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We discuss a general way in which QCD can be checked in lepton-induced reactions - even with low statistics data. This 
is the "angular energy flow", or the average energy fraction outside a cone of opening angle 28 about the principal jet axis. 
in the final state of deep inelastic reactions. We illustrate this method by a perturbative calculation of the angular energy 
flow in e+e - --. qgg ~ jets. This perturbative approach can be extended to other deep inelastic reactions with gluon jets. At 
high enough energy, it should test QCD beyond lowest order in c~ s. 

In field theories, it is likely that the final state of 
deep-inelastic processes (e+e --annihi la t ion in particular) 
consists of multiple jets of particles [1 -3 ] .  Quantum 
chromodynamics (QCD) [4] is particularly important, 
as it is a candidate for the theory of the strong interac- 
tions. It probably even predicts [5] multiple jets at a 
small level - order %(Q2)/rr = [gs(Q2)] 2/47r <~ 0.1, 
where gs(Q 2) is the effective coupling of the theory at 
distances 1/(Q2) 1/2 and g2(Q2 = E 2) = 24zr2/[(33 - 

2NF) in (E/A)], N F = number of flavors. 
Given extensive data, it will be possible to carry out 

detailed tests of QCD in e+e--annihilation. Without 
this commodity it is necessary to devise something 
simpler. We propose studying the "angular energy flow" 
[6,7], the average fraction of the total hadronic energy 
(including neutrals) found outside a cone of full opening 
angle 26 about the principal jet axis * ' .  (This might 
also work if only charged particle energy is counted.) 
We will show that this can be calculated perturbatively 

4:1 The smallness of the short distance coupling in QCD means 
that there is a principal axis [8] for events in e+e--annihila - 
tion (and elsewhere). This axis is in general near (but not 
identical to) the "original" qg dkection in e+e - ~ q~ [9]. 
We will use this principal axis in what follows. 

in QCD. It should also provide tests of QCD beyond 

leading order in %. 
The lowest order QCD diagram giving multiple jets 

(three) [3], is shown in fig. la. The jets arise from frag- 
mentation of the colored quarks or gluons into color 
singlet hadrons. These jets carry the energy of the 
parent quantum. At not too high energies the main 
effect of fig. 1 is to broaden the lowest order e+e - + 
q~ + two jets by bremsstrahlung of a large P i  gluon. 
We will calculate an energy-weighted cross section for 
two reasons. Firstly, by adding the energies of all par- 
ticles in a jet we obtain the energy of the parent 
quantum ,2.  Thus we can compute fig. 1 directly with- 
out having to worry about how a q or g fragment into 

hadrons. Secondly, cross sections diverge as [Pgluon 
X (1 - cos 0qg) ] - I  when the gluon momentum is small 

or parallel to the momentum of the quark which ra- 
diated it. However, if one calculates energy-weighted 

quantities, there is no obvious Pgluon -+ 0 divergence. 
Of course, the angular singularity remains and forces 
us to introduce a cutoff in angle, 8mi n. We will discuss 
later how to choose this cutoff angle. 

,2 We assume that the jet "mass" is small compared to its energy 
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Fig. 1. (a) The perturbation diagrams for e+e - --, qClg, and 
Co) the cone discussed in the text. 

As principal axis we use the " t h r u s t "  [8,9] axis de- 

fined by .3 

Tha d = max  (~_,ilpil/Nilpi)) , (1) 

wi th  our assumption,  T = T_~.  = max ( x , ,  x 2, x~), h a d  2 u ~  • 
x m = 2 IPm I/E, E z = QZ = 4EB,  where 1 = q, 2 = ~, 
3 = g. The cross section for e+e - --> q~g is well known  

[3] ; we define an angle variable r /=  ½ (1 + cos 0) (fig. lb )  

and Born cross sect ion o 0 = 3 e2a (e+e  - ~ / ~ + / a - )  and 

find to order  Us(E ) = 6rr/[(33 - 2 N F ) i n  (E/A)]  the 

energy-weighted cross sect ion ,4 

1 d E  _ 1 ~_j Xn 1 doq~g 
E d r / d T  2 n,(a),(b),(c) a 0 d r / d T  (2) 

2 _ 1 2US(E) T ~ Xn (1 
2 3n  1 - ~ T  n,(a)o(b),(e) - X a ) ( 1 - x 2 ) '  

where n runs over the gauge quanta  opposi te  the one 

whose direct ion and magnitude defines T, r~ <~ 1 - 

(6min/2)2 cuts out  small 0 < 6mi n and a, b, c are: 

(a) x I = T for which 

1 - T 1 - (2 - T)  Tr7 
n = 2 :  x 2 -  1 - T r / '  x 3 -  1 - T r /  ' 

1 - (2 - T)  Tr7 1 - T 
n = 3 :  x 2 -  1 - T r /  ' x3 = 1 - T r y '  

(3 a) 

(b) x 2 = T (analogous to (a)); 

(c) x 3 = T for which 

1 - T  1 -  ( 2 - T ) r r /  
n = l :  x 1 1 - T r / '  x2 1 - T ~  ' 

(3b) 
1 -  (2 - T ) T r /  1 -  T 

n = 2 :  X l -  1 - T r /  ' x 2 - 1 - T r / "  

The kinemat ical ly  al lowed range of  T is de te rmined  by 

7/to be 

1 / 2 ~ < T ~ <  1, if 5 z ,  

3 [1-(l-r/)a/21/n<~T<<.l, i f  g ~ < r / .  

We are principally interested in eq. (2) integrated over 
1 ~ < y = ½ ( l +  6) i.e., in the all T and over all ~ ~< r/ cos 

fract ion o f  E outside the cone o f  full opening angle 

26 > 26mi n. It is impor tan t  to realize that  eq. (2) only 

gives the energy be tween  77 and r /+ d r /per  gauge quan- 

tum,  and that  there are k inemat ic  correlat ions be tween  

the two quanta  opposi te  the mos t  energetic one. These 

must be taken into account  when integrating eq. (2). 
1 3 For ~ ~< r/~< z only one quan tum at a t ime can lie out- 

side the cone.  For  3 ~< r/~< 1 - (6min/2)2 ei ther one 

or two  quanta  can lie outside 26. For  2 - 1/rl ~< T~< 1 

only one quan tum is outside,  and for [1 - (1 - r /) l /2]/r /  

~< T~< 2 - l /r / ,  two are. This has to be taken into ac- 

count  when  weighting the energy outside the cone.  

Then we have 

1 d E  FQcD(E, 8) dr/ f = d T f f  d r /dT  " (4) 
1[2 Tmin 

We compu ted  eq. (4) numerical ly  for E = 30 GeV, sett in t 

a s = (30 GeV) = 0.200 for the parameter  A = 0.5 GeV 

and N F = 5. The result is shown in fig. 2. (For  compari-  

son we also present Fnp(E,  6) for a mode l  wi th  finite-p 1 

quark jets  only  * s .) We have also carried ou t  the pertur-  

bat ion calculat ion for the case of  scalar gluons. The 

shape o f F ( E ,  6) does no t  change significantly• Taking 
the charm quark mass into account  also does not  affect  

4:3 PLI is defined relative to an axis and the T axis itself is the 
one maximizing NlPlll. 

+4 Note that this is not the quantity originally calculated by 
Sterman and Weinberg [2]. An energy-weighted correlation 
has recently been calculated by Basham et al. [10]. 

,s  This model assumes that all quarks in e+e - + q~ fragment 
as z dN[dz dp~ ~ (1 - z )  2 exp (-bp~) with b -1 = 0.15 GeV 2 

• . 2 The angular energy flow is just the integral of z ddV/dz dpj_ 
and is unity for 8 = 0 (all energy outside the cone). It drops 
rapidly away from 8 = 0, falling at high energy as E -1 for 
fixed 6. (See also ref. [7].) 
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Fig. 2. The quantity FQCD(E, 6) for E = 30 GeV and 5 flavors. 
Also shown is the expected (nonperturbative) Fnp(E, 6) for 
a bounded p±jet at E = 30 GeV. 

our results significantly at these energies (we have done 
this using the cross section quoted in ref. [11 ]). 

In order to use our result at other energies, note that 

FQCD(E, 6) = [In(Eo/A)/ln(E/A)]FQcD(EO,6 ). (5) 

(It is important  to check the log E scaling behaviour of  
eq. (5); it is as much a prediction of  QCD, as is the ab- 
solute magnitude of F. )  

From fig. 2 we see that at E =  30 GeV, the QCD pre- 
diction for F(E, 6) dominates over the contr ibution of  
a finite-p± jet  for 6 > 20 °. However, for the PLUTO 
data at E = 9.4 GeV, Fexp(9.4, 60 °) ~ 0.15 [6], where- 
as FQC D ~ 0.03. Jets at this energy are much broader 
than the QCD expectation.  Of course at fixed 6 a 
finite-p± jet  leads to Fnp(E , 6) decreasing rapidly with 
E (Fnp as E - I  in our finite-pi jet  model).  Thus we 
expect that as E increases, the experimental  F(E, 6) 
will shrink rapidly down onto FQcD(E,  6). Further 
shrinkage is only logarithmic, as expressed in eq. (5). 

We expect that F(E, 6) will change significantly on 
passing the threshold for pair product ion of  new quark 
flavors. Weak decays of  new quarks lead to nearly iso- 
tropic events near threshold. Since light quark flavors 
do not populate F(E, (5) at large 6, the signature for a 
new threshold is a dramatic jump in F(E, 6) for large, 
6 , 6 .  However, Fnp(E , 6) arising from these non- 
perturbative new quark jets  eventually drops as lIE 

F r  ' , , , 

l a )  

20 ° &O o 60 ° ~0 o 

) 

20 ° ~0 ° 600 800 

]' d E '  ' ' , ~ 1  , , , i , , , ( c / i ,  

20 ° ~0 ° 60 ° 80 ° 

Fig. 3. E -1 dE/dO for (a) 0.85 ~ T ~ 1, (b) 0.75 ~ T ~ 0.85, 
(c) 0.5 ~; T ~ 0.75. 

for large 6. Hence at high enough energies the perturba- 
tive QCD prediction again becomes relevant. 

With more data than needed to check FQcD(E , 6), 
one can look at a slightly more differential quanti ty,  
the "angular energy density" [6,7] 

E -1 dE/d cos 0 , (6) 

which can be obtained from eq. (2) by integration 
over T. In figs. 3 a - c  we show E -1 dE/d0 in various 
thrust bins at E = 30 GeV .7 . For  Tnear  unity there is 
a steep rise at small 0 due to the angular singularity 
mentioned earlier. For comparison of  the remaining 
plots with data, it is important  to remember that the 
forward jet  contributes asymptotically a term to 
F(E, 6) or expression (6) which is proport ioanl  to a 
delta function at zero angle. At finite E this is broad- 

4:6 It is clear that F(E, ~) at large 6 is even sensitive to new 
flavors of charge -1/3,  which lead to a very small rise in 
R = cr(e+e - --, hadrons)/cr(~+~t -) (of. ref. [12]). 

4:7 We follow ref. [6], where data are presented for E - l  dE/d0 
in the thrust bins shown in figs. 3a-c. 
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ened by nonperturbative fragmentation effects. These 
disappear rapidly with increasing E. In fig. 3b there 
are three ranges of  0. The behavior at small and large 
0 is determined by phase space and the expanding inte- 
gration range in T. At intermediate 0 there is a "bite" 
in E -1 dE/dO, due to the fact that the kinematically 
allowed integration range in T for this bin does not 
change for this 0 range. In this range one just sees a 
bremsstrahlung spectrum. At small T the allowed range 
in 0 is sharply restricted by massless three-body kine- 
matics. At high energies, data for this bin should show 
a sharp drop as 0 increases away from small values 
0 </stain (where the forward peak is located) followed 
by the striking bump shown in fig. 3c. 

It will be interesting to extend all this to the angu- 
lar energy flow in deep inelastic lepton hadron reac- 
tions. One can also compare e+e - data for F(E,/5) 
directly to leptoproduction data. For this, one needs 
to choose a reference frame. The comparison of  lepto- 
production and e+e - is clearest in the Breit system 

I t 
[13] where Q = p~ - p£ = (0, Q) (p£, p~ are outgoing 
and incoming lepton momenta in £N -+ £' + jets). The 
hadron kinematics is collinear in this frame, the struck 
(recoil) quark having Pquark = -Q/2 (+ Q/2). The con- 
struction of  the cone analogous to that in fig. 1 is thus 
straightforward. It is, however, amusing to note that 
one can find a Lorentz frame in which the struck and 
recoil quark energies are fixed, although Q2 can vary. 
(The orientation of  struck and recoil quark three- 
momenta relative to one another varies with Q2, of  
course.) This frame might be useful in looking for the 
QCD-induced quark and gluon substructure as the 
probe wavelength 1/(Q2) 1/2 varies at fixed quark 
energy. Of course, we do not expect F(E,/5) in deep- 
inelastic reactions to be affected much by production 
of new quark flavors (even charm). New flavors are 
produced only via the Q() "sea" or (in neutrino reac- 
tions) by nrixing with valence u and d quarks. Both 
effects are small. 

We now discuss the range of  validity in/5 o f F ( E ,  8). 
The expression (2) for the energy-weighted cross sec- 
tion shows an apparent singularity f o r y  = 1. This is 
cancelled in perturbation theory by virtual corrections 
to e+e - ~ q~ [2]. But we can just as well evade it by 
introducing the cutoff 0 >/5 min, r/~< 1 - (/smin/2) 2 . 
Provided/5 rain > 6np (the angle for non-perturbative 
e+e- -+ qgt -+ two jets), fig. 1 a can be used to calculate 
F(E,/5). We then expect that the criterion for F to be 

calculable by lowest order perturbation theory is simply 
that it be small compared to unity. For example, 

FQCD(E,/smin) = 0 .3 ,  (7) 

should provide an estimate of  the minimum angle/smin, 
for which eq. (2) is valid , s .  Numerically, we find 

FQCD(30 GeV, 7.5 °) = FQCD(100 GeV, 4.2 °) 

= FQCD(300 GeV, 2.5 °) = 0 .3 .  (8) 

We can fix/stain in an alternative way by considering 
only the leading logarithms in FQcD(E ,/5). These will 
dominate eventually if/5 rain-+ 0. Calculation gives 

FQcD(E,/5) --'+(Oes(E)/6rr)(ln½(1- cos/5)) 2 , (9) 
8-+0 

and value (7) yields F(E,/smin) = 0.3 = 2%(E) 
X (In 6min/2)2/37r or 

/smin ~ 2 exp ( - (0 .45  rr/%(E))l/2), (10) 

or, for E = 30 GeV, 

/smin ~ 8 o  " 

Since the two values (7), (10) differ a bit, we have also 
considered non-leading logarithms. Including these 
gives 

1(1 cos/5)) 2 FQCD(E,/5) > (%(E)/31r) {1 (ln : - 
8-+0 

+ (~  - 2 In 2) In ½ (1 - cos/5)). ( 11 ) 

Remarkably enough, the leading term in eq. (11) is a 
good approximation to the exact result for 55 ° >~/5 

10°; terms constant as/5 + 0  seem even to cancel 
the non-leading log in eq. (11). 

For/5 </stain it is necessary to go beyond lowest 
order in calculating FQC D. As we have indicated, this 
cannot be done for/smin ~/snp (i.e. E ~ 30 GeV), as 
confinement plays the essential role for 6 < / snp '  At 
high enough energies, we can hope that perturbation 
theory can be summed so as to yield FQcD(E,/5 ) for 
/snp </5 </smin" Then F(E,/5) can test QCD beyond 
leading order. 

We gratefully acknowledge essential advice for our 
numerical calculations which was extended to us quite 

#8 This is like the procedure used by Sterman and Weinberg [2 ]. 
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