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Transverse-momentum spectra are calculated for heavy quarkonium states QQ (J/,T) produced in pp
and pp collisions. These transverse momenta result from the hard quark (g) and gluon (g) subprocesses
93 —Q0g, g¢—>0Q0q, and gg —QQg. The p, distributions for J/y production are expected to be

significantly steeper than for the ptpu~

continuum, whereas the two distributions become similar in the T

mass region. These effects are partly confirmed by recent CERN ISR measurements. Predictions for pp

collisions at /s = 540 GeV are also given.

Recent measurements’ of the dimuon spectrum
near the Tregion in proton-nucleus scattering at
Vs =27.4 GeV have revealed that the mean trans-
verse momentum of the T is significantly higher
than the corresponding value for the (Drell-Yan)
dimuon continuum, the latter being.independent of
the dimuon mass M above 5 GeV. Typically,

(pr)r is about 20% larger than the continuum value
(Drdutu= Slm1lar effects have been found in the
J/Y reglon and although inferior in statistics,
ISR measurements® might also be consistent with
this observed trend of the pr spectrum off and on
resonance. A priori, possible differences in the
pr distributions on and off resonance are not un-
expected since in quantum chromodynamics (QCD)
the production mechanisms for heavy quarkonium
(QQ) states and continuum dimuons are fundamen-
tally different. Whereas the lowest-order sub-
processes for producing a muon pair at pr #0 are
gg KM g and gg —~M"17g, the leading contribution
to the transverse momentum of a given quarkonium
state comes from the purely hadronic 2—3 proces-
ses g7~ QQg, gg—~QQq, and gg—~QQg, where the
light and heavy quarks are denoted by g=u, d, s
and @=¢, b,..., respectively, and g stands for
the gluon. Because of the complexity of calculating
2—3 subprocesses (keeping mgq #0), no serious
attempt has been made so far to investigate the
effects of hard-gluon bremsstrahlung for the pr
spectra of quarkonium states (charmonium etc.)

as compared to the one of the familiar Drell-Yan
dimuons. It is the purpose of this article to dis-
cuss and calculate these typical QCD effects and
to compare them with recent measurements of
hadronically produced heavy quarkonium states.

Before discussing the more involved case of
transverse momenta of quarkonium states let us
briefly recapitulate the situation of the familiar
Drell-Yan process. To order ¢, the transverse
momenta of massive leptonpairs are due to the

two subprocesses shown in Fig. 1. The cross
section for dimuon production from initial hadrons
A and B is obtained by convoluting the expressions
for these subprocesses with the relevant parton
distributions
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where all color factors are included in do®®, which
denotes the subprocess (gg ~ #*Lgand gg—~ u*17g)
cross sect10n6'7 *® for producing a dimuon pair with
mass M=(g")"”? and transverse momentum pr from
partons a and . The predicted pr distributions at
c. m. rapidity y =0 differ only insignificantly from
the y-averaged ones as given in Eq. (1). For our
calculations we shall employ throughout the fully
renormalization-group-improved QCD “counting-
rule-like” quark and gluon distributions f4 (x,, ¢*)
of Ref. 10. Since the subprocess cross sections
do®/dp% in Eq. (1) diverge as pr—0 (i.e., paral-
lel emission), there is some controversy as to
what theoretical quantity should be confronted with
experiment. Comparing directly the predictions

of Eq. (1) with experiment, one finds’*® a reason-
able agreement with the shape of the measured pr
distribution for pr>1 GeV. On the other hand,
comparing average dimuon transverse momenta
with experiment, i.e., pr moments (pT) and
{pr’) as calculated from Eq. (1), which weigh the
small-pr region of do/dp,*, yields contradicting
results as to the size and importance of the in-
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FIG. 1. Lowest-order contributions to transverse di-
muon momenta (crossed diagrams are not shown).
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trinsic transverse momenta kr of the initial quarks
and gluons in Eq. (1) which, so far, are not pre-
dictable dynamically by QCD. Values for {(fr) be-
tween'! 200 MeV and® 800 MeV have been sugges-
ted. Although only pr moments are well behaved®
(finite) and therefore the prescription for calcu-
lating fjJT"(dor“"/d_i)r_,-z)dj)T2 for n>1 is unambigu-
ous, the integration down to small p, is delicate;
o becomes substantially different and so may the

scale breaking effects in the parton distributions
A

s
Since d20®®/dMdps? will contain terms such as
log(M%/p7?), the naive “hard scattering” perturba-
tion theory in Eq. (1) breaks down for pr <M and

one must sum'? these logarithms to all orders in
as. Going beyond this double logarithmic approxi-
mation,12 Parisi and Petronzio™ have recently re-
summed even these double logarithms for the gqq
process and thus were able to compute the whole
pr distribution, including p, =0, from first prin-
ciples for very large values of the c. m. energy s.
These asymptotic predictions, however, do not
adequately describe the data at moderate, i.e.,
currently available energies. The remaining
discrepancy between these asymptotic predictions
for the pr distribution and present measurements
can then be removed by smearing these predic-
tions in the small-p, region using some ad hoc
ansatz for the smearing functionls; this implies

a somewhat reduced value for the average intrinsic
transverse momentum of partons of about (kr)
=500 MeV. Since, in the present context, we are
mainly interested in the difference between the
shape (slope) of the pr spectrum of dimuons and
quarkonium states, which is little influenced by
the (common) size of intrinsic transverse momen-
ta, we shall only concentrate on the explicit pr
distribution do/dpy® for pp = 1 GeV, thus avoiding
-any complications due to soft (collinear) gluon
emission.

Within the framework of QCD, the production of
heavy-quark flavors in hadronic collisions is as-
sumed to proceed via the fundamental subproces-
ses'*™'® ;7—QQ and g2—QQ. In this way one can
predictm'19 even absolute cross sections for J/¥,
P, T, T’ ... production in fair agreement with
experiment. Apart from these lowest-order ots2
contributions to the total production cross section,
the transverse momenta of bound-heavy-quark
states QQ- originate from hard-gluon radiation off
the initial and final quark states as well as off the
intermediate gluon, and are thus at least of order
a;’, namely, q7~QQg, gg—~QQg, and gg—~QQg as
shown in Fig. 2. The pr distribution of the Q@
system is then formally given by a similar expres-
sion as in Eq. (1) but integrated over the invariant
energy M =(g%)"/? of the Q@ system,
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FIG. 2. Lowest-order contributions to the transverse
momenta of heavy quarkonium states Q@. There are 5
diagrams for each process in (a) and (b), whereas the
subprocess in (c) consists of 16 gggQ® Feynman dia-
grams and 5 ghost diagrams.

doa? f2m0 d20AB ()
dpr? = g P aMdpe

where for the coupling of the fundamental subpro-
cesses we always take o =127/23 In(M?/A?) with
A=0.5 GeV. Within the semilocal-duality ap-
proach’®™*® the upper limit of integration 2m,
should correspond to the threshold for open flavor
@ production (DD, etc.), i.e., 2my=2mp for char-
monium and 2m,=10.4 GeV for bd quarkonium.
Furthermore, to obtain the absolute cross section
for producing a definite @@ bound state, the part-
onic cross sections in Eq. (2) should be divided'®
by the number of bound @@ levels in the invariant-
@Q-mass interval M considered. Alternatively,
one might also use 2my=vs and/or employ only
color-singlet projections™**® of the gluonic ampli-
tudes, i.e., the quarkonium ground states are
supposed to be dominantly produced via p-wave
resonances. Since, in the present context, we
are not interested in these detailed model assump-
tions, we shall state all our results with the nor-
malization corresponding to Eq. (2); of course, if
one wants to compare these results with measured
absolute cross sections, they have to be multi-
plied by the appropriate duality (bound-state) divi-
sion factors and by appropriate branching ratios.
However, such ambiguities as well as the specific
choice of a5 and of the heavy-quark mass mgq, and
the detailed structure of parton distributions affect
mainly the absolute normalization of the cross
section, but are of little influence as far as the
shapes (slopes) of the pr distributions do/dpp® are
concerned. The important point of our investiga-
tion is to study the pr distribution in Eq. (2) on
resonance 7elative to the one of the continuum
dimuons in Eq. (1). This possible difference be-
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tween the dimuon and the @@ pr spectrum should
be entirely due to dynamical QCD effects and is
also independent of intrinsic parton kz’s. On the
other hand, at the present state of the art, we
cannot calculate “uniquely” the pr moments direct-
ly since their definition involves total cross sec-
tions. This is because order 0183 contributions to
the leading-order azs2 total cross section come not
only from the diagrams of Fig., 2 but also from the
so far unknown virtual gluon-loop corrections to
the leading ¢q7—~Q® and gg—~Q® subprocesses.
However, it should be emphasized that the clean-
est test of effects due to hard-gluon radiation
would be to compare directly the p, distribution.
for pr>1 GeV, and not just averaged quantities.

A detailed discussion of the calculation of the
massless 23 scattering processes in QCD has
been given in Ref. 20, where also a comparison
of their relative magnitudes as well as their im-
portance relative to the 22 subprocess can be
found. The invariant matrix elements have been
calculated using the algebraic computer program21
REDUCE. The complexity of the calculation in-
creases with the number of gluon lines since, un-
like in QED, only physical transverse helicities
have to be kept in the gluon polarization sum or
instead one has to use a covariant (Feynman)
gauge and add the contributions of ghost diagrams.
Using this latter procedure, there are 5 Feynman
diagrams for each process of Figs. 2(a) and 2(b),
whereas the gg— @®@g subprocess in Fig. 2(c) con-
sists of 16 ggg@® Feynman diagrams and 5 ghost
diagrams; thus we had to calculate 25 Cutkosky
diagrams each for Figs. 2(a) and 2(b), and 281
Cutkosky diagrams for Fig. 2(c). The heavy-
quark masses mgq for the diagrams in Fig. 2 have
been taken to be m, =1.25 GeV and m, =4.5 GeV.
In order to avoid infrared singularities, the dif-
ferential cross sections have been calculated with
a cut in the transverse momentum of the produced
heavy quark, pr>1 GeV. We have checked our
algebraic calculations by an entirely independent
numerical procedure using helicity projectors.
For further details and explicit analytic expres-
sions of the fundamental cross sections we refer
the interested reader to the Appendix.

In Figs. 3 and 4 we show our predictions for
do/dpp® at VS =217.4 GeV and 63 GeV together with
the existing data of Ref. 22 and Refs. 4 and 23,
respectively. For comparison we also show d 2o/
depTZ of the continuum in the appropriate dimuon
mass region according to the graphs of Fig. 1.
Again it should be emphasized that, as already
discussed, only the pr shapes can be safely cal-
culated for pr =1 GeV, whereas the absolute nor-
malizations suffer from uncertainties such as the
qz-dependent gluon wave functions, the choice of

o, and from the details of the duality model as-
sumptions for Eq. (2). As a general rule, the
contributions to the pr spectrum from the ¢ and
gg subprocesses are always steeper than the con-
tribution of gg scattering. Therefore, at small
values of V7T=M/Vs where the gg subprocess gives
a sizable contribution, we expect a different (stee-
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FIG. 3. QCD predictions (solid curves) for the p .
distributions of J/3 and T production at Vs =27.4 GeV
according to the diagrams in Fig. 2. The dashed curves
show the contributions of the various subprocesses. The
absolute normalizations are as in Eq. (2), but in order
to compare with experimentally measured absolute cross
sections one has to invoke additional model assump-
tions as explained in the text. These p rshapes are com-
pared with the ones of the u*u”~ continuum dzo/dep T2
(dotted curves) in the appropriate mass regions accord-
ing to the diagrams of Fig. 1. The T-production data
(Ref. 22) are normalized to our predictions atp ;=2 GeV.
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FIG. 4. QCD predictions (solid curves) for the p p
distributions of J/¢¥ and T production at ISR energies.
The notation and conventions are as in Fig. 3. The J/¥
production data are taken from Ref. 4.

per) pr distribution for resonance production than
for the p'M~¢ontinuum where no gg subprocess
exists in leading order. These effects are clearly
seen in the J/¢ mass region shown in Figs. 3 and
4 where the predicted pr spectrum on resonance
(solid curve) is significantly steeper than off reso-
nance (dotted curve). The larger the energy be-
comes, i.e., the larger the steep contribution
from the gg process becomes relative to the gg
subprocess, the more pronounced this effect will
be. At ISR energies, Fig. 4, the transverse mo-
mentum distribution of J/y production is signifi-
cantly steeper (solid curve) than for the production
of lepton pairs of similar mass (dotted curve).
The recent J/3) measurements at ISR? appear to
follow our predictions due to the diagrams in Fig,
2 and seem to disagree with the flatter pr spec-
trum predicted for the 4*4” continuum stemming
from the graphs in Fig, 1.

On the other hand at larger values of V7, as is

the case in the T mass region for example, the
gg as well as the gq subprocesses will be strongly
suppressed because of the decreasing gluon and
antiquark wave functions for increasing values o
V7. Thus the gg ~QQ@q subprocess will be mainly
responsible for the pr spectrum on resonance
which should therefore be similar to the pr shape
off resonance dominated by a similar process
gq— KU g. Our predictions in Figs. 3 and 4 in
the T mass region show that this behavior is in-
deed the case and that the difference in the pr
shape on and off resonance, which is so distinct

in the J/9 region, disappears. Recent ISR data
seem to confirm?® the similarity of the pr spectra
of the u*K” continuum and of T production. We
therefore expect in general that the average mo-
mentum increases for increasing quarkonium

mass since the p, distributions become flatter.
Indeed this trend has also been observed experi-
mentally*?** where, for instance, at ISR energies
it has been found* that (pr)s,,=(1.2+0.04) GeV
and {pr)r=(1.67+0.18) GeV. Additional precision
measurements of the pr spectra on and off reso-
nance in the J/¥ as well as T mass region should
provide us with a clean test of the two different
production mechanisms for heavy-quark bound
states and for dimuons and for the different hard
scattering processes in Figs. 2 and 1, respective-
ly, responsible for their pr distributions.

Apart from the absolute normalization, the pr
spectra on and off resonance will always be the
same if one adopts the simple approach of Ref. 25
to calculate do/. de2 for resonance and U*U” con-
tinuum production using the same two (massless)
subprocesses responsible for transverse dimuon
production as shown in Fig. 1. This approach
lacks any theoretical basis within the framework
of perturbation theory and QCD.

In order to check the sensitivity of our results
to the special choice of parton distributions, we
have repeated the calculations by turning off the
q2 dependence of the parton densities in Eq. (1),
i.e., by setting ¢ in fA(x, ¢%) equal to the input
momentum®® Qoz =1.8 GeV%. Since the gluon initi-
ated subprocesses enter dominantly into our pre-
dictions we also have repeated the calculations
using a broad gluon distribution®® xG(x, Q%) =0. 8
(1+9x)(1 - x)* which is much harder than the stan-
dard one!’ proportional to (1-%)°. In both cases,
all predicted pr distributions in Figs. 3 and 4
become flatter by at most 10% but the differences
of the pr shapes on and off resonance remain un-
changed. On the other hand, the absolute normal-
ization of the cross sections shown will of course
significantly change (typically they will increase
by afactor 2-10 depending on the reaction and on
the kinematical region considered), but these are

f24
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TABLE 1. Calculated values of b in units of GeV? according to parametrizing do/dpy?
~ exp(-bpy) in the region 1.5< p,<3 GeV. It should be kept in mind that the predicted values
of b are not constant throughout the whole p; region and they should be regarded only as an
illustration of the relative trend of the QCD predictions for {pr) between resonance (J/¥,T)
and continuum (u*r") production as a function of Vs .

pp (color

_ P pp : singlet)
Vs (GeV)  J/b () T wpy I ) T ww)y I/ T
20.6 2.7 (2.7) 2.6 (3.0) 2.6 (2.4) 2.7 2.7) 3.1 2.8
27.4 2.4 (2.3) 1.9 2.1) 2.5 2.2) 2.1 2.0) 3.0 2.1
63 2.0 (1.9) 1.6 (1.6) 2.1 (1.9) 1.6 (1.5) 2.5 1.7

sensitive also to other uncertainties as already
discussed extensively. Furthermore, we also
repeated the calculation using the color-single
projections of the quarkonium production cross
sections in Figs. 2(b) and 2(c); in this case the
quarkonium ground states J/¥, T, etc. are ex-
pected to be dominantly produced in association
with photons via p waves. In this case the pr
slopes become even steeper on resonance by about
15% than those shown in Figs. 3 and 4, and thus
the difference between the pr slopes of the J/% and
the corresponding K*U” continuum will be even
more pronounced. The absolute normalization for
this model would then be smaller by a factor of
5-8.

Although at the present state of the art one can-
not calculate reliably pr moments of heavy quark-
onium states, we parametrize our predicted cross
sections by do/dpp’ ~exp(= bpr) which is valid in a
limited pr region only, say, 1.5<pr <3 GeV,
from which we might deduce the behavior of {pr)
=2/b for the various processes considered. How-
ever, it should be emphasized that this method*
for calculating the average p, should be taken with
caution since {pr) is sensitive to the small p; re-
gion only where nonperturbative intrinsic kr
smearing effects and O(a,®) loop corrections could
change even the relative (pr) of the various pro-
cesses. Nonetheless, we show the results for b in
Table I for quarkonium production as compared
to the Drell-Yan continuum for pp as well as pp
scattering. For pp scattering we see that the pr
spectrum of J/¥ is similar to the one of 4*K~ and
both become flatter, i.e., pr increases, for in-
creasing energy vs. Inthe T mass region, how-
ever, the T has a flatter spectrum than the u*u~
continuum for Vs <30 GeV, whereas at larger
(ISR) energies the two spectra become similar.

At Vs=27.4 GeV we expect (pr)% to be about 10%
larger than (pr)Ph,., whereas (pr)¥f =(pr)?,- for
larger (ISR) energies, which is consistent with
experiment.** For pp scattering, however, the

b values for J/¢ production are always larger than
those of the u*i~ continuum and therefore we ex-

t14

pect (pr)#s, to be smaller than {pr )i, by about
15%, especially for Vs <50 GeV which is consis-
tent with experiment.® On the other hand, in the
T mass region we expect (pp)% ~(pr)i%,- through-
out the whole energy range considered. Table I
also shows, as already discussed, that using only
color-singlet amplitudes of the gluon-initiated
reactions for quarkonium production,14 one expects
a somewhat steeper pr distribution.

Finally, in Fig. 5 we give predictions for the
pr distributions of pp scattering in the T mass
region at Vs =540 GeV. In addition to the flat
contribution from the gg subprocess, the steeper
gg subprocess contributes a sizable fraction (since
VT =0.02) and therefore the pp distribution on res-
onance is expected to be significantly steeper than
the one off resonance (1*i”), the latter being
dominated by the gg—~U1*U"g subprocess. Again,
it would be interesting to see whether this distinct
difference in the pr shapes will be confirmed ex-
perimentally. Since the gg—bbg and gg—bbg sub-
processes dominate throughout the whole pr re-
gion (and not g7 —~bbg), the predicted total pr dis-
tribution on resonance is identical in shape and
absolute normalization for pp collisions, whereas
off resonance (4*U17) the pr shape is somewhat
flatter than the dotted curve shown in Fig. 5.

APPENDIX

Here we shall give the explicit analytic expres-
sions for do® of the fundamental parton scattering
processes which are required in Eqs. (2) and (1)
to calculate do“8/dpp? for heavy quarkonium pro-
duction. To leading order in perturbative QCD,
the differential cross section for the production
of a massive Q@ pair with a hard-gluon emission

(= ky) +G(= k5) = Q1) + Q(ks) + g(ks) (A1)
can be written as

dlg a3< M? _ 4mg? )"z
=\
dMdps: ~— ans \(3 - MOV = 48p,t) %

X f Ay W{x15}, mo®) (A2)
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FIG. 5. QCD predictions (solid and dashed curves)
for the p pdistribution of T production at Vs=540 GeV.
Since the gg and gg subprocesses dominate throughout
the whole p  region, the prediction for the total p dis-
tribution is the same for pp scattering. For compari-
son we also show the expected p 5 distribution d%s/
dMdp TZ of the Drell-Yan p*u~ continuum (dotted curve);
for pp collisions this prediction becomes somewhat flat-
ter at large values for p 1 (i.e., a factor of 2 smaller at
p 7=70 GeV). The conventions are as in Fig. 3.

where g(- k,) and g(~ k5) denote massless quarks
with outgoing momenta %; and %5, @ and @ are the
final massive quarks with momenta %; and %, and
mass mgq, and g is the final gluon with momentum
ks. The invariant mass of the massive quark pair
is denoted by M

= +E), M=()V?. (A3)

The transverse momenta of the quark pair Q@ are
Pr=Gr = (&; +Ky)r, and §= (ks +&s5)?, and the factor
§1§is due to averaging over the initial spin and color
states. dfa;y denotes the integration over the
Treiman-Yang angles (see Fig. 6) defined, in the
frame q =0, via the relations

K, *k
B —m i3
CORTTY =7 TR s g’ )
(s X y) * (ks X kg) I
S = > _ .
COS Ty = | I X, | w0

FIG. 6. Definitions of the Treiman- Yang angles.

The function W({x;;}, mg?) in Eq. (A2) is the in-
variant matrix element squared of the process.
It is a rational function of the variables

xiy=2ki*k;, i,j=1,...,5 (A5)

and mg®. In particular, for the subprocess (A1)
we can write

W(xi}, mo?) = ‘Zj_:l Ci; Aixis}, mo?), (A6)

where C;; is a real symmetric matrix of color
factors

81 9 -2 -7

8 9 -7 -2 ,
c% 18 -9 -9 (a7
8 1
8

and the matrix elements A ;;{x;}, mq?) are given
by the equation

Ay= 2 7T}, i,j=1,...,5 (a8)
“initial, final ;
spins

where the T;’s denote the Lorentz part of the
amplitudes defined by the five Feynman diagrams
in Fig. 7.

It is convenient to introduce symmetric matrices
Ni; and Dy,

N
Ay =-16 D—‘i , (A9)
i

which are homogeneous functions of the x;;’s and
of qu. In terms of the variables
Sy = (kg + kj)z =Xi; + miz + m,z

the denominator matrix D;; in Eq. (A9) has the
following form
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FIG. 7. Feynman diagrams for the reaction q (—k4) +7(~kj) -Q(kl)+Q(k2) +g(k3) where the heavy-quark @ states
are denoted by heavy lines.

2, 2 2 2
%31 K54, 2%ps¥31¥se”, 4SnpXs1¥ss , 2S19%31X43%s54, 2S5 1pX31¥55%54

Xpg'Xss® 4s19%p3%ss",  2S12X29%ag¥ss, 2S12X25¥s3%ss
D= 48.,°%5,%, 451" %X4gxse, 412 %5e%sa (A10)
312276432 , 2s 122’5437‘53
S122"532

and for the matrix elements N;; we find
Nyt = %1 (= XapXsg — Xas¥sp + 2 X54) + 2mq (X4 %52 + XagXs1 + XgaXsg + XagXs + 2 %54 ,
Nyp =219l %41 (55 + X55) + %49 (2051 + X53) + g (%51 + %5) + dmmg *x54]
+ Xygl %1 (= 2051 + %53) + Xgpxs1 + 2mg x5y ]
+ xg1[x4 1552 + X4z (%51 — 2%53) + 2mmg Pxse] — g Xastsg
Nyg =2x15] - 231554 +x41(4%5 + Bx55) + X4 (4851 + 3x53) + 245 (351 + Bsy + 255) + 8mg sy
+ xpa[ K41 (= By + X5y ~ X53) + (Xay = X4g)X51 + 4mmg Xy
+ x31( %4125 + %49 (%51 — 2050 — 3%53) = 3x45X52 ]

+ Zmoz[xu(szl + 4Kgy + 3X53) + %45 (4%51 — 2453 + 5¥s3) + Xaa(3¥51 + 5¥sy) + 81 2xgel,
Ny = %51 (=X 15005 + X3 %41 + Xgp¥as) + Xg1 204185 + X4 (%51 — X5a) +2%45%57 + 2mg %54 ]

+ x4 [ 241 + x49) %5 + K42 (2051 + X55) + 2mmg * (53 + 2%54) ] + 2mg P4 (x50 + K54 — %51 — Xs2) ,
Nig=Nyy(4+—5), Nypp=Ny(1+2), Np3=Ny3(1+=2), Nyy=Ny(1-—2), Nyz=Npy(4+5),
Ny = %19 254 (X1 — X = %g1) + X41(— 251 + 65 + 55) + Kgp (= 2455 + 657 + 5%53)

+ 245 (5%51 + 545y + 4g3) + 28mg x5y ]
+ Kgg[ = 2%31%54 + X41(— 651 + X53 — 3x53) + (Xgp — 3x4g) 53]

+ %g1[X41%52 + %4z (¥51 — 655 — Bsg) — Bxyg%5y]

+ 2mg [ xg1 (= 451 + gy + Taisg) + X4 (dxgy — A + Tatgs) + 243 (Tas1 + Txsy + 2453) + 24mg 5], (A11)
Nyg =215[254 (g3 + %31 + 542 + %41) = 2243 (51 + %55) ]

+ 29[ 2%51%54 + 241 (X5 = X53 = X54) + 351 (g + Xag) + B1mg 2054 ]

+ x91(%4a (g1 = K53 — %54) + 352 (g1 + X43) + B1mg 5]

+ x4 3(g1 + Xag)%s, 249 (51 + x5 + 255) + 20 (255 + 55y ]

+ %42 B0z + Xag) %51 + 2mg 2 (53 + 5x50) ] + 2mg *x43(2%55 + 254 — 5X51 — 5xss)
Ny =2%43(= %35%51 — X31%52 = 2 %53)
N5 =54 %25 (xa1 + %51) + %31 (a2 + x5) + 41 (w55 + %54 + 245)]

+ xg1[ 255 (Xag + 2054) + 255 (52 = 2%49) | + K51~ 24557 + %y (5g + 254 + %3],
Ngs=N3y(4—5), Ng5=Ny(4+5).
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The cross section for the subprocess

q(=pg) + g(= ps) ~Q(p1) + Q(ps) +q(ps) (A12)

can be easily obtained from Eq. (A2) by the use of
crossing symmetry. Interchanging the antiquark
line with the gluon line, modifying the spin and
color average factor, and introducing a negative
overall sign, we get

2 & 3 2 2 1/2
do =_£3:(_ M2 _ 4 : ) L
dMdpr 415 \(3 — M°)* - 43pr
xfdQTYW({xij}, mg?), (A13)

where 3 =(py +ps)? and the Treiman-Yang angles
are now defined in terms of p;, similarly to Eq.
(A4), by

3 52 '55
c080pmy =— 55—
T gl Ipsl Ui,
08Py == (D5 XP5) * (s X b2)
IpsX Pl IpsXpal 1513

The invariant matrix element squared W({x;}, 7q?)
is the same function as given by Eqs. (A6)-(A11).

The physical region of the variables x;;, however,

is different: They are defined by Eq. (A5) in

terms of the vectors k;’s,
ky=p;ifi=1,2,4, and ky=p5, ks=p;. (A14)

The algebraic formula obtained for the invariant
function W for the subprocess

g(= 1) +g(= 1) = Q) + QL) + gly) (A15)

is exceedingly longer than the expressions given
by Eqs. (A6)~(A11). In this case we have 16 Feyn-

man diagrams, where 3- and 4-gluon vertices
occur more frequently. Furthermore, there are
complications due to the summation over the gluon
helicities since either a helicity projector has to
be used,

B Bun, tEn, R, A16
;y €u€, ==y + o - (A16)

where 7, is an arbitrary timelike unit vector (n?
=+1), or one can replace the sum €, €, with
—g,, but then the contributions of ghost diagrams
have to be subtracted in order to eliminate the
unphysical longitudinal gluon polarization com-
ponent. In the algebraic calculation with REDUCE
it was more convenient to apply the second method.
We also calculated the function W ({x;;}, mg?) at
several phase-space points with the help of an
entirely numerical method, in which the helicity
projector (A16) has been used. The virtue of the
algebraic expression is obvious: The calculation
of the value of the function W at a given point with
the help of the numerical program was slower by
a factor of about 200.

Finally we mention that if we allow production of
the final quark pair only in a color-singlet state'
then we should only change the color matrix in Eq.
(A7) to

1 -1000
-1 1 000
Csinglet:% 0 0000]. (a17)
0 00O0OC
0 00O0OO
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