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tladron jets in e+e - annihilation will broaden at high energies due to gluon bremsstrahlung. With nonperturbative PT ef- 
fects dying out rapidly, the basic features of hadron jets can be calculated in perturbation theory. We examine the PT dis- 
tribution of secondarily produced hadrons. This is uniquely connected with the deviation from the 1 + cos20 dependence 
of single particle inclusive distributions. We discuss what can be learned about the gluon fragmentation given the PT and/or 
angular distributions. A sum rule is derived which establishes a relationship between the average p~- and c~ S. 

The observation of  hadron jets [1,2] in e÷e - anni- 
hilation above x/q 2 ~ 5 GeV gives striking evidence 
for the validity of  the q u a r k - p a r t o n  model. In partic- 
ular, the angular distribution of  the jet  axis with re- 
spect to the beam direction is very close to [3] 1 + 
cos20 as one would expect for the product ion of  a 
pair of  point-like spin-1/2 particles. 

Quantum chromodynamics (QCD) is the leading 
candidate for the underlying field theory of  the strong 
interactions which nicely incorporates the q u a r k -  
parton model [4] and gives a natural explanation for 
the jet structure [5] observed in e+e - annihilation. 
With qualitative evidence abound,  quantitative suc- 
cesses (i.e., on the quantum level) are, however, scarce. 
We believe that e+e - annihilation into hadrons is par- 
ticularly suited for testing QCD in an unambiguous 
fashion. The main reason is that there are no spectator 
quarks present as in h a d r o n - h a d r o n  and l e p t o n -  
hadron scattering which spoil perturbative QCD cal- 
culations. 

Recently, extensive studies of  e+e - jet structure in 
QCD have evolved [ 5 - 8 ] .  For increasing center-of- 
mass energies the mean transverse momentum (pT) is 
expected to grow due to gluon bremsstrahlung [9] 
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which, eventually, will give rise to a three-jet structure. 
This should also become visible in the one-particle in- 
clusive cross sections. Possibly, one might even learn 
something about the gluon fragmentation. 

To order a s the parton model is supplemented by 
the diagrams shown in fig. 1 with quark and gluon 
momenta to be folded by their fragmentation func- 
tions. The mass singularities inherent in these diagrams, 
being associated with collinear quark and gluon emis- 
sion, are to be absorbed into "renormalized" fragmen- 
tation functions. It has been argued in QCD perturba- 
tion theory [4] that mass singularities of  inclusive 
cross sections factorize as required for a parton model 
interpretat ion of multi-jet processes. 

In this paper we shall concentrate on the PT distri- 
but ion and angular correlations of  final state hadrons. 
For this purpose we need not go through the procedure 
of infrared "renormalizat ion".  What enters here is o L 
only which (in leading order) is infrared finite [8]. 

The inclusive e+e - annihilation is described by two 
independent cross sections ,1 dou/dx and doL/dX 

,1 Experimentalists sometimes use "OT" and "OL'" (e.g., ref. 
[3]). The following relationship holds: "OT" = a u and 
"CrL" = 2o L. 
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Fig. 1. Second order QCD diagrams. The vertex corrected 
diagram interferes with the Born graph. 

(cf. [8]): 

d2o do u da L 
3(1 + C O S 2 0 ) - ~ - + a ( 1 - - C O S 2 0 ) ~  -. (1) 

d cos 0dx ~ 

In the free patton model (zeroth order QCD) o L = 0. 
A nonvanishing e L comes about because the seconda- 
ry hadrons have a finite PT with respect to the direc- 
tion of  the primarily produced quark-ant iquark pair 
which smears out the 1 + cos20 distribution. Indepen- 
dent of  any details of  the fragmentation mechanism 
the angular distribution becomes for small ~ 2 (p2)/p2 : 

1 + cos20 + 2((p2)/p 2) ~ 1 + a(x) cos20 , (2) 

where 

(p2) = f dp2p2(d2°/dp2ydx) 
(3) 

fdp2(d2o/dp2dx) 
This provides the relationship 

Q72T) _ 1 - a(x) _ 2(doL/dX) (4) 

p2 2a(x) (dou/dx) - 2(doL/dX ) " 

The PT broadening of  jets has two sources: (i) Gluon 
bremsstrahlung (cf. fig. 1) and multi-jet structure in 
general and (ii) nonperturbative finite PT effects 
arising from the fragmentation of  quarks and gluons. 
It is implicitly assumed that the quark and fluon frag- 

~2 With a little help of geometry. See also [10]. Since, as we 
shall see, (p~.)/p2 ~ as this statement is correct to order 
a S • 
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Fig. 2. Coefficient of COS20 term of the single particle inclu- 
sive distribution versus x for x / ~  = 30 GeV. 

mentation involves a limited (pT) < 400 MeV. Since 
the average perturbative p2 grows like * 3 q 2/ln(q2/A2) 
nonperturbative PT effects can asymptotically be ne- 
glected with respect to the relative PT of  quark and 
gluon jets. 

Hence, for large q2 we can write 

d°L Cd'rqdaL ' x \  f dx-~ daL (-X~) 
--~=X Xq -dxq Dqt-X-qq)+ d~ ~ O-~ 

X 

1 dXgdOL ~ Ix 

corresponding to the gluon bremsstrahlung diagrams 
shown in fig. 1 folded with the quark, antiquark and 
gluon fragmentation functions. The primordial quark, 
antiquark and gluon cross sections are easily computed 
from the results of  ref. [8]. We find ,4 

do L do L a (1) do L 1 --Xg 
- - , = o ( i ) 4  - - - ,  ( 6 )  

dxq dx~ dxg Xg 

2 
where o(1) = ~(aS/n)aO, o o being the cross section for 
e+e - -~ q~ in Born approximation. 

For the quark and antiquark fragmentation func- 
tions we choose the parametrization 

+ +  - 

XD~q,fi h (x) =a +b(1 - x )  2 , (7) 

~3 See later on. 
,4 It is important to define the polar angle 0 with respect to 

the quark, antiquark and gluon momenta, respectively. 
Here we shall assume all quark masses to be zero. 
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with a = 0.05 and b = 1.05 taken from Seghal's fit 
[11] ~s of  D u + + : ( x ) .  We assume that the gluon frag- 
mentat ion takes place via g -+ q~ -+ q~h which suggests 
Dqfq(x) ~ 1. This gives +6 [10] 

1 1 
dZ~h++h - .  ~_ dz h++h xD ++h(x):Xfz.  tz,.XfzO  (z) 

X X 

= 2 [ a + b ( 1  + x ) ] ( l - x ) + 4 b x l n x .  (8) 

With this choice ofDq(X),  D~(x) and Dg(x) we finally 
obtain 

d°~ ++h- - _ o(1) 2 (  4bx ln2x - 2 [2a(1 +x)+b(2+3x)] In x 
dx x 

- [7a + b ( 1 3  - 3 x ) ]  (1 - x ) } .  ( 9 )  

Since our calculations are limited to first order in oq 
it is sufficient to know d % / d x  (eq. (4)) in zeroth or- 
der. For Acffx) = 1 -- cffx) which measures the devia- 
tion of  the angular distr ibution from the parton mod- 
el result, we obtain ~ 7 

l 6% 
Aa(x) = ~-~-{ 4bx l n 2 x -  2 [2a(1 +x) +b(2+3 v)] In x 

- 17a + b ( 1 3  - 3 x ) ]  (1 - x ) }  [ a + b ( 1 - ~ x )  2 ] - 1  +O(o~2). 
(10) 

The running coupling constant % for an arbitrary num- 
ber of  flavours Nf is given by 

~s(q2) = 12w (11) 
(33 - 2Nt.)ln(q2/A2) ' 

where A is experimentally determined to be ,8 A 
700 MeV. In fig. 2 we have drawn ~(x) for ~ = 30 
GeV and five flavours which correspond to % = 0.22. 
For comparison, also shown is the nonperturbative 
correction to ~(x) as given by ,9 (cf. eq. (4)) 

(p2)nonpert. 
Aeffx) = 8 x2q 2 , (12) 

with (p2)nonpert. = (0.3 GeV) 2 as measured at lower 
energies [3]. We find that the deviation of  cffx) from 
1 is quite substantial, while the nonperturbative effect 

,5 For various theoretical reasons a should actually be i~ero. 
~6 If Do h 7i'(X) satisfies the energy sum rule Nh f~ dxxDno g(x) 

= 1 s~d~will D;(x). ~'~ 
~7 This is averag-ed over charged particles only. 
,8 For references see [8]. 
r9 For p we take the asymptotic expression p = xx/~q2[2. 

can indeed be neglected relative to the perturbative 
correction. It should be said that (10) is not directly 
applicable for very small x (x2q 2 = O(m 2 )) since fi- 
nite mass corrections to the fragmentation functions 
become important  here. 

Let us now turn to the average PT distribution. In 
analogy to (10) we obtain (by use of  eq. (4)) 

(p2) = ~ x  2q 2 { 4bx l n 2 x -  2 [2a(1 +x)+b(2+3x)] In x 

- [Ta +b(13 - 3x)] (1 - x ) )  [a+b (1 - x )  2 ] -1 + O(~2) ,  
(13) 

where PT measures the transverse momentum with re- 
spect to t ~ ' e t  axis + lO  In fig. 3 we have plot ted 
(p2 T) for x/q 2 = 20 GeV and x/q -g = 30 6eV. We find 

(p2 T) to show (half of) a "seagull" structure [13] very 
similar to what has been observed, e.g., in electro- 
production [14]. It peaks around x ~ 0.7 and for 
X / ~  = 30 GeV increases as high as ~(p---7 T) ~ 2 GeV 
which is remarkably different from the parton model 
expectations. 

The nonperturbative corrections to (p2) are given by 

2 
(p2)  = (p2)pert. + (PT)nonpert. 

p2 2 1 
-- (PT)nonpert. -- ~( p2)pert" (14) X 

p2 2 
- (PT)nonpert. 

This involves a little bit of  gemnetry which wo do not 
have space to go into. We could not resist to plot the 
transverse momentum against the highest energy 

SPEAR data [3] assuming a flat (p2)nonper t = (0.3 
GeV) 2. The result is shown in fig. 4a where'(p 2) has 
been converted to (pT) as follows. Assuming * ~ 

1 d 2 ~  _ D(x) 1 exp l -  9(-7-~7] ' (15) 
o dp2dx  p T ~ )  \ 2(PT ) 

where (p2) is allowed to be x dependent,  we obtain , l z  

,1o Originally, the transverse momentum was defined relative 
to the primordial q~ direction (eq. (2)). To order a s this 
definition gives the same result. Since the angle between 
the two axes is proportional to a s the effect on qv2) is of 
the order as 2. 

, l  1 This has the correct behaviour as qo~-) ~ 0, i.e., 

+12 From [3]do/dp T = Cexp(-bPT) we obtain (PT) = 
(',/-~-~/2)w~T) which numerically is almost the same. 
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2 Fig. 3. Average PT versus x for qx/~ "-= 20 OeV and ~q2 = 30 
GeV. In both cases Nf = 5. 

<PT) (16) 
There is perfect agreement with the data already at 
this relatively low energy. 

The average transverse momentum of  any particle 
h averaged over all x is given by  

1 1 
((py))h - (n)h a f dx dahdx (PT)h " (17) 

Again, taking only charged particles into account we 
find with (16) 

1 
2 r 

((PT))h-+ - x,~rr p~)h++h - 0 J dx[a+b(1-x)2]l/2 

X {4bx ln2x - 2 [2a(1 +x) + b(2+3x) In x 

- [7a+b(13-3x)] (1 -x)}  1/2 , (18) 

3 1 where P = ~f0 dx [ a + b ( 1 - x ) 2 ] .  This factor corrects 
for the improper  overall normalization * 13 of  (7) 
which so far cancelled out. It is straightforward how 
(18) is to be corrected for nonperturbative effects. 
Taking 

(/./}h++h -=  0.5 In q2 + 3 .5 ,  (19) 

from a fit to the SPEAR data [15] above charm thresh- 
old, our predictions are shown in fig. 4b which at low- 
er energies agree well with the SPEAR [3] and PLUTO 

+13 Note that f l  dx[a +b(1 - x) 2 ] = 0.4 for a = 0.05 and b = 
1.05 which, for our use, should be 2/3. 
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Fig. 4. (a) Avera~ PT versus x compared to the SPEAR data 
[3] for 7.0 < ~/q" < 7.8 GeV. (b) AveragePT averaged over 
all x versus ~ compared to the SPEAR [3] and PLUTO 
[21 data. Nf = 4 below l0 GeV. 

[2] data. 
The weakest link in our set of  predictions so far is 

the gluon fragmentation function Dg(x). One could 
turn the tables now and try to determine Dg(x) from 
measurements of  u(x) or (p2). Eventually, thus will 
give some further evidence for QCD. In particular, one 
might test if gluons are flavour blind as one expects 
them. This might also be a place where to search for 
glue-balls. 

From eqs. ( 4 ) - ( 6 )  and 

X 

we obtain 
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d [ 37r X2 d 
O~g (x)=  dxt64C~s ~[(D~(x)+D-~(x))Ao~(x)] 

} d [ 37r 2 d [ o d ° h  )3 

+x 1 do41+ 
~ - x }  O(%),  (21) 

or, alternatively, As(x) replaced by 8(p2)/x2q 2 (cf. 
eq. (4)). In trems of  moments, which are more useful 
for experimental studies, this reads 

[Dgh] (n)n -> 0 3rrn(n+l)[ l d ° h a c c s  q 2 ~ -  (PT.j2 q (n-2))[  

. r ldo"]( .)  
- g k o dx J + O ( ~ s ) ,  ( 2 2 )  

where 
1 

f d x"y(x) (23) [/(x)](") 
0 

In practice it should be sufficient to evaluate a few 
moments only for reconstructing Dg(x) to a certain 
accuracy. For testing global features of  QCD (such as 
the flavour blindness of  gluons which would involve 

_ Ko D P ( x )  = verifying, e.g., DK+-(x) - Dg (x) = D~(x) or 
D~(x)) it would even be enough to consider one of  
the lower moments. 

Let us conclude our investigation with what we 
believe to be the most straightforward (experimentally) 
and unambiguous test of  QCD in this context. As a 
matter of  energy conservation the fragmentation func- 
tions are normalized according to 

l 

~h O f dxxDh(x)= 1, X = q , ~ ,  g. (24) 

ltence, putting n = 1, the fragmentation functions 
drop out from (22) and we obtain the sum rules 
h ~ / d x l d ° h ,  2 , _  as 

x (J ~x ~pT) _ - ~ q 2  + O(a2) (25) 

and 
1 

~ {" dxx 1 do h 8as As(x) = + O(a2) .  (26) 
o 11 g Tf 

If charged particles are detected only the right-hand 
side of  (25) and (26) has to be multiplied by their ap- 
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propriate ratio. Eqs. (25) and (26) can also be more 
directly derived from (4) and 

? /  dOhL 2~s 
- o + O(c~ 2)  ( 2 7 )  dxx dx ¢r 

which follows from (5). 
The sum rule (26) is relatively easy to test as one 

does not have to go through a complete jet analysis. 
High statistics is desirable though in order to establish 
the In q2 dependence of  a s. This should be feasible in 
the range 20 GeV <~ X / ~  ~< rE-threshold where finite 
mass corrections are expected to be negligible. 

It is certainly no accident that the same kind of jet 
structure as predicted for e+e --annihilation is found 
in electroproduction [14] and at the ISR [16] ("sea- 
gull" effect). This needs further investigation. 
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