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We have analyzed 1113 events of the reaction e+e - ~ hadrons at CM energies of 12 and 30 GeV in order to make a de- 
tailed comparison with QCD. Perturbative effects can be well separated from effects depending on the quark and gluon frag- 
mentation parameters to yield a reliable measurement of the coupling constant a s. At 30 GeV, the result is a s = 0.17 _+ 0.02 
(statistical) -+ 0.03 (systematic). QCD model predictions, usIng the fragmentation parameters determined along with CZs, agree 
with both gross properties of the final states and with detailed features of the three-jet states. 

Direct evidence for gluon bremsstrahlung was first 
obtained at PETRA from the analysis of e+e - annihila- 
tion into hadrons at center-of-mass energies W near 30 
GeV [1 -5 ] .  We have shown [1,2] that events are pro- 
duced with a planar structure excluding a pure q?:t frag- 
mentation mechanism, that the emitted particles 
cluster around 2 or 3 axes with an average transverse 
momentum of about 300 MeV/c, and that a few per- 
cent of the events show a clear three-jet topology [6]. 
Since then more data have been taken in this energy 
range permitting a more detailed comparison with 
quantum chromodynamics (QCD). 

The TASSO detector and the event selection cri- 
teria have been described previously [7,8] ,1. Charged 
particles were accepted over 87% of the total 4n solid 
angle; for two thirds of the data also the neutral ener- 
gy was measured over 52% of 4rr [9]. We obtained 

194 events of single-photon annihilation into hadrons 
at W = 12 GeV, and 919 events in the range 27.4 
~< W ~< 31.6 GeV (hereafter denoted as W = 30 GeV). 

A quantitative comparison of the data with pertur- 
bative QCD depends on the value of the coupling 
constant a s as well as on the nonperturbative fragmenta- 
tion of quarks and gluons into hadrons. To describe 
the fragmentation we eqaployed the general framework 
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,1 In addition to the criteria described in refs. [7,8], events 

at W = 30 GeV for which the sum of the observed momen- 
ta in one hemisphere with respect to the beam direction 
was less than 750 MeV/c were removed. 

of Field and Feynman [10] but treated the parameters 
describing the fragmentation process as free parameters. 
We selected a kinematic region where hard gluon 
bremsstrahlung dominates and determine from the frac- 
tion of such events the value of a s at W = 30 GeV 
almost independent of the fragmentation parameters. 
With a single set of fragmentation parameters a good 
description of our data at different energies is then 
obtained, both in the perturbative and the nonpertur- 
bative regions. This demonstrates the consistency of 
the analysis. 

Two specific QCD models were used, one by Hoyer 
et al. [11] and a later extension by All et al. [12], 
leading to similar results. The results we quote are 
from the second model which includes second order 
terms in a s. The description of the fragmentation 
process involves the following three parameters: 

(i) aq. The distribution of the transverse momen- 

tum k T of the quarks in the jet cascade is assumed to 
be - e x p ( - k 2  /2a2q). 

(ii) P/(P + V). Here P/V is the ratio of primordial 
pseudoscalar mesons to vector mesons produced in the 
fragmentation process. 

(iii) a F. The primordial quark fragmentation func- 
t ionfh(z) of a quark into a hadron h in the F ie ld -  
Feynman model is taken to be the same for u, d, and 
s quarks, 

f h ( z ) =  1 - - a  F + 3 a F ( 1 - z )  2 , 

where 

z = (E + pll)h/(E + Pll)q " 

Our results are insensitive to assumptions for the 
primordial fragmentation functions of the c and b 
quarks; for simplicity they have been taken to be 1. In 
the model of All et al. [12], a Q2-dependent form of 

these fragmentation functions is used. 
In principle this model [12] involves a fourth param- 

eter ag. As the gluon is assumed to split into a q u a r k -  
antiquark pair, the distribution of the transverse mo- 
mentum qT of the quarks with respect to the gluon is 
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2 '~ taken to be exp(--qT/2O~).  However ,  the result o f  

the present  analysis is insensitive to the value o f  this 

parameter ,  the reason being that ,  in the gluon jets, 

the transverse m o m e n t u m  spread due to Og and that  

due to Oq f rom the hadroniza t ion  o f  quarks are hard- 

ly distinguishable. Changing Og f rom 0 to 0.5 GeV/c  

makes no difference in the results presented here. 

The QCD models  also involve a thrust  cu t -of f  T O 

separating the per turbat ive f rom the nonper turba t ive  

region [11,12]. The T O value used in the models  is 

0.95 at W = 30 GeV. We verified that  increasing T O to 

0.975 did no t  change our  results on a s. 
In our  analysis we used the spherici ty tensor  [13] 

M ~  = P/~PN ' 

a , ~ = x , y , z ,  / = 1  . . . .  , N  particles , 

wi th  eigenvectors  h l ,  h2,  h 3 and corresponding nor- 
malized eigenvalues Qk = y~ (Pi  " ilk)2~ y" p2,  which 

satisfy Q1 + Q2 + Q3 = I and which are ordered such 

that 0 ~< Q1 ~< Q2 ~< Q3" In terms of  these Qk, the 
sphericity S, the aplanari ty A and the variable Y are 

given by 

3 3 1 
S = ~ ( Q I  + Q 2 ) ,  A = ~ Q  1 ,  Y = ~ v ~ ( Q 2 - Q 1 ) .  

The plane de termined  by h 2 and h 3 is called the event  

plane; h 3 gives the spherici ty axis. 

For  the de te rmina t ion  o f  a s we used the data at W 

= 30 GeV. To reduce background of  hard pho ton  

bremsstrahlung we removed events where the angle 

O n be tween  the normal  to the event  plane h 1 and the 

beam direct ion is larger than 80 ° . This cut reduced 

the sample to 777 events. The dis t r ibut ion o f  these 

events in the triangular plot wi th  axes S and A is shown 

inf ig .  1. 

Two-jet  events have small sphericity S and aplanarity 

A ,  while three-jet  candidates have large sphericity and 

small aplanarity.  For  the de te rmina t ion  o f  a s we used 

the region S ~> 0.25 which,  in the absence o f  a new 

flavor threshold [8,14], is mainly sensitive to effects  

o f  hard gluon bremsstrahlung.  This region contains  

128 events. These are also shown projec ted  on to  the 

S and A axes as histograms +2. We divided the two- 

dimensional  S versusA dis tr ibut ion into 5 bins and fit- 

ted the two parameters  as  and Oq for a wide range o f  

values o f P / ( P  + V)  and a F. The distr ibut ion f rom the 

QCD model  in this fit included acceptance and radia- 

t ion effects  and was normal ized to the total sample 

+2 The 80 ° cut on O n does not remove all possible contribu- 
tions from hard photon emission with large angles to the 
beam direction. The charged particles from such events 
will be emitted into two noncollinear jets. Of the 128 e 
events only 6 have this topology. In our comparison with 
the QCD Monte Carlo models we have taken both the col- 
linear and the hard noncollinear photon bremsstrahlung 
into account [15]. 

Table 1 
Fitted values a) of a s and aq for different input values of a F and P/(P + V). 

a F P(P + V) 

0.1 0.3 0.5 0.7 

0.1 as 0.17 ± 0.03 0.17 -+ 0.03 0.17 +_ 0.03 0.16 ± 0.03 
aq 0.44 ± 0.11 0.46 -+ 0.10 0.47 ±.0.10 0.48 ± 0.09 

0.3 a s 0.17 _+ 0.04 0.16 -+ 0.04 0.16 ± 0.04 0.15 ± 0.04 
aq 0.42 -+ 0.12 0.44 +- 0.11 0.46 ± 0.10 0.47 -+ 0.09 

0.5 c~ s 0.17 -+ 0.04 0.16 -+ 0.04 0.16 -+ 0.04 0.15 ± 0.04 
Oq 0.35 -+ 0.12 0.38 ± 0.12 0.41 _+ 0.12 0.43 ± 0.10 

0.7 c~ s 0.17 ± 0.03 0.17 ± 0.04 0.16 +_ 0.04 0.15 ± 0.05 
aq 0.28 ± 0.09 0.30 +- 0.10 0.33 ± 0.10 0.36 -+ 0.10 

0.9 a s 0.17 ± 0.03 0.17 ± 0.04 0.16 ± 0.04 0.15 ± 0.04 
Oq 0.21 ± 0.08 0.23 ± 0.08 0.26 ± 0.08 0.30 ± 0.09 

0.9 

0.16 -+ 0.03 
0.48 ± 0.08 

0.15 -+ 0.04 
0.48 ± 0.08 

0.14 -+ 0.04 
0.44 ± 0.09 

0.14 _+ 0.05 
0.39 ± 0.09 

0.14 _+ 0.05 
0.33 ± 0.08 

a) All fits have acceptable confidence levels, with x 2 between 1.2 and 5.4 for 3 degrees of freedom. 
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of 777 events. The results presented in table 1 show 

that a s is fixed by the data nearly independently of 
the values o f P / ( P  + V) and a F. Their systematic varia- 
tion produces an uncertainty of a s of only +0.017. 
The average result from table 1 is a s = 0.16 + 0.04. The 
error contains the effects of the correlation between 

a s and Oq. We emphasize that this result is independent 
of input assumptions for the values of the F ie ld -  
Feynman fragmentation parameters. 

The accuracy of the determination of % can be 
improved at the price of slightly more reliance on the 
fragmentation model. This was done by experimental- 
ly determining the fragmentation parameters from the 
data including the region S < 0.25 where two-jet events 
dominate. We note that for each event the average 

squared transverse momentum <p2)out(= ( ( p .  hl)2>) 
perpendicular to the event plane is most sensitive to 
Oq, the single particle fractional momentum distribu- 
tion dN/dx (where x = momentum of particle/beam 
energy) is most sensitive to aF, and the distribution of 
charged multiplicity nch is most sensitive to P / ( P  

+ V). These distributions are well described by the 
parameters 

a F = 0 . 5 7 + 0 . 2 0 ,  Oq = 0 . 3 2 + 0 . 0 4 G e V / c ,  

P / ( P +  V)= 0.56 + 0 .15 .  

This result is insensitive to the precise value of %,  but  
the values are correlated. We have not optimized the 
determination of these parameters by making an effort 
to minimize the correlations. We used these parameter 
values to obtain a mote accurate value for % from a 
fit to the S - A  distribution of the high sphericity data 
(S > 0.25). The result is a s = 0.17 -+ 0.02. The agree- 
ment with the a s value found before shows the con- 
sistency of the procedure. The QCD predictions with 
these parameter values are shown as curves in the his- 
tograms of fig. 1,3. 

Within the context of the QCD models used, we 
estimated the systematic error in our determination of 
% by repeating the analysis using a variety of different 
distributions and investigating theeffects of different 

kinematical cuts on the data. The final result is a s 

,3 In this analysis only the charged particles were used. In 
order to check the validity of this procedure, the QCD 
model predictions were also compared with the subsample 
(310 events) of the data that included the measurement of 
the neutral energies. Good agreement was found. 

Spherici ty = 3/2 (Q~ +02) 

40 I 

...... 

z 0 0.2 04 0.6 0.8 1.0 

Fig. 1. Distribution of the observed events as a function of 
sphericity S and aplanarity A, for the data at W = 30 GeV. 
The events with S > 0.25 are projected onto the S andA 
axes as histograms. The curves show the result of fitting the 
QCD model (including acceptance and radiative effects) to the 
observed two-dimensional triangular plot distribution. They 
are normalized to the total event sample (777 events for all 
values of S). 

= 0.17 + 0.02 (statistical) + 0.03 (systematic),4 
Previous results on as from PETRA experiments have 
been given in refs. [5,12,16]. 

In the remainder of this paper we compare our data 
in various different ways with the QCD model using 
the above determined parameters. Fig. 2 shows this 
comparison for the sphericity S and aplanarity A, as 
well as for the inclusive x distribution of the charged 
particles both at W = 12 GeV (using as = 0.21 for the 
running coupling constant) and at 30 GeV. Since the 
12 GeV data were not used in determining any of the 
parameters, the good agreement shows that we have 
indeed succeeded in separating the perturbative effects 
which are strong at 30 GeV and hardly observable at 
12 GeV, from the nonperturbative effects which are 
generally assumed to be independent of energy. 

So far we have considered gross features of the 

,4 It has been suggested that the contributions of higher order 
terms in as(Q 2) may be effectively absorbed in the variable 
Q2 substituting Q2 _+ p2 where p2 is the invariant mass 
square of the virtual quark which radiates the hard gluon. 
In the kinematic region used for the a s fit the average val- 
ue ofP 2 was estimated from the QCD Monte Carlo model 
to be<p2>~140GeV 2 at W 2=Q2=900GeV 2. 
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Fig. 2. Comparison of the data with the QCD model (curves) 
at W = 12 GeV for (a) sphericity S, (b) aplanarity A and (c) 
the single particle inclusive x distribution for charged parti- 
cles;and at W = 30 GeV for (d) S, (e)A, and (f) x. The ex- 
perimental as well as the theoretical distributions are corrected 
for acceptance and radiative effects as described in refs. [15, 
181. 

event distributions. We now extend the test of  the 
QCD model considering more specific features of  the 
planar high sphericity events at W = 30 GeV. There 
were 77 events with S > 0.25, A < 0.08. We analyzed 
these for three-jet structure using the method of  gener- 
alized sphericity [17]. 

The procedure is as follows. Let qj be the projec- 
tions of  the momenta p j  of  the observed particles on 
the event plane. Consider a part i t ion of  these N vectors 
q / i n to  three nonoverlapping subsets. For each subset 
k, we diagonalize the 2 X 2 tensor ~i qjc~qy~ where 
c~,/3 = 1,2 correspond to the components in the event 
plane, and thereby find the sphericities S k (k = 1, 2, 3) 
and the sphericity axes /n  k. Note that for a jet-like 
subset the sphericity is small. Therefore we determine 
the best admissible parti t ion by minimizing the quan- 
ti ty S 1 + S 2 + S 3. If  the event under consideration is 
indeed a three-jet event, we have then associated each 
observed particle to one of  the three jets, and we have 
reconstructed the three-jet axes rh k. 

In fig. 3a we show the distribution of  the squared 
transverse momenta p 2  of  the charged hadrons for 

the 3 X 77 observed jets, where the PT of  each hadron 
is calculated with respect to the associated jet  axis. 
It is compared with the corresponding distribution for 
events at 12 GeV analyzed as two-~ets and, therefore, 
without any cuts in S or A.  The p~ behaviour is found 
to be the same in the two cases. It also compares well 
with the QCD model (curve) at W = 30 GeV. 

To discuss the PT behaviour of  the planar events 
further, it is useful to define the quanti ty "tri jett iness" 
[17] 

N q2Tj 
J 3 - N - 3  . = 1 2 ' 

~Oq 

where we took Oq = 0.33 GeV/c and where qT] is the 
transverse momentum in the event plane with respect 
to the associated jet  axis, i.e. qTj = [q/X th k I. For a 
three-jet event, J3 is expected to be near 1 while for a 
uniform disk-like distribution J3 is substantially larger 
than 1. 

Fig. 3b shows the ,I 3 distribution. It peaks at lower 
J3 values than the distribution expected for disk-like 
events +s (dashed curve). The peaking at low J3 values 

, s  The planarity cut (S > 0.25, A < 0.08) was applied to a 
phase space distribution using as inputs the observed aver- 
age charged multiplicity and the ratio of neutral to charged 
energies of the hadrons. 
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Fig. 3. (a) Observed transverse m o m e n t u m  distribution o f  the hadrons  f rom the planar region (S > 0.25, A < 0.08) with respect to 
the three axes found  with the generalized sphericity method ,  at W = 30 GeV (o). It is compared with the transverse m o m e n t u m  
distribution relative to the sphericity axis for all events (no S or A cut) at W = 12 GeV, analyzed as two-jet events (o). It is also com- 
pared with the result f rom the QCD model  at 30 GeV (curve). (b) Comparison o f  the trijettiness distribution for the planar event 
sample at W = 30 GeV, with the distr ibution for disk4ike events (dashed curve) and the QCD model (solid curve). The curves are 
normalized to the number  of  the observed events. (c) Observed charged multiplicity distributions for the jets o f  highest  (El) ,  me- 
d ium (E2), and lowest (E3) energy as reconstructed by the  generalized sphericity method ,  for the events in the planar region at 
W = 30 GeV. The curves are calculated f rom the QCD model, normalized to the number  of  observed events. (d) Distribution of  the 
smallest and the largest angle between any of  the three jets,  when all events (no S or A cuts) at W = 30 GeV are analyzed with the 
generalized sphericity method.  The curves show the results f rom the QCD model. 
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is a consequence of the strong collimation of the 
particles around three-jet axes. The observed J3 distri- 
bution agrees well with the QCD prediction (solid 
curve). 

As a further test we show in fig. 3c a comparison 
between the observed (i.e. uncorrected) and the cal- 
culated charged multiplicity distribution ,6 of the 
three jets as reconstructed by our method, ordered by 

their energies (E 1 > E 2 > E3). The energies E i are the 
reconstructed parton energies calculated from the 
angles between the three jet axes, assuming the parton 
masses to be zero. An additional requirement, O n 
< 53 °, was imposed to ensure almost complete accep- 

tance for all particles of the three jets in the drift 
chamber. Again good agreement with the QCD model 
is found. 

Finally, fig. 3d shows the distribution of the smal- 

lest (0min) and the largest angle (0max) between any 
of the three jets. These angles are between 6 ° and 120 ° 

for 0min, and between 120 ° and 180 ° for 0ma x. The 
distributions are plotted for all events with O n < 80 °, 
but without sphericity or aplanarity cuts. Thus, the 

distribution of 0ma x shows the transition from two- 
jet events (0ma x near 180 °) to large angle gluon brems- 
strahlung events. The minimum angle 0mi n is small 
for two-jet events, larger for three-jet events. Both 
distributions are consistent with the expectation from 

the QCD model. 
In summary, we have made a detailed comparison 

between QCD models and our data on e+e - ~ hadrons 
at W = 12 and 30 GeV. We have measured a value a s 
= 0.17 -+ 0.02 (statistical) -+ 0.03 (systematic error) for 
the coupling constant at W -- 30 GeV and showed that 
the uncertainties due to quark and gluon fragmentation 
are unimportant  in our analysis. QCD models were 
found to give a consistent description of the data. 
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