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We derive a well-defined, reparametrization invariant expression for the next to leading term in
the small # expansion of the euclidean loop Green functional (€). To this order in #, we then verify
that (%) satisfies a renormalized loop wave equation, which involves a number of local, but
non-harmonic anomalous terms. Also, we find that the quantum fluctuations of the string give rise,
in 3+ 1 dimensions, to a correction of the static quark potential by an attractive Coulomb potential
of universal strength @ging = 137

1. Introduction

It is conceivable [1] that a reasonable zeroth approximation to the Wilson loop
expectation (%) in a non-abelian pure gauge theory can be obtained by assuming
Lio)y(€)=0, O<so<2m, (1)
def §° 4, 2 , dei d
L{o) = ‘m+M x' (o), X, = a—o.—xu. (2)
Here, € denotes a closed, infinitely differentiable and double point free curve in
R, x, (o) is a parametrization of € and M a constant mass parameter. As it stands,
the loop wave equation (1) does not have a well-defined meaning, because the second
variation
8°F
6x,(0)8x,(A)

of a well-behaved functional F is a distribution in o and A, which will in general be
singular at o = A. The conventional treatment [2] of this difficulty starts from the
observation that L(o) has the form of a bunch of harmonic oscillator hamiltonians.
Normal ordering with respect to a suitable basis of creation and annihilation
operators then yields a well-defined wave operator : L(o):. The trouble with this
procedure is that the wave equation becomes incompatible with the requirement that

¢ (€) is reparametrization invariant:

def S
R(@)y(€)=0, R(o) =x,(0)——. (3)

5x,. (o)

* Supported by Deutsche Forschungsgemeinschaft.
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In fact, we have
[R(c), :L(A):]=—8"(c—A):L{g):+:L(A))

dm?
6

+

(8"(c—A)+8'(c—A)), 4)

so that any functional ¢ satisfying (3) and
L{o): y(€)=0

must vanish. In the present context, we therefore find the conventional renor-
malization of eq. (1) unacceptable.

In this article, we derive the leading terms of the small # expansion of a functional
integral representation [3] for (%). Letting A- 0 is equivalent to taking M — o0,
while keeping € fixed. In this limit, one obtains an asymptotic expansion of the form

Y(E)~M" e MND T (MY (€), (%)
v=0

where A(%) is the minimal area enclosed by 4. The overall exponential factor
exp (—M 2A(%®)) has elsewhere been shown [4] to follow from the loop wave
equation (1) and the assumption that ¢(¥€) decays smoothly for uniformly large
loops. We here derive a finite and reparametrization invariant, but not very explicit
formula for o(%). Still, the expressions are explicit enough to investigate how the
wave equation (1) is renormalized to this order of 1/M? and to compute the quantum
corrections to the classical linear quark potential.

At first sight, one might attempt to determine ¢o(€) by inserting the expansion (5)
into the loop wave equation (1), thus obtaining an equation for ¢:

{ S5A ) 8°A

2 5x,,L(U) qu (0-) + 6x”_ (U)(sx“ (0_)} (lIO = O . (6)

The difficulty, however, is that the second variation of A is singular at coinciding
arguments:

A oo d-2K'(@)|lxW R
8x,()8x.(A)  w (4s)? 27

x'%In 34s + finite terms . @)

Here, A4s is the length of the piece of € between x, (o) and x, (1), and R denotes the
curvature scalar at x,, (A) of the minimal surface spanned by 4. A subtraction of the
loop wave equation (1) is therefore unavoidable, once one assumes that /(%) has a
smooth asymptotic expansion for M -0 (or, equivalently, for fixed M and uni-
formly large loops €). In particular, we cannot use the unrenormalized eq. (6) to
compute .

Our paper is organized as follows. In sect. 2 we review the functional integral
representation for (%) proposed by Eguchi [3]. The large M expansion then
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amounts to evaluating the integral by the saddle point method. We thus study surface
fluctuations around the minimal surface spanned by % (sect. 3) and perform a
gaussian integral to obtain ¢o(€) (sect. 4). In sect. S we then show that ¢, satisfies a
renormalized version of eq. (6), which can be seen to stem from a renormalized, local
loop wave equation replacing eq. (1). Finally, ¢, is exactly evaluated for a large
rectangular loop, giving quantum corrections to the static quark potential (sect. 6),
and conclusions are drawn in sect. 7. A number of appendices are included, dealing
with the rather involved technicalities that arise, when computing determinants of
differential operators. In appendix F we also discuss an anomalous loop heat
equation, which is not directly relevant to our investigation, but may be interesting
for readers familiar with another approach [17] to the quantized string theory.

2. Functional integral representation for the loop Green function

We first define a kind of loop heat kernel Kr[x]as an average over all fields ¢, (z),
where z ranges over some simply connected, bounded region I" in R’:

Krix= [ D, exp-S. @®)

bular=x,

The action S is chosen to be [7]

s=%M“j zlgl,  lgl=det (gu), (9)
r

where
gab=8a¢ 'ab¢7 asb=1329 (10)

is the natural metric on the surface in R? represented by ¢.(z). The boundary
condition ¢, |, = x,, in eq. (8) means that only those fields ¢, which map 8" onto €
(with no further specification) should be integrated over.

The stationary points of § are minimal surfaces in a special parametrization, where
|g| = constant. Another outstanding property of the action is its invariance under
symplectic coordinate transformations in the z-plane, i.e., those transformations,
which have unit jacobian. Since, by a theorem of Moser [5], any region I” can be
mapped onto any other I’ by a symplectic transformation provided only that the two
have the same area, it follows* that K -[x] does not depend on the shape of I, but
only on the area a of I'. It has then been shown [3] that formally

1 8’
x'(o)? 8x,(0)dx, (o)

2M* %Kp[x] = Krix]. (11)

* We here assume that @¢,, is invariant under symplectic coordinate transformations. This will be
justified below in the WKB approximation.
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The Laplace transform

(@)= daeKrix] (12)
0

therefore provides a formal solution of the loop wave equation (1), which, by analogy

with the one-particle case [3], can be expected to be something like a Green function

for loops.

Kr[x] is a reparametrization invariant functional of x,(o). Superficially, this
follows from the fact that the boundary condition on the fields ¢, integrated over in
eq. (8) does not refer to a parametrization x, (o) of €, but merely requires that the
boundary of the surface described by ¢,. is €. The real question is, however, whether
or not this boundary condition makes the integral (8) well-defined (disregarding
ultraviolet divergences). That this is indeed the case, will be verified later within the
WKB approximation. In particular, an ill-defined average over all parametrizations
of & effectively gets absorbed into the group volume factor stemming from the
symplectic transformations, which leave I” invariant. This group volume factor on
the other hand, can be easily extracted from Kr-[x] by the Fadeev-Popov method.

As M - o0, we see that the integral (8) is dominated by the stationary points of .
The 1/M? expansion of K is therefore obtained by expanding (8) around the
minimal surface enclosed by €. Let ¢,(z) denote a solution of the equations of
motion implied by 85 = 0*:

3.(lglg ™ ospu) =0, (13)

subject to the boundary condition
¢u(2(0)) = x,. (o), for some parametrization z(o) of aI". (14)

¢.(z) is not uniquely determined by the loop %, but only up to a symplectic
coordinate transformation mapping I" onto itself**. Eq. (13) implies that |g|=
constant and, since

A@) = [ oz lgl”,
I

we have
Ig|'"*=A/a. (15)

To compute o(€) we thus have to study the gaussian fluctuations of ¢, around ¢,,.

 is the inverse

* In what follows, g,, denotes the metric (10) of the minimal surface described by ¢,,. g
of g and indices are raised and lowered with these tensors.
** If € bounds several minimal surfaces, we choose the one with least area. The critical case, where there

is more than one surface with least area, will not be considered.
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3. Properties of the fluctuation operator
Consider a fluctuation
Gu=¢uten, +e'E,+0() (16)

around ¢,,, which leaves the boundary € fixed, i.e.

2
n__»

M OC X g ». fu—mx“ocx,ﬁ (along ol’) . (17)

Then, up to O(e?) we have

A’ A
-4 2 2 1/2
=—+g" — 4.1, 18
M™s 5 ezajrdz!gl Nud (18)
where

A =—Igl" %0lg| *M L 6, (19a)
M =6,,8" +2(0%.)0"0,) — (8°0.)(8"0.) — £ (30, ) (e, ) - (19b)

Here, we have introduced various factors | gll/ % for later convenience in order to have
a fluctuation operator A4,,, which is invariant under general coordinate trans-
formations in the z-plane.

A close inspection of 4,,, reveals that it splits into a longitudinal and a transversal
part

A=A, +4,,, (20a)
AI[;V = Q;LpApo-Qau 3 AIV = (5up - Qu.p)Apo'(aa'V - Qa-v) ] (2Ob)

with Q,,, the projector onto the tangent plane of the background minimal surface:

ab

OMV = (aa‘pu)g (ab(pv) . (21)

More explicitly, for a longitudinal mode

Nu =" 0.0, (22)
we have

1/2

Aw”]u = —aa[|g|7 ab(lgll/zwb)]aa¢u > (23)

which is again longitudinal.
From eq. (23) we see that all modes of the form

Nu = Iglv”z(aa)‘)fababwp. s €ap = “€pa, €12 1 s (24)

are annihilated by A4,,. These zero modes are a reflection of the invariance of the
action § under symplectic coordinate transformations. Namely, if ¢, [eq. (16)] is
related to ¢, by an infinitesimal area preserving coordinate transformation, they
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have the same action and consequently 4,,,7, = 0. Note that for the zero modes (24),
the boundary condition (17) reduces to Dirichlet boundary conditions:

A=0, along ol (25)

In the space of longitudinal modes, A,LL,, has no other zero modes. For the non-zero
eigenvalues, we assert that they are precisely the same as those of the laplacian

L=—|gI"?3.]g]"*g*a, (26)

with Neumann boundary conditions imposed:

Lv=Ev, n9,0=0, along 8l (27a)
a__ _ab 1/2 .C sC d ¢
n =g lgl €pcZ 2 =2z . (27b)
ds

Here, ds denotes the arc length element:
ds = (ga, dz% dz*)'? = |x'| dor. (28)
Indeed, defining
N = (8°0)0a@y ,
we see from eq. (23) that

A4,.m.=En,, M. <X, along al”. (29)

Conversely,
1, - a
v =Zlel™ . llel" e Gueu)ma]

solves eq. (27) if 7, is a longitudinal solution of eq. (29).

We finally mention that in case of a planar curve %, A" reduces to d —2 copies of
the laplacian L. In any case, A” is an elliptic differential operator in the space of
transverse fluctuations with Dirichlet boundary conditions and has a discrete spec-
trum of (in general) positive eigenvalues.

4. Computation of Jso(%€)

The gaussian approximation to the integral (8) is now obtained easily, the only
complication being that a symplectic group volume factor must carefully be extracted
a la Fadeev-Popov. A most convenient ‘‘gauge” fixing condition is

€ab (aa¢u)abnu = 0 (30)
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which is similar to the background gauge condition used in gauge theories (see, e.g.,
ref. [13]). The outcome then is
A2
Kr[x]=exp —%{M4 -;—+ W} s
(31)

2 2
!gl T Trin lglL Trin Mlgl

W=Trin ="~ 2 2

The first trace here is to be taken over transversal modes only. The boundary
conditions for A and L (the contribution of the longitudinal modes) are Dirichlet
and Neumann, respectively [cf. eq. (27)]. The trivial zero mode, v = constant, of L is
to be omitted in the trace, of course. The determinant of L is the Fadeev-Popov
determinant. As a differential operator, Lis equal to L [eq. (26)], but the boundary
conditions imposed are Dirichlet rather than Neumann.

Of course, W is UV divergent and must be regularized. The divergent parts of W
can then be subtracted by adding appropriate counter terms to the action S. To
regularize the determinants in eq. (31), we use the Pauli-Villars method*. We thus
introduce a set of large regulator masses M, and fixed numbers ¢; (j =1, ..., ) such
that

g=-1, Y eM?P =0, (p=1,...,v-1). (32)

1 j=1

I«

1

When the contribution of the corresponding Pauli-Villars ghosts is taken into
account, we obtain a regularized expression for W::

Wreg = Wreg(AT) + Wreg(L) - Wreg(i) 3 (33)

where, for example,

Wooa) = Tem {18 H[Mz'g'm e ]']

27

=Tr{1nAT+ Y & ln (AT+M,?)}. (34)
i=1

Wi, is finite provided v =2. To extract the divergent part of W,., as M; >0, we
proceed as follows: first note that

d¢ v - AT
7(1+Z Eg;j € 'm)Tre “a .

ji=1

WiegdT) = — r

Q
As t-> (0, we have

2

Tre ™ =¥ (4N +0W0), (35)

=0
* We use a version of this method familiar from instanton calculations [18].
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and consequently, as M; - 0o,
WeeedD = —a1(4") ¥ e;M? In M} +2V7a1,,(4") Y eM;
i=1 i=1

v

+ag(d") ‘zl g In M; + Wpy(4"). (36)

j=

Explicitly, the finite part Wy is*

o

Won(d") = aor'(l)—j

0

dt _ _
-t—{Tre e at  —a P —agf(1-0}. (37)

The divergent parts of W,., are thus proportional to the Seeley coefficients a2,
which in turn can be calculated perturbatively. A table of the Seeley coefficients of
A", L and L is contained in appendix B.

Summarizing, we have

d-2 2 v
Weg=———A(®) ¥ e,M; InM; —idL(€) ¥ &M,
47 ji=1 j=1
d-8 x(€) .
-+ (—6 ——%i‘n_ )) j;l Ej In 1\4]2 + va(AT) + WPV(L) - WPV(L) . (38)

Here, L(¥%) denotes the length of €, and x is the integral of the curvature of the
minimal surface:

x(€) =j d*z |g|'’R, R: curvature scalar** (39)
r

Eq. (38) can be simplified noting that (appendix C)

%(€)
47

Wov(L)— Wey(L) =1n A(6) - +C, (40)
where C is a constant. WPV(AT) is perhaps also calculable. In any case, it is a
well-defined functional of the background field ¢, and the parameter region I
Suppose that ¢,(z), z € I, is another solution of the field equation (13) describing the
same minimal surface bounded by € as ¢, does. Then, there exists a mapping
f:F—»f with constant jacobian such that ¢,(z)= ¢, (f(z)). Since A" is invariant
under general coordinate transformations, it follows that the spectra and hence the
determinants of 4™(¢) and A"($) are identical. We therefore can consider Wopv(4T)
to be a functional of € alone, which, as such, is independent of I

* One can show that Wp,, = —{'(0), where {(s) is the zeta function of AT,
** R is twice the gaussian curvature.



M. Liischer et al. /| Free loop wave equation 373

To obtain (%) from K-[x] we finally have to integrate over a [cf. eq. (12)]. Since
Wi, 1s independent of q, this is easily done:

e d-2 .
W @)= CM e™ A“g)exp{s——A(%) S eM? In M?
ko j=1

I

v 1 v
LHL(E) Y M, +§;x((€)< &) In M? +1) —%WPV(AT)} @)
i=1 =1
The most divergent term can thus be absorbed in a renormalization of M ’. The term
proportional to L(%€) can be removed by a wave-function renormalization

W(€)>e " OY(®) (42)

(such a renormalization is also needed to define the Wilson loop expectation value in
perturbation theory [6]). To remove the logarithmic divergence, we have to add a
counter term

As=[i< Y & ln M? +1) —'y] I &2 g'*R (43)
87 j=1 r
to the action, where g,, and R are the metric and curvature scalar of the surface
¢,.(z) to be integrated over in eq. (8). A new dimensionless coupling constant y
appears here, which is not too surprising, since the integral (8) is superficially
non-renormalizable.

To sum up, we obtain the following renormalized WKB approximation to the loop
Green function:

Gren(€) = CM ™4 exp {yx () = Wpv(4")} . (44)

A finite wave-function renormalization factor [eq. (42)] has been omitted here, since
it does not influence the renormalized wave equation (cf. subsect. 5.3) in any
essential way. Also, if ¢(€) is identified with the Wilson loop expectation value in
QCD, such a factor merely amounts to a finite quark mass renormalization. We
emphasize that although we were unable to produce an explicit formula for
Wev(4T), Yren(€) has been shown to be a well-defined and reparametrization
invariant functional of x, (o). We finally mention that eq. (44) could also be derived
formally starting from

w(€) = L Db, exp —M>l[],

wlor=x,,

where

&g[(b]:J’Fde lgll/2
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is the area of the surface described by ¢,(z). Indeed, noting that
A(p)=tlel+e? | o gl *n.ALin, + O
r

for fluctuations (16) around a minimal surface, one obtains eq. (44) by a saddle-point
integration as before, except that one must be rather cavalier about various mean-
ingless measure factors, which appear, when the Fadeev-Popov procedure is applied
to deal with the longitudinal modes.

5. The renormalized wave equation

In this section, we investigate to what extent the renormalized amplitude ¢, given
by eq. (44) satisfies the loop wave equation (6). This involves two steps: first we must
find a manageable expression for the second variation of A (%) and secondly we must
compute

8 8
P = Weu(4™) and  p, ™ x(€).

For notational convenience we use the abbreviation

_0A

“ox, (45)

Pu

5.1. SECOND VARIATION OF THE MINIMAL AREA A(%)

In terms of the field ¢, (z) [eqs. (13) and (14)] describing the minimal surface X
spanned by €, we have

P =18l *(0a00) €ar (950 )X, - (46)
p. (o) is thus a vector in the tangent plane of 3 at x, (o). Furthermore,
prx'=0, p’=x", (47)
so that
8pu(o)=0

for any longitudinal variation 8x,(A) of €, which vanishes, when A is near o. To
compute

5°A
8x,.(0r)dx,(X)
for o # A, it is therefore sufficient to consider transversal variations of 4 only:

(x'-8x)A)=(p-x)A)=0, 8x,(A)=0, for A near o. (48)
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For such curve deformations, we have

80, (o) =8| €ap{(9280,)(2)(950,)(2) + (3200 ) (2080 N2}z X () .
(49)

S¢,. is a solution of the linearized field equation (13):
4,.80,=0, (8¢, )(z(A))=8x.(A). (50)

Since 8x, is transversal, we may assume 3¢, to be transversal, too (cf. sect. 3). To
solve the boundary value problem (50), we introduce the transverse Green function
G, defined by

AquIp(Z’ w):lgl‘l/z(aup—oup)ﬁ(z_w); (513)
0..G.,=G0,,=0, (51b)
GL(z, W)zeor = G (2, W|wear =0. (51c)

By Stokes’ theorem we then obtain

Spu(w)= L &’z g {80, (2)40Ghu(z, W) = (80u80,)(2)G g (2, W)}

={> dz2° elg]26%,(2)M 256, G . (2, w)
o’

2ar

= —j dA Jx'(0)]8x, (AM)n®8.G . (z(A), w)
(4]

[n denotes the normal vector (27b)]. Inserting this into eq. (49) finally gives for
gFEA

85°A

o)) —|x()|n“(0)3.G (2 (o), z(A))3sn " (A)]x"(A)] . (52)

Of course, this is not a very explicit formula since the Green function G.., is not
generally known. However, it is good enough for our purposes; for example, the
short-distance expansion (7) can be derived on the basis of eq. (52) (subsect. 5.2 and
appendix D).

5.2. FIRST VARIATION OF x AND Wy (4")

To check eq. (6) we only need to know how » and Wpu(4™) change, when € is
deformed along the minimal surface 3 it spans. Thus, let

8x, = 823,20, , (53)
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so that 8x and §Wpy(A") are the variations of x and Wpy(A™), when the background
field ¢, is kept fixed and the parameter region I" is varied according to

z2%0)»z% o)+ 8z% (o). (54)

We here make use of the fact that x and the eigenvalues of A™ are independent of I"
as long as ¢,, satisfies the correct boundary conditions along 4I". From the definition
(39) of x» it now follows that

Sx =8z%.2""|g|'°R,

and therefore

5
P —-=x"R. (55)
86X,

To compute SWpev(4T) is more difficult. Let E be an eigenvalue of AT

Ay.vvv = Evu 3 Quuvu = O s Uu|al“ = 0 )
J d’z |g|'*v?=1.
r

When 9 is varied we have
4,.6v, =8Ev, + Ebv,,, Q..6v,=0,
v, +82%9,0, =0, (alongol’) .

Integration yields

8E = J d’z gl *(v,.4,.60, — 8v,.4,,0,)
r

27
= —I do |x'(0)182()n" (o) (8,0 « 950 (z(0)) .
0

It follows that

SoE
Pu—=—x"(n"a,0) . (56)
éx,,

Next we apply this formula to compute [cf. eq. (34)]
5Wreg(AT)

P k()

= —{|x’ln“aa[G,Tm(z, w)+ Y g,GuMi(z, w)]gbnblx’|} , (57
j=1

i= z=w=z(o)

where G,TL’,M denotes the massive Green function of AE,,. We thus see that except for
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the Pauli—Villars regulator contribution, which subtracts the short-distance
singularities of n “aaGLébn b P.(8/6x,)W,., equals the second variation (52) of A at
coinciding points. Now, in the limit where first © > and then M; >0, we have
(appendix D)

v

Y en®0.Gnti(z, w)apm®

j=1 z=z(o)
w=2z(A)
d-2 d-2(p-x"?
=- Inids — ") +3d]+ ==
T(As)y [“2 s =T (1) +3d]+ T 2>
v [d-2 d-2p-x" R 2]
‘ M} InM? ——= M;+—In M:
,»;E’[ 4 4 W Mt M (58)
where
A
As=j‘ dw |x'(w)| (59)

is the length of the (shorter) arc between x (o) and x(A).
From general principles, we known that the short-distance singularities in eq. (57)
must cancel. Via eq. (52), we thus infer the validity of the short-distance expansion
(7). Defining a finite part
5°A
P——
8x, (M)dx,.(A)
{ A d=2 (@KW,
0x,(0)bx, (A) = (4s)® 2

= lim

oA

x'(A)*In 2As} (60)
eq. (57) becomes
Wieg A 1

d-2(p-x" 2
=F.P. -—(I'1)-% ’2R————(——)
85x, 8x,.8x,, 277( (1) =ad)x 127 \ x”?

Du

v d-2 , 2 d—2p-x" x”R
- M2 In M :
Z [ 4 4 x| 7 4rx

Finally, noting
Sai(4") d-2 ,
Pu ox,  4m o

Sa1p(4") d-2p-x"
8x,, 8V x|
Sao(d™) 1

2
—x"”R,
éx, 411'x

o

o
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we see from eq. (36) that the variation Wpy(4") is finite indeed as M; > c0:
2 " 2
SWPV ~Fp 5°A 1 d—2 (p X )

—>=(I"(1)~3d)x"* R~ 7z

P. 61
S 5x,8x, 2m 127 (61)

5.3. A LOCAL RENORMALIZED WAVE EQUATION

Summarizing the results of the preceeding subsections, we see that the WKB
amplitude,

o(€) = C exp {yx(6) =3 Wpv (4D}, (62)
satisfies the following renormalized wave equation, which replaces eq. (6):

) 8’°A d-2
2p, —+F.P. -
{ P sx,, ox,.8%, 127

. 2
(E5) —5- -t +4mpxRluo=0. (63
X 27

The divergent functional laplacian acting on A has thus been replaced by its finite
part and two completely new anomalous terms must be added.

Since R and p,, depend non-locally on the curve €, eq. (63) is not local. However,
we can consider it stemming from a local, renormalized (up to the second order in
1/M?) full wave equation, which replaces the formal eq. (1). To see this, note first of

all that when the local operator
1 )

pulo) = Y m (64)
is acting on a wave function (%) of the form (5), we have
1
5.@0(@) = pu@w(@(1+0(57)) (69)

The anomalous terms in eq. (63) can thus be rewritten as local operators acting on the
full amplitude ¥(¥€), provided they are polynomials of p,, p,,, . . . and local functions
of x,, x5, .... This is obviously the case for ) *(p - x")* and a little algebra
(appendix E) shows that along €

2 ’
R — ( '2 3{xr2 n2 (xl_ xu)2_2(xu.p)2+p2p12_(p 'p)Z}. (66)
We thus obtain the followmg reparametrization covariant, local equation:
[1m [ 8*  _pd2iK@llx)l
a1 Léx, (a)8x,(A) - (4s)*
M, d—-2 2
——x"”?RIn %As] +M*x"?-M? —(—2)
27 127\ x
M’ A
2Ly -id xRy @) =0, (67)
w

where R is equal to the expression (66) with p replaced by p.
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The renormalized wave equation (67) has no no practical value of course, but it
shows that the WKB amplitude (44) does not violate the fundamental requirement
that the interactions of the string bits with each other are short ranged (this is
certainly one of the basic assumptions to be made, when linking the string theory to a
non-abelian gauge theory [1]). We do not expect eq. (67) to be valid to all orders of
1/M?. Rather, the full wave equation is likely to contain an infinite number of
anomalous terms involving higher powers of 1/M? and §,* as well as new free
parameters like y. It is conceivable then that upon summing the large M expansion,
the wave equation becomes non-local within a range of order 1/M.

6. Quantum corrections to the quark-antiquark potential

The potential V(R) between two infinitely heavy quarks at a distance R due to the
glue string between them can be extracted from (%) by considering a flat rectan-
gular loop € with side lengths T and R and taking T to infinity:

W(€)~exp—TV(R), (T »0). (68)

From the WKB formula we first of all obtain a linear potential MR, but there is also
a quantum correction to this classical result: we shall show below that
d-2 -
Vwiks(R)=M’R - —;—;R '+ constant . (69)
Thus, the quantum fluctuations of the string give rise to an attractive effective
Coulomb potential in 3+ 1 dimensions. The ‘““coupling constant”

Asering =157 =0.261 . .. (70)

is universal: it does not depend on any parameter at all. For dimensional reasons, we
expect that eq. (70) is exact, i.e., the corrections of V(R) due to higher orders of the
1/M? expansion decrease more rapidly than R ™" for R - 0. We emphasize that eq.
(69) is valid for large R only and is not to be compared with the perturbative quark
potential, which is accurate for small R.

We now proceed to prove eq. (69). For a flat loop €, » (%) is zero, of course, and

Wev(4") = (d —2) Wev(-4r) . (71)

Here, I' has been identified with the region bounded by € and 4r =9,9, is the
laplacian in I" with Dirichlet boundary conditions imposed. Although Wpy(—A4r) is
not generally explicitly calculable, one can prove the following (appendix C): let

* Using p>=x", the expression (66) can be reduced to a polynomial of only second degree in p.
However, to verify the reparametrization invariance of the resulting formula, one has to use p2 =x"?
again. Since this relation is no longer valid, when p is replaced by p, the alternative R would not be a
reparametrization-invariant operator.
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T( c)@
R [
I .

A B
T ——

Fig. 1. A rectangular Wilson loop € with smoothed out corners.

f(2), z €T, be a holomorphic mapping of I" onto some other region . Then,

1 €. Z/azub
Wev(—4r) = Wev(-4n)+ 5= | do S5 Ina.fF
1277' oI’ z

+—1—J d’z 9, In]a.f"9: In|o.f, (72)

127 r

where z%(o) is any parametrization of aI". We apply this formula to the curve €

shown in fig. 1, i.e., to a standard Wilson loop with smoothed out corners at
= ~%iR, B=T—3%iR, C =T +3iR and C =%iR*. It is understood that as T -> 0,

the shape of the curve between B and C, and D and A, respectively, is kept fixed.

Next, we choose

wz/R -1

f(2)=éw—

T (73)

which maps the strip
{zeC|-3R <Im z <3R}

onto the interior of the unit disk. f maps I', the region encircled by €, onto a domain
I, which is shown in fig. 2.

Fig. 2. Image of I" under the holomorphic mapping (73). When T - o0, the shaded area near 1 smoothly
shrinks to zero.

* A strictly rectangular loop is not appropriate, because corners give rise to additional divergences,
which have not been subtracted from Wpy(—4r).
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To determine the quantum correction to the potential V(R) we have to evaluate
Wpv(—4r) for T - 00, In this limit, I” smoothly approaches a bounded region so that,
in eq. (72), Wpv(—A4r) does not contribute to the quark potential. Noting

R
20 ™ 27 i

R s RS - (Rez>),

d.f=
we see furthermore that as 7 » o

Eabzlazub , 2 C EabZ,aZ"b
J do 2222 1nla.f] =—T——J do €22 21 0(1)
ar z' R B Zz

27r
R

)

(the integral in the coeflicient of T is just the total angle, about which z’ rotates, when
one runs along d/” from B to C, and is therefore independent of the precise shape of
the curve). Finally, noting

(Re z » ),

Iaz ln lazf|2l2 = 'f| RZ ’

we obtain
f d*z |0, In [8,f PP =2 T+O(1)
Altogether, we have

Wev(—4r) = —1_272‘T+O(1) (74)

which proves eq. (69).

7. Conclusions

The fact that the WKB approximation to the string Green functional /(%) derived
in this paper satisfies a renormalized local wave equation [eq. (67)], which is
compatible with reparametrization invariance, is encouraging and feeds our hope
that the classical Nambu—-Goto string theory can ultimately be quantized without
violating fundamental principles. To leading order in %, the renormalized wave
equation reduces to the formal loop wave equation (1), but in the next to leading
order a few local anomalous terms appear. That these are not harmonic, i.e., not
quadratic in x,, and p,, shows once more that a simple-minded normal ordering
subtraction of the formal loop wave operator L (o) cannot work. The appearance of
anharmonic quantum corrections to the loop wave equation is not totally surprising
from the point of view of the classical string theory either, since the classical phase
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space is a complicated non-linear manifold. Also, it matches with the observation
[14] that random surfaces on a lattice must have some self-interaction, if the
associated partition function is to be finite.

The most interesting physical result of our investigation concerns the potential
between static quarks due to a relativistic (glue) string connecting them. Namely, we
found that the transverse zero-point vibrations of the string produce an effective
attractive Coulomb potential, which adds to the classical linear potential [cf. eq. (69)].
The strength of this Coulomb potential turned out to be universal and exactly
calculable. In 3+1 dimensions, we obtained @y, =0:261..., a value, which is
about what one gets from fitting the charmonium levels with a non-relativistic
potential model (Eichten et al. [15], for example, quote 0.52 as their favourite value).
A detailed phenomenological discussion is premature, however, since, e.g., we do
not yet know what precisely the kinetic energy associated with the collective motion
of the string is, but expect it to contribute substantially to the S-P level splitting.

The meaning of the superficial non-renormalizability of the integral represen-
tation of the string Green functional (%) [eqgs. (8), (12)]is not clear to us, but we can
think of various possibilities. It is, of course, conceivable that the quantized string
theory cannot live without an ultraviolet cutoff. On the other hand, we cannot
exclude the possibility that a renormalizable expression is obtained after summing
the large M expansion (or parts of it). This is what happens in the three dimensional
non-linear o-model, where the 1/s expansion is renormalizable, but the canonical
small coupling expansion is not [16]. This non-perturbative issue can perhaps be
studied within the large d (= space-time dimensionality) expansion, to which (%)
appears to be accessible. A third possibility to understand the non-renormalizability
of the large M expansion is finally suggested by the renormalized WKB loop wave
equation (67). Namely, it might turn out that the full renormalized wave equation is
effectively non-local with a range of order 1/M in other words, that the string
fattens upon quantization. It is conceivable then at the infinitely many parameters
arising from the non-renormalizability of the theory merely reflect the existence of
many different self-consistent non-local string models.

One of us (M.L.) would like to thank the staff of the Theoretical Physics Division of
the Tel-Aviv University for hospitality and interesting discussions.

Appendix A

A MORE EXPLICIT FORM OF 4"

The transverse fluctuation operator A™ acts on modes 7, orthogonal to the
minimal surface X described by ¢,,, i.e., modes satisfying

”fluaaﬁth:(), =1, 2. (Al)
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To compute the Seeley coefficients of A™ and the short-distance behaviour of the
massive Green function GE;M, we first eliminate the constraint (A.1) by introducing a
suitable moving frame along 3. With respect to the moving frame, 4" reduces to a
second-order elliptic differential operator acting on unconstrained wave functions

A(z), zel, i=1,...,d=2, Ader=0. (A.2)

Standard perturbative techniques then apply to this form of AT
The moving frame along X is built from the vectors

daPu, €, (=1,...,d-2) (A.3)
satisfying
e -e=8", e 9.0=0. (A.4)

Of course, the transversal basis vectors e’ are not unique, but any two choices e’ and
é' are related by a gauge transformation

é'=Ale’, AecO(d-2). (A.5)
As z varies, the frame moves according to

0,050, = apdc, + Vil

. , (A.6)
datl, = ~Allel, = Viug"sce,
the connection coeflicients being
Top =58 {0a8bd + 858ad — 0agav} »
(A.7)

Vie=—0.e' -0pp, Al=¢e'" 3¢

[gas is the metric of 3, cf. eq. (10)]. Under a gauge transformation (A.5), V%,
transforms like a vector and AY like a gauge field.

In order that a metric g, and a set of connection coeflicients Vfl,, =V, and
AY=—A" [g. determines 'S, via eq. (A.7)] stem from a minimal surface as
described above, it is necessary and sufficient that

€ap{dal b —Teclbe + Ve Vieg ™} =0, (A.8)
€as{0aVie —TacVia + ALV }=0, (A.9)
€a{BaAL+ALAY - Vi Vig“}=0, (A.10)
dalgl=0, gV = (A.11)

Namely, the first three relations are the integrability conditions for eq. (A.6),
whereas eq. (A.11) guarantees that the surface is minimal.
Any transversal mode 7, can be represented by

N =euhi. (A.12)
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After some algebra, using egs. (A.8)-(A.11), one finds
AMVTIV = e;L(HA)l > (A'13)
where H is given by
H=—g|""*D,|g|'"*¢* D, + U,
o ) ) S (A.14)
D;=8"3,+Ay, U' =g €ac€aVipVia-

Obviously, H is an elliptic differential operator, which is gauge covariant and
invariant under general coordinate transformations in z-space (provided the fields
8ap, Aq and V,, are transformed appropriately). H also represents AT in the sense
that if

ATn=En, Qn=0, [&zll"n’=1, (A.15)
r
then
HA=EA, I d’z |g|'PA%=1, (A.16)
r

where 1 and A are related by the moving frame
ri=e m, nu=eL)\,-. (A.17)

In particular, the Seeley coefficients of H and A" are the same and their Green
functions are simply related.

Appendix B

TABLE OF SEELEY COEFFICIENTS

Let A stand for any of the operators H (which is equivalent to 47, cf. appendix A),
L or L. We define its heat kernel by

d _
(5+A)K,(z, w)=0, ltin(}K,(z, w) =gl 25(z —w) (B.1)

and appropriate boundary conditions along 4l i.e., Dirichlet for H and L and
Neumann for L. For any test-function f, which is C* in the closure of I', one has*

>0 2
-2
[ @z1el 1Kz 2 Z 3 yala)+OWD. (®.2)
r =0
* For A = H, K, also carries indices /, j = 1, ..., d —2. Eq. (B.1) is to be read as a matrix equation in this

case, and the ¢;/,’s are matrices, too.
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The Seeley coeflicients a;/»(A) are then obtained by

ay(A)=dp(f=14), (A=LLD),

ay2(H)=Tr ¢2(f = 1|H) .

They are the coefficients appearing in the small ¢ expansion of the trace of the heat
operator:

(B.3)

t=>0

Tre :f: " a2(A)+OWE) . (B.4)

Seeley coefficients of various operators have been calculated previously. The case
without boundary is discussed in Gilkey's book [9], and the laplacians L and L have
been considered, e.g., by Kac[10] and by Stewartson and Waechter [11]for g., = 84s,
and by Balian and Bloch [12] for general g,,. We computed the Seeley coefficients of
A", Land L by first choosing coordinates such that

IF={zeR0<z°<1l},  guXbau,

and perturbing about the case with constant metric (and vanishing AZ, U in the case
of H). We do not give any details here, however, but merely quote the resulits:

i

¢¥<f|H)=f—j &z g%, (B.5)

i &
1/11/2(le)— 8‘/7TJ’arde’ (B.6)
) =2 f ds n*{38.f —2(V.20)f}
0 2477_ o a s<a

1 ; -
ATy jdz lgl""*{8"R —6lg| " euc€raVer Vialf. (B.7)

The notation is as follows: ds is the arc length element (28), n“ denotes the normal
vector (27b) and V, the covariant derivative along a1

d
Vide=-—2,.—Tp2"%.. (B.8)
ds

The connection coefficients I'S, and V., are defined in appendix A. Finally, the
scalar curvature R is given by
R=R abacgbc )
. (B.9)
R bed =acFZd —ngric -(C(_)d) .

Using the Gauss-Bonnet formula

J‘dZIgl”2 —f dsn®Vz, =2, (B.10)
or
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and o
gl ' acesaVisVia =R, (B.11)
which is a consequence of eq. (A.8), we obtain the Seeley coefficients of A™ (alias H):
a (4T )_ A((g) (B.12)
d-—2
a1/z,(AT)=—mL(‘€), (B.13)
d-2 1
ag(AT )—T——x(%) (B.14)
For L, the laplacian (26) with Neumann boundary conditions (27a), we find
1
nn =5 | @2 1g, (B.15)
mJr
na == [ dst (B.16)
12 B 8\/77 EYal 5T '
1
wolfIL )_-——j dsn*Bauf + 2020+ [ 2 lglRY,  (BAT)
2477 r
1
a(L)=-—A(%), (B.18)
47
1
a1/2(L) =——8JﬂL(‘€) , (B.19)
ag(L)=%. (B.20)
If Dirichlet boundary conditions are imposed instead, only a few signs change:
. 1
nifiD)=5- [ &z 1elr, B.21)
)= ——— , B.22
D=5y [ ast (B.22)

. 1 1
xl/o(f|L)=mL ds n*{30.f — 2(vsza)f}+~—j &z [g?Rf,  (B.23)

ap(D)=(—D'ay(L), (1=0,1,2). (B.24)

Appendix C

PROOF OF EQS. (40) AND (72)

Note first that L and L are form invariant under general coordinate trans-
formations in the z-plane, provided, of course, the metric g,, is transformed
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appropriately. In particular, the eigenvalues of L and L and therefore Wpy(L) and
Wp(L) are geometric invariants, depending on the background minimal surface X
only, but not on how X is parametrized. To prove eq. (40), it is convenient to choose a
parametrization of ¥ where

gus(2)=e7%8,, zel. (C.1)
Then

L=-e"4A, (C.2)
so that Wpy(L) and Wpv(L) are functionals of p and I'. We now vary p keeping I

fixed and compute the variation of Wpy(L). To this end, we first derive an expression
for the variation of the eigenvalues of L. Thus, let

Lv=Ev, ez 0,0 =0, (along ol"),

(C.3)
I d’z g|V*v?=1.
r
Taking the variation of the eigenvalue equation, we obtain
28pEv + Lév =8Ev+ Ebv,
€anz' 9,00 =0, (along al") .
Then, multiplying this with |g|'’>v and integrating yields
BE—EI d*z |g|"*28pv7 = j d’z |g|"*(vLév — suLv) =0. (C.4)
r r
It follows, in particular, that
_ d
8Tre ’L=t§J. d’z |g(2)]"*28p(2)K (2, 2), (C.5)
r

where K,(z, w) denotes the heat kernel (B.1) of L,
As for A" [eq. (37)], Wpv(L) can be expressed in terms of the heat kernel, except
that the trivial zero mode,

v = constant=A(€)""/?, (C.6)

of L must properly be taken into account:

Wev(L) = (ao— 1T (1) —J th{Tr e —at  —ayat P —agf(1—-1)—0(t—1)}.
(C.7)
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Now, using eq. (C.5) and 8ao =0 we arrive at

SWPV(L)=—1ing{J d*z |g|"/*26pK.(z, z)

_601€~1 - 5&1/228A1/2}

=€

= 200(8plL)— A(E)™ j &2 g *26p .
r

The last term here comes from the upper end ¢ = © of integration, where K, reduces
to the projector onto the zero mode (C.6):

lim K,(z, z) = A(€) " ". (C.8)

[—>00
Since the Seeley coefficient function ¢o(f|L) is known [eq. (B.17)], the p-dependence
of Wpy(L) is explicitly calculable. For the metric (C.1), we have
lg|'*R =24p, dsn®= e dz’,

a b
eabz' z"

(C.9)

dsn®V 2, =—do —dz? €adp,

where z (o) is any parametrization of 8/ Hence,

1 1
SWpy(L)=— J d*z Spdp +— I dz%€,9:8,
6w Jr 47 Jor

1 . 1a_unb
+—1—J' dz,“eabapabp+—j do <222 5p+ A(%)'SA(®)
m Jor 6m Jor z

1 2 2 1 J‘ 2
- —_— aa —— d A
8{ 12 «[rd z (9.0) an ), zA4p

ra_nb

1 a
+—J dore—b—zﬁz—p+lnA(‘€)}.
o Jar z
It follows that

1 1
Wonll) =~ 5= j 2 (0a0) 5 IFdZZ 4p

1 1a_nb

+—I do S 2, n AG) + (D), (C.10)
6 ol zZ

where the constant ¢ (I") may depend on I” but not on p.

Repeating the above calculation for L, we obtain on the other hand

. 1
WPV(L)——de 2 (90) +4—j &z 4p

1 ; 1a _nb .
+—I do Set = "Z,zz p+éldn), (C.11)
6 ol z
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so that altogether
. 1
Wov(L) — Wou(L) =1n A(€) —4—J' d’z |g|'?R+c(N) ¢y . (C.12)
TJr

This is eq. (40) except that the constant ¢ (I") — ¢(I") might still depend on I". It cannot,
however, since all other terms in eq. (C.12) are geometric invariants and are
therefore independent of what parameter region " is.chosen.

It is now an easy matter to establish eq. (72). Let

T, flz)=w, (C.13)

be a holomorphic mapping. Then, 47 can be pulled back to an operator definedon I”
by

4 2
Ar =40, =—=09,0: =e"Ar. C.14
r ad IazleG € AF ( )
where
p=-3Inlo.f. (C.15)

We are thus led back to the case considered above and conclude from eq. (C.11) that

1a_nb

1 €wz''z 1
Wiov(=4r) = Wov(-4r)+=— [ do 55—
67 Jyr z 127

j &z G0p),
r
(C.16)

where 4p = 0 has been used and ¢(I”) has been identified with Wpy(—A4r) to match,
when I =I'. Inserting eq. (C.15) into eq. (C.16) finally yields eq. (72).

Appendix D

PROOF OF THE SHORT-DISTANCE EXPANSION (58)

We first derived eq. (58) by perturbatively expanding G, around the massive
Green function of the free laplacian in a square with Dirichlet boundary conditions
imposed. This method is foolproof, but the actual computations turned out to be
extremely tedious. We therefore resort to another rather indirect derivation, which
relies on the invariance properties of A, power counting and some formulae
obtained in the preceding appendices.

According to appendix A, 4” can be identified with the operator H [eq. (A.14)]
via the moving frame e',. Correspondingly, the Green function G can be written
in the form

GoM(z, w)=eL(2)GY (2, w)el(w), (D.1)
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where 4 is the massive Green function for H:

(H"+8"M*) G (2, w) = 8y g”"/*8(z - w),
o (D.2)
G (z,w)=0, forzeal’ or weal .

In what follows, we shall consider the fields g.,, A and U" to be independent of each

other and compute the short-distance expansion of

Cilzyw)= Y en®(2)0.95%(z, w)dpn"(w),  z,weal, (D.3)
k=1
in the limit where first z > w and then M; » . Eq. (58) can then be obtained by
contracting with e},.
We first consider the simplified case A, = U =0. Then,

HY'=8"C, ¢¥=5;4", C,;=6,C, (D.4)

where ¥ is the massive Green function of L. To compute C, we exploit the form
invariance of C and L under general coordinate transformations in the z-plane,
which allows one to reduce the problem to a situation, where

def 2
I'=D ={veR||v|<1},

. ., (D.5)
gas =€ 85, L[=-—e"A.

Our strategy to calculate C is as follows. Suppose we keep p fixed and distort the
circle 3D by an infinitesimal amount 5z(8) as shown in fig. 3. The Pauli—Villars
regularized determinant of L then varies according to

SW,eo(L)

82b(0) = {n“aa@(Z, W)Ebnb +C(z, w)}z=w=z(9) , (D.6)

e ez’ (6)

a formula which can be established easily following the method explained in subsect.
5.2. The point now is that all terms in eq. (D.6) except C are in fact known, so that C
can be determined this way.

zZ

\ 2(0)

4"\ 62(8)
A Vi

Fig. 3. A deformation §z(8) of the unit circle 9D. 6 is the pglar angle. The curve 7(8) = z(8)+ 52(8) bounds
a domain I
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We proceed to explicitly evaluate the various contributions in eq. (D.6). First note
that for the special metric (D.5), the massless Green function ¥ of L is actually equal
to the Green function of the ordinary laplacian:

1
4(z, w)=ﬁ[ln|1—zu‘/!—ln lz—-w(], z=z"+iz%, etc. (D.7)

It follows that for z, wedD, z > w

2p
n°9.9(z, w)dpn® = —— (A ) © {1+2€abz ¥

+2z’“z’baaa,,p +(2"%8.0)%} + O(4s) (D.8)

where As is the length (with respect to the metric g,;,) of the arc between z and w and
the curly bracket is to be evaluated at z = w = z(8).

Next, consider the left-hand side of eq. (D.6). From eq. (36), which is also valid
when A" is replaced by L, and the Seeley coeflicients tabulated in appendix B, we
obtain

@ OWeeoL) 8 Wpu(L)
WeeoL) 1 SWev(L)

€07 =
b 8z° ab 82"
e_2° 4
477 k)jl exMiIn Mi +3e (1 + €,52"" pp) Z eM; .

(D.9)
Eq. (C.11) with ¢(I") = Wpv(—A4Ar) now applies, yielding

@ OWev(L)  8Wev(=4r)
2 = e

ab b — Cab.
8z

8z° r=p
1
+ET'{(6ap)2—34p +degz 00 +22%2"0,0,p) . (D.10)

Finally, the variation of Wpy(—4r) can be computed from eq. (72). Namely, let I be
the region bounded by the deformed circle z(8)+ 82(8), 0=< 6 <27 (cf. fig. 3), and let

fl2)=z+8f(z),  8f(e*)—6z(8)x2'(9)
be a holomorphic mapping from D onto I’ Then,

O —
8Wev(—4r)|r- D—-Tj de (9,8f+9.8)

1 2
=—I d8 2827,
T Jo
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and consequently

La®We(4) 1

577 ary=s (D.11)

ab

Collecting eqs. (D.8)-(D.11) and feeding them back into eq. (D.6), we obtain the
short-distance expansion of C(z, w):

1 e

Clz,w)=——— (A) {1+2€abz 30 —3Ap +(€asz'* 3pp)°}

1
+‘4—— 2 EkMk lan +4 Cp(1+€ab2 abp) Z M. (DIZ)
k=1

A generally covariant expression reducing to (D.12) in the special case (D.5) is easily
found:

1 o R
C(Z, W) =—- (AS) *(n Vs a)
1 v
+— z exMiInMi:—in°Vi, ¥ exMi (D.13)
4 =1 k=1

(cf. appendix B for unexplained notation). This relation is thus valid for arbitrary
metrics g, and domains I

Let us now go back to the general case with non-zero fields A, and U. Again,
taking advantage of general covariance, we choose

def el a 1 1 2
I'=Q ={weR|0<v® <1}, O<wi <z <1, w=z"=0,
(D.14)

Gab =8ap €7 (D.15)

From power counting and gauge invariance we conclude that in the short-distance
limit
Cii(z, w)=C(z, w)T(z, w)" + D(z, W)U (w)+ E(z, w)F"(w)  (D.16)

where C(z, w) is given by eq. (D.13) and

T(z, w)=Pexp—I ) do' A (v, 0), P: path ordering,
N (D.17)
F= Gab(aaAb +AaAb) .

Furthermore, the coefficients D and E are at most logarithmically divergent as z > w
and may depend on o(w) and the regulator masses My, but not on A,, U or the
derivatives of o at w. It is not necessary to compute E, because F" is antisymmetricin



M. Liischer et al. | Free loop wave equation 393

the labels i, j, which ultimately will be contracted. To calculate D, we specialize to the
case

A, =0, UY =8"u = constant , o = constant . (D.18)

An explicit expression for the massive Green function is then given by
Gi'(z, w)= 5:'1-‘[ drexp [—e 7 (u + MK (z, w), (D.19)
(4]

K? being the heat kernel of the laplacian in the square Q with Dirichlet boundary
conditions:

K)(z,w )—4——taq2 miw {exp [—:—t(z“ ——w“~2m)2]

—exp[——4—1t—(za+w“—2m)2]} . (D.20)

It is a trivial exercise to extract from these formulae the short-distance expansion

1 u , Y
Cy(z, w)=5ij{—“——ﬂ(As)2—2—;(ln %As—]‘(l) E an)
1
+— Z eM ll‘le} (D.21)
47Tk 1
so that
1 v
D, w)=——(r(1)—1n%4s+% T e 1nMi). (D.22)
2 k=1

Finally, we note that for fields A, and U stemming from a minimal surface as
described in appendix A, we have

en(2)T(z, w)el (w)=d —2+1R(4s)* + O((4s)*),
. (D.23)
LU, =U"=R,

so that

e, (2)Cy(z, w)el (w)=(d =2)C(z, w)

R v
+—(F’(l)—%—ln%As+% Y ek 1nMZ). (D.24)
27 k=1

This relation is in fact identical with eq. (58), since

_B8A(%)

nViz, =|x'7x" p, » (D.25)
"

"

for minimal surfaces.
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Appendix E

PROOF OF EQ. (66)

Both sides of eq. (66) transform as scalars under coordinate transformations in the
z-plane so that without loss, we may assume

20

g =€ 84, I'=0={veR0<v®<1}.

The field ¢, describing the minimal surface spanned by € satisfies
A‘pu = 0 ] (P,,.!al‘ = xl—‘-

in these coordinates. Along the piece of 8I” with v =0, we have (for a convenient
parametrization of €)

xI-L(A) = ‘pu(A’ 0) b
pu()‘) = “'(aquu)()\, 0) .
Now,

1
R=2¢e A0 = —FA In (31 )°

2
=(7,_2)_3{2((x/ . x”)2+2(x' . p/)2_x'2x”2_x,2p,2} ’

which is equivalent to eq. (66) on account of

p=x"7, x'-p=0.

Appendix F

AN ANOMALOUS LOOP HEAT EQUATION

Recently, Polyakov [17] proposed to construct the string Green functional (%)
from a loop heat kernel %1z, x] depending on a closed curve z%(g) (O<o <27)in
the plane and another one, x, (o), in space-time. z“(o) is interpreted as the proper
time (or, more accurately, the proper coordinates) of the string element x, (o).
K[z, x]is required to be invariant-under simultaneous reparametrizations of z“ and
X 1.€.,

) )
e +x! —t K] =0. F.1
{5 xquu} [z, x]=0 (F.1)

It should also be a solution of the loop heat equation

,a ) 1 _
[eabz () W—Z—A?L(a)}%[z, x]=0, (F.2)



M. Liischer et al. | Free loop wave equation 395

so that a solution of the wave equation (1) can then be obtained by

Y(€)= I DzH|z, x]. (F.3)

As an explicit solution of egs. (F.1) and (F.2), Polyakov suggests to take

%[z,x]oCJ'

b (z(@)=x, (o)

Db, exp (—%M2 Ldzz (aa¢u)2) , (F.4)

where I is the region in the plane encircled by z°(o), 0= o < 2. Performing the
gaussian integral over ¢, this can be rewritten as

H[z, wloc[det (—47)] % exp (-sM* W),
(F.5)

W= -§ dz® dw esp€.ax,(2)0,Gr (2, w)édx“(w) .

Here, Gr(z, w) denotes the Green function of the laplacian in I" with Dirichlet
boundary conditions and det (—A4r) is the Pauli-Villars finite part* of the deter-
minant of —A [cf. sect. 4 and eq. (72)].

As the loop wave equation itself, the heat equation (F.2) is only formally valid and
must be supplemented by a subtraction prescription. Specifically, for the kernel (F.5)
one finds

8°H(z, x] M3d
5%, (0 +€)5x,. (o) {,, 2 +O(1)}7f[z’x] (F.6)

Furthermore, as in sect. 5 one shows that 9|z, x ] is an exact solution of the following
renormalized heat equation, which replaces eq. (F.2):

{ zm( ) 5 B d [2 zhez™ Z”2_4(Z’ . Zu)Z]( )} y{[ ]
Cab? NIV P o) 247 2z 7 o
1 5° M*d
li [ + + ' 2] ) )
2M2 ) 8x, (o +¢)bxp (o) e’ M’ ()| Hlz, %] (F.7)

The anomaly appearing here is a function of z“ alone and is crucial to maintain the
reparametrization covariance of the equation. On the other hand it sheds some doubt
on whether ¢(%) can indeed by constructed from J[z, x] via eq. (F.3), in particular
since the singularity (F.6) is not what one expects for ¢(¥%).

* The infinite parts do not show any interesting dependence on a7, being proportional to the area and
circumference of I, respectively.
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