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Abstract. We discuss QCD predictions for the pro-
duction of direct photons in e* e~ collisions, e* e~ —
y* — v+ hadrons (¥ = +). A simple derivation of
the QCD results for the structure functions is
presented. These turn out to be exactly predicted
by the theory, in contrast to hadron production
where only the change with Q2 is predictable. We
also take up the phenomenology of this process. A
dramatic rise of the y/n° ratio with z = E, /E,(E, /Ep)
and with Q? is predicted.

I. Introduction

Quantum chromodynamics (QCD) predicts specific
patterns of Bjorken scaling violation in deep inelastic
scattering [1] which turn out to be in striking agree-
ment with recent analyses of electromagnetic and
weak processes [2]. On a theoretically less rigorous
level, it also leads to violations of (Feynman) scaling
for the fragmentation functions of quarks and gluons
[3]. In the former case, deep inelastic hadron structure
functions are concentrated closer and closer to
Bjorken x = — Q?/2v— 0 as — Q? increases; in the
latter case, quark and gluon fragmentation functions
to hadrons are concentrated closer and closer to
Feynman z=2p,,;-0/0*—>0 as Q*>— w0, eg in
et e” annihilation for e*e” — n° + anything,

A dramatic change in the conventional picture
described above occurs in QCD when one examines
the fragmentation function of a quark to a photon
(Fig. 1.},

e*e” > 9* > V41 + hadrons (€ = +) (1)

* Permanent address

For large Q?, direct photon production® is dominated
by the mechanism where y is emitted by the quarks
before hadron fragmentation due to long range
strong interaction forces becomes effective. The
contribution from the Born term [4] drawn in Fig. 2a,
to the fragmentation function of the quarks into
photons increases as log Q* for Q? — <. The impor-
tant feature of QCD is that it predicts a calculable
and finite change of the Born term result [5] for the
z dependent coefficient of log Q2.2 This QCD renor-
malization effect originates in the emission of hard
gluons before the photon is radiated (Fig. 2b), all
this on a time scale much smaller than the typical
time scale of the long range strong interaction forces.

In this paper we will present a simple and transpa-
rent derivation of the quark fragmentation functions
into photons. So far as we are aware this derivation
is new. The main QCD result is due originally to
Smith [5] who interpreted diagramatically and
extended earlier electron-photon scattering results
based on renormalization group techniques by Witten
[6]. In addition we consider the phenomenology
of the process in some detail. Our conclusion is that
direct photons in e*e” collisions are measurable.
They will afford a new and unique test of QCD. In
particular we find a very dramatic rise of the y/n°
ratio with increasing z =2p;Q/Q? and Q* (n° and g
provide a background to (1); this background
dezcreases with Q? at large z while (1) increases with
o).

Section II takes up the derivation of the fragmen-
tation function for (1) in QCD. Section III discusses
the phenomenology of y production in e* e~ collisions

! Direct photons are not decay products of radiatively decaying

hadrons
2 This modification is not restricted to QCD, of course; the key
is the precise nature of the QCD prediction
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Fig. 1. Direct production of photons in e*e™ collisions. The
accompanying hadrons have charge conjugation € = +. The
observed photons are assumed not to be radiative decay products of
7°,7 ete

h=]]

Fig. 2a and b. Photon radiation off quarks: a Born term,
b gluonic QCD correction
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Fig. 3. Photon Bremsstrahlung off electrons and positrons

in some detail. This is necessary because of the
background coming from
ete >0+ ...

Y @)

as well as the Bremsstrahlung background (Fig. 3)
from

ete” >+ 9*
L hadrons €=-) (3)

It turns out that the background from (3) is nontrivial
but appears manageable. It is calculable from
o(e*e” — hadrons) and can thus be subtracted.
In addition, photon-hadron angular correlations
are quite different in (1) and (3).

I1. Fragmentation Functions

We begin with a discussion of the structure functions
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for (1). The cross section reads [4]

do _ SaJW
dzdQ 4
(W (2,021 + cos? @) + W, (z,0*)(1 — cos? ©)] (4)

where  z=2p, Q/Q2 =E,/E4(Q*=4E}), o,=
4na?/3Q?% and © is the angle between the photon
momentum in (1) and the e*e™ collision axis. W,
and W, are transverse and longitudinal structure
funct1ons The Born approximation results for W,
and W, are (see Fig. 2a) [4]

orn 2 Ze 1+ (1 - 2)2 (1 - Z)Q2
WB ( Q )_ 4TL’ Zz g AZ
— 1-—
W, 07 = 2% 127 ©)

where we have dropped nonleading terms in WE°™
and have chosen the scale parameter A to be the
same as we will use later for QCD. (For heavy quarks
we should replace A — m,, since the actual parameter
in [4] is an effective quark mass.) Note that the
logarithmic dependence is log(1 —2)Q?/4?, where
the increase with Q2 originates in the unlimited
transverse momentum of the photon relative to the
quark jets. It is evident from this that our results
are not applicable to events where M? = (1 — z)Q?,
the square of the invariant hadron mass, is small
(one photon—one jet events for z—1). At these
values of z a calculation of the leading log dependence
isinsufficient.In the following weset log (1 —2)0%/A4%—
log Q%/A? for all quarks. The error this introduces
is negligible at very high Q? and z < .8 or so. At the
same level W, can be neglected. In the leading log
approximation it is convenient to introduce the
quark to photon fragmentation functions,

1dolete »y+..)
o dz

= e2{D!(z,0}) + D1(z,0%)}/) ¢’ (6)

with the sums running over all flavor and color
quantum numbers. We also introduce moments

D!(n, Q%) = }dzz"“lDZ(z, 0% (7

Dj(z, 0?) includes strong interaction effects which
are not taken account of in the Born term (5). This
Born contribution to (6) is

1+(1 )

o
DZ (Z, QZ)Bom — T g QZ/A2

= e2d™™ ()t ®)
with ¢ = log 0?/A? and moments defined as in (7).
We know how D}®™ changes with , but what

about the exact D; including strong interaction
effects induced by QCD? This can be investigated by
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Fig. 4. r evolution of quark fragmentation functions to photons:
contribution of the Born term and from gluon radiation

extending an elegant technique developed by Altarelli
and Parisi [7]. Their method involves finding how a
fragmentation function changes in going from scale
t=logQ%tot+dt.

The probability of finding a photon in a quark
jet changes due to two different mechanisms as ¢ is
raised to t + dt. (i) The probability to emit a hard
gluon before radiating the photon increases by an
amount oc oo (t)dt where o (1) =g (1)/4n and g (¢)
is the running quark-gluon coupling. (This is the
mechanism which introduces the Q? dependence of
quark fragmentation to hadrons [3].) (ii) The pro-
bability of radiating a photon before the strong
interactions become effective (the Born term, see (8))
depends explicitly on t. It increases by an amount
oc adt on going from ¢t to ¢ +dt. (We do not obtain
this sort of contribution for a hadron in a quark
jet because of the limited transverse momentum of
the hadronization process.) The Born term does not
occur for gluon fragmentation to photons. Thus
(see fig. 4).3

a 1 1

&DZ(Z, t)=e2d™™(z) + E%?(j;dxgdyé(xy —2)
D} (x, )P, (y) + Df(x,1) P, (1) } (%a)
0 o, (2)

oy -
6tDG(Z’t) 2n

1 1
fdxfdys(xy—z)
o] 0

'{ZDZ(& I)PqG(J’) + D§(x, t)PGG(y)} (9b)

The functions « P;;(y)/2n give the probability for
a quantum (quark or gluon)j to fragment to i carrying
a fraction y of the original quantum’s momentum®;
i then fragments further into the observed y and
unobserved hadrons. Equations (9) can be solved by
taking moments of both sides. (9) then becomes a
system of linear inhomogeneous differential equa-
tions. To simplify matters further, we define the
sum and difference of the fragmentation functions
to y of charge 2/3 and — 1/3 quarks

1
D (ny) = Zfdzz"_lD;(z, 1)
q 0
1
D” (n,t)= [dzz""'{D!(z,t) — D}(z,1)}, etc. (10)
0
3 Note that we only work to lowest order in a = 1/137 < o

* Tt is necessary to define P,;(y) carefully at y — 1 so as to get a
physically sensible result; for details see [7].
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and
1
Di(n,t)= {dzz"" ' Dl(z,t) (11)
0
The moments of the functions P;;(y),
1
Ay=1{dyy" ™ P, (12)
0
can be found in the literature; they are [3], [7]
2 2 1
A m=—-[1—-—"— 443 =
) 3[ nir 1) ;J
4n*+n+2
S I s 1
Ao = 3 nn* —1) a3
I n*+n+2
A= —
w6 2nn+ Dn+2)
gl =~ =
6= ol 3T = 1)

4 " 1 2N,
R AP ]

with N being the number of quark flavors. For large
t the running coupling constant goes to zero as
o (t)=1/bt with 2mb = (33 — 2N,)/6. It is therefore
convenient to define

1 1
A= =3 Ay >0 df= g () <O
1 2N
dfG= AmAGG(n)>0 dzcz - 2R;Aq6(n)<0
(14)

Introducing s = log t/t, with t, = log Q3/A4* we now
write the equations for the moments as

3
5D (n,8)= 31, d™" () — & D" (n,5) (15)
S

and

0
Y
68D+(n,s)

5N
=" to@d™ () ~ d D" (n,5) — d5* Dy (n,)

0
a—sDZ;(n,s)= — N;'d55 D", (n,s) —dSDL(n,s)  (16)

The solutions of (15) and (16) are the sum of a general
solution of the homogeneous equations and a parti-
cular solution of the inhomogeneous equations.
The homogeneous part of (15) and (16) is solved by

DYV (n’ ‘S‘)homogenewsoC e*dﬁqs (17)

D)-){- (n’ S)a Dé (n’ S)homogeneous

= linear combinations of e***

and ¢*-*
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where — d#? <0 and

2, = —(d¥ +d7%) £ [ +dJ°) + 4d;1diC]'?
<0forn=2[only i, (n=2)=0] (18)

Thus the solution of the homogeneous equations
either vanish asymptotically as negative powers of
log 0?/A?(n>2) or remain constants (n=2); they
can be ignored, as we will now show. (This piece,
of course, contains the “hadronic” component of
the photon and may well be important at low Q?).

We now have to find the solutions of the inhomo-
geneous equations (15) and (16). Making the obvious
ansatz

D! (n,s)=C,e*fori= +,G (19)

we can solve for C, and C; after a negligible amount

of algebra. The result can be expressed by undoing
(10) as

51 1 5 1144%¢
Dv , 2y — 1___ T - n
/(.07 [( 18e§>1+d3‘1+18e; K, ]
D; (n’ QZ)Bom (20)
5 1 |ds9|
DY , " 1" b 2\Born
L 0= g5 DY)

where
K,=1+d¥+d;° +d?d;° — di*di°

Equation (20) is just the result cited in [5]. We see
that (19), (20) dominate at large Q*. The homogeneous
solution can be neglected.

In order to convert this expression for the moments
into D} (z, Q%) we need to invert the moment integrals.
This is conventionally done on a computer by the

Mellin method and a numerical result was presented
by Smith [5]. The ratio

F,(z) = Dj(z,Q%)/D}(z, Q%" (21)

(where D, (z, Q%)™ is given in (8)) measures the
strength of the QCD renormalization effects; the
result for F,(z) is shown in Fig. 5.

10+

0.5
A 1=t /L

[l[] PSP WINE U T ST SR SN YRR S S N T 1 |Yl .B PR
0.0 0.2 0.4 0.6 0.8 10

Fig. 5 Ratio F (2) of the QCD renormalized quark fragmentation
functions into photons to the Born term, for quark charges 2/3
and 1/3
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At the end of this Section a word about the physical
meaning of the QCD analysis is in order. (i) There
is a striking difference between the Q? evolution of
hadron spectra and photon spectra in quark jets.
This originates in the Born term contribution with
unlimited transverse momentum in the photon case.
Moments of hadron spectra fall monotically to
zero for Q% — o, whereas the QCD term rises as
log Q% and finally dominates the photon spectra.
(ii) The Born term describes the probability of order
o log Q2 that a quark produced in e* e” (or anywhere
else) will immediately radiate a hard photon. But
the quark can also radiate n hard gluons each with
probability of order o, log Q°, before radiating the
hard photon, and before the strong interaction
confining forces come into effect. Summing over this
series of (xlog Q?)(«,log Q*)" damps hard photon
radiation by a finite factor because o, oc (log 0%)~!
asymptotically. So even after QCD renormalization
we are left with an exactly predictable, leading log Q>
term in the quark fragmentation functions to photons.
By contrast, only the change with Q? of the frag-
mentation functions is predicted by QCD for hadron
production in e* e~ annihilation.

II1. Phenomenology

This Section consists of the answers to a number
of evident questions which have to be put before
concluding that reaction (1) can be used to test QCD.

1. Rates and Approximations

We have ignored the longitudinal structure function
in (4); neglecting QCD corrections to both W, and
W, for the moment we estimate from (5)

Wp =39 1 g 22)
W, 14(1—2z2)logQ?*/4

for z21/2,0° ~10° GeV? and A ~ 400 MeV. Our
approximation is clearly acceptable for large z.
Given enough data, one can even imagine separating
W, and W, via the angular dependence in (4).

We ignored the fact that the argument of the login
(5) is not Q% but M? = (1 — z)Q? and that for heavy
quarks, e.g. charm, A°—m}. Separately neither
of these effects changes W, by more than O (207;)
if z <.8, and they reduce the cross section whereas
(22) increases it.

Finally we estimate the ratio of the inclusive 7
rate to the total cross section 6, =) elao(e"e” -
utu”). For charge 2/3 quarks,

1 Zmax

do(yuu+ ycc)
cc z,-,-j,;ndz dZ
4 o 20.8 1+(1—Z)2
=-—log= | dz—"—"F,.(z)
9n A%, 2/3

~ 005 at Q2 ~ 10°* GeV?; 4 ~ 400 MeV (23)

uu
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HADRONS
C=+

e- e*
Fig. 6. Hadronic component of the photon in semiinciusive
spectra. This component shows the characteristic features of hadron
production, limited transverse momentum relative to the jet axis, etc

i.e. about 1 in 200 events will contain a hard direct
photon with .5 <z <.8. (The reason for this choice
of limits will become clear shortly.) Thus we expect
the process (1) to be measured if a sample of
0(10%e™ e™ events is available.

2. The Hadronic Component of the Photon

The leading log Q7 term in the fragmentation functions
of quarks to photons corresponds only to the point-
like coupling of the photons to quarks. Direct photons
can be produced through a hadronic (p°) component
as in Fig. 6. We estimate this as follows. VDM
relates ete” >y + ... to efe” > p®+ ... Using
the experimental fact that do(p°) ~ Ad o (=°) for large
z where A is roughly z independent and of order 1-2,
one arrives at

_l_dO'(VVDM)N e zii do(n%)
6 dz T\, O, dz
_ A 1 dao@

T 3000, dz

Essentially, this states that the hadronic component

is irrelevant provided the predicted ratio yocp/7° >
19%;. We thus turn next to the y/n° ratio.

(24)

3 The y/7° Ratio

We consider this quantity for two reasons. First,
7° (and 1) mesons decay to yy and these photons
can be confused with the direct photons we are
interested in. A separation is possible only if the
ratio of direct photons to 7° at the same momentum
is not too small. The second reason is the estimate
of the “hadronic” part of the photon yield described
above. (In addition, the y/n° ratio can be used to
compare different experiments of uncertain relative
normalization).

The y/7° ratio as a function of zand Q? is calculated
under the following assumptions. A satisfactory
parametrization for the n° fragmentation function
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of u and d quarks at Q2 = 25 GeV? is provided by
2D (2,Q3) = A(1 — 2)? 25)

Adopting the fits of [8] we choose A = 0.5. (This is
not inconsistent with DASP dataone*e™ — n* + ...
at z = .5, the range we are interested in). The s, 5§ quark
fragmentation functions are assumed to fall off faster
to zero for z— 1 (see [8]),

D (z,03)/D5y(z,08) = (1 — 2)/(1 + z) (26)

We estimate the n° yield of fragmenting charmed
quarks by using the same ansatz (26) at Q, = 5 GeV.
Since we are studying the y/n° ratio at very large
Q? of the order of 10° GeV? we must take scaling
violations in the quark fragmentation functions
of pions into account. One can show that under
suitable assumptions the scaling violations (expressed
in terms of moments) are independent of whether
the observed 7° in a jet is directly produced or the
strong interaction decay product of a resonance,
(for example e*e” —(p—>nn)+...) This holds if
(D) Q%> M’ nance» SO that mass effects can be ignor-
ed. (i) All resonances in a multiplet decay to
the same number of 7’s e.g. two body decays. (It
is actually sufficient if e"e™ — 7% + ... can be well
approximated by assuming, e.g., two body decays
for all resonances in a multiplet.) This result follows
for moments of the fragmentation functions simply
by observing that the moments for direct and second-
ary decay pions may be added together if (i) and (ii) are
valid. One can thus deal with the g —» n° + ... frag-
mentation functions directly, ignoring the n%s paren-
tage. The Q2 evolution of these functions is governed
by a set of master equations identical to the homo-
geneous parts of (9) with the replacement y — =° [3].
Into the solution of these equations enters the gluon
fragmentation function at Q7 (chosen as 25 GeV?)
which we assume to be equal to the singlet SU(3)
quark fragmentation function

DE (2,02 =1(D™ + D¥’ + D™)(z, 02) 27)

The evolution equations are solved by employing
the same methods as described for the y case. The
results for D}y (z,0%),D7.(z,Q?) are shown in Fig.

5C

7a to b at Q% = 25,100, 1000 and 10,000 GeV?2. The
ratio of QCD v’s over n%s is now given as

do(Yocp)/dz Y oggz
do(n%/dz = ° A?

1+(1—2)7?
T %%Fz/s (Z)+%F1/3(Z)]

§D35(2.0%) +3D75(2,0%)
with D, =D, + D, and D,;=D,+ D,. We have
plotted (28) as a function of z for Q% = 100 GeV?,
1000 GeV? and 10,000 GeV?. In Figure 8 we want

to call attention to the dramatic rise of y/n° with
z and Q. That this ratio y4cp/n’ > 1% for z 25,

(28)
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Fig. 8. Ratio of directly produced y’s to =z%s at Q% = 100, 1000 and
10,000 GeV?

justifies a posteriori our neglect of any hadronic
component to the photon (see (24)).

4. The Bremsstrahlung Process

A significant background to (1) arises from (3), where
the photon is radiated from an initial line rather
than from a final quark line. Whereas on general
grounds the cross sections for both reactions are
expected to be of comparable magnitude, the photon

Fig. 9. Cross sections for direct photon production (Born approxi-
mation) and bremsstrahlung from the leptons as a function of the
angle between y and the g or g jet; z is chosen as 0.7 and the photon
flight direction perpendicular to the e* e~ axis

and quark jets predominantly populate quite different
regions of phase space. Photons of the bremsstrah-
lung process (1) are preferentially emitted into a

narrow cone around the lepton beam axis; there
is no strong angular correlation between the photon
direction and quark jet directions (apart from
energy-momentum conservation). By contrast, pho-
tons emitted from a quark in the final state are not
strongly correlated with the e* e~ beam axis; we
expect, however, the opening angle between the
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photon and quark jets to be small on the average
(the relative transverse momentum is of course not
limited but grows indefinitely with energy). This
can be made quantitative by comparing the cross
section for ete” »>gqg—qqy and eTe” —yy* >
vqq in the Born term approximation. Denoting
the fraction of beam energy transferred to the g and
g jet by x, and x; and the angle between y and the
q(g) jet by O (O..) we obtain

i d 0 (Vgirect) _ 3‘126; B (292)
6, dzdx,d cos © lon (1 —x,)(1—x,)
1 d0Qpem) _3036; B

0,,dzdx,dcos®  4n  z*(1—z)(1 — cos® O)
(29b)

with

B =(x}+ x7 — x7)(1 + cos? @) + 2 sin? O x?2

and

x} =41 - z)(1 — x,)(1 — x,)/2>

Z+x,+x;=2

x,(1 —cos @,)=2(1 —x;)and g+ ¢ (30)

following from energy momentum conservation.
Contributions from y emission by the leptons are
smallest if the hard photon rays are observed under
90° to the beam axis and z is not too close to 1.
For this configuration the cross sections (29a) and
(29b) are shown in Fig. 9 as functions of the angle
between photon and quark/antiquark jets for z = .7.
The strong (y quark) correlation enables us to separate
the direct photons sufficiently well from the Brems-
strahlung background (given in a model independent
way by replacing ) e2—R(M?) =g, (e*e” —
hadrons)/o(e*e™ - u* u™) in (29b), M2 = (1 — 2)Q?).

IV. Conclusions

We have discussed in detail direct photon production
ine* e” collisions, e* ¢~ — y + hadrons(% = +). This
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reaction appears to be a quite intriguing test of
quantum chromodynamics. Unlimited transverse
momentum in photon radiation off quarks makes
the shape of photon spectra in quark jets quite
different from hadron spectra, as well as the pattern
of scaling violations in the fragmentation functions.
The asymptotic form of the quark fragmentation
functions to photons is predictable in QCD and
we have presented a simple and transparent derivation
by defining a set of (inhomogeneous) master equations
for the energy evolution of the photon spectra. In
this context the behavior of the y/z° ratio is parti-
cularly instructive as it arises from the logarithmic
increase of the y yield combined with the logarithmic
decrease of the n° yield. The yield of hard direct
photons at PETRA and PEP is expected to be larger
than the =° yield. Experimental tests of these QCD
predictions would be most welcome.
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Added note. After submitting this paper we learned of related
work on the deep inelastic photon structure function by R.J.
DeWitt, L.M. Jones, J.D. Sullivan, D.E. Willen and H.W. Wyld,
Jr., lllinois preprint [1l-(TH) 78-54.
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