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Monte Carlo measurements of plaquette—plaquette correlations in the 4-dimensional SU(2) lattice gauge theory are re-
ported. In the continuum limit the glue ball mass (= inverse correlation length) is estimated to be mg = 3.7+ 1.2)VK,

where K is the string tension.

In this letter I consider the standard SU(2) lattice
gauge theory [1] in four dimensions with lattice
spacing 2. The random variables U(b) € SU(2) are at-
tached to links b of the lattice and the expectation

value of a gauge invariant observable O {U} is given by:

(0>=Z—1fl;l dU(p) O (U}

X exp {—%@ Te[1-U@)}., (1)

The summation is over all elementary plaquettes p of
the lattice. U(P) = U(b,)... U(b ) is the parallel trans-
porter around a plaquette p with boundary consisting
of links b4, ..., b, and the normalization is (1) = 1,

In the low temperature (= weak coupling) limit
B =4/g? ~ oo the theory is supposed to approach a
phase transition and to define a quantum field
theory in the continuum. If this is correct the corre-
lation length £ has for § = o0 to go to infinity as dic-
tated by asymptotic freedom [2]:

£(B) = a const. f~51/121 exp(F n26) . )]

According to renormalization group analysis any
physical mass is in the low temperature limit related
to the correlation length by

m =const, £, ?3)
The constants are different for different masses.

Creutz [3,4] has carried out Monte Carlo measure-
ments of the string tension K., In a region of § where
Ia,Ja 2 £ (I,J €N) the rectangular Wilson loop

! present address: CERN, Geneva, Switzerland.

W(I,J) of area A = [Jq? and perimeter P =2(] +J )
is supposed to behave like

W(I, J)=const.’ exp(—K + A —m,,* P)

+ (nonleading corrections) , “@)

and therefore the quantity [4]

_(wa,nywg-1,7-1
e v e MY

measures directly the string tension K, provided that
(I—-1atand(J -~ Dazt.

Computer measurements of x(/, I} with 7 between
3 and 5 exhibit renormalization group behaviour of
the string tension in a region starting at § =~ 2.1. Fig,
1 shows data of Creutz [4] and data which were ob-
tained in collaboration with Stehr [5] ', x(3, 3) fits
the asymptotic weak coupling behaviour of the string
tension up to § = 2.5. This gives 2g at §=2.5 as an
upper bound for the correlation length, Consistency
with the observed asymptotic behaviour of the string
tension requires that & behaves according to (2) down
to 2 2.1. This extrapolation of the upper limit gives
£<3aat $=2.1 (cf. fig. 2). It is indeed very remarkable
that the calculation of Creutz requires that the asymp-
totic weak coupling behaviour, which is expected for
a large correlation length, starts at a value of 8, where
£(B)is still much less than one lattice spacing. Only this
property enables (in this approach) the calculation

*1 qn ref. {51 correlations between Wilson loops and plaquettes
are considered.
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Fig. 1, Data for x(Z, [) in units of [¢~2]. From Creutz {4]:
XT=2),0d=3),0d=4) and fromref, [S]: @ (/ =3),
w(=25),

of relations between physical quantities of the con-
tinuum theory on small lattices of size 104 and less.
To the knowledge of the author there exists no
theoretical reasons to expect the beginning of the
asymptotic weak coupling behaviour at such a small
correlation length, All our further considerations are
based on the assumption that the points for x(Z, I)
[essentially x(3, 3)] in fig. 1 show the expected
asymptotic behaviour not only by some strange acci-
dent. It remains to find out in the future whether
this rapid crossover from strong to weak coupling

behaviour is an artifact of the four dimensional SU(2)

107 T

g
I
L

10 -
I ]
+ high temperature B

0 1 1 L

15 20 8 25 30

Fig. 2. Correlation length: Lowest order high temperature
expansion and Monte Carlo points for ~1/Ing(8) up to g =
2.0; upper bound for large 8 and estimate relying on the
present Monte Carlo data for large .
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gauge theory or a common feature of a wider class
of theories, From this point of view conclusions for
the string tension of SU(3) [4,6], which do not ex-
plicitly exhibit the asymptotic behaviour of x(Z, 1),
but rely essentially on assuming analogy to SU(2),
are not quite convincing.

It would of course be desirable to carry out direct
Monte Carlo measurements of the SU(2) correlation
length, For that reason I consider in the following
correlations of parallel plaquettes, which are separat-
ed (in one of the directions orthogonal to the planes
spanned by the plaquettes) by a distance x = na (n =
0,1,2,..). Let p(x) = 1 Tr U(p) for the plaquette p
located at x. The correlation function

p(n) := (p(x)p(0)) — {p(O)? ©

falls off exponentially like exp(—mgx) for x = na = .
Here mg =1 /& is the glue ball mass. In lowest order
high temperature (= strong coupling) expansion one
obtains easily

my=—alnu, u=LEYLE)=38+0@%, (7)

and 7, denotes a Bessel function (cf. ref. [7, 8.445]).
The extrapolation of the upper bound hits the lowest
order high temperature expansion at § =~ 1.7 (cf. fig.
2). Together with the observed asymptotic weak
coupling behaviour of the string tension for § 2 2.1
this suggests a crossover from strong to weak cou-
pling behaviour in the region 1.7<3<2.1.Itis
amusing to note that this is also the region where a
“roughening temperature™ is conjectured in recent
publications [8]. Whether there is a natural connec-
tion between the roughening temperature and the
(fast) crossover is, however, unclear. In this context
it is also notable that the convergence between ran-
dom and ordered start at § = 1.9 was extremely bad.
Using the heat bath method *? I have carried out
Monte Carlo measurements of the correlation func-
tion p(n) up to n =3 on 64 and 94 lattices. For p(3)
the obtained values are already much smaller than
the error bars and inconclusive, It is therefore not
possible with my calculations to obtain the correla-
tion length directly by means of the asymptotic ex-
ponential behaviour. In the region £ < 1g the values

*2 For the SU (2) lattice gauge theory a detailed description
of the heat bath method is given in ref. [3].



Volume 978, number 3,4

of x for n = 1, 2 are, however, already large compared
with the correlation length and expected to be sensi-
tive with respect to the exponential fall-off. The dif-
ficulty is that for such small # the exponential law
may be modified by some unknown $-dependent
power law. Le., for n = 1, 2 we can only expect a fit
of the data by means of

p(r) = const. (B)(ux)~ ) exp(—mgx) . 3

Here u is a new mass, which drops out in the impor-
tant ratio g(f) = p(2)/p(1) = 2~ %exp(1/£). For 0%/
9B > 0 and da/8f = 0 the ratio g(f) is a monotonical-

ly increasing function of g. If also da/98 > 0 (as seems

to be the case in the crossover region) the behaviour
of ¢(B) is in general unpredictable. If the numerical
value of £ is, however, small compared to 1a and £(8)
is strongly increasing, then the increase of exp(—1/£)
would be rather drastic (in a short range of §) and
should there dominate the S-dependence of a.

The data for p(1) and p(2) are summarized in fig.
3. They rely on altogether 16 045 sweeps through a
64 and 8482 sweeps through a 94 lattice. The error
bars are obtained from the standard deviation with
respect to values, which are obtained from reasonable
large subsets of measurements, A more detailed anal-
ysis and data on additional quantities will be publish-
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Fig. 3. Data for p(n) (n = 1, 2). The error bars for p(1) are
negligible on the used scale).
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ed elsewhere. The quantity p(2) is already numerical-
ly very small and just at the border line of what can
be computed within the abilities of the present
“standard” computer program.

For $<2.0 both p(1) and p(2) increase strongly
as functions of f, such that 1/{-In ¢(B)] is within the
error bars consistent with the result expected for £
by the lowest order high temperature expansion (cf.
fig. 2). Around = 2.0 p(1) reaches a maximum and
is then decreasing, whereas p(2) is still increasing up
t0 2.1 <$<2.2. On alinear scale this leads to a
drastically stronger increase of the quotient ¢(p) for
2.0 < <2.2 than for §< 2.0. In view of the ob-
served weak coupling behaviour of the string tension
for 82> 2.1 it seems to be natural to interpret the
data between = 2.0 and = 2.2 as a signal for the
onset of the asymptotic exponential behaviour (2) of
the correlation length in this region. Simultaneously’
aincreases froma~0atf=1.8toa~x1.1atf=
2.2. This takes into account that some weak cross-
over effect for 1.8 < < 2.0 may be completely
obscured by an increase of (), Our interpretation
is further supported by the fact, that 2.0 < $<2.2
is the only part of the measured region 1.5 <§<2.7
where an exceptional increase of ¢(8) is observed.
For §2> 2.2 the exponential increase of the correla-
tion length effects the quotient g(B) less and less
drastic and the power law becomes dominant, The
data indicate a further increase of « to «(2.7) ~ 3.8.
They are not accurate enough to admit a more pre-
cise determination of the dependence of « on f.

Measurements of the described type allow a rather
accurate determination of the maxima which p(1)
and p(2) take as functions of 8. The functions p(n)
(n=1,2,...)become zero for 0 as well as for §—>o0,
It is plausible that p(n) as function of § is monotoni-
cally increasing up to § =8, , where the correlation
length £ reaches a certain value £, = £(B,,) such that
&n, > &n, forny >n,, and is then monotonically
decreasing. A theoretical estimate of £, is desirable,
since it would allow an independent check of our
interpretation of the data. The maximum of p(0)
is 0.25 at § = Q. Therefore the maxima of p(1) and
p(2) are very near to each other compared with the
maxima of p(0) and p(1). This suggests a rapid in-
crease of the correlation length in the region 8 1S
3=, in support of our previous considerations.

Relying on the given interpretation our data relate
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the glue ball mass my = 1/£ to the string tension,
which was first measured by Creutz [3,4]. For large
 the correlation length £ is estimated to be in or
near the dashed region of fig. 2. Here we have taken
into account an onset of the asymptotic weak cou-
pling behaviour of the correlation for 2.0 < <2.2
and that some unknown crossover effect for 1.8 <
8 =< 2.0 would additionally enhance the value of &.
Comparison of the values of mg from fig. 2 and of
VK from fig. 1 (e.g. at § = 2.5) leads to

my=(3.7+1.2)VK . ©)

In comparison the upper bound of the correlation
length gives m, > 1.8 VK (taking the mean value for
VK).

The string tension sets the scale of the lattice cut-
off AL (cf. e.g. ref. [3]). Using the relation of
Hasenfratz and Hasenfratz [9] between the conven-
tional scale AM in momentum space and AL all quan-
tities can of course easily be expressed in terms of
AM_ For SU(3) this would be of phenomenological
interest., Creutz [4] (also [6]) determines the string
tension for the SU(3) theory by using values for
x(2, 2) and one value for x(3, 3). If we take this value
for x(3, 3) seriously we obtain mg > 0.5 [a—1] for
VK ~0.25 [a—1] and therefore the lower bound
m,, > 2+/K. With the value (used by Creutz [4])
\/}% ~ 400 MeV this gives mg 2 800 MeV.,

In summary our data for SU(2) strongly indicate
relation (9). Several assumptions concerning the in-
terpretation are, however, involved. A measurement
of p(3) and p(4) would presumably remove these
ambiguities. This would require computer programs
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running faster by a factor 102 [for p(3)] or even 104
[for p(4)]. A factor 100 seems to be within the pos-
sibilities of computer engineering nowadays. This
would also allow reliabie data on SU(3) to be obtain-
ed, which decide the question, whether an onset of
the asymptotic low temperature behaviour at a cor-
relation length & < lg is also true in that physically
interesting case.

I would like to thank G. Mack, E. Pietarinen, J.
Stehr and P, Weisz for useful discussions.

Note added. After submission of this paper I have
learned that similar calculations were done by G,
Bhanot and C. Rebbi.
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