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We compute the determinant of the Dirac operator in a general multi-instanton back-
ground field.

1. Introduction

Recent studies [1,2] in two-dimensional non-linear g-models suggest [3] that the
Yang-Mills instanton gas is dense and that the infrared divergencies present in the
dilute-gas approximation disappear, when this is properly taken into account. To
give this intriguing idea substance, one has to include dense multi-instanton con-
figurations in the semiclassical treatment of the functional integral and is thus led
to the problem of computing the determinant of the fluctuation operator in a gen-
eral multi-instanton background field. We here derive a formula for the determi-
nant of the corresponding Dirac operator, hoping that the determinant of the gluon
fluctuation operator can then be computed in a comparatively simple step exploit-
ing supersymmetry [4].

We use the same general method to calculate determinants as in the two-dimen-
sional CP"~! models [2]. Thus, we first compute the variation §T of

[=1Indet'p, Ip: Dirac operator,

with respect to the parameters of the instanton background field. This is possible,
because

5T = Tr{5AS} ,

S being the known [5,6] Green function of ). Integrating 8", one obtains I up to
an integration constant, which is finally computed by considering an especially
simple instanton configuration, where all the eigenvalues of Jp can be calculated
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282 B. Berg, M. Liischer [ Quantum fluctuations of quark fields

explicitly. Of course, to make I' well-defined, its ultraviolet and infrared diver-
gencies must be regularized. This will be achieved by introducing an appropriate set
of Pauli-Villars regulator fields and by projecting the Dirac operator onto a spher-
ical space-time with adjustable world radius R.

Since the Green function S is already known, the computation of 6T is straight-
forward, except that the projection onto a spherical space-time causes some calcu-
lations to be rather lengthy. The main difficulty, however, is to integrate 8T, a step
which involves a lot of guesswork. For the special case of ’t Hooft’s instanton solu-
tions [8], this problem simplifies and it has been solved by Brown and Creamer [7].

Our article is organized as follows. To fix notations, the general instanton solu-
tion due to Atiyah, Hitchin, Drinfeld and Manin [9,10] for the gauge group Sp{)
is reviewed in sect. 2. These particular gauge groups are chosen for technical con-
venience. In fact, no serious limitations arise from this choice, since Sp{r) contains
an SU(r) subgroup (also, Sp(1) = SU(2)). In sect. 3 we define the Dirac operator on
S%, discuss its zero modes and the Green function S. 6T is computed subsequently
(sect. 4) and integrated in sect. 5. Finally, the integration constant is evaluated in
sect. 6 and our results are summarized and commented in the concluding sect. 7.

2. Description of the general Sp(r) instanton solutions
Sp(r) can be considered to be the subgroup of U(n), n = 2r, of all those unitary
matrices u with *
ut =JutJT, (1)

where J is the antisymmetric matrix

J= -roe N . Q)

Correspondingly, Sp(r) gauge potentials 4, are special U(n) gauge fields, i.e., they
are antihermitian n X n matrices having the additional reality property

A, = JALT (3)
In particular, Sp(r) instanton solutions are special cases of U(xz) instanton fields.

* T and + denote transposition and hermitian conjugation, respectively. Greek indices u, v, ...
run from 0 to 3, capital Latin indices (spinor indices) 4, B, ... A, B’ ... from 1 to 2. The
totally antisymmetric tensor €54 is normalized such that egq23 = +1 and repeated indices
are always summed over.
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To explicitly describe these, we need some spinor algebra.

(Multi) spinors are tensors £4 ... 4;,41... 41 with 4;= 1,2 and A]'~ =1, 2. They
carry a representation of the spin covering SU(2) X SU(2) of the euclidean Lorentz
group SO(4):

[t ) * Elay..ap 4. Apy =Ua By - UayBUA By -+ VA By £By ... B BY... By

(u, v) €SU2) X SU2) 4
(04 g is the complex conjugate of v,4'g'). Spinor indices can be raised and lowered,
for example

gt =gpePh, £y =eyptl,
eap=€B=—epy, €=1. Q)

Contraction of an upper and a lower index of the same type (i.e., primed or un-
primed) is an SU(2) X SU(2) invariant operation. Note that

gant = —£n, .
The adjoint £} of a spinor £ 4 is defined by
‘ET = _2_2 ’ E; = gl (6)

(analogous formulae are understood for spinors 1 4'). The merit of this construc-
tion is that the adjoint spinors transform in the same way under SU(2) X SU(2) as
the original spinors. In particular,

& m =g ()
is an invariant scalar product.

The spinor components x 4 4+ of the position vector x,, are defined by
Xq4 =Xxu(€ulana
eo=1, e,=-io% 8

where 0%,a =1, 2, 3, are the Pauli matrices. The covariant matrices e, satisfy the
following useful identities:

e =eegel, )
Tr{e ey} =26, (ew)aa'(€w)np = 2€45€4'p - (10)

Now we are well-prepared to describe the U(n) gauge potentials 4, giving rise to
self-dual field strengths F,, [5,6,9,10]. They can be represented in the form

Ay =va, vu=1, (1)

where v is an (r + 2k) X n complex matrix. Here, k denotes the instanton number,
viz.,
*

1 *
k== 1672 dx Tr(Fuy "Fu) s Fy = %EMVPOFPU : (12)
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v is the solution matrix of a set of 2k complex linear equations

VA =0, (A'=1,2), (13)
with A4+ a spinor of (n + 2k) X k matrices depending linearly on Xy

Agr=ay +bhx, 4 . (14)

a4 and b 4 are constant (n + 2k) X k matrices, which parametrize the instanton
solution. They are not unconstrained, however, but must be chosen such that

AyAp=—eypft, foralx. (15)
Here, AYy' is the adjoint of A4’ in the sense of spinors (cf., eq. (6)), viz.,

At =—A], A;=AT. (16)
Noting

Ny =ay +b™xay, (17)

it follows that eq. (15) holds if and only if

adyap tagay =0, (18a)
ayby +bhlay =0, (18b)
bhbg +bEb,y =0. (18¢)

Thus, given a pair of parameter matricesay’, b4 satisfying these quadratic con-
straints, the gauge potential 4,, constructed vig eqgs. (13) and (11) has self-dual
curvature. [t will be non-singular provided the k X k matrix f ~! defined by eq. (15)
is invertible for all x.

Two sets (a4, b 4) and (@4, b 4) of parameter matrices related by

ag=UisK, by=UbsK, (UEU(n+2k);KEGlk, C))

give rise to the same instanton solution. This invariance can be exploited to trans-
form b 4 to its “normal form™:

0 tn 0
10 00
00 10
bl=01 , b2=00 19
00 2 01 a2
1 0
0 1

We shall henceforth assume that b 4 is in its normal form.
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U(n) instanton potentials A, which are reducible to Sp(r), come froma,’s
having the reality property (cf., eq. (2))

ay=alJT . (20a)
The analogous equation for b 4,
b =b4JT, (200)

holds automatically, when b 4 is in the normal form (19). Egs. (20) imply in par-
ticular that fis a real symmetric & X k matrix for Sp(r) instantons.

3. The Dirzc operator on S* and its Green function

Analogous to the CP"~! case [2], one could set up a manifestly O(5) covariant
formalism to deal with Dirac fields and gauge potentials on S*. We here prefer, how-
ever, to work with explicit stereographic coordinates x,, instead. Thus, points r,,
a=0,..,4,r05 = R?,of S* are parametrized by x,, according to

2R*x, R? — x?
r“=R——2 X r4\=R———R2 A 21
In these coordinates, the natural metric on S% is
=Wy,  Q=4RIR? +x?)77, (22)
and the Dirac operator reads *
D=2Q7Y%y,D,, D,=8,+A4,. (23)
The y-matrices are defined by

0 e,
we(y o)
e, 0
The gauge potential A, is taken to be any Sp(r) k-instanton solution as described
above. In particular, the Dirac fields, on which D acts, are in the quark representa-
tion of the color group. The factor of 2 in eq. (23) is added to insure that D for-

mally approaches the usual flat-space Dirac operator in the infinite volume limit

R oo,

* . . . . .
Many authors prefer a normalization of Dirac fields different from ours, corresponding to a
Dirac operator

D= 3/4pa3dl4=20-5/%y,p,a3/4

Both formulations are completely equivalent, of course.
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A characteristic property of the Dirac operator is its off-diagonal shape

orTt
p=(, . ) (24)
where
T=2Q Y%e.D,, T =297"%g,D, (25)

Writing (e“)A 4 for the matrix elements of ej;, we see that T maps spinors 4 of
negative chirality onto spinors xA of positive chirality. These two spaces V_ and
V., are equipped with the natural O(5) invariant scalar products

W, 9)= [d*x Q2"
(8 = [dx Q2 (26)

(contraction of color indices is understood). Correspondingly, 77 is the adjoint of
T mapping V, into V_.
T" has no zero modes, but T has exactly k, viz. [5,11],

Ve a = O DA i - (27)

Here,i=1, ..., k labels the solutions, @ = 1, ..., n is the color index and 4 = 1, 2 the
spinor index. The projector Py onto the zero modes (27) can be written as an inte-
gral operator

Pod)aG) = [d*y Q) 2Po(x, 1)ap VB ®) (28)
where

Po(x, ¥)ap = E/ VA GING VE0)",

Ny= (). (29)

Color indices are to be contracted appropriately, of course, and adjoints are taken in
the spinor sense, eq. (6).
The Green function S of the Dirac operator D is off-diagonal as well:

~(2.5)

Thus, S_ maps V, into V_ and S, is the adjoint of S_. The defining equations for
S_ are

TS_=1, PeS_=0. 3D
More explicitly, defining an integral kernel S_ (x, ¥) 44’ by

S-¥)a) = [d*y Q2S5 )aav? ), (32)
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eq. (31) reads
TAAS_(x, ap = Q2728460 — ),

[d% QO)2Pox, »)45S_ (v, )P =0 . (33)
The solution of these equations is not difficult to guess:

S_(6, Waar = S_ 00 P)au — [ 4%z Q@?Por, apS- @ )P ar .

S (. aar = 3w aa DuG, »). (34)
Here, G(x, y) denotes the known scalar Green function [5,6]
v (%)« v(y)
GG =gy s DuDuGlx =)= =8(x = ). (39)

The simple solution (34) can be traced back to the simple conformal transformation
properties of the Dirac operator. In particular, we fear that it would be much harder
to find the Green function for the gluon fluctuation operator on $*.

4. Computation of the variation of the determinant of the Dirac operator

Because 5 anticommutes with D, its non-zero eigenvalues come in pairs (A, —).
The overall sign of det D is therefore ambiguous. We remove this ambiguity by
defining

T=lndet' DS L In det' D? . (36)

The prime indicates that the zero modes of D should be omitted. To regularize the
UV divergence of I' we now add Pauli-Villars regulator fields with large masses M;
and alternating “metric” e;, such that

14

v
Z;ei:__l’ Z;e,Mlzp=0, (pzl,...,V“‘].)- (37)
i=1

i=1

When the number v of regulator fields is greater than 3, the regularized determinant

v
Tieg = ATr{In(D? + Py) + 2 ¢; In(D? + MP)} (38)
i=1

is finite and perfectly well-defined. Eq. (38) can be given a somewhat simpler form
noting that

5 T'T 0
2 =(o " )
0o IT
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and that the non-zero eigenvalues of 77T and TT* are identical:

v v
Treg =k 24 €;In M; + Te (IN(TT*) + 25 ¢; In(TT* + M)} . (39)
i=1 i=1

The trace here is to be taken in the space V., of normalizable spinor fields x 4.
We now consider a curve 4,(x, 5), 0 <s< 1, of instanton solutions with
Ayu(x, 0) = A, (x). Our aim is to compute

d
5Freg = & I‘regls=0 .

From eq. (39) it follows that

v
8Ty = TH{ST[T(TT*Y ! + 25 T (IT* + MA) 1} + c.c.,
i=1

where c.c. means complex conjugate. Noting 7+ (T7*)~! = S_ and defining
SM(x, ¥)4 4’ to be the integral kernel of T*(TT* + M?)~!, this becomes

BTreg = [ 4% Treonor (201" 454, (7)

X [S_(X, ¥)aa’ +'21 erSM (X, P)aalx=y} +cc. (40)

Thus, to compute 61", we must study the short-distance behaviour of S_ and sM.
From the explicit form, egs. (34), (35), of S_ one derives that up to terms vanishing
atx =y

S_(x, Y)aa' = %i(eu)AA' Dﬂ [U(x, y)(4112 (x — y)2)—l ]
- 2—4—22 [B(D") bBEu + v BB R D) + v bB3,fbEVI ()

- [4*2 9@ *Po ¢, DDanS-@ Y a - (41)

Here, U(x, y) is the gauge parallel transporter along the straight line from y to x:

X
Ulx, y)=Pexp — f dz, A,(z), P: path ordering. (42)
y

On the other hand, the short-distance behaviour of SM can be calculated pertur-
batively (see appendix):

g e; S]fl"(x, Waa =—5i€)an’ [Du [UGx, my@r (x — )]
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Q(y)l/2
24n*R? |
Terms which vanish in the limit where first x >y and then M;— < have been
neglected here.

When inserting eqs. (41) and (43) into eq. (40) we see that the short-distance
singularities cancel and we are left with

- Fp,u(y)yv (43)

1 .
8Ty =61 +6T2 + — [t Tr (84,00 /u@)}
8Ty = — [d*y d*z Tr{2i(el Y
X 84,00 Po (v, 2)4802) *S_(2, )P a'} +cc.,
8T, =—(6m2R?)™! [d%y Q()/2y, Tr {84, () Fuu )}
fu =Vt BB AN FB, AN — 3,00 F AL b S v,
6T, can be simplified as follows. Denote by T and 130 the operators T and Py with
€2 set equal to one. Then
8Ty = —Tr{6TP,Q" 2 TH(TT*) '} +c.c.
Now TPO = 0 so that
§TPy=—T8P, .
Furthermore,
THITH 'T=1-PF,,
and therefore
8Ty = Tr{8PyQ21/2(1 — Py)} +c.c.
=§ Tr(ln N — In )

(V is the zero-mode matrix (29)).
8T, can also be integrated easily. Namely, using the field equation Dy Fy, =0, we
have

8 Tr{F, Fu} =40, Tr{84,F,,} ,
so that
1

1272

1
= 5[@ Jd*xmat {F#,,FW}:' ,

8Ty = — —= [d% (3,1n Q) Tr (64, F, )
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The rest of 6T will be integrated in sect. 5. As a preliminary step towards this goal,
we here derive an expression for 4, in terms of a4, the variation of the instanton
parameter matrix (86 4 = O since b4 is always assumed to be in its normal form (19)).
Defining the projector

P=w'=1-a%7a}, (44)
it is easy to check that
54, =v'[8P, 8,Plv +D, (v V). (45)

The term Dﬂ(v+6v) can be dropped, because 6T, is gauge invariant (or, equiva-
lently, since D,,j,, = 0). Inserting eq. (44) into eq. (45) gives 64, as a function of
8aA .

For ease of reference, we finally collect the results of this section to obtain

- 1
8l e =6 {Tr(ln N—-InN)+ 282 fd4x In Q Tr(F,,Fyy)

1 .
tos f A% Tr(3A,/,) . (46)
Here, the k X k matrices NV and N are given by (cf., eq. (27))
Ny = [dhx @12yl i,

Ny = [a* yifyi4, (47)
and, with d 4+ %f 8a 4,
8AL = v (dAFa,0Y — 3,0 fd Yy,

ju =Vt (BAf AN FR, AN - 3,04 FAL b DY} . (48)

5. Integration of 81y,

Of course, Ty, can be obtained by integrating 'y along any path of instanton
solutions connecting A, with Some standard configuration Ag, thus giving I'reg
essentially as a five-dimensional integral. Such an expression is quite implicit, how-
ever, because it is difficult to display the integration paths. In this section we derive
a formula for T, involving a five-dimensional integral too, but with an integrand
which is an explicit rational function of the instanton parameters and the integra-
tion variables.

We first rewrite Tr(84,j,) in terms of the basic matrices b4, A4’ and f. From
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eqs. (10), (44) and (48) one finds
~
Tr(6A4,7,) =2 Tr{dfb" Pbfo” Afb™ P

+dfb* PhA*BID P} + c.c. (49)

The lines connecting pairs of matrices imply that their spinor indices are contracted
such that the index of the left matrix is in the upper position, e.g.,

bfp* =AY .
By adding a suitable divergence 9, A, one can express Tr(6A,,j,) through f alone:
Tr(6Auj,) + 0uAy

= T 3T, 43Ty + 1Ty +Ts — 1T — T, + Tg — 3T, . (50)
Here,
F At ALt
Ay = =2 Tr{df 3,0  Afb* Afb* AFAYY, (51)

and the T}’s are the following traces:
Ty = €upo Tr{f8f T f0,f " f0uf T f0pf T fOuf '},
Ty =Tr{f8f fouf~ fauf fauf ' fo,r 1},
Ty =Tr{f8f " fo,f "\ fouf " faur o, 1},
Ta =Te{f8f 7 3~ fuf T fO, ' FBu "),
Ts =Tr{f3,0f " fouf " fo,r " Fa, "},
Te =Tr{f3,8f  fa,f fouf~ fo,r '},
Ty =Te{fo " b bro, ' fo,f ™'},
Ts =Tr{f8f '3,/ "\ b bfo f"},
To = Tr{f3,6f ' fo,f~' b b}
Tio=Tr{f8f ' fb*Bfb°b)

(T10 is added to the list for later convenience). We only know of a rather lengthy
proof of eq. (50). It goes as follows. First observe that using the rules

8f 7" =3@i ot + Afat)
3uf = (eaab™AN,  Aybg=-biAg,
all 7;’s can be written as linear combinations of traces of products of
da'fba,  bafdy, Agfdp;
Agfdp,  Aafby, bafAy, bafbs,
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with all spinor indices contracted. All terms contain precisely one matrix d 4+ or d’’
and four matrices b4 or b} . Such traces are called basic. For example, the expansion
of T, in basic traces is

T, = %Tr{?fb*Afb* Afb* Afb*AfA]+}

| B |
+1 Tr{lAfg*_z}fb* Afbt Afb* be“‘} )

It is obvious from eqs. (49) and (51) that the left-hand side of eq. (50) can also be
written as a linear combination of basic traces. The two sides of eq. (50) do not yet
match, however, because the basic traces are not linearly independent.

There are three sources for linear relations between basic traces. First, the reality
property eq. (20) of Sp(r) instanton parameter matrices implies that all basic traces
are real. Any trace involving d}' is therefore equal to another basic trace containing
dA' ,€.8.,

Tr{Afd* Afb* Afb* Afb* Afb*Y = Tr{dfb® Afb* Afb* Afb* AFATY .
i O T

A second set of relations between basic traces arises from the rule
eAIBIECIDI = eArclerDl —_ eAIDleBICI s

which reads graphically

L boL l:ll[l ]’_IL——' ]

Of course, the analogous rule holds for contractions of unprimed indices, too. Note
also that

bhbg=Ye pb'D .

A third type of relations is finally obtained from
diAp +Alpdg +dp Ay + Apdy =0,
ditbg +bhdy =0

(this is a consequence of eq. (15), (18b), respectively). For example, using reality,
we have

def P s e
By = Tr{A*dfb* Afb* Afb* AL Af}

=Tr{d"Arb” Afb" AFb” AFD” Af}

def T A P i
B, = Tr{A'dfb” Afb™ Afb™ Afb éf}

=Tr{d* Afb* Afb* Afb* Afb* Af)
[ S 5 1 ’

and therefore By + B, = 0.
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As a result of all these linear dependences, any basic trace can be represented as a
linear combination of the elements of an irreducible set of 14 basic traces. When this
is done for both sides of eq. (50), they turn out to be identical.

Most of the right-hand side of eq. (50) can be integrated quite easily, viz.,

3Ty +3T5 + 4T +T5 —ATg — T; + Ty — 3T,
=8(3D) — 5Dy) + 3, (RAL — AL+ AL - 3AL - IAD); (52)
Dy =Te{fa,f ' fouf ' fauf~ o, '},
Dy =LTr b bbby,
A =Tr{f8f 7 fo,f " fa,f ' fauf'},
AL =Te{f8f 7 f o, fouf fouf ™"},
AR =Tr{f3,8f  fa,f~ fo,r 'y,
Ab = ATeifsf T BThFOLF TV
AS= —3Tr{f0,87 /57D
Eq. (52) is proved straightforwardly by computing §D; and B#AL, observing the rules
8f=~fo~'f, Buf=—fouf'f, 0,3, =26,

and expressing the result as linear combinations of T, ... Ty (as usual, we assume
that b4 is in its normal form, in particular that 5+b = —2). For example,

6D1 = —'2T2 — 2T4 + 4T5 s
a“/\ﬁ =T7 +%T8 *%Tg +2T10 .
Summarizing egs. (50) and (52) we obtain

Ja%x Tr(84,/,) = [d*x (4T, + 46D, — 56D} . (53)

The final step, the integration of T, requires a little detour. Let M(¥) € Gl(k, C) be
an arbitrary function of five real variables &, ..., £4. Define
q(8) = €apysr THM 13 MM 13gMM A MM s MM~ 10\M} . (54)

q(§) has a topological character in the sense that if M is varied, ¢ changes by a local
divergence only:

8q = 50€opysn TH{M'SMM ™ 1agMM '3, MM 3sMM 0\ M} . (55)

An integrated form of this equation is

1
q =50, [ dt eapysn THK '3, K K~'36K ... K™' 00K, (56)
(o]
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where K(¢, £), 0 < ¢ < 1, is any curve of invertible matrices such that K(0, §) is
diagonal and K(1, §) = M(§).

To apply eq. (56) to the problem at hand, we identify £, withx, (u =0, ..., 3),
£,4 with any instanton parameter such that § = 9,4, and M with f . Then,

Ty =€uppo Tr{f0af~ lfayf fo,f~ lfapf lfaafl _1

Furthermore, choosing

K= (1-0q +x2)5ij + tfij_l ,

which is strictly positive and therefore invertible for all ¢ and x, eq. (56) becomes
1
T, =6 f At €uppo THK ', K K10,K .. K~10,K} +3,%,
0

Integrating over all space finally yields

[d% Te(64,7,) = 8 [d*x (3D, — 5D, +k(1 +x3)"2
1
+1 f dt €po TIK 18, K K~18,K ... K~18,K1} . (57)
0

The term k(1 + x*)~2 has been added to make the integral absolutely convergent.
To sum up, we have shown that

Treg — 2r1“,eg a+Tr(ln N — In V)

48 — [d*% n Q Tr(Fu Fw) + 5, f d% I (x)

1 1
Wfd“x fdtlz(t, x). (58)
(4]

Here, F?eg equals I, for the case of no background field and one color only, ais a
number, which is constant on each connected component of the instanton mani-
fold, and the integrands 7, I, are given by

Iy =Te{f0,f ' fauf fauf 1 fauf '} — 20Tr {2} +4k(1 +x%)72,(59)
Iy = €uppo TH{K 10, KK~ '3, KK '3,KK '9,K K~ '9,K}, (60)

6. Computation of a

Let A, be any Sp(r) instanton potential. Of course, 4, can also be considered as
an instanton configuration 4, in Sp(¥) for any 7> 7, viz.,



B. Berg, M. Liischer [ Quantum fluctuations of quark fields 295

tml
1

FA“ 0 } 2r (61)

01} 2¢5-n

Denoting by T,eg the log of the determinant of the corresponding Dirac operator,
we obviously have

Treg — 2P heg = T'yeg — 2rT%, (62)

L.e., the left-hand side of eq. (58) is invariant, when 4, is imbedded into a higher
group. The same holds for V;;, NV;; and the integrals on the right-hand side of eq.
(58) and must therefore be true for «, too. Since any k-instanton solution can be
imbedded or reduced to Sp(k), it follows that it is sufficient to compute « for r = k.

The instanton manifold is essentially a convex space for r = k and is therefore
connected (cf., the description of instantons given by Drinfeld and Manin [10]).
« is hence the same for all k-instanton configurations. It can conveniently be com-
puted by specializing eq. (58) to the case of a superposition of k one-instanton
solutions, each of them occupying one of the k commuting SU(2) subgroups on the
diagonal of Sp(k). Then, a = ka; where a; is independent of k¥ and can be calcu-
lated for k = 1.

The one-instanton solution of size R centered at the origin has parameter
matrices

1 0
(11=R(O) N a2=Ré 5
0 0

bt =71, b* =

0
0
1 (63)

— o O O

0

Exploiting O(5) invariance, one finds that TT™" has the following two series of eigen-
values (e.g., ref. [12])

EL, =4R™I(m + 1)(m + 4),

= Lm+2)(m+3)2m +5); (64a)
E=4R72(m+2)(m+3),
dy =3+ D)(m+4)(2m +5), (64b)

(EL, is the eigenvalue, d?, its multiplicity and m = 0, 1, 2, ...). In the vacuum case,
there is only one series of eigenvalues

E% =4R2(m +2)?,
d% =3+ 1)(m+2)(m+3). (64¢)
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I'reg for the one instanton solution (63) can now be obtained using ’t Hooft’s
method [13] to compute the regularized sum (39) over all eigenvalues (64a,b):

v
Treg = ZZ (MR (55 M R)* + 3R + 3] +InR
i=
~HED-%E)-Hm2-m3+ 2 (65)
(§(z) is Riemann’s zeta function, ref. [14], subsect. 9.5). Similarly, from the series
(64c) we get

re, = Ee In(M;R) [ (M;R)* + L RY? + 14}

+ 35D - ED B2 -5k (66)
The left-hand side of eq. (58) thus becomes

v
Tyeg — 2T% =3 Zl enM+ilmR—4'(-1)-im2-In3+5. (67)
5

It is a trivial matter to evaluate the right-hand side of eq. (58) for the special con-
figuration (63). Comparing with eq. (67), we then obtain «; and hence a:

v
%ZD eI M;— 4(-1)—In2+ 57} . (68)

7. Summary and discussion

Our final formula for the regularized determinant (38) of the Dirac operator D
(eq. (23)) in a general Sp(r) k-instanton solution is

v
Tpeg — 2P0, =k g@ e InM; — 4 (1) —In 2+ &
1 In A L g
+ Tr(ln N — N)+4—§T—2f X In Q Tr(Fy Fp)

1
+-24— d4x11(x)

1
x f dt I, (1, x). (69)
1

Here, I'yg is the determinant with vanishing background field, the k X k matrices
N and N (eq. (47)) are built from the zero modes (27) of D, and the integrands I,
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I, are
Iy =Te{fo,f ' fauf~"fa,f ' fa, ™'}
— 5 Te{fbb fopb®) + 4k (1 +x%)72, (59)
I = € THK '3, KK 10, KK '0,K K 0,K K™ "0,K} . (60)

The real symmetric & X k matrix f(x) is defined in terms of the instanton param-
eters by eq. (15) and, finally,

K(t, %)= (1 — DA +x2) 3l bNy; + 7 () (70)

Eq. (69) simplifies in the infinite volume limit R = oo:

lim (Tyeg — 2r0%,) = k{3Ee,lnM—4§( )-2In2+ 35

R— oo

1 4 1 a !
*24n2fdxh(x)+24n2 fd xofdtlz(t,x). (71)

This is a tractable expression, although it is not completely explicit. Maybe, with
sufficient ingenuity, one could calculate the integrals, but we did not attempt to do
so. The integrand 7, vanishes for all one- and two-instanton solutions. We checked
that in general it contributes, when k = 3, thus indicating that two-instanton solu-
tions are not generic multi-instanton configurations. 7, also vanishes for 't Hooft’s
instanton solutions

k
N

15 _
Ay =300, 1Inp, P—1+i=1m,

(72)

which are therefore rather special, too. For these solutions, eq. (71) can be written
more compactly:

14
lim (g — 2/1%,) =k {2 27 €;In M; — 4¢'(~1) — 2 1n 2}
R—oo i=1

K
xlnpDzlnp+%2 +%Z<:.1n(ai*ai)2, (73)
= i<j

where, following Belavin et al. [3] *, p is defined by

k
B x —a") (74)

* Our result, however, seems to disagree with their eq. (7).
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An equivalent form of eq. (73) has previously been found by Brown and Creamer
[71.

The formulae for the determinants, which we have derived here, are strikingly
similar to the corresponding ones in two-dimensional non-linear g-models [1,2].
This suggests that the integrals over /; and I, have perhaps a universal geometrical
meaning relating to the topological and metric properties of the instanton manifold.

To compute the determinant of the gluon fluctuation operator via supersymmetry,
requires the quarks to be in the adjoint rather than the fundamental representation
of the gauge group. In view of the tensor product formula for instantons [15], how-
ever, our result applies to this case as well. The ensuing exact instanton gas will be
rather complicated and what its physical properties are, remains to be seen.

One of us (B.B.) thanks H. Krasemann and Z. Kunszt for discussions about com-
puter problems.

Appendix
Short-distance expansion of SM(x, )44’
SM is defined by
SM(x, ¥)aar = 29 2i(ey) ap DuGMx, )5 (A1)
where GM is the Green function for T7™ + M?:
[(—84D,D, — (ehe,) 5 (@3, V*)D,
+ 1M 541 GM(x, )P ¢ = 1 25(x ~ 3). (A2)

We first derive the short-distance expansion of GM(x, y) for y = 0 and shall later
exploit O(5) covariance to extend the result to all y. Defining

U, =24, +eje, (2'%9,07172),
V=0,4, +A,A, +eie, (213,274, ,
k=1-3Q,
W=U,d, +V +kM?,
eq. (A.2) reads (spinorial indices are suppressed)
(0,0, +M? - W} GM(x, 0)=16(x). (A3)

The perturbative solution of this equation is

GM(x, 0) =1 Eofd“xl e d¥%, Go(x — x1)
s

X W(x1)Golx—x2) ... Wxm)Goxm), (A4)
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where the free propagator is
d*p
Go@)= [ Gy

Each term in the sum (A.4) can be expanded for x = 0. It is sufficient to calculate
the expansion up to and including the order x,,. Define

Prpr e M) (A.5)

Cn(x) = [d¥xy . A% Go(x = X IWCx1) o Wm)Go () (A.6)
Expanding
WE)=W° +z, W) +z,z,Wo, + .., (A7)

the integral (A.6) can be evaluated in p-space and reduces to a sum of Bessel func-
tions. Most of the terms, however, do not contribute in the limit where first x > 0
and then M — e, In particular, for m 2 4, Cy,,(x) is once continuously differentiable
at x = 0 and C,,(0) as well as 8,,Cp,(0) vanish for M — e, Also, integrals involving
W' 1> 4, need not be considered for the same reason. Thus, we are left with a finite
number of integrals to compute and expand for x > 0, M = o= This calculation is
lengthy but straightforward and we therefore merely quote the result:

23 e;8Mi(x, 0) 44 = —Liean DulUCx, 0)(@dn2x?) 1] . (A.8)
=1

U(x, 0) is the gauge parallel transporter from the origin to x along the straight line
connecting the two (eq. (42)).
The O(5) covariant expression reducing to (A.8) fory =01is

Z; e; SMix, Y)an = —4iQx) 4 (e, VE(K, Y aa’
£

X Dy {UE(x, »)[@4n* Q)2 (x - »)* Q) *) 7!
_ (327‘{2R2)_1 ln(Q(x)l/2(x _y)2Q(y)l/2)]} QO})3/4. (A9)

Here, U8 (x, y) is the gauge parallel transporter along the (shorter) geodesic connect-
ing y with x. Similarly, V&(x, y) is the spin parallel transporter along the same geo-
desic,

X
VE(x, y)=Pexp{— f dz, 5,48, In Q}, (A.10)
y
where 0, = 2(e;e, — eye,). Noting that

Q(y)l/Z
12R?

+0((x — y)H)
(A.11)

UB(x, )= Ulx, y) + (x — ¥)* (x — )uFu )y



300 B. Berg, M. Liischer [ Quantum fluctuations of quark fields

(and an analogous formula for V28(x, »)), another tedious but straightforward
computation shows that eq. (A.9) is equivalent to eq. (43) up to terms vanishing at

x=y.
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