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Abstract:
A large variety of modernperturbativeaspectsof OCD is critically reviewedfrom a theoreticalas well asphenomenologicalpointof view. The

first part of this review is devotedto theclassicalmoreformal approachof summingleadinglogs: After a brief discussionof thebasic conceptsof
renormalizationtheory,we review the renormalizationgroup and its predictionsfor theeffective (running) coupling constantin any field theory
(asymptoticfreedomaswell as ‘fixed point’ theories).Using, in addition, theoperatorproduct expansionfor deep inelasticscatteringwe calculate
scaling violationsof structurefunctions and showhow to comparetheseresultswith experiment.Furthermore,dynamical calculationsof parton
distributionsarediscussed,aswell as O’L/O’T, jets in leptoproductionandsubleadingcorrections.We thenproceedto showhow theserenormalization
group improved results can be also derived using a simple perturbativelanguage(Kogut—Susskind;Altarelli—Parisi) or by summingparton
(Bethe—Salpeter)ladders.The universalvalidity (processindependence)of theresulting Q2 dependenciesof partondistributionsis emphasizedand
their factorizationfrom the uncalculablenon-perturbativepiece(infrared divergences)is discussed.These latter resultsenableus to makerather
unambiguouspredictionsfor processesotherthan deepinelastic scattering,to which theremainderof this review is devoted.The hard scattering
processesdiscussedin detail includehadronic(Drell—Yan) productionof lepton pairsas well astheirtransversemomenta,thehadronicproduction
of heavy quark flavors, semi-inclusiveprocessesand fragmentationfunctions,high-pr reactionsand somerecent topics and problemsof jet
productionin e~eannihilation.

Introduction

This article originatedfrom a seriesof lecturesgiven at the Herbstschulefür Hochenergiephysikat
Maria Laach in 1977. These lectures were intendedfor young (mostly non-expert)theorists and
experimentalistsasan introductionto thetheoreticalbasisof QuantumChromodynamics(QCD) andits
applicationto leptonic and hadronicscatteringprocesses.The aim of this introductory review is to
teach— hopefully— eventhe uninitiatedhowto calculate“from scratch”scaleviolating effectsandhowto
apply them to actuallymeasuredquantities.In orderto maketheserathercomplicatedfield theoretic
techniquescomprehensible,as far as possible,also to progressiveexperimentalists,this article will be
orientedratherpragmatically.Specialemphasiswill begivento showhowvariousquantitiesof interestcan
beandarecalculated— detailswhichareusuallynot foundin theliterature.By doingthis I hopeto reveal
thephysicshiddenbehindtheratherawkwardfonnalismsmoreclearlyandto helpalsoexperimentaliststo
understandtheir (nowadaysexciting) measurementsin termsof modernfield theoreticconcepts.

Thesenotesowe obviousimportantdebtsto original articlesandreviewslistedamongthereferences.
Thereexistsalreadya variety of excellentreviews[1—11]regardingthe perturbativetreatmentof QCD
at smalldistances.We refer the Germanspeakingreaderalso to the Maria Laachlectures[12] of 1977
(wherenot only stronginteraction theoriesarediscussed,but also the unified gaugetheoriesof weak
and electromagneticinteractionsare treatedrathercomprehensively)and to ref. [13].A discussionof
the more formal and non-perturbativeaspectsof QCD, such as the path-integral formulation of
quantum field theories, vortex solutions, solitons, instantons and related questions of quark
confinement,can be found, for example,in refs. [14,3 and12].

In order to guide the theoreticallynot so well equippedreaderthrough the jungle of presently
existingreviews,let me briefly discussthosereviews which appearedin the past few years,mainly in
PhysicsReports.The article of Marcianoand Pagels[14] concernsitself with the formal field theoretic
and non-perturbativeaspectsof QCD, but does not cover the vast areaof phenomenologicalap-
plications of perturbative QCD. Peterman’sreview [10] deals with all the mathematicalsubleties
underlyingthe renormalizationgroupand their connectionwith measuredstructurefunctionstogether
with a comparisonwith deepinelasticscatteringdata.Similarly, the excellentand very comprehensive
review of Buras[11] concentrateson leadingorderandespeciallyon higher orderQCD correctionsto
structure functions using both the more formal languageof the operator product expansionand
renormalizationgroup, and the intuitive parton model picture of Altarelli and Parisi; furthermorea
systematiccomparisonof asymptotic freedompredictionswith deep inelasticdata is presented.The
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recentarticleof Dokshitzer,DyakonovandTroyan[169]is very theoreticallyorientedin treating,using
the parton (Bethe—Salpeter)ladderapproach,perturbativeQCD correctionsfor varioushardscattering
process,with little phenomenologicalapplications.The presentreviewis, as far aspossible,theoretically
self-containedby discussingand comparing all threecalculational approaches(renormalizationgroup
and operatorproductexpansion,Altarelli—Parisi equations,andparton ladders);the main emphasisis
then put on the phenomenologyhow to apply theseperturbativeQCD predictionsto all presently
knownhardscatteringprocessesandto comparethem with experiment.

The first part of this review (sections 1—5) is devotedto the classical more formal approachto
scalingviolationsusingWilson’s operatorproductexpansionfor deepinelasticprocesses.Herewe shall
discussnot only how to calculatescaleviolating effects, i.e. Q2-dependentparton distributions,from
generalfield theoriesof strong interactions(QCD as well as “fixed point” theories),but also how to
comparetheseformal results with experiment such as x- and Q2-dependenciesof deep inelastic
structurefunctionsas well as their moments.We then discussin section6 how theserenormalization
groupimprovedresultscan be understoodandderivedfrom a simple perturbativelanguage,whichwill
reveal the physics more clearly than the formal approachof the previous sections. Furthermore,
perturbationtheory is an essentialtool for studyingwhetherasymptoticfreedomcan be used to make
predictionsfor processesaboutwhich the operatorproductexpansionyields no information. In section
7 weshall seethat the resultsderivedfor deepinelasticlepton—nucleonprocesseshaveindeeduniversal
validity suchthat the leadingQ2-dependenciesof partondistributionsremain the samefor all processes
studiedso far (semi-inclusivereactions,Drell—Yan dimuon production, hadronic high-p.r processes,
etc.), regardlessof space-like or time-like momenta-transfer-squared;furthermore non-perturbative
infrared effects will factorize to all orders. Thus QCD can makeunique,in principle parameter-free
predictionsfor a wide classof processes,oncescaleviolating effectshavebeencalculatedfor, say,deep
inelastic scattering.This ambitious,so far not fully solvedprogramwill be studiedin the remainderof
this review (sections8—12), and in the last sectionwe briefly discusssomerecenttopicsand problems
of jet productionin e~eannihilation.

1. The conceptof color

Thereare numerousempirical and theoreticalarguments[15,16] which madeus believethat the
conventional quark model carrying only SU(N~= 3,.,.) flavor degrees of freedom, i.e.
u, d, s, c,. . . quarks,shouldbe extendedto includeadditional “color” degreesof freedomdescribedby
the color-groupSU(NC = 3)~.The mostconvincingargumentsin favor of the colorquantumnumberare
the following:

(i) Fermi—Dirac statistics: It is well-known that in the non-relativistic naive quark model the
low-lying baryonstatesare totally symmetricin the quark-andspin-indices,for example

I~,J~=+~)=Iututut). (1.1)

Thus thegroundstateof thethreequark system,composedof threeidenticalu-quarks,correspondsto a
totally symmetricwavefunction. On the otherhand,this cannotbethe caseif quarks, like otherknown
fermionswith spin 1/2, obeyFermi—Diracstatistics.Theby now mostconvincingway out of this puzzle
is to assume[15] that eachquark flavor comesin three different “colors”, say red (R), green (G) and
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blue (B). In this casethe wave functionsof the ground statesare still symmetric in space,flavor and
spin,but can be simply madeantisymmetricin color:

I~,i’z = +~)=~= ~ 6ijkIUi~ UJI Uj~) (1.2)
6 R,G,B

with i, j, k beingthe color indices.Similarly, the Pauli-principlecan be satisfiedfor any physicalbaryon
stateconsistingof threeidenticalflavor quarks.In group theoretictermsthe form of the wave function
(1.2) meansnothingelsethat threequarkscanform only asinglet underSU(3)~

3®3®3=1~8~8~10 (1.3)

wherea given flavor q transformsas a (color) triplet (qR, qG, q~)under SU(3)~.The singletstate1 in
(1.3) is just the one which is totally antisymmetric in the color index, given by eq. (1.2). Thus a
consistentway to describethe baryonspectrumwould be to supposethat all baryonsaresingletsunder
SU(3)~,i.e. Jbaryon)— ~ ~ Furthermore,the sameprinciple can be applied to mesons(‘—~q~))
as well, sincewe can form SU(3)~singletsout of quarksandantiquarks,

3®3=1~8 (1.4)

wherethe singlet 1 state,to be identified with physicalmesons,is given by

1 —

meson)= —~ ~ ~q1q1). (1.5)
V 3 i=R,G,B

Note that two quarkscannotform a color-singletstatesince3 ®3 = 6~ 3 ~ 1, and a similarsituation
holds for a four quark system.Fortunately,two- and four-quark stateshave neverbeen observed.
Thereforea consistentway to describethe whole spectrumof hadronsis to postulatethe

“confinementdogma”: all physical observables(hadrons,currents,...) are color-singlets,
i.e. are“colorless”.

It shouldbe emphasizedthat the argumentspresentedaboveleadnecessarilyto a threecolorstructure.
Any other numberof colors is clearlyruled out since, for example,four colors would imply that the
simplestmultiquarkstateis of the form qqqq).

Thus we imagine that the world of observedhadronscan be describedby coloredquarksof the, so
far, following type

fUR UG u8\ fcR cG cB\ (tR tG t8 \
‘4 ,, ~ ,, ~ L ~ ~ ~, . (1.6

\UR UG UB/ \

5R 5G 5B/ ~UR 0G UB/

light heavy superheavy

where the light up (u) and down (d) quarks together with the strangequark (s) build up the
“conventional” hadrons(‘ir, K, p, . . .), the charmedquark (c) forms the “hidden”-charm(J/* = cë,...)
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and “open”-charm(D, F,...) states,and the b-quarksare the constituentsof the Y(=b~)family. The
evenheaviert-quarkshaveyet to bediscovered.

(ii) Seeingcolor “experimentally”: Thereare two processeswhich allow us to infer the numberof
colorsin aratherdirect way, one of which is the decayir°—~

2~y.Applying PCACone can describe[17]
this decayby relating it to the coupling of the axial-vectorcurrent to two photonswhich, to lowest
order, is given by the famoustrianglediagram

eq

—

The decayrateis calculatedto be [171

3 I’) 2

_m,T,~a— ~— ~ N~S (1.7)

with

~

andwherewe havesummedover color which gives N~timesthe amplitudecorrespondingto the naive
(colorless)quark model. For the semileptonic ‘rr-decay constantwe take f,. 93 MeV. Using the
experimentaldecayrateI’~~~~23= (7.95±0.55)eV, eq. (1.7) implies

N~=3.06±0.1O (1.8)

in perfect agreementwith the theoreticallyanticipatedvalue of N~= 3. Note that for N~= 1 (naive
quarkmodel)eq. (1.7) predictsF,,o.

27= 0.89eV in striking disagreementwith experiment.
The other experimentalevidence for color comes from the cross section ratio for e~e—~

hadronsrelativeto e~e~ —* ~ Since, in the naiveparton model the hadronicamplitude in fig.
1.1 (for q

2—~ce) is, up to the fractionalquarkchargeseq, the sameas for e~e—* ~ the ratio of cross
sectionsshould be

R
4~=~(ee÷hath0n5)_N 2 (19e e — ~(e~e ~ ~ — c q eq.

e’~’ q 2

Fig. 1.1. Thecrosssectionfor e+e__y*_*hadrons.The sum runsover theflavors q andcolors i.
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In the absenceof color (N~= 1), this ratio would be 2/3 belowcharmthreshold(q = u, d, s), and 10/9
above charm threshold (q = u, d, s, c). Experimentally[18] this ratio is about 2—2.5 below charm
thresholdandabout4.5—5abovecharmthreshold.Allowing for onechargeunit of R~- due to heavy
lepton(‘r) productionabovecharmthreshold,thesevaluesarenot inconsistentwith Re~e = 2 and 10/3
expectedfor N,,= 3.

(iii) Renormalizabilityof unifiedgaugetheories: A relatedreasonfor color is the cancellationof the
Adler—Bell—Jackiw[19] anomaloustrianglediagrams(i.e. trianglegraphswith one axial-vectorandtwo
vectorcouplings)which is requiredto ensure[20,21] the renormalizabilityof a gaugetheoryof weak
andelectromagneticinteractions.In all modelsbasedon SU(2)x U(1) whichhavebeenproposedso far,
the conditionfor havingan axial vectoranomaly-freetheory reads[20]

Tr ~ Tr(Q1~~~+ Qhadr) = 0 (1.10)

with ~ being the total fermionic chargematrix of the theory. So, if the sum of the chargesof all
(leptonic andhadronic)elementaryspinorfields vanishes,the anomalycancels.This conditioncan be
satisfied by arrangingthe quark chargesin a suitableway. (Note, however,that it is not possibleto
cancel the electronagainstthe muon anomalysince they havethe samecharge.)Let us considerfor
examplea conventionaltheorywith four leptonsandquark-flavors,wherethe chargematricesaregiven
by

/0 O\Ve

Tr Qiept = Tr ( —1 e = —2
0 JVp.

/2/3 0 \u

Tr Qhadr = Tr — 1/3 1/3 ) ‘~=

0 2/3 c

which cannotsatisfycondition (1.10).However,in a theory with 3 colorsthe sumover hadroniccharges
will be threetimes as large, i.e. Tr Qhadr = +2, andeq. (1.10) is satisfied.Thus,our renormalizability
condition(1.10) directly implies theexistenceof threeadditionaldegreesof freedom(call them color) in
the quarksector.The requirementfor havingastrictly renormalizabletheory,i.e. eq. (1.10), impliesan
additional remarkableand far reachingconsequence:It gives a close connectionbetweenthe leptons
andelementaryhadrons(quarks)!To seehowthis comesabout,let us includethe heavylepton‘i~: in a
SU(2)x U(1) gaugetheorythis amountsto addinga third left-handeddoublet (vt, T) to the “standard”
doublets(Ve, e)and(v~,~ Thus,Tr Qiept = —3. In a 3-colorquark model this immediatelyimplies, via
eq. (1.10), the existenceof new quark-flavordegreesof freedom in the hadronicsector: The most
naturalandso far the only extension,which is consistentwith all presentexperiments(suchas deep
inelasticneutrinoscattering),is to addin analogyto the leptonicsectora newquarkdoublet (t, b) to the
“standard”ones (u, d) and(c, s). Thus

TrQhadr=3(2/3—1/3+2/3—1/3+2/3—1/3) +3,
u d c s t b
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and againthe renormalizabilitycondition(1.10) can now be satisfied.Needlessto saythatoneof these
anticipated new quark flavors b have been found already experimentally (Y = bb), whereas the
predictedt-quark stateswill be hopefully foundat PETRAandPEPin the nearfuture. This very close
and symmetric interrelationbetweenleptonsand hadrons,resulting solely from the renormalizability
constraint(1.10), is usuallyreferredto as Glashow’s lepton—hadronuniversality.

Without going into details,we just mentionthat therearefurthermoretechnicalreasonsfor a color
field theory of strong interactionssuch as for exampleto accountfor the observed~I = 1/2 rule in
non-leptonicweak decays[22], or_to resolvethe U(1)-i~problem(in order to avoid a pseudoscalar
mesonwith massno largerthan V3m.,,; seefor examplerefs. [14] and[9]).

2. The Lagrangianof QCD

QCD is a renormalizableLagrangianquantumfield theory of the strong interactions. The for-
mulation of it is based on (i) the numeroussuccessfulpredictions of the conventional (flavor)
quark-partonmodelas well as on theresultsof including color as discussedin the previoussection,and
(ii) the successfuldescriptionof dynamicaleffects in QED— a minimal locally gaugeinvariant field
theory.Thefundamentalspin 1/2 constituentsin (1.6) arethussupposedto form color tripletsof SU(3),,
and the strong interactionsbetweenthesecolored quarksare mediatedby an octet of coloredvector
fields A~=1 8, calledgluons (notcarryingflavor), which transformaccordingto the adjoint represen-
tation of SU(3),,.More explicitly,

UR dR SR CR

tiii:(uo) , (so) , (so)~ (CG) ~ (2.1)

weak,elm. (flavor) interactions

Sinceby constructionthe stronginteractionstakeplaceonly in thecolorsector,beingthus independent
of all othernon-stronginteractions,the stronggaugegroupwill alwaysbe orthogonalto theweakgauge
group, say, i.e. G5 x G~where G. = SU(3)~and, for example,G~= SU(2)x U(1) accordingto the
standardWeinberg—Salammodel of weakandelectromagneticinteractions.Thus,the fields in (2.1) can
havefor instancethe following interactions

gluon gluon

strong: URUB ; but U~~_~NdR forbidden!

+ +

weak,elm.: ~ ; but ~ forbidden!
dR UR UR UR dR UB

The staticbaryonandmesonwavefunctionsdiscussedin the previoussection,e.g. eq. (1.5), havenow a
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simple dynamicalinterpretation:Thestrongly interactingcoloredquarks,beingin a color-singletstate,
arebound togetherby coloredgluon fields (gluonsarethe “glue of matter”). For example

p-~ eIJku~uJdk= UB
coor dB dR

1T~-~ C~r u1d~= dRdB:G

and, in addition, hadronsmight also consistof two and more gluon boundstates[23], the so-called
“glue balls”.

The main idea of QCD is to makethe SU(3)~color symmetry a local, rather than just a global
symmetry.QCD is thusanon-abeliangaugetheory (gaugegroupSU(3)~),in contrastto QED which is
an abeliangaugetheory (gaugegroupU(1)). Theformal Lagrangianof QCD is thengiven by

= ~F~Fa~v + ~t~Y~aD~&//k1/11M~k1,frk (2.2)

wherethe first term is the pureYang—Mills Lagrangianfor self-interactingSU(3)~gaugefields with

Ft,” = 3~’A~— 8eA~+ CA~ACe (2.3)

andtab, beingthe structureconstantsof SU(3)~,i.e., [Ta, Tb] = ~fa&Tcwith the SU(3),,matricesTa = ~Aa.

The interactionsof the quarkswith gluonsaredescribedby thesecondtermin (2.2) wherethe covariant
derivativeactingon aquark field is definedby

~ ~‘—~ (T\A#L 4jk jk ig~ajjk

As far aslight quarks(u, d, s) areconcerned,weshallneglectthemassterm in eq. (2.2), sincewe always
will consider energies or more specifically momentum-transfers-squaredQ

2 I~isuch that
mqu.d.s/Q 0. A few commentsare in order regardingthe structureof interactionsimplied by eq.
(2.2):

(i) the strengthof all interactionsbetweenquarks and gluons is specifiedby just one universal
couplingg;

(ii) the Feynmanrulescorrespondingto ~‘ arewell known[1], but we would like to stressagainthe
most essentialqualitativenew featuresof interactionverticesof QCD. Only anon-abelianlocal vector
gaugetheory implies, as we can readoff eqs.(2.2) and(2.3), besidesquarticself-couplingsof thevectors
fields also triple gluoncouplings,namely

p,a,a.

= —g ,,[g~(pi—p
2)7+g,~,(p~—p3)~.+g~(p3—p1)~]. (2.5)

p2,b,f3 p3,c,’5’
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This gluon self-coupling is mainly responsiblefor “asymptotic freedom”, a uniquefeatureof non-
abelianlocal gaugetheories,which meansthat the interactionstrengthg becomessmallerthe smaller
the distanceR betweentwo particlesbecomes(or the largerQ2, sinceR — 1IV’~);asymptotically,for
R -“- 1/V’Q2 = 0 the theory becomesa free field theory, i.e. g = 0 (seesection 4). Furthermore,the
quark—gluon vertex is similar to the electron—photonvertex of QED, but with the additional non-
abelianstructureaccordingto eq. (2.4)

~j~k igy~(T0)Jk; (2.6)

(iii) onecan easilyverify that (2.2) is invariant underlocal gaugetransformationsof the form

i/,.(x)-s. U(x) ~(x)

TaA~(X)~U(x) TaA~(X)U1(x)_~(8~~U(x))U1(x) (2.7)

whereU(x) exp(—iTaaa(x)) with aa(x) beingthe space-timedependentparametersof thelocal SU(3)~
gaugetransformationU(x). Or, the infinitesimalform of (2.7) simply reads(aa(x) infinitesimal)

~‘j(x) = jTatlij(X) aa(x)

1 (2.8)
8A~(x)= — — 3~aa(x)+fabcab(X)Ac(X).

For comparisonrecall that for anabelianlocal gaugetheory suchas QED, the Lagrangianis formally
the sameas in eq. (2.2) but with all groupindices droppedandinsteadof eqs. (2.3) and (2.4) we have

F’~ = — ~ D~’= — igA~’ (2.9)

i.e. thereexistsnowno self-couplingof the vectorgaugefield (photon)andwehaveonly oneinteraction
vertex

igy~.

The well-known abelianversionof the local gaugetransformation(2.7) or (2.8) now reads

es, 3A~’=—‘~-D”a(x). (2.10)

Beforegoing into the detailsof how to extractthe numerousphenomenologicalconsequencesof the
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QCD Lagrangian(2.2), we will first turn to a discussionof the renormalizationgroup— the “classical”
field theoreticapproachfor calculatingscalingviolationsin deepinelasticprocesses.

3. The renormalizationgroup

In generalrenormalizablefield theoriesthe basic interaction vertex g dependson the momentaq
which arefed into it, i.e. graphslike

1~ _ _
give rise to logarithms

g-s.g + C(g3 ln q2)+~(g51n2q2)+.... (3.1)

Fortunately,in a locally gaugeinvariant QCD (triple gluon vertex!),wherethis expansionturns out to
be an alternating series, the leading logarithms can be summedexactly [24] and give an effective
couplingwhich decreasesas 1q21 -÷

g2(q2) = 1 + bg~in 1q21 (3.2)

This is in contrastto all otherfield theoriesknown, e.g. no Yang—Mills vectorgluons(where the last
termin eq. (2.3) is absent)or scalargluons,wherethe interactionsin finite orderof perturbationtheory
grow [25] as -~~ We will now see how theseleading logarithms of perturbationtheory can be
summedto all ordersusingthe renormalizationgroup[26,27]. For an excellentgeneralintroductionwe
refer the readerto Coleman’sErice lectures[28], and a clearandthoroughdiscussionfor the caseof
asymptoticallyfree gaugetheories(QCD) can alsobe found in refs. [1], [5] and [10].

To avoid any double counting, let us consider a one-particle-irreducible(1PI) Green’s function
(which is the sum of all connectedFeynmandiagramsthat cannotbe cut in two by breakinga single
internalline) with n externallines denotedby

f~~)(p
1,. . . ~ ~

A renormalizableLagrangiancontainsin general,besidesdimensionlesscouplingconstants,a number
of termswith dimensionsof masses,suchas mt/It/I, m

2/I2, At/I3, etc. An intuitive statementis that at high
values of all externalmomentathe Green’sfunctionsshould be independentof the mass.To be more
precise,consider someFeynmandiagram with all four-momentabeing (nonexceptional)deepEucli-
dean;that is to say,p~= (ip~)2—p~—*—~ with p, p~/~_~p~finite for all i andj. In this casethe above
statementcan be proven order by order in perturbationtheory (Weinberg theorem [29]). This
restriction to the deep Euclideanregion at nonexceptionalvalues of momenta(i.e. the sum of any
subsetof momentadoesnot vanish)is necessaryin orderto stayawayfrom thresholdsandto makesure
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that the momentaflowing in the internallines are all large.As a consequence,the asymptoticbehavior
of Green’sfunctionsin the deepEuclideanregion should naively be independentof any massin the
theory and consequentlyamplitudeswould scalein terms of ratios of kinematic invariantsin a way
determinedby dimensionalanalysis,as in a masslesstheory.This naiveexpectationis, however,not the
case.The reasonis that in order to give senseto the theory through a renormalizationprocedurea
subtractionpoint

p~=—~s2 (3.3)

must beselected,wherefor exampleultraviolet divergencesin Feynmanintegralsare regulatedin some
way (p~= 0 is excludedbecauseof infrareddivergences),whichnecessarilyintroducesa parameterwith
dimensions.This arbitrary massparameter~ is introducedsolely to define the theory,but is without
anyphysicalsignificance.Thus,anymeasurablephysicalquantity must not dependon different choices
of ~t. The renormalizationgroup expressesthe fact that any physical amplitude is invariant under
changesof ~z,i.e. ÔI’~’°= 0 for jz -~ ~s+ ô~s,or formally

js, g; Z) = f(~~)(p
1,~ + ~, g + 6g; Z + &Z) (3.4)

where the variation &g = ~3(g)8jt/~zof the renormalizedcoupling g(~) is describedby the Callan—
Symanzik function /3(g) ~a3g/3j.~.In addition, any Green’s function depends also on the nor-
malizationof the fields, genericallydenotedby Z(~s),the change~iZ = y(g)Z ~u/~ of which is fixed by
the so called “anomalousdimension” y. To formulate these intuitively qualitative remarks in a
mathematicallymore preciselanguage,let usbriefly recall the main ideasof renormalizationtheory.

In atheory with nA externalbosonsand n,~,fermions,our 1PI truncatedGreen’sfunction F is defined
by removingfrom the Green’sfunction G all externalpropagators,i.e.

p(nA.n*)(p~) ~ (3.5)

Supposethereis a baretjnjiA couplingg0 so that (in 0th order)

= g0 (3.6)

(we suppressobviousfactorssuch as Dirac matricesand/or Gell-Mann matriceswhich dependon the
specific theory underconsideration).Higher ordergraphsin perturbationtheory like

~
will modify the simplevertex in (3.6). We denotethe result of addingthem to (3.6) by F~”

2~— the so
called unrenormalizedGreen’sfunction. This quantity is in generalinfinite becauseof divergentloop
integrals.Thereis a variety of waysto makeF. finite, one of which would be to introducea cut-off A
into the divergentioop momentumintegral:

= F~,~~An*)(p
1,g0, A). (3.7)
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There is thena theorem[30] that in any gaugetheory one can introducemultiplicative factorsZA(A)

and Z1,(A)with theproperty that

lim ZA(A )nAz,~,(A)‘~F~”~(p~,g0, A) (3.8)
4=”

exists andis finite. (More generally,we call anyquantumfield theory with this property “renormaliz-
able”.) This implies that we can definerenormalizedGreen’sfunctionsby

lim ~ (3.9)

which are finite and cut-off independent.As we have alreadyemphasized,one can perform these
subtractionsof infinities in divergentloop integrals(which amountsto introducinga cut-off A) at any
convenientspacelike(Euclidean)subtractionpoint p~= —~a

2.Thus the dimensionlessnumbersZ can
only dependon dimensionlessratiosA/es andg

0, i.e. Z = Z(go,A/es),andourrenormalizationcondition
(3.9) can be finally written as

g, ~z)= urn ZA(gO, A/~)nAz,~,(goA/~)“~F~”~(p~,g0, A) (3.10)

where for conveniencewe havereplacedthe g0 dependenceof the physical renormalizedGreen’s
function in termsof a dimensionlessphysicalrenormalizedcouplingconstant

g g(g0,A/u). (3.11)

Thesefinite renormalizedamplitudesF, or equivalentlythe renormalizationconstantsZ are in praxi

fixed by the renormalizationcondition at somearbitraryp~=
Z r(2,o) 2 — 2 r(2,O) 2 = — 2 .~,A~ 1 p —pp A

1 u p~—~j— g~~p1 J’.4Jp

r(O.2) 2 — 2 r(°.2) • 2 =
£ p=—~~— 4~1 u p=—~~—

g: F”’2~(0,p, _p)~p2,_~2 ZAZ~F~’2~(0,p, ~ g

wherethe A-dependentF
0’s arecalculatedfrom the well knowndiagrams

r’(2,O)
I . ‘mm~ + 1vm~,m’ +

—+

I~~
t.2): i_ + ,j,, +

It shouldbe notedthat ~2.o) refers to the transverse(conserved)part of the bosonpropagatorandthat,
for simplicity we use always the Landaugauge (a = 0) in the boson (gluon) propagator—(i/k2) x
[g~~— (1 — a)k,~kJk2];this will makethe renormalizationgroup equationsindependentof the gauge
parametera.
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We are now in the position to derive the renormalizationgroup equationswhich follow from the
requirementthatanyphysically observable(renonnalized)quantity mustbe invariant underchangesof
~i. Referring back to eq. (3.10) we recall that F(~~Au1*)and ZA,,I, dependon the renormalizationscale1a,
whereasF(j~An*)is independentof itt. We nowcalculate,.s (dId4LL) F~”-~”~by usingeq. (3.10):

(~f + s -~ ~-) F~’~(p~,g, ia) = js lim [nA—
1--~ + ti,j, k Z~A~ (3.13)

anddefine

/3(g)na lim ~a-/—g(go,A/
1a)

1 (3.14)
y1(g)~—hm4~t

4_sco L~J U/1

The Callan—Symanzikfunction /3 and the anomalousdimensions‘y~and ~ referring to the A- and
t~i-fieldsof the theory respectively,are dimensionlessand dependthereforeonly on g. It should be
emphasizedthat, accordingto eq. (3.14), thesefunctions/3 andy~areintrinsic quantitiesof atheory and
areindependentof the specific Green’sfunction(scatteringamplitude)chosen.Equation(3.13) can now
be rewrittenin a moreconvenientform [26,28]

~ ~— + /3(g)~—+ nAyA(g) + n~t,y~t,(g)]F‘~~‘~(p~g, js) = 0 (3.15)

which is the famousrenormalizationgroup(RG) equationof Stueckelberg,Peterman,Gell-Mann and
Low, or the homogeneousCallan—Symanzikequation[27].The physicalinterpretationof thisequation
is straightforward: for any small change in ~,sthere exist appropriate changesin g and in the
normalizationZ,, of the externalfields suchthatany physicalquantity F remainsunchanged.

The RG equation tells us about the behavior of a scatteringamplitude for varying ~i at fixed
momentaP~.The valueof ~t, however,also fixes the scaleof momentain the theory,andthereforethe
knowledgeof how the F’s reactto a changeof ~scontainsall the informationon how theychangewhen
thep, arechangedat fixed ~u.This translationis easilyachievedby usingnaivedimensionalanalysis.If F
hasnaivemassdimensiond, then

F(~~A~(Ap~,g, ~) = ,J,df(A

2p . p
1/~s

2) (3.16)

whereA scalesthe momentaup andf is a dimensionlessfunction of kinematic invariants.Introducing

the variablet = ln A anddifferentiatingF with respectto t and ~ oneobtains

[~+ ~—— d] F°”~(Ap~,g, /L)= 0 (3.17)

which, whensubtractedfrom eq. (3.15),gives

+ /3(g)~+ d + nAYA(g) + n~t,yg,(g)]F0I~*)(Ap,,g, ~i) = 0. (3.18)
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This equationexpressesdirectly the effect on Green’sfunctionsof scalingup the momentaby A. (In
actualcalculationsthis scalingparameterhasto beidentified with thosemomentawhich becomelarge;
for example,for deepinelasticprocesseswe will haveA \/~q2~/~~2.)Thefollowing simpleconsequences
of eq. (3.18) areapparent:

(i) If all interactions are “turned off”, /3 = y = 0, then scale invariance with naive canonical
dimensionsholds for the masslesstheory (and henceasymptoticallyin the deepEuclideanregion)and
eq. (3.18) gives

A”. (3.19)

(ii) If /3 = 0 but y,� 0, then scaleinvarianceholdsbut with “anomalousdimensions”

A d+nAyA+n,~,y. (3.20)

and thereforethe y1(g) arecalled “anomalousdimensions”.
(iii) If ~3(g)� 0 andy~(g)� 0, scaleinvariancefor the masslesstheoryis lost completely.In this case

thegeneralsolutionof eq. (3.18)can be obtainedin the following way. For brevity, let us first write eq.
(3.18)in the form

[—a/at+ /3(g) 3/ôg+ ‘y(g)]F(Ap, g) = 0 (3.21)

which is convenientlysolvedin two steps.First wesolve the equation

(—a/at+/3a/ag)4= 0.

The solution is

= qS(~(g,t)) (3.22)

whereg satisfiesthe ordinarydifferentialequation

d~(g,t)/dt = /3(g) (3.23)

subject to the boundarycondition ~(g,t = 0) = g. This equation‘describesthe changeof the “effective
coupling” g whenchangingthe distanceR -= i/p betweentwo particles.The fact that (3.22)is a solution
of the homogeneousequationcan becheckedby noting that solutionswith differentg ‘s are relatedby a
translationof the origin in t

— __~(g+5g,t)

~(g,t)

g(g+ ~g,t) = ~(g,t + bt): ~

wherebg = /3(g) bt, so that

dg/dt=~3(g)d~/dg
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whichimplies

1_-~-+P( 1A()=1_~8+/3()~1at/I~)=0
J. ~ ~ g, agj ~ g ~ g ag] ag

The generalsolutionof the completeRGequation(3.21) is then obviously given by

F(Ap, g) = F(p, ~) exp[~y(g(g, t’)) de] = F(p, ~) exp[J ~ dg’] (3.24)

which is the famousprediction of the RG for the ultraviolet (large A) momentumdependenceof
Green’sfunctions,andwill bethe basicstartingpoint, togetherwith eq. (3.23), for our studiesof scaling
violationsin deepinelasticreactions.Thus the large-A behaviorof ascatteringamplitudeis controlled
by the effective coupling constantg(g, t) and the anomalousdimensiony(g) in the renormalization
group exponentof eq. (3.24). This exponent,being an asymptoticseries[28] in all leading logarithms
and in all ordersof g (seefor exampleeq. (3.1)), is uniquely determinedby calculating /3 and y in
lowest order (i-loop) of perturbationtheory, provided of course ~ is small. Therefore, the only
requirementfor our RG improvedperturbationtheory to be usefulfor practicalcalculationis, that the
effectivecouplingg satisfies

~ 1

(or more precisely the effective expansionparameterg
2/4~2must be small), whereas all large

logarithms,suchas in eq. (3.1), areautomaticallytakencareof by the RG exponentin eq. (3.24).This is
in contrastto conventionalorder-by-orderperturbationtheory wherea perturbationexpansionmakes
senseonly if

g241, g2lnq2/~i2~1

becauseof the appearanceof largelogarithmsin eachorderof the perturbationseriesin (3.1).
To summarize,the renormalizationgroupenablesus to computeall the leading logarithms to all

ordersof g in any Green’sfunction [28], just from the first non-trivial (i-loop) order in perturbation
theory in g. Likewise, by going to the next order in g, we can get all the next-to-leadinglogarithms,
etc.

4. The effectivecoupling constantj

In order to calculatethe large (ultraviolet)momentumdependenceof scatteringamplitudesas given
by the RG solutionin eq. (3.24),wefirst needto know the effectivecouplingg. This can beobtainedby
calculating /3(g) in lowest i-loop order, /3(g) -~g3 + C(g5), and then solving the RG equation(3.23)
dg/dt= /3(g). This we will do first for the caseof QCD andthen,for comparison,we will briefly discuss
otherpossiblefield theoriesof stronginteractionsandQED.
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4.1. g in QCD: asymptoticfreedom

Providedthereis a valueof the normalizationpoint ~ for which the effective expansionparameter
g2/4ir24 1, the /3 function,definedin eq. (3.14) as the variation of therenormalizedcouplingg with p,
may be evaluatedperturbativelyfrom the correspondingdiagramscontributingin lowest non-trivial
order to ~ This well knownresult [24] can be derivedmost easily in the Landaugauge(a = 0)
whereoneobtains[1]

= amt~+ + ww”<)iiur + +

= (—g~~p2+ ~ [i + (~ C
2(G)—~ T(R)) ~ ln -4-]

+ ,f~, (4.1)

“jJ+ C(g
4)

F”’2~=.1. + + ____

= gTay,. [i — C
2(G)j~2 ln

wherewehavekeptonly the physicaltransversepolarizationpart of F~
2’°~,andthe inversepropagators

havebeencalculatedfor momentumconfigurations(pi,P2) = (—p, p) and the three-pointfunction for
~ P2,p

3)= (0, —p, p). The dashedline in F~
2’°~refers to the gauge-fixingFeynman—Faddeev—Popov

ghosts[1,24], whereasthe lowest-orderself-energydiagramin F~°’2~doesnot contributein the Landau
gauge a = 0. Inserting the various Green’s functions of eq. (4.1) into the renormalizationgroup
equation(3.15) andthen evaluatingat p2 = —p.2 yields

VA = [~ C
2(G)— ~ T(R)] ~j’~ + C(g

4)

= 0+ C(g4)

/3 = —[YA+ 2y,+2~C

2(G)~—2]g = _[~c2(G)_~T(R)]T~2. (4.2)

The grouptheoreticcolor factorsderivefrom the basicbuilding blocks(Ta)j~.andfabc of the non-abelian
Yang—Mills interaction in eqs.(2.2)—(2.4) andarerelatedto the following vertices:

= ~ fac.jfbcd C2(G)6ab

= i~l (Ta)ji(Tb)ij = Tr(TaTb)~T(R)6ab (4.3)

________ = ~ (Ta)ilc(Ta)kj = ~ (TaTa)ij = C2(R)&,1
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wherewe havewritten only the color contentof eachdiagram.For G = SU(3), andR denotingthe
fundamental(color) triplet representation,and for a flavor SU(Nf)group thesecolor factorsare given
by

~ foru,d,s
C

2(G) = 3, C2(R) = ~, T(R)= ~ = ( (4.4)
2 foru,d,s,c.

This allows us to calculatethe final leadingorderresult for the /3-functionin eq. (4.2)

/3(g)= i~?[~_~Nr]g3ua_bg3. (4.5)

The importantresultis that /3(g) is negativefor sufficiently smallg as long asNf � 16 (for the timebeing
we haveexperimentalevidencefor five quarkflavors N~= 5: u, d, s, c, b, .. . ?).This uniquefeatureof a
locally gauge invariant non-abelianvector gluon theory is entirely due to the triple-gluon-vertex
contributionsin (4.1), i.e., the term proportionalto C2(G) in /3(g), which doesnot exist in anyother
knownfield theory [25]. Insertingeq. (4.5) into the renormalizationgroupequation(3.23),dg/dt= /3(g),
andsolving for the effective “running coupling” g yields

g
2(t) = 1 +‘~bg2t~ (4.6)

Becauseof thepositive sign in the denominator,a direct consequenceof /3 being negative,wecan take
the ultraviolet (UV) limit t = in A -+ ~ which implies

g2(t)—~0 for t—~+°~, (4.7)

i.e. “asymptoticfreedom”: the largerthe scaleparameterA, i.e. the largerthe momenta,or the smaller
the distancebetweentwo particles, the smaller becomesg and thus the more reliableperturbation
theorybecomesfor stronginteractions!This is the enormousadvantageand beautyof the locally gauge
invariant field theory QCD. Asymptotically the theory becomesa free field theory and thereforethe
origin g = 0 is called “UV fixed point”.

Let usrewrite eq. (4.6) in a moreconvenientform. SinceA is an arbitrary_parameterto beidentified
with the large momentum scale of a given process,we choose A = VQ2/p.2 appropriatefor deep
inelastic processeswherethe momentumtransfer squaredfrom the leptonic to the hadronic system
Q2= —q2 >0 constitutesthe only largemomentumscaleof the problem.Therefore,eq. (4.6) gives,for
t = in A ~ln(02/p.2),

2
-2 2\ g — _________ 48
g ~— 1 + bg2 in(Q2/p.2) = b In(Q2IA2)

with A2 = p.2 exp(—1/bg2)andg = g(Q2= p.2). Using eq. (4.5) gives us the final result for the “strong
fine structureconstant”
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l2ir

2 — g2(Q2)— l2ir — /27 ln(Q2/A2) flavor SU(3)

a~(Q) — 4ir — (33 — 2N,)ln(Q2/A2) — . )

25 ln(02/A2) flavor 5U(4)
with A being the only free parameterof QCD which hasto be fixed by experiment.However, it is
possibleto set somea priori limits [31].Fromeq. (4.9) it is clear thatA is the valueatwhich a~becomes
largeandperturbationtheorybreaksdown. We know that for Q2 (r~~’ (0.8fermi)2~ (0.3GeV)2,
the typical scale of the intrinsic transversemomentum in the parton wave function, the strong
interactionsmust indeed be strong, for they must provide for quark binding not amenableto a
perturbativeanalysis.On the otherhand, approximate(precocious)scaling is observedin deepinelastic
lepton—nucleonscatteringprocessesat Q2 2 GeV2, implying that the effectivecoupling

a
5(2GeV

2)/ir4 1.

Sincewe know the behaviorof a
5(0

2)for smalla~,thesetwo requirementslimit A to the range

0.2GeV~ A s 0.7GeV (4.10)

as can be seenby inspectionof fig. 4.1 which showsa
5(Q

2)as a function of Q2 for differentvaluesof A.
It is now straightforward to calculate the momentumdependenceof scatteringamplitudes as

predictedby the RG in eq. (3.24)when the momentaare changedby p -* Ap. Using eq. (4.6), the RG

I 11111. 111111 I IIIII~ I III!!

.6- -
~l. ‘A [GevJ

‘5- I I I
\ I

-~.4- \ -

m,,. (rp> mp ‘

111111! 1’! I 111111, I 111111? I I_IILT_IJ

.1 I 10 100 Q2(GeV2)

Fig. 4.1. a,/lr as afunction of Q2 for variousvalues [31]of A.
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exponentin (3.24)becomes

I I - ,1 1 2 1 dt’ 1 /g2\e/2bexP[j y(g(t))dtj=exp[,Cg ~ 1+2bg2tFj=) (4.11)

wherewe haveset y(g)= cg2 with c calculableperturbativelyas we shall see later. Thus, eq. (3.24)
yields

F(Ap, g) = F(p, ~)[g2/g2]” with a = c/2b. (4.12)

Since[g2/g2]” [InA]~the Green’sfunctionsdependlogarithmically on the momentumscale,which is
so very typical for an asymptoticallyfree theory (QCD)!

To summarize,wehavefound that for sufficiently smallg the Callan—Symanzik/3-functionis negative
for anon-abeliangaugetheory (QCD)

andthereforeg = 0 is a UV stablefixed point since the “running coupling” g(t) decreases(dg/dt<0)
for increasingmomentaor the smaller the distanceR — 1/VQ2 betweentwo particlesbecomes:

~(R)
~(t)

_or_

t=~LnQ2/l,L2

IR(Q2=O) UV(Q2==)

where for comparisonwe also show the oppositebehaviorof g as expectedin conventionalfield
theoriessuch as QED. The infrared (IR) long-distanceregion, whereg increases,is obviously not
accessibleto perturbationtheoryandis usually referredto as the “confinementregion” (a.�~1). Onthe
otherhand,the small distanceregion (Q2 large)will prove to be auniqueperturbativetest-groundfor
QCD — a region where deepinelastic or “hard” processesare operative, such as lepton—nucleon
scattering,Dreli—Yan processes,high-pT reactionsetc.

Qualitatively,the asymptoticfreedombehaviorof QCD can beunderstoodin a simple intuitive way
[32]. QCD can beviewedasan extensionof QED in which thevectorfield carries(color)chargeand,in
contrast to all other conventional field theories, due to the local gauge invariance there exist
self-interactionsof thesevectorfields as in eq. (2.5) which allow for a chargetransferfrom thefield t/i to
the field A~and vice versa.Thus we find two oppositeeffectswhich contributeto g. On the one hand
the bare(color) chargego(>O) will producea vacuumpolarizationof the sametypeas in QED: this will
induce a “negative” (color) chargedensityin the neighborhood(R <m _1) of g

0 as shownin fig. 4.2(a).
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+

+ + ++

:-.—: ++~ ++

—...:g°— +÷g0+— -—- ++ +++ +

(a) (b)
Fig. 4.2. Quantumcorrectionscontributingtog:(a)vacuumpolarization;(b) chargeexchangewithfield (existsonly in non-abelianYang—Mills theories).

On the otherhand,the gluon self-couplingsalsoproducea chargeexchangebetweenthe sourceg0 and
the field surroundingit, as shown in fig. 4.2(b). Thiseffect producesa “positive” (color) chargedensity
in the neighborhoodof g0.This virtual chargecreationis of the samesign as g0 andis thereforecalled
“anti-shielding”. Thereis no simple way to show which of the two effects is the strongerone. As
discussedabove,only adetailedcalculationrevealsthat the positivechargedensitywins, exceptin cases
wheretherearea largenumberof different flavor i/i fields (Ne> 16 in lowestorderperturbationtheory)
which can bevirtually createdvia thevacuumpolarizationin fig. 4.2(a)— anunderstandableeffect.Since
the total charge is fixed, the bare chargemust vanish at the centre in fig. 4.2(b); the theory is
asymptoticallyfree.

4.2. Theeffectivecouplingin QED and the “rest of the world” (fixed pointfield theories)

Usuallythe complicationof a Q
2 dependentcouplingdoesnot concernus in QED becausethe rate

of change(‘—a In Q2) is very small. Sinceall otherpossibleknownfield theoriesof stronginteractions
have,exceptQCD, thesamebasicstructurewith respectto the virtual quantumcorrectionsas QED, it
is instructiveto studythe well knowncaseof QED first. In electrodynamicsthe physical couplinge, or
a e2/4ir, is definedby the largedistancebehaviorof the electricpotential(Thomsonlimit) V= —aIR
for R ~‘ m;~ 10_11cm with R beingthe distancebetweenthe two charges+e and—e. This chargee is
smaller than the effective couplingconstantëone would measureat smalldistancesR 4 m,1,due to
the presenceof vacuumpolarizationeffectsas shownin fig. 4.2(a)and sinceno anti-shieldingeffects
(triple gluon vertex)as shown in fig. 4.2(b) exist. The vacuumpolarizationgives the famousUehling-
correctionto Coulomb’slaw for R 4 m 1:

~ (4.13)

which, in lowest non-trivial order, describesthe potential of two i~iteractingchargeswhosevirtual
vacuumpolarizationcloudsoverlap.The leadinglogarithmictermobtainedin lowestorderperturbation
theoryin theeffectivecoupling

(4.14)

L 3ir meR J

can be summedto all ordersby simply usingourrenormalizationgroupequation(3.23):From eq. (4.2)
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we can read off the /3 function for QED where C2(G) 0 and T(R)= 1 (since we have only one
fermion field):

/3oED=+-~s (4.15)

which upon insertinginto dë/dt= /3(e)yields

a(t)= 1 — 2(a/3ir)t (4.16)

with t = ln(1/meR) ln’\/Q~/m~.Thus,in contrastto the effectiveQCD couplingin eq. (4.6), we havea
negativesign in the denominatorof eq. (4.16)becauseof /3OED beingpositive for sufficiently small e in
eq. (4.15),and thereforee = 0 is not UV stable(for t—* or R—*0) but insteadJR stablesincedë/dt>0
as illustrated in fig. 4.3. Nonetheless,in the case of QED perturbationtheory is applicableand
meaningfulevenin the UV region (largemomentumtransfersQ

2 or smalldistancesR) becauseof the
smallnessof a: The first few terms in the perturbationexpansion(4.13) should suffice unlessR is as
small as m~‘ exp(—3ir/2a) 10~’cm [or \/Q2 less than 10277GeV], a ridiculously small distance.In
fact, we haveno reasonto believethat at such distancesquantumelectrodynamicshasany validity
whatsoever,particularly when interactionsof the electromagneticfield with particles other than the
electronare ignored.

The positivity of the /3-function nearthe origin as well as the asymptoticallynon-freebehaviorof the
effectivecouplingconstantas illustratedin fig. 4.3 is basically the samefor all conventionalfield theories
[25] which might be alternativesfor describingfundamentalstrong interactions[33—35].Although
theoreticallyfar lessappealingandelegant,examplesfor conventional(asymptoticallynon-free)strong
interactionfield theoriesareas follows (for reasonsdiscussedin section 1 we alwaysstick to three colors
of a given quark flavor):

(i) An abelianvector-gluon theory (non-coloredgluons) with an interaction similar to QED, i.e.,
gt/iy,~ifrA~’.In this casewe have:

C
2(G)uaO, C2(R)= 1, T(R) 3N5. (4.17)

The /3-function,as given in eq. (4.2), is then positive. —

(ii) Non-abelianscalar-gluontheorieswith an interaction term proportionalto gt/iAaifr4a andwhere
the groupinvariantsaregiven by

C2(G) = 0, C’2(R) = ~, T(R)= ~ (4.18)

e ____________ or e R

Fig. 4.3. The /3-function andtheeffectivecoupling in QED. The samequalitative featureholdsfor all otherconventionalfield theories.
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(iii) Abelian (Yukawa)scalar-gluontheorieswith an interaction gt/$’çb have “group invariants” as
given in eq. (4.17). The Callan—Symanzikfunction for scalar-gluontheoriesis thengivenby [36]

f3scaiar = +5T(R)g3116’ir2. (4.19)

Thus,to lowestorder,the effectivecouplingof conventionalfield theoriesbehavesas in eq. (4.16), i.e.
g2(t)= g2I(i — 2bg2t),since/3 = +bg2>0, whichshouldbecomparedwith the QCD couplingin eq. (4.6).
Clearly, g is JR stablesinceonly the limit t —* —~ (Q2~) exists.Nevertheless,thesetheoriescould in
principle bealsoappliedto deepinelasticprocessesin the presentlymeasuredrangeof Q2 withoutany
additionalassumptionsas thosemadein QCD,providedonechoosesp. andg suchthat g2,/16n2is small
(in this caseg is only slightly increasingfor Q2~ 200GeV2). In order to study the true asymptotic
behaviorof thesetheoriesonehasof courseto assumethatthe UV limit t—*+°~(Q2 — hR2—~cc)exists,
which meansthat thereexists a finite UV stablefixed point g*, i.e. /3(g*) = 0, such that the effective
perturbation expansionparameterg*2/i61T241, in order to account for the approximatescaling
observedin deep inelastic reactions.Since dg/dt= /3(g), any value of g in the vicinity of g* will
approachg* asymptotically,lim

5.+~g(t)= g*, as shownin fig. 4.4. We havethereforea similar situation
as in QCD, namely that perturbationtheorybecomesbetterthe larger Q

2, providedg*2/161T2is small.
Of course,theseconventionalfield theoriesareasymptoticallynon-freebecauseg* ~ 0, and therefore
the name“fixed point theories”.

Apart from the 4~theory [37], the fixed point structureof quantumfield theoriesis an entirely
unsolvedandunclearmatter [3,37]. For phenomenologicalpurposeswe will thereforesimply assume
the existenceof a finite ultraviolet fixed point g~ and look how conventionalfield theoriescompare
with experiment.However, it should be noted that any quantitativecalculation requires the ap-
proximation .y(g*) = c~g~”cig*2, althoughhigher-ordertermsare certainly important in the
perturbativeexpansionof /3(g) = ~~=I b~g2~~’at g = g* sincecancellationsbetweendifferentordersare
neededto get /3(g*)= 0. It shouldbe emphasizedthat only g*21161r241 will be usedthroughoutour
analysisto be discussedlater.

Again,as in the caseof QCD, it is now simple to calculatethe momentumdependenceof scattering
amplitudesaccordingto eq. (3.24)for conventionalfield theoriesat fixed g = g*~ Defining y(g) = cg*2,
the RGexponentin (3.24) is simply

exp[J y(g(t’)) dt’] = exp[cg*2t]

andthus

F(Ap, g) = F(p, g*)[A2]a with a = ~cg*2 (4.20)

which, contraryto the QCD result in eq. (4.12), gives a power-likedependenceon A2 -~ Q2/p.2.

~(t)

t

Fig. 4.4. The UV behaviorof theeffectivecoupling of conventionalfield theories,provided thereexistsa fixed point g’ in ~.
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We are now equippedwith most of the theoreticalartillery in order to confront renormalization
groupimprovedquantumfield theorieswith experiment.Theideal reactionsfor applyingthisformalism
aredeepinelasticlepton—nucleonscatteringprocesseswhereQ2 is large,i.e. a~(Q2)small,andtherefore
calculationsbasedon RG improvedperturbationtheoryshouldbecomereliable. As weshall seein the
nextsection all conventionalfixed point theoriesare strongly disfavoredby experiment.However, it
should be emphasizedthat all presentmeasurementsof scaling violations in structurefunctionsare
rather insensitiveto the gluon content of the nucleonand thereforealso to the gluon self-couplings
(triple gluon vertex)which aresoveryessentialfor asymptoticfreedom.

5. Deepinelasticlepton—nucleonscattering

When avery low massvirtual photon (Q2 —q24 1 GeV2)scattersoff aproton, the photon“sees”
only the total chargeand magneticmoment of the proton and the scatteringappearspoint-like (fig.
5.1(a)). A higher-massphotonof (a few hundredMeV)2 is able to resolvethe individual constituentsof
the proton’svirtual pion cloud, as shownin fig. 5.1(b),andthe protonappearsas a compositeextended
object. At high momentumtransfers the photon probes the fine structure of the proton charge
distribution andseesits elementaryconstituents(fig. 5.1(c)); if quarkswere non-interacting,no further
structurewould appearfor increasingQ2 and exact scalingwould set in. However,in anyrenormaliz-
able quantumfield theory,wehaveto introducea Bose-field(gluon) which mediatesthe interactionin
order to form for exampleboundstatesof quarks, i.e. the observedhadrons.In such a picture, the
quark is thenalways accompaniedby a gluon cloud which will be probedas the momentumtransferis
increased.The effect of gluonsis thentwo-fold as illustratedin fig. 5.1(d):A quark carryingafraction x
of the longitudinal momentumof the proton will be seen by the high-Q2 virtual photon with a
momentumfraction smaller than x, just becausethe radiatedgluon carriesaway someof the quark’s
original momentum; similarly this photon may resolve the radiatedgluon into a quark—antiquark
pair— a processto be regardedas quark pair creationin the stronggluon field of the nucleon.Both
effects will distort a given nucleon structurefunction F(x) to lower x, and specifically quark pair

,~~

(a) (b)

* Q2>m~ * Q2>>m~ *
- ~ q ~ q

p ~ ~‘ _ck!Y)/9 p ~ ~

(c) (d)
Fig.5.1. Theprotonasseenby a“microscope” virtual photon:asQ2 increases,(c)aquarkmayberesolvedinto (d) aquarkandbremsstrahlunggluon g
or into a quark—antiquarkpair.
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creationwill enhancethe seacontributionat small x. It will be our aim in this sectionto calculatethese
effects quantitatively: Thus, for a given wave function F(x) of the nucleon (or pion), we have to
calculate its dependenceon Q2, F(x, Q2) from radiativecorrectionsas depictedin fig. 5.1(d).These
effects are usually referredto as “scaling violations”. (Note that, becauseof our confinementhypo-
thesis, all fundamentalconstituentinteractionssuch as in fig. 5.1(d) are supposedto take place in a
region R :S~X10~3cm.)

Before going into the rather involved field theoretic evaluationof scaling violations, we will first
briefly recapitulatethe basicideasof the naivepartonmodel.

The crosssectionfor the deepinelasticscatteringprocesst’ + N —+ �‘ + X can be formally written as

d~ 2 =L~WM. (5.1)

where éand e’ areleptons, and the squareof the trivial leptonicvertex in (5.1) is given by [38] L~’,
whereasthe hadronictensorW,.~,,describesthe stronginteractiondynamicsexploredby this processas
shown, for example, in figs. 5.1 (c) and (d). Generalinvariance principles tell us [5,38] that the
dimensionlesstensor W~can be decomposedinto the following structurefunctions(the covariant
normalizationof statesis ~p’Ip)= 2po53(p’ p))

W~= ~ (2ir)484(p + q — Px)(pIJ~(0)IX)(XIJ,(0)~p)

= ~—Jd4z~
IT (5.2)

= ~— J d”z e1~?~z(pI[J+(z) L(O)]lp)

(—g,~,+ ~ Wi + ~r (p~— ~‘- q~) ~ — ~ q~)~2 — ~

where the spectral-condition (energy-momentum conservation) allowed us to replace the product
J~(z)J~(0)by acommutator,and W

3 contributesonly to neutrinoscatteringsinceit describesparity
violating effects which arisefrom a vector and axial-vector interference. In generalwe have W, =

W1(v, Q2), with the kinematicalvariablesdefinedby

Q
2~—q2=q2—q~�0,v=p q/mN=E—E’. (5.3)

The inclusive differential crosssectionfor electroproduction(in the one-photonapproximation)then
reads

do- 4ira2E’I 26 201

dQ2dv = mNQ4E[2Wi sin ~+ W
2cos (5.4)
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and in the case of neutrino or antineutrino scattering, i.e. v(i) + N —~~(p~) + X, we have

~ v(i’) ,.2 ~‘i , ~2 ‘,2i- ~
uo- ~J F L.~ JVJ w ~ I ‘ 2 ~ 2 ~ — .e~-r i 2

dO2dv = 2lrmN ‘~ ~ + i sm + W
2cos ~ (+) mN W3sin (5.5)

whereM~is theintermediatevectorbosonmassand Q
2= 4EE’ sin20/2. For manypracticalpurposesit

provesconvenientto introducenew dimensionlessvariablesdefinedby

= Q2 1 PE-E’EX-mN 56
X—

2—, ~E F — E ( . )

wherex is the famousBjorkenscalingvariablewith 0� x � 1, andy is thefractionalenergytransferred
to the hadronic system. Note that x = 1 corresponds to elastic scattering since in this case the total
invariant hadronic energy W= mN, where Wis definedby

2 ‘ 2W=(p+q) =mi~+Q(1/x—1). (5.7)

In the deep inelastic region (Q2 mNv, W
2~‘ m~ with x fixed) we encounter the naive Bjorken scaling

[39] which says that the dimensionless quantities W
1, vW2/mN and vW3/mN approachnontrivial

functionsof only one variablex:

W1(v, Q
2) -+ F

1 (x), W1= 2,3(P, Q
2)—*1~(x) (5.8)

mN

for Q2 ~, cc with x fixed. The naive parton model is defined in this deep inelastic region (based on the
impuls approximation idea [40]) with the electromagnetic and weak currents defined in terms of the
fundamental quark fields 9~/qby

,j~m= ~1fru7p~fru — 3tfrdYp,tfrd — ~AfrsY

1~1,11s+~“ (5.9)

Jweak = cos0~,~ — ys)t~’d+sin 0~9!’~y~(l— y5)tlFS+•~~ (5.10)

where the dots indicate all possible new heavy quark (c, b,...) contributions which go beyond the
conventional SU(3) quarks, and the Cabibbo angle is sin 0,, 0.23. The hadronic part of the process in
(5.1) is now viewed as an incoherent scattering of the virtual photon (or W~)off the fermionic
constituents in the hadron

wherethe fractionalmomentumx carriedby the quarksis definedin eq. (5.6). Thetotal hadronictensor
W,~in (5.1) is thendirectlyrelatedto the “hand-bag”diagramas shownin fig. 5.2. Crankingthrough
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p:~-

Fig. 5.2. Deepinelasticscatteringin the(naive)partonmodel: The hand-bagdiagram.

this hand-bagdiagramonefinds [5, 38] for electro(muo)production

F~N= x ~ e~[q(x)+4(x)]

with an obvious interpretationaccordingto fig. 5.2, and where the quark distribution q(x) in the
nucleon is formally defined, apartfrom the trivial Lorentz structurein eq. (5.2), by (Fourier trans-
formation is alwaysimplied)

(pIc~qtfrqIp)= q + 4. (5.11)

Thus q(x)dx is theexpectationvalueof the numberof quarksof type q havingfractionalmomentum
between x and x + dx. More specifically we get for the proton (—‘uud) and neutron(—‘udd) structure
functions

~ = ~x(u + ii) + ~x(d+3) + ~x(s+ ~)+

~ = F~’(with u ~ d), (5.12)

andthe correspondingstructurefunctionsfor neutrinoandantineutrinoscatteringthrough the current
(5.10) are

F~’= 2x(d+ U) + = F~

F~=2x(u+d)+”~=F~”

F~°=2(U—d)+...=F~ (5.13)

F~’=2(d—u)+”=F~”

andit is a child’s play to extendthe partoncalculationsto heavyquarks[41] (indicatedby dots).
An immediateconsequenceof the spin-~structureof quarksis [5, 38] the famous Callan—Gross

relation [42] (helicity conservation)

F2(x)=2xFt(x) (5.14)

which is an exact relation only if thereare no stronginteractionsbetweenthe quarksin fig. 5.2 (free
parton model). (On the contrary,spin-0 partonswould imply F1(x)= 0.) Becauseof charge,isospin,
baryon-andstrangeness-numberconservationthe quarkdistributionsmustsatisfythe following general
sumrule constraints
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J(u—u)dx=2, f(d_d)dx=1, J(s_~)dx=0. (5.15)

Furthermore,since f~’xq(x)dx is the total fraction of the momentumcarried by quarksof type q,

momentumconservationtells us that

~fdxx[q(x)+4(x)]=1—e (5.16)

with s = 0 if quarksandantiquarksarethe only constituentsof the nucleon.Experimentally,however,
wehave[43-45]e 0.5 andhencenot all the nucleon’smomentumis carriedby (fermionic) quarksand
antiquarks;within QCD it will be natural to expectthe gluons to carry theseremaining 50% of the
momentum.Furthervery important relationsbetweenstructurefunctionsare providedby the Adler
sumrule [46]

J~(F~1—F2v~’)=Jdx(u_U_d+d)=2I3=1, (5.17)

the Gross—LlewellynSmithsum rule [47]

/dx(F~= —2Jdx(u+d—u—d)

= —2Jdx[(u+d+s—U—d—s)—(s)]

=—6B+2S=—6 (5.18)

and

F~’—F~’=12(F~’—Fr) (5.19)

F~’+F~� ~(F~ + F~) (5.20)

(5.21)

Note that integrally charged Han—Nambu quarks would, instead of eq. (5.21), imply F~’/F~�
Experimentally[48] the en/epratio falls close to 1/4 nearx = 1 which favors the fractionally charged
Gell-Mann—Zweigquarks.

In orderto learnmore aboutthe qualitativefeatureof the partoncompositionof the nucleon,let us
considersomemeasuredpropertiesof structurefunctions.Experimentallyit seemslikely, as we shall
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frequentlysee,that

F1(x)— 1/x, F2(x)—~const.asx-+O (5.22)

indicating that partons have indeed a bremsstrahlungspectrumq(x) hix, and that the parton
multiplicity in the nucleongrowswith increasingenergy

(nq) Jq(x)dx—’-’Jdx/x=lnW
2 (5.23)

since the kinematic assumptionswe have made so far are only justified for x~p+ q~~ mparton or
x~ m~

0~/W
2.The behavior(5.22) can be understoodin termsof good old Reggephenomenology

where,in the limit v —* cc andQ2 fixed, oneexpects[49]

W
1(v,Q2) ~c~f~(Q

2), vW
2(v,Q

2) pa_lf~)(Q2) (5.24)

with a being the appropriateReggeintercept: ap 1 for the Pomeron,and for the leading Reggeon
exchangesa

0,.,,... ~.TheReggeonexchangescontributingto W1 andW2 in the Reggelimit (x 0) can
be illustratedas follows

*

V

N a:p,w,f,A2, P

If W~and vW2 scalein the Bjorken limit (5.8), then accordingto eq. (5.24) we needfor the Regge
residuesf~

fcia)(0
2) (Q2)_cr f(2a)(02) (Q2)1_a as ..~ cc

which implies

F
1(x)—’x~, F2(x)—x

1~asx—*0. (5.25)

Thus the observedbehaviorin eq. (5.22) correspondsto an exchangeof the leading trajectory with
a 1—thePomeron.

The Pomeroncarriesper definition vacuumquantumnumbers(C = + 1, I = 0) andthereforecannot
“see” flavor degreesof freedom(e.g.Ii~0, S~0) of the nucleonbut recognizesonly the flavor singlet
contentof hadrons(e.g.q~pairs).Therefore,as far as Pomeronexchangeis concerned,we expectthe
scatteringsof the leptoniccurrentsJ~.in eqs. (5.9) and (5.10) from p, p, n or ñ all to be identicalas
x—*0: from this and eq. (5.25)it follows that

u=ü=d=d—x~=1/xi
- i-asx—*0. (5.26)s=s—1/x j



224 E. Reya,PerturbativeQuantumChromodynamics

Fig. 5.3. A q~pairconfigurationof “sea” partons.

This part of the partoncontentof the nucleonis usuallyreferredto as “sea” of quark—antiquarkpairs
which are importantnearx= 0. In the quark-gluonlanguageof QCD this “sea” of quark—antiquark
pairs could arisefrom the mediationof gluonsalongthe linessuggestedin fig. 5.3.

The largestidentifiedfraction of the nucleon momentumis carriedby the “valence” quarkswhich
carry the targetquantumnumbers:this flavor non-singlet(Ia~0, . . .) pieceof the partoncontentin the
nucleoncorrespondsto Reggeexchangeswith a <1 (p, w, . . .) andeq. (5.25) implies

x = 1/V’x, d~— 1/Vx as x—*0 (5.27)

wherethe subscriptv denotesthe valencepart of the appropriateparton distribution. In this case,for
example,the electromagneticscatteringon p, n,. . . is different sincetheprobe(y*) can “see” theflavor
content(non-singlet)of the hadron.

To summarize,the proton,for example,will in generalconsistof threedifferentpieces

p= (u + u+d)~+(uU + dd + s~+..)+ gluons
valence sea

(large(x)) (small(x))

and becauseof fig. 5.3 we expect the average(x) of the gluons to be intermediatebetweenthat of
valenceandseaquarks(momentumconservation!).This decompositionimpliesthe following ansatzfor
partondistributions

u=u~+~, d=d,,+~ (5.28)

where,accordingto eqs. (5.26) and (5.27), xu,.-~\/x, xd~\/x andx~ const.as x—*0. This ansatz
(5.28) correspondsto a SU(3)-symmetricsea,althoughkinematic effects of quark masses(m,> mUd)
may imply that strangeand non-strangesea quark distributionsare not identical as x—*0. As Q2

increasesthe ansatz(5.28) shouldbecomemore andmore appropriatesincesymmetrybreakingeffects
arelessimportant.A possibletestof eq. (5.28) is providedby the sum rule

Exact scaling in the form (5.8) as predictedin the naive parton model doesnot hold in present
electron,muon andneutrinoscatteringdataovera wide rangeof Q2 In addition,exactscalingseemsto
be unobtainablein the context of anyquantumfield theory (exceptpossibly for Q2—* cc) Within the
framework of field theory oneexpects,dueto the effectsof field quanta(“gluons”) which mediatethe
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N~

(a) (b)

Fig. 5.4. Deepinelasticscattering(a)in thenaivepartonmodeland(b)in thefield theoreticversionof thepartonmodelgiving riseto “scalingviolations”.

stronginteractions,that structurefunctionsdependalwayson two variablesx andQ2 say, i.e.

F, = 13(x, Q2) (5.29)

for anyfinite valuesof Q2 Thisadditional Q2dependenceis usuallyreferredto as “scaling violation”
andtypical graphsresponsiblefor it are depictedin fig. 5.4(b), whereasfig. 5.4(a) correspondsto the
naive parton model which doesnot give rise to an additional Q2 dependencein F

1. We will now
calculatethis Q

2 dependenceof structurefunctions,i.e. the effects of gluonic correctionsas shownin
fig. 5.4(b).

5.1. Calculatingscalingviolations

In order to calculatethe Q2 dependenceof deepinelasticstructurefunctionsF, (x, Q2) we will first
usethe classicaltool of the renormalizationgroup (RG). The momentumdependenceof a Green’s
function F is thengiven by eq. (3.24)or, in leadingorder,by eq. (4.12).However,theseresultsapply to
scatteringamplitudeswith externalmomentap in the (unphysical)“deep Euclideanregion”. It is a
uniquefeatureof deepinelasticprocessesthat we can useWilson’s [50]operatorproduct expansion
(OPE)on the light cone[51] for the two currentsin eq. (5.2), which connectsthe deepEuclideanRG
information to the behaviorof deepinelasticstructurefunctionsin the physicalregion. This always
leadsusto the predictionof the Q2 evolution of momentsof structurefunctionswhich formally can be
written as

Jcixx~~_2F
2(x,Q2)....C~(Q

2)(NIO”IN) (5.30)

wherethe Q2 dependenceof the light coneexpansioncoefficients(Wilson coefficients)C~(Q2) can be
uniquely predictedby QCD (using the RG equations)andthe (non-perturbative)boundstateof the
target is describedby the expectationvalue (NIO~IN)of the Wilson operator Q?~~This latter Q2
independentquantity cannotbecalculatedperturbativelyandhasto betakenfrom experimentat a given
Q2 = Q~:we shallrelate(NlO”!N) to the partondistributionsq(x), 4(x),. . . to be fitted to experiment.
Schematically,we shallpursuethe following line of arguments:

2 * *

~ N~X opücai Im ~ N~N (5.31)
theorem X
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wherethe virtual Comptonamplitude I~,definedby

T,~. if d~ze~- 0(zo)(pI[J~(z),J~(0)]~p) (5.32)

is relatedto the deepinelasticscatteringamplitude W,~,.via the optical theorem

W~~=~—ImT,~ (5.33)

which can be simply derived from eq. (5.32) by using the well known integral representationfor
exp(iqoz0)0(zo). We thenwrite an OPEfor 7~,.at —q

2 —* cc (or z2—*0)

J~(o) J~(z) 0(0)

~Eoet~ p_~P~~_ (5.34)

wherethe matrix elementsof the local Wilson operators0(0) betweentarget stateswill be relatedto
measuredparton distributions.Adding the appropriateradiativegluon correctionsto the diagramsin
(5.34) will allow us to calculate,using the RG equation,all leading In Q2 correctionsto all ordersin
a~.

Simpleargumentssuggest[51,5] thatatlargevaluesof Q2(>>m~) theregion 0� � 1/Q~dominates
the integralover the one-particlematrix elementof acurrentcommutatorin eq. (5.2). Matrix elements
of current commutatorsaresingular (a typical examplewould be Gell-Mann’scurrent algebra)on the
light-cone and the degreeof singularity on the light-conecan be shown [51]to fix the asymptotic
behaviorof the Fourier integralin eq. (5.2) at high Q2• To this endwe expandthe commutator(or in
generalthe product)of two local operatorsnearthe light-conez2 0 which is ageneralization[511of
the short-distanceoperatorexpansionsuggestedby Wilson [50]that holdsnearz,~ 0, i.e. only at the
tip of the light-cone.In the simplestcaseof two scalaroperatorsthe light-coneexpansioncanbewritten
as

A(z)B(0)—=~C7(z2)z,~,...z~O~’”(0) (5.35)

wherethe sum runs over the spin (n) and over the different possibletypes (i) of operators0 to be
specified later. TheseoperatorsO~~L~(0)are a string of local, symmetric, and tracelessoperators
which are the samefor the product,thecommutator,the time-orderedproductetc. of the two operators
A andB. The expansionparametersC7— the so called Wilson coefficients— are c-numbersingular
functionsat z2 0 which maybe takento behaveas

/ 1 ~[dA~(,~~),’2
C?(z2) (—~) (5.36)

z2—..O Z

where d
1 denotesthe naive massdimension of the appropriateoperatorsin eq. (5.35). Thus the
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strongestsingularity is obtainedfor light-coneoperatorswith minimumtwist r

r (dimension-spin)= d
0, — n, (5.37)

whereasless singular terms do not contribute,as we shall demonstratebelow, to the leading power
behaviorin Q2 of the Fourier transform. Simple non-trivial examplesof local operators0~’~of
definite twist would be (recall that 4,,, = 1 and4,,,= ~for scalarandDirac-fields, respectively)

r = 1: 4,, 3,4, Ô~L34

‘r2: çl’y~, qiy~~a,,çfr

4,

etc.

wherethe r = 1 operatorsdo not contribute in our case,since they yield vanishingdiagonalmatrix
elements.Thereforethe leadingdominantcontributionscomefrom operatorswith twist ‘r = 2 which are
dominantfor deepinelasticscatteringprocessesand,in lowest order,yield [52,51, 51 the usualscaling
laws suggestedby Bjorken. For our furtherdiscussionit is importantto realizethat the OPE(5.35)is a
genuineoperatorstatement,i.e. taking matrix elements

(aIABI/3)~—~C(aI0tI/3) (5.38)

the C,’s are independent of the targetstates,i.e. of the specific reactionconsidered.
We will nowdemonstratehowonecan obtainpredictionsfor the (Mellin) momentsof measureddeep

inelasticstructurefunctionsfrom anOPEof the virtual Comptonscatteringamplitudein the unphysical
regionalongthelinesillustratedin (5.34).For thesakeof clarityandsimplicity wewill suppressall obvious
Lorentz indicesandfunctionaldependencies.For the virtual Comptonamplitudewe write

T(v, Q
2)= J d~ze1? z(pIio(z ) [J~(z),J(0)]~p)

z2~.O~Jd4ze”~C~(z2)z,~
1”z~,,,(pIO~’~(O)Ip)

(5.39)
= ~ 2q~~ 2~nJd4ze1QzC7(z

2)(pIOrt~~(0)Ip)
~iq,

~ (Q~/2)”q~
1.. . q~C7(Q

2)(p~0?’-

and,accordingtotheirmostgeneralLorentzstructure,wecanexpressthespin-averagedmatrixelementsof
the 0, as

(5.4.0)

wherethe termsproportionalto gMI’ (the socalled “trace terms”)ensurethe symmetricrank-ntensor
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which can be formed with the target momentump to be traceless(operatorswith definite spin).
Equations(5.39) and(5.40) thenyield

T(v, Q2) = ~ C7(Q2)x”A7+ O[x”~2m2/Q2]. (5.41)

Note that the origin of the neglectedtermsis twofold: on the onehandtheyderive from the traceterms
in eq. (5.40) andoneusuallyrefersto thesesuppressedcontributionsas “targetmasseffects” whichwe
shall discusslater; on the otherhand thesesubleadingcontributionscan also result from higher twist
termswith r >2 which are suppressedas (m2~o2y12—1wherethe massscale m2 is not necessarilythe
target mass since higher twist terms correspondto interactions of the scatteredparton with the
remainingspectatorquarksin the nucleon.Theseeffects arein generalnot calculableand go beyond
the simple hand-bagstructurein fig. 5.2 or eq. (5.34). According to the momentumdependenceof
generalGreen’sfunctionsas given for examplein eq. (3.4), the momentumdependenceof the above
dimensionlessWilson coefficients in any interacting field theory has to be interpretedas C~(Q2)=
C’(Q2/~2, g~JL)).Sinceso far we arestill in thedeepEucideanlimit (q

0—* icc), we can write at thisstage
a RG equationfor C7(Q

2)which allows us,asdiscussedandshownin section3, to computethe leading
Q2-dependenceof eq. (5.41)to all ordersin a~providedwe know the first non-trivial (i-loop) orderof
the anomalousdimensionsof 0~’ ~“. This we shall do below.Finally, the connectionwith the physical
deepinelasticregion where0 � IxI � i can be obtainedby taking Mellin momentsof eq. (5.41)andusing
the opticaltheorem(5.33): in thisregion the sumin (5.41) clearlydivergesandwhat is thereforeneeded
is an appropriateanalyticcontinuationin x of eq. (5.41); in this way x-momentsof the deepinelastic
structurefunctionsnaturally arise.Equation(5.41) sufficesto define T as afunction of complexx which
is analytic as IxH cc andhasa cut from —h to +1. (T is an analytic function of v with a cut from
2mNv= Q2 to cc, accordingto eq. (5.7) with hadronmassesneglected,anda cut for the crossedprocess
from —cc to 2mNv= Q2) Thecoefficient of x” in the expansion(5.41) can now beisolatedby taking
the x”t momentandintegratingalongthe contourC indicatedin fig. 5.5:

dxx”~T(x, Q2)=~ C~’(Q2)A’. (5.42)

Shrinking the contour C to the physical cut, where the discontinuity is W, accordingto the optical
theorem(5.33),we finally get

4 Jdxx”1 W(x,Q2)=~ C?(Q2)A7. (5.43)

Fig. 5.5. IntegrationcontourC usedin evaluatingeq. (5.42).
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This equationuniquely predicts the Q2 evolution of the measureddeepinelasticstructurefunctions
W(x,Q2) once we know the Q2-independent(non-perturbative)input wave functions A? which
describethe boundstateof a hadronandwhichwill be relatedto the partondistributionsto be fixed by
experiment.Taking careof the detailedLorentzstructureof the hadronictensorW~,.the final form of
eq. (5.43) reads[1, 34,53,54]

Jdxx~~_2F(x,Q2)=~ C7(Q2/~2,g(j.~))A? (5.44)

with F= xF
1, F2 or xF3 andfor brevity we definethe Mellin momentsby

J dxx”
2 F(x, Q2). (5.45)

Beforeconfrontingeq. (5.44) with experimentwe havefirst to work out the explicit Q2 dependenceof
C? and then we haveto relatethe so far theoreticallyunknownmatrix elementsA7, definedin eq.
(5.40), to measuredstructure functions at a fixed value of Q2 = or, equivalently, to parton
distributions.

In order to obtain the explicit Q2 dependenceof C? we haveto derive a renormalizationgroup
equationfor theseWilson coefficients.Remember,accordingto our discussionin section3, that any
measurablephysicalquantityhasto satisfya RGequation(3.15) in orderto remainindependentof the
renormalizationconventionchosen.The light-coneexpansionin eq. (5.39) is given genericallyby (for a
given operatorof type i)

iT(JJ)= ~ C70?. (5.46)

Since conservedcurrents J must have anomalousdimensions [5] y~= 0, the RG eq. (3.15) for

(
92IT(JJ)I~,>,with ç —=A~or ~‘k denotingthe fundamentalfields of the theory,reads

(~f + /3 ~- + 2y* )(~~~T(JJ)fq,)= 0 (5.47)

and,becauseof (5.46) and sincedifferentn havedifferent tensorstructure,

~ ~- + /3 ~- + 2~’~~)C?(Q
2/~2,g(i~~)XcoI07ko>= 0. (5.48)

Furthermore,(~0?jç)must satisfy a RG equation,since it will correspondto measurableparton
distributions,

(/L f+s f+ 2’~q,+ Yo7)(q~Io?Ic~)~~0 (5.49)
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where, in order to specify the normalization of 0?, their matrix elements should satisfy similar

renormalizationconditionsas the Green’sfunctionsin eq. (3.12)

(~PI0?Ic0)Ip2=_~~2~1. (5.50)

Thenfor adifferentvalueof theexternalquarkor gluon momentump, the normalizationof 0? will be
modified by radiativecorrections(fig. 5.6)

(cI0?ic~= 1 + g2b7 In (—p2/js2)+ 0(g4) (5.51)

whereb7 is a constant.The anomalousdimensionof Wilson operatorsis thengiven by

yo~’= 2g2b?— (5.52)

which follows from eqs. (5.49) and(5.51). Equations(5.48) and (5.49) then yield the RG equationfor
Wilson coefficients

(is f+ ~ ~f- — yo~)c?(Q2//L2, g(~))= 0 (5.53)

which is the basicequationfor calculatingthe Q2 dependenceof eq. (5.44), i.e. the scalingviolations in
structurefunctionsF(x, Q2) So far we haveassumedthat we haveonly oneWilson operatorof type i.
If thereexistseveraloperatorsof type i (carrying the sameinternal quantumnumbersandhaving of
coursethe sameLorentzstructuren), thenthe 0? arenot separatelymultiplicatively renormalizableas
abovebut insteadtheywill mix under renormalizationsince ycy will becomea matrix of anomalous
dimensionsfor Wilson operatorsandeq. (5.53)turns thereforeinto a matrix equation

~ [s
11(is~-+ /3 ~-)— y~] C7(Q

2/~2,g(~))= 0 (5.54)

with v? yo’,o~.We shall dealwith this socalledflavor singlet mixing problemin the nextsubsection.
Thesolution of eq. (5.53) can bereadoff eq. (3.24)andis given by

(1J2)1n(Q2/j~2)

C?(Q2/is2,g(~2))= C7(1, ,~(Q2)) exp[ —J yo~(~(t’))dt’]. (5.55)

According to our previous discussion the physical interpretation of this solution is obvious: whereas
exp[...] includes the leading logarithmic contributions of the fundamentalparton scatteringcross
sectionssuch as shown in fig. 5.4(b) which are summed to all orders in a~by just knowing the first

OF~U) °VEA

A~A A~A
Fig.5.6. Processescontributingto theeffectivenormalization,i.e. to the“anomalousdimensions”offermionic(O)~)andgluonic (O~)Wilson operators.
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non-trivial 1-loop ordercontributionsto y~(fig. 5.6), the Wilson coefficientsC?(1,~(Q2)) correspond
to the remaining“finite” (i.e. non-logarithmic)terms of the crosssectionsin fig. 5.4. Fromfig. 5.4 it is
clear that the fermionic and gluonic Wilson coefficients CF and CG, where a quark and a gluon,
respectively,in the initial statescattersoff the leptoniccurrent,are of the generalform

C~(1,g)= 1 + O(a5), C~(1,~) = 0(a~) (5.56)

wherewe havenormalizedthe naiveparton modelcontributionof fig. 5.4(a)to CF= 1. In the leading
logarithmic orderapproximation(y~ 0(a,)) we just haveto take CF= i and CG = 0. For a given i,
eqs. (5.44) and(5.55) yield

(F~(Q
2)~,,=A7 C?(h,,~)exp[.. .]. (5.57)

It is convenientto expressthe unknown Q2-independentmatrix elementA? by the experimental
structurefunction measuredat an arbitrarily chosenmomentumtransferQ~:

= A?C7(1,~) exp[. .

which, insertedinto (5.57), finally gives

1Q2\ —a~(n)(Q2) = ~ (5.58)

with a, = c,/2b accordingto eq. (4.11), i.e. y,~= c,g2 and/3 = —bg3. This is thebasicequationfor the Q2
evolution of a given (non-singlet)structurefunctionF, predictedby the RGimprovedQCD. So far we
havenot specifiedthe index i, but this we shall do in the next subsection.Beforeenteringsomemore
technicalitiesit should be noted that, in our leading logarithmicapproximation,all non-perturbative
effects which describethe bound state of a nucleonare lumped into (F

1(Q~))~in eq. (5.58) which
factorizes to all orders a~from the high- Q2 dependences in (5.58).This socalledinfrared(IR) factorization
propertyis a typical andvery importantresultof the renormalizationgroup.We shall comebackto this
crucial point later.

For all remainingconventional(fixed point) field theories,wehaveinsteadof eq. (5.58), according to
eq. (4.20),

(F(Q
2)) = (F,(Q~))~[Q2/Q

0Z]_aI(n) (5.59)

with a = ~Yc.’~= ~c,g*
2 providedof coursethat a fixed point g * existssuchthat perturbativecalculations

are justified. In contrastto the ln Q2 behavior predictedby eq. (5.58), we expectfrom eq. (5.59)
structure functions to have a power-like behavior in Q2 for fixed-point theories with g* to be
determined by experiment.

5.2. Anomalousdimensionsof Wilsonoperatorsand singlet structurefunctions

Now we will discuss the various types i of Wilson operators07 and their relatedanomalous
dimensionsin orderto derivethe explicit form of scalingviolationsin eq. (5.44)for a generalmeasured
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structurefunction. Thereare threedifferenttypesof operators[1,53, 54] with minimumtwist r = 2. For
the flavor non-singlet(NS) casewe havejust oneoperatorwhich carriesflavor quantumnumbers,such
as isospin,

= L
1 [~y#nw2. IY”AaI/! + perm.] (5.60)

with the covariantderivativedefinedin eq. (2.4) andwhereAa arethe usualflavor Gell-Mannmatrices
on the spaceof physical symmetries;the permutationsrefer to a symmetrizationwith respectto the
vector indices.Note that, for the time being, we neglecttrace-termsin (5.60), i.e. the g”-termsin eq.
(5.40)which aresuppressedas m~/Q

2.The i-loop contributionsto the matrix elementsof the fermionic
NS operatorin eq. (5.60) for fermionic (F ~‘)externalquarkstatesyield [53—55]

y~i~ ~- C
2(R)[1 — (2~i)+4~1] (5.61)

with a straightforwardnotationaccordingto fig. 5.7. It shouldbe notedthat the last term in eq. (5.61)

~irr~fr(n+1)+yE—l (5.62)
j=2 I

with YE = 0.5772, and the digamma function 1/1(z)= F’(z)/F(z) results from the second and third
diagramin fig. 5.7 which, as we shall see,determinethe Q2 dependenceof structurefunctionsfor large
values of x (x—* i). Thesediagramsare typical for gauge theoriesand do not exist in scalar-gluon
theories,for example,whereonly the first diagram in fig. 5.7 contributesand thuswe expecta totally
different threshold(x —* 1) behaviorof structurefunctionsthanfor QCD.The scalingviolations of aNS
structurefunctionarethussimply given by eq. (5.58), i.e.

(FNS(0
2))fl = (FNs(Q~))flexp{—saNs(n)} (5.63)

with

— Y~:F — ~ ln(Q~/A2) 64

aNs— 8ira,b’ s — n ln(Q~IA2) ( . )

and b = (11 — ~N~)/161T2.Experimentallymeasurablenon-singletstructure functions which can be
directly comparedwith thepredictionsof (5.63) are, for example,

FNS = F~°— ~ ~ — F~, xF~i~, etc. (5.65)

0~lsA~A~A
F Fs4

Fig. 5.7. Lowestordercontributionsto y~(n).



E. Reya,PerturbativeQuantumChromodynamics 233

In contrastto the NS case,thereare two typesof flavor singletWilson operators,onefermionic (F)
andonegluonic (V) operatorwhichcarry no flavor quantumnumbers:

0 = L~ [~y~D~2. . . D’~+ perm.]

0~’~= ~ [F”~”D”2’~ D”~’F~+ perm.] (5.66)

‘With D”F~°= (~act9L+gfa&A~)F~.Since0~and 0~haveidenticalquantumnumbers,theywill mix
underrenormalizationandconsequentlywe geta 2 x 2 anomalousdimensionmatrix ‘9(n) which forces
us to deal with the matrix equation(5.54). According to the two possibleexternalstatesF çbq and
V A~,this matrix hasthe generalform

n ~fl

A
~A~/~---A~A~-,) (5.67)

~(Y~F~ 7~F)

Yvv, Yvv

with ‘~ given by eq. (5.61) and[53—55]

Y~v= ~ {C

2(a)[~_ n(n—1) (n + iXn + 2)~ ~2J] + ~ T(R)}

F ,a~ 4(n
2+n+2) TR 568

Yvv 2irn(n+h)(n+2) (. )

as2(n2+n+2)C R
~ 2ir n(n2—1) 2( )

wherea.= g2/4’w and the color factorsare given by eq. (4.4). The calculation of the y’s, using the
Feynmanrules implied by the aboveWilsonoperators,is ratherinvolvedbut in section6 we shall give a
simplederivationof theseexpressionsby justusingthe basicorder-a.partonprocessesof fig. 5.4b. We
can solve the RGequation(5.54) by first diagonalizingthe singlet anomalousdimensionmatrix ‘9(n) by

-v=
7~P+ y+P~ (5.69)

wherethe projectionoperatorsareconstrainedby

Pip’ = 811P’, P + P~= 1 (5.70)
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andwith the eigenvalues

7±= ~[y~ + 7~v±V(y~’v— ~~)2 + 4y~vv~] (5.71)

i.e. y <7+. Fromeq. (5.69), togetherwith (5.70),we obtainfor the projectionoperator

p-(P7i P12

\P21
1Pii

with

F_ F
= —I ‘

5.YFF 7± ,, — —i s.... Yvv
a~—pll~n)— — , pn=p21~~n)— —7- 7+ 7- 7+

(5.72)
p~2(n)= _____

wherefor laterconveniencewe havedefinedtwo matrix elementsby a~and /3~thesetwo quantities
will play a crucial role for discriminativetestsof QCD.

An importantspecialcaseis the situationwheren = 2, sincethis correspondsto the areaunder a
structure function, (F(Q

2))
2 = f~’F(x, Q

2) dx which in turn can be related to the total fractional
momentumcarriedby quarks.In this casewe have

T(R)]

— 2)— a~4f2C
2(R), —2C2(R)\ ‘2)— / ~y~n— 2ir3\—T(R), T(R) 1’ Yr~r~~~ 0 (573)

T(R) . 2C2(R)

a2f32—2C2(R)+T(R)’ P12(
2) i—pii(2)= 2C

2(R)+ T(R)

i.e. for a four-flavor QCD (N~= 4) wewould havefor example

(5.74)

We shall comebackto theseimportantn = 2 resultswhencomparingmomentsof structurefunctions
with experimentin section5.5.

Our diagonalized‘9-matrix in eq. (5.69) allows us now to define operators0°±and relatedWilson
coefficients~ which obey simple linear RGequations(5.53), as wasthe casefor non-singletstructure
functions,with the anomalousdimensionsy±given by eq. (5.71):

~ 0?P~C7(Q
2/~2,g)

i,j = F.V

= (pit CF+ pi
2C~)0F+ (p~C7+ p~C~)0~

C~(p~10?.+p~10~,) (5.75)
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where in the last line we havealreadymadeuseof eq. (5.56), i.e. C~(1,~) = 1 and C~,(1,g)= 0 to
leadingorder.Note that, although gluonsdo not directly couple to leptonic currents,theywill play a
crucial role in calculatingthe scalingviolationsfor structurefunctionsbecauseof the appearanceof the
gluonic operator0~in eq. (5.75): This is the socalledsinglet-mixingandeq. (5.75) is the very reason
why the gluondistributionin hadrons,to be identifiedas the targetexpectationvalueof °v, enters the
problem. Using

1/2 1n(Q
2/~2)

C~+(Q2/~2,g)= C~(1,g) exp[-_ J y±(~(t’))de],

the 02-evolutionof a generalstructurefunction is predictedto be

(F(Q2))~= (F~

5(Q~))~exp{—saNs(n)}+ ~ (F,(Q~))~exp{—sa,(n)} (5.76)

with

— _____ — 1 ln(Q
2/A2) 5 77a — 8ira~b’ ~— n ln(Qo2/A2) ( . )

and b = (11 — ~N~)/16ir2.The matrix elementsof 0~±havebeendenotedby (F±(Qo~))n.It is of course
possible to compareeq. (5.76) directly with experiment[56] by fitting the unknowninput structure
functionsF,(x, Q2~)at a fixed valueof Q~to the data.In thisway oneloosespart of thepredictivepower
of eq. (5.76) since it requires to refit the input functions at Q~for each different structurefunction
F(x, Q2) considered. Onecan avoid thisby relatingthe Q2 dependentstructurefunctionsFNSandF,. to
parton distributionswhich thenin turn can be usedto makealsopredictionsfor processesotherthan
deepinelasticreactions.This physically most transparentway of treatingscalingviolations,partly based
on eq. (5.75),will be discussedin section5.4.

The scalingviolationspredictedby conventionalfixed-point field theoriesareformally the sameasin
eq. (5.76) but, accordingto eq. (5.59),we haveinsteadof eq. (5.77)

a, = ~y,, s = ln(02/Q~) (5.78)

where now the value of the UV finite fixed point a~ a* = g*2/4~., appearingin y,, has to be
determinedby experiment.The appropriateanomalousdimensionsin eq. (5.78)for fixed point theories
are summarizedin the following subsection.

It shouldbe notedthat

‘yNs(n = 1) y~(n= 1) = 0 (5.79)

y_(n=2)0. (5.80)

Equation(5.79) implies that the fundamentalbaryon-numberconservation,etc., laws (5.15) hold at all
valuesof Q2 whereaseq. (5.80) tells us that the operator0~is conserved,i.e. is not renormalizedby
the stronginteractions.This operatorthereforeretainsits naive massdimensionandis identifiedwith
the conservedenergy-momentumtensor:O,~ 02 = 0~+ 02w.
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5.3. Anomalousdimensionsof Wilsonoperatorsforfixedpoint theories

In an abelianvector-gluontheory (~y~1/iA”)the fermionicandgluonic Wilson operatorsin eq. (5.66)
become[34,35]

0~= ~1 [~/~1Jyi2 . D’~+perm.] (5.81)

0~= ~—~- [F’~”3”2. . “‘Ft.” + perm.]

with D” = 8’” — igA’”, F’”~’ beingthe usualfield tensordefinedin eq. (2.9), andno covariantderivatives
appearin 0~becauseof the absenceof gluon self-couplings.The anomalousdimensionsarethen the
sameas in eqs. (5.61) and (5.68)with the color factorsgiven by eq. (4.17) andwherea~a”.

Since scalar-gluonYukawa-theories(i/i1/i4,) are not gaugetheories,only simple derivativesoccur in
the Wilson operators[34,35]

.n—I

0~= ‘— [çjy~I3~2.. . 8’””1/i + perm.]n! (5.82)

0~= i~4c9’”’.. .

which imply the following anomalousdimensions[34]

* 2 2* 1

YF’F=~C
2(R)[1_n(n+l)]

* * 1 (5.83)

with a* = g*

2/4~.. For non-abelianscalar-gluontheories(1/iAai/icba) the color factorsare given by eq.
(4.18), whereasabelianscalar-gluontheories(tfrtfr4,) are characterizedby eq. (4.17). It should be noted
that now the digamma1/i-function (5.62) doesnot evenoccur in y~,in contrastto eq. (5.61) for
vector-gluon theories,becauseonly the first diagram in fig. 5.7 contributesfor theorieswith no
gauge-fields.

5.4. TheQ2 dependenceofparton distributions

Insteadusingeq. (5.76)for comparingthe predictionsof scalingviolationswith experiment,we shall
nowrelate the quantitiesFNS(X, Q2) andF±(x,Q2) to Q2-dependentparton distributionsfor which we
then can use the well known naive parton model relations [41] to predict any measuredstructure
functionsor evendifferentreactions(suchas Drell—Yan dilepton production,high-PTreactionsetc.).To
achievethis it is usefulto makea change[57] of basisfrom °NSand0±to operators0~,03, 08 and
015 of definite transformationpropertiesunderflavor SU(4), say.Suppressingall obviousfactorslike
Dirac matrices and Lorentz indices, this procedurecan be generically illustrated in the following
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intuitive way. Let usconsiderthe electromagneticcurrentandafour-flavor (u, d, s, c) theory where

J= ~1/’~çl’,, — — s~/1s+ ~cctfrc. (5.84)

Reducingthe time-orderedproductin eq. (5.46) by the usualcontractions

T(J(z)J(0))= ~~(z) çfr~(z)~~(0)tp~(0)+ ~(u-÷d) + ~(u—* s)+ ~(u—~c)

~~z) ifr~(0)+ ~i/.ad(z)i//d(0)+ ~~(z) ifr~(0)+ ~~(z) 1/i~(0) (5.85)

where in the last line we have kept only the field operatorsand have suppressedthe c-number
contractions(Feynmanpropagators).In the languageof the Wilson expansion,the termskept in eq.
(5.85) correspondto leading twist r = 2 operators,i.e. wherethe samequarkpropagatesbetweenthe
two externalcurrentverticesandwhich doesnot interactwith the remainingspectatorsin the nucleon
as shownfor examplein fig. 5.8(a).The neglectedtermsin eq. (5.85) refer to non-leadinghigher-twist
contributions [58,31] which correspondto configurations where the external currents scatter off
different quarks (cat’s ear diagrams)or where the struck quark interactswith the spectatorsin the
nucleon as shown in fig. 5.8(b). Taking the expectationvalue of eq. (5.85) between external proton
states,say, immediately gives via eq. (5.11) the parton model relation (5.12). We can nowrewrite eq.
(5.85)as

/4

f9

T(JJ)= t~O2tpwith O2 = ( ~~ = (5.86)

andexpandO2 in abasis with definite SU(4) transformationproperties:

O2= c
0Ao+c3A3+c8A8+c15A15 (5.87)

Fig. 5.8. Diagramsillustrating themeaningof twist with thecorrespondingoperatorwrittenaboveeachpicture:(a)showstypicaltwist-2effects(no
communicationbetweenstruckquarksand spectatorquarks),and(b) illustratestwist-4 contributions.
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wherethe coefficientsc can beeasily calculatedusingTr(AaAb)= 2&~.This gives

T(JJ)= ~ + ~0.,+ ~ — ~ (5.88)

with

0~=cfr~tfr~+ cbdcbd+ M’~+ M’~

03= ~fru1/1uM’d

08= 111u1/1u+ cfrd1//d2cbScfrS

015 = tfr~cb~+ 1/Jd1/!d+ 1/’~fr,— 34’!~1/i~

where0~transformsas a SU(4) flavor-singletto be identifiedwith the fermionicsingletoperator°F in
eq. (5.75),and °i=3.8.t5 arethe flavor quantum-numbercarryingnon-singletoperatorsrelatedto the NS
structurefunctionsin eq. (5.63).Defining the partondistributionsas in eq. (5.11), the amplitudeswith
specific singletandnon-singletSU(4) transformationpropertiesaregiven by

I—(pIOolp)= u+ü+d+d+s+,~+c+ë=u~+d~+6~+2~’
A

3 ua(P1031P)= U + ü — (d + J) Uv — d~ (5 89)

Asna(pIO8Ip) u + u + d+ ~— 2(s+~)= ~ dv

A,sna(pIOisIp)= u+ü+d+d+s+i—3(c+ë)= u~+dv+6~—6~’

with .~= .X(x, Q~),A. = A(x, Q~),u = u(x, Q~)etc., andwherewehavealsousedthe SU(3)symmetric
ansatz (5.28) and for the charmed parton distributions we have taken

(5.90)

Solving eq. (5.89)for the parton distributionswe get the desiredresult

u~=~(A8+A3), ~—(~Ag+~jAis)
(5.91)

d~= ~(A8— A3), ~‘ = — A~5).

This allows us to calculatethe Q2 dependencein a ratherstraightforwardway sincethe Q
2 evolutionof

the A, is given by eq. (5.63)whereasthe singlet combination£ evolutesaccordingto the (±)-component
in eq. (5.76),usingeq. (5.75), to which wewill now turn.

For completenesslet us first statethe result of the above decompositionfor a three-flavorSU(3)
theory (u, d, s quarks):Insteadof eqs. (5.89) and(5.91) we have

1= u+ñ+d+d+s+,i= uv+dv+6~

A
3=u+ñ—(d+d)=u~—dv (5.92)

A8= u+u+d+d—2(s+~)=uv+dv
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and

_
1~A A \ P_li AUv—~~t8~T~.t13),~ ‘6~ ~P~

8

d~= ~(A8— A3). (5.93)

Becauseof eq. (5.75)the Q
2 evolution of the fermionic singlet structure function .X will be influenced

by the gluon distribution G(x, Q2) in the nucleon:since

x.~(x,Q~) (p1 OFIJ.1), xG(x,Q2~) (P1Ovlp) (5.94)

eq. (5.75) implies

(F±(Qo2))n= (1 ~~~)(x.~(Q2o))n~ /3~(xG(Q~))~ (5.95)

wherewe haveusedeqs. (5.70)and(5.72). Solving theseequationsfor (xi),, and(xG)~andusingthe
RG exponentsin eq. (5.76) for (F±(Q2))~we can reexpressthe 02-evolutionfor singletcomponents
entirely in termsof partondistributions:rememberthat genericallywe had

0... = aflOF+ f3~0~ 1 ~> O~= 0... +0± 596
0+(h—a~)0F—$fl0vJ/3~0v—(1—a~)0...—a~0+ ( . )

from which we can directly readoff the 02-evolutionof .~andG:

(x.~(Q2))~= [a~(x.X(Qo2))~+ f3n(xG(Qo2))n]exp{—sa_(n)}

+ [(1 — ~ — f3~(xG(Q~o))~]exp{—sa÷(n)} (5.97)

(xG(Q2))~= [(1 — a~)(xG(Qo2))~+ a~(1— a~)(x.X(Q~))~} exp{—sa_(n)}

+ [an(xG(0o2))n afl(1afl)(.~(Q2)~]exp{—sa±(n)} (5.98)

andthe non-singletpiecesevoluteaccordingto

= (xA,...s.
8,is(Oo

2)),.exp{—saNs(n)}. (5.99)

Equations(5.97)—(5.99)arethebasicpredictionsfor scalingviolationsin structurefunctionsaccordingto
QCD as well as to conventionalfixed point theorieswith a,(n) and s given by eqs. (5.77) and (5.78),
respectively,anda~and /3,. definedin eq. (5.72). The basic algorithmfor comparingeqs. (5.97)—(5.99)
with experimentis the following:

(i) parametrizethe parton distributions at a fixed value of Q~according to some power law
u~(x,Q~) xa(h— x)~’,etc.andfit thesex-dependencesto experimentat Q2 = Q~usingthenaiveparton
modelrelations(5.12) and(5.13), for example;

(ii) calculatevia eq. (5.89) the input amplitudes.X(x, Q~)andA,(x,Qo2);



240 E. Reya,PerturbativeQuantumChromodynamics

(iii) insert theseexpressionsinto eqs. (5.97)—(5.99) in order to obtaintheir 02-dependence;
(iv) theseQ2 dependentmomentsof X(x,Q2) andA,(x,Q2) allow usto calculatethe Q2 dependent

partondistributionsusingeq. (5.91);
(v) the connectionwith measuredstructurefunctionsat Q2� Q~is then againgiven by the parton

modelrelationssuchas eqs.(5.12) and (5.13).
Equation(5.97) is of utmostimportancesince it allows us to determinethe gluon contentof the

nucleon from the measuredQ2 dependenceof structurefunctions: For this purposewe use, for
example,

F~~’(x,Q2) ~ Q2)+~x[u+ u — d—~i—s — §+ c + a] (5.100)

F~(x,Q2) = x~(x,Q2) (5.101)

with N = (p + n)/2, u = u(x, Q2) etc. andwherewehaveassumeds ~andc ëinF~theNS expression
in square-bracketsin eq. (5.100)evolutesaccordingto eq. (5.99).Thenthe only unknownin eq. (5.97) is
(xG(Q~))~,besides of course the scale parameter A in s,whichcanbefittedto themeasuredQ2 dependence
of F

2(x, Q
2) or of (F

2(Q
2))~.

Since the input partondistributions,which describethe boundstatesof the consideredhadron,are
so far theoreticallynot calculable one usually refers to theoreticalprejudices as far as their x-
dependenceis concerned,At small valuesof x oneusesthe Reggeconstraints(5.26) and(5.27)whereas
at largex one resorts to naive dimensionalcounting rules [59—61]to fix their thresholdsuppression
which tell us that

q(x,0o2)—.’(i—x)2”3 asx-’*l (5.102)

wheren is the minimumnumberof thepossiblehardconstituentsin thehadron.Thevalueof Q2owhere
theserulesapply is unknownbut optimistically we mayexpect(5.102)to bevalid at distanceswherethe
naivepartonmodelstartsto makesense(“precociousscaling”), i.e. 0~ 2—5GeV2. As an examplelet
usconsiderthe most importantcaseof partondistributionsin the nucleon:

ui,, d~-=(1 —x)2’<33= (1— x)3

G~=(1_x)2x43=(1~x)S (5103)

~~(1x)2x53zzz(i_x)7.

Needlessto say that any other input parametrizationwhich fits the data will do as well. However,
becauseof momentumconservation,the parton distributions are expectedto have in general the
qualitativestructureas shown in fig. 5.9. This is obvious from fig. 5.3 where, becauseof the gluon
bremsstrahlung,the seaquark (q~)will carry the leastamountof large(hard)momentumin contrastto
valencequarks,with the gluons lying in between.The charmedseadistribution ~‘ = c ë in fig. 5.9 is
always expectedto be much steeper(“softer”) than the SU(3)sea ~ sinceheavy quarkscarry on the
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k ~‘: charmed sea

_____________ ~\~~~SU(3) sea

Fig. 5.9. Qualitativebehaviorof partondistributionsat largeandsmall valuesof x.

averagelesslargemomentathanthe light SU(3)quarks.Finally, for practicalpurposes,the momentsin
eqs.(5.97)—(5.99)of a given parametrizationof aninput partondistributionxq(x, Q0

2)= xa(1 — x)’~’,say,
can be simply calculatedby

(xq(02o)~~= (x’~(1— x)”)n = B(a+ n — 1, b + 1) (5.104)

with theEuler betafunction B(x, y)= 1(x)I’(y)/f’(x + y). Later we shallusethis equationto analytic-
ally continueourreal-n momentsto complexvaluesof n which will be necessaryto obtain,via a Mellin
inversion technique, the explicit x-dependenceof structure functions from their momentsin eqs.
(5.97)—(5.99).

In the next two subsectionswe shalldiscusshow to comparethe predictions(5.97)—(5.99)for scaling
violationswith experiment.

5.5. Comparingmomentsofstructurefunctionswith experiment

Themoststraightforwardandsimple, althoughin manycasesnot very stringentandinstructive,tests
of field theoriesare to comparejust momentsof structurefunctionswith experimentwhich, as wehave
seen,aredirectly predictedby any field theory.However,it shouldbenotedthat eventhe experimental
determinationof moments,definedin eq. (5.45), is problematicsincefor a given valueof Q2 one hasso
far measurementsof F(x,Q2) availableonly in alimited region of x; thereforein orderto calculatethe
momentsin (5.45)one hasto makeoneor anotherad hoc extrapolationinto regionsof x experiment-
ally not yet accessible.

Let us start with the theoreticallymost simple caseof non-singletstructurefunctions,i.e. with eq.
(5.63) which, for QCD, tells us that

ln(Q2/A2) (5.105)

i.e., the (—1/aNS)th powerof the nth momentsare expectedto lie along straight lines when plotted
againstin ~2 with a commoninterceptin Q2 = in A2 Thesepredictionshavebeenfound to be in very
good agreement[62] with the data of FNS= xF~for A 0.5 GeV as shown in fig. 5.10(a). Similar
conclusionshavebeenreachedfrom analyzingthe BEBCdata[43]but it shouldbeemphasized,however,
that theselatter resultsrely heavily on measurementsbetweenQ2 = 0.6 and2 GeV2— a region neither
appropriatefor thepartonmodel norfor thelegitimacyof perturbativecalculations.Evenin theCDHS
experiment[62],whereQ2~ 6.5 GeV2,ill understoodkinematicaltargetmasseffects (‘—‘x2m ~/Q2) playa
non-negligiblerole: Assumingthat theseeffectscan bein part accountedfor by “Nachtmannmoments”
[63,64]
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Fig.5.10. Fit to theQ2 dependenceof (a)ordinary Cornwall—Nortonx-momentsM~ (xF~(Q2)),and(b) Nachtmannmomentsaccordingto QCD.
The figures aretakenfrom ref. [62J.

fdx 1 + (n + i)V1+4x2m~IQ2xF,(x, Q2) (5.106)

with

2x
— 1+Vi + 4x2m~/Q2’ (5.107)

then the fitted slopesdecreaseby more than 10% as shown in fig. 5.10(b). The importanceof this
statementwill becomeclear in a moment. The target mass effects in eq. (5.106) result from the
trace-termsin the NS Wilson operatorof twist 2 andwith definite spin in eq. (5.60), i.e. from the g’””
terms indicatedin eq. (5.40). (Higher twist T >2 effects as in eq. (5.41) are of coursestill neglected.)
Besides using the rather heavy artillery of the operator product expansion, the Georgi—Politzer
[65,31] i-scalingvariablein eq. (5.107)canbe derivedin a physically moretransparentway by usingthe
on-massshell covariantparton model [66]. The parton languageis a usefui mnemonicfor the form
[67,65] of ~ in eq. (5.107): If a masslessquark carriesa fraction ~ of the proton momentumand is
kicked onto its massshell by the collision, then (~p+ q)2 = 0 = ~2m~ + 2~p q + q2 and the positive
solution of this quadraticequation gives (5.107). It should be emphasizedthat thesekinematical
rescaiingeffects due to target massesalone cannot adequatelydescribe[66] scaling violations and
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thereforethe renormalizationgroup improved QCD effects (radiative gluon corrections)discussedso
far are significant and probably dominantin explaining the observeddeviations from exact scaling.
Since n ~ 3 momentsweigh mainly the large x region,one hasto chooserather large valuesfor Q2
(~10 GeV2, say)in orderto suppresssubasymptotickinematicaltermssince

= x — x3m~/Q2 + O(m~/Q4), (5.108)

or for the purely phenomenologicalBloom—Gilman scalingvariable [68] wewould have

2 / 4x
2mN ImN

X1~2102—~XX~+ ~

These differencesbetweenthe rescalingeffects of ~, x’, . . . and the truly asymptotic Bjorken scaling
variable x can be suppressedby directly studyingF(x, Q2) for x <0.6 and Q

2� 5 GeV2, say, since a
transitionfrom x to ~ or x’ amountspractically to addingO(m~/Q4) termsto the slopesof structure
functionsas is immediatelyevidentfrom the following relation

9F(x, Q2) t9F(1, Q2) + 3F(i, Q2) ~ ~ 110
~9Q2 — ~9Q 3x ~2 ~Q2

for i ~, x’, etc.
The measuredNS moments of F~Nin fig. 5.10(a), however,can be equally well explainedby

conventionalfixed point field theories[69].For an abelianvector-gluontheoryeqs. (4.4), (4.17), (5.61),
(5.64)and (5.78) tell us that (for Nf = 4)

a~t0’~= (5.111)

and thuseq. (5.63) predicts,in contrastto eq. (5.105),

(FNS(Q2))~ 1/aNs(n) = ~ (Q2)(Q2/Q2)25~/l&rt (5.112)

wherethe unknownnormalizationconstantsC~(Q
0

2) ~ haveto be fitted to thedataat an
arbitrary value of Q2= 0o2. A similar power-like behavior in Q2 is predicted by, for example,
non-abelianscalar-gluontheorieswhere,accordingto eqs. (4.18), (5.78)and(5.83),

a~aT = (5.113)

with a~= ~[i — 2/(n(n+ 1)}] which gives for eq. (5.63)

(FNS(Q2)) ‘~~“= ~ (Q2)(Q2/Q2)~/8ir (5.114)

The predictionsof abelianscalar-gluontheoriesare as in eq. (5.114)with a* multiplied by afactor of
3/4, which follows from eqs. (4.17), (4.18) and (5.83).From fig. 5.11 it can be seenthatthe predictions
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Fig. 5.11. Comparisonof measured [62]momentsM, (xF~(O2)), with the predictions[69]of abelianvector-gluontheories(a~ aNs(n)), eq. (5.112)
andnon-abelianscalar.gluon theories,eq.(5.114)for various choices of thefixed pointa Thelow-statistics data(opencirclesandtriangles)arefrom ref.
[43].

accordingto eqs. (5.112) and (5.114) are in equally good agreement[69] with experimentas are the
straight line fits in fig. 5.10. Thusnon-singletquantitiescan only provide uswith a consistencycheckof a
given theory but cannotdiscriminate betweenQCD and other finite fixed point theoriesof strong
interactions[70] (unless precisionmeasurementscan be extendedto ~2 = 200 or 300GeV2, as it is
evidentfrom fig. 5.11).This, however,is not too surprisingsincethe Q2 dependenceof NS momentsis
uniquelydeterminedby just oneanomalousdimensionand,therefore,quantitiessuch as
aremainly sensitiveto differencesin a logarithmicand a power-likebehaviorin Q2~ This is in contrast
to structurefunctionswhich receivealso contributionsfrom flavor-singletWilson operators,suchas F

2,
the Q

2 dependenceof which is determinedby threedifferent anomalousdimensionsin eq. (5.76):These
subtletiesof singlet-mixing will play a crucial role in discriminatingbetweendifferent field theories
which will be discussedin a moment.

Another theoreticallyvery attractive test of field theories,which measuresratios of anomalous
dimensionsdirectly, is obtained[43] by comparingthe logarithmsof two moments(FNS)~and(FNS>~’

which, according to eq. (5.63), should result in straight lines (in the i-loop order) with slopes
aNs(n )IaNS(n’):

d ln~FNs(Q2))~= aNs(n) (5 115
d ln(FNs(Q2))fl’ aNs(n)

Theseslopesareobviously independentof A and a*, as well as of the numberof flavors. Moreoverit
shouldbe emphasizedthat eq. (5.115)can discriminateonly betweenvectorandscalargluons, but not
betweensubtletiessuch as their abelianor non-abeliangroup structure:This is becausethe only
differencebetweenan abelianandnon-abelianstructureof the qqg-couplingin vector-gluontheoriesis
due to the “color chargeof a quark” C

2(R)in eq. (5.61)which cancelsin the ratio in eq. (5.115); and
similarly for scalar-gluontheories.For illustration we comparein table 5.1 a typical predictionfor the
ratio of anomalousdimensions,accordingto eq. (5.61),with the measured[62,43] Fr-moments.As we
can see,the measuredslope [71] of ordinaryx-moments(xF~(Q

2)~~is in good agreementwith the
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Table 5.1
Comparisonof the theoretical predictionsfor the n/n = 6/4 momentratio
with CDHS measurements [62,71]; the ordinary x-moments are definedin eq.

(5.45)andNachtmann momentsin eq. (5.106)

experiment theory

(xF5”)~ Nachtmann vector scalar

aNs(
6)/aNs(4) 1.34±0.07 1.18±0.09 1.29 1.06

predictionsof vector-gluontheories.However, as in the previouscase,targetmasseffects (Nachtmann
moments)play a non-negligible role, although Q2� 6.5GeV2 for the CDHS experiment[62], which
decreasethe slopesby morethan 10% as comparedto our ordinarymoments.On the other handthe
slope predictionsof scalartheoriesare typically 20% smaller than those of vectortheories.Thus, at
present,not even scalar-gluontheoriescan be ruled out within icr on the basis of this non-singlet
moment-slopetestin eq. (5.115).

In order to proceedweshouldmakeuseof the full contentof the theoreticalpredictionsin eq. (5.76)
or eqs. (5.97)-(5.99)by studying structurefunctionssuch as F

2(x, Q2) which contain dominantsinglet
components.This should prove more awardingsincefixed point theoriesdiffer from QCD mainly in
their singlet mixing properties,becauseof their very differentgluonic anomalousdimensionsas implied
by eqs. (5.68) and(5.83) togetherwith eqs. (4.4), (4.17)and (4.18). The most importantand instructive
momentto study[72]is the lowestn = 2 momentof F2, i.e. the areaunderF2(x. Q2)~Fromeqs.(5.100)
and(5.101)wehavefor (F2(Q

2))
2 fJF~(x,02)dx

(F~’(Q
2))

2= ~(x .~(Q2))2+ ~(x[u~(Q~)—d~(Q0
2)— 2~(Q~)+ 2~’(Q~)])2exp{—saNs(2)} (5.116)

(F~(Q2))
2= (x1~(Q

2))
2 (5.117)

where the non-singletcomponentin eq. (5.116) can be estimatedto be small [72], and the Q
2

dependenceof the singletpiecefollows from eq. (5.97)

~x.I(Q2))
2 = a~+ [(xZ(Q~))2— a2] exp{—sa÷(2)} (5.118)

wherewehaveuseda2= ~2, a_(2)= 0 and

(xG)2 = 1 — (x~)2 (5.119)

which, by momentumconservation(see eq. (5.16)), holds for all values of Q2• The physical inter-
pretationof eq. (5.118) is obvious:a2 is the asymptoticvalueof the total fractionalmomentumcarried
by the fermionic constituentsof the nucleonin the limit Q

2—~~ becauseof the gluon self-couplings,
quarksaremuch moreeffectivein radiatinggluonsand can thereforeeasiertransmit their momentum
to gluonsin QCD thanin conventionalfixed point theorieswhich naively implies

a?‘~< a fixed.point

Thus eq. (5.118)plays a unique role [72] in discriminatingbetweenQCD andall other conventional
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fixed point field theories.This comesabout as follows. At moderateQ2 2—4 GeV2, correspondingto
our input Q~,experimenttells us [43—45]that the total fractional momentumcarried by quarks is

0.52 and hence, according to eq. (5.118) and since a±(2)= 56/75>0 (using N~= 4),
(xZ(Q2))

2 is an increasingor decreasingfunction of Q2 dependingon whethera2 is largeror smaller
than 1/2, respectively.Substitutingthe different possiblevalues of the group invariantsof eqs. (4.4),
(4.17) and(4.18) into eq. (5.72), it turns out that a2< 1/2 only for QCD wherea2 = 3/7 (seeeq. (5.74)).
It is a uniquefeatureof all otherpresentlyknownfield theoriesthat a2>1/2 (specifically[72] a2 = 6/7,
9/10 and 72/73 for abelian vector-gluon,non-abelianscalar-gluonand abelian scalar-gluontheories,
respectively)which forcesJo~F2(x, Q

2) dx to increasewith Q2. Since fo’ F~(x,Q2) dx is experimentally
observed[43,44, 73,74] to decreasewith Q2 (or at most to be constant),all theoriesexceptQCD are
already excludedon the basis of this single qualitative observation!In fig. 5.12 we comparethese
predictions with experiment, where for the abelian vector-gluon theory we have taken the fixed
point a* to be 0.5 in agreementwith our analysis[69] of NS momentsin fig. 5.11. The predictionsof
scalar-gluontheoriesare in even worse agreementwith the data since their values for a

2 are always
larger than 6/7. Similar conclusionshave been already reachedsome time ago by a more detailed
quantitativeanalysis [75,76] of F~~(x,Q

2) and also by studyingthe timelike q2 [77,78]. It should,
however,be noted that, althoughfor n = 2 we have(using y_(2)= 0 in eq. (5.71)andeq. (5.72))

+ i~t.+ + crossed
— y~~(2) — _______________

a2——F ,,,.~— (5.120)
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Fig.5.12. Comparison[72]of theQ2 evolutionof theareaunderF
2, predictedby vector-gluontheories,with thevN dataofrefs.[43,45]andwith the i.p

dataof ref. [73].
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Table 5.2
Valuesfor therenormalizationgroupexponentsa(n)
and for the projection matrix elementsa~~plI(n)

and )3,~p~j(n) in eq. (5.72) for a four flavor QCD
(N

5=4)

n a~5(n) a_(n) a+(n) a~ /3.

2 0.427 0 0.747 0.429 0.429
3 0.667 0.609 1.39 0.925 0.288
4 0.837 0.817 1.85 0.98 0.17
5 0.971 0.960 2.19 0.992 0.119
6 1.08 1.07 2.46 0.996 0.091

the Q2 dependenceof (x .~(Q
2))

2in eq. (5.118)is not directly sensitiveto the triple gluoncouplingsince
the coefficient of C2(G) in y~~(2)in eq. (5.68)vanishes.Thereforethe whole contributionto ‘y~v(2)is
due to the term proportionalto T(R) in eq. (5.68), i.e. to the externalwave function renormalization
(-mrOnw) correspondingto the last term in eq. (5.52). Thus,a2 measuresmainly the color chargeof
quarks, i.e. the quark—gluon coupling in (3.6) but not the self-interactions(2.5) of gluons, i.e. the
Yang—Mills structureof eq. (2.3). Needlessto say that gluon self-couplingsare required in order to
rendera non-abelianvector-gluontheory renormalizableleavingQCD unrivalled.

Sincehigher n(?3)momentsweighmainly the large x region (x ~ 0.3), the study of n >2 moments
of any structurefunction cannotprovideuswith additionalinformationon the gluon structureof QCD.
This is so becausefrom eq. (5.71) oneobtains

y_(n) y~(n)_O(n2~fln)

for n>2 (5.121)
y+(n) ~ y_(n)

andthusalwaysjust oneanomalousdimensionYNS y~in eq. (5.76)dominates:any structurefunction
such as F2(x, Q2)will, for x � 0.3(i.e. n ~ 3), essentiallybehaveas thenon-singletfunction in eq. (5.63).
Table 5.2 illustrateshow well (5.121) is alreadysatisfied for n ?~3. Therefore, the subtle and very
importantsinglet-mixingpropertiesof the theory,which allowsus to studythe detailedgluon structure,
is only effective for small n, i.e. in the small x-region, not accessibleto anymoment analysis.We will
thereforetry to extractfrom thepredictedmomentsof structurefunctionsin eqs. (5.76)or (5.97)-(5.99)
the explicit x-dependenceof F(x, Q2) which is after all the quantitydirectly accessibleexperimentally.

5.6. Invertingmoments

The generalprocedureto obtainF(x, Q2) from given moments(F(Q
2))~ .f~’dx x~2F(x, Q2) is to

perform a Mellin inversion[79]

F(x, Q2)~Jdflx~n+1(F(o2)) (5.122)

wheretheintegrationcontourhasto lie to theright of therightmostsingularityof (F(Q2))~in thecomplex
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Fig. 5.13. The integrationcontourfor the inversion of theMellin transform(F(Q
2)). = (F(Q~)),.exp{—sa(n)}in eq. (5.122).The crosses(x) denotethe

singularities of (F(Q2)), which are either simple poles(stemming from the input distributions (F(Q~)).— B(a + n — 1, b + 1) in eq. (5.104)) or essential
singularities (stemming from exp{—sa(n)} due to the poles of a(n)).

n planeas indicatedin fig. 5.13. The inversionof asymptoticapproximations(leading log’s) of moments,
like eqs. (5.63) or (5.76), via the continuationin n is certainly suspect.By inverting the momentsto
deducethe behaviorof F(x,Q2) onemustassumethat all possiblesubdominanthigher-ordertermsin
anomalousdimensionsand Wilson coefficientsare negligible uniformly in n. Thus, all subdominant
terms on the right-handside of eqs. (5.63) or (5.76) haveto be negligible onceQ2 exceedsa certain
limit, call it Q~,whereQ~is independentof n. Thesecorrectionsareindeednegligible provided[80,6]

I 4Glna~13a~iln i ~1 for x1
L lnx j

I lnx 13~I2
as~

9Glj ~i for x.c~1 (5.123)

with

G=C2~)_ 4 5124
— l6ir

2b 33—2N~~

For general (singlet) structurefunctions, eq. (5.122) can only be calculatednumerically [56] but for
specialcases,suchas NS structurefunctionsor for x —* 1, onecan handleeq. (5.122)analytically which
weshall do first.

Although for practicalpurposesit turnsout that the numericalevaluationof theintegral in (5.122)is
the most efficient one, it is possibleandalso instructive to reducethis complicatedintegralto amore
simple expressionfor non-singletstructurefunctions.We start from the NS-momentprediction in eq.
(5.63)

(FNS(Q2))fl = (FNS(Q~))~exp{—saNs(n)} (5.63)

andusethe following convolution theoremof Mellin transforms:If two momentsaregiven by

J dxx”2~(x)=

then

Jdxx~2fi *f2 = g,(n)g

2(n)
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where

f~~ = J~-f1(x’)f2(~). (5.125)

From this onesimply obtainsfor eq. (5.63)

FNS(x,Q2) = J ~- F~(-~,o~)T(x’, Q2) (5.126)

with the Mellin-inverseof the RG exponentgiven by

C +i~

T(x’, Q2) = ~-~L~Ldn x”~exp{—saNs(n)}. (5.127)

For the general aNs(n) in eq. (5.61) this kernel T cannot be evaluatedexactly becauseof the
exponential.Thereforeoneshould insteaddifferentiate[81] eq. (5.63)

d(FNS(Q2))fl= —aNs(n)(FNS(Q2))fl (5.128)

which upon usingthe aboveconvolution theorem(5.125)gives

1 C±i=

IFNS(X, Q2) = J~- FNS(~~02) ~-~--~ J dn x””(—aNs(n)). (5.129)

Now the relevant integralsover n can be done explicitly [79] to give (note that this would not be
possiblefor the singlet structurefunctionsF±becauseof the square-roottermsin a±(n)in eq. (5.71))

dFNS(x,Q2)= G{[3 + 4 ln(1 — x)] FNS(X, Q2) + J dx’ (2— 2x’) FNS(~~02)

“1 dx’ [x’FNS(-~~Q2)_FNS(x,02)1]. (5.130)

This is Parisi’s integro-differentialequation[81] which can be solved [82] for the scalingviolations of
FNS(x, Q2) Figure5.14 showsthe QCD predictions[83]for FNS = F~0— ~ taking the measuredvalues
for ~ as input [84].The agreementwith the data is good.

Furthermore,eq. (5.126)allows us to derivean explicit analyticexpressionfor the thresholdbehavior
of anystructurefunction [85], i.e. for the Q2 dependenceof F(x, Q2) at largex, becauseof (5.121) the
Q2 evolutionof any (singletor non-singlet)structurefunction will be dominatedby just one anomalous
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Fig. 5.14. Comparisonof theexperimentaldata[84]with thepredictedvariationof FNO = F?~— ~ in eq. (5.63), using theneutrondataasinput[83].

dimension YNS y~ for large n (i.e. large x). In this region we can thereforeuse the asymptotic
expressionfor the ~t’-functionin eq. (5.62),

~fr(z)=lnz+O(1/z) for z—~°’~,

which, insertedinto eqs. (5.61)and(5.64), yields

aNs(n)— G(c, ln n + c
2)+ 0(1/n) (5.131)

where c1 = 4, c2 = —0.69 and G is given in eq. (5.124). Note that the ln n term stems from the
secondandthird diagramof fig. 5.7. For this simplecasethe kernel in eq. (5.127)can be calculatedwith
the result

T(x’, O2)exp(c2Gs)XOfl,~/X~)) P = c1Gs. (5.132)

Assumingnow an input distributionin (5.126)of theform F(x, Q~) (1 — x)” we finally get

F(x, Q2) (1-x)d (In~fexp(-c2Gs)F(d+ 1+P)~ (5.133)

This is the famousGrossinversionformula [85] for largex, which for practicalpurposesis sufficiently
accuratefor 0.3~ x ~ 1. A similar expressioncan be derivedfor just the F+ amplitude,(F±(Q

2))~=

(F÷(0~))~exp(—sa÷(n)):In this caseone obtains[56] c
1 = 9 and c2= —1.06, which clearly showsthat

F±(x,Q2) is much stronger suppressedin (1 — x) as x -~ 1 than eq. (5.133). Since for non-gauge
(scalar-gluon)theoriesonly the first diagramin fig. 5.7contributesto y~<in eq. (5.83), therewill be no
ln n term in eq. (5.131); thus P in eq. (5.133)vanisheswhich implies that F(x, Q2) -= (1 — x)’

2 hasthe
samepower behaviorin (1 — x) as the input F(x, 0~)‘— (1 — x)d. This is in contrastto gauge(vector-
gluon) theorieswherethe input (1 — x)d will be changedto F(x, Q2) -= (1 — x)d~ accordingto (5.133).
First attempts[86] to comparethe scalingviolationspredictedby eq. (5.133)with data for p7P in the
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largex-region resultedin a good agreementbetweenQCD andexperiment.Equation(5.133)will also
be usefulfor describingthe scalingviolationsof fragmentationfunctionsD~(z,Q2) for largevaluesof z
to which weshall turn in section 10.

Similar analyticexpressionsfor F(x, Q2) can bederived[56.87] in the small-x region whereonly the
contributionsof the rightmostsingularitiesof the anomalousdimensionsareassumedto dominate.For
theseone can use the saddle-pointmethod to evaluate their contributions to the inverse Mellin
transforms(5.122)asdonein ref. [87],or evenbetteronecan performthe inversionsexactly[56]which
allows F(x, Q2) to be expressedby modified Besselfunctions. Unfortunately,for x evenas small as
0.02, these results deviate by about 20%—30% from the results obtained from exact inversion
procedures[56]for presentlyavailablevaluesof Q2

In generalone has thereforeto perform the Mellin inversion (5.122) numerically [56] in order to
obtainthe requiredaccuracy.For this it is convenientto rewrite eq. (5.122)

F(x, Q2) = ~ J dzRe{x(F(Q2))~~±~j. (5.134)

Choosingc 2.5, which is appropriatefor all structurefunctionsand field theoriesstudiedso far [56],
an upperlimit of integrationin (5.134)of about 50 suffices to guaranteean accuracyof 10~.It is now
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Fig. 5.15. Comparisonof the predictions [72]for scaling violations with ~p data [73](solid points) and epdata[94](openpoints).
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Fig.5.16. Predictions[72]ofscalingviolationsaccordingto QCD ascomparedwith neutrinodata[44,45](solidpoints)andeddata[94]multipliedby the
averagevalencequarkcharge9/5 (open points).

straightforwardto invert the momentsin eqs.(5.97)—(5.99),for example,oncewe havefitted the parton
distributionsto experimentat 0~andusingeq. (5.104)to calculatetheir analytically continuedmoments
neededin (5.134). Scaling violations in F

2(x, Q2) havebeen studiedin the past using a variety of
different input distributions [88,56,76,89—93]. As an example, we comparein figs. 5.15 and 5.16 the
predictedscalingviolations[72]in ~ andF~Nwith recentdata[44,45, 73,94] usingA = 0.5GeV and
the following input quarkdistributionsatQ~= 4 GeV

2, with the decomposition(5.28),

x(u~+ d~)= 4.546x°624(1— x)2657

xd~= 2.715x°773(1— x)37
(5.135)

x~= 0.17(1— x)7

= 0.05(1— x)30.

The steepcharmdistribution~‘ resultsfrom the virtual Bethe—Heitlerprocess~y*g~ QQ which, dueto
the largemassof heavyquark flavors0 = c, b,. . . , is expected[95]to be the dominantcontributionfor
heavy quark production [96,97] and is directly proportional to the gluon content G(x,Q2) of the
nucleon (fig. 5.17). To demonstratethe sensitivity of the predictedscalingviolations to the choice of
G(x, Q~)in eq. (5.97),we haveperformedthe calculationsoncewith the “standard” counting-rule-like

Fig. 5.17. Bethe—Heitlerprocessfor heavy-quarkproduction.
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gluondistribution

xG(x, Q2~) = 2.6(1— x)5 (5.136)

implied by eq. (5.103),andoncewith G(x, Q~)= 0. This latter choice obviously violates the energy-
momentumsumrule,

~x.X(Q2))
2+ (X G(Q

2))
2= 1,

andis intendedonly as a checkon the abovementionedsensitivity to G(x, Q~2)~As onecan seefrom
figs. 5.15 and5.16 the scalingviolationswith the “standard”counting-rulegluondistribution(full lines)
do not differ significantly from the oneswith azeroinputgluon distribution(dashedlines). Within a few
percentthese“standard”predictionsin figs. 5.15 and5.16 (solid curves)remainunchangedif one usesa
broadgluon

x G(x, Qo2) = 0.88(1+ 9x)(1— x)
4 (5.137)

as suggestedby the Caltechgroup[98].This huge gluondistributionwith an abundanceof hard gluons
in the large-x region appearsto be in better agreementwith recent deep inelastic experiments
[43,44,74]; especiallyit seemsto be requiredby deepinelasticJ/i~tproduction[99]andfor explaining
the hardtransversemomentumspectrum(pT ~ 1 GeV) of Drell—Yan dilepton pairs to be discussedin
section8.1. Thefact that the predictionsfor scalingviolationsin F

2 areinsensitiveto the gluon content
of the nucleonfor large x (~0.3)can be easilyunderstoodfrom the explicit valuesof the projection
matrix elementsa~andf3~andhow theyentereq. (5.97):From table5.2 we seethata~ 1 and~ 4 1
for n > 3 andtherefore(x G(Q~))~in eq. (5.97) is strongly suppressedfor large n (i.e., large x). Thus
anymomentanalysisof F2 with n ~ 4 for testing QCD anddeterminingthe gluon distributionvia eq.
(5.97), usingpresentlyavailabledata,is renderedmeaninglessand statisticallyinsignificant. Only future
high-statisticsmeasurementsof F2 for 0.05~ x ~ 0.3 (heavyquarkproductionshouldbecomeimportant
[96]only for smallervaluesof x) andfor Q

2up to 100—200GeV2, say, shouldshedfurtherlight on G(x,
Q2) Needlessto say that this small-x region is not accessibleto anyn > 3 momentanalysis.

The generalpatternof scalingviolations, illustratedin figs. 5.15 and5.16, is generallyexpectedfrom
anyfield theory:F(x, Q2)decreaseswith Q2 at largevaluesof x, whereasit increaseswith Q2 at smallx.
This qualitativebehaviorcan be easilyunderstoodbecauseof the radiative gluon corrections(figs. 5.3
and5.4(b)) andmomentumconservation:increasingQ2 the hardvalencequarkswill loosemomentum
by radiatinggluons(fig. 5.3) andthusthe valencedistributionshaveto decrease‘at largex andincrease
at small x as illustrated in fig. 5.18(a); on the other hand, the larger Q2 the more q~pairs can be

(a) (b)
Fig.5.18. Qualitativepatternfor scalingviolationsfor (a)valencedistributions(xu~,xd~,FNS = F~~”— F~’,etc.)and (b)for singlet“sea” distributions(xe,

xG, etc.).
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producedby the radiatedgluons (fig. 5.3) and thus the sea distribution, which dominatesF(x, Q2) at
small x, hasto increaseat small x as shownin fig. 5.18(b).This qualitativeinterpretationof the pattern
for the scalingviolationsin F2 follows of coursedirectly from ourformal calculationsof radiativeQCD
correctionsto momentsof F2: from eqs. (5.116),(5.118), (5.73)and(5.63) we obtain

tim JF~°’~(x,Q
2) dx = a2 = 18 16+3N~ (5.138)

iimJ(F~t’_F~)dx= 0. (5.139)

From eq. (5.138) we concludethat asymptoticallythe total area under F
2 remainsconstant,but it

squeezesprogressivelyinto smallerandsmallerx as indicatedin fig. 5.18. Sincethedifference(5.139)of
structurefunctionsvanishesasymptotically,it seemsthat valencequarksare graduallydisappearingas
Q

2~~ the asymptoticconstancyof the singletmoment (5.138) suggeststhat everythingfinishes up in
the “sea” (fig. 5.18(b)),which howeveralsochangesits shape,shrinkingtowardsx = 0 atQ2_~~.

Having fixed all input parton distributionsand A 0.5GeV, it is now straightforwardto calculate
further,essentiallyparameter-freescale-breakingpredictionsfor deepinelasticneutrinoreactionssuch
as o°/o~”,(y)0, explicit y distributionsetc. [57,100,76,89, 101—104].Againtheagreementwith experiment
is good [103,104] by usingthe weak quarkcouplingsimplied by the standardWeinberg—Salammodel.
Sincecr°receives its dominant contributions from valencequarks,we expect it to be governed,at
presentlymeasuredenergies,by thedecreaseof the valencequarkdistributions,i.e. o~/Eis expectedto
fall with increasing energy (see eq. (5.5)). For i scatteringthe decreaseof the valence quark
contributionis roughly compensatedby the increaseof the sea(fig. 5.18); thuso°/Eis expectedto be
approximatelyconstantat moderateenergies,and to rise slowly at higher energieswhere charm
productionis at full strength.Asymptotically, o~°/Eshould approachcr7E and consequentlycr°/o~is
predictedto increase.All thesegeneralexpectationsimplied by QCD are confirmed by recenthigh
energyexperiments.

For alternative, non-field-theoretic(Regge-like) approachesto scaling violations we refer, for
example, to refs. [105—108].However, such (generalized)vector-mesondominancemodels can be
“trusted” mainly in the smallx-region.The powerand beautyof explainingscaling violationswith field
theoreticmethods(i.e., radiativecorrectionsin QCD) remains,however,unchallengedin as muchas
they provide us with a framework for the whole x-regionwith essentiallyonly one free parameterA.
Furthermore,it appearsto be a uniquefeatureof the partonmodel combinedwith QCD to predict in
terms of a single set of distribution functions (and decay functions) together with all possible a

0
correctionsand without invoking new free parameters,all known inclusive processessimultaneously
such as ~ip-. ~ir + X, pp —* ~ + X (Drell—Yan), pp-s(heavyquark pair)+ X, pp—s(high-PTjet) + X,
yp—s (heavyquarkpair)+ X, e<e-sq~-,q~g-and3g-jets,and manyothersmore[109,110].

5.7. Dynamicalcalculation ofpaTtondistributions

An intriguing possibility to determinethe theoreticallyill understoodsinglet parton distributionsis
to calculatethe sea and gluon distributions dynamically [88, 111, 112] using the RG equations(5.97)—
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g1uo~,~~e<Seci

-

valance valence

Q2=l.L~

Fig. 5.19. Valence quarks at Q2= l generate dynamically sea quarks through gluons at Q2 >~s

(5.99). This idea [88] is basedon the observationthat setting (x~(j.t~))~= 0 and (x G(sg))~= 0 at

Q2= ~in (5.97) and (5.98), thenat Q2 > ~ we have(x ~(Q~)),,� 0 and (x G(Q2))~� 0. Thus all the

glue andq~pairs seenin the nucleon are producedvia gluon bremsstrahlungoff the valencequark
system.This situationis exemplifiedin fig. 5.19. To illustratethis in moredetail let usconsider[112]a
three-flavor (N~= 3) QCD and using the parton decompositionof eq. (5.28). We start with the
assumptionthat at “large” distancesQ2 = ~ 0.1—0.5GeV2 the nucleonconsistsof valencequarks
only, i.e.

x~(x,~.t~)=xG(x,a~)=0 (5.140)

which allows usto calculateall partondistributionsat Q2 = Q~~‘ ~s~, usingeqs.(5.97)—(5.99),in termsof

u~(x,~) andd~(x,
1a~)only:

~xu~(Q~))~= (x ~ L~’°~ (5.141a)

(x d~(0~))~= (x d~(~s~))~L~~NS (5.141b)

(x ~(Q~)),,= ~(x u~(~t~)+ xd~(js~))~[a~L~’ + (1— a~)L~— L~~NS] (5.141c)

(x G(Q~))~= (x u~(js~)+ xd~(1i),, (1 — a~) [L~- — L~’°~] (5.141d)

whereL0 L(Q~)with

a’ 2\ 1 1rs2,~2

L= L’Q
2’~= ~ oj — ~ ii’

— ~ .~ct~(02)ln(~~/A2)~The theoreticallyunknownvalencedistributionsat Q2 = can now be relatedto the measureddeep
inelasticstructurefunctionsF~’~at Q2 = 2—4 GeV2~ ~, usingeqs. (5.141a,b):Recalling

F~N ~(F~+ F~)= ~(xu~+ xd~)+ ~

andsustitutingeqs.(5.141a.-c)into it, oneobtains

(xu~(~~)+ xd~(~~ = 4a~L~+4(la)La+ + L~NS (5.142)
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Thus, according to eqs. (5.141c,d), ~(x,Q~)and G(x, Q~)are uniquely determinedin terms of
F~(x,Q~)once L0 (or ~a~)is given. L0 follows from eq. (5.142) for n = 2 by using the energy-
momentumsumrule (5.119)at Q

2 = ~ i.e. (x u~(~t~)+ xd~(~a~))
2= 1:

/reNI 2\~ — 2j

9 ~~j’ —50/81\ _i._r —32/81
\~‘ 2 ~. 0)/2 — 0t~25+ 25~-~O )+ 18.L~O . (5.143)

Experimentally[73,74,48] (F~N(Q~3 GeV2))
2 = 0.15±0.01 which implies L0 = 7±2. (For example,

Q~=3GeV
2 and A2= 0.1GeV2 implies ~=0.16GeV2 where our boundary condition (5.140) is

supposedto hold.)To separateu~(x,~~)from d~(x,~.t~)onefurtheruses

F~(x,Q~)— F~’(x,Q
0

2) = ~[xu~(x,Q~)— xd~(x,Q~)]

togetherwith eqs. (5.141a,b)and(5.142).The distributionsat Q2>Q~arenow obtainableby replacing
in eq. (5.141) Q~—sQ2 L

0—sL = L0 ln(0
2/A2)/ln(0~/A2).

Figure5.20 showsthe predictions[112]for the momentumdistributionswithin the nucleon.Already
for Q2 1 GeV2we obtaina reasonableagreementwith the experimentalresult [43—45,113] that at low
valuesof Q2 about50% of the nucleonmomentumis carriedby gluons.This givesus someconfidence
in thesedynamicalpredictionsas long as ~ 1 GeV2, whereaspredictionsfor Q2< 1 GeV2 are clearly
not to be takenseriouslydueto the strong variationsin this region as shownin fig. 5.20. Inverting the
momentsin eq. (5.141)numerically,as discussedin the previoussubsection,wecomparein fig. 5.21 our
predictionsfor the quark- and antiquark-densitiesq(x, Q2) and 4(x, Q2) respectively,at Q2= 3 GeV2
with the Gargamelleexperiment[113].Note that the seadistributionq is now a genuineparameter-free
prediction of QCD. Comparing,however, thesedynamically predicted sea and gluon distributions,
~(x, Q2) and G(x, Q2) with the onesexpectedby the naivecountingrules (5.103)and also with more
recentneutrinoexperiments[45] and with Drell—Yan dilepton production[1121,for example,we find
that in the intermediatex-range (0.2 sx S 0.5) these dynamical distributions underestimatethe
requiredsea distributionsby abouta factor of 2 [112,114]; thisis not entirelyunexpectedin view of the
boundary conditions (5.140). In the small x-region, however, these dynamical predictions agree
[112,114] with most adhocseaandgluon parametrizationsandwith the data,andconfirm roughlyalso
the naivecountingrules (5.102) in the largex-region [112]wheretheyaresupposedto hold. Formore

101 ~ 1 ~2 10 102
I~O Q2(GeV2)

Fig. 5.20. Dynamical QCD predictionsfor the momentumdistributions within the nucleon.The ‘static point’ je = 0.3 GeV2, where the nucleon
Consistsof valencequarksonly, correspondsto A = 0.450eV, for a given L

0 = 7 and Ql = 3 0eV
2.
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0O2O40’6O’8’~

Fig. 5.21. Comparison of the dynamically predicted [112]amounts of quarks q = x(u +d) = x(u
0+ d0 + 2f) and antiquarks(sea)a~= x(O + d) = 2xf

at Q
2= Qi= 3GeV2 with the Gargamelle data [1131.

detailsandalso for explicit analyticparametrizationsof the predictedx- as well as Q2-dependenceof
parton distributionswe refer the interestedreaderto refs. [112]and[114].

The sametechniquescan be applied to calculate paTton distributionsfor the pion [112,114] where
thesedynamicalpredictionsmight be a usefulguide to the ‘real truth’, sinceevenlessis experimentally
knownaboutpionic seaandgluon distributionsthanin the caseof nucleons.

5.8. Theratio of the longitudinal to transversecrosssections:R =

Oneof the most fundamentalandcleanesttestsof “finite” (i.e. non-logarithmic)terms, andthusof
QCD itself, is providedby the measurementof thelongitudinal crosssectiono~,or in otherwordsby
deviationsfrom the Callan—GrossrelationF

2 = 2xF1 in (5.14) since[40,38, 5]

R_F2
21~ 5144

UT F
2 F2

Rememberthat FL = 0 is a simple consequenceof helicity conservationin the naive(massless)quark
model in the limit of vanishingtransversemomentapr of quarksin the nucleon:in theframewherethe
spacelikecurrentcarriesno energy,q = (0, Q, 0, 0), the hit quark reversesits momentumandalso its
spin (since vector- and axial-vector interactions of masslessfermions imply helicity conservation);
thereforeangularmomentumconservationforcesthecurrentto carry oneunit of spin,sincetheprocess
is collinear,andhenceo~ 0. Apart from the smallquarkmasses,afinite £TL is dueto p-1’ � 0 which can
be eithergeneratedperturbatively(dynamically)by radiatinga hardgluon off acollinearquark,say,or
stemsfrom non-perturbativeeffects of finite “intrinsic” transversemomentaof quarksin the nucleon
wavefunction. Let usconsiderthe formerperturbativecasefirst.

The fundamentalparton processesVq-sgq and Vg—sq4 with V = or W, as shown in fig. 5.22,
imply [115,116] that FL -= 0(a5).Furthermore,since differencesof structurefunctionsappearin eq.
(5.144), the longitudinal cross section °L-= FL is well defined even in the masslesstheory, i.e. is
independentof any infraredcut-off. Disregardingthe electromagneticandweak chargesof quarks,the
longitudinalprojectionsof the fundamentalpartonprocessesin fig. 5.22 aregiven by [115,31,89]

F~(x)= x
2, Ff,(x) ~ x2(1 — x) (5 145)
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or W

F
2(x,~

2) ~(x,a2)

Fig. 5.22. Lowestorder-a,contributionsto the longitudinalstructurefunction FL, andto jets in leptoproduction(crosseddiagramsare not shown).

wherethe superscriptsq and g refer to the initial quarkandgluon, respectively.(A detaileddiscussion
of the calculationof thesequantitieswill be given in section6.1.) The momentsC~ f~dxx”2F~(x)
arethensimply

= 4a
5(Q

2) = 2a,(Q2) (5.146)3ir(n+1) ir(n+1)(n+2)

The resultsfor an arbitrary physicalscatteringprocessare then obtainedfrom convoluting eq. (5.145)
with the appropriateRG-improved wave functions,i.e. with the probabilities of finding quarksand
gluonsin the initial stateas indicatedin fig. 5.22:

FL(x, Q2)= 4as(Q2)J d~(x)2 F
2(y, Q

2) + a 2as(Q2)J dy [(x)2 - G(y,Q2) (5.147)

or, in termsof momentswherepartoncrosssectionsandpartondistributionsalwaysfactorize,

= C~(F
2(Q

2))~+ aC~,(~G(Q2))~ (5.148)

with a = ~q e~(=6/9 for Nf = 3) for electroproductionand a = 4 for v and i~scatteringon matter.
Rememberthat the convolution(5.147)with parton distributions,having the sameform as eq. (5.126),
correspondsto integratingover all possibleparton momentaby imposingmomentumconservation:

F(x, Q2) = Jdy Jdz~(x - zy)f(z)q(y, Q2)~

= f ~f(~) q(y,Q2) (5.149)

where y is the fractional momentumof the primary parton which fragmentsinto a parton carrying

momentumzy.Equation(5.147) is the fundamentalpredictionof QCD for crL which tells us that

RodL)(x,Q2) = FL(X, Q2)/F
2(x,Q

2) — a
5(Q

2)== 1/ln Q2 (5.150)

vanishesonly logarithmically as Q2 —s ~. This is a purely dynamical(perturbative)predictionandsince
FL vanishesin zerothorder, in contrast to F

2 say, non-perturbativeeffects such as kinematical target
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masseffectswill play adominantrole for subasymptoticvaluesof Q2~ Simple kinematicsgive the well
knownrelation of the naivepartonmodel [38,40]

~ 4(k~)+m2q (5.151)

wherethe ‘intrinsic’ or primordial transversemomentumkT refersto the partonmomentumtransverse
relativeto the direétionof the virtual -y5 or W andwhich doesnot originatefrom the dynamicalgluon
radiationeffects (fig. 5.22).Equation(5.151)can be also obtainedfrom the on-shellversion [65,66,31]
of the covariantpartonmodel[117].Although the intrinsic kT of a partonis a purely non-perturbative
componentof the nucleon’swave function we can try to estimateits size usingthe on-shellcovariant
parton mode] [118]which allows us to express(k~4entirely in termsof the well known (longitudinal)
structurefunctionsby consideringjust the handbagdiagram of fig. 5.2. An analysissimilar to the
famousi-scalinganalysis[65,66,31] thenyields [118],to leadingorderin m~/Q2,

(k~(x,Q2)) F~(x,Q2)J~ F
2(y, Q

2) (5.152)

which determinesR~”°”~~”in eq. (5.151). For the measuredvalues of F
2 the correspondingintrinsic

transversemomentumper parton turns out to be [118] V(k~)s0.3GeV in agreementwith naive
expectations\1~A~T~mN!

3. Any estimateof the ill understoodnon-perturbativeeffects is, however,
strongly modeldependentandonecan easilyarrive at drasticallydifferent results[119,120] usingthe
off-shell parton model [117].All we can say is that non-perturbativecontributionsto R fall off like
powers of Q2 eq. (5.151), in contrastto the perturbativea

0 correctionspredictedin eq. (5.147).
Thereforeat high enoughvalues of Q2 (�20GeV

2, hopefully)it shouldbe possibleto testeq. (5.147)
with the non-perturbativecontribution(5.151)beingsuppressed.

Good dataon FL(x, Q2)would allow us to test the prediction(5.147),or (5.148),in to two different
ways. Either we assumeF

2(x, Q
2) and G(x, Q2) to be known, the latter could for example be

determinedfrom the Q2-dependenceof F
2 using eq. (5.97), then FL can be predicted. Using a

“standard”gluon distributionx G(x,Q~) 2.6(1— x)
5 as input the detailedpredictionsfor RQCD have

beenstudiedby severalauthors[31,89,92, 121]. To illustrate the expected[118]x- and Q2-dependence
of R(x,Q2) RmtT1”~+ ROCD we give a few predictionsin table 5.3. Thesevalues can be increasedif
onechoosesaharder(flatter) gluondistributionthanour “standard”choice.Although onecannotdraw
anydefinite conclusionsfrom the presentlyavailablescarcemeasurementsof R, it appearsthat at least
the expectedqualitativetrend (R increasesfor decreasingx) in table 5.3 is not inconsistentwith the
data: The SLAC ep measurements(0.3~ x ~ 0.8, 3 GeV2~ s 18 GeV2) give on the average[122]
R = 0.21±0.1, whereasthe Fermilab~ipexperiment(0.003<x <0.1, 1 GeV2s Q2 s 30 GeV2) gives an
averagevalue of [74] R = 0.52±0.35. We stressagain that the verification of the QCD prediction
(5.147) is of utmostimportancesince it representsone of the cleanestandmost direct testsof “finite”
termsdueto gluon bremsstrahlung(fig. 5.22).

On the otherhandwecan useeq. (5.147),or (5.148), to determinethe gluon contentof the nucleon
in a mostdirect way: measuringFL(x, Q2) in addition to F

2(x, Q
2) gives us directlyG(x, Q2). Comparing

the Q2-dependenceof this measuredgluondistributionwith the RGpredictionin eq. (5.98) would then
provide us with a direct and sensitivetest of the triple-gluon vertex [123], i.e. of the Yang—Mills
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Table 5.3
Predicted values [118] for R(x, Q

2) = ~ + RQ~ZDfor
electroproductionaccording to eqs. (5.147) and (5.152). The
Q2 dependentparton distributions of ref. [114] have been
used with the standardgluon input x G(x, Q~)= 2.6(1 — x)5.
The predictions at Q2 = 2GeV2 correspond to naive (Q2-

independent)parton distributions

Q2(GeV2) x R R”°°”~ R°°~

0.8 0.1 0.08 0.02
2 0.5 0.16 0.1 0.06

0.2 0.19 0.04 0.15
0.02 0.53 0.0 0.53

0.8 0.025 0.015 0.01
10 0.5 0.05 0.02 0.03

0.2 0.08 0.01 0.07
0.02 0.23 0.0 0.23

0.8 0.014 0.006 0.008
20 0.5 0.035 0.01 0.025

0.2 0.063 0.003 0.06
0.02 0.18 0.0 0.18

0.8 0.007 0.002 0.005
100 0.5 0.02 0.002 0.018

0.2 0.04 0.0 0.04
0.02 0.12 0.0 0.12

structureof QCD: Sincea~ 1 andf3~‘~ 1 for n � 3 (seetable5.2),eq. (5.98) tells us that (x G(Q2))~
(x G(Q~))~exp(—sa+(n))with a+(n) beingcritically dependenton [123]yVy~(~)in eq. (5.68) andthus on
the triple-gluonvertex.All testsof QCD studiedso far are mainlysensitiveto thequark—gluoncoupling
but not to the gluon self-couplingswhich are so very essentialfor asymptoticfreedom. It should be
emphasizedthat the predictions(5.98) for (x G(Q2))~cannot serveas an independenttestof QCD if
one determines[43, 44J the gluon distributionfrom fitting to the scalingviolations of F

2 predictedby
(5.97)since,once(x Z(Q~)),,and(x G(Q

2
0))~arefixed by experimentvia (x ~(Q

2)) in (5.97), eq. (5.98)is
trivially satisfied.

5.9. Jets in leptoproduction

A closely relatedconsequencefollows from the abovediscussionfor the PT distribution of jets.
Neglectingthe intrinsic PT spreadof quarksin the nucleonwhich is dampedby the wave function and
doesnot increasewith Q2 (seeeq. (5.152)),we expectin the naivepartonmodel two hadronicopposite
sidejets (fig. 5.4(a))arisingfrom the fragmentationof the quark on oneside (currentregion) andfrom
the remainingnucleonon the otherside (targetfragmentationregion).In QCD, the existenceof hard
gluon interactionsin fig. 5.22 providesthe quarkwith a hard tail in its PT distributionwhich, unlike the
intrinsic component,increaseswith Q2 at fixed x. Intuitively this can beeasilyunderstoodsince

-

(p~r)-=a, J ~ (5.153)
PT
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wherethe factor l/p~resultsfrom the quarkpropagatorin fig. 5.22, while the constantterm refers to
the intrinsic wavefunction effectsandcannotbe evaluated.We thus expecta fractionof eventsof order
a5 to havea threejet structure[124,125]: The targetfragmentationjet with smallP.r alignedalongthe
collision axis, andtwo jets with largeand almostoppositep’r due to the fragmentingquark—gluonand
quark—antiquarkfinal states(figs. 5.22or 5.4(b)).For the time beingwe will considera jet asbeingjust a
quarkor the gluon itself andneglectthe smallnon-perturbativetransversemomentaof hadronsin the
jet which arisefrom the decayof partonsinto observedhadrons(jet broadening).

For amore quantitativediscussionof p’r distributionsone hasnow to evaluatejust the differential
angulardistributionsdU/dp~-of the fundamentalhardpartonscatteringprocessesin fig. 5.22 (in contrast
to the phase-spaceintegratedtotal crosssections(5.145) for obtainingFL) which haveto beconvoluted
with the appropriateparton distributions, as was done in eq. (5.147), in order to obtain measurable
physicalquantities[124,126—132]. In thisway oneobtainsfor theaveragep~of thefinal partonjet [126]

(p~)- a,(Q2) x f dz f44(x/z)
2- 2x/z+ 7F Q2)

Q2 — 2ir F
2(x, Q

2) J z213 12x/z

+(~e~)1—x/z [(x)2 + (i — ~.0)2]zG(z,Q2) + 1 — ~ [~(~— ~)i~
2(z,Q2)

+(~e~)~ (i. — ~)2z G(z,Q2)]} (5.154)

They-dependenceof thisexpressionturnsout to bealmostnegligible,while themarkedx-dependenceis
mostlyrelatedto the variation of the invariant masssquaredW

2of the hadrons(eq. (5.7)) for x not too
small. This x-dependencecan almost completelybe takeninto accountby the empiricalformula

0.031a
0(Q

2)W2. (5.155)

It should be also noted that the naive parton model relation (5.151), FL/F
2

4(p~~-)/Q2,is not
reproducedevenapproximatelyin QCD by comparingeqs. (5.147)and (5.154)quantitatively [126].At
given values of Q2 and x, the predictedtail of the perturbativePT distribution in (5.154) should be
clearly visible above the intrinsic component[124,128—130]which doesnot increasewith Q2 (see for
exampleeq. (5.152)). This is illustrated in fig. 5.23 wherean exponentialfall-off of the intrinsic kT

distributionhasbeenassumed;this latterassumption,however,is questionablewithin the frameworkof
thecovariantpartonmodel[117]whereoneexpects[133]atmosta powerlike fall-off (-“- k~for valence
quarks-= (1 — x)3). Althoughthis tail extendsup top~-= Q2, it is rathersmall (of ordera

5) andtherefore
hardto observeapartfrom uncalculablecontributionsdueto thefragmentationpropertiesof the parton
into the observedhadrons.In otherwords,sincethe slopein W

2of the linearly rising (p~-)in (5.155)
is small, it is not very surprising that at presentenergies (W2~ 200GeV2) the presenceof this
hard componentis still not clearly visible [134,130]: The increaseof (p~)with W2 is observedin v
scattering,while the sameeffect is not visible in i3 scatteringwherethe statisticsis morelimited.

Furthertestsof QCD involving threejet events,andwhich dependalsoon the transversemomentum
of the activequark in the interaction,concernazimuthalcorrectionsbetweenthefinal leptonandthejet
axis. Theseso-calledc/-asymmetrieshavebeenoriginally suggestedby Georgi and Politzer [135]and
result from the differential parton crosssectionsfor the processesin fig. 5.22 which are of the form
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Fig. 5.23. Predictions[128]for thetransversemomentumdistributionsin thevariable.rT (Z Ip~I)
2,wherei runs over all final hadrons,for p.p

interactionsat variousbeamenergies.Note that ~T is insensitive to fragmentationdynamicssince it allows in principle to reconstructthePT of the
decayingpartonitself. Thedashedcurvesareestimatesof the intrinsic, non-perturbative(NP) components.

[127,135—137]

dx dydzd4) = A
0+ A + B cos 4) + Ccos24) (5.156)

whereA0 is the zerothorder (naive) partoncrosssection,andwith theQCD contributionsA, B, C -=

0(a5) and z being the momentumfraction of the decayingquark carriedby the observedoutgoing
hadron.(A detaileddiscussionof fragmentationfunctionscan be found in section10.)Convolutingeq.
(5.156)with the appropriatepartondistributionsandfragmentationfunctionsallows us to calculatethe
averagevalues (cos4)) and (cos24)) which have, accordingto fig. 5.24, a straightforwardphysical
interpretation:The first quantity (cos4)) measuresthe front-to-backasymmetriesof hadrons,whereas
(cos24)) measuresthe accumulationof hadronsat the lepton scatteringplane. Detailed analyses
[127,135, 137] of thesequantitiesshow, for beamenergiesE 200GeV and in the current frag-
mentationregion, that theyareof the order

(COS4))~N.VN=—0.1, (cos4))~=—0.2 and (cos24))”~=+0.01.

Although (cos4)) is rather sizeable,it will not be easyto disentangletheseperturbativelypredicted
correlationsfrom the data,becausethe samesortof effect can be alsoproducedwithin the naiveparton
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//c,/
Fig. 5.24. Kinematicalconfigurationof theprocessa”-. f’hX in thenucleon’slab system.

model by the presenceof non-perturbativeintrinsic kT’s of partonsin the nucleon[138]:

(cos 4)) -= 2(kT)/VQ2

(cos24))— 4(k2
1)/Q

2. (5.157)

Theseill understoodnon-perturbativeeffectscan,however,besuppressedby makingp.
1.-cutsin the data

(pi’~1.5GeV) which practically eliminates the intrinsic smearing (5.157) in azimuth due to the
fragmentationprocess[139]. Furthermore,experimentally it should be easier to determinePour
distributions[127](fig. 5.24)

(P~ut)= (p~-sin
2 4)) = ~(p~-)— ~(p~-cos24))

sincetheir measurementrequiresonly the knowledgeof the leptonicscatteringplane.This is in contrast
to the 4)-asymmetriesaboutthemomentumtransferdirection andto p.rmeasurementswhichdependon
the accuratedeterminationof the q direction in the leptonic plane(seefig. 5.24).

Finally we would like to emphasizethe importanceof those three jet eventswhere one of the
hadronicjets is replacedby ahard real photon[140]as shownin fig. 5.25(a). The theoreticalbeautyof
this ‘direct photon’ processis that even its absolute magnitudecan be calculatedand not just the
Q2-evolutionof anuncalculableinput wavefunctionas hasbeendonesofar andas wouldbethe casefor
the additional hadronic contribution to the hard photon jet in fig. 5.25(b). This latter hadronic
backgroundshouldbe suppressedrelativeto the Born-termof fig. 5.25(a)in theregion wherethe(hard)
photoncarriesmost of the fractionalmomentumz of the original quark (z~ 0.6). The quark-sphoton
input fragmentationfunction D~(z,Q2)Born can be simply calculatedfrom the Born diagram in fig.

‘a’, Born

(a) (b)
Fig. 5.25. Diagramswhich contribute to the fragmentationinto real photons: (a) uniquely calculable Born term which dominates hard ‘direct’
photonemission,and(b) hadroniccontributionwith thetheoreticallyunknowninput fragmentationfunction D~(z,Q~).
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2)B0mr D’~(z,G2)

Fig. 5.26. QCD corrections to theq—*~Born term.

5.25(a),

D~(z,Q2)sorn = e~,,~, 1 + (1 — z) In (5.158)2ir z A

and the leadinglogarithmicQCD correctionsto it (fig. 5.26)can be resummedto all ordersin a, using
renormalizationgrouptechniques(or using physically moreintuitive approachesto be discussedin the
nextsection)which yield [140,141]

(zD~(Q2))
0= ~ ~ (5.159)

with K0 = 1 + aNs+ a ~ + aNsa — a~a ~v andwherethe anomalousdimensionsare definedby eqs.
(5.64), (5.68) and (5.77). A similarexpressioncan be derived[140]for the much softer gluon—s photon
decayfunction D(z, Q2)~ The predictedz-dependence[140]of the observedhardphotonsin (5.159),
whichis significantly different from the oneof the input Born term in eq. (5.158),will provide uswith a
clearcut testof QCD especiallyin the large-z region wherethe hadronicbackgroundis suppressed.

Of similar importancefor testingthe existenceof gluon jetsarethose3-jet eventswhich areinitiated
by a real photon [142](QCD Comptoneffect) suchas -yN —s (large-PTjets)+ X. This processis depicted
in fig. 5.27(a)andis proportionalto a5q(x). It shouldbe possibleto selectexperimentallythesethree-jet
eventsfrom those(non-gluonic)four quark-jeteventswhich originatefrom the hadroniccomponentof
the photon(p meson,etc.) as shownin fig. 5.27(b): The additionalfourth jet in the forwarddirection is
thusproducedby the constituentsof the vectormesonswhich do not take part in the hardscattering
processandthis processis proportionalto a ~q~qwith q’~beingthe quark distributioninsidethe photon
[140].Thus theobservationof three-jeteventsin yN collisionswould provideus with direct evidencefor
the existenceof gluons! The crosssectionfor thesegluon-jeteventscan beeasilyestimated[142]to be

/ d 3j~t
(E’ ~ 12a,nb (5.160)

/E’=4GeV.O’=90’
dE dfl N ~ —=-)=--O::;:--—<”~.~’-’~N

(a) (b)

Fig. 5.27, QCD Compton effect giving rise to (a)3-jet eventsandto (b) non-gluonic4-jet eventsdue to thehadroniccomponentof therealphoton.
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for E~b 200GeV (E~.m,= 10 GeV)andwherethe primedquantitiesreferto the c.m. kinematicsof the
gluon in fig. 5.27(a). Thus ~~jet i0 o~,i.e., the crosssectionfor e~entsdue to the QCD Compton
effect whereagluon anda quark jet carryinga few GeVeachemergeat largeanglesin the c.m. system
is about 10 of the total photon—nucleoncrosssectionfor E~b 200GeV.

5.10. Non-leadingcorrections:2-ioopsand “finite terms”

Before closing this section, I finally would like to comment briefly on various recent analyses
concerningsubleadinga5 correctionsto Wilson coefficients(“finite terms”)and2-loop a~ contributions
to anomalousdimensionsand to the /3-function. So far we have consideredonly the leading order
contributionsto Wilson coefficients, i.e. C~(1,g) 1 and C~(1,~)= 0 in eq. (5.56), and the leading
i-loop contributionto anomalousdimensionsy -— a5.Taking into accountnon-leadingtermswe haveto
considerthe following termsin the powerexpansionsof /3, y~and C7:

—3 —5
~ g —o g 5161

p~g)——Po1’~-;~ P1(16~.2)2

y(g)— 7nO~2+Y~1(T~2) (5.162)

—2
~ ~ ~ g~~-5~i,g,—u, C1 16ir

2

with ö~= 1 andôo = 5L = 0. (L standsfor longitudinal structurefunctions.)Insertingeqs. (5.161)—(5.163)
into the renormalizationgroupsolution (5.55),

C7(Q2/js2,g(~s2))= C~(i,,~(Q2)) exp[—J ~ dg’], (5.164)

andexpandingin ~2(Q2)theQ2 dependenceof momentsof non-singletstructurefunctionsin eq. (5.63)
is nowpredictedto be

F 2 — F 2 + a
5(Q

2)— a~Q~I + ~ — ~o 1 ~ ~ 5 165

( NS(Q ))fl — ( NS(QO))
01 4ir ~CNS 2/3d 2/3~

13~jJ Ias(Q2)] ( . )

andthe correctedform of a
5 is

a5(Q
2) — 1 — ~ ln ln(Q2/A2) + ~f 1 s 166

4ir — /3~ln(Q2/A2) f3~1n2(Q2/A2) ~jn3(Q2/A2) ( . )

whereA hasbeenarbitrarily chosenso that thereareno further terms of order 1/(1n2(Q2/A2)) with

2 2 1 16ir2 /3 16ir21A ~ ~ (5.167)
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Becauseof the freedomwe havein defining a5(Q
2)whensolving the renormalizationgroupequation,

this choiceof A is clearlynot uniqueandonecould useotherdefinitions of A as well. For a detailed
discussionof otherchoicesas well as of non-leadingcontributionsto singlet structurefunctionswe refer
the interestedreaderto the comprehensivereview of Buras[11]. It is clearfrom eq. (5.165) that 0(a

5)
correctionsto theWilson coefficientsC? haveto be takeninto accountoncethe 2-loop contributions/3~
andyZi to /3 and ‘~‘7areconsidered,in orderto includeconsistentlyall contributionsin agiven orderof
perturbationtheory. It should be emphasizedthat only the whole eq. (5.164)correspondsto a physical
measurablequantity,whereasthe individual quantitiesC7(1,~)and exp[...] dependupon the precise
definition of the Wilson operator(the renormalizationprescription): Although the parametersy7o,

= ii — ~ and [143] 1
3i = 102—~ are gaugeand renormalizationprescription independent,the

quantitiesc7 andy71dependon therenormalizationprescriptionandon thegaugechosen.Thusc7 and771

must be calculatedin the same renormalizationschemein order to obtain a physical, convention
independentanswerforeq.(5.165): In thiscasethequantityc~s+ y~s,~I2/3oineq. (5.165)is renormalization
prescriptionindependent.The 2-loop contributionyZi for non-singletstructurefunctions(i = NS)have
beencalculatedin ref. [144]andtheonesfor singletstructurefunctionsin ref. [145]using‘t Hooft’sminimal
subtractionschemeto renormalizethe amplitudes.TheappropriateWilsoncoefficients(“finite terms”)c7
havebeenevaluatedin ref. [146]within thesamedimensionalregularizationscheme.Calculationsof the
finite termsc7 in different renormalizationschemeshavebeenperformedin refs. [31] and [147—149];
needlessto saythat theseresultsdiffer from eachotherdueto thedifferentrenormalizationschemesused.

As in the caseof leadingordercontributions,themostuseful andreliablequantitativecomparisonof
subleadingcontributionswith experimentis achievedby studyingthe explicit x- andQ2-dependenceof
structurefunctions: Studiesof non-singlet[121]structurefunctionsF~’(x~ 0.4, Q2) as well as singlet
[150]contributionsin F

2(x, Q
2) haveshown that the 2-loop approximationgives also an equally good

agreementwith experimentas does the i-loop approximation,provided the scaleA of the effective
couplingconstantis changedby about 20—30% as comparedto the valueof A obtainedby fitting the
leading order (i-loop) expressionsto experiment.At the presentstateof art, the most sensibleand
reliableway to studythe effects of higher orderQCD correctionsis to consider[151]combinationsof
structurefunctionswhich are independentofthe renormalizationschemeusedto definea

5: the effect of
thesecorrectionsare found to be very small, generallysmaller than the errors‘in the existing data!
Therefore, although further detailed analysesare certainly required before we can draw definite
conclusions,it appearsthat non-leadingterms do not significantly alter the successfulquantitative
resultsbasedon the i-loop approximation;this gives us someadditional confidencein the usefulness
andvalidity of perturbativelowestorder calculationsin QCD.

Basedon momentanalysesof F2 therehave,however,beenmaderecentclaimsthat dataon
require[74]the non-leading2-loop corrections,or that the non-singletdatafor (F~°— F~’)0arenot in
good accord [152] with either leading or non-leading order predictions of QCD. It should be
emphasizedthat theseconclusionsrely entirely on n ~ 5 moments,which weighthe large-x region only,
and thereforeshould not be taken too seriously.The reasonfor this is twofold: The experimental
determinationof n ~ 5 moments depends heavily on the ill understoodelastic and quasi-elastic
contributionsat large x; theoreticallylarge-n momentsreceive sizeablecontributionsfrom ill under-
stoodtargetmasseffects at moderatevaluesof Q

2 andin addition can be totally contaminatedby the
theoreticallyevenless understoodhigher twist contributions[153]to eq. (5.41). Note that higher twist
contributionsto momentsareexpected[31]to be proportionalto naIQ2with a (k~’)mntI’m05~0.1GeV2.
The only sensibleway to avoid thesedifficulties relatedto ill understood1/02 contributionsencoun-
teredin ref. [153] is, of course,to studynot high-n momentsor equivalentlyjust non-singletstructure
functions,but insteadto considerthe Q2 dependenceof the generalstructurefunctions~ F~N,etc. in
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the wholex-regionwhereall singlet componentsfully contribute;only thesegeneralstructurefunctions
provide uswith decisive testsof QCD and do not allow for the presenceof large1/02 contributions
[72,75, 76,154].

For illustrative purposeslet us briefly considerthe ratio of slopesof the logarithmsof two different
momentsin eq. (5.115). In the non-leadingapproximation(5.165),thesequantitieswill now dependon
the specific choice of Q2 andA: For FNS= ~ — F~°oneexpectsd ln(FNS)

6/dln(FNS)4to changefrom
1.29 in the i-loop order to 1.33 in the 2-loop order (for [145] Q~= 4GeV

2, Q2 = 50 GeV2 and
A = 0.5GeV), to be compared with the measured value of [74] 1.6±0.2. Similarly
d ln(xF~)

6/dln(xF~)4is expected[153]to changeto about 1.45 (ascomparedto 1.29 in leadingorder)
which is not in disagreementwith the observedvalueof [62] 1.34±0.07.

For practicalapplicationsa very convenientdefinition of parton distributions hasbeen suggested
[149]to facilitate the studyof “finite” a5 termsin C7: The effectiveQ

2-dependentparton distributions
aredefinedrelativeto F

2, i.e., by demandingthat F2(x, Q2) expressedin termsof them shouldhavethe
sameform as in the naivequarkmodel (F2 is given aspecialstatusbecauseit satisfiesthe fundamental
Adler sum rule (5.17) whichis exactlyvalid at all Q2):

C~(1,as(Q2))~ exp[...] (5.168)

insteadof the usualdefinition (4(Q2)),, A~exp[...] whereexp[. . .] is our generalRGexponentin eq.
(5.164)and ~ arethe matrix elementsof the local Wilson operatorsbetweentargetstates(seeeqs.
(5.40)and(5.57)).Similardefinitions [149]apply to singlet (gluon) densities.Thus,oncethe inputparton
distributionsq(x, 0~)arefitted at Q

2= Q~to F
2(x, Q

2), usingeqs.(5.100)and(5.101) for example,one
canstudy the effectsof finite termsin structurefunctions(or processes)other than F

2 since

= C1(1,as(0))C~(i,a5(0
2))A7exp[. .

2( ,a~(Q))
ç’nfl ~‘ 2\\

= ~— ~, a

5~ ~ / a’c2\\
— r’~Ii a’ 2\’~ \qk~..1)/,,

‘-‘2k’, a5~ jj

which is of coursea fully gaugeinvariantand renormalizationprescriptionindependentprocedureand
where (q(Q

2))
0 generically denotesthe moments of the appropriatecombinations of quark and

antiquark distributions.Thus, expandingin a5, we get always differencesc7 — c~of “finite” terms
contributingto F, with i� 2:

(xF3(Q
2))

0= (—(xq(Q
2))

0+ (x~(Q
2))~)[1+ as(Q2)(c~,q— C~,q)],etc. (5.170)

wherethe fermionicWilson coefficientsC~qresult from [146,149]

andgluonic Wilson coefficientsc?G arecalculatedfrom
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The importanceof these“finite” a5(0
2)correctionsfor phenomenologicalapplicationsareobvious:For

exampletheir effect in total neutrinocrosssectionsand their y-dependenceis sizeable[149,154] and
therefore the effect of “finite” (gluon) correctionscannot be neglectedfor a precise quantitative
determinationof sea densities. Similarly, one has to check simultaneously,using the sameparton
distributionsdeterminedin deepinelasticreactions,the importanceof “finite” termsin otherreactions
such as Drell—Yan dimuon production [149] (pp—s jw~p”+ X) as we shall discusslater. Here “finite”
termsare obtained[148,149, 155—159] from the same,but crosseddiagramswhich yielded the above
quantitiesC?q andC?G.

6. Scalingviolations a Ia Altarelli—Parisi and Bethe—Salpeterladders

So far the discussionof the Q2 dependenceof structurefunctionswas basedon the ratherformal
approachusing renormalizationgroup techniques.We will now turn to an alternativemethod of
calculatingscaling violations which is not only physically more transparentbut also shows that the
(logarithmic) Q2 dependenciesof partondistributionsconsideredso far haveuniversalvalidity, i.e. are
processindependentandremainthe samewhetherQ2 is space-or time-like. This physicallytransparent
method is, as a generalization of the Weizsäcker—Williams equivalent photon approximation
[160,161, 4] in QED, basedon the intuitive partonpictureof Kogut andSusskind[162]which imagines
to find partonsin partonsin . . . by resolvingthe nucleonat smallerandsmallerdistances(fig. 5.1(d)): By
increasingthepowerof our “microscope”from Q~to 02> Q~we can resolvea quark with momentum
fraction x into a quarkwith x’ <x and a gluon with x” = x — x’ as illustrated in fig. 6.1(a).Similarly a
gluonwith momentumfraction x can be resolvedinto a q~pair asshownin fig. 6.1(b),andthereexists
alsotheprocessof fig. 6.1(c)which can beinterpretedasresolvinga gluoninto a gluonpair. On account
of thesedecayprocesseswethen candefineprobabilitiesP~(x)for finding a parton i in a given partonj,
with x being the longitudinal momentumfraction carriedby i. These decay probabilities will then
determinethe structureof a nucleonat a given momentumscaleor, equivalently,parton distributions
will dependon Q2 Quantitativelythis picturehasbeendevelopedby Altarelli andParisi [163,4] who
derived integro-differentialequationsdescribing the Q2 dependenceof parton distributions. These
a

5 In Q2 terms can be also resummedby the closely relatedand physically even more transparent
methodof summingBethe—Salpeterladderswhich will be discussedat the endof thissection.

Before writing down the mostgeneralform of the Altarelli—Parisi evolution(“master”)equations,let
us first discussthe basicphysicalideaswhich leadto theseequations.This is easiestdoneby considering
first the nucleon to consist of valencequarksonly [8], i.e. neglectingfor the time being the gluon
contentof the nucleon. In the naiveparton model (fig. 5.4(a)) the structurefunction is then formally
given by

~F2(x)= ‘S)—s-q

= f dydz8(x - zy)q(y)uPOiflr(z) (6.1)

= e~q(x)
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n) (b) (c)

Fig. 6.1. Basicprocessesdescribingthedecayprobabilities(“splitting” functions)of (a)Pqq and Pgq, (b) Pqgand (c) P
5g.

since the F2-projection of the pointlike fundamentalparton cross section is given by trr°’
t(z)=

e~8(i— z). The 5-functionoccursbecauseof momentumconservationsincethe original parton cannot
loose momentumsince no gluon emissionexists in the naive partonmodel. This situationchangesof
coursewhenwe considerthe partonmodel in the contextof QCD wherethe quark—gluoninteractions
modify eq. (6.1) to

1F2=7H +

= Jdy dz5(x — zy)q(y)[e~5(1 — z)+ *~(z,Q2)] (6.2)

= J~q(y) [e~s(i - +
1*q_gq(X 02)]

wherethe fundamentalpartoncrosssectionhasthe following generalform

cI-~cl(~ Q2) = e~~-~- [Pqq(z)ln + f(z)+ 0(1/02)] (6.3)

with j~being someconvenientbut arbitrarynormalizationmass.While the function P(z) is uniquely
definedas the coefficient of ln Q2 the definition of the “finite” (scaling)term f(z)dependson ~2 and
doesnot dependon ln 02: changing~2 to m

2 adds to f a term P ln(m2/~2).The neglectedtermsof
order1/02correspondto the alreadyneglectednon-leadingsingularitieson the light conein eq. (5.41).
The origin of the structureof eq. (6.3) is easilyunderstoodby recallingthat any differentialcrosssection
involving onefermionpropagatorasin thediagramsof eq. (6.2) is of the form daldt i/t with the usual
Mandelstamvariable— t -— p~-.Thus the total phase-spaceintegratedcrosssectionbecomes

J~dt~_J~jLln~+... (6.4)

wherewe havecuredthe infrareddivergenceat the lower (soft) limit of integrationby integratingonly
from m2, i.e. by working with off massshellquarkswith zero restmass.Different choicesof infrared
regularizationschemeswill only affect the “finite” term f(z) in eq. (6.3) whereasthe ln Q2 term, i.e.
P(z) is well definedevenin the masslesstheory.
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Whenevertherearewell identified partonsin the initial or final state,the zeromasslimit m2—s0 will
not be regularin perturbationtheory in the sensethat ln(Q2/m2) singularitieswill showup. (This is in
contrastto a fully inclusiveprocesswith no well identified partonlines in the initial andfinal state,as is
the casefor the ratio Re~e~of hadronicto leptonic yield in e’~e’collisions in eq. (1.9).) The physical
origin of thesesocalled “masssingularities”is easilyunderstoodby observingthat a masslessquark can
emit a hard collinear masslessgluon and still remainson its massshell. This processis kinematically
allowed and will producea divergenceif the phasespaceis large enough. Indeed,if we considerthe
processquark(p)—s quark(p’)+ gluon(k) we obtainfor the virtual massof the outgoingquark

p’2 = (p — k)2 = —2prn k = —2poko(1— cos0) (6.5)

with 0 beingdefinedas the angleof emissionof the gluon with respectto the direction of the incoming
quark. Clearly, if the emissionis collinear (0 = 0) the outgoing quark is on its mass shell. Therefore,
collinear emission of hard gluons induces dangerouspropagatorswhich are responsiblefor the
logarithmic mass singularitiesin eq. (6.4). Since theseln(02/m2) terms will spoil any naive use of
perturbation theory for light partons, m2 ~ Q2 all leading powers of logarithms of the form
a~’(Q2)1n“(Q2/m2) haveto be summedup in order to reestablishan improved perturbationtheory
which constitutesthe socalled “leading log approximation”.Thiswill be donein the remainderof this
subsectionandleadsof courseto the sameresultsobtainedusing the ratherformal renormalization
grouptechniques.

Let us returnto eq. (6.3), the essentialfeatureof it is the presenceof the factor of In Q2 This term
violates scaling and indicatesthe failure of the naive parton model in QCD. (For the naive parton
modelto work, a decreasein —t -— p~fasterthan i/p~’in eq. (6.4) would be necessaryin order to avoid
largelogarithmsin (6.4).)Sincea

5 ln(Q
2/~2)i~1 in (6.3), eq. (6.2) is certainly insufficient as it stands.In

order to proceedlet us try to absorb this anomalousterm into a modified partondistribution. To this
endwe rewriteeq. (6.2) in the following form

J [q(y) + i~q(y,Q2)] o(i — ~) (6.6)

= e~[q(x)+ z~q(x,Q2)]

where

~q(x, Q2) ~- In J ~ q(y)pqq(~)+.... (6.7)

We see that lowest order perturbationtheory suggeststo replacethe naive (02-independent)parton
densitiesinside the nucleon by effective densitiesas seenby the photon(with momentumq2 — Q2)
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which dependnowon 02:

q(x)’-sq(x,Q2) q(x)+E~q(x,Q2). (6.8)

Thus,the Q2 dependenceis dueto the fact thata photonwith larger Q2 exploresawider rangeof P2T

inside the nucleon,i.e., resolvesthe “fine structure” of a nucleonat smallerdistances(seefig. 5.1(d)).
Thevariation of q(x, Q2) for an increasedln Q2 which is due to probinga new infinitesimalinterval of

-— p~’,follows from eq. (6.7) to be

dX~0~)=~.±J~JLq(yQ2)pqq(~). (6.9)

Note thatthisequationis insensitiveto the non-leading“finite” termsf(z) in eq. (6.3) andis exactup to
termsof ordera~. Sinceso far we havebeendealingonly with “bare” (skeleton)diagramsin eq. (6.2),
we still havea constantstrongcoupling a

5 = a5(~s2) renormalizedat an arbitrary but fixed Euclidean
momentump

2 = —~ 2 (seeeq. (3.11)). Adding the appropriatevertexandpropagatorinsertions(4.1) to
the diagramsof eq. (6.2) just amountsto changing a

5 —s a5(Q
2) in eqs. (6.3)—(6.9) with the running

couplingconstantgiven as usualby eq. (4.9). Our basicequation(6.9), which describesthe Q2 evolution
of a non-singlet(valence)quarkdistribution,thenfinally becomes

~2 dt7(X~Q)= as(02)J~1q(yQ2) Pqq(y~T). (6.10)

An important property of this integro-differentialequationis that it reducesto a simple differential
equationfor the momentsof partondensities:Taking the (n — i)th x-momentof eq. (6.10)yields

o2~Jdxx”’ q(x, Q2)= as(Q2)J dxx~J~1q(y, Q2) Pqq(~)

= a
5(Q

2)Jdxx~’Jdy dzS(x — zy)q~,Q2)Pqq(z)

(6.11)

= a
5(Q

2)Jdyyfl~lq(y Q2)J d(z)(z)~Pqq(Z)

= — ln(Q2/A2)~()’rQ2)),,

wherein the last line we usedeqs. (4.8) and(5.64), and

—1 Fj dzz Pqq(z)=—-—y~ (6.12)
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which will be provenin the next subsection.(We haveto takethe (n — 1)-momentssinceP0 is defined
relative to (1/x)F2 and not to F2.) Since eq. (6.11) coincideswith eq. (5.128), the evolution equation
(6.10)is nothingelsebut Parisi’s equation(5.129)or (5.130) for non-singletstructurefunctionsderived
from the general renormalizationgroup analysis[81]; thus our presentapproachto calculatethe Q2

dependenceof parton distributions is entirely equivalentto the rather abstractmethod using the
renormalizationgroup in as far as it sumsall leading logarithmiccontributionsof partoncrosssections
to all ordersin a5.

The physicalinterpretationof eq. (6.10) is now straightforward.Probinganucleonat a momentum
scaleIn Q

2+ d ln 02 the variation of a (valence)quark densityis given by the probability of finding a
quarkat theoriginal momentumscaleIn Q2 carryingfractionalmomentum,~,,q(y Q2) timesthe lowest
ordervariation(as/2rr)Pqq(x/y)of the probability of finding aquark inside the original quark [164]with
momentumsmallerby a fraction x/y. Accordingto the basicverticesin fig. 6.1, we thereforespecifyin
generala “splitting function” P

0(z)as the probability of partonj emittinga parton i with longitudinal
momentumfraction z(<1) of the parent parton j when ln Q

2 —s ln Q2 + d ln Q2~ At z = 1, which
correspondsto no real gluon emission, the quantitiesPqq and Pgg will of course include 5(1 — z)
contributionsarisingfrom the virtual gluonradiativecorrectionsto the (elastic)quarkandgluon lines. It
is thereforeclearthat in generalthe real positivedefinite probability densitieswill be

P
11(z,Q

2) = 5(1 — z)5~~+ ~ P
11(z)ln(Q2/~2) (6.13)

andnot P0(z).The situationin QCD is analogousto that in QED, wherein the Weizsäcker—Wiiliams
equivalentphotonapproximation[160,161] we talk in termsof the photondensity insidean electron
with energyE = p being

dN~(z,E) — a Ii + (1— z)
211 (6 14)

dz 2ir[ z J~me)

correspondingto

Pye(Z) i+(~—z)2~ ‘~<(i z)p (6.15)

andsimilarly for the probability Peeof finding e’s in e. Thedensityof gluonsin a quark is analogousto
eq. (6.15), the only differencebeingthe grouptheoreticalfactor for the colorcoupling in eq. (2.6), i.e.
C

2(R)= 4/3.
We now drop the restriction to oneflavor and to non-singletdistributions.Thus,in addition to the

quark initiated processesin eq. (6.2), alsogluon initiated processessuch as shownin fig. 5.4(b) will now
contribute. These latter reactions,being proportional to the gluon density G(y, Q

2) will then also
dependon the gluon—squarkandgluon- gluon splitting functionsasit is obviousfrom thelast diagram
in fig. 5.4(b) and from the QCD vertices in fig. 6.1. Keeping in mind the above discussionand eq.
(6.10), we can now directly write down just by inspection the integro-differentialequationswhich
describethe Q2 dependenceof partondistributionsin the generalcase[4, 163]
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02dg(x,0
2)= a

5(Q
2) dy [q(y, Q2) Pqq(~)+ G(y,Q2) Pqg(~’)]

1 (6.16)

~2 dG(X~2)= as(02) J~ [~f q

1(y, Q
2) pgq(~)+ G(y, Q2) pgg(~)].

Thesearethe generalevolution-or master-equationsof Altarelli andParisi [4, 163] wherethe sumruns
overquarksandantiquarksof all flavors. The numberof quarksas seenby the electromagneticor weak
current changesby two mechanisms:a quark originally at momentum scale Q2 and with higher
momentumy may loose momentumby radiating a gluon and/or a gluon inside the nucleonmay
produceaq~pair. Similarly the numberof gluons changesbecausea quarkmayradiateagluon and/or
agluonmaysplit into aq~pair or into two gluons.This latterpossibility is typical for non-abeliangauge
theories(QCD)wherea three-gluonvertexexists to orderg. The splitting functionsare given by

Pqq(x) + 25(1 — x) (6.17)

Pqg(x)= ~[x2+ (1 — x)2] (6.18)

pgq(x)~l+(l~ (6.19)

3 x

Pgg(x)= 6[(i X) + ~—~+ x(i — x)+ (~—~)5(1 — x)] (6.20)

with the distribution(1— x)~’beingdefinedby

Jdx (i~) Jdx t~1) (6.21)

and (1— x)+ = (1 — x) for x < 1. For practicalquantitativecalculationsit is useful to get rid of terms
(1 — x)i~i1in eq. (6.16) by employing the following formula

N~f(y) =f(x)ln~—-~+1~f~ (6.22).1 y (i—x/y)+ x j y l—x/y

wheref(y) is any function regularatthe endpoints.Thedecayfunctionsin eqs. (6.17)—(6.20)satisfythe
following relations:by chargeconjugationwe have

P~gPqg, Pg~Pgq; (6.23)

furthermorechargeconservationrequires(seeeq. (5.79))
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JdxPqq(x)0 (6.24)

which implies via eq. (6.12) that y~(n= 1) = 0 andthereforethe sum rules (5.15)hold at all values of
Q2 i.e. the chargesare Q2 independent.Finally, momentumconservationat the vertices in fig. 6.1

requires(for z <1)

Pqq(x)Pgq(1x)

Pqg(x) = Pqg(1 — x) (6.25)

Pgg(X)= Pgg(i — x)

whereastotal momentumconservationimplies

[dXX[Pqq(X)+Pgq(X)] = 0

1 (6.26)

fdx X[2NfPqg(X) + Pgg(X)] = 0.

The connection with our familiar results for the moments of densities, obtained by the more
sophisticatedfield theoreticrenormalizationgroup calculations,is made by noting that the splitting
functionsare relatedto the anomalousdimensionsof Wilson operatorsin eqs. (5.61) and (5.68)in the
following way (the proof can be found in the nextsubsection)

Idxx~~_1(~ ~ y~ (6.27)
J \2NtPqg(X) Pgg(x)j a

5 \Yvv Yvv

Taking now the (n — 1)th x-momentsof eq. (6.16), exactly in the same way as we proceededin eq.
(6.11), it is a simple exercise [ii] to arriveat the renormalizationgrouppredictions(5.97) and(5.98).
This provesthe equivalenceof the intuitive Altarelli—Parisi approachand the formal renonnalization
group analysis.Apart from being physically more transparent,the main virtue of the Altarelli—Parisi
approachis that the fundamentaldecayfunctionsP0 are independentof theprobe(i.e., leptonbeamsor
hadron beams)and dependonly on the target considered,i.e. on the strong quark—gluon and
gluon—gluon interaction vertices[163]. (This is of coursein contrastto our previousrenormalization
group analysis which heavily relied on the light-cone expansionappropriateonly for deep inelastic
lepton—nucleonscatteringprocesses.)Thereforewe expect that the Q2 dependencesof parton dis-
tributionsdescribedby eq. (6.16) to haveuniversalvalidity and that they shouldbe the samefor any
leptonicor hadronicreactionconsidered;moreover,this suggeststhat theIR factorizationfoundin eqs.
(5.58) and (5.97)—(5.99)holds to all leadingordersin a5 for any process,i.e. the wave functionat Q~2

factorizesfrom the In Q2 termsin a processindependentway. In the meantimetheseconjectureshave
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beenproven to be correctusing variousdifferent field theoretictechniqueswhich will be discussedin
section7.

6.1. Calculatingthesplitting functionsP0 andanomalousdimensions

Althoughthe P0’scan be calculatedin a probeindependentway justfrom the basicQCD verticesin
fig. 6.1 using “old fashioned” perturbationtheory [163],we will consider the deepinelastic elec-
troproductionprocessin order to keep the calculationof thesefunctionsas transparentas possible.
Since the P-functionsare definedas the coefficientsof the leadingln Q

2 terms of crosssections,eq.
(6.3), we simply haveto calculatethe fundamentalpartoncrosssectionsfor ~y*q_sgq and~y*g_sq4, and
to extracttheir ln Q2 contributions.By conventionwe havedefinedP

0 relative to F2 in eq. (6.2) and
thereforewe first needthe projectionof the partoncrosssectionsonto F2. This can be easilyobtained
from the generaldefinition of the hadronictensorin eq. (5.2) where,sinceweconsiderelectromagnetic
currents,only the W1 and W2 structurefunctionsarepresent.In the Bjorken limit (5.8), eq. (5.2) yields
the following contractions:

g~Lvw= i— (F2—6xF1) (6.28)

plLpvW,~,v= ~F2—2xFl)~~~FL (6.29)

from which we obtain

-~
x 202PP g ,~, (. )

FL = p~p~W~. (6.31)

Note that for extracting just the leading ln Q2 contribution to F2 we do not have to calculate

~ -~ FL since the contraction with p~Lwill compensatethe appropriatepropagatorsin the

amplitudeand thereforethe phasespaceintegrationdoesnot give rise to ln Q2 masssingularities;thus
FL is down by a powerof a5(0

2)-~ i/ln Q2 relativeto F
2. The relationbetweenthe usualcrosssections

andW~,is thengiven by

f MI
2 dR

0 = 4ne~e~W’~’ (6.32)

with the photonpolarizations� given by �~e.= gMV or p~p~dependingon the requiredcontraction
(6.28) or (6.29). Thenormalizationof the spin averagedscatteringamplitudeM is that of Bjorken and
Drell [165] except that our spinor normalization is ñu = 2m. The factor 4ir in (6.32) results from
consideringthenaivepartonmodelvertex .y *q -+ q, seeeq. (6.1), in which casethe right handsideof eq.
(6.32) is well known: F~= 2xF?= e~8(i— x). (The structurefunctionsand all kinematicquantitiesin
this subsectionreferof coursealwaysto thefundamentalphoton—partonsystem,e.g. to the quantities
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inside the squarebracketsin eq. (6.2).) Furthermore,the two-particle phasespaceintegral we shall
subsequentlyneedis given by (we areworking with masslessquarksandgluonsthroughout)

f dR2= ~— +02 f dt (6.33)

with Q
2 —q2 ands, t and u beingthe usualMandelstamvariables.As an IR cut-offwe shall simply

use

Jdt fdt (6.34)

but anyotherchoicewould do as well sincethe coefficientsof the leadingln Q2 termsare convention
independent.

Let usstart with the process.y*q —s q~as shownin fig. 6.2 which allows us to calculatePqg. The spin
andcolor averagedamplitudesquaredfor thisprocessreads[166]

= ~e~4g2[_ ~~ ~~-] (6.35)

wherethe color factor~for a given flavor (N~= 1) can be readoff eqs.(4.3) and (4.4):

8 3

Q C CII
°c~1 i—I

Usingthe following kinematic relations

s + t + u = — Q2

s + Q2 = 021x ~ ~ q (6.36)

the phasespaceintegral in (6.33) togetherwith (6.34) gives for eq. (6.32), keepingthe dominantln Q2

termsonly,

—2e~a
5[x

2+ (1 — x)2] ln(021m2)= 4irg,,.~.W”1’. (6.37)

g(p)

Fig. 6.2. Diagrams giving rise to F’~~‘- P~and F’~.
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Using eq. (6.30) andthe definition (6.3) for the P’s we obtainin the leadingln Q2 approximation

—g~”W,~~= ~ [x2+ (1 —x)2] ln ~ e~~-2Pqg(x)ln~ (6.38)

which giveseq. (6.18).Note that in the last line wehaveby conventionincludedafactor of 2 in order to
account for the fact that two quarks (q4) couple to the gluon vertex in fig. 6.2 whereasthe decay
functionsP

11 arealways definedto describethe transitionform / to one speciesi. Furthermore,taking
the (n — 1)th momentof Pqg we obtainthe appropriateanomalousdimensionin eq. (5.68)

2N~ dxx~
1Pqg(x)= n(n+iXn+ 2) Nf = - ~ y~v(n). (6.39)

That Pqg yields y~vbecomesobviousby comparingthe relevantdiagramsin eq. (5.67)with fig. 6.2.
On the otherhand,if we takes~�~= ~ in eq. (6.32) we cancalculate,accordingto eq. (6.31), the

“finite” term Ft.. In this casewe have

AI1g-q4 2 — ~ 2A 2

— 2eq-rg s

which gives,using (6.3i)—(6.33)and (6.36),F~in eq. (5.145).
Next, let us considerthe reaction~y*q-* gq shownin fig. 6.3 which allowsus to calculatePqq andPgq.

Takings�~= g,~in eq. (6.32)the spin andcoloraveragedamplitudesquaredbecomes

= ~e~4g2[~+ ~- + ~~-] (6.41)

which, insertedinto eq. (6.32), gives (notethat only the secondand third term in squarebracketsgive
rise to In Q2 terms [164])

A 1j 2 ç~2
~ 2 _____—~2eqas1 — ~ ln —~ = 4irg

1~~W”. (6.42)

Using againeq. (6.30) we finally havefor the leadinglog terms

-
1F~=~ (6.43)

y*(q)

~z~_x ~

q(p)

Fig.6.3. Diagramsgiving rise to F~— Pqq, PgqandF~.
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i.e.

41+x2

Pqq(x) = ~ — (x < 1). (6.44)
This result is of courseonly correctfor x < 1 sincethe diagramsin fig. 6.3 do not accountfor the elastic
casewith no gluon emission(x = 1). Theseradiativecorrectionsto Pqq at x = 1 can be easilycalculated
by first regularizing the singularity at x = 1 in (6.44) by reinterpreting[163] the factor (1— x)’1 as a
distribution(1 — x)~definedin eq. (6.21),andthen addingto (6.44) a 5(1 — x) function,

4 i+x2
Pqq(x) ~(i—x)÷~ cS(i—x), (6.45)

with the coefficientdeterminedby the chargeconservationconstraint (6.24): c = 2. This is eq. (6.17).
The diagonalanomalousdimensiony~in eq. (5.61) is thenobtainedfrom

/ dx x~’Pqq(x) = ~ E ~+ n(n+ 1)~2~ ] = - ~ y~(n) (6.46)

wherewe haveused

1 1 1

J dx (1—x)÷ J dx X 1 = Jdz[(1—z)n_1— 1]

(6.47)

wherethe last equality can be easilyprovedby induction. The decayfunction Pgq can now be easily
obtainedfrom (6.44) usingthe momentumconservationconstraint(6.25) (seealsofig. 6.3):

Pgq(x)Pqq(ix)~~ (6.48)

which is eq. (6.19) andwhich allows us to calculatey~in eq. (5.68):

/ dxx~Pgq(x) = ~ = - y~(n). (6.49)

Comparingthe appropriatediagramsin eq. (5.67)with thosein fig. 6.3 it becomesimmediatelyobvious
thatPqq*~y~andPgq~’y~.

Againif we take e~e~= p,
5p~in eq. (6.32) we can calculate,usingeq. (6.31), the “finite” term F~in
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eq. (5.145). In this casewehave

2 — 4 2’~ 2
~ 3~q~ —

which gives,usingeqs. (6.3i)—(6.33)and(6.36),F~in (5.145).
A similar calculation[163]givesP~in eq. (6.20).

6.2. Bethe—Salpeterladders

An alternativeway to understandthe physics behind the leading log summationvia the integro-
differential equations(6.16) of Altarelli and Parisi is basedon an iterative summationof Bethe—
Salpeterladders.Basedon the original calculationsfor pseudoscalar[167]andon the pioneeringwork
of Gribov and Lipatov [168]for abelianvector—gluontheories,this methodhasbeenextendedto QCD
by severalauthors [169—172].Apart from being physically most intuitive, this approachcan be easily
extendedto processesotherthan deepinelasticreactionswhereno operatorproductexpansionexists,
such as to fragmentationfunctionsin semi-inclusiveprocesses(sip—s ~i’rr+ X, e’e —sir + X, etc.), to
Drell—Yan dilepton production (pp-s~ + X), to high-PT processes(pp-~ ir + X), and many other
more. Since we havediscussedin greatdetail two methodsof summingleading logs, we shall limit
ourselveshereto sketchthe main line of the ideasand to the calculationof flavor non-singletstructure
functions.

So far our calculationshavebeen always performedin a covariant(Lorentz—Feynmanor Landau)
gaugewherethe sumover gluon polarizationss~,

~ ~*~i —g~ (6.51)
pOI.

includesalso unphysicallongitudinal states.In thiscase,squaringthe diagramsof fig. 6.3 asshownin fig.
6.4, not only the ladder-likeu-channelgraph in fig. 6.4(a)gives rise to leadinglogarithmsbut also the
s—u interferenceterm[164]in fig. 6.4(b).As was first noticedby Lipatov [173],a cleverchoiceof gauge
helps to minimize the numberof diagrams contributing to the leading log approximation.This is
achievedby summingonly over the two transversepolarizationstatesof the gluon with e’~k = 0, and
insteadof (6.51)we have

* , — — ,z415k~+ ~ — k41~k~ 2
~,�,. s~—g,~,, •b\2~

n ~n ~

wherethe arbitrary four-vector n”~(n
2 � 0) indicateswhich componentsof the gluon field AM is set to

+

Cu) (b)

Fig. 6.4. The squaredamplitudesof fig. 6.3 which give rise to leadinglogs in a covanantgauge. In thephysicalaxial gauge only the“ladder” (a)
contributesIn Q2 terms.
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Fig. 6.5. A sampleof diagramswhich do not contributeto the leadinglog approximation.

zero (n . A = 0). This physicaltransversegaugeis the so called “axial gauge”.Now only the ladder-like
partoncrosssection in fig. 6.4(a)gives rise to leadingln Q2 terms,but not the crossedinterferenceterm
in fig. 6.4(b); moregenerally,crossed(nonplanar)diagramsexhibitedin fig. 6.5 do not contributeto the
leadinglog approximation.Thesmallnessof the nonplanardiagramsin the axial gaugeis relatedto the
fact that the gluon propagatorDMP(k) = i&1,/k

2 with A,LV ~ e,Y~e~can now propagateonly the two
physical transversepolarizationstates.Indeed,as the gluon goeson shell (k2—s 0) we have

—gM”zl~(k)—s2, kM&~(k)—s0. (6.53)

(For comparison,in the Feynmangauge we haveaccording to eq. (6.51) ~ = 4 and kM~iM,,=
k~�0.) Technically, the smallnessof the nonplanardiagramsin the axial gaugeis related to the
following property of the propagator[169]:PMZIMP(k) = O(kT).

It is now straightforwardto determine[171] the leading log contributions stemming from ladder
diagramsdepictedin fig. 6.4(a). If Q2 is largeenough,eachsubsequentquark below the first radiated
hardgluon can itself radiatea hardcollineargluon (thus giving riseto onepowerof ln Q2) aslong as It

1!
is large enough to ensureperturbativecalculations;in this way the Bethe—Salpeterladder in fig. 6.6
builds up with n rungsandwe can sum all masssingularitiesby iteration. The lower non-perturbative
part of the ladder where tj÷1J< Q~owith a5(Q

2o)Iir~1 can be factorized [171] from the leading
perturbativecontributionsand describesthe uncalculablenucleonwave function probedat Q~which
has to be fitted to experiment.In the leading log configuration the connectionbetweenthe jth and
(j — 1)th rungin fig. 6.6 is easilyobtainedto be [171]

= ~Pqq(y)Tr(~’M~~i). (6.54)
yti

M~ M~_~

~

Fig. 6.6. Bethe—Salpeterladdergiving rise to leading mass singularitiesin non-singlet structurefunctions wheneverthe gluon is collinearto the
incoming quark.
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In the region wherek is almostparallelto p, k = (1— y)p, we can write the phasespacefactor

d3k dydt
1

2k0(2ir)
3 — 16,r2

wherewe usedeq. (6.5) for t
1 = p’

2. Hencethe contributionto the j particlecrosssectionis given by

o,(p, q, p2= m2) = J~ ~ Pqq(y) t7,-
1(yp,q,p’

2 = t
1). (6.55)

So far we havebeen dealing only with bareladderdiagrams(“skeletons”)and thereforethe strong
couplinga5 is constant— not yet running. If we dressthesebareladdersby including all virtual radiative
correctionsessentiallyamountsto [169,171] a5—sa5(t~),with a5(t) being the usualrunningcoupling,as
shownin fig. 6.7. Moreover, it follows from simple kinematicalconsiderationsthat the invariant masses
t, in fig. 6.6 areordered

p
2�Itjl�~tj

1I~..~�It1I�Q
2. (6.56)

Therefore,in the leadinglog approximation,the iterationof (6.55)for thewhole ladderin fig. 6.6gives,
using eq. (4.8) for a

5(t1) (4irb ln t1)~,

‘I t1_1 i y

— 1 f dt1 f dt2 f dt3 I~x~ I...I
4~IP fz\

5f1~~ 657
— (8ir

2b)’ J t
1 ln t1 ,d2 t2 In t2 t~,ln t~J y ~ J J z z

whereagainm
2 denotesa suitablychosenIR cut-off. Thus each(collinear)gluon emissionin fig. 6.6will

give rise to a logarithmic contributionfor which the t-integralsin eq. (6.57) give (1/f!) (ln ln 021m2)~

since dtlt ln t = d(ln In t). The nestedintegralsinvolving Pqq can be decoupledby taking momentswhich
give

Jdxx~~_1ai (
817.2~yyi(lnln~)[Jdyy Pqq(y)J =J1[~Ns1fu1~~~J (6.58)

wherewehaveusedeqs. (6.12) and(5.64) to obtainthe non-singletanomalousdimensionaNs(n).Since

= ~Cp’
2) >~m~m~

Fig. 6.7. Virtual correctionsthat makethecoupling constantrun.
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a structurefunctionis definedas a sumover all possiblef-rungsin fig. 6.6, we finally get

/dxx~2F~(x,Q2)~

= exp[—aNs(n) in in(Q2/m2)] = (in Q2/m2)_h1~~~ (6.59)

which is ourdesiredresult. Similarly, generalizedladderssuch as shownin fig. 6.8 allow us to calculate
[169,171] alsothe correctQ2 dependenceof the momentsof flavor singlet structurefunctions.

Note that for a fixed point theorywherea
5 a * = const.in eq. (6.55),we get dt/t = dln t in placeof

dt/tln t = d(ln In t) in eq. (6.57).Thus wehaveoneIn lessin (6.58)which implies, insteadof eq. (6.59),

Jdxx’~
2F~(x,Q2) exp[aNs(n) ln Q2] = (Q2)-aNs(n) (6.60)

which is the power-likebehaviorobtainedpreviouslyfor abelianvectorgluon theoriesin eq. (5.59)with
the anomalousdimensionnow given by

*1~ 1
— a ‘d ~—1~ _~‘ F

aNsn ——~----~ yy qq~

in agreementwith eqs. (5.78), (5.61) and(6.46); of coursewehavenow C
2(R)= 1 insteadof 4/3.

We just have demonstratedin a rather transparentway how the dominant In Q
2 terms can be

summed to all orders in a
5 by iterating all possible hard collinear gluon emissions in a given

Bethe—Salpeterladder.As we havealreadyseentheseleading masssingularitiesfactorize,to all orders
in a5, from the non-perturbativehadronic wave function (parton distribution) at, say, Q

2 = Q~2

Moreover, they are universal in the sensethat they are independentof the particular hard process
under considerationwhich is intuitively clear since one can iterate in Q2 terms stemming from the
emissionof hardgluonsoff anypartonline relevantto a given process.The sameresult is true for hard
processescontainingwell identifiedpartonsin the final state:In this casethe sameln Q2 termsgovern
the Q2 dependenceof partondecayor fragmentationfunctionsto which wewill turn in section10.

f~)

Fig. 6.8. Bethe—Salpeter ladder contributing to theQ2 dependenceof singlet structurefunctions.
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7. Factorizationandthe universalvalidity of the Q2.dependenceof partondistributions

So far we havediscussedthreemethodsof calculating the leading logarithmic Q2-dependenceof
partondistributionsin deepinelasticlepton—nucleonscatteringprocesses.Moreoverwe havefound that
all non-perturbativepieces (matrix elementsof local operatorsto be interpretedas hadronic wave
functions or parton distributions at a fixed Q2= Q~)factorizedto all ordersin a

5(Q
2) and in all

logarithmsof Q2 We now turn to the questionwhethertheseresultsare of universalvalidity in the
sensethat the (infrared) factorizationpropertiesas well as the Q2-dependenciesobtainedso far arethe
samefor any other hard scatteringprocess.Although it will be obvious from our discussionin the
previoussectionthat this is indeedthe case,we will briefly illustrate the basic ideaswhich led to this
conclusionin as simpletermsas possiblefollowing the original suggestionsandconjecturesof Politzer
[174].

Electroproductionserves as a simple example of the method. Let us begin with the parton
descriptionof the epcrosssectiondo- (seefig. 5.4 andeq. (6.2) for do- — F

2)

do-(x, Q2) = f dyq(y)do-parton(~,Q2) (7.1)

wherein general(apart from obviousfactorssuchas quarkcharges)

dcTparton(~~02) s(i. — ~)— asa(~)In -~— aJ(~)+... (7.2)

with a(x/y)beingstraightforwardlyrelatedto the anomalousdimensions(or splitting functions).In (7.2)
we haveassumedthat the calculationshavebeenperformedfor incoming (massless)quarksslightly
off-shell (p

2<0). We could, of course,alsowork with p2= 0 but keepthe quark massm2� 0: In this
casethefinite termsf(x/y) will be differentbut the dominantcontributiona(x/y) ln(Q2/m2)remainsthe
same.Equations(7.1) and (7.2) do not makesenseas they stand since terms like ln(Q2/—p2), for
—p24Q2, spoil anynaive useof perturbationtheory which reflects the generaldeseaseof “infrared”
divergencespresentfor light or masslessquarksandgluons.

The key observation[174] in handling the ln(02/—p2) as p2—sO is that do-partonfactorizesinto a
dependentwell behavedpiecetimes a Q2 independentinfrareddivergentpiece.The latter shouldthen
be absorbedinto the partondistributionq(y), whereit really belongs.

Becauseof the convolution(7.1), this factorizationis somewhatcomplicatedby the x dependenceof
do~~

0~in (7.2). The essentialtrick to circumventthis problemis to takex-moments,in termsof which
the convolution(7.1) factorizes(seeeq. (6.11)):

/ dx x~
2do-(x, Q2) = / dyy~2yq(y)/ dzz~2do-parton(z,Q2) (73)

with



284 E. Reya,PerturbaziveQuantumChromodynamics

Jdzz~2dopayton(z,Q2) -~ 1 — a
5a~in +

0 (7.4)

/ ~- ç~2
= (1— a5a~In -~ + . . .)[1 — a5a,, ln ~ +

p ‘.10

where a~= f~dzz~
2a(z), and we havefactorizedthe dangerouspiece (p2—s0) at the expenseof

introducinganew arbitrarybut finite momentumscale0~.All the infrareddifficulties residein thefirst
factor (if wechooseQ~— 0(02))whichis independentof Q2 Sothe infraredsensitivity can befactored
and reabsorbedinto q(y) in eq. (7.3):

1 1

Jdxxn_2do~(x,Q2)~-j dyy’~2yq(y,Q~)[1_asa~lng-
2+ (7.5)

which now admits a well-behavedpower seriesexpansionin a5 and allows us to computethe Q2

dependencereliably. The renormalized,measurablewavefunction (to beextractedfrom experiment)is
given by

1 1

Jdyy~2yq(y,Qo)=Jdyy~2yq(y)(1_asan ~ (7.6)

Thefact that the logarithmictermsmakeno senseasp
2—sO is irrelevant becauseit is only q(y, Q~),and

not q(y), that is experimentallyobservable.Having used this algorithm of extractingand factorizing
infrared divergent pieces via moments,we can invert our well-behavedmoment prediction to give
simple resultsfor the x and Q2 dependenceof crosssections(structurefunctions)

dcr(x, Q2)—~Jdyq(y,0o2) [s(i~) asa(~)ln-~~+. - .~J. (7.7)

Taking momentsis of coursenot only a theoreticaltool used to justify eq. (7.7) but is also a very
practicalcalculationaltool sincein generala(z) is not well behavedfor z —s 1 (seeeq. (6.45)) andhence
its meaningis madepreciseonly by integrals(suchas in eq. (6.46)).

Although thefactorizationof the Q2 dependencefrom thep2 dependencein eq. (7.4)isalmosttrivial
to order a

5, it is a far more complex issue in higher orders: It was the essentialcontent of the
renormalizationgroupimproved operatorproductexpansion,discussedin section5, to prove that the
factorizationin (7.5) persiststo all ordersin a5(Q

2) and to all logarithmsof Q2 Of course,(7.5) will
turn into amatrix equationif gluonic singlet initial statesareconsideredaswell (singlet mixing!).

We can now apply our method to any parton processwhich is not necessarilydominatedby the
leadinglight-conesingularity of an operatorproductexpansion,as was the casefor electroproduction.
Let us first study the order a

5 corrections[174—176]to the Drell—Yan mechanism[177] for producing
heavyleptonpairs in hadroniccollisions,h1h2—s ~ + X. Hereoneimaginesaparton(antiparton)with
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+ ~ +~ +...

Cu) (b)

Cc)

Fig. 7.1. Sample diagrams contributingto theDrell—Yan processin (a) thenaivepartonmodel and (b), (c) to the a, correctionsin QCD.

fraction x1 of the incominghadronh1 annihilatingan antiparton(parton)of fractionalmomentumx2 in
the targeth2, therebycreatinga heavyvirtual photonwhich then decaysinto the leptonpair (fig. 7.1(a)).
The crosssectionfor creatingin this way dileptonsof invariant mass-squaredQ

2

Q2= (x~P~+ x
2P2)

2 2x
1x2P1 . P2 x1x2s, (7.8)

is, in thenaiveparton model,formally given by [177,178]

do~’~”= Jdx1 dx2 qi(x1) t~2(x2)do-parton (7.9)

where,in the free field case,do-05150~= do~~~~(Q
2).(Thedetailedform of the Drell—Yan crosssection

togetherwith all the relevantkinematicswill be given in section8.) In order to calculatethe ordera
5

correctionsto the naive Drell—Yan cross section we proceedin the sameway as before for elec-
troproductionand consider,for simplicity, the q~annihilationprocessfirst. As in eq. (7.2) wecalculate
do-parton for q4_~y*g(fig. 7.1(b)) andkeepthe dominantlog-contributionsonly which arisefrom gluon
emissionsparallel (collinear)to the quarklines in fig. 7.1(b) carryingmomentaPi = x1P1 andP2=

do~— 5(1 — r/x1x2)— a5a(r/x1x2)ln Q2 (7.10)

wherethe 5-functiontakescareof the constraint(7.8) for the naiveq4—s..y* vertexwith r = Q2/~ (�1).
Theinfraredsingularitieswill be regulatedby taking the quarksoff shellp~� 0, p~� 0. We thentake
momentsof eq. (7.9) in order to determinethe factorizableinfrared sensitivepieceswhich areto be
absorbedinto theunrenormalizednaivewavefunctionsq(x), etc.Insteadof the x-momentsin eq. (7.3),
the appropriateT Q2/~ momentsof (7.9) read[174—176]

drr~
2do-~(r)= JdTr”2 Jdx

1 qi(x1) J dx2~2(x2)do-~(r12) (7.11)

= Jdx1x~
2x

1q1(x1)J dx2x~
2x

2q2(x2)Jdr12 r~
2do~4(ri

2)
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where r12 = r/x1x2 and

p / ç~2 ç~2

I dr1~r~
2do~4(T

12)-~ 1 — a5a~(In —~-~s+ In
J \ —pI P~
0 (7.12)

= (i — a5a~In ~24)(i — a,a~ln .2~)[i — a5a~ln

obviousfactorsstemmingfrom the lowestorderprocessq~—s pp. in fig. 7.1(a)are suppressed.As in
eq. (7.4) we again havebeenable to factorizethe infrared dangerouspieces(p~—*O)by introducinga
new massscaleQ~.Absorbingthesepiecesinto q1(x1) as wasdonein eq. (7.6),

1 1

f dx,x7
2x,q

1(x1, Q~) Jdx1x~
2x

1q~(x1)(i — a5a~In), (7.13)

weagainobtaina perfectly well behavedpredictionfor the physicalcrosssectionin eq. (7.11)

1 1 1

Q
22Jdi-r”2 do-’~(T) — f dx

1 x~
2x

1q1(x1,Q~)fdx2x~
2x

242(x2, Q~)[1— a5a~In . (7.14)

Thus, to leadingorder, the whole effect of gluon radiationsin fig. 7.1(b) is to makethe naiveparton
distributionsin eq. (7.9) 0

2-dependent,

1 1

Jdx
1 x~

2x
1q1(x1, Q2) = Jdx1 x7

2x,q(x
1, Q~)[1— a5a0 In ~], (7.15)

leaving us formally with the sameexpressionfor the Drell—Yan crosssection as given by the naive
partonmodel(eq.(7.9) andfig. 7.la)but with q~(x1)—sq(x,, Q2)

Apart from having establishedthe infraredfactorizationproperty, the most significant observation
originallymadeby Politzer[174]is that thecoefficienta~of the ln Q

2 termsis exactlythesamefunction
which appearsin the ordera

5 correctionsto deepinelasticscatteringon a quark, for examplein eq.
(7.5)! The sameis true for correctionswhich result from the gluon initiated process[174—176]in fig.
7.1(c); in thiscasethelogarithmiccoefficientis proportionaltoP~-~ y~,whichturns out to beidentical
to the one stemmingfrom the deep inelastic processin fig. 6.2. Therefore the scaling violating
Q

2-dependenceof parton distributionsin eqs. (7.5) and (7.14) is the sameregardlessof probing the
space-like(q2<0 with Q2 —q2) or the time-like (q2>0 with Q2 +q2)region— astatementwhich is
equivalent to our previous remark that the splitting functions P

11 can be calculatedin a probe
independentway [163].Or in otherwords:

The deviationsfrom the naiveDrell—Yan pictureareintimately relatedto the violationsof Bjorken
scalingin deepinelasticscattering!
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~:r>1.~ >~i<)~.abs>~~<

q(x
2,Q0)

Fig. 7.2. Samplediagramsin theplanar(axial)gaugegiving rise to the leadinglogarithmicQ
2-dependencesof partondistributionsin theDrell—Yan

processof massivedilepton production.

Theseresultscan be shown to hold to all logarithmic ordersin perturbationtheory [169—172,179—
184] where,in contrastto the aboveordera

5 case,the proof of infraredfactorizationbecomesa highly
non-trivial matter. Here one essentiallysumsleading mass singularities(parallel gluon emission)of
planar Bethe—Salpeterladderdiagramsshown in fig. 7.2, a techniquesimilar to the one discussedin
section6.2 for deepinelasticprocesses(see,for example,figs. 6.6 and6.8).

The samegamecan be played for any other hard scatteringprocesssuch as “high-PT” reactions
where a pion, say, is producedwith large transversemomentumrelative to the beam axis of the
colliding hadrons:pp—sir + X etc. In the naive parton model approachthe cross section for this
reaction,as shownin fig. 7.3(a), is expectedto be given by [185]

do” = JdXa dxb qa(xa) qb(xb) D~(z)do (7.16)

wherethe fragmentationfunctionD~(z)describesthe probability that thepartoncdecaysinto ahadron
h (=ir, K,...) carrying fractional momentumz. (For more detailswe refer the interestedreaderto
section11.) Again, to all leadinglogarithmicordersin a5, the contributionsfrom all possiblecollinear
gluon emissionsas shownin fig. 7.3(b)do not alter thebasicform of eq. (7.16), their only effectbeingto
make the parton distributions Q

2-dependent[186],i.e. q(x)—sq(x, Q2) and D(z)-sD(z, Q2) and
dOpartønbecomesjust the lowest orderBorn crosssectionfor elasticq~qb—s q~q~scatteringin fig. 7.3a,
calculatedusingthe runningcouplingconstanta

5(0
2).The Q2 dependenceis of coursethe sameas the

one obtainedfor deep inelastic processes,a result which holds [169,172, 179—181] to all ordersin
a

5(Q
2), but the choice of Q2 is not unique: One usually choosesas a typical invariant mass scale

(a) (b)

Fig. 7.3. High-pr processin (a)thenaivepartonmodel andwith (b) gluonic QCD corrections added.
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= — ~ or 2s1a/(s~2+ + a2) etc., wherethe differencesarerelatedto subleadingcontributions

only, with ~, t anda beingthe usualMandelstamvariablesof the partonicsubprocess.
The samemethodcan be applied to proof the factorizationpropertiestogetherwith the universal

validity of the leadinglogarithmic Q2 dependenceof any partonprocess,such as [169,171, 172, 179—181]

e~e—s ir + X

p.p-s~+ir+X,etc.

whereagainquark fragmentationfunctionsareinvolved. Of coursethe “finite” terms,as discussedfor
deepinelasticprocessesin section5.10 and shownfor examplein eq. (6.3), areprocessdependentand
will provideus with additionalimportant testsof QCD, i.e., with (in most casessmall) deviationsfrom
the abovefactorizationproperties.

The moral of all this is that, apartfrom smallnon-factorizationeffects, the samepartondistributions
and fragmentationfunctions have to describe all hard scatteringprocessessimultaneously.More
explicitly, all expressionsfor observablecrosssectionsderivedin the naive partonmodel haveto be
modifiedby Q2-dependentpartonfunctionstimes,of course,the appropriatepartonsubprocesses.Thus
QCD providesuswith the only knownrationaleof the partonmodelandwe will devotethe remainder
of this review to study several different processesin order to somewhatelucidatethis ambitious
program.

8. Hadronicproductionof massiveleptonpairs:The Drell—Yan process

Let us first considerthe hadronicproductionof massivelepton pairsvia the Drell—Yan mechanism
[177]depictedin fig. 7.1(a).That is, we considerthe reaction

h
1h2-sJ.L~~+X (8.1)

where the beamparticles are usually h1 = p, p, ir, K and the target consistscommonly of nucleons,
h2 = p or N. The invariant mass squared of the dileptons will be denotedby Q

2 M2 >0. The
differential crosssection for this processreads[177,61,187], taking into accountthe full leadingQCD
correctionsas abundantlydiscussedin the previoussection,

do- = ~ [q
1(x1,Q

2)4
2(x2,Q

2)~(1 ~-s2)]u ~ dx
2dO

2. (8.2)
q=u,d,s,

The factor 1/3 is dueto color [61] andthe fundamentalpartonannihilationcrosssectionis well known
from QED [165,166]

= ~j~-e~. (8.3)

Usingeq. (7.8) wethen simply obtain



E. Reya,PerturbativeQuantumChromodynamics 289

do- = 14ira2 J dxi / dx
25(xix2s— Q2) ~ e~[qi(xi, Q2) 42(x2 Q2) + (1 ~-* 2)]

1 (8.4)
~J_!r~e~[ql(xiQ2)42(_Q2)+(14*2)]

with 7~= Q
2/s (�1) and where the dominantcontribution to the integral comesobviously from the

region x
1 VT. Sincethe Drell—Yan crosssectionis directly proportionalto the sea distribution4, it is

clearthat it will provideuswith amostsensitivetestof seadistributionsextractedfrom deepinelastic
reactions.Perhapsit should be noted that in the naive parton model with Q

2 independentquark
distributions,the crosssectionin (8.4) would exhibit the naivedimensionalscalinglaw Q4 do-/dO2=

F(r); this is of coursenot true in QCD since eq. (8.4) implies F = F(r, Q2) with a highly non-trivial
dependenceon Q2

Insteadof consideringthe electromagneticproductionof ~‘~i pairs in eq. (8.4), it is also straight-
forward to derive Drell—Yan-like crosssectionsfor the productionof weak intermediatevectorbosons
(W~,Z°).For example,the total crosssectionfor W’ productionin pp collisions becomes

= ~ V~GFcos2~J ~ TW[ul(x
1~M~)ci2(~~M~~)+ d1(x1, M~)u2(~,M~~)}

+ [s, c,. . .] contributions (8.5)

where r~= M~vIs.Total anddifferential productioncrosssectionsfor heavyvectorbosonshavebeen
already discussed abundantly and we refer the interested reader to the relevant literature
[5, 89, 112, 188—193].

For manypracticalpurposesoneneedsa more differential crosssection than the one given in eq.
(8.4). Neglectingthe intrinsic transversemomentaof partons,then the lepton pair has, in the overall
c.m. system,only longitudinalmomentum,say 03, defined along the beamdirection of h1 in (8.1).
Defining the FeynmanvariableXF 2Q3Ws, then the crosssectionfor creatingdileptonsof invariant
massQ

2 anda definite longitudinalmomentumQ~is given by [61]

dQ2dxF= ~Ti~YXi+X2 ~ e~[qi(xi,Q2) 42(X2, Q2) + (1 *-s 2)] (8.6)

with x
12 = ~[±XF + (x~+ 4Q2/5)1/2] i.e., XF = x1 — x2. In addition mostof the experimentsareperformed

at small c.m. rapidity y, where
=11

00+03_t hhI9~

~‘2 n
00— an ‘.0O

and therefore

x1 = V~9, x2 = V~e~. (8.7)
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Thus we obtainfrom eq. (8.6) for y—s 0

dQ2dy I y=O = 2Vrd~2~xFI XF=O = T ~ e~[q
1(V~,Q2) 42(\~~, 02) + (1 452)]. (8.8)

As an illustrative examplewe comparein fig. 8.1 the predictions[118] of eq. (8.8) with recentdata
[194—196]usingthe “standard”SU(3)symmetricseadistributionin eq. (5.135)as input, i.e. x ~(x,Q~)
0.15(1— x)

7. Although the naive partonmodel predictions(02-independentparton distributions)agree
with the data in magnitude, the fully Q2 dependentpredictionsof eq. (8.8) lie, by a factor 2—3,
consistentlybelowthe pN data.One possibleway to accountfor this discrepancywould be to double
the aboveinput sea distributionas suggestedby the Caltechgroup[197,198], but thenit is difficult to
reconcilethe measurementsbelow charm thresholdfor o-”Io-” — a quantity which is very sensitiveto

fo1 x~dx: Since below charm thresholdwe have

cr~— ~(x(u~+ d~))
2+ 4(x~)2 8 9

— 2.82~(x(u5+ d~))2+ 4(x~)2 (.)

we get, at E~ 10GeV, 0.u/o-v 0.43 for the “standard” sea with (x~)2 0.02 and o~/o-~0.5 for
0.04whereasexperimentally[199,43,45] we haveo~/o~’~ 0.43 for E~S 20 GeV.

l0_31

-32

o

— -34a.. iv

35 ~~55 • X ~
.~ 10 .‘~ r• ‘J?28GaV ~ n5.

• 4~~52OeV

~ - 62GeV

1O_36 - pN.-5’1i V
11-274GeV

I I I I

0.1 0.2 0.3 0.4 0.5

M/�

Fig. 8.1. Thesolid curvesshowthepredictions[118](M
2 Q2) of eq. (8.8) using thefully Q2 dependentpartondistributionsof ref. [114];the input

seadistributioncorrespondsto x~(x,Q~)= 0.15(1— x)7. This latter Q2 independentdistributionhasbeen usedto calculatethenaivepartonmodel
prediction. The pp dataare from ref. [194],and thepN dataare taken from refs. (195] and[1961.
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Alternatively, “finite” a5 correctionsto eq. (8.4) or (8.8) could also accountfor the above dis-
crepancy. Although it is now generally agreed upon that the gq_s.y*q (fig. 7.1(c)) correction
[149,156, 159] and the contributionfrom the O(a~) subprocess[156] qq -.sqqy* are small, the con-
tributions from q~_sy*g in fig. 7.1(b) appear to be sizeable [159]! Although this latter q~_sy*g

subprocesscould partly accountfor the discrepancyin fig. 8.1 betweentheory and experiment,one
might questionthe validity of perturbationtheory in the presentenergyregimesinceit implies that a,
correctionsare not small comparedto 1. A discussionof otheralternativesbasedon collective effects
for nucleartargetscan be found in refs. [118]and[112].

An immediatequestionariseswhethermassivelepton-pairsa~eindeeddominantlyproducedvia the
Drell—Yan mechanismof quark—antiquarkannihilation. Severalfeaturesof experimentaldata indicate
that this is indeedthe correctproductionmechanism.Let us denotethe crosssection for the reaction
h1N—s~ + X by cr” for a specific beamparticleh1, thenwe expectthe following qualitativefeatures
from eq. (8.4):

(i) For the IT/p beamratio we expectformally

cr” v”(u5+d5)+sea 1
6~1 forxnavr=1 (8.10)o- ~(u~+d~)+sea (l—x)

to be comparedwith the experimentalvalue[200—203]of about200 atV~= 0.5! If the dileptonswere
produced by normal hadronic interactions, one may expect this ratio to be proportional to the
correspondingtotal hadronic cross sectionsu~Iu~< 1. In (8.10) we have used the sameSU(3)
symmetric decompositionfor pionic quark distributions, using isospin and chargeconjugationsym-
metry, as was donefor the nucleoniconesin (5.28):

u’~= = a
1’ = d~ V1’ + ~“ -

(8.11)

(ii) Rememberingthat ir~4= (ud) and‘rr = (üd), then the ‘Tr~/’rr beamratio is expectedto be

1r
0 va~pu

5,-i-sea 1

~+ ~ for v T 1 (where~ (= 0)o- vÜ~9uv) sea — (8.12)

1 for VT .~ 1 (where“valence” 0)

in good agreementwith experiment[201—203].
(iii) Similarly the p/p beamratio shouldbe

cry’ (u5 + d5)(u5 + d~)+ sea “valence” 1
cr” ~(u5+ d~)+ sea “sea” > 1, (8. 3)

andexperimentally[203]thisratio is about6 for V1 0.4.

Needlessto saythat, if ~ pairsareproducedvia IT-beamsfor example,theDrell—Yanformula(8.4)
or (8.8) providesuswith a direct meansto determinethe structurefunction of the pionexperimentally
[204].
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8.1. Transversemomentaofmassiveleptonpairs

Apart from the intrinsic transversemomentaof partonsand other“soft” resummationmechanisms
(seebelow)which are responsiblefor the small transversemomentaPT (~1GeV) of dileptonsrelative
to the colliding beamaxis, the hardPT spectrum(~1 GeV) of lepton pairs hasto result [174,175, 205—
207] dominantly from the diagramsshown in figs. 7.1(b) and (c), i.e., from the q~s(~.~i)gand
gq—s(~i~~)qsubprocesses.The differentialcrosssectionsfor thesefundamentalprocesses,as shownin
fig. 8.2, are given by [206,208]

d2o~ 8a2as1(I~t~~2Q2~ (8.14)
dQ2dt 27Q2~2\a t tu~/

d2o-~— a2a
5 if .~ a 2Q~i (8 15)

dQ2d1902~2~a ~

where~, I and a arethe usualkinematicalinvariantsfor the correspondingsubprocess,andit is asimple
kinematic exercise to show that p

2
1~= ta/c. The strongestinfrared singularity hasthe q~annihilation

processin (8.14)which divergesas l/p~~for PT-sO(parallel emission);the divergenceof thegq process

in (8.15)is somewhatsofter which goeslike i/PT as PT—5
0. This makesclear that eqs. (8.14) and(8.15)

are only applicablefor the hard PT spectrum,typically PT ~ 1 GeV, but not for smaller values of PT

wherenon-perturbative(“smearing”) effectsbecomeimportant.Therefore,PT moments[205,206, 118]
definedby

(PT) JPTdO2dIdt (8.16)

arealwaysfinite for n � 1. A simplecalculationgives for example[118]

1 1

do- a2a
51r 1dx1 j~dx2

18Q
3 J x J —j:-— VT

12(lTi2)

r T/xl

x {x1x2 ~ e~q1(x1,Q
2)q

2(x2,02)[4(1_ r12)+~1 ‘p12 ]+ x1x2 ~ e~G1(x1,Q
2)

flavors .-‘ 1 T12 flavors

X [q
2(x2, Q2 + 42(x2,Q

2)] [i + (1- T
12)

2~2 T12(1 - Ti
2)] + (1452)] (8.17)with T12 = r/x1x2 and where do-/dO

2 is the total PT integratedcross section in eq. (8.4). Similar

+ m~ : ~

Fig. 8.2. Lowestordercontributionsto (large) transversedimuon momenta.
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expressionscan be obtainedfor [206](p~)and alsofor [118](p~-)at c.m. rapidity y = 0 wheremostof
the presentmeasurementsare done. (The numerical calculationsof expressionssuch as (8.17) are
greatly facilitated by using the simple parametrizationsas given in ref. [114]for the exact x and Q2
dependenceof partondistributionsas predictedby QCD.) Equation(8.17)implies that

2 /
(PT) = a,(O ) v sffr, a,(Q)) (8.18)

up to an unknownconstantdueto non-perturbativeintrinsic kT effectsof partons.Experimentally[209]

(PT) = (0.6+ 0.022Vs)GeV (8.19)

which agreeswith the slope calculatedfrom eq. (8.17).Note that at presentit is not possibleto make
very precise comparisonsof theoreticallypredictedslopeswith measurementsof pp scattering,say,
becauseof the importanceof the badly known(so far mainly guessed)gluon distribution G(x,Q~).For
a critical and comprehensivediscussionof various momentsand their comparisonwith experimentI
refer the interestedreaderto ref. [118] and to the review articlesof Glück [210], Hwa [211],Halzen
[2121andBerger[213].

Although only p-n-momentsare well behaved(finite) and thereforethe prescriptionfor calculating
them is unambiguous,the integrationdown to small PT is delicate; a~becomessubstantiallydifferent
and so may the scalebreakingeffects in the parton distributions.We thereforewill now turn to the
explicit PT spectrumof dileptonsand concentrateon the largePT tail (>1 GeV)whereeqs. (8.14) and
(8.15) arestrictly applicableandhaveto be able to reproducethe measuredPT spectrumif QCD is at
work. A straightforwardkinematicalanalysis[207,214,215] yields the following expressionfor the PT

spectrumof massivedileptons

dO2dydp~= dx~xis — ~ {x
1x2[~e~q1(x1,Q

2)42(~2,Q2)+ (1452)]ddi

+ x
1x2 ~ e~G1(x1,Q

2) [q
2(x2Q

2) + 4
2(x2,Q

2)] dQ2di(ti, i~ (8.20)

d2~ e~G
2(x2,Q

2)~ Q2)~4~(x~,Q2)] dQ2dI~’a))

wherewe havedenotedthe gq crosssectionin eq. (8.15) by d2o-~”(a,t~,andthe kinematicsare

mm — VsmTe~— Q2 — 2 2
X

1 — j— - , mT—VO +PT
s—vsm-~e

— x1V~m-re~— Q
2

— ~— ~, , s = x
1x2s (8.21)

x1s—vsm-1-e
~‘_,m2 / —y .‘ 2t—~—xivsm-re , u=Q —x2vsmTe7.

In fig. 8.3 we comparethe predictionsof this hardscatteringformulawith pN dataat y = 0 for dilepton
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Fig. 8.3. Comparingdilepton pr data[209]with the predictions(solid curves)of eq. (8.20) using thedilepton massscaleQ
2 M2, and where the

individualcontributionsof fig. 8.2 areseparatelyshown.Thepartondistributionsof ref.[1141havebeenusedfor theactual calculations.The dashed
curve is thepredictionof thenaivepartonmodel, i.e., with Q2 independentpartondistributions.

massesof M Q = 7.5GeV. As can be seen, the absolutemagnitudeof the total QCD prediction
(solid curve)disagreeswith the data. However,we havemadethe mostpessimisticchoicefor the mass
scale,namely the dilepton mass Q2 itself, i.e. a

5 = a5(Q
2), q = q(x, Q2) etc. Taking insteadthe mass

scale to be p~,i.e. a,(p~-)etc. greatly improves [215] the situation. In order to get a “perfect”
agreementwith the large-PTdata (~1 GeV) it seems,however,that a larger sea and harder (flatter)
gluon distribution,as for examplein eq. (5.137),is required[197,198, 216] than the standardcounting
rule like distributions [114] used in all our calculations: x~(x,Q~)= 0.15(1— x)7 and xG(x, Q~)=
2.4(1— x)5 for O~ 2 GeV2. For comparisonwe alsoshow in fig. 8.3 the predictionof the naiveparton
model using theselatter Q2 independentparton distributions.Unfortunately presentdeep inelastic
lepton—nucleonscatteringexperimentsarenot accurateenoughto decisively pin down the exactshape
andmagnitudeof G(x, O~)which is crucial for the dominantcontributionof the gq—s .y*q subprocess.

In the region P2T~ Q2 the crosssection in fig. 8.3 divergesand the “hard scattering”perturbation
theory in eqs. (8.14).and (8.15) breaksdown. One way to handle thesenon-perturbativeeffects for
PT ~ 1 GeV is to invent somesort of “smearing”procedure[217], i.e., to guesssomekT dependencefor
parton distributionsand to fit such expressions,appropriatelyaddedto the hard scatteringprediction
(8.20), to the experimentallymeasuredPT spectrum.The resulting kT is then usually referredto as
“intrinsic” transversemomentumof partons;in this way one obtainsrathersizeablevalues of about
(kT) 0.5—0.8GeV. Alternatively, one might try to approachthe small PT region more theoretically.
Sincep2i.<~Q2 new largelogarithms ln(Q2/p~-)appear,besidesthe onesencounteredso far (In Q2/~u2),
andthe naive perturbationtheory breaksdown. Onecan try to resumtheselogs which result from soft
gluon emissions,in addition to the hard (single) gluon processesin fig. 8.2, usingagainBethe—Salpeter
laddertechniques(as briefly discussedin section6.2). This hasbeenoriginally doneby the Leningrad-
group[169,218] which yields the much-publicized“DDT formula”

dO2dy dp~= ~]~~[T~-~(Q2, p~)q
1(xi,p~-)42(x2,p~-)+(1452)] (8.22)
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with the DDT form factor given by [169,219,220]

~ç~2 2~ [a,(pi-)1 201 (823
~DDT~~J , PT~J— exp1 .~ in 2

L .~7T PT

Two importantconclusions[215,218,221] emergefrom theseresummedsoft gluonemissionform factor
analyses.They provide the type of concavityof do~/dp~’which is seenin the data, i.e., as PT-sO the
distribution begins to flatten (fig. 8.3); a secondimprovementis in the absolutemagnitudewhich is
increasedwith respectto the simple0(a,)result (8.20).

9. Hadronicproductionof heavyquarkflavors

The hadronicproductionof heavyquark flavors Q = c, b,. . . can be viewedas a direct generalization
of the standardDrell—Yan mechanism:Insteadof producing ~ pairs via a virtual photon y~(fig.
7.1(a)),heavyquark pairs00 arenow supposedto be producedvia a virtual gluon g. Let us beginwith
J/t~i= (cë) production

h1h2—sJ/~,+X (9.1)

for various beamparticlesh1 = p, p, IT, K and with the target being a nucleon, h2 = N. Since we are
consideringac~boundstate,onenaively might expectthe fusion of heavycharmedquarks[222] to be
responsiblefor producingtheJ/~jsystemas shownin fig. 9.1(a).Here,however,the verysmall charmed
sea [96,97] entersthe crosssectionquadratically (—c1(x1,Q

2)ë
2(x2 Q

2) by generalizingeq. (8.4)) so
that thismechanismyields only a negligible contributionto the total measuredcrosssection.Most of all
the absenceof extramuons[223]producedin associationwith JI~suggeststhat such a charmedsea
fusion cannotbe dominant[224];in otherwordsthe associatedDD production(fig. 9.1(b)) is observed
to be small [223],i.e.,

o-(J/4,DD)<
001 (9.2)

whereasthis ratio is expectedto be 1 in the charm fusion model of fig. 9.1 (unlessone inventssome
fancy ad hocconfinementmechanismfor the remainingc and ëquarksin fig. 9.1(b)).

Within QCD the only realisticdescriptionof hadronicallyproducedheavyquarksystemsappearsto
be given by the subprocesses[225]q~—~cë and[226,227] gg —s cë. In the first case,suggestedby Fritzsch

~

(a) (b)

Fig. 9.1. Charmedquark fusion diagramsresponsiblefor (a) J/4i productionand (b) associatedDD productionwhich givesrise for extramuons.
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Fig. 9.2. Productionof J/d,,statesthroughfusion of ordinarylight u, d, squarksinto asingle coloredgluon whichdecaysintoa cI pair. Theemission
of “soft” gluonsfrom thefinal charmedquarksis implicitly implied in order to form colorlessC = ±1states.

[225], ordinary light SU(3)quarksq = u, d, s fuse in order to producea highly virtual gluon whichthen
decaysinto acë pair as shown in fig. 9.2. The productionof a particularstate,e.g.J/t~s,dependson the
dynamical details of the strong interaction mechanismby which the color-octet cë configuration
rearrangesitself, by “soft” gluon emission,into a definite outgoingcolor-neutralcë state.Adopting the
semi-local duality approachof ref. [225] to somehowaccount for this unknown formation of the
observedboundstates,the crosssectionfor producingany cëstatebelowopencharm thresholdthrough
q~fusion reads

4m’
2

do-~2= ~ f ~ X
1X2 [q1(x1,Q

2) 4
2(x~,Q

2)+ (1 ~-s2)]o-~(Q2) (9.3)
XF q=u,d.s Q X

1 X2

4m

with x1~2beingthe sameas in eq. (8.6) and

= ~ ~ (1+~y)\/1—y (9.4)

where ~‘ = 4m~/Q
2and m’~~mD= 1.85GeV. In order to obtain the presentlymeasuredtotal cross

sectionwe just haveto integrateeq. (9.3) over 0 � XF � 1 — Q2/s with the lower limit beingdictatedby
experimental cuts. Note that now the sea (~)enters the cross section only linearly. The second
contributioncomesfrom the [226,227] gg—scë subprocessshownin fig. 9.3. The last two diagramsof fig.
9.3 resemblethe original Einhorn—Ellis [2281graphswhich havebeenstudied[228,229] in connection
with the productionof C = + 1 states~ or p-wavex states)which can also decayinto a J/iJi by emitting
a soft photon. That part of the total hadronic J/i~production might indeedproceedvia X-states is
suggestedby the observedrate[230]of associatedphotonswith the J/tjs: o-(tfry)/o-(tJ,)= 0.5±0.2; but this
ratio can in principle alsobeaccommodatedby theprocessin fig. 9.2 sinceit is of theordera/a. (“soft”).
The total contributionof the gg—s c~subprocessin fig. 9.3 is nowgiven by [227]

d h

1h2 d’
12

o-gg = J ~ X
1X2 G1(x1, Q

2) G
2(x2,Q

2)u~’~(Q2) (9.5)
UXF ‘.1

4?n

::~T<:÷~ +~Vc

Fig. 9.3. Productionof J/4
1statesthroughgluon fusion. Again. ‘~soft’gluon emissionis implicitly implied to form physicalcolorlessstates.
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with

= ~ [(i + y +-~--- ~2) ln ~~i2i— (~+~i7)Vi~] (9.6)

andagainy = 4m ~/Q
2The total crosssectionfor producingacë stateis thenthe sum of eqs.(9.3) and

(9.5):

dcr~52= do-~2+ do-~~2. (9.7)

It should be emphasizedthat the two contributing subprocessesq~—s cë and gg —~c~make very
differentanddefinite predictionsfor J/~productionratiosby differentbeams.Specifically, theq~fusion
predictsfor p/p = ~ very large values [225],typically ~/p = 30—50, whereasexperi-
mentally [231]p/p = 6.7±3.0 at Piab= 39.5GeV/c. Since gluons areflavor blind, the gg fusion process
trivially givesp/p = 1. Thus the experimentalobservationthat thep/p ratio is not very largebut closeto
oneprovidesus with direct evidencethat nucleonsconsistof additionalflavorlessconstituents(gluons!);
furthermoreit tells us that the observedJ/~icrosssectionhasto be a combinationof theq~and the gg
fusion processas statedin eq. (9.7).

Without going into too many details we just would like to mention that a comparisonof the
measuredXF distributionsof J/tfr’s producedby IT-beams[231]with the predictionsof eq. (9.7) allows us
already to pin down [227] the pionic valence-quarkdistribution at large values of x: The resulting
xv” —~(1 — x) asx —5 1 (seeeq. (8.11)) agreeswith the recentlyfound xv1’ extractedfrom Drell—Yan ~
continuumproduction [204],which is also in agreementwith the naive dimensionalcounting rules
[59—61]in eq. (5.102). Similar successfulpredictions for XF distributions are obtained [227] for
measurementsat higher energiesfor IT as well as p beams.A sampleof very significant beamratio
predictionsfor JI+ production are shown in fig. 9.4. The calculationshavebeenmade for two very

I.c _I I Ii Iti - I_ I I

p/p I I~K/K

- ~i
O.2~

I j~
ocr

00 200 300 400 100 200 300 400

s(GeV2)
Fig. 9.4. Predictions[227]for beamratiosof total J/il, production cross sections using incident p, p, ~ andK~beams.Thesolid curves correspond to
thedynamical QCD distributions[1121(seesection5.7)andthedashed curvesrefer to countingrule like partondensities[233],which appearto be
more adequate,areverysimilar to those used in mostof our calculations (eqs. (5.135) and(5.136)). Thedata(XF> 0) are taken from refs.[231]and
[232].
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differentsetsof partondistributionsin order to showthesensitivity of thesepredictions,but thedashed
curves,correspondingto the countingrule like distributions,shouldbe takenmoreseriouslysincethey
arein betteragreementwith all hardscatteringdata knownso far. Fromfig. 9.4 it is clear that the q~
fusion model alone(eq. (9.3)) is not capableof accountingfor the data. The additional contribution
from the gluon—gluon (gg) fusion in eq. (9.5) is not only requiredby the low-energy CERN—SPSdata
[231] but alsoby thehigh-energyFermilabmeasurements[232]of p/p andp/rr* ratios.The latter clearly
demonstratethe essentialrole of the gg fusion mechanismandarestrikingevidencefor the existenceof
gluons in hadrons!That gluons are responsiblefor the strong increaseof beamratios, say pip, with
energys is clearbecauseincreasings meansdecreasingx1 V~ V0

2/s (seethe discussionfollowing
eq. (8.4)) andthereforegluons will dominate(eq. (9.5)) sincethey areconcentratedmainly in the small
x-region. -

Within our semilocalduality approachwe expecttotal “open charm” (DD, etc.) production to be
described[226,234—240,2121 by the_sameformulaeas abovewith integrationlimits in eqs.(9.3) and(9.5)
changedto m

4—sm’ and 2m’—sVs.In fig. 9.5 we show a few predictions[235] for “open charm”
production, and although the experimentalsituation [241, 242] is rather confused [243], the QCD
predictionslie at bestan orderof magnitude(!) below presentexperimentallimits. One possibility to
accountfor this discrepancywould beeither to increasethe “standard” gluondistribution in eq. (5.136)
drastically(perhapstaking alsointo accountcollectivenucleareffects[235]for measurementsinvolving
nucleartargets),or to give up the purely perturbativefusion modelsof figs. 9.2 and 9.3 and to invent
insteadsomenon-perturbativevector—meson-dominancelike model for DD productionas suggestedby
FritzschandStreng[244].

Taking the semi-localduality ideasto an extreme[235],it is alsopossibleto predicteventhe absolute
normalizations[235] for the heavyquark production crosssections(9.3) and (9.5), in good agreement
with experiment;this appliesalso to quarkoniaproduction in yp collisions [235]as well as for deep
inelasticelectroproductionof quarkonia[96].Furthermore,the gg fusion mechanismalsooffers us the

—27
10

open charm production

cql 0

10 ~ yp~Ic~.iqI.t

naive
-31 ii

10 I

—72
10

100 20 40 60 80 100
Ge VI

Fig. 9.5. Predictions[235]for “open charm” productionin proton—protoncollisions(and in ~ypcollisions) using thepartondistributionsof ref. [114].
Thedataaretakenfrom refs. [2411and [242].
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Fig. 9.6. Predictions[114]for Y productionusing pion and protonbeams.The pN predictionshave beennormalizedto the 400GeV/c data point
[245]shown.More recentmeasurementscan be found in ref. [246].

exciting possibility to explain and understand[236] the rising total pp cross section (at least for
V5 ~ 80 GeV).

The aboveanalysesfor charmproductioncan be straightforwardlyextended[114]to the production
of heavierquark flavors, such as Y = (bb), by performing the obvioussubstitutionsof massesin eqs.
(9.3) and(9.5). In fiJ. 9.6 we show typical predictions[114]for producingY’s with p and IT beams:At
large values of V~= M/Vs, where gg fusion plays a negligible role, the production of Y in ITN
collisions can be morethan2 ordersof magnitudelargerthanin pN reactionssince“valence—valence”
scatteringdominatesin eq. (9.3) for ITN (see also eq. (8.10)). These predictions[114] are in good
agreementwith recentmeasurements[246].Along similar lines,manyotherinterestingpredictionshave
beencalculated[114,234—240,244] for heavyquarkproduction.

It is also very interesting,althoughmuchmore involved, to calculatethe (hard)transversemomen-
tum spectraof heavy quarkoniaQQ (J/4i, Y) producedin pp and pp collisions [247].This is a direct

~ >m~+~<+...

+ + + ...

+ ~ ~>~k~•-•
Fig. 9.7. Lowest-ordercontributionsto thetransversemomentaof heavyquarkoniaQ~.Thereare5 diagramsfor eachq~andgq initiated process,
whereasthereare16 gggQQ Feynmandiagramsand5 correspondingghostgraphs.
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generalizationof the mechanismresponsiblefor giving transversemomentato Drell—Yan dimuonsin
q~—s~i~I.L: Herewe neededthe q~—s~p~g and gq-s~p~q subprocessesof fig. 8.2 to producelarge

PT’S of theobserveddimuons.Similarly, in order to obtain transversemomentaof 00 pairsproducedin
theq~—s QQ andgg —500 fusion processesof figs. 9.2 and9.3, we haveto attachahardgluon radiation
to the appropriatequark andgluon lines: Thus the transversemomentumof a given quarkoniumstate
comesfrom the purely hadronic2-v~3 processesq~—s QQg, gq—* QQqand gg—* QQg shownin fig. 9.7.
For detailsof the calculationas well as for a comparisonof thesepredictionswith presentdatawe refer
the interestedreaderto ref. [247].Typically at ISR energiesVs 60 GeV,the predictedPT dependence
of do-/dp~rfor J/* productionis steeperthanthe corresponding~ spectrum[247] in agreementwith
presentmeasurements.

10. Semi-inclusiveprocesses:Fragmentationfunctions

We now consider processeswhere at least one of the final hadronsh is observedsuch as
eN—se+ h+ X, vN—sp. + h + X, e~e—s h + X, etc. as shown in fig. 10.1. As for the totally inclusive
processeswhereone introducesprobabilitiesq(x) of finding quarkswith fractionalmomentumx of the
original parent hadron, one now defines [248—2501(perturbatively not calculable) fragmentation
functionsD~(z)which describethe probability that a quark q decaysinto a hadronh carryingfractional
momentumz of the parentquarkq (seefig. 10.1). Suppressing,for the time being, all Q2 dependences
in partonandfragmentationfunctions,the predictionsfor semi-inclusivecrosssectionscan be directly
readoff fig. 10.1 andwe expect[248—250]

1 d e~e—.hX 1
~ ~ (10.1)

1 d2 eN-.ehX ~e~q(x)D~(z)o- = (10.2)
duldx dxdz ~e~q(x)

1 d2o-~”~— d(x)D~(z)+ ~ü(x) D~(z)
— 1- —D~~z 10.3

do-/dx dxdz d(x)+~tu(x)

1 d2o*~ — d(x) D~(z)+ ~u(x)D~(z) h_____________ — — —Dd(z) (10.4)
do-/dx dxdz d(x)+~u(x)

e~p~D~c~

Fig. 10.1. Semi-inclusiveprocesseswhereat leastonehadron h(=ir. K, p, - . .) is observedin thefinal statewith fractionalmomentumz = Eh/Eb,,.
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where for the neutrino induced reactionswe have put 0c = 0 and neglectedcharm; furthermore,
neglectingthe smallantiquark(sea)distributionswe expecteqs. (10.3) and(10.4) to be independentof
x. Of course,the fragmentationfunctionsthemselveshaveto satisfy constraints,similar to those for
partondistributions,suchas sum rules coming from energy-momentumconservation

~JdzzD~(z)rz1 (10.5)

andonestemmingfrom isospinconservation(compareeq. (5.15))

~JdzI~D~(z)=13q. (10.6)

As an intuitive examplelet us first discussa model of how to constructfragmentationfunctionsfor
pions and kaons,but neglectingbaryons[251]. Isospinand charge-conjugationinvariancereducesthe
number of independentD~fragmentation(or quark decay)functions to three [249]; thesecan be
further reducedto two by assuming[250]that ~ is approximatelyequalto ~ both of which are
unfavored(“sea”) with respectto ~ (the favored“valence” decayfunction) sincethe parentquarku
can directly form a IT~by combiningwith a d (producedfrom a bremsstrahlunggluon which converts
into a dd), whereasto makea 1T~from eitherd or s requiresthe creation(via gluonbremsstrahlung)of
at least two new flavor pairsuU anddd. Thuswe have(rememberthat 1T~= (ud) and IT = (Ud))

— — —
u — .I.~’d — i~’~ — L.’ ~

(10.7)
and

D~=~(D~+D~)

for eachflavored quark. Following the samereasoning[249,250] the number of independentfrag-
mentationfunctionsfor producingK mesonscan be reducedto three(recall that K~= (us),K = (Us),
K°= (d~)andK°= (ds))

— ~-~K0—
1-’~K —

u — 1.~’d — a — -i-’ d

D~ = D~°= ~ = D~°,

— — j’~K~—
~-~u

1—’d L-’u ~-‘~ (108)
r~K — — rs0c~— rsK°

— 1~’d — ~1~’u — L’ d — U

— ~ —

5-.~K°— r~K — riK°
— L~d — LF u — .I.~’d — .L.’ a
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Furthermore,we expect[250]the following physicalconstraintsto hold:
(i) As z —s 1 it is, for an outgoingquark in fig. 10.1, just as easyfor an s-quarkto pick up a u-quark

andbecomea K~as it is for a d-quarkto pick up a u-quark andbecomea IT~

K~ ~ D~
S : —v = —~———~1 (10.9)

u

wherefor illustrationwe havealsousedeqs. (10.7)and (10.8);
(ii) As z —*0 theK~mesonno longer “remembers”that it originatedfrom a u or ~quark (sincemost

of the availableenergyhasbeenusedto producean arbitrary amountof soft s~anduU “sea” quarks)

S

DU~~ DU~~

u : i~r=iiji?~__~*l (10.10)‘< 6 s z—O

U ~_______________ ~-

S

wherefor illustration we haveagainusedeq. (10.8);
(iii) Sinces-quarksareheavierthanu- andd-quarks,it will be harderto makenew s~pairs than uU

anddd pairswith largez; thuswe expectin generalfor the unfavored“sea” decayfunctionsDU’~ <D~
for largez (SU(3)symmetrybreaking).We only can guessthe amountof SU(3)breakingandchoosefor
definiteness[250]

_____ DK 1

(10.11)

althoughourresultsareratherinsensitiveto this choice.

Furtherconstraintscomefrom experiment[252]. Semi-inclusiveneutrinoreactions(eqs. (10.3) and
(10.4)) tell us that the favored“valence” distributions such as DL’I~, behaveas DU’~~-= (c — z) for z —s 1
with c � 1 (but close to 1). Similarly, data [252] on the v(i~)inducedproduction ratio IT~/IT (IT/ITt)

dictate the z-dependenceof the ratio of favored (“valence”) to unfavored (“sea”) fragmentation
functions[253]to be D~/D~’[— (c — z)~with c ~ 1 (but close to 1); for simplicity we assumethis latter
ratio to hold alsofor kaons.This implies for the unfavoredsea decayfunctionsin (10.11) to behaveas
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(c — z)2 with c 1. All theseconstraintsaresatisfiedby the following simple ansatz

zD~= aVz (c — z)+ ~,(1— z)2, zD~= ~1 — z)2

zD~= bVz (c — z)+ ~~(1 — z)2, zD~= ~,,(1 — z)2 (10.12)

zD~= aVi~(c — z) + ~ — z)2

where,analogouslyto parton distributions,we havedecomposedthe favoredfragmentationfunctions
into “valence” (—~Vz)and “sea” components.This ansatzis intuitively plausible as can be seenfrom
the following argument.As z —*0 more andmore q4 pairs areproducedvia gluon bremsstrahlungoff
the original outgoingquark.Thus most of the observedmesonswill comefrom a combinationof aq
and~ from this gluon producedsea.Alternatively, for z —s 1 muchfewer q4 pairscan be producedand
thereforethe original outgoing quark will dominantly participatein forming the observedmeson,as
illustrated for the valencefunctionsin eq. (10.9). The remainingthreeparametersin (10.12), a, b and
~,, are fixed by the two independentconstraintsresulting from the momentum-conservationsumrules
(10.5) and by the isospin sum rule (10.6) which gives one independentequation(taking q = u, for
example):

a =2b=
5

1
5, ~=-~(i—~~). (10.13)

Note that the solutionfor ouransatz(10.12)implies always automaticallyb/a = 1/2, i.e. D~/D~—*0.5

IC I I I I

+ + ~p~~h-X

00 I I I I

0.0 0.2 0.4 0.6 08 .0

z
Fig. 10.2. Cómpanson[251]of the predictionsof thefragmentationfunctionsin (10.12),with c = 11/9 in (10.13),with chargedhadronmultiplicity
distributionsmeasuredin deep-inelasticneutrinoscattering.Thetop curvecorrespondsto thevalencefunctionsD~+D~,thecurvein themiddle
to D~i+D~.and thebottomcurve to thepure unfavoredseafunctionsD~,+ D~.
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as z —s 1 as naively expected[250]from flavor SU(3)breakingandasrequiredby theexperimentalresult
that the high-pT productionratio o(pp--s K~X)/o(pp—s IT~X)is about0.5 at largexT= 2pT/Vs (see,for
examplerefs. [250]and [251]).In fig. 10.2 we comparethe predictionsof our fragmentationfunctions
with someneutrinodatachoosingc = 11/9 in eq. (10.13).However, in view of theratherpoordatafor
largez, it should be emphasizedthat mostexperimentscan beequallywell described[254]usingc = 1.
An outstandingand still unsolvedproblem is to calculatequark fragmentationfunctionsinto baryons,
D~with h = p, p, etc. Although it is possibleto construct[254,255] such decayfunctionswhich arein
good agreementwith all leptoninduced semi-inclusiveprocesses(ep, vp, eke,etc.), theydo not work
for purely hadronic reactionssuch as their predictions [255] for the p-1--dependenceof high-pT
productionratioso~(pp--s pX)/o(pp-sIT~X)and o(pp--s pX)/o-(pp--s ITX).

Along similar lines we can also attempt to constructgluon decay functions.In any field-theoretic
model whereq4 pairs are producedvia gluons emitted by the initial quarks,the gluon fragmentation
function D~(z)mustobviously be steeperthan the favored“valence” component(—=(1 — z)

1) of D~in
eq. (10.9), and flatter than the unfavored“sea” (—(1 — z)2) distributions. This is so, simply becausea
gluon hasto produceat leastfour final quark lines which can combineto a physicalhadron:

g

Thus, guidedby eq. (10.12),we take[251]

zD~’= c,r(1 — z)”5, zD~= ~c,,(1— z)15 (10.14)

wherewe assumedthe sameSU(3)breakingas in eq. (10.11).Total momentumconservation

Jdzz(3D~+4D~)=1 (10.15)

then yields c~.= ~. Qualitatively similar gluon decay functions can be constructedusing the “parent—
child” relation [256,257] or the “dynamical” renormalizationgroupideas[258]as discussedin section
5.7 for calculatinggluon andseadistributions.

So far we have suppressedany explicit Q2 dependenceof the fragmentationfunctions. Strictly
speaking,all D~(z)andD~(z)haveto be interpretedas D~(z)= D~(z,Q~),i.e. as distributionsfitted to
experiment at a given momentum scale Q~,and where all infrared sensitive pieces are absorbed
(factorized)into D~(z,0~)in the sensediscussedin section 7 for parton distributions.Again one can
prove [169,171, 179, 180] that this infrared factorizationholdsto all logarithmicordersin a

5 and that
the Q2 is governedby the sameanomalousdimensions(or Altarelli—Parisi decayfunctionsP~1)foundfor
partondistributions.As an example,let usconsiderthe semi-inclusivedeepinelasticprocessin fig. 10.1.
Insteadof summinghard collinear gluon emissionsoff the initial quark (fig. 6.6), we now haveto
consider hard gluon emissionsoff the outgoing quark in fig. 10.1 (see also fig. 5.26). Squaring these
diagramswe arrive at the so called generalized“rainbows” (fig. 10.3) which yield [171] the leading
logarithmic Q2 dependenceof D ~(z,Q2) This then allows us to write down similarevolutionequations
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v*(Q~/~101T~\ i~

Fig. 10.3. Rainbowdiagrams(s
1 > s1+i) giving rise to theQ

2 dependenceof D~(z,Q2).

for fragmentationfunctions[259] asAltarelli and Parisi obtainedfor partondistributionsin (6.16):

02dDhq(Z,20
2)= a~(Q2)J~ [pqq(~) D~(y,Q2) + pgq(~)D~(y,02)]

Z (10.16)

02d1)5~20)= as(Q
2) J4~[pqg(~) ~ D~

1(y,Q
2)+ pgg(~)D~(y,02)]

with P~
1given by eqs. (6.17)—(6.20).Note that the splitting functionsPqg and Pgq are interchangedin

going from eq. (6.16)to eq. (10.16).That this hasto be the caseis clearbecausenow, for example,a
specific quark q hasfirst to decayinto a gluon (Pgq)which in turn decaysinto the observedhadronh; in
eq. (6.16), in contrast,we encounterthis specific quarkq via the initial gluon which then decaysinto q
(Pqg). For largevaluesof z(~0.5)wecan useinsteadof (10.16) thesimpler Grossformula (5.133) for the
Q2 dependenceof the dominant“valence” functionD~(z,Q

2).
It is of utmost importanceto observe the predictedQ2 dependenceof fragmentationfunctions

experimentally,not only in neutrinoinducedreactions[260],but alsoin deepinelastice(p.)pprocesses
and most of all in e~eannihilationprocesses.Going beyondthe leading log order predictionswe
expect, in addition, a breakdownof the simple factorization in eqs. (10.1)—(10.4)due to “finite” a

5
corrections[261],i.e., do(x,z, Q2)~...q(x, Q

2) D~(z,Q2)+ a
5(Q

2)f(x,z) wherethe “finite” corrections
f(x, z) do not factorizein x and z, and againresultfrom diagramsshownfor exampleaftereq. (5.170)
or in figs. 6.2 and6.3. These“finite” order a

5 correctionsareof courseprocessdependent,in contrastto
the universalvalidity of the leading logarithmic Q2 dependenciesof q(x, Q

2) andD~(z,Q2) andgive
very significant predictionsfor variouskinematicalregions[261]which will be hopefully testablein the
nearfuture.

11. High-p-
1 reactions

We now turn to the purely hadronic single-particleinclusive high-pT processeswhere a hadron
h = ‘or, K,.. . is producedwith large transversemomentumrelative to the beam axis of the colliding
incoming hadrons,as for examplein proton—protonscatteringpp —v~h+ X shownin fig. 7.3(a).Due to
(collinear)gluoniccorrections(fig. 7.3(b)) thenaivepartonmodelpredictions[185]for high-PTprocesses
in eq. (7.16) will be modified, as hasbeendiscussedin section7, to the extentthat we have to useQ2

dependentparton distributions and fragmentationfunctionswhich, to leading logarithmic order, are
expectedto be the same as in deepinelastic lepton—nucleonscatteringprocesses.Thus, the invariant
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inclusivecrosssection for the reactionA + B —sC+ X for producinga hadronC at largePT in the c.m.
systemof A andB is given by (neglectingintrinsic transversemomenta)

I I

d 1 ‘ d’~l
E0—J

31- —~ J dxa J dXbP~(Xa,02)P~(xb,Q2) ~ —D~(z
1.,Q

2) (11.1)
dp

0 ‘o~a.b - dt Z~
c.d x’~’~ xv”

wherethe sumover partons(a, b, c, d) includesgluonsas well as quarks,andthe longitudinal fractions
Xa = PJPA, Xb = Pb/RB and z = pc/pa (seefig. 7.3(a))determinethe ab—s cd subreactionkinematics
through ,~ = xaxbs, t = xat/z, a = xbu/zwith s = (PA+ PB), t = (PA — pc)

2, u = (p~— pc)2. The conditions
,~+ t + t~= 0 andz = xi/xa+ X2/Xb s 1 fix the lower limits of integrationat

men — X
1 mm — XaX2

Xa — , Xb —

1—x2 xa—xi

with xt = —u/s andx2 = —t/s. Furthermore,in writing the invariant crosssection in eq. (11.1), we have
madeuseof therelation

dldz = E0 irz

Thepartondistributionsaredenotedby P~&(Xa,Q2) representingthe probability for the constituenta of
the hadron A to havefractional longitudinal momentumxa, i.e. P~(xa,Q

2) U(Xa, Q2), P~(Xa,Q2)
G(xa,Q2) etc.The dependenceof thesedistributionsas well as of the fragmentationfunctionsD~on
Q2 refers to their appropriatescaling violations discussedso far. Since the parton distributionsand
fragmentationfunctionsare ratherwell known from deepinelasticinclusiveandsemi-inclusivelepton—
nucleonscatteringprocesses,respectively,the purely hadronichigh-PT crosssectionsin eq. (11.1)can be
uniquely predicted,to leading order in perturbationtheory, without any free parameteronce the
fundamentalpartonscatteringcrosssectionsd~’~aregiven.

In the most naive scale-invariantversion of the hard-collision model [185] with Q2 independent
parton distributions in eq. (11.1), where a single hard collision betweenthe quarksof the incident
hadrons(fig. 7.3(a)) is responsiblefor the observedhigh-PT secondaries,one expectsthe invariant
inclusive single-particlecrosssection to decreaseas p~4at fixed c.m. scatteringangle 0 and fixed
XT = 2pT/Vs. This is so, becausefor vectorexchangesin fig. 7.3(a)we alwayshave~

p~4.However, at currentlyattainableenergiesthe experimentaldata seemto scaleroughly as p~8for
PT~ 6 GeV/c. Taking into account Q2 dependentquark distributions and fragmentationfunctions
togetherwith the correctQCD couplinga

5(Q
2),it hasalreadybeenshowna long time ago[262]that the

lowest order QCD quark—quark scattering (fig. 7.3) cannot account for the high-PT data, giving
contributions which are about two orders of magnitude below the experimentsand yielding PT

distributionswhich arestill too flat.
If perturbativeQCD is consideredto be the theoreticalbasis for large-PThadronproduction,which

should be the casefor PT not too small, then it is certainly not sufficient to consider only elastic
quark—quarkscattering(qq-sqq) as the dominantsubprocess,which constitutesat mosta lower bound
for the total productioncrosssection.In addition to quarks,hadronscontainalsocoloredvectorgluons
which can scatteroff quarksand othergluonsin an approximatelyscale-invariantmanner.Since the
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Fig. 11.1. Examplesof lowest-ordersubprocessesda~~contributingto thehigh-psprocessin eq. (11.1).

gluon distribution in the nucleon is sizeablein the region relevantfor presenthigh-pT experiments
(typically x 0.2), gluon inducedsubprocesseswill give non-negligiblecontributionsto the total cross
section in eq. (11.1). Typically, QCD predictsthe following fundamentalsubprocessesab—scd in eq.
(11.1) to be relevantfor high-pT reactions[251,263,264]: In addition to the purely fermionicprocesses
qq -sqq andq4 -+ q~,we havegluonic processessuch asgq—s gq, gg -* q~,q~—sggandgg—s gg, examples
of which are shown in fig. 11.1. The explicit expressionsfor doa d/dt can be found in refs.
[251,263and264]. The importanceof the gg-+q~subprocess(see,for example, fig. 9.3) for hadronic
heavy00 production(J/t~t,Y, etc.) hasalreadybeendiscussed[227]and demonstratedin section9.

In order to demonstratetherelevanceof gluonicsubprocesseswe show in fig. 11.2 thepredictionsfor
the inclusive single-IT production reaction pp-sIT + X together with all contributingindividual sub-
processesin eq. (11.1). Although each subprocessscalesas p~4,the predictedtotal invariant cross
sectionin fig. 11.2falls off fasterwith PT for PT~ 8 GeV/c.This is dueto thefact that the Q2 dependent
parton distributionsand fragmentationfunctionsdo not scaleand similarly a

5(Q
2). Furthermore,the

absolutemagnitudeof the total cross section for PT ~ 8 GeV/c is greatly improved by taking into
accountthe gluonic subprocessesas comparedto the simplemindedapproach[262]of keepingonly the
qq —s qq process.The reasonfor this is obvious by keepingin mind that the contribution of these
subprocessesareweightedby the appropriatequark and gluon distributions of the initial statesin eq.
(11.1)which areknownto havearadically differentx 2p-r/Vs dependencewhenx becomessmallor
large. For PT 2—3 GeV/c the dominantsubprocessis gluon—quarkwith gluon—gluonandquark-quark
scatteringalsoprovidingsubstantialcontributions.The threesubprocessesq~—~‘q4,gg —s q4 andq~—s gg
arenegligiblefor all valuesof p-c shownhere.Asp-i- increasesthegluon—gluontermdecreasesmorerapidly
thaneither the gluon—quarkor quark—quarkterms,sincethe gluondistributionin the nucleonstrongly
decreasesfor increasingXT = 2p

2-/Vs.At higherp-i- therelativeimportanceof the gluon—quarkterm also
decreases,eventuallyleaving only the quark—quarkscatteringcontributionwhich is dominatedby the
broad(hard)valence—valencequark distributions.This latterterm alonescalesasp~

4up to logarithmic
termscomingfrom the Q2 dependenceof the scalingviolationsandfrom a

5(0
2).It is thusclearthat the

largegluon—gluonandgluon—quarktermsareresponsiblenot only for obtainingthecorrectnormalization
but also, in part,for obtainingthe observedrapid falloff in the intermediate-PTregion.

From fig. 11.2 and comparing several other high-p-
1- observableswith QCD predictions[251] an
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Fig. 11.2. QCD predictions[2511for theproductionof high-pT Sr’s at CERN—ISRenergies.The individualcontributionsof thevarioussubprocesses
ab—~cdin eq. (11.1) areexplicitly shown.The dataare takenfrom ref. [265].

excellentprescriptionof the data is obtainedfor PT? 4.5 GeV/c, whereasfor smaller PT values the
predictionslie below the data.Thereareseveralreasonswhich might be responsiblefor thisremaining
discrepancy:

(i) For the calculationsshownwe havechosenQ2 = — t. This is a ratherpessimisticchoicein asfar as
it yields on the averagethe largestvaluesfor Q2 possibleandthereforeinduceslargescalingviolations
in the parton distributions in (11.1) which diminish, together with a~(Q

2),the final cross sections
significantly. This is in contrastto the more “optimistic” choice[98,266] Q2 = 2s~ta/(s~2+ + ~2) which
results in a lower average Q2 and therefore increasesthe predictedcross sections (see also the
discussionin section7).

(ii) So far wehavenot consideredthe intrinsic transversemomentaof partons.These(ill understood)
non-perturbativeeffectsdue to the kT of partonswithin hadrons,and of hadronswithin the outgoing
jet, called “kT smearing” effects appearto be particularly important for large PT calculations[267—
269,98,266]. Here one usuallymakesan ad hoc ansatzfor the kT dependenceof parton distributions
andfragmentationfunctionswith ~kT) being a free parameterto be fitted to experiment.The average
transversemomenta(kT) obtainedin this rathernaive way lie typically between800 and 1000MeV/c!
Theeffect of this (huge)kT smearingis illustratedin fig. 11.3 wherethebehaviorof p~-timesE~du/d3p~
for pp—* iT + X is shownfor various fixed valuesof XT = 2p-r/Vs. The intrinsic kT effectsareobviously
mostsignificantin the smallPT region (s4GeV/c)wheretheyaccountfor mostof the steepdecreaseof
E doid3p with PT as comparedto the unsmeared(kT= 0) predictionshown by the dottedcurve in fig.
11.3; notethat this latter curvecorrespondsroughly to the “total” solid line of fig. 11.2.At large values
of PT thecomparativelysmall intrinsic kT’s becomeunimportantandthe predictionsapproachthe same
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Fig. 11.3. The influenceof intrinsic kT effectson thep~dependenceof high-pr crosssections[266,197,2161. Thedotted curvesrefer to theQCD
predictionsbefore smearing(kT = 0), whereasthesolid anddashedcurvesincludethe intrinsic kT effects.The dependenceof thepredictionson
different choicesfor A is alsoshown.Thedataaretakenfrom refs.[265,270and271]; therecentISRdata[2711at largevalu~of p.r do indeedshow
a deviationfrom a straightline (pj8)behaviorasexpectedfrom QCD (as alsoshownanddiscussedin fig. 11.2).

PT dependenceas shownin fig. 11.2which goesroughlyasp~6,i.e. the naivescalingbehaviorp~4of the
qq—~ qq subprocessis correctedby logarithmicscalingviolationsin quark distributionsand in a
Intrinsic kT effectsare alsoimportant for explainingmoresubtleeffectssuch as ‘away-side’correlations
and hadronmultiplicities, andPout distributions [98,266] in two-hadroninclusivehigh-PT reactions(we
shall comebackto this point at the endof this section).

(iii) In addition to the lowestorderdiagramsin fig. 11.1, subdominanthard2—* 3 partonprocessesof
O(a~)such as qq—*qqg, gq—~ggq,gg—~ggg,etc., could be a significant source for increasingthe
transversemomentaof the observedhadrons.Thesethree-jethard scatteringBorn crosssections(hard
gluon radiation) havebeenrecently calculated[272—274]and seemto play a non-negligible role for
correlation-predictions,acoplanarity and Pout distributions [272,273]. However, since the virtual
gluon- andquark-loopcontributionsto the O(a~)diagramsin fig. 11.1 havenot beencalculatedyet, we
do not know the entire amount of a~correctionsto leadingorder-a~quantitiessuch as the total
single-particleinclusivecrosssectionin eq. (11.1).Once thesecalculationsarecompletedit will be very
instructiveto seeto what extenttheseO(a~)correctionscan fill the gapbetweenthe O(a~)predictions
for pT~4GeV/cand the data in fig. 11.2, and also to redo the intrinsic-kT smearingwith O(a~)
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Fig. 11.4. A typicalCIM subprocess[275]qM —. qM which contributes Fig. 11.5. Illustration of the underlyingstructureof the high-ps two-
ap~

8componentto thetotal single inclusivehigh-pscrosssection, particleinclusive processAB —* h h

2+ X.

correctionsaddedwhich should result in smaller values for ~kT)than the onesnaively obtainedas
discussedin (ii).

(iv) Another possiblesourcefor explaining the discrepancybetweenthe QCD predictionsand the
data for PTS4.5 GeV/c in fig. 11.2 could come from nonelementarysubprocessessuch as elastic
quark—mesonscatteringas in the constituent-interchangemodel (CIM) [275,276]. Hereone envisages
that partonsdon’t scatterpoint-like but rather interactwith virtual q~boundstates(“mesons”)inside
the nucleon by exchangingflavor (quark) quantum numbersas shown for example in fig. 11.4.
Therefore,such contributions are supposedto representin some way non-perturbativebound state
effectswhich might becomeimportantin thesoft (small)PT region [275,276].

As for the single-particleinclusive high-pT reaction AB —s h1 + X, the effects of scaling violations
[277,266, 98] and intrinsic kT smearing are equally important for two-particle inclusive processes
AB-sh1h2+Xwherenowa secondhadronh2 is also measuredin the away-sidetrigger (fig. 11.5). The
cross section for producing two hadronsh1 and h2 derives [185,277,278] from a straightforward
generalizationof eq. (11.1). The most popularobservablesstudiedare,besidescorrelation properties
betweenh1 and h2, Pout and multiplicity fl(Xe) distributions [277,278,98,197, 216] of the away-side
hadron h2, with the kinematics illustrated in fig. 11.6. Significant QCD effects, combined with
intrinsic-kTsmearing,arefor examplea considerableincreaseof Pout m the largeXe region,anda drop
of (the transversemomentumsharingdistribution) n(xe) with increasingtrigger momentumPTI. We
refer the interestedreader to the literature [277,278, 98,197, 216] where these effects have been
extensivelydiscussed.It should be emphasizedthat the subdominant2—s3 parton processesof O(a~),
producingthreehard jet events,play againa significant role in explaininglarge-pTcharacteristics,such
as azimuthalcorrelations,acoplanarityand~ distributions[272,273].

A (bea/ ~~1(trigger) ~get)

/ ~P2

/eam~trI~9er~Po~ (Xe PX2’PT1)

Fig. 11.6. Kinematicsof large-psevents.
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Similar studies can be performed for hadronic high-pT jet production [185,98, 197, 216,272,
273,279,280], where all producedhadronsat the trigger-side,say, are supposedto be collimated into
a narrowconealong the outgoingquark.The single-jetcrosssection,for example,can then easilybe
obtainedfrom the single-particlecrosssectionin eq. (11.1)by simply replacingthe partonfragmentation
functionsby &-functions, i.e., D~(z,Q2)~sö(1 — z).

12. Thetotal hadronice~ecrosssection:Re1~e

Beforediscussingthe basicpropertiesof quarkandgluon jets in e’~eannihilation,let us first briefly
recapitulatethe QCD correctionsto the total hadroniccrosssection ee -s —s hadrons).At large
enoughvaluesof q2 (whereagainwe are dealingwith short distancephenomena[5], z2 1/q2, as was
the casefor examplein eqs. (5.2) and(5.32)) the total crosssectionshouldbe given, to leadingorder in
perturbationtheory,by the squareof thee~e—~q~diagram(fig. 1.1)or equivalently,usingthe optical
theorem,by

ee —s hadrons)— Im ~ (12.1)

wherewe havesuppressedthe trivial leptonlines.This yields eq. (1.9). The 0(a
5)correctionscomethen

simply from the gluon radiative correctionsto the q and ~ lines in (12.1) as illustrated in fig. 12.1(b).
Thesediagramsarethe sameas in QED up to the non-abelianquark—gluoncoupling(2.6) giving rise to
the color factor C2(R)= ~ given by eq. (4.3). Thereforethe a5 correctionto eq. (1.9) becomes[281]

Re~e’= 3 ~ e~[i + C2(R)~as(h1)] = ~ e~[i+ as(~s)] (12.2)

i.e., asymptoticallythe scaling limit is approachedfrom above.Typically, the a5 correctionin (12.2)
amountsto about 10%. Recentlyeventhe next-to-leadingQCD a~-correctionshavebeen computed
[282] which, althoughdependingon the renormalizationprescriptionchosen,are roughly an order of
magnitudesmallerthan the a. term in (12.2),andarethereforemuchsmallerthan presentexperimental
uncertainties.A more quantitativediscussionof thesevarious correction terms can be found for
examplein ref. [283].

In fig. 12.2we showa compilation[284,285] of recentmeasurementsof Re~e~togetherwith thenaive
expectationsaccordingto eq. (12.2), whereRe~e is predictedto be a stepfunction with a rise above
eachnew quark threshold.In general,however,eq. (12.2)is strictly valid only for space-likeq

2 < 0: The
appearanceof the running couplinga

5(q
2) is due to the useof the renormalizationgroup [281]which

strictly appliesonly there.In order to obtainthe experimentallymeasuredquantity in eq. (12.2)onehas
to extrapolatefrom q2 <0 to q2>0. This is certainlya non-trivial taskfor values of q2 not too far away

+ ~+2~

(a) (b)

Fig. 12.1 GluonicQCD corrections(b) to thezerothordere~eannihilationcrosssection (a).
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Fig. 12.2. A compilation[284,285]of measurementsofRe~e’asafunctionof thetotal cm.energyW V~.Thesolidlines showthepredictions(1.9)
from thenaive quarkmodel, andthedashedlines includethea~correctiondueto gluon emissionaccordingto eq. (12.2).

from new quark thresholds.These complicationscan be somehowtakencare of by using dispersion
relations[286]for the analyticcontinuationin q2. This methodallowsus to analyticallyextendthe data
(q2>0) to the negativeq2 axis (wherethe perturbationexpansionis not sensitiveto non-perturbative
boundstateeffects),andis usuallyreferredto as “smearingmethod”.Without going into any details,let
us just mention the basicideaof this procedure.Accordingto Cauchy’stheoremone can write [286]a
“finite energysumrule” for Re~e’(S)

JRe~e-(s)ds= —J Re~e(5)ds (12.3)

wherethe integrationcontoursC, in the complexs q2 planeareas follows:

Since the integral over C
1 can be performedby using Re~efrom experimentwhereasthe integrand

alongthe pathC2 is fixed by QCD, eq. (12.3) becomes

R~-(s)ds= fR~(s)ds (12.4)
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wheres0 is the totalc.m.energysquaredup to which dataareavailable,and~ is given by eq.(12.2)
appropriately generalizedto include heavy quark mass effects [287], due to the massive quark
propagatorsin fig. 12.1,

RP(s)3{ ~ e4i+ -~)]+ ~ ~
q=u4,s IT Q=c,b....

(light) (heavy) (12.5)

wherev0= Vi — 4m~/s andwith Schwinger’sfunction given by

IT 3+v fir 3
f(v)=~——----~-—~—4-—-

In eq. (12.5) we have written only the purely hadronic contribution to Re+e~since the leptonic
contributionis usuallysubtractedexperimentally.In generalof courseeq. (12.5) receivesa furtherterm
due to heavy leptonsin fig. 12.lawhich reads+ ~ v1(3— vi). Quantitativeanalysesalong theselines
yielded the result [286],long before the experimentaldiscoveryof the b-quark, that ~ with only
four flavors (u, d, s, c) andone heavy leptondoesnot suffice to describethe data; only an additional
quark flavor with Ieq~= 1/3 or an additionalheavyleptongavesatisfactoryfits [286]to the data.

13. Jets in e~eannihilation

As we havelearnedso far, the predominantQCD correctionsto any hard scatteringprocessare
thosedue to collinear gluon radiation and pair-creation.To leadingorder, thesegive rise to dominant
two jet configurationsin e~eannihilationdueto the eke” —s q~subprocessin fig. 1.1 which, together
with the hadronizationof quarksinto physicalobjects,is illustrated in fig. 13.1 in the e’~ec.m. system.
This two jet structurehas indeedbeen discovered1975 at SLAC (SPEAR) [288] and subsequently
confirmedby manydifferentgroupsat DESYat muchhigher c.m. energies[284,289,290]. This two-jet
interpretationis especiallyconvincingsince the distributionof the jet axis in the angle0 (seefig. 13.1)
relative to the e’~e” axis is found [288,290,291] to be consistentwith a form —(1 + cos

20) which is
expectedfor the productionof a pair of spin 1/2 point-like quarks:

~ 2~ . (13.1)

jet ~
/ ,—q’

e~ e

Fig. 13.1. Dominant2-jet configurationin e~e’—~q~-+hadrons.
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Fig. 13.2. (a)Observedmeansphericity(.~)versusthecm.energy E. (b) Sphericitydistributionsfor increasingcm.energies.Thedata[288]
are comparedwith a Monte Carlo 2-jet model using an intrinsic transversemomentum(kr) 0.3 GeV (solid curves) and with a Monte Carlo
phase-spacemodel (dashedcurves).

with the c.m.energysquareds q2 held fixed. A representativesampleof the historicalevidence[288]
for the (q, ~)-jet structureis shownin fig. 13.2.

Experimentalistsmeasuredthe sphericity [292]of an event,

= ~min{~ p~)J2/~Ip0i2~ (13.2)

wherethe sum runs over all observedparticles(tracks)and the PT’S are transverseto the “jet” axis
which is chosento minimize S. Indeed,the observedsphericitydecreaseswith energywhich meansthat
the hadron jets in fig. 13.1 becomemore andmore collimated the higher V’s Ecm. In brief, the
hadroniceventsare more “jetty” the larger the energy.This is completelythe oppositeof what one
would expectfrom a pure (isotropic) phasespacebehaviorof hadronic events as indicated by the
dashedcurvesin fig. 13.2. The same“jettiness” of eventshasbeen also confirmedat higher energies
[290,293] as shownin fig. 13.3.

In general,however,it is not possibleto computedu/dSreliably in perturbationtheory,becausethe
sphericity S acquiresinfrared singularitiesdue to its being proportional to the sum over momenta
squaredin eq. (13.2). The infrared problemhas beensolvedin QED [294]whereit is known that the
infrared singularities in individual diagrams(such as those shown in fig. 13.4) are cancelledif one
considerscross sectionswith suitable energyand angle cut-offs which may be related to practical
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Fig. 13.3. Observed[293]meansphericity as afunction of thetotal cm.energyfor the2-jet (q4)events(•). Shownis also themeasurementfor the
3-gluon-jeteventson resonance,i.e. thedecayof the Yresonance(A).

experimentalresolutions.In otherwords,only if weaddthe appropriateamplitudesandthentaking the
squareof theseexpressionswe will obtain infrared-finiteobservables.Therefore,only variableswhere
the momentaare summedlinearly (insteadof quadraticallyas in eq. (13.2)) are insensitiveto soft or
collinear gluon emission.Various authors [295—297]have proposedvariables for measuring the
“jettiness” of e~eevents which are arguablyinfrared insensitive.They include a linearly summed
versionof eq. (13.2) calledthe “spherocity” [295]

s = (4)2 min(~iP~i/~I~~°I)2~ (13.3)

or the maximumdirectedmomentumcalled “thrust” [2961

T = 2max{~’p~/~I~~°I} (13.4)

wherethe ~‘ in the numeratorrunsover all observedparticlesin only onehemisphere,andp~°arethe
hadron’smomentaparallelto the “jet” axis which is normal to the planedefining the hemispheresand
chosento maximize T. It is a simple matter to convinceoneselfthat, in going from an isotropic to a

(a) (b)

Fig. 13.4. Lowestorderradiativecorrectionsto e~e— q~.
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jet-like structure,.~,S and T run through the following rangesof values:

isotropic perfectjet

1�S�0
~

Experimentallythereseemsto be very little differencebetweenthe axisdefinedby S and T.
While in leptoproduction,Drell—Yan processesor semi-inclusivehadron production in e~eanni-

hilation (involving fragmentationfunctions) the (soft) infrared complicaciescan be absorbedin the
definition of parton densities,as has been discussedin detail in section 7 (see, for example, eqs.
(74)—(7.6)), in the presentjet caseall predictablequantities(not involving fragmentationfunctions)
must be free of infrared problems. Before proceedingwith QCD, let us first briefly discuss the
equivalentsituationin QED in order to elucidatethe origin of the two different typesof singularities
encounteredin the amplitudesof fig. 13.4(b)when the emittedgluon (photon)is either infraredsoft or
collinearwith oneof the quarks[298].Let us considerthe scatteringof an electronoff a chargedsource
(Mott scattering),andwhich emitsa photonwith momentumk (fig. 13.5).The amplitudecorresponding
to a photonof momentumk emittedby the outgoingelectronis given up to irrelevantfactorsby

M- 2e~p2— (k + P2) — m (13.5)
P2 f 2<2

— klp2j(1 — cos0 + m~/2Ip2I
2) or me P2

wherewe havetakeninto accountthe mass-shellconditionsk2 = 0 andp~= m~, and where0 is the
anglebetweenthe outgoingelectronandthe photon.In eq. (13.5) we haveonly exhibitedthe electron
propagatorand the emissionvertex e P2 which are the only relevantfactorsfor understandingthe
(collinear) masssingularitywhen m~-s 0. Fromeq. (13.5) we can see that the collinear singularity for
0 = 0, which becomesdangerousfor masslessgluonsin QCD, is in fact regulatedby the finite electron
mass. The factor 1/k is of courseresponsiblefor the usual soft infrared divergencies,due to the
emission of soft photons.In order to reproducethe situationof QCD as closely as possible,let us
neglectthe electronmassin (13.5) in which casethe denominatorwill behavelike 02 for small valuesof
0. Furthermore,sincethe polarizationvector ~ of a real photonis perpendicularto k, we have

e .p
2zr~p2Isin9iasIp2IO

e~p2

Fig. 13.5. Lowest-orderdiagramsfor photonradiationby anelectronin thepresenceof an externalfield.
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andthusthe amplitudein (13.5) behavesboth in the infrared(k 0) andcollinear (0 0) region as

M like. (13.6)

The crosssection for photonbremsstrahlungis thenobtainedto be proportionalto

(d3k 2 fk2dk 1 fdkd0

j ~—IMI J k d(cos O)p-~=j j~j_ (13.7)

which exhibits the infrared and collinearsingularitiesof the form ln(Ip
2I/,.~)ln(1p21/me),with ~ being

somefictitious virtual photonmass.
We can get rid of this infrared singularity by calculatingcross sectionsfor final stateswith finite

energy resolution i~E,i.e. a photonof energyk <tE is emitted in fig. 13.5; then, when the elastic
amplitudeswith virtual photon corrections(fig. 13.4(a)) are added(— —ln(l p1/p-.,) ln(IpI/me)), infrared
divergencescancelandin the final result the limit p-~—so can be safely taken.Oneobtainsa correction
factorwhich is proportionalto the above logarithmsexceptthat the massp., is replacedby the energy
resolutiontiE. This is summarizedin the famousKinoshita—Lee—Nauenbergtheorem[294].In the same
way one can regulate the co/linear singularitiesby introducing an angular resolution S and by
computing transition rates to nearly degeneratestateswhich include the electron plus an arbitrary
number of collinear (not necessarilysoft) photons.(This latter configuration can be regardedas an
electronjet characterizedby its quantumnumberssuch asthe electricchargeandenergy.)Only nowthe
limit me-s0 can be safely takenandthe total crosssectionis free of collinear masssingularities.

Exactly the sameprinciples can be applied to QCD which has beenfirst done by Stermanand
Weinberg[299]in order to obtain a well definedtwo-jet crosssection in e~e’_annihilation,i.e., a cross
sectionwhich is finite in thezero-masslimit. Let us considerthe quantity r(Vs, 0, s,5) which is defined
asthe crosssection for all annihilationeventswherea fraction (1 — e) of the total availableenergyV’s is
emittedwithin a pair of oppositelydirectedconesof opening angle25 with both ~, S~ 1 (fig. 13.6~.
Performingthe calculationswith a vanishingquarkmassandwith somefictitious gluon massp-g~ eVs,
we obtain, to order a5(s), the following threecontributionsto the total jet crosssection:The vertex

correctionstemmingfrom the diagramsin fig. 13.4(a)(i.e., virtual gluon correction)

/dcr\ — fdo\ I 4a./ 1 2 s 3 s i~ 7
‘..~)vertex ~ ~ (13.8)

wherethe zeroth-order(a5 = 0, s = 1, 5-sO; free quarkcase)Born crosssection (do~idfl)ofor e~e—5

eF e

Fig. 13.6. Thetwo oppositeconesof half-angle6 at a cm.angle8 usedin thederivation of theSterman—weinberg[299]two-jet crosssection.
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is given by eq. (13.1). Thecontributiondueto soft gluon emissionin the diagramsof fig. 13.4(b)where
the gluon energyEg < e\/s (correspondingto the soft infraredsingularityk—sO) is given by

fdo\ — fdo\ 4a5Ill 24es IT 139
‘.,dQ)so~~— ~~)o 3ir ~2 n — 6 - ( - )

Finally, the third contributioncomesfrom hard collineargluon emissionsin the diagramsof fig. 13.4(b),
whereEg>sVs but P2 - k —sO in the notation of fig. 13.5, i.e.

0g<~ (correspondingto the collinear
masssingularities):

fdcr\ fdu\ 4a
5 1 3 52~ 1 2 2 5

2s 2 17 ir21
II,~Vhard = ~~v

0 -~-—~—~ln—~-— In (4e ) — ln —~-ln(4e ) + -j- — —~--j. (13.10)

Note that eachof thesethreecontributionsseparatelyare singularfor p-g-~

50. However, the “miracle”
happensif we add them: In the sum du = dOvertex + do

50~~+ do-h,~dthe p-5 dependencecancelsandwe
obtain acrosssectionwhich is finite in the zeroth-masslimit:

~= (~)~[i_ (3lnS+4lnSIn2r+j——~)]~ (13.11)

which is the famousSterman—Weinbergresult [299].Recall that the introductionof a smallbut finite
valueof e rendersthe final result infraredfinite, whereas5 assuresthe absenceof the (hard) collinear
masssingularities.Comparingthis resultwith the total e~ecrosssectionin eq. (12.2),

4Ira3~2[1+c(R)3as] (13.12)

onecan now calculatethe fractionf(e,8) of all two-jet eventswhich aresuch that the energy(1 — e)Vs
is emittedin a pair of oppositeconesof half-angleS aroundthe outgoingquarks:

t5~ 1—C
2(R)(aJir)[3ln5+4ln5ln2r+ir

2/3—~+r]
/ 1 + C

2(R)(3aJ4ir)

2 (13.13)
= 1— C2(R)~[ln8(4ln2r+3)+~——~+r]+0(a~)

with C2(R)= 4/3 and the remainderr(e, 8) are additional subleadingcorrectionterms [300] to the
Sterman—Weinbergformula (13.11) which are finite in the limit e, 8-sO. Note that the regime of
applicability of eq. (13.11)and henceof eq. (13.13), neglectingr, requirese and 8 sufficiently small,
presumablyso that the logarithmic termsare larger than the constantterms. On the otherhand, in
order to apply perturbationtheory, a5 must be sufficiently small so that the correctionsto the cross
section in (13.11) or to f in eq. (13.13) are small. Even at highest PEP or PETRA energiesof
Vs = 30—40GeV, theseconditionsarenot easyto fulfil [300,301].

We cannow useeq. (13.13) to studyspecific characteristicsof quark-jetsmorequantitatively,suchas
theenergydependenceof the jet openingangleSq ô(Vs).Solving eq. (13.13)for 5, by using a5(s) in
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eq. (4.9), gives

Sq(Vs) = (V/A )_~~8) (13.14)

with

dq(f, ~ = ~ ~ ~)(1f+ rq), Tq = — ~ ~ ~+ 0(5,8)). (13.15)

Numerically,for example,usingN~= 3,

dq(f, 0.1)= 0.98(1_f+ Tq). (13.16)

Or, if we require70% of all events(f = 0.7) suchthat at least80% of V~(e= 0.2) is emittedin thetwo
oppositecones,their half-angle is predictedto be 8q (30GeV) 10. Furtherquantitativeresultscan be
found, for example,in refs. [300]and [302].

Insteadof consideringan outgoing quark which radiatesa gluon (fig. 13.4), one can imagine an
outgoinggluon-jetwhich radiatesgluonsas well as q4 pairsas illustrated in fig. 13.7. This mechanism
will give rise to an opening angle of a gluon-jet which in generalwill be different from that of a
quark-jet,Sq. A similarcalculationas aboveyields [301,303] to leadingorder in a

5(s)

f(e, 8) = 1 — ~ [C2(G)(4 in 8 ln 2e + ln o) — Nf ln 8] + ,~ (13.17)

wherethe remainder

rg(e, 8) = — ~ [c2(G)(ç— ~) + Nf+ O(s,5)]

is finite in the limit s, 8—sO. Note that now the dominantcontribution is proportional to the color
charge C2(G)= 3 of a gluon, due to the gluon—gluon interaction in diagramslike in fig. 13.7(a), in
contrastto the quark-jet in eq. (13.13) wherethe leading term is proportionalto the smaller color
chargeC2(R)= 4/3 of quarkswhich derivesfrom the quark—gluoninteractionsin fig. 13.4. Solving eq.
(13.17)for 8~ S(Vs),using a5(s) in eq. (4.9), yieldsthe energydependenceof the openingangleof a
gluon jet

Sg(Vs) (Vs/A)”~’~ (13.18)

(a) (b)

Fig. 13.7. Gluon-jetproductionfrom a source(e.g.,a quark)which contributeto theopeningangle
8g of a gluon-jet.
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with

dg(f,e) = i~(—4 In 2e—(33—2N~)/9)(1—f + Tg). (13.19)

Numerically,for example,usingN~= 3,

d5(f,0.1)= 0.44(1—f+ rg). (13.20)

This is smallerthan dq in (13.16)which suggestthat the collimationof gluon jets will shrink muchmore
slowly than for quark jets. Since C2(G)> C2(R),this is of coursea generalresult,Le. we alwayshave
dg(fe) < dq(f, e). If we comparejust the dominantin 2e termsin (13.15)and(13.19), then eqs. (13.14)
and (13.18)predict

8g(Vs) 5q(VS)C2~2~ = 8q(Vs)
4”9 (13.21)

i.e. a gluon jet shouldbemuchbroader thana quark jet! In otherwords gluonjets aremoreeffectivein
radiatingparticleswith largePT due to their color chargeC

2(G)= 3 being much larger than the color
charge C2(R)= 4/3 of quarks[304].Hence,gluon jets are less jet-like, i.e. are more difficult to be
observed experimentally.All these purely perturbative effects discussedthus far, are of course
contaminatedby non-perturbativecontributionsdue to the intrinsic transversemomentumkT of the
hadronsinside the jet (fig. 13.1): For a partonof momentumP the non-perturbativeopeningangle is
expectedto be 8,,,. (kT)/P where (kT) 0.3—0.5GeV is anticipatedto be independentof the large
momentumof the original quarkorgluon. Forexample,for P = 15 GeV weexpect5,,.,. 1—2°.At finite
energies, this gives a lower limit on the range of applicability of the above perturbative QCD
predictions.

Besidesthe two-jet (qc~)structurediscussedthusfar, we alsoexpect(lessfrequently)a three-jet (q~g)
structurein e~eannihilationif one of the quarksin fig. 13.4(b)emits a hard gluon with a largeangle
relativeto the outgoing quark direction [305—308].Sincethe productionof eachjet costsanextrafactor
of a5(s)we expect,for example,in e~eannihilation

cr(2-jet):cr(3-jet) : cr(4-jet)= 1:a~:a

so that q~g)/o-(q~)10%.For such 3-jet (q~g)eventswe generallyexpect[309]that (PT) will grow to
someextentas Vs increases,wherePT is measuredfor examplewith respectto the thrustor sphericity
axis. More specifically the averagetransversemomentumof the emitted gluon, say, is predictedto
increaselike (PT) a~(s)Vs— Vs/In s. This is in contrastto the non-perturbative(kT) 0.3 GeVwhich
is inherent to each jet and is expected to be independentof the energyand therefore should be
asymptoticallynegligible with respectto the relativep.’- of the jets. In otherwords, the large-PTcross
section du’~/dp~-in e~eannihilation should grow for increasingenergies, i.e. the PT distribution
should becomesubstantiallyflatter [305] the larger V~.For example, at Vs = 15 GeV the PT dis-
tribution di~

5/dp~-shouldbecomesubstantiallyflatter for PT~ 1 GeV than the one for simple two-jet
eventsdo~/dp~-,the latter beingdue to non-perturbativeintrinsic-k.’- effects.Indeed,big andincreasing
large-PTcrosssectionshavebeenrecentlyobservedat PETRA[310—312].Figure13.8 showsthe TASSO
data[3101togetherwith the original 1976 prediction [305]which is basedon the three-jetcrosssection
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Fig. 13.8. The p.r distributions found by the TASSO collaboration [310]at different c.m. energies.The 1976 predic?ion [305]is basedon the
e~e-~q~gcrosssectionin eq. (13.22).The figure is taken from ref. [283].

(fig. 13.4(b))

1 d2u~ 2a~ x~+x~ 1322
O~odxq dxq 3ir (1 xq)(1 — xq) . )

with Xq,4 = 2E
1e5IVS, and which is normalizedto the zeroth-ordertwo-jet crosssectiono~(fig. 13.4(a)).

Also shown in fig. 13.8 is the scalingpredictionfor large energiesaccordingto the naive dimensional
scalinglaw

ldu 1—~-~—~-= —f(x-r) X [0(a5)corrections] (13.23)
ifo UPT S

whereXT = 2pTiVs;at p.’- ~ 1 GeV naivescaling,which of courseis expectedto hold only asymptotic-
ally, is brokenby 50 to 100%,but this maybe partly due to the logarithmiccorrectionsin eq. (13.23).

Alternatively, we can expresstheseincreasingp-r-distributionsby thrustor spherocitydistributions
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Fig. 13.9. Thrustand spherocitydistributions[3061for 3-jet (q~g)and non-perturbative2-jet (q4) eventsin e~eannihilation.

[306,307] as shown, for examplein fig. 13.9. Accordingto the definitions(13.3) and(13.4)the 3-jet (q~g)
eventsdueto the hardwide-anglegluonradiationoff an (anti)quarkareexpectedat small (large) values
of T(S),i.e. at largevaluesof PT. The curveslabelledby (q~)~representan estimate[306]of thethrust
and spherocity distributions arising from non-perturbativehadronization effects for a 2-jet event,
assumingan intrinsic transversemomentumof (kT) 0.3 GeV. Again, thesepredictionsseemto be in
agreementwith experimentalobservations[311,312]. Oneusuallymakesa cut in thrustor sperocityin
order to (hopefully) suppressthe huge non-perturbativebackground(q~)~p in fig. 13.9, a procedure
which should be increasinglyeffective at higher energies.Nevertheless,still anothercaveat is the
possibility that contributionsto low (high) thrust (spherocity)for heavy quark production [313]may
drown the hard gluon bremsstrahlungq~gsignal: As we increasethe total energyVs we hit the
thresholdsfor heavyquark—antiquark(QQ) pair productionwhich in turndecayweakly (eke -s QQ-s6
jets with Q= c, b,. ..) giving rise to largePT’5 of jets.

We cango evenfurtherand try to display moreexplicitly the three-jetcharacterof the threequanta
final states[306].To this endoneselectsan eventsamplein e~e-* hadronswith 1 — T~‘ (ti T)NP, where
typically (ti T)Np~ 0.9, for which onemeasuresthe energyflow in theplaneof the threequantaq, ~ and
g. In practiceonethen defines[306]a “pointing vector”

P(Vs, T, ~)= p(0)dT~’~s0 (13.24)

wherep(0) is the totalmomentumin the elementdO around0, with 0 beingthe anglein theeventplane
relativeto the mostenergeticjet, i.e. to the axis correspondingto maximumthrust.This axis is aligned
in the 0 = 0 direction with the angulardirection beingdefinedso that the secondmostenergeticjet has
0< 180°.The variationin lengthand in angleof the remainingtwo momentumvectors,corresponding
to the two lessenergeticjets, will then dependon the dynamics,i.e., in ourcaseon the matrix element
for e+e_-sy*_sq4g.(This is like measuringthe poweremittedby an antennaas a function of angle.)
This variation of the “pointing vector” is shownin fig. 13.10.Thedominant2-jet “background”in fig.
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Fig. 13.10. “Pointingvector” distributions[306]for q4gjets without (c—e) andwith (f—h) hadronizationeffects(using(krY°’”’°’= 300MeV), and for
theq4 background(b) at a cm.energy0 V5 = 18GeV.
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13.10(b)is dueto the (non-perturbative)thrustdistribution in fig. 13i0(a) peakedat T = 1 andwhich
hasbeencalculatedby using an intrinsic transversemomentumsmearingof (kT) — 0.3 GeV. The same
“smearing”hasbeenusedto obtainthe pointing vectorsfor the “smeared”3-jet eventsfor decreasing
T (figs. 13.1O(f)—(h)) from the idealizedones (kT = 0) in figs. 13.1O(c)—(e).Variousrecentexperiments
[310—312,284,289] seemindeedto be consistentwith thesestriking predictionsof QCD jets.

So far we havebeensolely concernedwith the 3-jet q~geventswhich resultfrom a hardwide-angle
gluon radiation off the outgoingquarksandantiquarks.A similar3-jet structureis expected[314—316]
also “on-resonance”when a producedheavyquark (00) boundstatedecaysvia gluon emission[287].
The hadronicdecay of very heavy JJ’C = 1 00 states(“quarkonium”) must proceedvia an inter-
mediate stateconsisting of at least 3 color-octet gluons [317] giving rise to a 3-gluon jet structure
provided the energy(mass)is largeenoughso that purely perturbativea5 effectstakeover:

e~e—* -s QQ—s3 gluons—s3 gluonjets

with 0 = c, b,... This reactionis illustrated in fig. 13.11 which is a straightforwardgeneralization(by
adding just color factorsand possiblegluon fragmentationfunctions)of the well-known Ore—Powell
formula [318]for the3’-y decayof orthopositroniumin QED. The decayof the Y(9.4) (=bb boundstate)
might alreadybe dominatedby 3g-jet events[314—316],althoughthe averageenergyof onegluon jet is
still rathersmall: (Eg) = ~ 3 GeV. The expectedthree-gluonjet eventsin the decay Y—s 3g look
very similar [306] to thoseshown in fig. 13.10 for q~g-jets.Especiallyat largethrust, for example,we
expect similar “Mercedes star” events as shown in fig. 13.10(h). Although present data
[289,290,293, 319] are in very good agreementwith the 3-gluon decay model, they are not fully
conclusive.Presumablythe hadronicdecay of even heavier00 boundstates(for examplett quark-
onium, if it exists)shouldprovideuswith additionalunambiguoustestsof QCD [320].Note that in the
e~eannihilationcontinuumone expectsthe zeroth-orderq~final states(fig. 13.4(a))to dominateover
the 0(a5) three-jetprocessin fig. 13.4(b),and hence

(1 — T), (S),~. . —~ ~ = O(a~), (13.25)

whereasthe three-gluondecaysof quarkonia(J/tJ,,a,’, Y, - - .) shouldgive

(1 — T), (S), - - = 0(1) (13.26)

sincethe QQ—s3g processin fig. 13.11is itself theleadingcontribution“on-resonance”.Therefore3-jet
events “on-resonance”should always be less “jetty” (i.e. broader) than those off-resonance, in
agreementwith experiment(see fig. 133). —

A closely relatedand very interestingdecaychannelis 00 -s -y + hadrons(i.e., “direct photons” in
00 decays,ratherthan photonsproducedvia IT

0 or r~decays).This process[314—316]is simplyobtained
by substitutinga gluon in QQ—s3g (fig. 13.11) by a photon as shown in Jig. 13.12. Therefore the

Fig. 13.11. The decayof aheavy Q~vectormesoninto threegluons, Fig. 13.12. Productionof “direct photons’ in 00-~‘~+2g.
giving rise to a 3g-jet structureof thehadronicfinal state.
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radiativedecayQQ—s ygg will take placewith a branchingratio [314—316]

________ 2 (1327)
1(00-s 3g) — a5 ~

whichis justthe ratio of the two diagramssquaredof figs. 13.12and 13.11, andwhere36/5is a simple
color SU(3) factor. The predictedinclusive radiative rate is surprisingly large: For example, for the
charmoniumfamily we expectB~’~’6%. A measurementof this ratemight offer us the bestchance
[321] for finding “gluonium” or “gluon bails” (i.e. colorlessgg boundstates[23]).The known decays
tJ,—s-y.q, -yi~’, -yf give a total width of ~1%, whereasSPEAR hasrecently reported [321] a single-’y
continuumcontribution (with massrecoiling against the -Y of ~1.7—1.8GeV) consistentwith a total
radiative branchingratio of about5%. This mayindeedbe indicativefor the existenceof gluonium— a
topic certainlyexciting enoughto be persuedmuchfurther.

Finally we would like to stressthe importanceof two-photonprocesses[322,323] as a possiblesource
of hadronic jets, i.e. e~e—se~e~yy—se

1eq~—se~e+ jets. The outstandingvirtue and theoretical
beautyof this processis basedon the fact that it allows us to test QCD in the “cleanest” way possible
since hereeven the basicsubprocess-y-y -sq~can be calculatedfrom first principles.This allows us to
makeevenabsolutepredictionsfor complicatedsystemssuchas multi-jet processesor distributionsof
quarks and gluons in photonsand electrons [140,141, 323], as was the case for “direct photon”
productionin deepinelasticreactionsdiscussedin section5.9. Thesetwo-photonprocesseswill become
experimentallyaccessibleat energiesin theVs = 100GeVrangewherefuture e~esuper-colliderslike
LEPshouldprovideuswith the most reliable testsof QCD.
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