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The topological features of hadron jets in e*e™ annihilation may reliably be calculated in QCD perturbation theory. To
second order the final state hadrons fall into quark—antiquark and quark—antiquark—gluon initiated jets. The latter induce
angular asymmetries which are extensively studied.

Quantum chromodynamics (QCD) stands a good chance to be the underlying theory of the strong interactions.
Qualitatively, it receives strong support from recent years’ experiments. But this cannot hide the fact that quanti-
tative evidence is still scarce.

It is impressive how well QCD accounts for the scaling violations seen in deep inelastic lepton hadron scattering
[1]. But, as has been pointed out elsewhere [2], most of the scaling violations also allow a conventional explana-
tion in terms of new thresholds (e.g., charm) opening up in going to higher energies [2] and certain (dynamical)
scale breaking effects showing up in the twist-6 (and higher) operators in the operator product expansion [3]. This
indicates that a quantitative test of QCD at present energies and for space-like photons is very much aggravated by
nonperturbative binding corrections which can at best be estimated.

This situation is likely to change for high energy electron—positron annihilation into hadrons at PETRA and
PEP. Firstly, it is conceivable that for a wide range of ¢2 (say for g2 between ~100 GeV?2 and ~1000 GeV2) no
new flavour degree of freedom will be excited which eliminates this source of ambiguity. Secondly, there is a wide
range of partial cross sections which can be calculated perturbatively in QCD and hence do not suffer from intractable
details of hadronic bound states. This makes PETRA and PEP an ideal place to search for unmistakable QCD signals.

Sterman and Weinberg [4] have argued that the absence of mass singularities be taken as a criterion for the va-
lidity of perturbation theory. This criterion is satisfied if we limit our considerations to final state measurements
which do not entail the properties of specific hadrons. Such quantities are, e.g., the (various) total cross sections *'
and distinctive features of hadronic jets.

In this letter we shall give full account of the topology of hadron jets in e*e™ annihilation in lowest nontrivial
order of perturbation theory. In particular, we predict a sizable angular correlation between the plane of the jets,
originating from the hard gluon bremsstrahlung correction, and the beam axis, being a direct test of QCD.

To order g2/4m, g being the quark—gluon coupling constant, hard gluon bremsstrahlung (figs. 1b and 1c) gives
rise to three jet events while the rest of the cross section corresponds to two jets. The average transverse momentum
of the qqg final state grows like (g2/In (g2/A2))!/2. While it is usually assumed, with reference to the parton model,

* e, oy, oL, oT and o7.
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Fig. 1. Second order QCD diagrams for e*e™ — v* — hadrons: according to A and B.

(a) diagram interfering with the Born graph, (b) and (c) dia-
grams for gluon production.

that the (non-perturbative) quark and gluon fragmentation into hadron is characterized by a limited (p ) ~ 400
MeV, this becomes negligible with respect to the transverse momentum of each jet at high energies so that a dis-
tinct signal of primary qqg production should emerge.

Following Sterman and Weinberg {4], various authors [5,6] have proposed variables for measuring the jet topo-
logy which are infrared insensitive and, hence, can be reliably calculated in QCD perturbation theory. Among
those are thrust 7', spherocity S and acoplanarity 4.

For algebraic convenience we shall put the quark mass equal to zero *2. For unpolarized electrons and positrons
the functional form of the basic partial cross section for ete™ ->y* > q(p;)q(p,) g(p3) is given by [8]

2 2 2 2
d4o 3 L d*op 5 d*op 3 %oy
=3(1+ e 4+ 3602 ————= + 35in2 - ——
27rdcosf)dxdx1dx2 g (1+ cos*0) dxg dx; 7 sin“0 dx dx, + 7 sin“f cos 2x dx1d%; 2v/3 sin 26 Cosxdxldxz’
)

where x; = 2p,~/\/q_5 (xq+xy+x3=2).0 is the angle between the incoming electron beam and the thrust axis
while x is the azimuthal angle between the qqg-production plane and the beam axis (fig. 2). The thrust axis coincides
with the direction of the maximum momentum which can be carried by either quark, antiquark or gluon.

The cross sections oyy, oy, op and o have the following interpretation. oy;(oy ) is the cross section for unpolar-
ized transverse (longitudinally polarized) photons with helicity axis 0z, i.e., the thrust axis (fig. 2). g(ay) corre-
sponds to the interference of helicity +1 and —1 amplitudes (the real part of helicity +1 and O interference).

In calculating the various partial cross sections we have to distinguish between three kinematical regions (fig. 3):

Loxy>x,x3; I x32>xy,x3; I x3>x;,x;.

In region 1 (I} the thrust axis coincides with the direction of the outgoing quark (antiquark) while in region III
the thrust axis corresponds to the gluon momentum.

*2 Qur results for massive quarks will be published elsewhere {7].
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In the various regions we find

oy 1 2, 2012 oL _ ! 1.2 sin?
I: =0 x7+x5(1— 5sin“8 R =g 7X58Iin“0 14,
dxpdx, "0 (- P07 0] gty (-x)(1-xy) 2 12
(2)
don =3 d20L dzol = o ! 1 x25in 201,
dx;dx, *dxydx,” dx;dx, (1=x1)(1—x3) 4,/3 " 2 12>
d*oy 1 %0 1
II: =M x24x2(1 - Lsin? — L w122
dnydx, O (=xp -y P2 asin®p)l, g =0y qoryy 210 0
dZOT ——1 d20L dzol =0(1) 1 1 xzsinze . (3)
dxlde 2 dxlde’ dxldx2 (l‘xl)(l‘X2) 4\/5 1 12
d2¢
U 1
118 =) ——————— [x%(1 - L sin26,,) + x2(1 — L sin0 ,
dxlde (l_xl)(l"x2) [ 1( 2 13) 2( 2 23)]
dZOL 1
=gt 126020+ x25in0,.], 4
dx dx, (1‘-x1)(1—~x2)2[ 1 13742 23] “4)

d20L dzol _ 0 1 1
dxydx, ?dx;dx,’ dx;dx, (I=x)(A=x)) 44/7

where 0 = (g2/4n2) 0y, 0 being the cross section for e¥e™ > ¢q in Born approximation, and

[x:i' sin 2913+x% sin 20931 ;

_ _ 2 _ 2
cosfyy =1+ (I=x1—x5), c03013—1+;;;3—(1—x17x3), cos@23—1+x—2x;(l—x2—x3). (%)

X1Xo

Along with the definition of angles (fig. 2) 8,, 8,3 and 0,3 will range between 0 <8, <m,0<8;3<7and
T< 023 <27
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It is easy to see that o , o and oy are infrared finite (sinzﬂij ~ (1—x1)(1—x,)). The infrared divergence in-
herent in oy; cancels with the infrared singularity arising from the interference between diagram la and the Born
term.

We are now ready to give the results for the differential cross sections in, e.g., thrust and spherocity *. Here
we shall mainly be interested in the thrust distribution which means to integrate (2), (3) and (4) over their appro-
priate regions keeping x, x, and x5 =2 — x| — x,, respectively, fixed. Since one measures hadrons and not quarks
and gluons we also need to specify the azimuthal angle x (fig. 2) in terms of observable quantities. Note that it is
the term proportional to cos x in the angular distribution (1) which, being asymmetric in x > x + 7 (i.e., Ox - — Ox),
makes a proper definition of x necessary.

Two choices come to our mind:

(A) We distinguish gluon jets from quark and antiquark jets, the latter not being differentiated **. This should
be feasible since we expect the gluon jet to have, e.g., a much higher multiplicity ¥5. We then choose ~0Ox to point
into the direction of the gluon jet. In other words, Ox defines the hemisphere in which to find the quark (region I)
and antiquark jet (region II), respectively. In this case oy does not receive any contribution from region III, i.e.,
where the gluon is most energetic.

(B) We choose Ox to point into the hemisphere in which to find the second most energetic jet originating either
from a quark, antiquark or gluon.

Clearly, (A) and (B) will only affect 0. For the various partial cross sections we find

@=0(1>[2(3T2—3T+2) w2l 4 T 3GBT—-2)@-T), GBT-2?

T T(1-T) 1-T 20—-T) =T 72 J

doy, T @r-227 dor_, 4o

L[4t _GT-2)y7 T 1L 6
ar - © [4ln2(1_T) 72 ], ar _:dT (6)

do - - - —
Case A S_ L {:2(2 NET-2V2T-1 _ 24T ( 3T 2)] :
dT 2\/5‘ T2 m T
do TV /AT =1 —
Case B: _1=0(1)\/§[4(1 T):\/2T—-1 2T—1 ]
dr T2 TVI-T
Again, the infrared singularity (T — 1) of oy; cancels against the infrared singularity in e*e™ — qq to order g2.
In comparing (6) with results stated elsewhere it should be noted that a(e*e™ > qqg) = oy + 0.
For the qqg final state T varies between 3 < T'<< 1. The cross section for e*e™ = qq, on the other hand, is
da/dT ~ 8(1— 1) so that for smaller T the three-jet configuration should stick out. For finite energies the T distri-
bution will, however, be smeared out by the quark and gluon fragmentation which takes place at non-zero, though

limited p, .
We identify g2/4n with the renormalization group running coupling constant. For five quark flavours this yields
g¥/4m =ay(q?) = 1.64/[In(¢%/A%)] , Q)

where A is determined to be ¥¢ A ~ 700 MeV. In fig. 4 we have plotted the various partial cross sections (6) divided
by the total cross section (to order a). Also shown is the cross section do(e*e™ = qq)/dT folded with the experi-
mental quark fragmentation function [6] for 10 and 20 GeV.

*3 Note that A= 0 for e*e™ — qqg. Spherocity will not be a useful quantity for analyzing three-jet events as we shall see later on.

4 Topologically, quark and antiquark jets look the same.
5 Following simply from the fact that the gluon fragmentation function has a stronger threshold factor than the quark fragmenta-

tion function. See also ref. [9].
*6 E.g., ref. [10]. This value agrees with the most recent analysis of the CERN neutrino cross section [11]. Moorehouse et al. [12]

obtain a somewhat smaller value.
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If QCD s the correct underlying theory, we predict that all events with not too large T'(e.g., T<0.85 for 20 GeV)
will be oblate and vary in shape between a pan with the panhandle being the thrust axis and a three-toothed star with
less distinct thrust axis. The thrust axis and the production plane with either of the two definitions, A and B, of
Ox (fig. 2) will be distributed according to (1) with d2 o,/dxdxy A =U, L, T, I) replaced by ¥ do, /dT.

Explicitly, we find for moderate T

T=0.8: ~1+0.38cos26 +0.16sin20 cos 2x +{gg§, sin 26 cosx, ®)
- .- 2 .9 0.131 .
T=0.75: 1 +0.28 cos“f +0.18 sin“0 cos2x + 0.48 sin 26 cos x , 9)

where the upper (lower) value corresponds to the definition A (B).

Egs. (8) and (9) indicate a substantial deviation from the 1+ cos26 distribution of the thrust axis as predicted
by the parton model. The term proportional to cos 2x, describing the azimuthal correlation of the jet plane with
respect to the beam axis, predicts the jet plane to preferentially form a small angle with the beam axis, i.e.,

—n/4 <x <74 or % n<x< 2 7. As can be deduced from fig. 4, this effect is most prominant for T near its lower
boundary ** where do-/dT and doy;/dT become close. The best choice for the polar angle 6 is 6 = /2 where for
moderate T we expect a 30% signal. The last term in the angular distribution formula (~cos x) provides the most
distinctive test of QCD. Measuring this term requires to locate the gluon jet (A) or the jet of second maximal di-
rected momentum (B) within the jet plane. The effect is largest for case B. This suggests to analyze the data in
terms of thrust and a suitably defined quantity which determines the axis of the second most energetic jet. We
propose to use *°

Z;pin,©(—p;ny)O(p;[ny — (’11”2)”1])
Zi |P,’l ’

where ny 5 are unit vectors with n; along the thrust axis. The summation is over the intersection of the hemisphere
opposite to the thrust axis (p;n; <0) and the hemisphere p;,.> 0, i.e., over those particles which originate in the
second most energetic jet (axis n,). Evidently, spherocity is not a useful quantity for testing QCD.

Finally we shall be interested in the averaged cross section (over T) 2nd2o/d cos § dx. This has the form (1)
with coefficients oy, oy , o and oy. To order o we find

@) (. 32 3 ald?) (32 3
OU=UO[1+ - (5*—3~ln§)], oLz 0, (?1n§~4 , 0T=%0L. ay

(10)

T)(ny) =2 max
n2

ay(q%)
Case At oy= g2 2\5(28_ 32 11

T 3 \3 3V3 —§-1T);
as(qz)z\/i(ﬁ_gs__?ﬂ_zmﬁ;l)
m 3 \3 5 ° NS UE

where oy now also includes the Born term (of e*e™ - y* > qq) and the second order diagram interfering with the
Born term. For+/g2 =20 GeV this gives

Case B: o7=0y

d2¢

0.12
—_— = 2 in2 :
27 dcos6 dy 0.41 0, [1 +0.92 cos=0 + 0.02 sin“8 cos 2 +{ } sin 20 COSX] , (12)

0.09

*; The coefficients of the various parts can be directly read off from fig. 4 multiplying dop /dT (dop/dT) by 2(2 V2).
*9 For the azimuthal correlation cos 2x it does not matter if, experimentally, the thrust axis can be uniquely determined.
*2 For a more sophisticated discussion see ref. [13].
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where the upper (lower) number corresponds to A (B). The term proportional to cos 2 x will be hard to recognize
in the total data sample *'® while the last term (~cosX) and the deviation from the 1+ cos2@ distribution of the
thrust axis should be measurable.

For transversely polarized electrons and positrons the angular distribution is of the form (e.g., fig. 2)

d3g

(27)2 Toos0 ddp - 3 (1+ cos26 + Psin20 cos 2¢) oy + 3 (1— P2cos 2¢) sin20;.

+3 [(sin28 + P2 cos 2¢(1 + cos26)) cos 2x — 2.P2 sin 2¢ cos B sin 2xJop

3
- 77—[(1 — P2 cos 2¢)) cos 8 cos X +PZsin 2¢sinx]sinf oy, (13)

where P is the transverse polarization of each beam. The same formula holds for the partial cross sections. Even-
tually this will allow to measure oy, o7, o and g more accurately given the limited acceptance of the detectors.

In our view e*e™ annihilation into hadrons offers a decisive test of the underlying theory of hadronic physics.
Experimentalists should, however, be aware that weak decays of charged and bottom quarks give rise to a similar
asymmetry which is not to be confused.

#10 After having finished our calculations we became aware of a preprint by Pi, Jaffe and Low [14] who have also given this number.
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