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We discuss physical effects given by QCD 2 — 3 scattering subprocesses. Transverse
thrust distributions, jet and 70-79 azimuthal correlations, pg ¢ distributions have been
calculated at different energies with various cut-offs and are compared with the available
data. Effects of transverse momentum smearing and jet broadening are also estimated. It
is pointed out, that if the QCD description is correct, 3-jet effects will be revealed at
transverse energies above £'| =~ 20 GeV and transverse jet momenta above pjft =~ 5GeV
in future ISR, SPS pp collider and ISABELLE experiments.

1. Introduction

The study of large transverse momentum phenomena in hadron-hadron collisions
was started by an ISR experiment in 1972 in which an anomalously large inclusive
cross section has been found for inclusive production of large transverse momentum
79°s as compared with the naive extrapolation from the low-p, region [1]. It has
provided some evidence that quark-quark scattering might be studied experimen-
tally in the large transverse momentum region.

Motivated by the parton model, different hard scattering models have been devel-
oped which have all predicted production of transverse jets in hadron-hadron colli-
sions [2—4].

In the naive parton model the large-p, production of hadrons is described by the
diagram in fig. 1. The large transverse momentum reaction is assumed to occur as a
result of a single large-angle scattering of the constituents of the colliding hadrons
followed by fragmentation of the final scattered constituent into the trigger hadron
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Fig. 1. Diagrammatic representation of the parton model description of large transverse mo-
mentum hadron production.

where F2 (x,, q.,) is the number of constituents of type a within a hadron A with

= 0 % =24 a2 ip2l/2 h
momentum pa (ka “XaPA tqia:Paq1a = 0, Xa T (Xa + QLa/pA) ! )and DC(ZCa Q_Lc)
is the number of hadrons with momentum fraction z. and transverse momentum

9ic

= p. — 2.k (q o k. = 0) coming from a given constituent of momentum k..

In the last years, however, a quantitative theory of strong interactions has
emerged, quantum chromodynamics (QCD), which provides us with further theo-
retical ideas concerning formula (1.1) at least in four respects.

(i) At relatively small distances the nature of the parton-parton scattering force

Table 1

Cross sections for the various 2 — 2 QCD scattering subprocesses
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The differential cross section is given by do/dt = rrozsz(Qz)lleAlz.
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denoted by do/dz in eq. (1.1) is known [5]: it is given by the quasi-elastic scattering
processes listed in table 1.

(ii) The QCD subprocesses must be corrected for the emission of gluons. It has
recently been pointed out [6] that the infrared-divergent part of these corrections
can be factorized into the running coupling constant of the subprocesses and into
non-scaling quark, antiquark, gluon distributions and fragmentation functions,
which are measured in deep inelastic lepton-hadron scattering and in e"e™ annihila-
tion.

(iii) Since quarks and gluons are confined in the transverse direction within the
proton, the partons must have a “primordial” transverse momentum =300 MeV. In
QCD, like in any renormalizable field theory, the transverse momenta within the
bound state are not limited, in contrast with the assumption of the naive parton
model approach. However, the large transverse momentum effects are calculable in
QCD, because the effective coupling constant becomes small due to the asymptotic
freedom and perturbation theory can be applied. These large momentum transfer
processes give rise to a particular pattern of scale-breaking effects in electro- and
neutrino production which is confirmed in recent high-precision experiments [7].

Large transverse momentum effects are also revealed by the transverse momen-
tum distribution of the lepton pairs [8—~13] or heavy quarkonia [14] produced in
hadron-hadron collisions. In particular, the p; spectrum of the u*u™ pair (both off
and on resonance) is predicted to have a non-gaussian large-p, tail, which becomes
flatter as the energy and/or the mass of the lepton pair is increased in agreement
with the measurements [15,16].

Similarly the large momentum tail of the p,,, spectrum in two-particle correla-
tions measured at ISR [17] is expected to be dominated by the contributions of
the 2 — 3 subprocesses [4,18].

(iv) Finally, QCD implies the existence of three or more jet events. A great deal
of activity has been devoted to this question in the last year. Various infrared-finite
observables have been proposed to describe event structures, calculable in QCD.
Obviously e"e ™ annihilation into hadrons is the cleanest place to study QCD 3-jet
effects: there is only one energy scale, the non-perturbative mechanism occurs only
in the final state (in the case of inclusive treatment it becomes unimportant). The
first experimental attempt to study 3-jet configurations has recently been carried out
on the T resonance by the PLUTO group [19]. The study of the production of 3
large transverse momentum jets in hadron collisions is expected to be feasible, as
well. The most important question is, of course, how much of the QCD effects can
be revealed from the non-perturbative background.

Large-p; meson production has been studied within the QCD framework by
various authors [20—25]. The most exhaustive study has been performed by Feyn-
man, Field and Fox [21] (FFF). They have pointed out that the QCD description
may explain the apparent p® behaviour of the inclusive cross sections, despite the
pT* behaviour of the hard scattering processes if we bring in all the essential ingre-
dients of QCD: gluon scattering contributions in addition to scattering of quarks,
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scale breaking effects in the wave functions and large transverse momentum smear-
ing. However, several problems have remained. The transverse momentum smearing
required for large-p, events appears to be too large, the average value of pgy; is
higher than the predicted one, the description of charm production is still quite con-
troversial, etc.

We remind the reader that all the analyses performed so far are based solely on
the 2 > 2 subprocesses * (see table 1). We may argue that in the present range of
energies, o (0?) is not sufficiently small to make the lowest-order approximation as
precise as needed. Higher-order radiative corrections may become important. In par-
ticular one may hope that the problems encountered above can be remedied, at
least partly, by adding to the Born diagrams the first-order QCD corrections. These
corrections to single particle distributions of the large transverse momentum jet
and/or meson production consist of the contributions of the 2 - 3 subprocesses and
loop corrections. Therefore, essential cancellations may occur and the whole infrared-
ultraviolet renormalization procedure has to be performed. Such a complete study
has been carried out only for the Drell-Yan process [27,28]. There are, however,
several physical quantities like the p, distribution of heavy quarkonia produced in
hadron-hadron collisions, 3-jet production, azimuthal angle correlations of large
transverse momentum particles, p,,¢ distributions, transverse thrust distributions
etc., for which the Born approximations are given by the 2 - 3 subprocesses. The
contributions of the 2 - 2 subprocesses, and therefore also the first-order loop cor-
rections, vanish due to kinematical reasons.

Our main aim is to present a realistic phenomenological calculation of 3-jet con-
tributions relevant for the presently available data obtained at ISR. In particular,
Pout distributions, jet and 7°7° azimuthal correlations and transverse thrust distri-
butions have been calculated at different energies with various cut-off conditions
and are compared with the data. We include all the important ingredients, namely
4q-1g, 2q-3g contributions, g dependent parton distribution functions, jet frag-
mentation and p, smearing. The contributions of the 5-gluon amplitudes at ISR
energies with p, > 3 GeV/c give only small corrections. This is expected since the
contribution of gluon-glhion elastic scattering to the large-p; spectrum of inclusively
produced mesons in proton-proton collisions is negligible even with the use of
relatively flat gluon wave functions. The radiative corrections given by the subpro-
cess gg — ggg are negligible for the same reason. They are suppressed by folding
with the steeply falling gluon wave functions. We remark that the calculation of
this contribution is particularly ambiguous, since just the gluon wave function and
the fragmentation of the gluon jets are the most uncertain unknown quantities of
the QCD model.

* The possible effects of the 2 — 3 subprocesses have been taken into account only in the trans-
verse momentum smearing, assuming a larger value for (k) (k) = 900 MeV). An attempt to
explain the 79-70 azimuthal angle correlation data by use of the subprocess qq — gqq has been
made by Kripfganz and Schiller [26].
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In sect. 2 the calculation of the parton cross sections is described and some of
their essential features are discussed. In sect. 3 we specify our parton wave func-
tions and decay functions. Present ambiguities given by Q% dependent parton distri-
butions and fragmentation functions, running coupling constant, smearing at low
Py, cut-off dependence, etc., are also investigated here. In sect. 4 we present and
discuss the results, sect. 5 is the conclusion and in the appendix we give the formula
for the cross section of the process qq’ - qq'g.

2. Calculation of the parton cross sections

The 2 — 3 QCD scattering subprocesses can be classified into four classes (see
table 2), namely to 2q-2q-1g (the quark pairs have different flavours); 4q-1g (the
quarks have the same flavour) 2¢-3g and Sg processes [29].

The invariant amplitude squares have to be calculated for each class. The cross
sections within a given class are simply related by crossing symmetry. The Feynman
diagrams giving the amplitudes for the processes of each of the four classes are
shown in fig. 2.

To leading order in perturbative QCD, the differential cross section for all 2 - 3
subprocesses (with massless partons)

aq(—kq) tas(~ks) > a, (k) +ay(ka) +az(ks) (2.1)
can be given as
g4 3
Sy =C 5 WisiH, (2.2)

dg? d|f dQTY 8ms?

where C denotes color and spin averaging factor, g is the QCD running coupling
constant, q2, t, s, s;; denote invariant variables

q=kytky, t=(kat+q)?, 5= (kstks)?, (2.32)
sij = (i + k)7 (2.3b)

QY denotes the Treiman-Yang solid angles (see fig. 3), defined in the frame g =0

Table 2
Four subclasses of crossing related 2 — 3 subprocesses

Q9'qq’g Qqqqg qqgee 2RE

qq’' ~qq'g qq —~qqg 8q ~ ggq qq — geg
qq —~aq's qq ~ qqg qq — geg

94’ ~q'q'e g4 — 999 g8 — 899

gq ~qq'q’
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Fig. 2. Lowest-order QCD contributions to the production of three large transverse momentum
jets in hadron-hadron collisions. There are (a) 5 diagrams tor the amplitudes q4q'q g, (b) 10 dia-
grams for qqqqg; (c) the amplitude of gggqq is described by 16 diagrams, (d) the 5-gluon ampli-
tude is given by 25 diagrams.

with the relations

pTY = ki ks cos 7Y =  (ky Xks) (k3 Xks)

cOos — , .
,kz,'iksl q=0 'kz stl'lk_;stl q=0

(2.4)

The function W{{s;;}] is the invariant matrix element squared for the problem. For
each class of the subprocess given in table 2 we can write the corresponding invari-
ant function as a trace of two real symmetric matrices

Ng
WO sy)= 2 Ch sy} (2.5)

where F can take values a, b, c, d corresponding to the different classes (table 2) and
diagrams (fig. 2), N gives the number of the Feynman diagrams (V, = 5, Ny, = 10,

-Gy

Fig. 3. Definition of the Treiman-Yang angles.
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Fig. 4. Ghost diagrams contributing to the 3g-2q amplitude.

N =16 and Ny = 25) and Cj; are the matrices of the color factors. The matrix ele-
ments A,!}[{s,»j}] are given by the equation

al= 2 TFTT, (2.6)
initial,. final
spin

where the T;’s denote the Lorentz part of the amplitudes defined by the Feynman
diagrams of fig. 2. We have performed the calculation of the matrix elements A,‘, for
the first three subclasses a, b, ¢ with the help of the computer program REDUCE *.
In the appendix we give explicitly the matrices A,(]“-‘) and Ci(lf"), for the 2g-2q-1g sub-
process, where the crossing procedure is also illustrated. The expressions obtained
for Cl.(l-b), Al(/t-’) (49-1g) and C,-(/-C), A,(-]‘?) (2q-3g) are exceedingly longer than the formula
given in the appendix for C®), A}j’f’), since if the number of the external gluon lines
is increased, we have more léeynman diagrams and more 3- and/or 4-gluon vertices.
Furthermore, if we calculate in the Feynman gauge, a large number of ghost dia-
grams to be added (see fig. 4):in the physical gauge, however, we have a longer
expression for the gluon helicity sums:

nyk, +mk, 3 kuk,

— e (2.7)

2 M) = gy +
where 7 is an arbitrary timelike unit vector (n2 = 1). The algebraic calculation of
Ag has been performed in the Feynman gauge which has been checked with an
entirely numerical calculation performed in the physical gauge. In order to under-
stand better the basic properties of the pointlike, QCD partonic cross sections of
the 2 - 3 subprocesses, we have calculated integrated (unphysical) cross-section
values without folding them with structure and fragmentation functions. To avoid
contributions from infrared and mass singularities, we applied transverse momen-
tum, polar angle and acoplanarity angle cuts. The transverse momenta and polar
angles are defined for c.m. collisions with respect to the beam directions

0;= arcos(

_pbeam *Di ) , (2.8)

|Poeaml * (2]
where p; denotes the three-momentum of the parton 7 in the final state. The aco-

* The contribution of the S-gluon amplitudes, relevant at higher energies, will be discussed else-
where [30].



52 Z. Kunszt, E. Pietarinen [ Large-p) jets
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Fig. 5. Definition of the kinematical variables p,;4, acoplanarity angle ¢, transverse momenta
pi;and xe.

planarity angle is defined as the angle of two planes defined by the vector pairs
(Pveams Pi)s (Poeam » pj)7 i#] (see fig. 5) *, ie.,

Yij = marcos|:(pb Xp)" o ij)jl . (2.92)
! \py X il * 1Py X pj

The azimuthal angle difference between the transverse momenta of p;, p,; of the
partons { and j, respectively, is simply given as

¢ii =7 — WI] . (29b)

In table 3, we give some integrated parton cross-section values for 2 = 3 sub-
processes and {in parentheses) for 2 = 2 subprocesses. We assumed that only two
(i, /) out of the three final particles are observed. In other words, we applied cuts
only for the three-momenta of two final partons. The cross-section values have been
calculated at total c.m. energy \/s = 20 GeV, with polar angle cuts 8, = 15°, 30°,
45°, 60° both for the 2 > 2 and 2 - 3 processes. In case of the 2 - 3 scatterings, in
addition we used transverse momentum cuts p;, pj; > 2.5 GeV/c and acoplanarity

cuts Y. = 2—1317, %77

180° — Yo = ¥y > Y . (2.10)

The transverse momentum cut is needed to avoid soft infrared singularities, the
acoplanarity cut ensures that we have 3-jet-like configurations. These cuts are not
symmetric in the momenta of the final particles. Table 3 gives the averaged value of
the three possible pairings of the final “particles” as “observed particles”. The

* The same definition is used in the study of hard photon bremsstrahlung in QED, e.g., in
Bhabha scattering [31].
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phase-space integrations were made by a Monte Carlo method and the numbers have
5—10% accuracy. The cross sections with equal flavour are not given, since they dif-
fer from the ones with (q # q') only about 5—10%.

We used running coupling constant defined as follows:

127
(33 — 2N§) In(Q?*[A?)

With A = 0.5 GeV, N = 5, for the Q-value we have chosen the transverse energy

as(Q*) = (211

EX73 =1p | +1pail +lpail . (2.12)

What is the correct quantity to use for Q2 in the case of the 2 - 2 or 2 — 3 subpro-
cesses, contributing to 2-jet and 3-jet production in pp collisions, is not clear at
present. Our @ value is factor 2—2.5 larger than the one used by Feynman et al. [21].
For the 2 — 2 subprocesses we take similarly

Ei72 =\py il +1pal=2lpyul. (2.13)

These ambiguities are not important if we study the relative rates of 3-jet—2-jet con-
tributions, but changing A by such an amount can change the normalization of the
cross sections by 20—30%.

As we can see from table 3 the relative magnitude of the hard gluon bremsstrah-
lung cross sections with respect to the Born cross section can be enhanced or sup-
pressed by changing the magnitude of the cuts: e.g., changing the value of ¢ from
&7 to g or the value of p§ from 2.5 to 5 GeV, the hard gluon cross sections become
smaller by a factor =3, on average. The critical value of ¢ and p, . where radiative
corrections become exceedingly large (30—40%) may be interpreted as a measure of
“jet broadening” of the jets produced in hadron-hadron collisions. This is further
illustrated by fig. 6, where cross sections of three different hard scattering processes
(qq = qqg, 8q > ggq and gg ~> gqq ) are plotted as functions of € and &. The cross-
section value of the corresponding elastic scattering is also indicated. Here 5 and €
denote angle and energy fraction cuts, respectively, similar to the ones proposed by
Sterman and Weinberg [32]: in our definition all the angles between the three-
momenta of the final particles and the beam direction are required to be larger than
5 and the energy fraction carried by any of the final jets is required to be larger
than e.

It is obvious from table 3 and fig. 6 that, in general, the hard gluon emission pro-
cesses give 20—30% effects with o = 0.2, 5 = 0.1-0.2 as compared with the leading-
order cross sections, similarly to jets produced in e"e~ annihilation. There is, how-
ever, a very interesting exception: gg > gqq. In this case the relative magnitude of
the cross section with respect to the Born cross section is 5—6 times larger than the
same ratio for all the other processes in table 3. This exceptional value of the hard
gluon corrections, however, has a very simple explanation. As it can be seen from
table 1, the cross-section ratio

o(gg ~> gg)/o(gg ~ qq) ~ 150250 (2.14)
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Fig. 6. Integrated parton cross sections o(e, 8) for the subprocesses gq — ggq. 9q — qqg.
gg — £q4 at /s = 200 GeV are plotted as functions of &, for e = 0.1 and 0.2. The cross-scction
values tor the corresponding elastic processes are also indicated.

is anomalously large. In QED, photon-photon scattering cannot take place up to
order a*. Furthermore, the cross section of the gg - qq process,

(iR 9 (a? + P L
088 Ul 2| — —= > , (2.15)
us 2 s /

differs from the cross section of the analogous QED annihilation yy - u*u~ in the
second term, which is always negative. The anomalously large ratio (2.14) is a con-
sequence of the color factors and properties of the three- and four-gluon couplings.
The large radiative correction has a simple origin: the process gg = gqq can also be
interpreted as “Dalitz-conversion™ corrections to elastic gluon-gluon scattering. In
this comparison the correction is very small, 1-2%. In QCD, due to the 0? evolu-
tion of the parton wave functions and decay functions one cannot treat the differ-
ent subprocesses separately: they are related by the Altarelli-Parisi evolution equa-
tions [33] and the factorization theorem holds only in this sense. Nevertheless, it
would be interesting to find some phenomenological consequences of this anomalous
behaviour. It may have importance in describing the p1 distributions of heavy
quarkonium production in hadron-hadron collisions in the intermediate region
pi/mog <1 butp; >1-2 GeV. Unfortunately, at present it appears to be difficult
to make this expectation quantitative.

We have also calculated the cross sections at higher energies (100, 150, 200 GeV)
and have found that, keeping the cut-off values 8, Y. p,./v/s fixed, the pattern of
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the relative importance of the different subprocesses and the ratio o(3-jet)/o(2-jet)
generally remained almost the same (see table 3 and fig. 6). This also indicates that
if factorization of the collinear and infrared singularities holds for transverse momen-
tum distributions, as well, then instead of p, we must use the dimensionless variable
[34] x = 2p Vs

We also have studied the acoplanarity distributions of the subprocesses, which
turned out to be qualitatively similar to the corresponding QED distributions. We
mention finally that changing the colour factors to the QED values, we could repro-
duce the acoplanarity distributions, e.g., for Bhabha scattering, published in table 6
of ref. [31].

3. Parton distribution functions, physical cross sections
3.1. Parton wave functions

According to formula (1.1), in the QCD approach, physical cross sections are
obtained by folding the parton cross sections with parton wave functions and decay
functions, which are measured in deep inelastic leptoproduction and in e*e™ anni-
hilation. However, the distributions of gluons within the proton, F§ (x, 03), and the
distribution of hadrons in a gluon jet, Dg (z, 03%), at some reference momenta are
very weakly constrained by the deep inelastic leptoproduction data. In the analysis
of the hadron-hadron scattering data they are chosen in such a way as to provide a
qualitatively good description of the experimental features of high-p; processes,
namely large transverse momentum meson production, p, distribution of lepton-
pair production, p, distribution of heavy quarkonium production, etc. The data
still have various ambiguities, so presently we have quite a lot of freedom in the
choice for FE(x, 03) and DE (z, @3). These ambiguities, however, become less impor-
tant in making a comparison of the two- and three-jet production rates.

In our analysis we have chosen two types of distribution which yield approximate
upper and lower estimates of the ambiguities present in the gluon content of the pro-
ton. .

(i) As a first set of distributions we have used the parton distributions of Buras
and Gaemers [35] with scaling deviation as predicted by QCD, where the input den-
sities at 0% = 03 = 1.8 have been obtained from fits to deep inelastic leptoproduction
data. In particular for the valence-quark distribution we used their simple parametri-
zation of the QCD predicted Q* dependence, whereas for the sea and gluon distribu-
tions we used the improved Q? dependent wave function as calculated by Owens and
Reya [36] by Mellin inverting the first 100 moments given by QCD and fitting the
result with simple analytic expressions. More explicitly, the input values have been
fixed by the experimental values of the lowest moments at Q3 = 1.8. Using the defi-
nitionu=u, +§,d=dy, +§,d=d=5s=5=§,

(xuy (Q3) +xd,(Q3)) =0.488, (3.12)
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(xE(03)) =0.0183, (3.1b)
(xG(Q3), =0.402 , (3.1¢)
where the moments are defined by

1
M;(n, Q%) = (F;(x, 0*)), = j dx x"VE (v, 0) . (3.2)
0

The full 9 dependence for the valence part is chosen to be the same as that given
by the parametrization of Buras and Gaemers by fitting the first 12 moments pre-
dicted by QCD,

3
xuy (e, Q%) +xdy(x, 0*) = —————— xM(1 —x)2 (3.32)
Ve @) v, 0 By, 1 +ny)
1
xd,(x, 0*) = ————— x™M(1 —x)™ , (3.3b)
v 0 B(ns, 1 tn,) (
with
7, =0.70 - 0.176 %, n, =26+0.807% , (3.3¢)
13 =0.85-0.247, M4 = 3.35+0.8167% , (3.3d)

where 5= In[In(Q?/A?)/In(Q3/A)], 03 = 1.8 GeV?. The use of the Euler beta
function, B(m;, 1 + n;),i= 1, 3 ensures baryon-number conservation for all values of
Q.

The x-dependence of the sea and gluon distributions has been chosen to be in
agreement with naive counting rules

xE(x, 03)=0.147(1 — x)7, xG(x, Q3)=2.4(1 —x)° . (3.4)

For their Q% dependence, we adopted the results of Owens and Reya (see egs. (3)—
(7) and table 1 in ref. [36]).

(ii) Some of the physical correlations have also been calculated with 02 indepen-
dent wave functions and with the gluon wave functions proposed by FFF [21]

xG(x, 0% = 4 (GeV/c)*)=0.80 (1 +9x)(1 — x)*. (3.5)
In certain cases we have azlso included transverse momentum smearing with gaussian
smearing functions ~e “¥1/27

3.2. Decay functions

In most of the calculations for the results presented in sect. 4, we use a simple
parametrization of the effective fragmentation functions which represents a reason-
ably good analytic approximation for the description of the data of inclusive meson
production in e*e” annihilation and lepton-hadron interactions [37].
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For completeness we list the naive fragmentation functions used in the calcula-
tion of the 7°%-7° azimuthal correlation and p,, distributions (see figs. 10 and 12).

Following refs. [37,38] we parametrize the independent fragmentation functions
as follows:

zDZI+ =gz (e — 2) + £, (1 — 2)?, DT =E.(1 — 2)?,
DK =bvz -2y il —2)%, DK =g (1 -2,

DX =az (e - 2) + i (1 - 2)?, (3.6)
where the limiting behaviour
DK D 1, asz~1, DEX/DK 1. asz—~0

has also been required.
Two of the coefficients can be eliminated by satisfying the energy and isospin
sum rules

[az 22Dy =1, (3.72)

r + - * 0 KO -
Jdz (DT~ DY ) +53@F DY+ 5O -Di ) =5 (3.7b)
We assume [37], as indicated by the data, SU(3) breaking &g /¢, = % and
@+b)e— 1)~0.075

given by the production of charged hadrons in deep inelastic neutrino scattering, so
we have

¢=0225, b=4a, ¢=1222, §,=0488. (3.8)

With these parameters there is a small leakage of quark charge due to SU(3) break-
ing.

Choosing the gluon decay functions one can be guided by the following argu-
ments [37]: on one hand, the energy sum rule has to be satisfied:

[dz 2307 +4DK)=1;

furthermore in QCD, where qq pairs are produced vig gluons emitted by the initial
quark, the gluon fragmentation function Dg(z) must be steeper than the favoured
and flatter than the unfavoured quark distribution as z — 1. So it appears reasonable
to assume

2D} =M1~ 2)s (3.9)

K

Assuming again 50% SU(3) breaking ¢™/c® ~ 2 we obtain ¢™ =3, c® = }. We remark

that FFF assumed at Q3 = 4 GeV? the form
2D =048 (1 ~z)? . (3.10)
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In order to understand the possible mechanism producing the “same side” enhance-

ment in the azimuthal angle correlation data (see fig. 10) we have also used the

Feynman and Field [4] Monte Carlo jet development model for the contributions

of the 2 = 2 subprocesses. In the case of the 3-jet contributions we have also

assumed factorizable gaussian transverse momentum distributions for the 7° frag-

mentation. We did not include the Q% dependence (as predicted by QCD) for the
PO : *
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3.3. Physical cross sections

The differential cross section of 3-jet production can be given in the form [see
eq. (1.1)]

dg OAB—*’Cde d.xa de
—_— = a0 424, d2 7. F3 (x.. O
d3kc dakd d3ke ﬂ,bfxa X qia qib X, A(Yd! Q ’ qla)
85 d4aab-»cde(s__) (3.1
[

X xR, 0% @00 T gty Ktk — ke ka—ke)

E E4E,

where the parton cross section d*& is given in eq. (2.2). We have studied acoplanarity
angle, pyu¢ and transverse thrust distributions. The transverse thrust [39] is defined
by

max Z (lky; - nm)
i

T, =2 , 3.12
A i (3.12)

where 2 denotes sum over all particles in one semicircle, # is a unit vector in the
transverse momentum plane which has to be chosen to maximize T, and E is the
transverse energy [see eq. (2.13)]

Ei= 25 lk,l. (3.13)

i=c,d.e

The differential cross section at fixed E| can be written as
42 o(3-iet) 49 gAB—cde

= 27 [ 55— %k, d%kg A3k
dE, AT,  cde f f 43k, d3kq d3k, ¢ 4T Te
(<]
X 8(T| — 2 max(h;/E,)) 8(Ey — 25 1k;1) - (3.14)
j=i
The acoplanarity (or azimuthal) distributions are given by similar expressions.

* [t would further suppress the subprocesses where gluons are produced in the final states. How-
ever, for the applications presented in this paper this effect is not important.
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Two or more particle correlations can be obtained from the 3-jet cross sections
(3.11) by folding it with the parton decay functions:

d6o,h1h2

Eni1Ena f de] dzy d2qy; d*qux

d*pn, daphz jik,1

49 gAB—j i+ ) ,

By Py, a2y PP G € )

N T . 218

XpDi*@r, O° k) 53 (3.15)
Zj Z

where q,; = pn, — z;k; and Z; = (z, tq /k2)”2 AZlmuthal correlatlons of two
neutral pions d20™ " /dE, dy and p,, distributions do O /dFl dpou; are
defined by analogous formulae. We remind the reader that py, is defined [1] as
(see fig. 5)

[pbedm X Py tngger]
Ipbeam “pl triggerl

Piout = Di| . (3.16)
Various infrared-finite observables have been proposed in the literature for the
analysis of event shapes of multijet events. Obviously all of them can be generalized
to the study of the three-jet production in hadron-hadron collisions, putting the
vector for the transverse energy flow as a function of the azimuthal angle [40],
“higher” transverse thrust variables, rotationally invariant C; variables of Fox and
Wolfram [41]

Cr=1 231 pul e™i)? (3.17)
1]

where the p ;s are the perpendicular momenta of the resulting hadrons and ¢; is
measured relative to an arbitrary axis chosen in the plane of transverse momenta,
etc. However, with the meagre data available at present, we feel that it is premature
to work out distributions for all these variables.

One may try to study 3-particle correlations as well, although the rate will be
very small.

3.4. Smearing and cuts

In the presently accessible energy and transverse momentum range it is expected
that almost all of the three-jet effects are below the “noise” of the smeared two-jet
contributions.

‘In order to obtain a rough estimate of the relative magnitude of the 2-jet and
3-jet contributions to the transverse thrust distribution we used a crude approxima-
tion: the primordial transverse momenta of the partons (inside the bound-state
wave function) and the hadrons (inside jets) have been neglected; however, we
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smeared the 2-jet cross section with some “‘reasonable width™. In particular it has
been estimated [40,42] that the transverse thrust distribution of the 2-jet contribu-
tion has an approximate gaussian shape with some effective “non-perturbative”
width

()
(AT np = in(E) % . {py=300MeV, (3.18)
1
with multiplicity
nE)=1.0+2.1InEZ. (3.19)

So the normalized transverse thrust distribution (which is expected to vanish at
T=1) has the form

1 ¢ 2 ._(1~T)2/(AT)2NP(1
do/dE, dT, dE, (AD)¥p

(where £, = 2p*®* for 2-jet production). Obviously as AT - 0, Fy(T) + 6'(1 — T).
The numerical values of (AT)yp at £, = 10 GeV is (AT)np >~ 0.16 and at £, = 20
GeV, (AT)np = 0.10. Alternatively, we have introduced x and Q? independent,
factorizable gaussian k% behaviour into the parton wave functions with (%)~ (500
MeV)? and we have applied the jet development Monte Carlo program of Feynman
and Field [4] for the fragmentation of the final jets. Such a smearing appears neces-
sary in the discussion of the “two-peak” structure of the experimental 7%-n° azi-
muthal angle correlation data [43] at relatively small transverse energies (£, =
8—-12 GeV, see figs. 10,11).

In some other applications (see figs. 11,12) we applied gaussian smearing together
with the naive fragmentation functions (see subsect. 3.3). We would like to remark
that effects given by transverse momentum smearing are not important at higher
energies or in the estimate of the contribution of the 2 - 3 subprocesses.

In order to have sizable 3-jet effects, kinematical cuts suppressing the 2-jet con-
tributions must be applied: e.g., one must cut the thrust variable to be smaller than
a certain critical value (77) or we can require that p,,, be larger than some reason-
ably chosen value. In hadron-hadron collisions, however, in contrast to e*e™ anni-
hilation, the relative rate of the 3-jet versus 2-jet contributions can also be dras-
tically changed with energy and/or polar angle cuts and not only with cuts requir-
ing 3-jet configurations [see egs. (2.8), (2.9)], since the pointlike parton cross sec-
tions are folded with steeply changing parton distribution functions. We have found,
e.g., that applying only transverse momentum (or jet energy) and azimuthal angle
cuts, the ratio of the 3-jet/2-jet contributions (r = Ac(3-jet)/ Ac(2-jet) in integrated
cross sections is suppressed by some Jarge factor 3—10, as compared with the ratio
of the corresponding parton cross sections * (ro = Agg(3-jet)/Aog(2-jet)). To the

- D=FD), (3.20)

* The comparison of r with rg depends on the incoming energy. However, with a given hadron
energy /s we can always associate some effective parton energy range N VXxaXps in which
the physical cross section obtains the dominant contribution, with the applied cuts.
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contrary, if the cross sections are calculated at (approximately) fixed transverse
energy (see tables 3,4) with some relatively smaller p, cut and a reasonable azi-
muthal cut (to avoid contributions from mass singularties), the value of r becomes
enhanced with respect to the value of ry. This is a simple kinematical effect. If all
the final particles were produced in the transverse momentum plane [¢; = %77, see
eq. (2.8)], then obviously at fixed £ the ratios r and rq would be the same. (If £,
were not fixed, the back-to-back configurations would be enhanced [26]). However,
if we consider cross sections integrated over some finite polar angle range (m — 8, >
6;> 6.), then at fixed transverse energy, the effective 7-value (7 =x,x ) of the 3-jet
contribution is smaller than the effective 7-value of the 2-jet contributions. There-
fore, the 3-jet contributions increase with decreasing polar angle cut 6. The impor-
tance of fixing the transverse energy has been realized in the ISR experiment [43].

4. Results, discussions

Similarly to the case of 2-jet effects, 3-jet contributions might be investigated by
considering either direct jet effects (independent from the jet fragmentation) or
various two- and three-particle correlations in the final states of the large transverse
momentum particles.

Study of the transverse thrust distribution [see eq. (3.14)] appears to us to be a
very convenient and totally feasible method for future analysis of the large trans-
verse momentum particle production in high-energy hadron-hadron collisions at
ISR, SPS pp collider and Isabelle energies. It provides an overall measure of the
“jetness” of the process and is independent of the ambiguities of jet fragmentation.

In figs. 7a,b we have plotted the transverse thrust distributions for proton-proton
collisions at v/s = 52 GeV with transverse momentum cut (for jets) p; > 1.5 GeV/c
and transverse energies £, = 8—10 GeV and 10—12 GeV, respectively. No polar
angle cut has been applied. Except if it is not specified otherwise, in what follows,
for all the figures, 0% dependent parton wave functions [see subsect. 3.1, parametri-
zation (i)] have been used. We can see that the dominant subprocess is gq —> ggq,
similarly to the 2 — 2 subprocesses where the largest contribution is given by gluon-
quark scattering. In the same figures we have plotted the smeared 2-jet contributions,
using the smearing procedure described in subsect. 3.4. It is clear that in the given
kinematical regions, the smeared gaussian distribution of the 2 - 2 subprocesses is
the dominant one throughout the entire region of the transverse thrust variable;
therefore, to reveal any significant 3-jet signal appears to be very difficult. This has
been expected, since even in e*e ™ annihilation, where we do not have the complica-
tions given by the bound-state wave functions, it appears very difficult to find any
significant three-jet effects at /s = 10—12 GeV. In hadron collisions at these ener-
gies with p; > 15 GeV/e, contributions given by the CIM model and the background
of the beam fragments might still be non-negligible. This conclusion is further con-
firmed by the analysis of the azimuthal correlations of 7%-7° (see figs. 10,11).
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Fig. 7. do/dT plotted for various values of £ at (a—c) \/5 = 52 GeV and (d) +/s = 540 GeV.
The contributions of different subprocesses are also indicated. The dotted curves correspond to
the non-perturbative two-jet contribution calculated by smearing, described in subsect. 3.4.

Increasing the transverse energy up to £, = 18—20 GeV (see fig. 7c) the quark-
quark scattering contribution becomes dominant and the tail of the thrust distribu-
tion (T, < 0.75) starts to emerge above the gaussian tail of the smeared 2-jet con-
tribution. Although the cross section is smaller by almost three orders of magnitude,
the experimental investigation of this region still appears feasible. Possible non-
QCD mechanisms might be further suppressed by increasing the transverse momen-
tum cut-off *

We find the prediction for pp scattering at \/s = 540 GeV particularly interesting.
Requiring a cut-off p; > 7.5 GeV/c (which might be realized by requiring a cut-off
on the particles pP*™¢® > 1,0 GeV/c or s0) and E; = 50—60 GeV, we have obtained
the thrust distribution plotted in fig. 7d. Again, the dominant subprocess is gq >
ggq. For thrust values 7, < 0.80, the integrated cross section Ao ~ 0.05-0.1 ub, so
it can be measured at luminosities designed at the SPS proton-antiproton collider.

* We remark, that with the cuts 7| < 0.95 at £y = 20 GeV the cross section decreased only
~20%, increasing the p| cut to 2.5 GeV/c. This can easily be explained by kinematical con-
siderations. Three-jet configurations are guaranteed by the cut 7 < 0.90.
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In the region T < 0.8, the value of the gaussian tail of the smeared 2-jet contribu-
tion is under the 3-jet tail by 1-2 orders of magnitude. We would like to emphasize
that such a significant 3-jet signature is a non-trivial result, which, however, is a
direct consequence of the cuts applied: with fixed transverse energy and 7, < 0.8,
the 2-jet contributions are strongly suppressed. So we expect, that at the pp
collider, in addition to the clear experimental proof of the existence of the large
transverse momentum back-to-back jets (with pictures similar to the ones obtained
at PETRA, at £, = 27 GeV, e.g. [44]) it will be feasible to find some signatures
of QCD 3-jet contributions as well *. We remember (see tables 3,4) that the 3-jet/
2-jet ratio decreases with increase of the polar angle cut, which may serve as a con-
sistency check on the 3-jet interpretation.

In order to see the effects of the ambiguities given by the parameterization of
the parton wave function, we have repeated the calculation of the thrust distribu-
tions corresponding to figs. 7b, d with Q% independent distribution functions and
with the gluon wave function given by eq. (3.5). (See figs. 8a,b.) The normaliza-
tions of the contributions both of the 2 = 2 and 2 - 3 subprocesses have increased
by a factor of 4—5 and the relative importance of the subprocess gq > ggq is further
enhanced. The shapes of the thrust distributions have been changed only slightly.
These two-gluon distributions represent the extreme parametrizations. So our pre-
dictions for the magnitudes of the cross sections presented in figs. 7a—d may be an
underestimate, and the relative importance of the 2 - 2 and 2 — 3 subprocesses in
the region 7, < 0.9 may also be somewhat different. However, our qualitative con-
clusion concerning the realistic feasibility of some 3-jet signatures appears to be
stable against such variations of the parton wave functions.

Let us consider now the azimuthal correlations of two large transverse momen-
tum 7°-7%. Data are available from ISR experiments for transverse energies [43]
6-20 GeV.

The data are plotted for 7%’s of transverse momenta p, > 1.2 GeV/c and for
azimuthal difference 23° < A¢ < 180°, in transverse energy bins £, = 6—8, 8—10,
10—12, 12—14 and 18—20 (GeV). They have the characteristic feature having a
“same side” (A¢ = 20°) and an “opposite side” enhancement (A¢ = 160°). Increas-
ing the transverse energy up to £} = 18—20 GeV, the broad same side peak is
gradually suppressed and the opposite side peak becomes more pronounced (see
fig. 11).

As to the QCD predictions, their main features can be understood without frag-
menting the jets into pions. For this purpose let us discuss first the “‘averaged”

*A non-gaussian transverse thrust distribution may be explained by many other mechanisms
not only by the 3-jet production. Therefore, its study will provide us only with a consistency
check on the predicted QCD 3-jet contributions. QCD 3-jet effects can be studied at
ISABELLE more quantitatively. However, at present we feel that it is premature to give any
detailed predictions for this energy region.
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Fig. 8. (a, b) da/dT| distributions, corresponding to the curves of figs. 7b,d, respectively, are
calculated by use of Q2 independent quark wave functions [Q2 = Q(z) = 1.8 (GeV/c)?] and
gluon distribution given by eq. (3.5).

acoplanarity angle distributions defined as
do 1 ( do do do )
— == + + ,
dy 3\dyy, dyp; dds,

where Y;; =7 — ¢;; and ¢;; denotes the azimuthal angle difference for any two of
the final jets *. For transverse energy values £, = 820 GeV, which transverse

(4.1)

* Whether or not we include the statistical factors in the differential cross sections of identical
particles in the final state is a matter of convention. Since we must add different subprocesses,
it appears to us to be more natural to include them. In the calculation of integrated cross
sections, however, they must be included.
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Fig. 9. (a, b) Acoplanarity angle distributions of jets produced in pp collisions at /s = 52 GeV.
Polar angle cuts 45° < 6; < 135° have been used. The cross-section values have been calculated
by averaging over the three possible pairings of the final jets [see eq. (4.1)].

momentum cut p; > 1.5 GeV/c in the azimuthal region the infrared-singular parts
of the 2 — 3 subprocesses cannot contribute.

In figs. 9a,b we have plotted the acoplanarity distributions [average over Yifs
see egs. (2.3) and (4.1)] for three-jet production in proton-proton collisions at
V/s = 52 GeV at two transverse energy bins £/ = 8—10 GeV and 10—12 GeV, respec-
tively, with transverse momentum cut pjft > 1.5 GeV/c and polar angle cut 45° <
0 < 135° [see eq. (2.2)]. The curves have the characteristic shape of acoplanarity
distribution of Bhabha scattering (in the same angular region). The opposite side
peak (¥ is small) survives the cuts, however, the same side peak (y is near to 180%)
is indicated only by the presence of a slight increase above ¢ ~ 120°. We remark
that, in general, the shape of the acoplanarity distribution should not be symmetric
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Fig. 10. (a—d) Acoplanarity angle distributions of 7079 pairs produced in pp collisions at /s =
52 GeV. The prime tor £] and p| indicates that the cut-offs have been applied to the three-
momenta of the final pions. The cross-section values have been calculated by polar angle cuts
45° < 9; < 135°. (We remember that the azimuthal angle is¢ = w — @)

around ¢ = 90° since there is no Y <> m — ¢ symmetry in the azimuthal difference.
The shape of the curves does not change qualitatively with increasing £ ; however,
its normalization decreases sharply. We remark, that the curves obtained for the con-
tributions of the subprocess qq = gqq are in agreement with the calculations of
Kripfganz and Schiller [26], as far as the comparison is possible.

In figs. 10a, b we have plotted the acoplanarity distributions for 7°%-n® produc-
tion. In this case all the kinematical variables are defined in terms of the momenta
of the final pions. For the fragmentation functions we used the naive Q? indepen-
dent functions, described in subsect. 3.2.

Comparing figs. 10a,b and 9a, b, we can see that due to the softer gluon fragmen-
tation function, the relative magnitude of the subprocess gq = ggq has been decreased,
although it is still dominant. The shape of the curves has changed only slightly, while
their normalizations have been decreased by approximately three orders of magni-
tude. In figs. 10c, d we have also plotted the distributions at transverse energies £ =
12--14 GeV and 18—-20 GeV. With increasing £/ the normalization decreases approx-
imately like the p; behaviour of the inclusive 7° production cross section and the
quark-quark scattering contributions become more and more dominant, but the
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shape of the curves remains qualitatively the same. Finally we remark that the ratio
of the 3-jet/2-jet contributions becomes smaller with jet fragmentation into 7°’s
(figs. 10) than without fragmentation (it is *25% with the applied cuts).

Especially at the smallest £, values, the theoretical acoplanarity distributions of
figs. 10a—d are very different from the measured distributions, plotted in figs. 11a—c.
The QCD contributions do not explain the spectacular suppression of the same side
peak, obtained with the increase of the transverse energy £. Nor can it be explained
by the smeared 2-jet contributions since in this case the width of the same side
enhancement must be smaller than the opposite side peak. The same side contribu-
tions are completely given by jet broadening, while the back-to-back peak also
receives contributions from the initial state smearing. We have checked this with an
explicit calculation using the Feynman and Field Monte Carlo jet development
model [46] to smear the contribution of the 2 - 2 subprocesses. We have found that
in addition to the expected narrower shape of the same side contributions. the oppo-
site side peak is also too sharp. Using for the transverse momentum smearing in the
initial state and in the final jets gaussian distributions (%)= 2(0.5 GeV/c)? and
(g'2)=2(0.3 GeV/c)?, respectively, the obtained peaks at ¥ = 0 are much narrower
than the experimental distributions. In order to fit the enhancement at ¢ = 0 we
used larger values {g?) = 2(0.6 GeV/c)? and {(g'?) = 2(0.45 GeV/c)?, respectively *.

* We required that the angles between the two final partons and the angles between the beam
axis and the final partons be larger than 0.25 rad (8-cut) and the initial parton energy /§ > 4
GeV (see table 1), in the parton c.m. system. The singular contributions from the very small
f, & or § regions can not contribute. With this “regularization” of the smearing the integrated
cross section changed negligibly with the given increase of (qf) and (qf).
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The 2-jet contributions obtained by this smearing are plotted in figs. 11a—c, where
the smeared 3-jet contributions * are also given (their normalization is fixed by
fitting the data at £ = 12—14 GeV near ¢ = 0 with the 2-jet contributions). As we
can see, to fit the measured distributions by 3-jet contributions [26] appears to be
unjustified.

An explanation for this is provided by noticing that the transverse momentum
cut used for the experimental acoplanarity distributions is dangerously small (p; >
1.2 GeV/e).

Large contributions might still be given by the reaction where one of the 7°s
belongs to the beam particle fragments. For smaller transverse energy bins (£, =
8—10 GeV), these contributions are much larger for the same side configurations
(¥ =), than at y = 0. They become, however, more isotropic as | increases.
Indeed, the main characteristics of the behaviour of the same side peak of the mea-
sured distributions can be quantitatively interpreted in terms of this background
[45].

However, increasing the transverse momentum cut the OCD contributions
decrease according to some power law (see first footnote of this section) while the
background drops exponentially. Therefore we expect that at larger values of the
P, cut, the same side enhancement (¢ = 7) must disappear and the opposite side
peak (¥ = 0) must become sharper, as predicted by the QCD model.

The poy distributions of #%-7° correlations have also been analysed [43]. As it
has been pointed out in ref. [21], the broad shape of the measured py, distribu-
tions cannot be explained by smeared 2-jet contributions. It is expected, however,
that similarly to the transverse momentum distribution of the massive u* ™~ pairs
of the Drell—Yan process, the large momentum tails of the p,,, distributions are
correctly described by 3-jet contributions. At transverse momentum values of the
trigger pion p; = 5 GeV/c and x,, values x, = 0.4—0.5, the background contribu-
tions discussed above are suppressed. So, in this case we have better justification to
fit the tail of the experimental distributions by the smeared 3-jet contributions. The
result is plotted in figs. 12a—c, where the data points have been normalized to the
theoretical value at pyy; = 1 GeV/e for the curve with 5 <p,; <6,0.6 <x, <0.8.
The agreement between the nine theoretical curves and the experiment, both in
shape and normalization, is remarkably good. We notice that better agreement
could be obtained for the normalization by modifying the fragmentation functions
Dgo(z) (e.g., introducing Q* dependence, as predicted by QCD). The smearing in the
kinematical region of the figs. 12a—c is still important. The theoretical curves with-
out smearing are steeper. The shape of the p, distributions becomes independent
of smearing only above poy =~ 3—4 GeV/c.

* The smeared 3-jet contributions have been calculated by € and § cuts (see sect. 2) ¢ = 0.1,
§ = 0.25, applied to the momenta of the final partons in the parton c.m. systems, with
(@3 = 2(0.5 GeV/c)? and (g2 = 2 (0.35 GeV/c)?.
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Fig. 12. poy¢ distributions at various trigger particle transverse momentum p| = 1P trigger! and
Xe bins (see fig. §). It has been required that p| > IPLaway! and polar angle cut 45° < 6; < 135
has been used. The smeared 3-jet contributions are plotted by dashed lines. The data points
[43] have been normalized to the second curve of b (at poy¢ = 1.0 GeV/c). The smearing pro-
cedure is described in sect. 4.

o

5. Conclusions

Two or more particle correlations or jet correlations in the production of large
transverse momentum particles in hadron-hadron collisions must be dominated by
the contributions of 2 - 3 QCD subprocesses in various kinematical regions. The
main contributions to physical cross sections at the ISR energies (depending on the
value of the transverse energy) are given by the processes gq > gqq and qq ~ gqq.
The annihilation reactions (like qq > ggg), are, in general, negligible. At even higher
energies (pp collider, ISABELLE) the process gg — ggg will be important. The nor-
malization and the relative importance of the various subprocesses still depends
sensitively on the poorly known gluon distribution and fragmentation functions,
but the shapes and slopes of the distributions are less affected, because the domi-
nant subprocesses behave similarly.

We have shown by a quantitative comparison of the presently available correla-
tion data and the predictions of the QCD model based on the 2 ~ 3 subprocesses
that the measured distributions are still biased by background contributions and
transverse momentum smearing. The shape of the p,, distributions, however, can
be described by the smeared 3-jet contributions.

We have pointed out that in case of 3-jet production in hadron-hadron collisions,
cuts imposed on polar angles, energy and momentum variables may also change the
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3-jet/2-jet ratio significantly (in addition to the geometrical cuts like cuts on the
azimuthal angle, p,; or transverse thrust values). In order to find clear 3-jet effects,
independent of transverse momentum smearing and background contributions, we
propose to impose a transverse momentum cut of at least p; > 2.0 GeV/c for each
particle and to plot the correlations at approximately fixed transverse energies above
E| = 15-20 GeV. The values of the corresponding integrated cross sections are
large enough to obtain significant 3-jet signals in future experiments at ISR, SPS pp
collider and ISABELLE. The experimental confirmation of the predicted 3-jet
effects would provide us with very important tests on the QCD model proposed for
the description of large transverse momentum production in hadron-hadron colli-
sions.

We are grateful to J. Gunion and E. Reya for valuable discussions. One of us
(Z K.) thanks D. Lissauer for his helpful correspondence concerning the ISR data.
We also thank DESY for hospitality. E.P. gratefully acknowledges the support by
the Academy of Finland.

Appendix

In the case of 2g-2g-1g subprocesses we can specify the process (2.1) to be quark-
antiquark annihilation

q(-Pa) +q(—ps) > T @1) + ' @2) + glp3) . (A1)

The cross section and the definition of the kinematics remain the same as given by
egs. (2.1)—(2.5) in terms of the four-vectors

- 2 -
xip=@itr),  Si=Xi.

The factor C has the value C = ﬁ. For this process N, = 5 [see eq. (2.5)], since we
have only 5 Feynman diagrams, as given in fig. 2a. The color matrix has the form *

81 9 -2 -7
08 9 -7 -2

C@O=_1x10018 -9 9. (A2)
oo 0o 8 1
00 0 0 8

The matrix elements of the Lorentz matrix A(a)(s,-,-) have the expressions
A(L, 1) = (542853 +543852)/(5315%4) ;
A(1,2) = {512 (541 (2552 +553) +542(2551 +553) +543(551 +552)]

+5230841(—2551 +552) +54255,]

* The factor (—16) appearing here is an overall factor for the Lorentz part ot the amplitude.
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+531 (541852 * 842 (51 — 2552)] 1 /(2523531534) ;

A(1,3) = {s12[~2531554 +541(4552 + 3553) +542(455) + 3553)
+543(355) + 3555 + 2553)] +523[541(—6551 +552 — 553)
+(sa2 — 543)5s51] +531 [(Sa1 — 3543) 552
+542(551 — 2552 — 3553)]1}/(4512513534) ;

A(L, 4) = {s51[-512543 + 523541 +542543] + 531 [(2541 + 2543) 552
+522(851 — S54)] 541 [2(541 +543)552
+842(2s5y +553)]}/(2512531543854) 5

AL S)=A(L D[4 < S, AR, 2)=A(1, D)1+ 2];

A2, =A< 1] AR, 4)=A4(1, H)[1 ©2;

A(2,5)=A4Q, 4[4 < 5];

A3, 3) = {s12[2554 (512 — 523 — 531) +541(—255, + 6552 + 5553)
+542(685) — 2557 + 5553) +543(5851 + 585 + s3]
+523[ 2531554 +541(=655, + 552 — 3553) + (542 — 3543) 551 ]
+531 (a1 — 3543) 852 + 542 (551 — 6557 — 3553)]}/(4s325%4)

AB,4) = {512 [554(523 +531 +541 +542) — 2543(551 *552)]
+523(554(2531 — $41) +541 (52 — $53) + 3(542 +543) 554 ]
+531[3(sa1 +543) 852 +542(551 — 553 — 554)]

+541552(3541 + 542 ¥ 3543) + 542551 (541 + 3542 +3543)

+ 2541542553 /(453 2543554) ; (A.3)

AB,5)=AG,H[4< 5], A4, D=4, )[4 1,5 2];
A(4,5)=A(1,2)[4< 1,5e2];  A(5,5) =A4, H[4+ 5).

The cross section of the crossed subprocess

a(-pa) +g(-Ps) > T (1) + q'P2) + a@3) (A4)

is obtained by crossing g with G; therefore,
ki=p; if i=1,2,4, k3=ps, ks=p3,

and the invariant variables s;; have the same expressions in terms of k;, k; as
before (Sij = 2k,k,) .

The kinematical variables, g2, J¢|, d2YT, however, [see egs. (2.2), (2.3a) and
(2.4)] are defined in terms of the variables p;:
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=@ tp2)%  t=@a+q), 5= (a4 +ps)
gTY = _ _P2P2 cos oTY = P2 Xps)p3 X ps)
P51 Pl | g=0 |p2 X psl:lp3 X pslig=0

For the process (A.4) the color factor is negative C = —(ﬁ.

COS

Note added in proof

Planar hadronic events, predicted by 3-jet production in e"e ™ annihilation have
been found at PETRA, DESY, in all the four experiments. After submitting this
work for publication we received a paper by T. Gottschalk and D. Sivers (to be
published in Phys. Rev. D) in which calculation of the spin and colour averaged
invariant matrix elements have been reported for all the 2 -~ 3 QCD subprocesses.
We compared the computer programs obtained for the invariant matrix element
numerically and found complete agreement. We are grateful to these authors for
sending us their computer program.
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