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Using recent results of Ellis et al. I calculate the O(ag) corrections to thrust distribution in e*¢” annihilation. The nu-
merical importance of the change of the four-momentum squared which determines the strength of the running coupling

constant is studied in detail.

In a recent paper Ellis et al. [1] have published
analytic results for the O(asz) corrections to the event
shape in eTe~ annihilation [2,3]. They have calcu-
lated C and D [3] distributions, where C gives a mea-
sure of the multijet structure of the event but with a
large weight to planar events, while D is a measure of
the deviation from planarity 1. Since the two jet two
loop contributions are not calculated they impose a
cut C> 1/2 to exclude the two jet region.

Their numerical evaluation of the C distribution is
not the most effective one *2 and they do not discuss
the sensitivity of the size of the corrections after ab-
sorbing some large logarithmic terms into the running
coupling constant. Furthermore their formulae are not
applicable directly for an appropriate introduction of
the jet fragmentation.

In ref. [1], however, all the important details are
published so the above mentioned minor shortcomings
can be easily eliminated. First of all with a slight modi-
fication of the pole terms (which have been subtracted
from the four-jet matrix elements to regularize the
infrared and mass singularities), any distribution can be
calculated with high accuracy.

The same modification leads to formulae where jet
fragmentation can be trivially introduced.

The purpose of the present letter is to calculate

+ Acoplanarity distributions have been calculated in ref. [4].
2 With one million Monte Carlo points still large fluctuations
'/are present.

thrust distributions [5] with this method and to study
the numerical importance of the change of the four-
momentum squared which determines the strength of
the running coupling constant. Throughout this paper
I use the notation of ref. [1].

The partons for the different subprocesses to O(as)
are labelled as:

Q)= q(p)) +§(py) + Glpy) (1)
Y@~ a(py) +d(py) + G(p3) + Glpy) (2
Y@ ~alpy) +alpy) +alp3) +q(py) - (3)

It is convenient to introduce invariant variables
s =P+, sy = (0ot o)
yi}' = S;}/QZ s .),1][\ = s[/k/Qz i (l <] < k) . (4)

All the partons are massless. The four-jet matrix ele-
ments have poles in the limit when 8;; = 0. These pole
terms are explicitly given in ref. [1] with the help of
eqs. (3.17), (3.19) and (3.22). The 1/e2 and 1/e singu-
larities of the loop corrections *3 have been cancelled
by integrating the pole term over a three dimensional
subspace of the five-dimensional phase space of the
four-parton final states *4,

*3 A MS scheme and dimensional regularization was used,
e=(4 - n)/2.

*4 The integration over the beam direction can be performed
trivially.
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Since the pole terms represent the “three jet-like”
part of the four-jet matrix elements it seems to be
natural to limit the region of the integral over the
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singularity 1/s;; at a mass value which is approximately

equal to the average invariant mass of a physical jet.
In particular such a procedure is obligatory if the
effects of hadronization are to be taken into account.
According to the experimental data [6] the average
mass value of a physical jet is (my) =~ 5 at s = 3035
GeV, therefore the cut-off parameter must have the
value of ¥4—6 GeV. A change in the parameter my is
reabsorbed in a corresponding change of the fragmen-
tation properties of the partons.

Therefore the upper limit of the integrals over 8
in formulae (3.17), (3.19) and (3.22) of ref. [1] has
to be modified with the insertions of §-functions
6(m% —$13)s 0(m% — 8§34), etc. With this change of
the region of the phase space integral, the pole contri-

bution will be different. In particular eq. (3.26) of ref.

[1] is replaced by:

@)

-1 I =
051(d0®®) + dot)) = G, L [dsy, sy dsy

><6(1—y12'y13—y23)[T(512’313,323) ©)
X { (J1+Jz +J3)} F(S123513’323)}

where 00 = 47TOL2/Q2(ZI eq; ), T(SIZ’ S13, S23) is the
three-jet matrix element

s3 S s1(sy 55 +53)
_i.l,.._z + 2 {_i,,,l.,, _2_3_} .
$2 83 §2 783

F(s1,, 813, $53) is defined by eq. (2.21) of ref. [1],
J1,J4,J 3 are given by the equations

(©6)

T(Sl, S2, S3)=

X
J1=CF[%TIZ n2 22 o, (-—i)
Y12 Y12 Y12
R i) 3
—2Lip {1 ——)—1-31In(xx5)], (7a)
Y12
X X
J2=NC[§772—§1112—3——112-i—%1n2—i
Y13 Y23 Y13
P
2ln2—2-+—1n2—1—+112-2—'-h2( -2
Y23 Y12 Y12 Y13
x X X
—I‘iz(lw—i)+Li2(l~—lv)+L12( i)
Y23 Y12 Y12

(15 a1 -
—Liy (1~ —)-Li
2 Vi3 2
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% ) g :\
+3% —¢ Inx, [, (7b
¥y 93, 18 6 3 )
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J3=Tgl5In(x3) - 51, (7¢)
wherexl,xz,x3 and

X = 1nin(y12yl3,mj7‘/Q2) ,

X9 =min(yy,¥3, m$/0?), (8)

JC3 = min(y13y23, m%/QZ) s

and Cy. = 4/3, N = 3, Ty =n¢/2, ny denotes the num-
ber of flavours. The running coupling constant is de-
fined with the O(a ) correction

a(Q)2n
= [by In(Q2/A2) + (b, /by) In In(Q2/A2)]}~

where
by=t(11Nc —4Tyg),
by=(YNE — 5N Ty — CpTR) .

If we take x| =¥y V3, Xy =¥ {3 ¥y3 and x5
=¥13 Y23 we reproduce formula (3.26) of ref. [1].
The cross section (5)—(7) is the analogue of the
Sterman—Weinberg formula for three-jet production
[7]. In the limit m% -» 0 at the symmetric point y,
= Y13 7 Y93 = 1/3 we obtain:

Jy+Jy tJ;

©)

- 2Cp [-In(3m}/Q?) ~ 3 In(m} Q%) — 5]

—1n2G3m3/0?) — & n(m}/0?)]
+Tr [ In(m}/0?) - 2] (10)

For small jet mass values these terms lead to large and
negative corrections. These mass singularities are can-
celled by adding the four-jet like contributions. I re-
mark that the 72 terms are cancelled in eq. (10). There-
fore it is not obvious that the 72 terms in formula
(3.26) of ref. [1] have to be interpreted as large soft
gluon contributions.

In ref. [1] it has been observed that in the large jet
mass limit eq. (5) contains a single logarithmic term of
the form

(a2mYG TR — G N In(ry3¥,3) - (11)

This term can be exactly cancelled if the coupling con-
stant is evaluated not at Q2 but at 5,3 * 553/02 *%

67

5 Indeed ay(xQ2)/2m = 1/{boIn(Q2/A)[1 + (n k/In Q2/A)]}
~ ((Q?)/2m) (1 — (ag/2m)bo In k), where bo = 11 N¢/6
- 2TRr/3.
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which provides the natural scale of the momentum of
the quark gluon vertex function in the three-jet con-
figurations. In other words, if the three-point vertices
are renormalized at (¥13¥3 02), the loop corrections
also give single logs and cancel the contribution (11)
obtained by appropriate integration over the pole
terms. This cancellation mechanism will appear also
in higher order corrections. Therefore better conver-
gence is expected if the three-jet cross section is ex-
panded in powers of

o) = 2n/by/In[y 302307 /A2] . (12)

In order to study the behaviour of the O(asz) cor-
rections we have calculated the thrust distribution
with various thrust cut-off (T,) and jet mass (my) val-
ues. The total O(a ) corrections are evaluated accord-
ing to the formulae of ref. [1]. The total thrust distri-
bution is splitted into the sum of three-jet and four-
jet like contributions
do¥et =o' + do® +doly) .
do4]et - d0(4) (13)

@’
where do®®) + do(® is defined by formulae (5)—(7).
The do®) cross section is calculated with the four-jet
matrix elements squared minus the pole terms of ref.
[1], but integrated over the y; singularity only up to
the cut-off values x|, x5, x3 [see eq. (8)]. Further-
more the do(® cross section is splitted into a three-jet
like and a four-jet like contribution. The do®) contri-
bution is three-jet like [do(4) = do(g] if any of the in-
varjants s;; is smaller than m% otherw1se it is four-jet
like [do® = d0(4)]

Table 1
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Obviously the dg3i¢t contribution must be frag-
mented as three-jet and the do#i®t contribution as
four-jet processes. The cross sections do3J€t and do4iet
depend sensitively on the jet mass value my.

The Born term [O(e) contribution] is calculated
with three different definitions of a. First we use o
as defined in eq. (9) [do(s)] next we drop the term
(by/bg) In In(Q2/A%)in the denominator in eq. (9)
and change the normalization of Q% to (1 — T)Q2.

ozST/21T= (b, In[(l—T)Qz/Az]]_l , (14)

where T denotes thrust. The corresponding cross sec-
tion is daB Finally, we use a(y) as given by eq (12)
and the Born cross section is denoted by dog Nu-
merical values of integrated cross sections with 7',
=0.75,0.85,0.95 and iy = 3 or 5 GeV are given in
table 1 *6.

I confirm the result of ref. [1] that the corrections
are large and approximately independent of T'; in
comparison with og). However, I also find that the
change in the normalization of « is very important.
The size of the corrections is 10%—45% and decreases
with increase of 7', if we make a comparison with
do§y). Furthermore with my =5 GeV they can be de-
composed into a small negative correction = —(3%—
5%) to do3iet and somewhat larger corrections ~15%—
50% to do%iet with increasing ratio of d04jet/d0g’) as
T is decreased.

*6 The cross sections are calculated for four quarks (u,d, s, ¢)
and a value of A = 250 MeV is used. The numbers have in-
tegrating errors of ~2%.

Total cross section values in pb with various thrust cut-ott T'.. Three different Ofag ’)) cross section values are given (og) %T) ag))
o1 denotes the total cross section up to order 2 with T < T, AMS = 250 MeV and 7y = 4. Its three and four jet like parts

(03 and 041) are calculated with mJ =3 GeVand 5 GeV.

m, T, (s) UgT) ogy) o3 o pchy R - oald g(du) @) o3 ij
(GeV) 5 ag) »- (v) Y 00 o3
3 0.75 1.81 2.34 2.64 130 2.62 3.92 216 1.48 0.49 2.01

3 0.85 11.9 16.0 18.3 105 13.2 237 1.99 1.30 0.57 1.26

3 0.95 57.7 85.2 105 77.0  40.0 117.0  2.02 1.11 0.77 0.52

5 0.75 1.81 2.34 2.64 2,50  1.35 3.85 0.95 0.54

5 0.85 11.9 16.0 18.3 17.6 5.68 23.3 0.96 0.32

5

0.95 57.7 85.2 105 103 13 116 1.10 0.13
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Fig. 1. Thrust distributions do(3)/dT (dashed line), do{4)/dT
(dotted line) and do{)/dT (solid line) for T < 0.85. (AMS
=250 MeV,my3=35 8eV, ng = 4). The cross section values are
given in pb.

The thrust distributions do© [dT, d0(4j)/dT and
dogs)’) are plotted in fig. 1, for my = 5 GeV, while in
fig. 2 we plotted the total thrust distribution in com-
parison with dog’)/dT and dog)/dT.

We remark that since we could extend the numerical
evaluation up to T, = 0.95, with the known value of
the total cross section [8] in the MS scheme, we can
calculate the normalization of the squared two-jet con-
tribution

32iet{Te) = Orotar — 93jet(T) — 0ajet(Te) -

With my =5 GeV, T .= 0.95 and A =250 MeV for

four quarks we obtain

Opjt 0357 045 123 pb: 102 pb : 12 pb
=0.52:043:0.05.

This ratio can be changed with decreasing ', [9].

In conclusion, the perturbative expansion of the
three-jet cross section in powers of a(Q?) in the MS
scheme may contain large logarithmic terms of
1nk(y12y23) which can be absorbed into the change of
scale of the four-momentum squared which determines
the strength of the running coupling constant [ozs(Qz)
- (¥1,72302)]. A systematic study of these loga-
rithmic terms is required in order to clarify whether
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Fig. 2. Thrust distribution de@W/dT (solid line), do(¥)/dT
(dashed line) and dol(;")/dT (dotted line). The parameter val-
ues and normalization are the same as in fig. 1.

the perturbative expansion of multijet production in
e*e~ annihilation is convergent or not.

I am pleased to acknowledge illuminating discussions
with R.K. Ellis and T. Waish.
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