

da sin 0~ 
x polynomial in sin 2 0,. (2.8) 

Ve 2 
dO, ( l  _ c C O S 0 , )  

We have used the integration routine REGINA [7] 
to provide us with generalized Gaussian integration 
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points for the weight function in (2.8). At x/s = 20 GeV 
4 points in 0, were sufficient to reach an accuracy 
of better than 0.5~ for the 0r integral from 0 to 30 
mrad. This method seems to be much superior to the 
logarithmic mapping technique [3], as the latter 
does not take care of the precise nature of the singula- 
rity at 0~ = 0. 
For larger values of 07 it may happen that the second 
7 falls again into the narrow cone around the beam 
axis, which has been already integrated over. Thus 
there are complicated boundaries in the 0, integration 
for larger 0,, which are best handled by Monte Carlo 
techniques. The details are given in the Appendix. 

2.4 Results 

The total cross section for the observation of at least 
one of the muons in the outer and the second one 
in the inner detector independently of the photon 
variables is given as a function of x/s in Table 1. 
In this case the integration over energies and angles 
of the muons is fully symmetric. We found that the 
main contribution for all muon energies comes 
from the integration over photon angles in small 
cones around the initial electron and positron. With 
the cone angle of 8.6 ~ this part amounts to 70~. The 
similar cones around the muon directions give 
only 2~ contribution. The rest comes from the 
Monte Carlo calculation over the remaining solid 
angle of first photon (see Appendix). 

da 
The energy distribution d~_ corresponds to the ob- 

servation of one muon at the energy E 1 (El > 1 GeV) 
in the outer detector and of the second muon in 
the outer or inner detector. This requires an asymme- 
tric integration over energy, but due to the symmetry 
in 0 the contribution from the interference terms 

da + 
vanishes. The curves representing ~ for the # g-V7 

process at 4 and 5 GeV are presented in the left part 
of Fig. 3 (short dashed curves). 

d~r 
The angular distribution ~ of the muons may 

be defined in two ways: 
1) Symmetric-corresponding to the charge averaged 

Table 1. Total background cross sections for PLUTO from processes (1.4) and different con- 
figurations of (1.5) in the energy range 4-5 GeV 

[CeV] 

4.0 

4.5 

5.0 

~!zlzyV 
[pb] 

7.0 

6.7 

6.6 

2 prongs [pb] 

# + # -  # - e+  + # + e  = # e + # + e  + Total (neutral) 
multiprongs 
[pb] 

4.8 0.39 0.12 12.2 14.9 

9.7 0.72 0.20 17.1 16.6 

15.0 1.14 0.32 22.7 16.7 
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observation of one muon in the outer detector at the 
angle 0 1 the second muon observed anywhere in 
the inner or outer detector. It is presented in Fig. 4 
(long dashed curve). Note that this distribution 
is more strongly peaked towards cos0 1 = 1 than 
1 + cos 2 0 1 . 
2) Asymmetric, d~r/d cos 0~+, corresponding to the 
observation of g- (#+)  in outer detector under the 
angle 0u_(0u+ ) with #+(~-)  observed anywhere 
in the inner or outer detector. The asymmetry comes 
from the contribution of interference terms. Both 
distributions da/d  cos 0~_ and da/d  cos 0 u + are drawn 
in Fig. 4 (short dashed and dash-dotted curves 
respectively). 
In Fig. 5 we present the asymmetry 

A(O) = da /d  cos 0~_ - da/d  cos 0~+ (2.8) 
da/d  cos 0~_ + da/d  cos 0,+ 

as a function of cos 0. Since the asymmetry is not 
small, it may be used as a test for the background 
in high statistics experiments. 

3.  T h e  P r o c e s s  e + e -  --, e + e - / ~  + / a -  

3.1. Diagrams, Approximations and Checks 

Because of limited acceptance this process can fake 
a two prong event, especially if the differential cross 
section is large where the acceptance is poor, namely 
in the beam direction. Apart from the almost classical 
"two photon" process [3] of Fig. 2a we have also 

(a) 

v" 

%.... 

(b) 

. e I u )  / "- y.-(e-) 
e'~ e- 

V- -3 
(c) 

Fig. 2 a-c. The diagrams contributing to the process e + e---+ 
e + e- #+ #-  in lowest order. 
a two photon type 
b bremsstrahlung type 
c annihilation type (neglected) 
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considered the four bremsstrahlung like diagrams 
of Fig. 2b [3, 4]. Their interference with the two 
photon ,process can again be disregarded for the 
calculation of the total cross section. They only 
lead to asymmetries between different observed 
charge combinations, like e+# - and e+# +. Both 
classes of processes will be large if one electron is 
emitted under small angle, i.e. if it stays in the beam 
pipe. We have neglected the 10 diagrams where 
the incoming leptons annihilate, which are partially 
shown in Fig. 2c. They do not lead to a very small 
momentum transfer anywhere if one or two leptons 
escape at small angles and with a large missing mass. 
Again the corresponding traces have been evaluated 
and converted into FORTRAN programs with the 
help of REDUCE. A modification of the standard 
procedure is however necessary in order to avoid 
disastrous numerical cancellations at small electron 
scattering angles. Normally the trace for the electron 
line (p, p') in Fig. 2a is taken as 

1 . ,  2 (3.1) TU~ = pUp,~ + p~p,U + ~g q . 

For very small angles between p and p',O < m  
Po 

the momentum transfer q = p - p' becomes a multiple 
m 2 

of p (and p') up to o r d e r - - .  Thus the first two terms 
Po 

in T u~ can be gauged away up to terms of the order 
m 4 
70" At ~/s = 10 GeV one thus looses at least 16 orders 

of magnitude. This is easily avoided by adding a 
multiple of q" and q~ such that the zero-component 
of the dangerous terms is gauged away: 

T u~' = (p" - 2qU)(p ~ - 2q v) + �89 2 (3.2) 

with 

_ Po 

q0 

Taking the 
order ma / s 

p~ - 2q~ = 

which is 
REDUCE 
vector. 
Again the 

(3.3) 

beam in the z-direction one finds up to 

m2(2 - 1) - 2p'p'  Jr 0 (3.4) 
P= 

explicitly very small for 0 ~0 .  In the 
program p - 2 q is taken as an independent 

calculation of the two photon diagrams 
(including part of the integration procedure) can 
be checked by comparison to the Double Equivalent 
Photon Approximation [3] (DEPA) which holds 
for the differential cross section integrated over 
e + and e- directions: 

d8c7 

~ df2 e+ d~2 e- doe+ dr2 e- dee+ dE e- df2u + 

N ( o ) I )  N(~ d ~  (3.5) 
('01 (1)2 d ~ u +  
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where co1(~o2) are the energy losses of e+(e-), and 
the photon flux factors N(co) are [8] (E = initial, 
E' = final electron energy) 

N(o)) = E2 + E'2 E + 
~2- log m-~ - 2-E ~- 

/ 2E' ] (E+E ' )  z, 2E' ]  logv + ,og j, (3.6/ 
and the ## cross section (for real photons along the 
beam direction, see Fig. 2a for kinematical notation) 
is 

df2.+ -4o91o92E -E+p_cosO+_/p+ u + 

(3.7) 

with t = (p+ - qx) 2, U = ( p _  - -  q 2 ) .  The integrals over 
dO+ and dO_ are performed with the help of 
REGINA [7] as mentioned in section 2, and we 
find agreement between the numerically integrated 
value and the DEPA result within* 5~ for the 
cross section (3.5). 

3.2. Results 

In the case of reaction (1.5) an additional difficulty 
is caused by the experimental requirement that the 
backgrounds for 2-prong and multiprong events 
have to be calculated separately. The observability 
or nonobservability condition for particles 3 and 4 
cuts sharply into the phase space and requires a 
much larger number of integration points. Never- 
theless, even in this case we find that the numerical 
instabilities are well within 10~ for total and 15~ 
for differential cross sections which is much better 
than the experimental uncertainties. 
In detail, we have calculated the 2-prong background 
for different charge combinations #+ #- ,  #+ e-, # -  e + 
for ~ = 4-5 GeV. The results are in Table 1. For 
comparison we also give the (unmeasured) doubly 
charged combinations #+e + and # e which are 
the smallest ones. Clearly the biggest contribution 
comes from the #+ #-  channel, mainly because in 
this configuration the missing mass cut does not 
forbid the large energy of one of the electrons which 
corresponds to a small virtual photon energy en- 
hancing the cross section like 1/co z (see (3.5)). The 
sum of all neutral channels, which is the real back- 
ground for the PLUTO experiment is also quoted 
in Table 1. Note that for comparison with experi- 
mental cross sections [2] one has to scale the experi- 
mental number down by a 0 acceptance factor of 
the order of 0.7. 
In the last column of Table 1 we give the results 
for multiprongs, i.e. / ~ + # - e + e - , # + # - e + , # + #  e 

* The discrepancies are larger for small muon  angles relative to the 
beam axis, where DEPA is known to be less accurate [3, 4] 
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(e + e-#-+ is very small) seen in the detector. There 
are no acoplanarity and missing mass cuts in this 
case which enhances the background quite a lot. 
It is interesting that the bremsstrahlung part of 
the cross section (Fig. 2b) grows very fast with 
~bAc ~ 0 and reaches the level of 20~ of the multiprong 
background, although in the case of 2-prongs it 
never exceeded 1~. 
In Fig. 3 we present da/dE 1 for 2 prong #+ #-  (long 
dashed curves) at ~ = 5 and 4 GeV, for the total 
2 prongs (solid curves) at the same energies and for 
the multiprong background at 5 GeV (dash-dotted 
curve). The behaviour of the background is not 
drastically different from the experimentally observed 
distributions and after subtraction does not qualita- 
tively change the conclusions of ref. [2]. 
The symmetric da/dcos 0 distribution for 2 prong 
#+ #-  is given in Fig. 4 (solid line). It is very sharply 
peaked towards 0 = 0 unlike the distribution from 
heavy lepton decay [4]. We do not present the 
asymmetries in this case because the # + #-  asymmetry 

100 

00 

/,U 

- [pb/GeV] 
[pb/GeV] 

80 

2 prongs 5 BeY 

1 613 4 6eV 
i 

//5oev 

i 1 2o ~,\ .~rnu[t ip ro rigs 5 6eV 

\ 1.2 1.1. 1.a 1.8 2.0 E [6eV 
. . ~  4_ 

t, OeV \ \ 
.... .\ \ 

" -  %'-;2 ...... 
I I I TM ~ l~--.'~-+--.---q--'~-..t I �9 

0 1,2 i.~ 1.6 1.8 2.o 2.2 E[SeV] 

dG 
Fig. 3. The energy distribution ~ of muons  in e + e-  ~ #+ # -  7? 

at 4 and 5 GeV (short dashed lines), in e § e-  --. e + e #+ p -  at 4 
a n d 5  GeV (short dashed lines), in e+e - ~ e + e  p + # -  at 4 and 
5 GeV (long dashed lines), total 2 prong at 4 and 5 GeV (solid lines) 
and mult iprong at 5 GeV (dash-dotted line) 
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30 

20 

1(] 

do [.b] 
d- ot J 

# /  
/ . I '  

o:2 o6 o,B 

- -  Ia,+tJ.-(e+e - )  2pn symmetric 

- -  I - t+ tJ . - (yy)  symmetric 

. . . .  P .+ (W 'YY)  asymmetr ic 

. . . . .  IJ.-(tJ.§ asymmetric 

1,'o cos  
d~ Fig. 4. The angular distribution of m u o n s , ~  for the sym- 

metric and asymmetric case in e § e - ~  #+ #-77 and for 2 prong 
symmetric case in e+e---*e+e-#+# -. For the definitions see 
Sections 2.4 and 3.2 

1 

O,/, 

0.3 

0,2 

O,l 

-0.I 

-0,~ 

-0.3 

, , Ix~yy Asymmetry 

- -06 -o:4 42  o ' osg 

Fig. 5. The p/~ asymmetry (2.8) in e+e - ~#+/~-77 

due to the interference terms is very small and the 
asymmetry /2- e + - #+ e-  and /2- e + - /2+  e +, al- 
though rather large, is experimentally practically 
unmeasurable, since the cross sections are smaller 
than 1 p b. 
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whether the heavy lepton signal in the /2+/2- and 
/2 e channels will not be unobservable at PETRA/PEP 
energies due to this background. The conclusions 
based on the calculations in ref. (4) were rather 
pessimistic. Since this is a crucial point for proposed 
experiments we have investigated this problem again 
and found that with suitable modifications of the 
cuts the heavy lepton signal will be clearly observable. 
Essentially one has to scale the energy cuts and to 
increase the acceptance. 

4.1. Energy Scaled Cuts 

One easily sees from the DEPA approximation 
(3.5)-(3.7) that the integrations over co 1 and co 2 

{ ,,~ 1 S 
give an increasing factor / _ . ~ z l o g ~ /  from the 

\ rn u m, / 
low co regions, thus leading for s ~ oo to a large 
two photon cross section. But if one scales the minimal 

energies of /2+ and # -  proportional to x/~, i.e. 

Pex, Pmin "~ X/~ and M M  ~ s, then the/2+/2- invariant 
mass has to be of order x/~*, and both col and 0 2 
have to be of order x/~. Including one logarithmic 
factor from (3.6), one expects the QED process to 
behave like log s/s. This discussion is not quite 
rigorous, but our results shown in Table 2 agree 
with this behaviour. 
Since the energies of muons from heavy lepton decay 
are roughly proportional to x/~, the cross section 
simply scales down as 1/s even with the scaled cuts, 
giving 20pb at x/s = 20 GeV, well above the back- 
ground in Table 2. At this energy there is already 
a sizeable contribution from the 2-photon production 
of heavy leptons which, however, will be sharply 
reduced by the above mechanism, and we do not 
consider it here. 

4.2. Detector Acceptance 

A large fraction of the 2-photon events has one 
e l ec t ron  at larger angles. Thus, with a large accep- 
tance for charged particles especially in the forward 
region, the QED events will be reduced further. 
Specifically, if charged particles are detected in a 
range [cos01 <.95,  the two prong process (1.5) 
will decrease further. In Table 2 we show the observed 
two prong cross section for 4 different sets of experi- 
mental cuts. The most important effect dearly comes 
from the scaling with ~/s, yielding a reduction of a 
factor of 60, another factor of 2 coming from the 
acceptance. 

4. QED-Baekground at Higher Energies 

It is well known [3] that the two photon process 
cross section increase like (log s) 3 as compared to 
the 1Is decrease of the one photon contribution 
to lepton pair production. Thus one may wonder 

* This is not necessarily true for a small relative angle between 
#+ and #-. This case however almost always leads to a large electron 
emission angle (because of the transverse momentum balance). 
Thus it is not a two prong event. It can also be excluded by requiring 
a minimum #+# angle, which does not affect the heavy lepton 
cross section. 
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Table 2. Total cross sections of the processes (1.4) and (1.5) at 
x/~ = 20 GeV for different experimental cuts. The cuts which are 
not explicitly mentioned in the table remain unchanged (see text). 
The heavy lepton signal for the cuts in the last row is expected to 
be about 20 pb 

Cuts 

P e x  (GeV] Pmin [GeV] 

1.0 0.25 

4.0 1.0 

4.0 1.0 

4.0 1.0 

cos O~"" 

0.87 

0.87 

0.91 

0.95 

u+,u-(e+ e - ) tT##~y (7'2p r 

[pb] [phi 

85 1.2 

1.3 not calc. 

0.9 " 

0.6 

5. Conclusions 

We have presented the calculation of the 4th order 
QED-background to muon inclusive final channels 
in e+e--annihilation.  Our methods of calculation 
are well suited for "restricted" cross sections, as we 
i) explicitly have worked out the integration limits 
(in laboratory variables) due to the cuts, 
ii) can handle the singularities in the angular vari- 
ables, the type of which is known, easily with 
REGINA. 
The calculation of the differential cross section 
for process (1.5) was facilitated by a special gauge. 
The background at x ~ - - 5  GeV turned out to be 
around 10% in the total cross sections and up to 
25% in momentum spectra (especially at small 
momenta) relative to the observed signal [2]. In spite 
of the large QED-total  cross section at PETRA/PEP-  
energies, we found that the observation of the heavy 
lepton signal in a PLUTO-like detector is feasible 
in the 2 prong muon inclusive channel (#+ # - ,  #-+ e ~7) 
provided that one uses 
i) the energy scaled minimal momentum and missing 
mass cuts, 
ii) a large acceptance for charged particles at small 
angles, e.g. up to I cos 01 _-_ 0.95 in order to reject 
QED multiprong events. 
The detection of another sequential lepton, still 
heavier than the z, will be affected somewhat stronger 
than the -c signal by the energy scaled cuts, the 
reduction being the same for the same values of 

4-s/mn.L.. Of course the expected smaller branching 
ratio into #' s of a heavier lepton can make its obser- 
vation rather difficult. 

Appendix 
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A I Integration Variables 

The 7 dimensional integration over the 4-particle 
phase space is difficult in view of the lengthy matrix 
elements and their sharp peaking, and we shall be 
somewhat explicit here. The ideal choice of variables 
and their order of integration should satisfy two 
conditions: 1) The integration limits should be 
explicitly expressible in terms of the cuts and 2) 
the type of singularity in the dangerous variables 
should be known. For  a cylindrically symmetric 
detector the first condition suggests spherical co- 
ordinates in lab momenta. As we shall see, all experi- 
mental cuts listed in sec. 2 are simply expressible 
in terms of solid angles and energies of the two 
measured particles. To satisfy the second condition 
one realizes that the sharpest peaks in cross section 
correspond to nearby poles of the electron propa- 
gators in e+e - ~ # + # - 7 7  and to nearby poles 
of the photon propagators in e + e-  ~ e + e-  #+ # - .  
The bremsstrahlungs type of singularity for small 
7 e angles is given in Eq. (2.8), the singularity for the 
second + + process for small (el,  ei-) angles 0 e has the form 

d a sin 0~ 
x polynomial in sin 2 0 (A.1) 

dve (2 sin 2 0e/2 -[- A) 2 

where 

A =  s \ 2 E  e - 1  . (A.2) 

The energy of the outgoing electron, Ee, actually 
may depend on 0e, in which case its value at O e = 0 
has to be inserted into (A.2). We now choose the 
following sequence of integration: 

a - -  ~4 fIPllIP21 [Pal i r lZ  
8 (27c) 3J -s- Ip312E4 - E3P3.P4 

�9 dcos91dEldE2dcos02dq~2dcos03dtP 3. (A.3) 

As mentioned in section 2, we always choose the 
observed # (identified in the outer detector) as particle 
number 1 and the second observed particle (# or e) 
as particle number 2. Particle 3 has to be the one 
with the strongest cos 03 dependence, i.e. a 7 in the 
process (1.4) and an e § or e -  in (1.5). Only the inte- 
gration limits for particle 1 and 2 are affected by the 
cuts, whereas the singular integration dr23 is un- 
restricted. 
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A 2 Integration Limits 

The first four cuts (2.2-2.5) give obvious (but not 
final) limits for our first four variables: 

[cos 01 [ < cos 0~ in (A.4) 

l cos 02 [ < cos 0~ i" (A.5) 
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E 1 > ~ + m ~  = E ?  i" (A.6) 

E 2 > ~/PZi, + m~ = E~ i" (A.7) 

The acoplanarity cut and the missing mass cut 
further restrict the ranges: Due to the acoplanarity 
cut the maximal angle between particle 1 and 2 is 
given, for each 01, by 

cos 012 > - c,, 

- - sin 0~ sin 02m COS I~)AC -J[- COS 01 COS OZm (A.8) 

where 

t rain 
Cr~ - max [02 , tan-  1 (tan 01 cos ePAC)] 
for 07 in --< 01 ~ re/2 

02" = max [0~ i", - tan-  1 (tan 01 cos ~AC)] 

for 7z/2 < 01 < ~ -- 0~ in (A.9) 

The value (A.8) of c" determines, via the missing 
mass cut, the actual upper limits for the two energies: 

s + rn~ + m 2 - M M  - 2N/-SEr~2 in (a.10) 
E~ < E]  nax = 2(x/~ _ E~  in _ IP~i" I Cm) 

and, for given El, 9~, 

s + m~ + m 2 -  M M -  2~ssE1 (A.11) max _ 
E2 < E2 - 2 ( ~ -  E 1 - IP~ I%) 

The three variables 01,E1 and E z now define the 
upper limit for 012 again via the missing mass cut: 

cos 0~2 < c~ = min [(s + m 2 + m22 - 2~/s(E 1 + E2) + 

+ 2 E I E 2  - M M ) / 2 I P l  l iP2 [, 1].  (A.12) 

This formula shows how for a given polar angle 
of particle one there exists a forbidden cone for 
particle 2 around the 0~ direction. The limits for 
0 z and q?2 depend purely trigonometrically on the 
size of this cone and on its intersections with the 
half planes given by the acoplanarity cut. 
Defining 

a = cos  2 01 71- sin 2 0 a COS 2 ~ac (A.13) 

b = c~ cos 01/a (A.14) 

c = (c~ - cos 2 ~bac sin 2 O0/a (A.15) 

we get 
min < max 

C 2 = COS 02 ~ C 2 

where 

max { b --{- %/~- --  c 
C2 ~'~ COS 07  in 

min {b-x/~z-c 
c2 = - c o s 0 ~  in 

(A.16) 

for 01 -- COS- 1 (Cx) <__ -- 0~in 

otherwise 
(a.17) 

z " I > ~ A  0rain for 01 + cos- 1 tc~) = 7- ~'2 
otherwise 

(A.lS) 

Finally, the limits for the q)2 integration are given 
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by the formula 

COS-- 1C~o ~ ~02 ~ 7"g --  (PAC (A.19) 

where 

[ Cx--GOSO1 COS02] 
c o = min 1, ~ n  ~ ~-n O2 (A.20) 

(we integrated only over half the domain of q)2 and, 
using the symmetry of integrand, multiplied the 
result by 2). 

A 3 The Third and Fourth Particle Integration 

The remaining integration over f23 has no restriction. 
However, since the integrand may have as well 
sharp peaks in f2 a as in f24, the latter being not an 
independent variable, those regions in 0 3 which 
correspond to the singular regions in 0 4 should 
be integrated over separately. We shall discuss 
3 cases, namely the ? 7 integration with # § # -  observed 
in reaction (1.4), the e § e- integration for the same 
particles observed in reaction (1.5) and the e# inte- 
gration with/~ e observed in reaction (1.5). 

A 3.1 V7 Integration 

The main contribution here comes from the 8 small 
cones corresponding to the emission of any of the 
photons around an electron or a muon direction. 
We cut out four cones in 0 3 and perform the angular 
integral inside these cones with polar coordinates 
relative to each of the cone axes. This is done with 
3 successive applications of REGINA with up to 
9 points in one cone. This gives an accuracy better 
than 0.5~. The similar cones for I24 give exactly 
the same contribution due to the VV symmetry, but 
one has to avoid the configurations when both 
photons are within the cones. These are however 
excluded by the acoplanarity cut for sufficiently 
small cones (empirically we took the cone size 
around 9 ~ at 5 GeV). Over the rest of 0 3 we perform 
a Monte Carlo integration throwing out the events 
with a photon in one of the cones. For  each muon 
configuration 25 Monte Carlo points gave a sufficient 
accuracy. 

A 3.2 ee Integration 

Here the situation is similar to the previous case 
except there are only 2 singular cones: One for the 
final e- around the direction of the incident e- and 
one correspondingly for the e +. We integrate over 
both independently and do the rest again by the 
Monte Carlo method. One should stress here that 
the weight function for REGINA as given in (A 1) 
differs for each set of muon variables, as A in (A.2) 
depends on E e. 



F. Gutbrod and Z.J. Rek: QED Background to Heavy Lepton Production 179 

A 3.3 e# Integration 

Since there are no singularities in f2 ,  this is the 
simplest case. One integrates over f2 e treating care- 
fully the small cone around the initial e-direction. 
The region outside the cone is done by Gaussian 
integration. 

A 4 Symmetrization 

The above description is valid only for a well 
specified experimental trigger, e.g. # -  in the outer 
detector, # T  in the inner detector, e § and e- un- 
observed. However, if one wants to calculate the 
background for e.g. 2 prong double muon inclusive 
reaction, there must be a symmetric integration of 
#+ and #- .  It is easy to show using the #+ ~ # -  
symmetry of the matrix element (in the symmetric 
integration the interference terms do not contribute) 
that the domain of the symmetric integration over 
the variables 01, El ,  E2,02 is given by the formula 

D = D 1 ~ D  2 (A.21) 

where (see (A 4)-(A 11)) 

DI={(O1,E1,E 2, 0 2J"~'Emin < E1 ~ 1 : E1 m a x  , 

rain rain min 
E 2 -<Ez<Ea , ,91=  ~ 0 1 < ~ - 0 1  , =  
0~ nin s 02 s ~ -- oQ7 in} (A.22) 

D2 { ( 0 1 , E 1 , E 2  ' . min max = 0 z ) . E  1 =< E 1 ~ Et , 
E~ nin 5 E2 _-< El ,  cos 0~ nin s I cos 01 [ 5 cos 0~ ain, 
0~nin s 02 ~ ~ min _ - 0 1  } ( A . 2 3 )  

and the result must be multiplied by 2. One can 
also use the 01,--,re- 01 symmetry and integrate 
always over cos 01 > 0 which gives another factor 
of 2. 

do- 
F o r ~  the symmetry is different because this distri' 

do- do-+ 
bution is a simple sum o f - - a n d  In this 

d E u- d-~,+ " 
case one has to integrate over the full region given 
in A.3 and multiply the result by 2. Note that such a 
differential cross section after integrating over E 
will not give the total cross section times the multipli- 
city. This corresponds to the fact that the events with 
both muons identified in outer detector willbe counted 
twice on the experimental histogram. 
In the case of asymmetry calculation one has to 

do- do- 
calculate , 0 and , ~ independently. The 

a c o s  u- acost~u+ 
interference terms do not vanish then and there is no 
symmetry in cos 0. 
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