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Abstract. We present detailed results on the calcu-
lation of the decay of a heavy 1™~ quarkonium state
into a photon and two vector gluons in Born approxi-
mation. We tabulate and graph the formulas for the
Dalitz plots, the photon energy spectrum, the angular
correlations between the y-event plane and the beam
direction, and for the linear polarization asymmetry of
the produced photon. We compare the QCD results
with a model where the heavy 17~ quarkonium state
decays into a photon and two colored, scalar gluons.

I. Introduction

The y-inclusive decays of heavy J*“=1~" quarkonium
states constitute an important test of perturbative
QCD (quantum chromodynamics), which predicts that
these decays proceed by 1y+2 gluon emission [1-3].
DORIS data [4] already support the QCD 3-gluon
origin of the purely hadronic decays of Y (9.46), and
PETRA data [5,6] at higher energies beautifully
confirm the QCD predictions on the g+ g+ gluon
origin of hadronic jets. The y-inclusive decays of 17~
charmonium states are quite a clean and independent
check of the QCD theory.

Measurement of inclusive, direct photon decays of
the J/y show roughly the rate expected in QCD [7, 8].
In one experiment [7], the photon spectrum is much
softer than that expected from the QCD calculation.
The second experiment [8] shows a harder spectrum,
not inconsistent with QCD. Apart from the experimen-
tal discrepancy, the relatively low energy per decay-
gluon which is available at the J/y mass makes suspect
the application of perturbative QCD to the decay
of J/w. The structure observed in J/w—y+X and
p' =y +X [9] gamma-energy spectra also indicate that
the Born term cannot be the whole story in the J/y
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region. Since one expects the perturbative QCD pre-
dictions to be more reliable at higher gluon energies,
the prospects of significant increases in Y-data from
CESR and DORIS and possibly VEPP 4 in the next
few years encourage us to review and extend the
calculations of y-inclusive decays of quarkonium
[1-3]. The disadvantage in rate of y-inclusive decays
(the branching ratio should be roughly 1/4 that of the
corresponding 1/J inclusive-y branching ratio, or
about 2%) is compensated for by the obvious advan-
tage that the photon’s energy and direction can be
measured and directly be used in the analysis of the
process. The corresponding analysis of the three gluon
process will always involve uncertainties related to the
non-perturbative fragmentation process of the gluons.

Since the quarkonium is produced in a polarized
state in e* e~ interactions, there will be correlations
between the decay plane and the beam axis which
provide important tests of the dynamics of the decay
process. The well-defined orientation of the y-inclusive
event allows one to measure and test these correlation
predictions. For the purely hadronic decay of Y, the
polar correlation has already been measured, and it is
consistent with the QCD Born approximation pre-
diction [10]. Since the y+2 gluon process is every-
where infrared finite, the four correlation coefficients
calculated via QCD turn out to be of roughly the same
magnitude in this process as expected, and beam-event
correlations are correspondingly strong.

Photon polarization measurements, should they
prove feasible, would enlarge the number of testable
coefficients. Just the total polarization asymmetry
measurement would yield valuable information about
the mechanism which underlies quarkonium decay.

In the derivation of cross-sections and correlation
coefficients, we use the helicity formalism throughout.
This method has considerable technical advantage in
these calculations. Since its application to quarkonium
decay is new, we exhibit some intermediate steps.
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Results for colored, scalar gluon amplitudes are also
derived in every case, and several comparisons with
QCD are made.

In the next section we write down the matrix
elements for the vector case and give helicity ampli-
tudes and the helicity structure functions (cross-
sections) oy,0,,0r, and o, which appear in the rate
formula. Differential and integrated rates are given. In
Sect. 3 we present our results for the rates, spectra,
integrated helicity structure functions, average opening
angle between gluon jets, polar angle distributions,
average thrust and polarization asymmetries. An ap-
pendix contains the outline of the helicity formalism
applied to the scalar gluon case, and detailed formulas
are tabulated there and referred to in the figures and
remarks in the main text.

II. Matrix Elements and Helicity Amplitudes

The calculation of the decay of a heavy quarkonium
state into a photon and two vector gluons proceeds in
complete analogy to the corresponding positronium
decay calculation. Figure 1 illustrates the process. In
the nonrelativistic approximation, and neglecting
binding energies, one has M >2m and P=p—p=2p,
where M and m are the masses of the quarkonium state
and its heavy quark constituent, respectively. For the
spin projection of the quarkonium state, it is con-
venient to use the covariant form P — M) =2¢(p—m),
which is well known from relativistic SU(6) calcu-
lations [11]. The amplitude is then given by the
covariant trace

P

P2

P3

+ 5 permutations

Fig. 1. The basic Feynman graph for the process: quarkonium
—g+g+y considered in this paper. p, always represents the photon
momentum

We have used the conventional scaled energies
x;=E,/m, so that x, +x, +x, =2. Useful formulas are:
P-p,=m’x;, p,;-p;=2m*(1—x,) where i%j+k, and
(P—p)*—m?=2m?x; which occur in the propagator
denominators,

In the usual approach, cross sections are derived
from (2) by squaring and summing over spins, We shall
instead calculate helicity amplitudes first and then
obtain cross sections by evaluating the appropriate
sums of bilinear forms of helicity amplitudes. One can
extract all needed physics information directly from
the bilinears of helicity amplitudes, which have simple
forms. This procedure is shorter and more transparent
than the usual one of squaring and summing on spins —
especially in the cases where polarization projections
are necessary.

Our event coordinate system is fixed according to
Fig. 2. The z-direction points along the photon mo-
mentum and the x-axis is in the half plane of the higher
momentum gluon. Momenta are p,=E,(1;001),
p,=E,(1;sin0,,, 0, cosl,,), p;=E4(1; —sinb,5, 0,

M, =N, 2m Tr[Ap—m)g5(—p+ps—m) ™' g5r—p —m)” ' ¢f]+cyche perm. (1,2,3)}. 1

All constants have been absorbed into N;;=Nd;;,
where i,j are color indices and

N=2)/2 /o afdm)eqplo)/(}/3m*?).

(o) is the wave function evaluated at the origin, e, is
the charge of the heavy quark, and o and «, are the
electromagnetic and strong coupling constants, re-
spectively. Decay rates are computed according to the
rules for a massive spin one boson decaying into three
massless bosons with the normalization indicated
above.

After performing the trace calculation, the ampli-
tude (1) can be arranged into the convenient form [12]

-4

cosf, ;) and polarization vectors are (1=photon and
2,3=gluons)

1 1
e’lkiz_...,(();il’_i,()), e;:i:_

V2 V2

(0;cos8,,, —i,

1 .
et =——(0; £cosf,,, —i, £sinf,),

1
e* :$~—2—(O;1,ii,0) and e%=(0;0,0,1).

M, == 2N, {(et-e)[— (1) 02 -e3)(Py )= (01 P5)(P2 P3)EF -0~ (s Po)(py-2)(pa )]

14273

+(e-e) [Py Ps) P2} (p3€3)— (01 D) (P51} (P €3) + (P2 P3) Py -€3)(p5-el)]

+(1e3)+(2603)}.
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Here 0;; is the angle between particles i and j. From
spin counting, one finds that there are twelve inde-
pendent helicity amplitudes, designated H as
follows:

Transverse QQ polarization

2122233205

H+++;+=0

Hyy i =0=x)1—x;)
H, . ,=00-x)(1—x;)
H+——;+=(1—x1)x%

1
®common - N,;- —— factor (3a)

2 X1X,X4

—++;+:O

— -t :(l_xl)(l—xz)z
== x) (= xy)?

)

oW T

Longitudinal QQ polarization
H, .0 =0
Ho . _o=)2(1—x)X"?

1 1
&®common - N, .- ———
2 Y xix,x,
H,_,o=—]2(1—x)X?
H+——;0=0

where X =(1—x, (1 —x,)(1—x;).
The remaining twelve helicity amplitudes can be
obtained from the parity conditions

H—lh—lz,—ls; - :H)»h/:Z;)»:%i + (3b)
H_; —p-s50=—H

A1.42,43;0°

Since the initial spin-one quarkonium is produced in a
polarized state in e*e™ -annihilation, beam-event cor-
relations allow one to measure four decay structure
functions, also loosely referred to as cross-sections,
which are denoted by oy, 6;, o5, and o,. The distri-
bution is written as*

ar m 2 I
- 0
Ix, dx, dydoosd — S(R? [oy(14cos“8)+ 20, sin
+20;sin?@cos2y—2]/20,sin20 cosy]. (4)

The polar angle 6 and azimuthal angle y are defined
as drawn in Fig. 2. Measurements of o, ¢,, and g, do
not require energy ordering of the two gluons, but
only require that the event plane be determined.
Measurement of ¢, requires that gluon jet energies be
measured and ordered. The reason for this difference

*  The extension of (4) to include transverse beam polarization
effects is straightforward (see [2])

Fig. 2. The event coordinate system which we use to define angular
correlations. When energy ordering 1s required, the x-axis is taken to
be in the half-plane of the more energetic gluon

between measurement of ¢, and measurement of oy, o,
or o is seen as follows. When, as in QCD, the particles
2 and 3 are identical, then the coefficients ¢y, o,, and
or are symmetric in exchange of x, and x,. g, is
antisymmetric in x, and x,. For an arbitrary y value,
the first three terms in (4) obtain equal contributions
from points (x,, x,) and points (x5, x,), whereas the last
term obtains cancelling contributions. But if the choice
of x is correlated with the energy identification (x-axis
as in Fig. 2 in the half plane of the more energetic jet),
then the cosy coefficient always has the same sign, and
a non-trivial distribution results.

Now the four cross-sections in (4) can be expressed
in terms of the helicity amplitudes of (3) by the
relations

2
Oy =2 Z lHM/lz/"»s; +|
A
— 2
0= Z |H111213,0|
Ar

%
Arhads: +H}»1/"uz?-3; -

or=Re) H
Az
— *
o, =Re Z H, nHY gps00
/‘:’l

where color summing has not been explicitly displayed
in (5).

Since o; does require energy ordering x, > X, in its
measurement, we assume energy ordering to be done
in the whole differential rate (4) and therefore include
no 1/2 factor appropriate to identical gluons when alt
of phase space is integrated over. As remarked above,
energy ordering is not necessary for oy, o,, and o,
which are correspondingly x,«sx, symmetric, as seen
in Table 1.

Armed with expressions (3) and (5), it is now an
easy matter to calculate the cross-sections ay;, 6, 0,
and ¢,. We display these double differential quantities,
which should be designated, e.g., o;(x,,x,), in Table 1.
The results agree with those of Koller and Walsh and
of Koller et al. [2].
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Table 1. The double differential decay cross-sections when polarization of the photon
1s not detected — QCD predictions. The arguments x, of the o, are suppressed for

convenience. X =(1 —x,)(1 —x,)1—x;) and N3=N?$, 5, =8N?

2N2%
6 Zoytoy= 7 = x, 43 ) X3 =,
1X2%3
4N121 2 2
T (1=x,)* +(1~x5)%]-X

2.2
X3

o =0l +oi=
1
op=0h+or= 30t

N2 /22X
Oy 50'11] +or= l—l/:{(l_xz)(l_xs)(xz_x3)+(1_x1)[(1“x2)3“‘(1'“x3)3]}

2l
4,32
X1X3X3

Table 2. Difference between double differential in- and out-of-plane
polarized photon cross-sections in QCD case

4N2

2.2,2
X1X5X5

X

o =gl —gt=—

§NZ

T A2
X1%3X3

X (L=x,)(1—x3)

N2
- x;‘xgig (1= x,)2 (1= x2)2[1 +(1 —x,)%]

i | 1__ I/ENIZJ X1/2 1 1 )
Or =61_01_W‘ (L =x,)(1=x3)(x; —X3)(2— x4}

We have listed the total differential decay cross-
section ¢=0,+0, in Table 1 instead of gy, since o
takes the simple form which is well known from the
positronium calculation of Ore and Powell [13]. Note
that o, and o; need not be positive definite since they
are interference terms.

The cross-sections ¢, in Table 1 correspond to
measurements where the polarization of the photon
goes undetected, i.e. they are the sum ol + 67, where 6!/
and ¢} are the corresponding rates with the photon
being linearly polarized parallel and perpendicular,
respectively, to the three-body event plane. The degree
of linear polarization of the produced photon is given
by the polarization asymmetry A= (o!l—ot)/(c! +o4).
These quantities can also be calculated easily from the
helicity amplitudes. One has

o — b= —4 Y Re[(H 1,5, JHE 1,50)]
O-II[ _ O‘i‘ = —2;(H+Azla;0)(Hﬂi/lzl3:0)

oll —ot=— ;[(H+,12,13;+)(H’5,12,13;~)
H(H ) HE 0]

of —ot=— ;Re[(H+,12h;+)(H’ims;o)
H(H a0 HE L D1

The differential distribution for the cross section differ-
ence in- and out-of-the production plane is the same as
given in (4). In Appendix B we discuss an additional
independent polarization contribution due to linear
polarization in the x=y plane. This additional contri-
bution does not, however, enter into the polar angle
polarization distributions considered in this paper.

In the following we shall sometimes use the abbre-
viations ¢F =oll+ 6} where o/ =0, The QCD ex-
pressions for these photon polarization-sensitive quan-
tities are shown in Table 2, where again the x, and x,
arguments of the g; are suppressed. The scalar gluon
model predictions for the eight observables listed in
Tables 1 and 2 are presented in the appendix.

III. Results

In this section we accumulate results of our calcu-
lations. We discuss in turn the expected rates of
charmonium decay to ygg compared to ggg in the
vector and scalar gluon cases, the Dalitz plots and
photon energy spectra which one expects, the polar
beam-event correlation coefficient afx,), the average
cosine of the opening angle between gluons, and the
photon polarization asymmetry as it varies within the
Dalitz plot boundaries, as it varies as a function of the
photon momentum alone, and as it varies with photon
angle. In addition, average gluon thrust is computed as
a function of x,, and also averaged over x,.

(a) Rates

The lowest order QCD rate prediction is quite simple
[1,2] and is obtained by comparing the graph of Fig. 1
with the corresponding one where the photon is
replaced by a gluon. One finds

_ I(Q0—yg99) 36 a

K= F00=90) ~ 5 2, “
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where o ist the electromagnetic fine-structure constant
and o, ist the corresponding strong interaction con-
stant and where e, is the quark charge in units of e.
The Lena collaboration at DESY [14] quotes a value
2 (M7)=0.1675:54+0.01 from their analysis of Y total
width and leptonic branching ratios. With a b-quark
charge of e,= —1/3, one estimates

R,~0.03875:952. (7)

The corresponding ratio in the scalar gluon case is
complicated by the presence of infrared singularities.
These singularities result from taking the quarks real
rather than virtual and neglecting binding of quarks
within the quarkonium [15].

The perturbative on-mass-shell treatment of the
decay process will therefore be no longer reliable for
small gluon energies. One must therefore introduce a
cut-off on the gluon energy which may be reasonably
estimated to be of the order of the binding energy in
the quarkonium state. We quote the value of the ratio
R, as a function of the cutoff,

16 « I99°(A)
R= 35, )
_ eé Iggv( A)
=3 '(0'39)1999(41)’ (8)

where & is the scalar gluon coupling constant, the
functions I9%(A4) and I9%%(A) are defined in (A.4) and
{(A.5) of the appendix. The range of the final, divergent
x, integration is cut off at x=4 below and 1 — 4 above,
since the ggg amplitude blows up in the x—0 and x—1
limits. Taking several cut-off values we find

19971999 =100 A=00

P99 =142 A4=0.01

9971996 =209 A=0.05 ©)
19971996 =228  A=0.10

1997/1999 =238  4=0.20,

for a variation of about a factor two over these 4
values. For a rough estimate, this cutoff dependence
poses no problem. As examples, we take the value
1997/1999 =228 at A=0.10, and we take two different
values of &; which have been quoted in recent experi-
mental analyses. The (bad) fit value 4,=0.77 by the
PLUTO group [16] gives R,=0.08, which is about
twice as large as the estimate, (7), for the vector gluon
case*, The TASSO value [17] #,=1.6 (also poor
confidence level) leads to R,=0.04.

*  Recent PLUTO data rules out a scalar gluon description of
Y—hadrons [10]

Xy

X2
b

Fig. 3a and b. Dalitz plot distribution for ggy final state a vector
gluons b scalar gluons

(b) Dalitz Plot Distributions and Energy Spectra

Turning next to the question of the spectra of the final
state in ygg decay of quarkonium, we show the double
differential decay rate summed over all spins in Fig. 3a.
The formula is listed in Table 1. The distribution has
the rather uniform appearance already displayed by
Koller and Walsh [2] for ggy and for the ggg case of a
totally hadronic final state. The corresponding scalar
gluon distribution is shown in Fig. 3b for comparison,
and the strong spin dependence is immediately ob-
vious. The scalar distribution formula is listed in the
appendix, Table 5.

The remarks of Walsh and Zerwas [19] and Koller
and Krasemann [18] concerning the three gluon case
are appropriate here. They pointed out that the soft
scalar gluon region is infrared singular because of the
lack of spin-flip suppression of the pole in the quark
propagator in the limit of a zero momentum gluon. As
discussed above, the singularity is a theoretical artifact,
a result of treating the quarks as on shell. The binding
energy provides a very rough estimate of how far off
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Fig. 4. The photon energy spectra in the QCD case (solid line) and
scalar case (dashed line). Both curves are normalized to 1 1n the
interval [0, 0.9] for purposes of comparison

o™ do/dT

%07 08 09 10

Fig. 5. Thrust distribution. Normalization as in Fig. 4

shell the bound quark is, though the ratio of ggy and
ggg rate is not very sensitive to the precise value as
indicated in our discussion in connection with (8) and
(9). We choose x=09, or 4=0.1, as a cutoff in
normalizing and displaying spectra in the photon
energy variable, x,. As in the case of three gluon final
states [18, 197, the enhancement of decay probability

when one scalar gluon is soft leads to an event
configuration which is more like two jets than like
three jets. The photon recoils against one gluon, the
other gluon playing little role.

This two-jet-like feature of the scalar case is shown
in another way by the comparison of the QCD
x,-spectrum and the scalar gluon spectrum in Fig. 4.
The scalar spectrum is very hard, rising sharply above
the QCD spectrum at an x; value of about 0.7. The
spectra shown are both normalized to 1 in the interval
[0,0.9]. The QCD spectrum is almost linear in x, (as in
a y+2 jets phase space model), deviating slightly from
linearity near x, =1. In Fig. 5 we show the correspond-
ing thrust distributions, normalized to 1 in the thrust
interval [2/3, 0.9]. Again the QCD case shows an
almost linear dependence on thrust, whereas the scalar
gluon case has the more peaked behaviour characteris-
tic of the infrared singularity as T—1.

The beam-event correlation (4), when summed over
photon and gluon spins and integrated over gluon
energies, contains the four independent cross-sections,
or structure functions, shown in Table 3 for the QCD
case and in Table 6 of the appendix for the scalar case.
These cross-sections are plotted in Fig. 6a and b,
respectively.

One notes from Fig. 6a that the helicity cross-
sections for the QCD-case are of comparable magni-
tude, whereas for scalar gluons o; dominates over o,
o1, and o, over most of the x,-range. The dominance
of o in the scalar gluon case results from its infrared
singular nature as x;—1, just as in the QCD gqgyg
situation [10]. The QCD results, shown in Fig. 6a,
encourage one to expect that the correlation cross-
sections oy, o, and ¢, can be individually measured,
since photon momentum and the event plane are the
only essential information needed.

(¢) The Polar Correlation Parameter

In Fig. 7 is shown a plot of the value of o, the photon
angular distribution parameter, as a function of x,, the

Table 3. Single differential cross-sections where the photon polarization goes undetected ~ QCD case. The argument

x, of the o, is suppressed. where x, is the scaled photon energy

2 JERVRYE
¢ Eo-“-;-aL:M{(z x;)
x1(2—x1) 1—x1
2N.2(1—x ){ [ (l—x)
=gl pgi= 207 U No 246 | 61— x )b x2 4+ 12
0, =0}] +0 X, 2—x,) (2~xy) 2 ( O+ x?

=07 —a~ (see Table 4)

sl gL 1
(TT=GT+O'T=—2‘UL

N2 Y21 2l —x S
o =0} +at = ”—l/—x{(z—xl)hr —(;561#)(2%1 +x2)— /1=, (2 x,)6—3x, +x2)

2- x1)xi

+x32—x)+2[(2—x,)*—(1 —xl)xf]li(lx—_—ﬂ)}

(1—x1)13]1n(1 —xl)}
A=

X1 X1

( X1 )
arcsin
2— Xy

X3
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scaled photon energy [2]. o measures the decay of
quarkonium into y+ two gluons as a function of the
angle between the photon direction and the e*e”
beam direction,

do/dcosO~1+ocos?f
where
o=(op—20.)/(0y+26;)

and ¢y and o, are proportional to the probabilities
that the decaying quarkonium state is transversely or
longitudinally polarized in the photon direction, re-
spectively. QCD predicts a distinctively sharp varia-
tion in the region 0.5 <x, =1 which should be testable
and is certainly distinct from the scalar gluon case for
which o is essentially 1 over the whole range due to the
dominance of gy,

That o—1 as x, —1 in both cases follows from the
spin constraints on back-to-back particles with J=1
whose s, projection along their colinear line of motion
is necessarily + 1. The distribution for decay of a state
with J=1 and J, =41 (z'= beam direction) into a
state with J=1 and J_= £ 1 along a new z direction at
angle 6 with respect to z' (z is the photon direction), is
just 1+cos®8, or a=1 and g, =0.

Choosing the z-axis along the photon’s momentum
is particularly well suited for seeing the distinctive
QCD behavior in the polar angle distribution as
compared to the scalar gluon case. If one uses the
normal to the event plane to analyze the polar angle
distributions, one obtains almost identical, flat distri-
butions in both cases. To see this, transform the
helicity cross-sections to a system where the normal to
the event plane is the z-axis (transversity frame). One
has in the new system [2]

Gy=30y+0,—0p 10)

gL

[ ST

Oy+0r
and consequently

G=(6y,—26)/(6,+26;)

=—1(oy—20,+60)(oy+20,+20,).

For QCD one has @¢= —1/3 since o, =20, (Table 1)
and thus no x,-dependence of &. For scalar gluons one
finds again &2 —1/3 for x, —>1 due to the dominance
of 6, in the infrared limit. For smaller x,-values, & will
become more negative. For example, one has (0)
= —0.60 and #(0.5)= —047.

In Fig. 8a we have plotted the QCD average values
of a, polarization asymmetry A and “grand average”
thrust {T», where the averages are taken in the
interval [x9,1]. In Fig. 8b we have plotted the corre-
sponding averages taken in the interval [x¢,0.9] for

———T T
751 ' ]
T T T T scalar gluons '
20 F_ vector gluons p
/
5 ‘T
15 - x !
- oy 2 o
£ = ;
~ 10+~ 4 35 25 ;-
- [$) /
5 ° Y
g e Yoo |
© T b ¥ . =75 10
° op 4] —--n.ﬂ_=_=_—_-_—.::::—--—-:
0 il o1 10 \\‘
PR RPN I S SRl T
0 05 10 0 05 09
a X, b X

Fig. 6a and b. Beam-event correlation cross-sections oy, o7, 05, and
o, as a function of photon energy. a Vector gluons. ¢=gy,+a;
normalized to 1 [0, L]. b Scalar gluons. o =6, + 0 normalized to 1
in {0, 0.9]

X

Fig. 7. The photon polar angle distribution coefficient, o, as a
function of photon energy in the QCD case (solid line) and scalar
model (dashed line)

10 ———1———— 10—

Fig. 8a and b. <o), (thrust}) and (4> as functions of x; a vector
case and b scalar case

the scalar gluon case. We have displayed the de-
pendence of the averages on the lower cutoff x§
because low momentum photons are difficult to dis-
tinguish from background experimentally, and experi-
mental data will generally only be available above
some x{ >0 which depends on the particular detector.
Published data are limited to x{<0.5, [8,9] for
example.

We avoided x, =1 in the scalar gluon case because
the infrared singularity in the model calculation at
x, =1 drives the averages to their value at x, =1, for
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05—

<COS 923>
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Fig. 9. {cos,,> vs. x,

example <{a)>=a(l)=1, regardless of the lower in-
tegration limit x§. Thus we define

| ox,)a(x, )y dx,
{ad= xlx-f_“”*

| a(x,)dx,

*
and where x{=1 or 0.9 for QCD or scalar gluons,
respectively. The plots show vividly that there is a big
difference between the scalar gluon model predictions
and those of QCD for the energy-averaged photon
angular correlation. This difference persists in every
averaging range except for x{ very close to 1.

We continue our discussion by turning to the
predictions for the average of the cosine of the opening
angle between gluons and then return to Fig,. 8a, b for
remarks on “grand average” thrust and average polar-
ization asymmetry.

(d) Average Opening Angle

In the average opening angle between the gluon jets
{cos0,,>, an interesting difference between the vector
gluon case and the scalar gluon case developes as
x,—1. {cosf,;> is shown in Fig. 9, where one sees
the expected back-to-back gluon configuration,
{cosl,;y~—1, for small photon momentum in both
the scalar and vector gluon cases. But the singularity in
the cross-section for the scalar case in the x, —1 limit
gives such strong weight to the emission of a soft
gluon, whose direction is unconstrained while the
other gluon recoils against the photon, that the open-
ing angle averages to m/2. The vector case behaves
normally, and the gluons must be parallel as they
recoil against the photon in the x, —1 limit where the
photon has half the decay energy. The QCD {cos8,,)
behavior is, in fact, practically indistinguishable from
the phase space prediction.

10 L LA
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Fig. 10. {thrust) as function of x,

(e) Average Thrust

Y decay into hadrons produces events which are more
planar than the background events [4]. There is an
associated decrease in thrust on the Y resonance
compared to the thrust of e*e™— hadron events off
the Y resonance [4]. This evidence supports the QCD
picture that the final state in Y decay originates from 3
gluons. A well defined event plane is necessary for
extracting azimuthal and polarization dependence in
quarkonium decay into y -+ hadrons, and we plot the
average thrust in Fig. 10 as a function of x, to indicate
the degree of expected planarity. Average thrust is
defined as

(T, )y =L LD s,
Jodx,

where T=x,, x, or x,, depending on which is largest.
The integration limits of the numerator depend upon
whether x; is the largest, intermediate, or smallest
energy. For each x, value, the integration region has
two parts corresponding to the possibilities x,>x; or
X5 >x,. The QCD prediction is seen to liec below the
scalar model prediction at every x,-value — another
demonstration of the two-jet-like aspect of the scalar
case. The QCD curve, incidentally, is almost identical
to phase space, as was the case in {cosfl,,> discussed
above.

The average of {T) over various X, regions —
“grand average” thrust { T» — is shown as a function
of x{ in Fig. 8a. For example, if the data is averaged
over the photon energy interval 0.5=x,=1, QCD
predicts that {T7» =0.82, where

}(T)adx1
KTH= ﬂl—
[ odx,

<
*1

The corresponding plot in the scalar gluon case is
shown in Fig. 8b.
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(f) Polarization Asymmetry

So far we have only discussed measurements where the
photon polarization is not detected. In order to extract
the photon-polarization dependent observables o (x;)
and ¢ (x,), a polarization sensitive measurement must
be made, and the asymmetry A=(o,—o )/(0,+0,) Is
the most accessible to direct measurement. To measure
A, one must measure the difference between the num-
ber of events with linear photon polarization in the
event plane and the number of events with linear
photon polarization perpendicular to the event plane.

In Fig. 11a we show the variation of the asymmetry
parameter over the Dalitz plot in the case of the QCD
prediction, and in Fig. 11b we show the corresponding
plot in the case of the scalar gluon model prediction.
The asymmetry is largest in the large x, region of the
Dalitz plot in the QCD prediction. The scalar pre-
diction is largest in the small x, region, giving a
distribution which is easily distinguishable from that of
QCD. For orientation we note that the maximum
asymmetry in the QCD case occurs for values x; =x,
=x,=2/3, where A=—0.5, while the maximum oc-
curs in the scalar case for values x, =0, x,=x;=1
where A= -—0.6. We note that the QCD asymmetry
distribution plotted in Fig. 11a is in agreement with
that of Brodsky et al. [3].

The quantities o =0 Table 2, are integrated over
the gluon energies and presented as functions of x, in
Table 4 for the QCD case and in the appendix for the
scalar gluon case.

We plot next the asymmetry as a function of x, in
Fig. 12, and the QCD and scalar gluon results are seen
to be distinctively different. The remarkable fact is that
the asymmetry is large and negative, 30 %40 %, over just
the range 0.5<x,<0.9 of photon energies which is
acceptable (in both the general and technical senses)
experimentally. In both cases the photon is polarized
perpendicular to the event plane.

Comparing Figs. 11 and 12, one notes further that,
since Fig. 12 represents an average over all gluon

o -
(1
A ok
< -~ M
2.
[T
-~ IS
i LT,

/
J
f—
o

2 S

b

Fig. 11a and b. Dalitz plot distribution of polarization asymmetry a
vector gluons b scalar gluons

POLARIZATION ASYMMETRY A

X

Fig. 12. The x,-dependence of the polarization asymmetry 1n the
QCD (solid line) and scalar (dashed) cases

Table 4. Differences between 1n- and out-of-plane polarized photon single differential

cross-sections in QCD case

g ANE—x,)
X, (2—x)?

In(l—»
{2—x1+(2—2x1+xf)u}
X1

L ANZ(i-xy

= ‘{(2—x1)(6—6x1 +x3)+4(1~x,)(3—3x, +x§)Ll _xl)}

X1

X32—x,)?
2
a;za'}.—o’;=—_[1+([_x1)]og
41—x,)
22-x;) )/ 1—x; [2(1— 31—
o] =ol) —gt= £ 13 1{( x12)+1— d-x) arcsm(
X1 (2—x,) x V/1—x;

Xy 2
N,
2—x1)} v
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energies, there are regions of the Dalitz plot where the
asymmetry is larger than 40%. One can tunec the
asymmetry optimally if events near the center of the
Dalitz plot are selected. Whatever data sample one
uses, the observation of a negative asymmetry in the
0.5<x,<1 region would be strong support for the
picture of quarkonium decay via the QCD mechanism
shown in Fig. 1.

So far we have restricted ourselves to consideration
of the total asymmetry, which is obtained by integrat-
ing over all angles [refer to (4)]. Angular dependence
of the asymmetries is determined by gy, g, o7, and
g, and we display these cross-sections as functions of
x, in Fig. 13a, b for the QCD and scalar cases,
respectively. In the scalar gluon model, a7 is related to
oy by

o = =30y (11)

and it is clear that o, is the dominant asymmetry
cross-section as x; — 1. In the QCD case, H, , _,, and
H, _,..,(3a), are dominant as x, —1. All others have
factors of (1—x,) and go to zero as x; —»1. One sees
that (11) holds in this x,—1 limit for QCD, and since
oy is large as x, —1 (Fig. 6a) then o is also large and
negative in this limit. The implications of the large o
values for the angular dependence of the asymmetry is
discussed below.

Considering first the 6-dependence of the asym-
metry, obtained by integrating over the azimuthal
angle y [see (4) and Fig. 2], we show the asymmetry as
a function of cosf for several different values of the
scaled photon energy, x,, in Fig. 14. One sees that in
the vector gluon case, where the asymmetry effect is
predicted to be large for large x, values, the 8=x/2
configuration is optimal, but not significantly larger
than the average asymmetry from the experimental
standpoint, In other words, the cosf plot shows that
little sensitivity to the polarization resulting from
dynamics is lost in the integration over 6 angles.
However, referring to Fig. 13 and (4), it is clear that the
large o7 values near x, =1 will produce strong azi-
muthal correlations which get lost in the polar angle
distribution, in which the y-dependence is integrated
out.

In order to extract the dependence on azimuth, we
take an indirect route and use the relations (10) which
relate the 6 and  correlation cross-sections [2].
Taking the normal to the event plane as the z-axis we
have then

65 (1+cos?0)+ 20 (1—cos?d)
65 (1+cos?0)+26; (1 —cos?f)

A(cosf, x,)=

and, using (10), obtain

A(cosf, x,)

_ Goy +op +op)+cos?l(— Loy +op —307)
~ Gog 40 tof)+cos?0(—L16] +0; —30))

(12)

The result is plotted vs. cos?§ for several x, values in
Fig. 15. We note that limiting cases (i) cos?8=0, x, 1
where A— — 1/3 for both scalar and QCD predictions
since 67 = —107 in this limit (11), and (ii) cos?f =1,
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x,—1 where A=—207/o}—1! The QCD cos*§ dis-
tribution changes rapidly as x; »1 and is practically
the same at x, =1 as the x, =0.9 curve of the scalar
case mn Fig. 15.

The polarization asymmetries are strong, even in
average quantities, and afford a rich source of detailed
information about the dynamics of quarkonium decay.

The photon polarization asymmetry can be mea-
sured either by Bethe-Heitler [20-23] or by Dalitz pair
[24,25] e*e™ conversion. To get a rough idea of the
strength of the correlation between the plane of the
photon polarization and the plane of the converted
e*e” pair (in plane/out of plane ratio), one can use the
value of 4/3 estimated by Wick [22] in the Bethe-
Heitler case to find that the observed asymmetry
should be about 1/7 the photon polarization asym-
metry. In the Dalitz pair case, one has an in plane/out
of plane ratio of 1/3. This “anti-correlation” leads to an
observed asymmetry which is opposite in sign to the
virtual photon’s asymmetry and 1/2 as large in magni-
tude. This stronger (anti) correlation in the Dalitz-pair
conversion makes up some of the O(x) loss in event rate
of this process relative to the Bethe-Heitler conversion.
Both of these measurements will be difficult of course,
since high energy photons produce e"e™ pairs with
small opening angles.

1V. Conclusions

The decay of quarkonium J¥ =1~ " offers a rich source
of information on the dynamics of quark-gluon in-
teractions, and we have extended the calculation of the
QQ(1~ ")—ggy in both vector and scalar gluon models
to include all of the decay structure function asym-
metries. We found that the helicity formalism outlined
in Sect. I simplifies such calculations greatly in com-
parison with the usual, basis-independent projection
and tracing techniques.

The QCD predictions for the beam-event angular
cross-sections showed that the beam-event angular
correlation coefficients are comparable in magnitude
and should be measurable in upcoming experiments.
We placed strong emphasis on the polarization asym-
metry calculation and its possible experimental
measurement. The asymmetry was determined to be
large over much of the Dalitz plot, Fig. 11a, and the
asymmetry, which is negative, is plotted as a function
of the photon energy x, and shows a maximum effect
of ~40% in the experimentally accessible range, as
seen in Figs. 12 and 14. The latter figure shows the
asymmetry plotted vs. cosé for several different values
of x,. Because 67 — — o as x,—1, and oy, is large,
one predicts especially large polarization asymmetry
near y =3 (4). This y-dependent effect is contained in 6

distributions, and we show this in Fig. 15 where 4—1
as cosé, x,—1

These effects and the comparison, Fig. 6a, of the
various correlation cross-sections lead us to conclude
that detailed tests of QCD in quarkonium photon
+hadrons are possible experimentally. For low mass
states, the clean perturbative picture which we have
used will be complicated by final state interactions
among hadrons, of course. Resonant states [9] and/or
gluon-gluon interactions will modify the QCD pre-
dictions.

Regarding scalar gluons, we found that the sin-
gular soft gluon region dominates the final state so
much that the events are primarily composed of a hard
photon recoiling against one hard gluon. The trans-
verse unpolarized cross-section ¢, which has the
singularity, dominates the other cross-sections so
much that the angular correlation and asymmetry
effects are washed out. Figures4, 6b, 11b, and 12
illustrate this result. The average thrust, shown in
Fig. 10, is clearly and measurably higher in the scalar
than in the QCD case.

Finally, we remark that effects, expected to arise at
high energy due to Z°«<sy interference effects, and
which should be taken into account in discussing tt
decay, leave the polar (cos?6) distributions of the
photon and its linear polarization unaffected. More
complex density matrices resulting from beam polar-
ization and/or inclusion of weak effects have been
analysed by Kérner and Schiller [26].
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Appendix A
The Scalar Gluon Case

The matrix element M,; for QO(1~ ~)—y + two scalar
gluons can be easily calculated from the Feynman
diagram of Fig. 1. It results in the same covariant trace
as in (1) with o, replaced by the effective scalar
coupling constant &, and the omission of the polariza-
tion vector terms ¢¥ and ¢§. The effective fermion-
/"Ll

scalar gluon coupling is defined by g.p 5

ps'. The trace
calculation yields

1
X1 XX3

M;;=—38N,, {(1—x2x3)e-e’1x<

1
+ g (=509 -€0) 3,020 e (A1)
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where N;; is a normalization factor defined after (1).
The helicity amplitudes H are given by

AyitQQ
1
H, ,=—8N; X2, [xy(1—x,x5)—XT1,
1
H_ .=-8N - X, A2
i+ T and (A.2)
1
H. . =41/2N. - X2 (. —
+;0 iy xfx2x3 (xz x3):
where X=(1-x,)(1—x,)(1—x;). The parity con-
ditions are
H_ . =H o
s Pt (A3)
H—L,;O _H)M,;O’

In Table 5 we list the expressions for the unpolarized
photon cross-sections which appear in (4). Since there
are only three independent helicity amplitudes and
these are real in Born approximation, (A.2), there
are clearly many relationships among the eight ;. We
write, therefore, all of the o] in terms of o, quantities
in Table 6.

Because the photon spectrum is more readily
measurable than the double Dalitz distributions, we
show the expressions for cross-sections which result
after integration over gluon variables in Table 7 in the
unpolarized photon case. The integrated o, are related
to the ¢;" in the same way as shown in Table 6.

As remarked in the text and as is evident in Figs. 3b
and 4, the scalar gluon rate blows up at x;—1 as
1/(x, —1). To compute the total rate, we cut off the x,
integration according to 4 <x, £1— 4, the lower cut-
off included for uniformity in comparing with the
three gluon case, where one needs the lower cutoff. The
cutoff dependent expression for the total rate as a
function of cutoff, referred to as I99%(A) in the text, is
defined by [see also (4)]
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Table 5. Unpolarized photon double differential cross-sections in the
scalar gluon model. X =(1—x,)(1 —x,)(1 —x,). Refer to (4) for the
interpretation of the ¢,. Note 6 = 6,4 ¢,. The g, arguments x , x,, and
x, are suppressed for notational reasons

oll 4ot =64N2 - . 2(1—x,3,)2 — 3X]
3

(e —x3) X

o) +of=64N% ———
x

oll+ot=128N2. LI Jl1—x,x
T T 1 x;}.xzx 243

% (1=x)]-X

o} +or=-32)/2N2- s Do (L= x,%5) — 2X (%, — x5)

Table 6. Differences between double differential in- and out-of-plane
photon polarization cross-sections in the scalar gluon model

ol — ot =a| + ot - 2(c)+05)
ol —ot=0ll + o1
oll—ot=—1(cl+03)

| ——]
oy a',—arf-l-o;

the Feynman diagram Fig. 1 corresponding to the
three gluon case, one has

Mz‘jkzNijkTT{zm[éé(F—m)(—P‘*'Fa—m)_l
'(ﬂ_lﬁ
4 1
=N. _. (—p. . _
ik X1X,X5 (=py-elx;
+p,-e(x; —x3)—py-elx; —x,)),

—m)~ 1] +cycl. perm}

X3)

(A.4)

m 1
rgevzFN@{g[zz(l—Ayyz(—1+A)+$2(—A)—yZ(A)Jrln(l—A)ln(z—A)]
A+ d)tind -2+ -2 3.4 94}
+indlo(l+4)+In 4144 T3 U+AF  21-4
3(1—4) 5 (1-4) 9(1—41)} s 15 1}
it -4 ){Z_Zz A 3Q-A2 4 4 | 4'1+a 4 2-4
= FNZIQGY(A)’

where A is the photon energy cutoff and %Z,(x)
In(1—x")dx'

-1

0
Since we are interested also in the branching ratio

of the y-inclusive decay involving scalar gluons, we
briefly ~recapitulate the total rate calculation
00(1™ ~)—three scalar gluons [18]. On evaluation of

is the dilogarithm function.

where N, =% fi,-2/2(@41)*2w(0)/(m>? |/3). The
helicity amplitudes are

H, 2N, (3x1—2)

ijk 2

1
0 :8Nijk'Tx—x‘ (%,

X1X2X3

—X3)(2x, — 1)
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and the parity condition is H_ = — H . We shall only
give the result for =0, +0, for the total rate calcu-
lation, (4)

i
6 =64N2, - ——— [X,%5(5—9x,) — (4— 10x, +5x2)],
3

xIx2x

2

N .
where N7, = e fofin=06N?. Integration over x, and

The double differential density matrix distribution
is given by [26]
do

3 2
dx, dx, doostdy ~ gL o8 0) ol +eu.0,)

3. 3.
+3 sin*0(e;1+49,,6,)+ i sin?@ cos2y(o,1+ 07,6,)

3. . 3 .
- ZSIHZQSIHQXQ4y<’y+ ——=sin26sinyg;,s,

22

3
x, then yields the expression for the total rate, includ- — sin20 cosy(o,1+¢,,6.). (B.2)
ing a statistics factor 1/6, 2 ‘/i
I999(4) = E%Ngk{s[;gza —A)+ Ly~ 1+ A)+ L,(4)— Ly — M)+ In(1— 4) InQ— 4)]
4 313 {
—InAd ln(l +A)+ —3-11’1(1—A)[1'— -2~'Z -+ 2‘_—2 - Q‘—A—)ZJ
4 31 3 i 4{ 1 1
MR e S v ik Wy (1+A)2]+ 5(1+A - 2—A>}
=lN2 1999( ) (A
= 4gduF . .5)
Appendix B One notes from (B.2) that the g, contribution drops out

Linear Photon Polarization in the x=y Plane

In general the (unnormalized) photon density matrix
0,, will involve four independent components, viz.

(B.1)

A circular polarization component g, will only be
present when parity violating effects or longitudinal
beam polarization effects are included [26]. The
y-component corresponding to linear photon polariza-
tion in the x=y plane has not been considered in the
main text since it does not contribute to the polar
distributions worked out in this paper. For the sake of
completeness we will list the relevant y-components in
this appendix.

o =3(01+0.0,+0,6,+0,0,).

after y-integration as stated above.

The y-components of the density matrix can be
expressed in terms of the x-components given in
Tables 2 and 6 with ¢/l —g'=—p .

QCD:
Qay =g, [1-(1 ‘xl)zj/[l +(1 ‘x1)2]

05y =01%/(2—x,).
Scalar Gluon :
Q4y:QTx.(Hi;+ _H2—;+)/(Hi;+ +H%~,+)

0sy=0rcHy,  +H_ J/H —~H_).

Table7. Single differential cross-sections as a function of photon energy x, for unpolarized photonsin the scalar model. The Xy

argument of g, is suppressed

2
[6+2x, +3(2—x,)*]

ln(l—xl)}

X1

64N -
4 l=_ﬁ'f~__.{2+31_ 2 (1 x )2 x P ST X
s e i L U U U e
64N (1-x,) In(1—x,)
U|I+o’l=_<_'f—1{3(2_x )+ [6(1—x +x2 _ﬁ__1_}
PR Nl : Dal=
— 64N2(1—x ){ U—x,+x3) 2
I+or= 42 5 ——[1 1—x.)?—
Op T 071 xi, (2—)61)2 +(2—X1) +(1—-x,)
oo 2V2NY xR x) {H L3
Xy @=x)  (I-x)?

[2(1——x1)+

2At—x,+x,)*1 —xl)}ln(l—xl)}

2—x,)? Xy

(2—3%, +2x%)
2—x,)

RWER/
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The effect of the y-components can be judged by
considering the general parametrization of the (nor-
malized) density matrix of a linearly polarized photon:

0=31(+P, (cos2¢pc, +sin 2¢0))). (B.3)

lin
From (B.3) one concludes that the polarization plane
has an angle ¢ =7Jarcctg(e,/o,) relative to the decay
plane and the degree of polarization in this plane is
given by P, =(02+02)"*/e.
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