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Abstract. Starting from the asymptotic dynamics
of the quark—gluon interaction for large distances
we calculate the first two terms of the divergent phase
of elastic quark—antiquark scattering. This phase
in turn allows the determination of the long range
behavior of the potential. In addition to a Coulomb
force it turns out to have a repulsive barrier at large
distances.

1. Introduction

We extend the method of Kulish and Faddeev [1] for
the calculation of the relativistic Coulomb phase of
QED to QCD. [2,3]. This divergent phase reflects
the infrared singularities being present in perturba-
tion theory where massless quanta mediate the inter-
action between fermions. (In non-relativistic quan-
tum mechanics the divergent phase in the radial
wave function is proportional to In r,r being the
distance between the fermion and the scattering
center.) It can be calculated if the evolution operator
describing the asymptotic, i.e. large time, dynamics
is known. This operator is explicitly given in terms of
the asymptotic, i.e. large time, Hamiltonian of the
system. The large time limit of the Hamiltonian is
equivalent to a large distance limit, since this Hamilto-
nian describes fermions moving along a straight line.
In the extension of the QED calculation we make use
of Magnus’ solution [4] for the equation of motion
of the operator describing the asymptotic dynamics.
Magnus’ solution has been already exploited by two

1 On leave of absence from Fachbereich Physik, Universitit
Siegen, Siegen FRG

of the authors for the determination of the electro-
magnetic form factor of the quarks [3]. This solution
is of exponential form with a series expansion in the
exponent. Thus we sum up the contributions of an
infinite number of Feynman graphs to the ¢ g elastic
scattering phase, even if we only calculate a few terms
in the exponent. In this work we calculate the first
two terms in the exponent of the Magnus solution,
ie. of the QCD phase of elastic g4 scattering. Next
we develop a method for the calculation of the non-
relativistic potential following from the non-relativis-
tic g4 scattering phase.

The result we obtain consists of the Cou-

asCp

lomb potential and an additional term

2 .
Cp %o;t_slnTr which produces a repulsive barrier at
large distances. In this first step in determining the
QCD phase of g4 scattering we leave out the gluon
self interactions in order to simplify the calculation.
The method employed here constitutes a consistent
treatment of the radiation of gluons off a “classical”
color current and correctly takes into account the non-
Abelian character of the color charge.

2. The Picture of Asymptotic Dynamics in QCD

The asymptotic dynamics of quark—gluon inter-
actions in QCD is described by the asymptotic
limit for large times of the Hamiltonian which is
given in the interaction picture by

H @)= -gK@O, K@O=[j()A™x)d’x 1)
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The gluon field couples to the asymptotic quark
{(antiquark) current

0= d%n“(p)%am(ﬂr—x)
® @

where p* is the color charge dens1ty, p, the quark
(ant1quark) four-momentum and w is the correspond-
ing energy. The particles are moving with the velocity
v=p/o.

The color charge density is given in terms of quark/
antiquark creation and annihilation operators by

”‘bk(ll, r)}
(3)

(A% = —J°T), being the Gell-Mann matrices in
color space r being spin indices. The asymptotic
current ] is an operator due to the color it carries
in contradistinction to the QED case where the
corresponding current is equivalent to a c-number.

The transformation of the states |{ > of the inter-
action picture into the asymptotic (coherent) states
is given by*.

[{>=U*{> @)

The unitary operator U is a solution of the evolution
equation in time ¢
O igkyu ®)

t
where g is the bare coupling constant.

As a consequence of the operator character of the
current, the commutator of K with itself at different
times is not a c-number. Therefore the T-product
solution of (5) cannot be resolved into the simple
structure of (9) of [1] which is of the form

U (t) = €80 90 ©)

Here ¢(t) represents the logarithmically divergent
Coulomb phase and R describes the emission and
absorption of photons.

Instead we have to exploit the much more involved
solution of Magnus [4] which is also of exponential
type, however, with an infinite series in the exponent

pi(p) = ZZ[ (p,7) "‘a,,(p, 1)+ b (p,

ik r

U(t) = e?® \ )
where the exponent fulfills the equation
o« t
QW) =ig ¥ B, J{K (), 2*(t)}dr 8)
k=0 1o

Here the curly bracket stands for a repeated com-
mutator of order k in Q2

(K, =[[...[[K 9] 2]-.]2]
{K,Q} =K 9)

The coefficients f§, are related to the Bernoulli num-

* Coherent states have also been used by Greco and coworkers [5]

bers B, [6]

fo= LB = by = s o=

17 Bom = “@my B
m=273 ...

The implicit equation (8) can be solved with a power
series expansion in g

00)= 3 gy, (10)
n=1

Comparing coefficients of equal powers in g after
inserting (10) into (8) we get for the first four A4

4,00=[K(t,)dt,;4,0) =3 jdt [K(t,), 4,(,)]
It
A,4(t) = 3 fde, [K(ts), 4,(t5)]

1 t
vl [ty [[K(t) 4,51 4, (¢5)]

4,(0) ——jdt [K(t,), 4,(t)]

to

1 t
+ E .fdt4[[K(t4)’ A1([4)]’ Az(t4)]

1 t
+ 3 e [[KE) 4,001 4,)] (11)

The general expression for 4, can be given as a
repeated commutator of K and expression 4, ,m < n.
Different expressions have been given by Wilcox [7]
and Bialynicki et al. [8].

3. The Divergent QCD Phase of Elastic Quark—Anti-
quark Scattering and the Calculation of its First
Two Terms

The asymptotic quark current, (2), conserves separate-
ly the numbers of quarks and antiquarks. We can
therefore study the solution (7) of the evolution
equation (5) in the sectors of fixed separate quark
and antiquark numbers. For the investigation of the
sector of one quark and one antiquark, it is useful
to define projection operators II, which project
onto the subspaces of one quark of color i and an
antiquark of color k and arbitrary numbers of gluons.
Obviously the projection operators fulfill orthogonal-
ity relations of the type

1,01, =6,6,11,. (12a)
The projection operator for a quark-antiquark
color singlet is simply given by

12 ’
Oo=—2Y I, (12b)

\/§i=1

In the subspace of one quark and one antiquark the
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completeness relation for the projection operators
Y, = 1 (12¢)
ik

holds, where Izis the identity within this subspace.
The separate conservation of quark and antiquark
number is then expressed in the commutation relation

[A,.1,]1=0. (13)

With these projection operators we define the project-
ion of the general Hamiltonian (1) onto the spaces
defined by IT;;

(K

describing the transition from a quark-antiquark
state with colors k, [ to a state with colors i, j.

The explicit form of the operator K . is then
(summation over repeated indices understood)

= II,K1I,, (14)

1_]kl l]kl

A° A4
K= [G“(f)—i + Ga('?)j]- (15)
Here
2 Fer, Toig” 16
7 =570®L &= ®—2— (16)

are the matrix representations of the color matrices
in gg space, and

=LA, (an

with p%, @, being the four-momentum and energy

t,_p_l
w

resp. of the quark and &* = t) describing the

1
position of the quark at time ¢. Analogously we have

6 =L2 a3 0n) (19

p),, w, being the four- momentum and energy resp.

2

of the antiquark and #* —‘ t, P24 ) the position of

2
the antiquark at time .

Instead of (15) we write, in matrix notation of
color indices,

= G*(Q) B +G“(11)5

x5, (19)

l_}kl ik 2
The evolution operator can also be projected onto

the quark—antiquark sector
(U )ukl l]kl H UH

The equation (5) for the evolution operator in time
can now be reduced to the quark—antiquark sector

auv,. .
—dt’ﬂ =igK,U, (20)

or, in explicit matrix notation for the color indices,

dU,.
dt - ngl]mn Umnkl

21)
where again summation over repeated indices is
understood.

The phase ¢@(r) of elastic color singlet quark-
antiquark scattering is defined by

ip(t)=<S,q3|R1)|q3 S>, (22)
where

_ 13 _
193, 8> =—=3 |a,3,>
\/§i=1

refers to the color singlet state of the quark and anti-
quark. We have contributions only if all gluon
operators in Q are contracted since no gluon occurs
in the states.

In a first step we have calculated the first two terms
of the phase with the Hamiltonian — g K(t) of (19):

ip(t)=(i9)*<S, qq|4,()]q4 )
+(i9)*<S,4q|4,)|q4q, S (23)

In the calculation of the right-hand-side of (23) we
have neglected terms contributing to the renormal-
ization of physical quantities. This will be investigated
elsewhere.

The more explicit expression of the first term of (23)
is (in Feynman gauge)

(ig)*<s, qélA ®qa, 8>

_(lg _’-dt jdt1<S>qq-|[K(t2)aK(tl)]quss>

to to
o

A% A8
—(19)22<S 99| 55

12

qq,S>5dt §dt,

'{d(£2~711)+(5<»71)} 24)
where

8 dE, —n)=[G6"¢,), G°(n,)]

_PAPS ¢ . _.pyp L \sab

= e LA A T = 10D )2
_ipp _ _ ab
= 27170)1(1)228(’:2 tl)é((éz 171)2)5 El

and D(x) is the massless Pauli-Jordan function,

p1 pZ
t.,—t |inpht=|t,—=t. |
a=(wd)i=( )

For the quark-antiquark system in a color singlet
state and for very large t, which is necessary for our
approximation to be valid, we get

. - = . P
(197 <5,qd]4,(0)|qd, 5> = ioge,——L1P2

vV (p1 'P2)2 —m*

Int

(25)
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2

with ocs=g—7r,m the quark mass and c,=4/3 the

cigenvalue of the quadratic Casimir operator in
quark color space.
The second contribution to the phase is, see (23),

(i9)*<S,4q|4,]qq, 8> (26)

e
=(ig4%AcF[ jdt fa?z fdr jdt
to

to tp

{d(él - nz)dl (63 - 114) + d(fl - nz)dl (113 - 54)

+ d(il - ’73)d (éz - ’74) - d(éz - 7/3)d1 (61 - 174)
+(é<_n1)}—24jdt t{dt t{dt t{dt
{d(£3 - 2)d ('):1 - 774.) + d(ég, - nz)d1(’11 - 64)

+d(&5—ny)d, (<§ M) —

t3

)dl (53 - ’74)

+ (&)= Idr far,Jar, fa,
{d(é;; "712) 1(54_ 1)+d(63 —Vlz)d1(f14‘51)

+d(f3"f74)d ( —’71) —d( —’74)d1(é3—"11)
+(£<—>’7)}+ jdt jdt jdt fdt

{d(é4 - nz)dl (’11 - 63) - d(é:s - 2)d1 (’71 - 64)

+ d(é3 - '11)611(54 - ’72) - d(€4 - ﬂl)dl (63 - ’72)
+(é<w1)}}

where

d,E—1)=—"222p (¢, —n)

_pip, 1 1
- ZP 2%
w, ,21% (§;—1)

P denotes the principal value, ¢, = 3 is the eigenvalue

of the guadratic Casimir operator in the gluonic
color space.

The evaluation of the right-hand-side of (26) yields
retaining only leading terms for large times,

12 c A, +A4 2
PRV ~ = Af _~+ -
(ig) <S>Q‘Z|A4(I)|q%s> CF3<2(A+—A_)>
<A+C_OL_ )<A+&—1)A2_
‘In @, @y |
(1—A_&)(1—A_—”3£>A1
CU2 1

+ non-leading terms (27)

i\/ (p1'p2)2 - m4'

n’t

g

where

m*A, =p,'p,

The result for the first two terms is then:

A, +4
iopt)=io,c,—+—-"Int

SFA+—A_
+1%§ Cy A, +A4_ 2
F3\2(4,—4.)

<A+&—1>(A+32—-1>A2_
‘In e’ ! 1
1—4 21)(1-4 22\
"o, T, )T

+ non-leading terms (28)

n’t

In the next section we shall use the non-relativistic
limit of (28) in a system where one quark is at rest:
2

pt m, pt wi c pt
(pn-r-(;>=a5cf‘?ln— ;SCFgAZplzm (29)

+ non-leading terms

where p is the momentum of the moving quark.

4. Derivation of the Asymptotic Potential of ¢4
Scattering from the Phase

In order to determine the equivalent non-relativistic
potential in the Schrédinger picture and in coordinate
space we proceed in two steps:

i) We derive a relation between the non-relativistic

t .
phase operator gom,<p—) and the non-relativistic
m

potential V,(t) of elastic qq scattering in the inter-
action picture and in momentum space.

ii) The equation obtained in step i) will be transformed
into the Schrodinger picture and into coordinate
space.

The first step can be carried out with the help of a re-
lation in the paper of Magnus [4] which reexpresses
the two-particle-potential in terms of the elastic g4
scattering phase:

2o (2]
- é[[ w(i’mf) @(%ﬂ Gn <%t>] Fe (0)

Since the divergent phase is diagonal in momentum,
all the commutators of the R HS vanish. We obtain
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the following relation between the asymptotic poten-
tial and the divergent phase

VI(p-t> =—0,, (p_t) (31)
m m

This means, knowing the divergent phase operator
in the Schrodinger picture and in coordinate space
we can simply read off the equivalent asymptotic
potential.

The transformation of ¢_,.
yields

w0 =0 )3§em'<p( ) TP dp

1 m\*./m, B
=W<7) () °

Thus we have arrived at a time dependent potential
in the interaction picture. The final step which still
has to be carried out is the transformation into the
Schrédinger picture. A local potential F{(r) is obtained
in the Schrodinger picture if the phase (32) divergent
for large times 1 is modified by a factor e~ im200"2=r"2)
leading to the replacement

into coordinate space

B (1,1, 1) 071207

1 m\sfm{ , )\
) (i) @

The additional factor has oscillating behavior for
finite values of ¢. However, it approaches unity for
t — oo, thus it does not modify the leading behavior
of the phase for large times. We note, that this non-
leading modification is also needed in the recon-
struction of the Coulomb potential from its divergent
phase in QED.

The divergent phase in the Schrédinger picture is then

@, I ry= W le im20E2-rm)
nre,

1 m\® +(m
W(‘) (zt(' ‘”)

3
= (ﬂ jd3 r d3 r’ ei(M/Zt)(l'~r’)2e—i(m/zt)(rq_r/a)
2wt

m ? ]‘ v m ! " —i ' 7ry2
. T W(pn.r. ?(l‘ _1.) e im/20) (@ —r'") (34)

Under the integral only the mixed terms r-r/, r”-r”
survive in the exponent and we obtain

) m \>(m\e
(pn.r.,S(r’r ):<%) <T/)

where

I_j‘d3r/d3r// ~L(m/z)(rr —ra’ ) ( (l’ ))

The calculation of the integral I proceeds in the follow-

ing way
poaP A [ —im[ @)
r)d 5 exp 5

i(m)2t) (r2—r"'2)

1

I=[d*@ - t

‘(rl . r//) + (r ‘|’ r )(r _ rw il](ﬁn ) (m(r/ _ l'”)>
2 Tt
l,I + l,//I

= (i)6(2 ) (2n)*% ¢ _r.< )5(3)(r —r'")
m n 2

Altogether we have for the divergent phase in the
coordinate space representation

P sOF) =@, ([F[) 0D (x — 1 (35)

The diagonality of the phase operator and (31) give
the asymptotic non-relativistic Schrédinger potential
as multiplicative operator

vir) = —a,. (). (36)

5. The Non-Relativistic Long Range Potential from
the Quark—Gluon Interaction and Concluding
Remarks

In Sect. 3 we summed up an infinite number of Feyn-
man graphs with multiple gluon exchanges in gg
scattering. In the asymptotic limit, ie. for large
times one obtains divergent terms proportional to
or(ln¢)* in any finite order of perturbation theory.
In the infrared limit these divergent terms exponenti-
ate, which is elegantly obtained by using the Magnus
solution, (7). This exponentiation leads to the phase
factor exp i ¢(t), where ¢(t) is the generalization of
the well-known Columb phase in QED [1]. In QED

this phase is simply proportional to n o In t, which

gives @(t) ~ of <%t> and therefore leads immediately

to the Coulomb potential — «/r by means of (36).
For the quark-antiquark system being in a color
singlet state the QCD phase ¢(¢t) has an expansion in
powers of a_In ¢; the first two terms have been cal-
culated in Sect. 3 and are given in (28).

The physical interpretation of the phase ¢(t) has
been given in Sect. 4, where we showed that the time
derivative of the non-relativistic limit of ¢(t) defines
the Schrodinger potential V{r). We therefore obtain
from eqgs. (36) and (29) the first two terms in an ex-
pansion of the long range potential for a color singlet
guark—antiquark pair

C, azln(r/ro)
F3 g

We would like to emphasize that the potential (37)
is not a standard perturbative result, since it has been
obtained from an exponentiation of an infinite ladder
of gluon exchanges.

In the derivation of (37) we have omitted all vertex
corrections to bare gluon exchanges and have not
included the modified gluon propagators due to the
gluon self-interactions, although these terms are of
course present in the Magnus solution (10). (Notice
that only the three-gluon inferaction enters in our

V()= —C, S+C (37)
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calculation. The four-gluon interaction has to be taken
into account for the first time in a claculation of the
a-term). We expect, however, that the corrections
do not change the ocsz-term of the potential, since they
should merely lead to a redefinition of the coupling
strength « (a, — (), which would replace (37) by
(r>ry)

40, o GO g

Vi) =—C ¥ F3 g r

The first term of the potential is identical to the QED
Coulomb potential (apart from a factor C,), which
is aftractive also for long distances if the quark-
antiquark pair is in a color singlet state. The second
term, however, is a novel feature since it is positive
for long distances (r >r,) and therefore represents
a repulsive barrier.

The potential (38} contains two parameters, the
QCD scale parameter A(via « (r)) and the distance
ro- Since A is the only dimensional parameter in the
theory, r, has to be proportional to A7, v, = p/4, p,,
being a dimensionless, as yet undetermined positive

constant. The physical meaning of r, is clear: r, is

that quark—antiquark separation where the long
range potential V(r) matches the asymptotic freedom
potential V,.(r) [9]

Vool = — 20 (39)

which is valid at short distances. Thus we may inter-
pret r, as the length scale that determines the short
distance region, r <r, < 1/4. Intuitively one expects
that the short distance regime for heavy quarks (anti-
quarks) with mass m involves distances which are of
the order of the Compton wave length of the quarks,
and one therefore roughly expects r,21/m. For
charmed quarks with m = 1.5 GeV this impilies that
the potential (38) should be reliable for distances
larger than 0.1 fermi. On the other hand, since the
quark—gluon Hamiltonian (1) does not allow the
creation of additional quark-antiquark patrs—an
effect which has nothing to do with the infrared
behavior discussed in this paper—the potential (38)
has physical meaning only in the infrared regime
ro <r<r,. Here r, is the distance, where the long
range potential produces a chromoelectric field,
which is strong enough to create a quark—antiquark
pair. For a rough estimate of the screening length r|
one could take the quark-antiquark separation at
which the repulsive potential barrier exceeds the
threshold energy for quark—antiquark production,
Vir,)=2m.

In this paper we described a new method for obtain-
ing the gg potential from QCD. In a first step we
calculated the contributions coming from the 4,

and 4, terms in the Magnus solution (10). Of course,
what is required for a complete solution is a calcula-
tion of all the other 4, terms in (10). A first investi-

gation of the next term in (10), i.e. the 4, contribution
2

: In®r .
shows that it behaves as o> ——. A computation of
r

the higher terms in (10) is under way and will be
published after completion.

Finally let us mention that our potential calculation
differs from those existing in the literature [9] in the
important fact, that we are considering moving quarks
whereas the authors of [9] are dealing with static
quarks. Furthermore we differ from those static
potential calculations by having a repulsive potential
barrier at long distances instead of a negative at-
tractive potential. The «? contribution to V(r) in [9]
can be used for the definition of the running couphng
strength o (r), which then turns out to coincide with
the well-known asymptotic freedom o (r) at short
distances. One concludes that the potential of [9]
describes the short range behavior in contrast to our
result (38) which is valid in the infrared regime.
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