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The properties of photon-photon initiated 3-jet events of the type e* e~ —e*e™ qg(qq) +
beam pipe jet are discussed. Expressions are derived in QCD for the total energy, longitudinal
momentum and transverse momentum distributions of the beam pipe jet. These results are based
on a generalization of Witten’s result on photon structure functions to a distribution of two
partons in a photon. The derivation is a novel application of jet calculus. The charge correlations
typical of the 3-jet events are also analysed.

1. Introduction

The predictions of QCD in leading logarithm approximation for the jet structure
arising from the photon-photon mechanism in very high energy e*e™ collisions
have recently been discussed in detail [1-5]. In photon-photon processes both the
e and e~ radiate an essentially parallel photon with a well-known Weizsicker-
Williams probability. In zeroth order of QCD the two-photon collision leads to the
production of a hadronic state of large p; via the QED Born diagram shown in fig.
la. The high p; of the two final-state quarks ensures that the internal quark
propagator is far from mass-shell giving a point-like photon-quark interaction
which justifies use of perturbation theory. Higher-order QCD diagrams leading to
high-p 1 jets contain, in addition, a number of quarks and gluons nearly parallel
with the initial direction, for example that shown in figs. 1b, 2a, where a quark and
gluon recoil at large angles or in fig. 2b where, as in the Born diagram, the jets
come from qq. These quarks and gluons form a small-p1 jet, which we shall call the
beam pipe jet. When all the diagrams are summed over [1, 6—8], the cross sections
of these 3-jet and 4-jet (containing 1 and 2, respectively, beam pipe jets) events can
be expressed in terms of the distribution functions, calculable in QCD, of quarks
and gluons in a photon (fig. 2). Conversely, the QCD predictions can be tested by
carrying out measurements on the 2-jet, 3-jet and 4-jet events.
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{a)

Fig. 1. (a) The 2 jet proces, (b) the 3 jet process e* e~ —e*e™ qg + beam pipe jet. y, are the lab

rapidities of the high-p ;- quanta. x,, x, are scaled momenta of the photon and quark participating in

the hard collision. x and zy are scaled momenta of the other photon and the valence quark within the

beam pipe jet. z, w, and w, are momentum branching fractions as indicated by the arrows. Q2 and p?
indicate the off-shell mass scales of the hard and intermediate partons.

The purpose of this paper is to consider the characteristics of 3-jet events;
however, the discussion can be easily extended to 4-jet events. A knowledge of the
properties of the 3-jet events is clearly important for planning experiments on
photon-photon initiated jets. To compare experiment with the theoretical predict-
ions, the 2-, 3- and 4-jet events must be separated. In particular, we shall discuss
the properties of the beam pipe jet. Calculations so far have only pointed out its
existence. Charge correlations will also be considered. The discussion of the
angular width of the beam pipe jet will lead to a rather interesting novel application
of jet calculus [9] to photons.

A clarification of the terms ‘3-jet event’ and ‘beam pipe jet” may be in order here.
The physical basis for the existence of the third small-p; jet in the processes of figs.
2a, b is the following: the large-pt process probes the quark and gluon content of
the electron with a quark of invariant mass —g%(1 + e”'">2). Before the invariant
mass of the quark can attain this large value, the quark undergoes QCD evolution
and emits further quarks and gluons. The relevant diagrams up to order a? are
shown in figs. 3a, b. The dominant configuration is one in which the produced
quarks and gluons are nearly parallel with the incident electron. The object formed
by these quarks and gluons or target fragments is in the following called the beam
pipe jet. Strictly speaking, a ‘jet’ results from a single separated quark or gluon.
Here we are extending this definition to include several almost collinear quanta. It
is similar to the target fragmentation jet in deep inelastic leptoproduction.

aly,.1) .y
i, et e
e -t —0— g Ty X2
! \ zfql.(xz,q‘zl fgte [x2,0%)
9{y2.-q ¢} qiy,-qr)
a) b}

Fig. 2. The two subprocesses in 3-jet processes (a) yYq—gq and (b) yq—qq.
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Fig. 3. Generation of the beam pipe jet in the course of QCD evolution.

In addition to the 3-jet events as defined above, there are genuine 3-jet events
obtained from QCD diagrams where more than one propagator is hard. In fig. 4
the qqg diagram with two hard propagators leads to a genuine 3-jet event. The
angles between the quanta remain constant when s— o0 and the cross section is
calculable from the lowest-order diagram without the need for a leading log
summation. Processes of this type have been considered in connection with
hadron-hadron scattering in [10].

On the theoretical level, the basic object we shall consider in the following is
aa, (%15 X2, @7, 1), the double longitudinal inclusive probability density of find-
ing two quanta (a, , = q, g) in a photon (fig. 5). Here a, is the q or g initiating the
hard collision, a, is another jet originating from the photon. The mass of a, is of
the order of @2, that of a, of the order of u?. The distribution fa,a,|, geNeETalizes in
a natural way the photon structure function f, , derived by Witten [6]. Its deriva-
tion is a new application of jet calculus [9]. One of the properties of f, is the
energy momentum sum rule

ay|y

Zl)ldxlxl a,a2|y(x1’x2’Q2’.“2)=(l —xz)fazh(xz’Qz’#z), (1

which expresses the fact that the expectation value of the scaled energy of the
fragmentation jet a, added to the scaled energy x, of the hard quantum a, gives 1.
To determine the energy distribution of the beam pipe jet (sect. 2) we only need

fazh'

e

_____ Hard \/
R O T .I‘

Fig. 4. A yy process leading to three genuine non-degenerate jets.
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1)
Fig. 5. The jet calculus diagrams contributing to BAVIN ¢ 3% N 0?).

2. The beam pipe jet in photon-photon initiated 3-jet processes

We shall in this section first discuss the beam pipe jet in the valence approxima-
tion, i.e., assuming that QCD evolution takes place only via gluon radiation from
quarks. This leads to more transparent formulas and is also likely to be a good
approximation to the complete QCD evolution result (sect. 3).

The cross section for the 3-jet event in fig. 1b producing two large-p; jets at
(¥1,q7) and (y,, —¢qy) is (for a u quark) given by

do 1 dgvv—8t
————=x,f, (X)X, /, e(xz) —_ (2)
d)ﬁdJ’zdqu ! i dr
where
Ayu—gu 2 2 A A
dor™" _4 mase“( =+ Au), (3)
di 35 -4 3
x;=3xr(e” +e”2), Xy =zxp(e™ +e™2), xr =291/ Vs
$=1x,x,s, (= —1sx3(1+en2™), d=—4sx3(l+e”772), (4)
(x)—-——l s 1+ (1—-x) (s)
Yle 4m§ X
and

fule(XZ’ Qz”“'z) =_/(;l d;dz_s(x2 - fz_)fuh(z_’ Qz’nu'z)fy]e(‘f)

=f01 dxdzdw, f, ()] 22+ (1 —2)*]8(x, — %zw,)

3e anZ dp? ~fupu(w2, 0%,p%), (6)
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where, in standard notation, the x"~' moments of f, are

a,(Q?) r‘q

fu'Iu(QZ,pz)=[——— ™

a(p?)

To sum over 3 n, flavour doublets, eq. (2) is to be multiplied by n(1 +%).

To describe the beam pipe jet we calculate the distribution in the variables zg,
x g and p3%, defined as follows:

(i) zp is the scaled momentum of the valence quark within the beam pipe jet.

(i) xp is the scaled momentum of the whole beam pipe jet, i.e., adding the
contributions of the fragmentation leg and the hard process leg in fig. 1b, xg = X(1
—z)+ xz(1 —w,) =X — Xzw, = X — x,. This is simply energy conservation. Note
that zp = xp if w, =w, =1, i.e., no gluon radiation takes place (Born approxima-
tion). In general zp + x, <x < L.

(ili) p3 is the transverse momentum of the fragmentation leg in fig. 1b, which in
the present valence approximation is the same as the p; of the whole beam pipe jet.
The transverse momentum p, of the valence quark within the beam pipe would be
given by pry = w, pr since its momentum is reduced by w, due to gluon brems-
strahlung.

The calculation of the distribution in xy is very simple: including §(xg — X + x,)
one has

%;qu(xz) =fq|y(d_x—2_—)fy!e('x2 +xp)0(1 —x;—xp)/ (X3 +x5), (8)

X, + Xxp

which is to be inserted in eq. (2). To calculate the distribution in z; we need the
two-parton distribution in a photon [eq. (1)]. In the present valence approximation
the zy distribution is given by evaluating the jet calculus diagram in fig. 1b and is
obtained from eq. (2) by replacing f, .(x;) by f5(x2. 2p):

1
Jusiex2025, 0%, 1) =f0 dxXdzdw,dw,8(x, — Xzw,)

2
e a

X 8(2p = %(1 = 2)w)) f(F) 5= [ 22+ (1 = 2]

02dp’
xfz P2 fu]u(wz’ Ql’pz)fﬁ|ﬂ(wl’P2’."L2)' (9)
“
Since the valence quark distribution is normalized we also have

_/(;ldznfume(xz’zm QZ’NZ) =fu|e(x2’ QZ’HZ)- (10)
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The p2 distribution is calculated by changing the integration variable p? in (9) to
p>. For a process ¢g=p, +p, with E, +p,. =z(q, + g, ) the exact general kine-
matic relation is
2 2 2
2 _ P P Pt
==+ + . 11
q z l1-z z(1-2) (1

In agreement with the rules of jet calculus [9] we have in eq. (9) assumed that
| p?|=p2=p> Since ¢>=0, eq. (11) then implies that dp?/p?=dp%/p%. The
consequences of the assumption | p?| =p3 clearly deserve further study, here, as
well as in jet calculus in general.

As the distribution in the total energy x5 of the beam pipe jet can be expressed
in terms of the known structure functions fah(x, 0?%),a=u,d, g, we also give here
the general result, not assuming the validity of the valence approximation. Now the
two subprocesses yq—gq and yg— qq (fig. 2) also contribute:

2 2
T =(2il°g Sz)gt S (12)
dyidy, d’grdxg 7 4mg/ g1 (1+coshY)
where (Y =y, ~,)
- 64  n; 5
ya_2*_ 7f _
=5 33—2n,[1+(1 x,) ][U(Xn’xz)
+%D(xB,x2)(1+e—Y+ l+le'y)’ (13)
- 10 ng ,
ye Y Tf _
X 3 33_2nf[1 +(1-x)) ]G(xg,xz)cosh Y. (14)

Here U, D and G are given by [cf. eq. (8)]

2
(1 — x5 —x,),

A(xB,x2)=fA( X2 )l‘“‘(l*xa—xz)

xg+x,/2 xp+ x,
A=U,D,G, (15)
where
Sx) = xfupy(x,0%)/~ logQ?,  A=u.d.g, (16)

is the 0? independent part of the distribution of an e, =3, (u), eq= —3, (d) quark
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or a gluon (g). For numerical purposes we shall use the simple parametrizations [4]:
fu(x)=0.16(x+1),
fi(x)=0.03(x+1), (17)
fo(x)=0.174x"%%(1 - x) .

E.g., f,(x) above differs from the exact result by less than 5% for 0.05 < x <0.95.
A more detailed parametrization can be found in ref. [11]. In the Born approxima-
tion

1+ (1= x5 —x,)

UB(xg,x;) =3x,(x3+x3) 81 — x5 —x,),

()‘B"')‘z)4 (18)

DB=1UB%, GB=0.

-

Note also that since the aim is to discuss the beam pipe jet, eqs. (13), (14) only
include the processes where the e™ turns to a quark or gluon which collide with a
photon from the e* . If the direction of the e* is defined as the positive longitudi-
nal direction, the beam pipe jet will then go to the negative direction. Also, the
form of the Y-dependent factor in (13) is such that it corresponds to y,(y,) being
the gluon (quark) rapidity, i.e., the gluon prefers to go to the negative direction.
The rates of 3-jet processes in which the roles of e* and e~ are interchanged are
simply obtained by permuting y,— — y,.

To give numerical predictions we choose /s = 140 GeV, n; =4 and fix the hard
process so that the two large-p jets are both at 90°, y, =y, =0 (also y, =y, = 2;
jets at 15° to the beams) and let x; have the value 0.1, g+ =20 GeV (also
xp=02,04).

Numerical examples of the distribution in the total energy xp of the beam pipe
jet given by eqgs. (12)-(17) are shown in figs. 6, 7. We can draw following
conclusions from these figures.

The beam pipe jet has a rather broad energy distribution. In fact, the distribution
do/dxy does vanish at xy3 —0 for both of the subprocesses shown in figs. 6, 7, but
this is not evident for yq—gq due to the approximate parametrization (17) used for
fy|y- Actually f,, —0 when x— 1 like 1/log(1 — x), the turnover being at x=0.9.

The yq—gq subprocess dominates over yg— qq at small x; while the latter is
large at x, near its maximum value 1 — x,. This reflects [eq. (17)] the different
behaviour of the quark and gluon distribution functions f;,.(x) and f;,(x): the
former dominates at x near 1.

The peaking at small xy is stronger for large y, and y, since x, =% xr(e ™ +e™2)
is small then.
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Fig. 6. The distribution of the total energy xp of the beam pipe jet of \/s=140 GeV for values of

g

variables marked on the figure.

The Born approximation alone gives a good estimate of the overall situation.

Predictions calculated on the basis of eq. (9) (with d p?/p? = dp%/p%) are shown
in figs. 8—10. The calculation is carried out by straightforward numerical integra-
tion using egs. (2), (6) and (9). The distributions in p%, p%, x5 and zg are obtained

by substituting suitable 8-functions under the integral signs.
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Fig. 7. As fig. 6 but at y, =y, =2.
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Fig. 8. The distribution of the p3 of the beam pipe jet for values of variables marked on the figure.

103

w0

107°}-

nb

T—=

T T

¢

T

T T T

fy=¥,=0

e'e=e"e"q,q+BP)

4o
dy, dy, d°qq dps dzg

LqV(ZB Py )]

i1

Lo

1l

Fig. 9. The distribution of the p | of the valence quark within the beam pipe jet for various values of its
longitudinal momentum.
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Fig. 10. The distribution of the momentum fraction zy of the valence quark within the beam pipe jet
for x+=0.2 and 0.4.

3. The distribution of two partons in a photon

Eq. (9) gives the distribution of a u and U quark in an electron (or photon) in the
valence approximation. To calculate the full QCD expression for f, , \.(x;, x,, 0%
we use the fact that the photon couples to quarks only via the pointlike y—qq
coupling and let the two quark lines evolve and branch to give the two partons a,
and a,. The sum of all the contributions can be expressed in terms of the two-jet
calculus diagrams of fig. 5. In the calculation of diagram (1) one has to integrate
over the invariant mass p2 of the q coupling to the photon. This integral can be
written in the following alternative forms:

02dp? « Q2de a
dy ; (19)
Mt el A e il

where py(pi~ —p?) is the relative transverse momentum of a, and a, [see
remarks after eq. (10)] and

L log a (1) y=—‘—10 a(#?) 20)

S 2mb T a(07) a(p?)
In the following we use (Y, Q?) or (y, p? or p%) interchangeably. Y, y defined by
eq. (20) should be discriminated from the rapidity variables. The result is then [as a
slight generalization of eq. (9)]

2n;

Y a
a]az”(xl,xz,Y) 2“'3[ dy
1 0 a

1
= fodzdwldWZS(xz—wzz)

X 8(x; = wi(1 = 2)) 1 gd(wi 2 ) o 1d(W2s ¥ = ) Pagi(2) 5
@n
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where
Py (2)=22+(1—-2z), (22)

and f, |5 and f, |, describe the evolution of a quark from the scale p? (to be
integrated over) to the scales u? and Q2 respectively. Equivalently, in terms of

x"~ ! moments we can write

a,az|y(n]’n2’Y)_32 fdy fal|q( ]’y).fazlq(nZ’Y Y)P, q|7("1’ n,),

p?)
(23)

where
Pig(ni.ny) =B(n, +2,n,) + B(n,n;—2). (249)

To discuss the p; dependence one may replace y in (21) by p_zl_ using (19) with the
result [ also contains p3 via (20)]

1—x 1-—
falazh(xl’xb ’PT) 3 E(L_f d ( z)

z

ol 7 sl T Y ) @)

For diagram (2) in fig. 5 one similarly obtains

Y 54
Lﬁ?,|,(nl,n2,Y)=3Ze§] dy——:r q|y(”1+”2 l)f;,am("l’”z’Y_J’)
o " a(p?)
=33 e dy'f, (11, 26
Sef'd a(,,)f e (26)
Xf;2|b2(”2’ Y_y,)Pb,bﬂj(nl’nZ)
X‘fjlq(nl +n2_ l’y .y) q|y(nl +n2_ 1)’ (27)
where
1 a(p?)
, 28
Y = 5ab % Ly e
1 2 2

(29)

1 2 —xP ===
P (n)= fdxx [+ (=xP] = -+ 5,
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and Py, |;(ny,n,) is the double moment of the b;b,j vertex. The complete result
for the distribution of two partons in a photon is given by the sum of egs. (21) and
(27). Since f,|y(n,y) is a matrix exponential function in y, the integrations in (21)
and (27) are easily carried out. However, the result is rather lengthy and will not be
presented here.

The necessity and sufficiency of the two diagrams is made obvious by checking
the energy-momentum sum rule (1), which in terms of moments, gives

Zfa,az,y(Z,nz, Y)=f(n, Y)—fo,(n,+1,Y), (30)
where [1, 6]
Y
fam ¥ =38 [T Ay ol ¥ =) Byym), (0

is the moment of the single parton distribution function [see eq. (21) above]. Eq.
(30) for the sum of egs. (21) and (27) follows simply from the fact that the building
blocks of egs. (21) and (27) also satisfy energy-momentum sum rules.

To understand the behaviour of f, , \ (x;,x,,Y) analytically we shall only
consider the diagram (1) in fig. 5 in valence approximation, i.e., including only
gluon emission in the evolution of the quark line. Experience with f,| (x, Y) [2]
indicates that this is a good approximation for values of x=0.2. For smaller x
there is anyway the uncertainty arising from the phenomenological vector meson
contribution arising from the direct y—V coupling. Also, one may note that the
diagrams contributing to the jet calculus diagram (2) in fig. 5 are at least of the
order a? while diagram (1) starts with 2.

In the valence approximation

a(0%) |
fa|q(n’ Y)=83q 2 ’ (32)
a,(pn?)
where d,, is the standard non-singlet anomalous dimension satisfying
d,=0 d, —> EE[10n—(3-—)]=A10n—B (33)
1 , 2 > b 4 i~ Y g .

Then

fq\q,;y(”l’”z’Qz)

1
=fﬁ?1lv(nl’n2’Q2) 1 +dn2_dn,

(as(Qz) ) ~ (as(Q") )
a,(p?) a,(p?) ’

(34)
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where fﬁglv is the double moment of the Born approximation (summed over
u,ﬁ,d,a,...):

Saa(ny.ny, 0%) =32e§%10gQ2[B(n, +2,n,)+ B(n;,n,+2)]. (35)

Note that the valence approximation to f,,,(n,Y) is obtained from (34) by putting

= 0. Then the last term (logu?®/ logQ )H”"z can be asymptotically neglected
and the only 02 dependence of the result is a multiplicative factor log Q2 as in the
Born approximation. However, in eq. (34) both terms have to be taken into account
even at large Q2.

The p?% dependence of the result is most conveniently analysed by starting from
eq. (25). Consider further the limit 1 — x, ~ x,—0, in which the valence approxi-
mation should be applicable. Then one can use in the integrand the x—1 limit of
the valence quark distribution in a quark [cf. egs. (32), (33)]:

e3/4=1)2CsY

T(EC—F?‘-)—‘(I —x)chy_l. (36)

fqlq(x’ Y)=

Inserting this into (25) one obtains, in the limit 1 — x, — x,—0,

(B/4—7)2CrY
1 2 2Y) — 2 & ¢ 2CEY—1
fq(qj)y(xn’xz’Q 5PT)_32 F

%2 T@cy) (T

(Cg/mb)log(1/x3) (Cg/mb)log(1/x))

2 2
X(x12+x2)i2 (PT) as(ﬂz)
Pr (Q ) as(pT)
(37
This is to be compared with the Born approximation
1
Jaan(x1, %2, 0 ’PT)—326 5 00— x2)(x12+x%);" (38)
T

Eq. (37) can be used to make a rough estimate of the rates of e*e" et e qyg+
(BPJ > gy (zg,p%)) in place of the numerical evaluation of eq. (9). The comparison
of (37) and (38) shows the modification of the two-parton structure function due to
gluon radiation.

4. Charge correlations

When the hard scattering process leading to the 3-jet topology is yq— gq (fig.
1b), the beam jet carries charge opposite to that of the high-p - quark jet. Denoting
the electric charges of the two high-p elementary quanta, gluon and quark by Q,
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and Q, and that of the beam pipe jet by Qp the following charge correlations may
be defined:

C,=<0,0>, C,=<Qs(Q:1+02,)>. (39)

As the gluon is neutral Q, = 0 so for this subprocess

C; =0, GC=<0s0,>, (40)

The value of C, may be found by averaging over quark flavours. From fig. 1b it
can be seen that the cross section is weighted by the 4th power of the quark charge.
In the case that both the % and % charge members of a given quark generation are

153 ?

above threshold C, has the value: [(%)4(—§)+(%)4(——)] [( ) ( ) } :

independent of the number of generations. Between thresholds, if the charge 3
member of the generation is lighter, C, will be smaller than this, the difference
becoming smaller as the number of generations increases. For example, well above
the bb threshold, but below the tt one (5 flavours excited) the expected value of C,
is 512 differing from the constant ‘even flavour’ value by only 2%.

Because of the neutrality of the photon and the gluon, Qp is expected to be zero
in 3-jet events originating from yq— qq (fig. 2b). For the same reason Q, = —Q, in

this case. This implies that
Cy=—<el>, (41)
the weighting factor for the different flavours now being eé, while
C,=0. (42)

For excitation of any number of complete quark generations

c=[E =D+ C-nl]@+ey]--1. (3)

The charge correlations expected for the two different subprocesses are thus
strikingly different. For a kinematic configuration such as that shown in fig. 7,
where the relative contributions of the two subprocesses change strongly as a
function of xy, a similarly large change in the charge correlation coefficients C;, C,
is also to be expected. In practice, of course, the charge of the elementary quantum
must be estimated from that of the leading z— 1 hadrons in the jet, the dilution of
the elementary charge correlation, resulting from this depending on the details of
the fragmentation mechanism. If the average charge of the jet (Q;) is used as a
measure of the charge of the leading quantum Q,, then for the quark jets, the
‘dressing’ necessary to convert the primary fractional charge to the observed
integral charge results in a dilution of the charge correlation [12, 13]. This dilution
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may be expressed as a universal additive constant [13, 14].
<Qj>=QLi77Q’ (44)

with the +(—) signs taken for leading g(q) where [14]:

n,=0.07*0.01, for u, d, s quarks. (45)

Replacing the quark charges in the charge correlations by average jet charges given
by (44), (45) results in an ~ 20% reduction in the absolute magnitude of the charge
correlations. The striking qualitative difference between the two subprocesses
vq—gq and yg—qq is, however, not affected. After the completion of this paper
we noted that charge correlations in yy collisions have also recently been studied
by Soni [15].

K.K. thanks the DESY theory group for hospitality. E.P. acknowledges the
support by the Academy of Finland.
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