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We study the 3-jet decays of S- and P-wave quarkonia with C = +. If observed, some of these 
will offer a way of seeing the 3G vertex of QCD via 

~S 0 ,3P 0 ,3P2(QQ ) --, GGG + Gq~ ~ 3 jets. 

(As is well-known, cancellations reduce 3pI(QQ ) ~ GGG.) We elaborate in detail the S-wave 
decay, as it is expected to show all the characteristic features of orthoquarkonium decays into 4 
jets,, 

3SI(QQ ) ---, GGGG + GGqFq --, 4 jets, 

which we will comment upon. These quarkonium decays offer a very clear signal for QCD as a 
non-abelian local gauge field theory with color-charged gluons. 

1. Introduction 

Q u a n t u m  c h r o m o d y n a m i c s '  e l e m e n t a r y  c o l o r e d  q u a r k s  a n d  g luons  are  n o t  d i rec t ly  

obse rvab le .  T h e y  are  p e r m a n e n t l y  b o u n d  in co lor less  phys ica l  s tates ,  the  had rons .  

l Kade Fellow. 
* Permanent address. 
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This unobservability of the elementary objects of the theory is not sanctioned by 
tradition in physics. So we are obliged to look for the cleanest possible (if indirect) 
experimental evidence for quarks and gluons-particularly gluons. Convincing ex- 
perimental evidence for these colored vector quanta and their self-interaction would 
essentially establish the theory. QCD is a non-abelian local gauge theory [1]. It 
requires that gluons exist and that they interact in a prescribed way with quarks as 
well as with themselves. The theory becomes free at short distances. This helps, since 
it means that QCD quanta (or partons) are produced with perturbatively calculable 
rates in short-distance processes such as e + e -  annihilation, quarkonium decays or 
high-pT hadron production in hadron-hadron collisions. Quarkonium decays are 
particularly useful. To leading order in the QCD coupling gs, only gluons are created 
in the annihilation [1]. 

Empirically we know that Y(9.46)= 13Sl(bb) decays are well described by the 
QCD mechanism (bb) --, G G G  --, 3 low energy jets [2]. Clean jets are not seen. But 
distributions do need a matrix element containing vector gluons with color [3]. The 
next resonance should give very clean multijet decays. Clean jets are seen in 
e + e -  ~ qqG ~ 3 jets at Ecru = 30 GeV [4]. So a parton with energy 7 -  10 GeV will 
appear as a clearly visible jet of (colorless) hadrons. We take this to be an empirical 
fact. 

The observability of partons as jets makes quarkonium decays an ideal place to 
look for evidence of gluon self-coupling. QCD predicts that, at short distance, 
G -~ GG with a calculable rate as a result of this self-coupling. This is analogous to 
the bremsstrahlung of a gluon by a quark at short distance, q --* qG, or of a photon 
by an electron in QED, e -~ e't. In all these cases the vector quantum has an energy 
and angle distribution cc (dE/E)dO/O at small E and 0. The bremsstrahlung of soft 
collinear gluons by gluons depends on everything in Q C D - a  small effective cou- 
pling at short distance as well as self-coupled colored vector gluons. (Of course, a 
clear (dE/E)dO/6 spectrum of jets may need a lot of energy.) 

We take up the decay of C =  + (QQ) bound states (paronium-the  word 
"paraquarkonium" is too long for us). This is shown in fig. 1 up to O(g3), 

(QQ) ~ GG + G G G  + GqFq --, 2 jets + 3 jets. (1) 

It turns out that the diagrams involving the 3G vertex dominate over GqF: 1 by an 
order of magnitude (apart from the exceptional 3Pt). Expression (1) is thus a nice 
analogy to 

e + e  - ~ q q +  qclG --" 2 jets + 3 jets. (2) 

Because of the gluons' self-coupling and large octet color charge in fig. l, the 
fraction of 3-jet events in (1) is about 9 of what it is in (2) at the same energy [5]. 
This, and the characteristic distribution in (1), is what we are looking for. 
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Fig. 1. Paronium decays into GG and @@G, GClTq final states. Permutations of gluon lines are not 
shown. (The GG diagram is absent for 3p] decays.) 

Reaction (1) is difficult to observe experimentally. The C - -  + (QQ) states have to 
be reached by radiative decay from a C - -  - 3S 1 state produced in e + e -  annihila- 
tion, 

e + e - --* 3S, (QQ) ~ "r + ]So(Q~) ) 

--, y + 3Ps (QQ) , (3) 

where J = 0 , 1 , 2 .  We are therefore most interested in (1) (particularly the S-wave 
paronium decay) as a laboratory for methods that we can use to analyse the ground 
state 3S[ orthonium decay up to order g4, fig. 2, 

3St(QQ ) ~ G G G  + G G G G  + GGq~.  (4) 

This can be observed directly on resonance in e + e -  annihilation. The differential 
rate for (QQ)--, G G G  is finite everywhere. Divergences occur for G G G G  when a 

gluon is soft or parallel to another. (GGqcl has a divergence for parallel qFq but not 
for soft quarks; we expect this final state to be swamped by G G G G . )  This behavior 

is due again to the 3G vertex of QCD. We will discuss (4) in detail in a subsequent 
paper. 

o P G 

f. . .  . . . .  G G 
G G G 

_- f.ZT"  6 . . . . . . . .  G -- . . . . . . . . .  G 

(a) (b) (c) 

Fig. 2. Generic diagrams of orthoquarkonium decays into 3G and 4G, GGq~ final states. 
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All our calculations are for tree graphs. Since (QQ)--, GGG in (1) is small 
compared to QQ ~ GG, it is consistent to ignore loop corrections to the latter. We 
want to check the ratio of 3- to 2-jet events in (1), compared to (2). This measures 
the strength of the 3G vertex. (3-jet distributions check the bremsstrahlung character 
of G--, GG.) The 3G strength is this ratio, up to corrections of order ct s --g2/4~r. 
This is tolerable, since we are looking for a factor 9 in (1) compared to (2). (This 
does assume that radiative corrections to (QQ) decay are not too big. Some 
corrections are big, but the overall effect does not appear too serious [6]*.) 

Our main conclusion is that most C : + (QQ) decays (if observed) do provide a 
clean check on the 3G vertex of QCD. We calculate helicity amplitudes for physical 
gluon polarization. So there is no gauge ambiguity in the association of specific 
graphs to specific amplitudes. The diagram in fig. 1 with all gluons attached to a 
heavy fermion line has no divergence for S-wave (QQ). We already remarked that q7: t 
production is swamped by the gluon diagrams involving the 3G vertex. These thus 
dominate. 

The I++3PI(QQ ) decay is an exception [7]. (QQ)~  GG is forbidden by an analog 
of Yang's theorem. (QQ) --, GGG is tiny due to cancellations and (QQ) ~ GqF: 1 turns 
out to dominate. Paronium decays do not automatically check the 3G vertex. The 
structure of the short-distance source is important, and the individual cases have to 
be calculated. 

The general characteristics of the higher order 0 -  + paronium S-wave decay are 
expected to be closely analogous to those of the 1 - -  orthonium S-wave decay, 
experimentally much more easily accessible in e + e -  collisions. S-wave decays are 
the only decays where G ~ qcl and (the even bigger) G ~ GG gluon splitting 
dominate over diagrams with all gluons attached to a heavy fermion line, everywhere 
in phase space. They are the only decays where the development of hadron 
distributions with increasing quarkonium mass [8] can be derived from Altarelli-Parisi 
type equations [9]. 

The three-parton decays of C : + onia have been studied previously by Barbieri, 
Caffo and Remiddi [6]. Where we overlap, we have checked that our results agree 
with theirs. 

In sect. 2 we present the helicity amplitude method. We consider the kinematics, 
the consequences of symmetries on the amplitudes, and the (QQ) Bethe-Salpeter 
bound-state amplitudes. Sect. 3 contains the helicity analysis of S-wave 1So(QQ ) --, 
GG and 3S|(QQ) ~ GGG decays and also P-wave 3P 0, 3P2(QQ ) ~ GG decays. Sect. 
4 contains our results on paronium decays to GGG and Gqcl. We also comment on 
orthonium decays to GGGG, based on the general structure of the S-wave (QQ) 
decays. Sect. 5 contains results on 3P o, 3P 2 --, 2 jets + 3 jets, and sect. 6 is a summary 
and outlook. 

* For 3-parton decays see the third of these papers. 
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2. The helicity method 

In this paper we calculate helicity amplitudes for GG and GGG, GqF: 1 decays of 
(QQ) [10]. Squared and summed over helicities, these give rates. It is not necessary to 
introduce unphysical degrees of freedom (ghosts). Another advantage of this method 
is that we can calculate gluon polarizations, if desired. In this section we simply 
summarize information we will need for the actual calculations. 

The matrix element for decay of a color singlet (QQ) to GG (colors a and b) is 
proportional to 8~b" For C =  + ( C - - - )  G G G  decays (colors a,b ,c)  the matrix 
element is proportional to f~bc (dabc)" Time-reversal invariance requires all matrix 
elements to be relatively real in Born approximation; we will choose them real. From 
now on, a, b,c refer to color indices and k i, 4 i =---1 to gluon momenta and 
helicities. Decay matrix elements [e.g. for (QQ) ~ GG] are written 

ab T~ (kl ,Xl ;  k2 ,42) ,  

where S z labels in addition the z-component of spin of the (QQ) state, the z-axis 
defined by k v Parity, angular momentum and Bose symmetry now give the follow- 
ing constraints on the T 's. 

(QQ) ~ GG decays. Parity requires that 

ab (k,, 4,, 42) (k, , -4 , ;  
. - -  z 

(5) 

where n = 71(-)s is the normality of the (QQ) state of parity 7/and spin s. Angular 
momentum requires that 

T, ab(k 4 1 , k 2 , 4 2 ) ¢ : 0 ,  o n l y i f S z = 4 Z - 4  e. S: ~ I' (6) 

Bose symmetry for on-shell gluons G gives 

T~6(k., 4, ; k2 ,42)  = (-)s-S~Vb~s~(k ,, 42; k 2, 41). 

(QQ) -~ 3G decays. In this case parity gives 

(7) 

abe r2~: ( k l , 4 1 ; k 2 , ~ k 2 ; k 3 , 4 3 )  = - - r l ( - ) S : r a b s C ( k 1 , - - 4 1 ; k 2 , - - 4 2 , k 3 , - 4 3 ) .  ( 8 )  

There is no constraint analogous to (6), but Bose symmetry gives 

T abclkSz ~, 1,,,1;~2 , x  " X 2 ; k 3 , X 3 ) = - ( - ) s z T ~ C b ( k , , 4 1 ; k ~ , 4 3 ; k ~ , X 2 )  , (9) 

where k; is related to  k i ( i  = 2,3) by a rotation of 180 ° around k 1. If S -- 0, (9) holds 
for interchanges of all particles, including particle 1. 
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(QQ) -~ Gq~t decay. The only constraint arises from parity invariance, 

T~a( k,, Xo; p, ~kq; f i ,  ~k~) = - -n ( -  )sz-Xq-MT~sz ( k,, - ~ ;  p , -  Xq;/5,-  ~fi), 

(10) 

where quark (antiquark) momenta and helicities are p, Xq, fi, Xfi. We do not ex- 
plicitly label quark colors. 

The decay amplitude for a quarkonium state to some final state F is (fig. 3) 

1/2 
T =  I ,2-~M3 ] f d4qTr[ c~L~' ]. ( l l )  

[(2~r) ] a 

6y~ is the QQ ~ F Feynman amplitude (without spinors for Q,Q), and q' is the 
bound-state Bethe-Salpeter amplitude in the quarkonium rest frame, 

• = 1 [ m + ½ / ' + ~ ] ~ - ~ / [ m - ½ p + f f ] ,  (12) 
4m 2 

where P is the momentum of the (QQ) state, M its mass and m the quark mass 
(= ½M in the static approximation). 

The wave functions of the bound state for S- and P-waves are [ 11 ]: 
S-wave: 

P-wave: 

,g(O -+) = ~-y5 R°(q2) 
4~- 3(q°) '  

a ' g ( 1 - - ) = v 2  ' z' 4~-  (qO); 

~,(0++) = ~/S-_~ .¢ R'(q2) 
V2.E ~ 6(q0), 

j ( I + + ) = V  ~ 1 ~- - ~  o o Rl(q2)~/ ox -~e~,,ooe (Sz)qEY P ~ ° t q  ), 

./T , - ,  ~ ,R ' (q2)  
](2++)=V~e~Aaz]VqE ~ 8(q°)" 

(13) 

(14) 

(15) 

(16) 

(17) 

O 
y F 

Fig. 3. Decay amplitude for a quarkonium state (QQ) to some final state F. 
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The notation is as follows. e“(S) and EC”($) are conventional polarization vector 
and tensor. R,,,(q2) are the radial wave functions in momentum space. The 
normalization is 

/ 
d3qR;.,(q2) = 477. 08) 

qE = (O,q,) is a unit vector in the direction of q. 
In calculating rates for non-relativistic (QQ) we will take only the lowest terms in 

an expansion of 9R in powers of q. Then we encounter for S- and P-waves the 
integrals 

/ 
A&)( 42) = R,(O) = /z&(O), 
(2”)3’2 

(19) 

where ~(0) is the wave function at the origin and R,(O), R;(O) are the S-wave radial 
wave function at r = 0 and the derivative of the P-wave radial wave function at the 
origin. 

If S, is the z-component of spin of the (QQ) state and 8 and Cp the polar and 
azimuthal angles of the (QQ) + GG axis (or of the thrust axis for (QQ) + GGG + 
Gqq with x the azimuthal angle of the three-parton plane about this axis), then the 
angular dependence of 9R is given by 

(20) 

for (QQ) + GG and 

(21) 

for (QQ) + GGG + Gqq. Of course, there is no angular dependence of the rate for 
S = 0 or spin averaged S = 1,2. 

The decay rates are 

for (QQ) + GG and 

1 I9R12 dx, dx,dcos8d+dx 
dr = %i? g(2+ (3!) ’ 

(22) 

(23) 

for (QQ) + GGG and qqG. 
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3.  L o w e s t  order  d e c a y s  

Decay rates and distributions are well-known in this case [1]. We recapitulate 
these results here in the helicity formalism. 

1S o --- 0 - +  --, G G .  

2 4~ras Ro(0) 8.b, 
Tab(++)--~ ~ 4~ 

8 ~zzlRo(0)12. r (Gc)  = 3 (24) 

The amplitude Tab ( -  - - )  = - T a b  ( "q- "~ ) by parity; all other combinations vanish by 
angular momentum conservation. From now on we will only list independent 
amplitudes which are not trivially constrained to vanish. 

3Po = O + + --, G G .  

T a b ( +  + ) = 4 ~ -  47ra,  RI (O)  8,,b ' 
M 3/2 4 ~  

F(GG) - 9 6 a 2  o ,  ta'~ z 
-----M- ~ -  ~ . l k V /  . 

(25) 

3P 2 = 2 + + ~ G G .  It turns out that the S z = A)t = 0 amplitude vanishes, so that 
only S t = AX = 2 is populated: 

41r% R'l(0 ) 8ab 
T~-~( + - ) = 4M3/----5 ~ ~ , 

2 
F ( G G ) -  128 a s 5 M 4 IR;(0)I=" (26) 

3S 1 = 1 - - --, G G G .  In this case we write 

T, abc[~ ~ k 2 ~ 3 )  = Sz \ 1 
2 (41ras) 3/e Ro(0) dabCasz(}kl, •2•3 ) 

;X Mlj2 

(our notation reflects that k~ defines the spin quantization axis of the decaying 
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resonance), where 

a + ( + , + + ) = O ,  

a+ ( + , + - )  = (1 - x 2 ) ( 1  - x 3 ) / x ~ x 2 x 3 ,  

a + ( + , - - - - ) = ( 1 - - x , ) / x 2 x 3 ,  

a+(-,++)=O, 

a+ ( - , + - )  = (1 - x , ) ( 1  -x2 )2 /x2x2x3 ,  

a o ( + , + + ) = ~ o ( + , - - ) = O ,  

a o ( + ,  + - )  = ~-(1 - x3)~/(1 - x,)(1 - x2)(1 - x3) /x2x2x3,  

3 4 0 (~ r : -  9) a~ 
F (GGG)  -- ~-~. M 2 IR0(0)l 2. (27) 

The x i are the gluon energies in units of the beam energy. It is obvious from (27) that 
all amplitudes are finite for any xi --, 0. This is due to spin conservation. The matrix 
element for emission of a soft transverse gluon is oc u+y±u-~ 0 as Ipc]~  0. This 
cancels the divergence of an attached propagator for ]Pc] --' 0. The amplitude is finite 
in this limit. 

For unpolarized leptons, e + e - ~ 1y ~ (QQ) ~ 3G, the angular distribution of the 
3G state can be written [12] 

4¢r d r  _ 27 {oo(  1 + cos20) + 2OLsin2 0 
I" dx ldxEdR 8(~r ~ ' -  9) 

+ 2ox sin20c°s2x -- 2 ~ ° I  sin2Ocos X}, 

otj -- ~ (x~(1 - Xl) 2 -~- X2(1 - -  X2) 2 q" X~(1 -- X3) 2}/X~X2X 2 --OL, 

OL=2OT=.~{ ( I_x2 )2  + ( I _ x 3 ) 2 } ( I _ X l ) ( I _ x 2 ) ( 1  _ x 3 ) / x , x 2 x 3  , 4  2 2 

, ,~  - -  ~ - [ ( 1  - x , ) ( 1  - x2) (1  - x3) ] ' /2  

× ((1-x2)(~-, ,3)(x2-x3)+(1-x,)[(1-x2)3-(1-x3)~]}/x4x~x~, 

(28) 
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where dR = dcos0dx. 0 is the angle between x 1 and the e+e - beam. X is the 
azimuthal angle between the x2-x 3 plane and the beam. This is responsible for the 
asymmetric appearance of (28). 

4. ISo(QQ) decay to 3 jets; remarks on 3S l -~ 4 jets 

The paronium 1S o state can decay in next order (g3 in amplitude) to GGG and 

GqFt, 

c o  

,So(Q~) ~ OOO+OqF:  1 (g3) (29) 

We will not discuss g~ corrections to the GO decay amplitude [6]. 
We consider the e G G  decay first. 
( QQ ) --, GGG 
Since we calculate helicity amplitudes, it is possible to separate the contribution 

involving the 3G vertex (b amphtude in fig. 1) from that which does not, fig. la. For 
transverse physical gluon polarizations there is no gauge dependence which might 
mix diagrams a and b. This is obvious, since there is no possible gauge dependence 
of a arising from the G propagator. The gluon propagator appears only in b, 
introducing an apparent gauge-dependent term in the Landau gauge. This term 
vanishes, however, for on-shell final gluons with physical polarization (as it must if 
the sum of a and b is to be gauge independent). 

The 3G decay amplitude is now* 

(41ras) 3/2 
TabC(•l,•2X3) = - -V~ ~ Ro(0) 

M 1/2 4~  f " b C [ a ( X " h 2 ~ 3 ) + b ( h " X a X 3 ) ] '  

(30)  

where 

a ( + , + + ) = 0 ,  

b( +,  + + ) -  x'x2x3 + (1 - x , ) ( l  - x 2 ) ( 1  - x 3 )  

x , x 2 x d ( 1  - x , ) ( l  - x 2 ) ( 1  - x3 )  ' 

2(1 - x,)~/(1 - x,)(1 - x2)(1 - x3) 
a ( + ,  + - ) =  - 

XlX2X 3 

b ( + , + - )  = (1 -x , )2[ (1  - x 2 ) ( 1  - x 3 ) - x , ( 1  - x , ) ]  (31) 

XIX2X3~(1 --XI)(I --X2)(I --X3) 

* Our Feynman rules are those of ref. [13]. 
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All other amplitudes follow by parity or Bose symmetry. (The color f coupling 
allows for the decay 0 - + ~  GaGbG ¢ in non-abelian theories; the corresponding 
decay for abelian theories would be forbidden by C conjugation.) 

The amplitudes behave as expected. The a 's  are finite everywhere on the Dalitz 
plot. They have no infrared ( x  i --, 0) or collinear (x~ ~ 1) divergences. The reason is 
the same as for 1 - - ~  GGG: The divergences from propagators are cancelled by 
recoil factors for soft emission from a non-relativistic Q. The b amplitudes show soft 
(x i ~ 0) and collinear (xi ~ 1) divergences, arising from the G propagator in fig. lb. 
To this order the divergent parts factorize into a (QQ)~  GG amplitude and 
G ~ GG (which contains the soft and collinear divergences). This proves that one 
can use Altarelli-Parisi equations for jet development on S-wave resonances. 

The functions a ( + ,  + + )  and b (+ ,  + +),  showing the most interesting structure 
of all helicity amplitudes, are plotted in fig. 4; the Dalitz-plot density is shown in fig. 
5. The overall thrust distribution, 

dF (GGG)  1 et s 3 
f r  d x 2 ~  la(Al, A2)~3) + b(A1 ' -- _ X2?t3)lx,=T, 

2 
FLo(GG) dT ~r 2 "2(l--T) Xi 

(32) 

X2 

0 

Fig. 4. The b amplitude (measuring the 3-gluon coupling) in the paronium decay 0-+(QQ) --, 
G(+)G(+)G(+) into polarized gluons; the a amplitude (all gluons attached to the heavy quark line) 

vanishes for these helicities. 
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0 

X1 

Fig. 5. Dalitz-plot density for 0- +(QQ) --, GGG, sum over all gluon polarizations. 

x2 

is'. shown in fig. 6. The 3G vertex contribution is about an order of magnitude or 
more larger than the a contribution for most T values. The 3G vertex part gives the 
T--, 1 divergent piece 

1 d F ( G G G )  a, ( - 6 )  l o g ( l -  T)  
FLo(OO ) dT  ~- ( i - - - T )  " 

1 ° 3  b -~(o'el'--,-i~o'G ' ' ' ~ ' ' ' ~.~ 
- I dr in as 102 T 3Y -E- ~ ., 

a a 
,' , I , , , ~ I , , J , I , 

0.6s 0.7s 0Bs o~  T 

Fig. 6. Thrust distribution (I/FLo(GG))dF(GGG)/dT for 0 -+(QQ)~ GGG in units of a,/~r (full 
Line); separately shown is the contribution of  lal 2, all g]uons attached to the heavy quark line. The 

contribution of  the 3-gluon coupling, I bl 2, is almost identical to the total thrust distribution. 



K. Koller et al. / Quarkonium decays 73 

We can also compare mean values of powers of 1 -- T for the G G G  final state and 

e+ e  - --' @tG, 

G G G  qF:IG 

~(1 - T ) )  = 2.63 as 1.05 a--~s , 
q'/" 

((1 - T)  2) = 0.26 as 0.095 as 
q7 

(33) 

(34) 

The results for G G G  agree with ref. [6]. The corresponding number for a static 3G 
source [14] is 

~(1 - T ) )  = 2.59 as . 
rr 

We find the largest contribution from the b ( + ,  + + )  amplitude. There is a smaller 
contribution from b ( + ,  + - )  and a negligible one from b ( + ,  - - ) .  This coincides 
with what one expects for the G -o G G  fragmentation functions. That for + --, + + 
is cc [ z - l + ( 1 - z ) - l ] ,  that for + ~ + -  is cc [ ( 1 - z ) - l - 1 ]  and + ~ - -  

vanishes. (Here z is the momentum of a bremsstrahlung gluon). This explains why 
the thrust distribution for + - -  is finite at T - -1 .  It is somewhat surprising, 
however, that the pattern of the bremsstrahlung spectra persists over the entire 
thrust region. This is shown in detail in fig. 7 for all unrelated helicity cross 
sections*. 

( QQ ) -" q~lG 
It will not be easy to distinguish quark and gluon jets. So we must consider 

QQ -~ q~G together with GGG.  The q~G process has only a collinear singularity (no 
soft infrared divergence). It is also smaller than G G G  by a parton color charge 
factor. The amplitude for (QQ)~G~(X~)qi(hq)~/(~,~)  ( a , i , j = c o l o r  indices) 
factorizes into the decay amplitude ( Q Q ) ~  Ga(~G)Gb(h *) and the decay of the 
virtual gluon Gb(~ *) -~ qi(~q)ClJ(~), see fig. lc. Taking the real gluon's momentum 
as the spin quantization axis we have for arbitrary quarkonium spin 

T{ (QQ)s:-~ G"(~c)qi(~q)TqJ(~fi) } 

-- T{ (QQ)s  - ~ G ~ ( X ~ ) G " ( S  - ~ )  *} 

× 4(1 -1 x~)  T{G"(Sz - ~ ) *  -° q'(~q)~q/(hq)} (35) 

* The others are related to those shown in the figures by parity invariance and Bose symmetry. 
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(a) 
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Fig. 7. Dependence of the thrust distribution for 0 -  +(QQ) - - ,  G ( X I )  ~ -  G(•2)G(•3) on the helicities h i 
of the gluons; G(XI) denotes the most energetic gluon. (a) 0 -  +(QQ) --, G ( + )  + G ( + ) G ( + ) ;  (b) --, G(+ )  
+ G ( + ) G ( - ) ;  (c) ~ G ( + )  + G ( - ) G ( - ) .  All other polarization states are related to these by parity and 
Bose symmetry. Separately shown are the contributions of the a amplitude (dotted line), the b amplitude 

(dashed line) and the total distribution (full line). 
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The matrix element of the virtual gluon decay is, in units of t a g(~,ij)mQ, 

I 2 ?  ~ - -  XG (1-- Xrt/q) /XG, 
Tx.(XqXfi) 

[ --4~/(1 -- x a ) ( 1 -  X q ) ( 1 -  xca ) / x  G, 

75 

forX*Xq = + ½ / - ½ ,  

for ~* = 0 and h a + !  - - 2 "  

(36) 

Note that the latter result is just twice the transverse momentum of the quark 
relative to the gluon's momentum. Quark and antiquark always carry opposite 
helicities, ~qhfi -- - ¼ for vector coupling. 

The matrix element for paronium decay 0 - + - ,  GG* is just a constant, indepen- 
dent of the gluon energy, and we finally obtain 

T{O-+(Q-Q)~Ga(~)q'()tq)~tj(~.fi) } = ± - -  
1 (4~ras) 3/2 Ro(0) ha J T~(Xq, X.~) 

4~f3 M '/2 4 ~  (1 - x o )  " 

(37) 

We have calculated the thrust distribution for GqFt, and show its contribution in fig. 
8. In the interesting thrust region it is almost an order of magnitude down compared 
to GGG,  even for 5 "light" quark flavors (u, d, s,c, b). 

3SI(QQ ) -~ 4jets 
From the discussion so far we can already draw some naive inferences about the 

S-wave decay to 4 jets, 

3S,(QQ) ~ G G G G  + GGq~t. (38) 

For two of the gluons (or q ~  having low invariant mass we expect that this can be 
factorized into 

3S 1 ~ GGG* times G* --, G G  or qCt, (39) 

10 3 . . . .  I ' ' ' i I . . . .  I , I 

_1 d_d_rin a ,  - ,  " - 
10 2 F dT t~ O- t "~GGG\~  ~ ' 1  ~ _  

10 i " ~  ~ .  

, /  
I I , , , , I , ~ i , I i 

1.65 0.75 0.85 0.95 T 

Fig. 8. Thrust distribution of 0 - ÷(QQ) ~ Gq~ (5 light quark flavors) compared with GOG. 
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where the G* can be taken real, (QQ)~  GGG. G * ~  GG or qF:l follows then from 
the usual Altarelli-Parisi fragmentation functions, P ~  and Pqfi [9]. As shown for 
paronium decays, we expect the G G G G  final state to dominate strongly over GGq~I 
decays. 

We just want to add one simple remark on the angular correlation between the 
plane defined by the low mass G* --, GG and q~l fragmentation and the plane of the 
two hard gluons in (39) [15]. We have already calculated the 3S l ~ G G G  helicity 
amplitudes. These define the state of linear polarization of the G* in (39), 

dF 
dx,dxzd~ k l+p(xl,Xz,X3)COS2qJ , (40) 

where, in the notation of ref. [15], 

XIXEX3 (41) 
°=x? +x# +x# 

with X 1 --- 2(1 - Xl)/X2X 3 etc.; ~k is the angle between the polarization vector and the 
normal to the plane of the two real gluons. ( t )= ½ for "Mercedes stars".) Denoting 
the momentum of one of the gluon jets in G* --) GG by z the angle between this 
gluon and the G* polarization vector by X, we find for the x-dependent fragmenta- 
tion functions 

6 (1 --Z-~Z2) 2 ] 
PcG(z'  X) =2-~ z(1 --z)  ~-z(1 -- z )cos2x] ,  (42) 

whereas the fragmentation function for N F quark flavors in G* --, q?t reads 

1 NV[z z + ( l _ z ) 2 _ 2 z ( l _ z ) c o s 2 X ] .  eq (z,x) - 2 (43) 

The resulting angular asymmetry of the broad G* ~ GG jet pair with respect to the 
normal of the two thin GG jets is therefore 

(cos2+) oc (3 - N F)z(I -- z )p. (44) 

We expect 4 - 5  active flavors in (44), so that there is a net ~ asymmetry. Note that 
the G* --, GG fragmentation channel just reverses the sign of the asymmetry due to 
the q(t channel for N F/1- 3. The major axis of broad G* -~ GG jet pair prefers to be 
perpendicular to the major axis of the two thin G jet plane. 

3Sl(QO) ---) T + 3jets 
Another way of looking for the 3G vertex is through the radiative decay (fig. 9) 

(QQ) ~ "/GG + y G G G  + yGqFq. (45) 
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O ~ . . . . . . .  G 

Q .y 

77 

o ~ G  ~ G 
. . G  G .. . . .  G 

G 

Fig. 9. Generic diagrams of or thoquarkonium decays into 7 + G G  and F + GGG,  F + GqTq final states. 

For a high mass (ti) toponium state the y G G / G G G  ratio in the Born approxima- 
tion is 

F(TGG) 164 
- -  - 2 0 % ,  ( 4 6 )  

F(GGG) 5a, 

for a s = 0.12. This is not small. 
The mass M of the multijet system in (45) can be tuned by varying the y energy, 

M 2 = (1 2Ev - - ~ a  ) Mt~. (47) 

Since Ev is known, one can boost into the rest frame and examine events in this 
frame as a function of M (fig. 10). This provides a close analogy to gluon 
bremsstrahlung in 

e + e -  ~ qcl + q ~ G .  ( 4 8 )  

From (42), (43) we see at once that G--, GG will dominate G--, qF: 1 in (45) by a 
factor ~> 10 for z < l .  Thus initially back-to-back low-M GG jets in (45) should be 
seen to broaden faster than in (48) due to the factor 9 larger squared color charge of 
gluons [5]. 

For M a ~ 40-50 GeV it appears quite possible to cover the M range 15-30 GeV 
at which (48) has been studied by PETRA. The events will have a clean signature, 
which makes up for the lower rate, (46). 

We will consider (38) and (45) in more detail in a subsequent paper. 

J 
Fig. 10. Jet broadening of (QQ) --* ~, + G G  in the G G  rest frame due to gluon bremsstrahlung G ---, G G  

and gluon splitting G -~ q~. 



78 K. Koller et al. / Quarkonium decays 

5. P-wave decays 

We have discussed S-wave paronium at length because they are straightforward, 
conceptionally simple and reflect the characteristic features of orthonium decay. 
P-wave decays are less so. For S-waves to order g~, gluon radiation from the heavy 
fermion line produces no infrared or collinear divergences. These come from gluon 
splitting ~ la Altarelli and Parisi [9]. This is no longer true for P-wave decays. 

3P 1 ~ GGG = Gq~t 

The P-wave decay 3 Pl ~ G G G  + GqF: 1 is known to be somewhat bizarre [7]. There 
are remarkable cancellations. For example, we find that for the + + + helicity final 
state, both the a and b amplitudes are infrared divergent (i.e. radiation from the 
heavy fermion line and the gluon splitting diagram). However, amazingly, 

a(3Pi ~ + +  + )  +b(3Pl  ~ + + + ) - - - 0 .  (49) 

For helicities + + -  the a and b amplitudes are again infrared divergent and the 
sum is small and finite (not zero this time). The + - -  amplitudes are finite and 
small. The absence of infrared divergences for 3p] ~ G G G  can be understood [13], 
though the numerical smallness of this channel is less trivial (see the discussion 
below). Fig. 11 shows the 3P L ~ G G G  thrust distribution with the square of the a 
amplitudes and b amplitudes shown together with the square of their sum. The 
cancellation is everywhere at least a factor 20 in d F / d T .  This cancellation is, of 
course, a result of the 3G vertex. Nevertheless, we cannot explore 3P 1 decays for 
direct experimental evidence of the 3G vertex. The dominant decay is 3p] ~ GqF: 1 
with logarithmic width [7] 

(X 3 

FI.(3Pz ~ q~G) - NF31283¢r 1~41R'z(0)121n RcM"  (50) 

Fig. 12 compares the GqF: 1 and G G G  final state thrust distributions. 

IO 

1 

i(~ 2 

idt- '. 

. . . .  I . . . .  I . . . .  I - - j  ¸ 
1"" (O~t) -->GGG 

I dF as la12.,~ 11012 ~ . / / "  

- ,.¢ f ~  2 

0.65 0.75 0.85 0.95 T 

Fig. 11. Thrust distribution of 1 + +(QQ)--. GGG. Shown are the square of the a amplitude (and the 
almost identical b amplitude) and the square of the sum l a + b12; a large negative interference is apparent, 
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10 2 , ' - '  t . . . .  I . . . .  I ' '/. 

10 _ , ** (OO)-->3 je ts  / -  

- r  dT rt ~ " 

10 1 q q = 

10-2 [ GGG ~ ~" ~ 

1365 0.75 0.85 0.95 T 

Fig. 12. Thrus t  d is t r ibut ion of 1 + +(QQ) --* GqTq ( N  F = 5 light quark  flavors) compared  with G G G .  
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The presence of infrared divergences for gluon radiation from the fermion line for 
P-waves is due to spin. For p~ --, 0 the gluon emission vertex ~gu o: IP~I. For S-waves 
this cancels the Ipol-" 0 divergence of an attached fermion propagator. For P-waves, 
this It, l factor is absorbed into the wave function*. The fermion propagator 
divergence remains. We thus expect similar trouble for 3P 0 and 3P 2 decays, though 
perhaps less spectacular than that encountered for 3P 1 ~ GGG.  We first discuss 3P 0. 

3P o -;, GGG + Gq?l 
We present the a ( + ,  + - )  and b (+ ,  + - )  amplitudes in figs. 13a, b. Again gluon 

radiation from the fermion line tends to cancel the diagrams with a 3G vertex. The 
dominant amplitudes are a (+ ,  + + )  and b ( + ,  + +).  (The + - -  amplitudes are 
everywhere small**.) In fig. 13c we show the overall thrust distribution for 3P 0 
GGG.  The gluon radiation from the fermion line does produce a divergence as 
T ~ 1, but its coefficient is small. The thrust distribution for 3G is dominated by 
diagrams with the 3G vertex. In fig. 13c we also show the GqFq final state. It is again 
small. 

3P 2 ~ GGG + Gq~ 
For the decay of a spin-2 state to G G G  there are no angular momentum 

constraints on soft divergences IP~ I--' 0 (the remaining hard G G  can have any total 
]Sz]~< 2). It is therefore not surprising that almost all helicity amplitudes ( + -  + ,  
+ - - and + + - )  are large. What is a bit baffling to us is the circumstance that 

a(3P2 - - , + + + ) + b ( 3 P 2 ~ + + + ) = 0  (51) 

(again!). Also, a and b are separately small. This does not occur for 3P o. The 
(unrelated) thrust distributions for + + - and + - - amplitudes are shown in fig. 
14. The total 3G. thrust distribution is shown in fig. 15. Again, there is an infrared 

* Recall  the second of eqs. (19). 
**  The  reason is again  spin. A log divergence will arise for x I ~ 0, giving an  essential ly G G  decay. This  

has  S. = -+2 and  m u s t  be  suppressed  by angula r  m o m e n t u m  barrier  effects. (If x I is max ima l  the 
f ragmenta t ion  func t ion  Cr(+)  - ,  G ( - ) G ( - )  vanishes  in the leading log limit.) 



80 K. Ibiller et al. / Q~rko~i~ decays 

10 
(c) 

1 

16’ 

0.65 0.75 Q85 0.95 T 

Fig. 13. (a,b) Helicity amplitudes for 0 * + -* G( +)G( t )G( -); (c) thrust distribution for 0 + + + 3G in 
comparison with 0 + + -+ GqiTj ( NF = 5 light quark flavors) 
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Fig. 14. Thrustdistributionsfor2++~G(+)+G(+)G(-)and2++~G(+)+G(-)G(-). 

0.65 0.75 0.85 0% T 

Fig. 15. Thrust distributions for 2’+ -+ GGG in comparison with Gqq. Separately shown is the 

contribution ) a 1’ to GGG where all gluons are attached to the heavy quark line. 
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divergence arising from soft gluon radiation from the heavy fermion. But it is 
numerically unimportant. Likewise, the Gq~l final state is numerically unimportant. 

6. Summary 

The main aim of this work has been to calculate the three jet decays of C = + 
quarkonia as a preliminary to the 4-jet and • + 3-jet decays of the longingly awaited 
3Sl(tt ) toponium state. We find that S-wave 1S 0 decays are well-behaved, as expected. 
P-wave decays are not. Most dramatic is the 3P I ~ GGG decay which almost 
vanishes due to cancellations [7]. (3P l ~ Gqcl is thus dominant, as is well known.) 

The 3P 0, 3P 2 ~ GGG + GqF: 1 decays, if observable, could serve as a way of finding 
the 3G vertex. One could compare 

23S,(bb) ~ ~, + 3P o or 3pz(bb ) 
' + GqV  ( 5 2 )  

and 

23S1(tI) ~ 3' +3Po or 3p2(ti ) 
, J ( 5 3 )  

G G G  + Gq~l, 

to check for jet broadening and, in the latter case, 3-jet events at a rate signalling the 
3G vertex of QCD. We find that cancellations in the 3G state are present for the 3p0, 
3P 2 cases. But they are not dramatic. Amplitudes with G radiation from a fermion 
line-finite for S-waves-have weak infrared divergences for these P-waves. Numeri- 
cally this will not interfere with jet studies in (52), (53). This is illustrated again in 
table 1 which summarizes the expectation values of (1 - T)  for 3-jet decays of IS 0, 
3Po, 3P 1 and 3P 2. Separately shown are the G G G  contributions of the a amplitudes 
with all gluons coming from the heavy quark line, the 3G vertex contributions; the 
entire GGG value is compared with GqF: 1 for N r -- 5 light quark flavors in the final 
state. 

The decays (52) and (53) may be hard to see experimentally. If the experiments 
are possible, the three-parton matrix dements can be used as input to a two- and 
three-jet model. This can be compared to data to check for the three-gluon coupling. 
The procedure would be analogous to that in e + e - - - ,  q?lG, which has been 
successful in checking the q~G matrix dement [4]. 

Perhaps the cleanest place to study the effect of the 3G vertex on jet broadening 
and the 3-jet rate will turn out to be the decay 

3Sl(tt ) ~ ),GG + "yGGG + "tGq~, 

where the kinematics is simple. Other reactions like 2-gluon bremsstrahlung in the 
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TABLE 1 
Average values of (1 -- T) for 3-jet decays 

83 

3S t = 1- 0.109 0 0.109 0 
(absolute value) 

3S 0 =0  + 0.0157 2.53 2.63 0.423 
3P 0 =0  ++ 0.124 3.81 2.64 0.689 
3P 1 -- 1 + + 0.00672 0.00660 0.000173 0.0535 
3P 2 =2  ++ 0.0888 2.68 2.23 1.13 

The third column shows the value for GGG decay, the first columns the [al 2 and  [b] 2 contributions 
separately. The GqF t value is given for 5 light quark flavors. All numbers in units of ets/rr (except 1 - -). 
The final results agree within errors with those of Barbieri et al. [6]. For 1 ÷ + we used the width in 
logarithmic approximation for a 25 GeV quark. 

e ÷ e - c o n t i n u u m  a n d  l a r g e - p ,  sca t t e r ing  h a v e  been  d i scussed  as tests  o f  the  3 -g luon  

ve r t ex  as wel l  (see e.g. ref. [16]). W e  will  c o m m e n t  m o r e  t h o r o u g h l y  on  these  

poss ib i l i t i es  in o u r  fu tu re  p a p e r  on  4 j e t  o r t h o q u a r k o n i u m  decays .  

W e  a c k n o w l e d g e  he lp fu l  d i scuss ions  w i t h  a n d  v a l u a b l e  sugges t ions  by  

M,  K r a m m e r ,  H .  K r a s e m a n n  a n d  Z.  Kunsz t .  K.  S t reng  expresses  his  g r a t i t ude  to  

S. Dre l l  fo r  the  w a r m  hosp i t a l i t y  e x t e n d e d  to  h i m  at  S L A C .  K. K o l l e r  t hanks  

H.  J o o s  for  c o n t i n u o u s  hosp i t a l i t y  a n d  s u p p o r t  at  D E S Y .  P. Z e r w a s  t hanks  H.  J o o s  

fo r  a s tay  in the  D E S Y  T h e o r y  D i v i s i o n  d u r i n g  w h i c h  this w o r k  was  s tar ted .  
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