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We discuss a general way in which QCD can be checked in lepton-induced reactions — even with low statistics data. This
is the ““angular energy flow”, or the average energy fraction outside a cone of opening angle 25 about the principal jet axis.
in the final state of deep inelastic reactions. We illustrate this method by a perturbative calculation of the angular energy
flow in e*e” — qqg — jets. This perturbative approach can be extended to other deep inelastic reactions with gluon jets. At
high enough energy, it should test QCD beyond lowest order in o;.

In field theories, it is likely that the final state of
deep-inelastic processes (e*e ™ -annihilation in particular)
consists of multiple jets of particles [1 —3]. Quantum
chromodynamics (QCD) [4] is particularly important,
as it is a candidate for the theory of the strong interac-
tions. It probably even predicts [5] multiple jets at a
small level — order o (Q2)/7 = [g,(Q@?)]?/4m < 0.1,
where g,(Q?) is the effective coupling of the theory at
distances 1/(Q2)/2 and g2(Q? = E?) = 24n2/[(33 —
2Ng) In(E/A)], Ng = number of flavors.

Given extensive data, it will be possible to carry out
detailed tests of QCD in ete ™ -annihilation. Without
this commodity it is necessary to devise something
simpler. We propose studying the ““angular energy flow”
[6,7], the average fraction of the total hadronic energy
(including neutrals) found outside a cone of full opening
angle 26 about the principal jet axis*' . (This might
also work if only charged particle energy is counted.)
We will show that this can be calculated perturbatively

*1 The smallness of the short distance coupling in QCD means
that there is a principal axis [8] for events in e*e "-annihila-
tion (and elsewhere). This axis is in general near (but not
identical to) the “original” g direction in e*e™ — qq [9]-
We will use this principal axis in what follows.

in QCD. It should also provide tests of QCD beyond
leading order in a.

The lowest order QCD diagram giving multiple jets
(three) {3], is shown in fig. la. The jets arise from frag-
mentation of the colored quarks or gluons into color
singlet hadrons. These jets carry the energy of the
parent quantum. At not too high energies the main
effect of fig. 1 is to broaden the lowest order ete™ —
qq —> two jets by bremsstrahlung of a large p, gluon.
We will calculate an energy-weighted cross section for
two reasons. Firstly, by adding the energies of all par-
ticles in a jet we obtain the energy of the parent
quantum *2. Thus we can compute fig. 1 directly with-
out having to worry about how a q or g fragment into
hadrons. Secondly, cross sections diverge as [pgluon
X (1— cos Hqg)]‘1 when the gluon momentum is small
or parallel to the momentum of the quark which ra-
diated it. However, if one calculates energy-weighted
quantities, there is no obvious py 6, > 0 divergence.
Of course, the angular singularity remains and forces
us to introduce a cutoff in angle, §,,,;,. We will discuss
later how to choose this cutoff angle.

2 _— ) s .
*2 We assume that the jet “mass’ is small compared to its energy.
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e g o q (b} x, =T (analogous to (a));
g (c) x3 = T for which
g . _1-T _1-Q2-T)Tq
e g e g n=1: xl———“l_Tn, Xy = 1—Tn ,
(3b)
n=2: g, =lz@=DIn _1-T
- 1-Tn = "2 1-Tn’

(b)

Fig. 1. (a) The perturbation diagrams for e*e” — qqg, and
(b) the cone discussed in the text.

As principal axis we use the “thrust” [8,9] axis de-
fined by *3

Thaq = max (Z; lp l/E Ip’l) €))
with our assumption, T},4 = Tog qgg = Max (1, %9, X3),
=2|p,\/E, E2 = Q2 = AE}, Swhere 1=q,2=4,
3 g. The cross section for e*e™ — qqg is well known
[3]; we define an angle variable n = 5 (1+ cos 0) (fig. 1b)
and Born cross section g = 3»ego(e+e~ —-utu")and
find to order a(E) = 6@/ [(33 —2Ng)In(E/A)] the
energy-weighted cross section **

1 dE 1 1 doggg
2 4£ _- X, —
EdndT  24@),0),0 " % dndT
2
1 Zozs(E) T > 2 x%+ x5
T2 31 1T p@ene " (x)(1-xg)
where n runs over the gauge quanta opposite the one

whose direction and magnitude defines T, n <1—
¢ min/2)2 cuts out small 8 <&,,;, and a, b, ¢ are:

2

(a) x4 = T for which
9. _1-T _1-Q-TTn,
n=2: x2 1_Tn, x3 I_Tn 3
(3a)
Ly ol-@-Dm _1-T
nTe % 1—Tn 3T 1—-Tn

pn is defined relative to an axis and the T axis itself is the
one maximizing Z|py.

+4 Note that this is not the quantity originally calculated by
Sterman and Weinberg [2]. An energy-weighted correlation
has recently been calculated by Basham et al. [10].
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The kinematically allowed range of T is determined by
n to be

1/20<T<1, if 3<n<

Biw

3

[1-(1-pY2)n<T<1, if 2<7.

We are principally interested in eq. (2) integrated over
all T and over all § <<y =3(1+ cos)ie., in the
fraction of E outside the cone of full opening angle

26 > 268 ;n- It is important to realize that eq. (2) only
gives the energy between n and n + dn per gauge quan-
tum, and that there are kinematic correlations between
the two quanta opposite the most energetic one. These
must be taken into account when integrating eq. (2).
Fori<n< % only one quantum at a time can lie out-
side the cone. For § <1< 1 — (8,;,/2)? either one

or two quanta can lie outside 26. For2—1/n<T <1
only one quantum is outside, and for [1—(1— Y2/
< T<2-—1/n, two are. This has to be taken into ac-
count when weighting the energy outside the cone.
Then we have

B4
_ i
Focp(®.8)= [ dn f aT - dn dT . @)
12 T min

We computed eq. (4) numerically for £ = 30 GeV, setting
a, = (30 GeV) = 0.200 for the parameter A =0.5 GeV
and N = 5. The result is shown in fig. 2. (For compari-
son we also present F' p(E 8) for a model with finitep,
quark jets only *°.) We have also carried out the pertur-
bation calculation for the case of scalar gluons. The
shape of F(E, 8) does not change significantly. Taking
the charm quark mass into account also does not affect

*5 This model assumes that all quarks i m e*e” — qq fragment
aszdN/dzdp} ~ (1 —2)? exp (—bp}) with 51 =0.15 Gev?
The angular energy flow is just the integral of z dV/dz dp 1
and is unity for 8 = 0 (all energy outside the cone). It drops
rapidly away from & = 0, falling at high energy as £ - for
fixed 6. (See also ref. [7].)



Volume 82B, number 2

£=30 GEV B

FINITE Po qf JETS

L 1 . L L 1 1_5_

20° 1:[]“ 60°
Fig. 2. The quantity FQCD(E, 8) for £ =30 GeV and 5 flavors.
Also shown is the expected (nonperturbative) F. np(E ,8) for
abounded p) jet at £ =30 GeV.

our results significantly at these energies (we have done
this using the cross section quoted in ref. [11]).
In order to use our result at other energies, note that

Foep(E. 8) = [In (Eg/A)fIn (EIN)] Foep(Eg.8). ()

(It is important to check the log E scaling behaviour of
eq. (5); it is as much a prediction of QCD, as is the ab-
solute magnitude of F.)

From fig. 2 we see that at £= 30 GeV, the QCD pre-
diction for F(£,8) dominates over the contribution of
a finite-p, jet for 8§ > 20°. However, for the PLUTO
data at £=9.4 GeV, Fexp(9.4, 60%) ~ 0.15 [6], where-
as Focp ~ 0.03. Jets at this energy are much broader
than the QCD expectation. Of course at fixed § a
finite-p, jet leads to Fp(E, 8) decreasing rapidly with
E(Fnp as E—1 in our finite-p, jet model). Thus we
expect that as E increases, the experimental F(£,§)
will shrink rapidly down onto Focp(£,8). Further
shrinkage is only logarithmic, as expressed in eq. (5).

We expect that F(F, §) will change significantly on
passing the threshold for pair production of new quark
flavors. Weak decays of new quarks lead to nearly iso-
tropic events near threshold. Since light quark flavors
do not populate F(E,8) at large 8, the signature for a
new threshold is a dramatic jump in F(£, §) for large:
§*¢ . However, an(E, §) arising from these non-
perturbative new quark jets eventually drops as 1/E
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Fig. 3. E"1 d£/d6 for (a) 085 < T< 1,(b) 0.75 < T < 0.85,
(©05<T<0.75.

forlarge 6. Hence at high enough energies the perturba-
tive QCD prediction again becomes relevant.

With more data than needed to check FQCD(E, ),
one can look at a slightly more differential quantity,
the “angular energy density” [6,7]

E-1dE/dcos , ®)

which can be obtained from eq. (2) by integration
over T. In figs. 3a—c we show £~ d£/d8 in various
thrust bins at £ = 30 GeV*”. For T near unity there is
a steep rise at small 0 due to the angular singularity
mentioned earlier. For comparison of the remaining
plots with data, it is important to remember that the
forward jet contributes asymptotically a term to
F(E,8) or expression (6) which is proportioanl to a
delta function at zero angle. At finite £ this is broad-

6 It is clear that F(F, 8) at large § is even sensitive to new
flavors of charge —1/3, which lead to a very small rise in
R = g(e*e™ — hadrons)/a (u*u") (cf. ref. [12]).

*7 We follow ref. [6], where data are presented for £ ~! dE/do
in the thrust bins shown in figs. 3a—c.
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ened by nonperturbative fragmentation effects. These
disappear rapidly with increasing £. In fig. 3b there

are three ranges of 6. The behavior at small and large

0 is determined by phase space and the expanding inte-
gration range in T. At intermediate @ there is a “bite”
in E-1dE/d6, due to the fact that the kinematically
allowed integration range in T for this bin does not
change for this 8 range. In this range one just sees a
bremsstrahlung spectrum. At small T the allowed range
in @ is sharply restricted by massless three-body kine-
matics. At high energies, data for this bin should show
a sharp drop as 8 increases away from small values

0 <8 in (where the forward peak is located) followed
by the striking bump shown in fig. 3c.

It will be interesting to extend all this to the angu-
lar energy flow in deep inelastic lepton hadron reac-
tions. One can also compare e*e™ data for F(E, §)
directly to leptoproduction data. For this, one needs
to choose a reference frame. The comparison of lepto-
production and e*e™ is clearest in the Breit system
[13] where Q = py — py = (0, Q) (py, P, are outgoing
and incoming lepton momenta in 8N - &' + jets). The
hadron kinematics is collinear in this frame, the struck
(recoil) quark having Pquark = —Q/2 (+Q/2). The con-
struction of the cone analogous to that in fig. 1 is thus
straightforward. It is, however, amusing to note that
one can find a Lorentz frame in which the struck and
recoil quark energies are fixed, although Q2 can vary.
(The orientation of struck and recoil quark three-
momenta relative to one another varies with 02, of
course.) This frame might be useful in looking for the
QCD-induced quark and gluon substructure as the
probe wavelength 1/(Q2)1/2 varies at fixed quark
energy. Of course, we do not expect F(E,8) in deep-
inelastic reactions to be affected much by production
of new quark flavors (even charm). New flavors are
produced only via the QQ “sea” or (in neutrino reac-
tions) by mixing with valence u and d quarks. Both
effects are small.

We now discuss the range of validity in § of F'(E,5).
The expression (2) for the energy-weighted cross sec-
tion shows an apparent singularity for y =1. This is
cancelled in perturbation theory by virtual corrections
to ete™ - qq [2]. But we can just as well evade it by
introducing the cutoff 8 >8 ., n <1~ (Bmin/Z)z.
Provided 8 i, > 8, (the angle for non-perturbative
ete”™ — qq ~ two jets), fig. 1a can be used to calculate
F(E,8). We then expect that the criterion for F to be
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calculable by lowest order perturbation theory is simply
that it be small compared to unity. For example,

Focp(E, 8min) = 0.3, (7)

should provide an estimate of the minimum angle §
for which eq. (2) is valid *. Numerically, we find

min>
= Focp(300GeV, 2.5%)=0.3 . (8)

We can fix § ,;, in an alternative way by considering
only the leading logarithms in Foep(E,6). These will
dominate eventually if § ;, = 0. Calculation gives

Focp(E,8) 5—:0» (ag(EY6m)(Ing(1—cos8)2, (9)

and value (7) yields F(E, 8 ,;,) = 0.3 = 2a,(F)
X (In 8 ;,/2)2/3m or

Smin ~ 2 exp (—(045m/ay(E)Y?) (10)
or, for £ =30 GeV,
8min ~ 80 .

Since the two values (7), (10) differ a bit, we have also
considered non-leading logarithms. Including these
gives

Focp(£.8) e (a5(E)/3m) (3 (In 3 (1~ cos 8))?

+(8-2In2)Ini(1—cosd)} . (11)

Remarkably enough, the leading term in eq. (11) is a
good approximation to the exact result for 55° > 6
> 10°; terms constant as § -0 seem even to cancel
the non-leading log in eq. (11).

For 6 <8, it is necessary to go beyond lowest
order in calculating Focp- As we have indicated, this
cannot be done for &, ~ 8pp (ie. £~ 30 GeV), as
confinement plays the essential role for § < 6np. At
high enough energies, we can hope that perturbation
theory can be summed so as to yield Foepl(£E,8) for
8pp <8 <bpjn- Then F(£, §) can test QCD beyond
leading order.

We gratefully acknowledge essential advice for our
numerical calculations which was extended to us quite

*8 This is like the procedure used by Sterman and Weinberg [2].
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