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Abstract. The geometrical description of spinor fields
by E. Kihler is used to formulate a consistent lattice
approximation of fermions. The relation to free sim-
ple Dirac fields as well as to Susskind’s description
of lattice fermions is clarified. The first steps towards
a quantized interacting theory are given. The cor-
respondence between the calculus of differential
forms and concepts of algebraic topology is shown to
be a useful method for a completely analogous treat-
ment of the problems in the continuum and on the
lattice.

1. Introduction

Lattice approximations to quantum chromody-
namics [1] seem to be a promising method to ap-
proach the problem of calculating those physical
quantities which are mainly determined by the
strong effective interaction at low energies. The cal-
culations of the string constant, of the glue ball mass
[2] etc. in pure lattice gauge theories, as well as the
first attempts to calculate the hadron spectrum in
lattice QCD with fermions [3] justify such an opi-
nion.

However, all formulations of lattice QCD with
fermions may be considered as not yet satisfactory.
This problem originates in the fact that the naive
transcription of the Dirac equation shows a higher
degeneracy of the energy spectrum on the lattice
than in the continuum [4]. There are essentially
three proposals to overcome this problem of the
additional degrees of freedom of the “naive” Dirac
field on the lattice. In the solution of Wilson [5], the
lattice action of the Dirac field gets modified in such

a way that the superfluous degrees of freedom get
masses which become infinite in the formal con-
tinuum limit. Hence one has the correct spin degrees
of a Dirac field in the continuum. The main disad-
vantage of this approach is that it violates chiral
symmetry on the lattice for massless quarks. Suss-
kind [6] gives a procedure to reduce the ad-
ditional degrees of freedom to a “minimal” number.
He suggests an interpretation of the remaining de-
grees of freedom as “flavour™ spins. His procedure
does not include a formal continuum limit and
hence obscures the geometrical origin of his flavour
spins. The SLAC-group [7] tries to settle the prob-
lem by brute force. Working in the momentum
space of the lattice, one can construct a Dirac equa-
tion with a correct spectrum and correct chiral in-
variance. The price one has to pay is a non-locality
in the form of long range interactions which are
difficult to control [8]. In a way all these solutions
of the spectrum problem of lattice Dirac fields look
somewhat arbitrary and it is difficult to judge how
much this restricts the possibility and the reliability
of calculations in complete lattice QCD. It is the
aim of this paper to contribute to the clarification of
the problem of fermions on a lattice. Our starting
point is the geometric content of gauge theories [9].
The geometric interpretation of the gluon field, de-
scribing infinitesimal parallel transports of the local
colour spaces, plays an important part in the for-
mulation of the Wilson action for pure lattice gauge
theories [1]. Gauge fields are represented as finite
parallel transports along lattice links. However, the
geometric properties of spinors are completely dis-
regarded in the formulation of the “mnaive” Dirac
field on a lattice. Here one associates spinors rather
arbitrarily with quantities defined on lattice points.
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In order to find a more consistent procedure, one
shonld start with a differential geometric formu-
lation of the Dirac equation. For this we use the
“well-known” fact [10] that Dirac fields are cross-
sections of an Atiyah-Kédhler bundle on a manifold,
and we consider the generalization of the Dirac
equation, first proposed by Kéhler [11]:

(d—6+m)d=0, (1.1)

as very well suited for this purpose, [12].

In this equation ¢ denotes a general differential
form, d the operator of exterior differentiation and §
its adjoint operator, m the mass parameter; we shall
give a more detailed description of (1.1) in the fol-
lowing section. Now we consider the lattice as a sort
of triangulation of the space-time manifold. Then
there is a standard procedure [13] by which co-
chains (“functions on the lattice elements: points,
links, plaquettes, ...”} are associated with differential
forms. By this prescription the lattice approxima-
tion to the Dirac-K&hler equation (1.1) becomes
straightforward. The @ turns into a general cochain, d
and & become the dual boundary operator 4 and the
dual coboundary operator ¥, respectively. The Dirac
field is therefore no longer associated with point
functions. According to its geometrical meaning it is
described as a superposition of functions defined on
points, links, plaquettes, ... etc.

What do we gain by this systematic geometrical
approach? First we find that the energy degeneracy
of the Dirac-Kihler equation and of its lattice ap-
proximation is the same. However, we should realize
that the multiplicity of states of given momentum of
the Dirac-Kidhler equation in four dimensions is
four times that of the Dirac equation. As a matter of
fact, it has the same multiplicity as the Susskind
formulation. Indeed we can show that the Susskind
description of Dirac fields is equivalent to the lattice
approximation of the Dirac-K#hler equation. In this
sense we have found the correct formal continuum
limit for the Susskind fermions. This result is of
practical and theoretical interest. It helps to control
the continuum limit in Monte Carlo calculations
with Susskind fermions. Theoretically, the reduction
of the Dirac-Kihler equation to the Dirac equation
in the continuum gives a hint at the meaning of the
additional degrees of freedom on the lattice. There is
a strictly local integral of motion which in the con-
tinuum case supplies the subsidiary conditions al-
lowing an easy elimination of the additional degrees
of freedom. In the lattice case, this integral is no
longer strictly local, but involves nearest neighbours
in a twisted way. From our point of view this is the
origin of the problem of the lattice formulation for
simple Dirac fields.

In this paper, we describe the Dirac-Kihler
equation in detail in the next section. This includes
the reduction to the Dirac equation, the discussion
of its symmetries and conservation laws, the cou-
pling to gauge fields and its quantization according
to the Lagrangean approach. In Sect.3 we treat the
corresponding problems for the lattice formulation
of the Dirac-Kihler equation and we prove the
equivalence to the Susskind reduction. In this paper,
we give only a short discussion of interacting Dirac-
Kiéhler ficlds on the lattice. We add an Appendix on
the fundamental formulas of differential forms and
its analogues from algebraic topology on the lattice.
It is supposed to be helpful for those unfamiliar with
these mathematical notions. We consider this Ap-
pendix as an integral part of the paper, because it
underlines the geometrical basis of our approach.

2. The Dirac-Kihler Equation

We consider the Dirac-Kédhler equation as the key
for the understanding of the lattice formulation of
fermions. The following description of the Dirac-
Kihler equation is not given in the most general
setting of an Atiyah-Kéhler bundle on a manifold.
In view of our intended applications, we rather re-
strict ourselves to an elementary consideration of
the case of Euclidean space time. The extension to
Minkowski space or even general manifolds is at
this elementary level straightforward. However, the
use of the calculus of differential forms is crucial for
our applications. A glossary of the most important
notations and formulas together with the relations
to the corresponding lattice concepts is given in an
Appendix.

2.1. In the Dirac-Kdhler equation
d—0+m)d=0, 2.1
the Dirac field is described by a general real or
complex differential form

- 1 v
D =¢(x)+ @, (x) dx" +E @, (x)dx* ndx

1
+~3~! @ 1y (X) dX* A dx” Adx”

+ @1 524(X)dx Adx? Adx® Adx?

=Y o(x, H)dx". (2.2)
H .

In the second line we introduced the multi-index

notation: B(x) = p(x, ), 0 ,(xX)=o(x, 12),
P pX)=0(x, (uvp)=o(x, H), H: ordered set of in-
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dices, which we explain in more detail at the be-
ginning of the Appendix and in (A.19)ff. The ex-
terior differentiation d can be written as

dP=dx*n0,9, (2.3)

where 0, denotes the partial differentiation of the
coefficients ¢, (x). The adjoint 6 of d is defined
with help of the Y¢-operation

o0=—%"1d¥%. (2.4)

With the appropriate sign convention, the action of
the linear Yr-operator on the basis differentials is
given with help of the completely antisymmetric ten-
sor g0, gl23% = 4 1:

Yo l=dx! ndx? adx? Adx?,

Yo dx* =% &, dx" ndx? ndx°,

vpg
1
Tdx* Adx’ = —37 &, dx? Adx, etc, Yeve=1.(2.5)

From the antisymmetry of the wedge product in
(2.3) for d and hence for §, it follows:

d2=52=0, (2.6)

After this formal definition of the Dirac-K#hler equ-
ation (DKE), we want to make a first remark on the
relation of the DKE to the conventional Dirac
equation [10]. It is

(d—0)? = —(dd+3d)=[0=0,0" 2.7)

In this sense (d — ) is a square root of the Laplacean
. The operator (d —J) shares this property with the
Dirac-operator 0=79"0,. As it is well-known, the con-
struction of [J'/? played a decisive role in the orig-
inal derivation of the Dirac equation [14].

Following E. Kéahler, we introduce a Clifford
product in the space of differential forms [11, 15],
((A.58)ff). This distributive and associative product
of differential forms is defined by that of the gen-
erating elements dx*:

Ivi=1, 1vdxt=dx*v1=dx*

dx* v dx’' =gt -1 +dx" A dx’, (2.8)

(g"¥ = 0" =metric tensor). With help of the Clifford
product we can write the differentiation (d—¥4) in a
form similar to (2.3), (A.74):

(d—8) d=dx"v 0,9. (2.9)

Since the defining relations (2.8) imply those of the
y-matrices: y*y’+y 'y =2g", (2.9) clarifies the re-

lation between the DKE and the Dirac equation:
The mapping

Prsdxt v, (2.10)

dx* v =Clifford left multiplication, defines a repre-
sentation of the algebra of y-matrices in the 16-
dimensional space of complex differential forms. Be-
cause all the representations of the complex Clifford
algebra of the 4-dimensional euclidean space can be
decomposed into 4-dimensional irreducible represen-
tations [16] equivalent to those generated by the
standard y-matrices, we can decompose the space of
differential forms % ={d} into 4-dimensjonal in-

4
variant subspaces 2= & 2%, on which the DKE
b=1

implies the Dirac equation:

(d—8+m) &= dx" v 3, +m) &=0

(2.10)

T (o, +m) P =0 for Pez®. (211)

(For a complete description see (2.25-27).) Equipped
with the operations A, v and Yr, the local co-
tangent space spanned by the differentials dx* has
the structure of an Atiyah-Kiahler algebra [17]. In
this sense one may consider Dirac fields as cross-
séctions of an Atiyah-Ké&hler bundle on a manifold.

2.2. For the following it is important to make the
relation between the DKE and the Dirac equation
more explicit. Therefore we study the decomposition
of the Clifford algebra into subspaces invariant un-
der left v-multiplication, ie. the decomposition into
left ideals. For simplicity we consider the complex
DXE, the real DKE will be discussed later. Follow-
ing the usual techniques of representation theory
[18], we introduce a new basis in 9:Z=(Z,), a, b
=1, 2, 3, 4, written in matrix form, with the proper-
ty

XV (Z,) = (D Zo) =7 Z. (2.12)
This basis allows the decomposition of the Clifford
algebra. Here the y* denote Dirac matrices in any
irreducible representation. For some explicit con-
siderations we use the euclidean y-matrices in the
Weyl basis:

N e
y""yi— — 0. 0 s y_/ct'— 1 0,

1

0;, 1=1,2,3, Pauli matrices, yi=y,, y¥=7I. (213)
In the following we shall use the multiindex no-

tation also for products of y-matrices

yHaprger g g <, <. <p,€H, (2.14)

h: number of elements of H, y9=1 for h=0.
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We shall show that

1
Z=1+ydxt+—

37 ey dx* Adx’

1
+ﬁy,fyfy,f dx* Adx” Adx”

1
4 ?,ﬁv?p?adxu/\dx AdxP Adx°

=2 — 1)y ) 2.15)

satisfies (2.12). For the proof we need the following
formula for the Clifford product of differential forms,
[11], Appendix (A.58):

dx”vtﬁ:dx”/\@—’re“J@, (216)
dvdxt=Pndxt—e* 1o .

e*_| is the contraction operator, (A.49), which for-
mally differentiates a differential form with respect
to the differentials. It is defined as a linear operator
by the following relations, including the product rule

7):

et _11=0, e*_ldx*'=g", ()
e _(P+E)=ct Id+ek_IE, )
et (PAE)=(e* 1P)AZ+ (A DP)Ae*_IE. (7

The main automorphism o, (P AZ)=
is defined by

ACP+ P+ 2D +3P+4 D)=~ P+ 2D D+,
(2.18)

P@ are the homogeneous parts of degree p of the
general differential @. Similarly we have the main
antiautomorphism

BOO+1P+2D+3D+4P)="D+ P —

ADPANAE,

—3P+40.

(2.19)
% applied to the y-matrices with the hermitecity
condition (2.13) gives

O =By =~y " =(-100hz 220)

Further useful formulas on these morphisms are
found in the Appendix, (A.32)ff.

Now we use (2.16) and the “differentiation rules”
(2.17) in order to calculate

This is the desired result, (2.12, 15). In this calcu-
lation we have used repeatedly the relation y.y! =
—Y vﬂ+2guv, fi. in order to evaluate the homo-
geneous part of degree one:

1
dx® +2'(y“Ty£ Pey*T) dxt =y Tyl dxt,

For the term of highest degree, we used that it is
proportional to dx! Adx* Adx® A dx* and hence we
get with help of 77 y*T=1:

1
3‘yuyvypdx AdX* A dXY A dxP
1
=" (4fy”yvypy5dx"/\dx Adx”/xdx)

By a similar calculation we can derive with help of
Pvdx =P andx*—e* _1od D, (2.16), the formula for
right v -multiplication:

Zvdx*=ZyT =03 Z, %) (2.21)

The transformation (2.15) can be inverted with help
of the well-known trace and completeness relations
[19] of the y-matrices, (2.13):

Trace (y"(y*)")=46"%, (2.22)
Z V:Iz.lb yg* 45ac 5bd' (223)

Applied to (2.15), this gives:
h
dx? =1(—1)2) Trace (1*Z). (2.24)

The equations (2.12, 15, 21-23) allow a complete and
explicit description of the relation between the DKE
and the Dirac equation. For this we expand the
general differential form with respect to the basis Z:

d=) o(x, H)dx"=Y yP(x) Z,,. (2.25)
i

a,b

Then it follows immediately from (2.12) that the left
ideal 2® is spanned by

0= yO(x) Z,,eI®, b fixed, (2.26)

@x*v Zy)=@dx"A +e* 1) Z=) (— 1)(;)(3)H)T(dx“ A+e* NdxP = 42T

1 1
(T — ZV“T)dx”+v,de“AdX“+3,(V“TVZVVT AT ST S LN

21

Ty vty X AdXEA A+ (V“TVZ%TVZ Ve vn v TR eV v = Ve vy v V) X" A dx Adx?

1
3 ] V,l Py VZdX“/\dx”/\de AdxP =yTZ.

(2.12)



P. Becher and H. Joos: Dirac-Kahler Equation and Fermions on the Lattice 347

and that the DKE for ¢ implies the Dirac equation
for y®(x):

(y*2, +m) ¥ (x)=0,
PP (x)

x!f“’)(x)=( : ) b=1,...,4.
YP(x)

This is the explicit interpretation of (2.11). We call
the (y®(x))=4(x) the Dirac components of the dif-
ferential form @. The equations (2.22-25) give the
transformation between the Dirac components and
the cartesian components:

@(x, H)=Trace(}(x) (yy)") = ) () )l

l//i.”’(X)=%§ o(x, H) 3,

(2.26)

2.27)

Right v -multiplication transforms the different sub-
spaces 9®. This follows from the associative law
and repeated application of (2.21). The following
matrix representation of the right v -multiplication
describes this fact most explicitly:

Z,vO=03.2,C,)=C-Z. (2.28)
d

If C=Y C(H)dx", then it follows from the formulas
H

above:
C,,=Y C(H) (L,
H

C(H)=5 Trace((C,,) y**).

(2.29)

Shifted on the Dirac components, right v-multipli-
cation ¢’ =9 v C induces the transformation
Vi)=Y Coab(x). (2:30)
d

The group of unitary transformations CeSU(4) is
called the (global) “flavour” group, following a sug-
gestion of Susskind [20] for the equivalent lattice
case. Equations (2.28, 29) define the representation
of the flavour group by right v -multiplication.

We want to give some applications of these no-
tions. It follows from straightforward calculation

that the sv-operator, (2.5), can be written as right
v -multiplication:

*éz@vs, e:=dx13Y =dx vdx?vdx®vdx*

(2.31)
Hence, according to (2.29, 13):

*Z=ZV5, y5=:y1y2y3y4:(—

or

WZy=—Z, i=12; %Z,=+Z,, i=3,4. (232

The forms ®e9%, i=3,4, are dual with respect to
the yr-operation, those of 2% i=1,2, are antidual -
in the Weyl representation of the y-matrices.
Another application of these formulas is the con-
struction of a spectral set {P®} of v-idempotent
elements which characterize the minimal left ideals
2® [10]. The matrix which projects on the &#eP®
18
(B)=0.504. (2.33)
It is represented by the right v -multiplication with
P®) (2.28,29):
Z,vP9=Z_ 5

bes

PO =4(1 +isign(12)-dx' Adx?) v (1 +sign(1234)-¢),
with the sign combinations

(sign {12}, sign (1234)=(— —), (+ —), (— +), (++)

for b=1,2, 3, 4. (2.34)

The P® have the property of a spectral set

POy pO=5 po N pO=1, (2.35)
b

P® projects on the irreducible subspace 2@, i.c. on

the minimal left ideal 2®. All elements $cP® are
characterized by
®vPO=0p. (2.36)
Combining the different results, we can make the
following statement: The Dirac-Kéhler equation
(2.1) for differential forms, together with the “sub-
sidiary conditions”, (2.36) with b fixed, is equivalent
to the conventional Dirac equation, according to
(2.27).

For the discussion of the DKE on the lattice, it
is useful to give the “subsidiary condition” (2.36) the
form of a symmetry property. For this, we consider
the group #, called the reduction group, which is
gencrated by v-multiplication of the elements z:
=idx' Adx? and e:
R={1,t,6,evT}~Z,xZ,. (2.37)
If we regard # as a sub-group of the flavour group,
ie. acting on @ by right v-multiplication
T d=dvr,

E-d=Pve, (2.38)
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then the subsidiary conditions (2.36) are equivalent
to the symmetry properties

£ dW=sign(12) @®, 4§ GO =sign(1234) & (2.39)

with the sign combinations given in (2.34).

It should be evident how these results on the
relation of the DKE to the conventional Dirac
equation can be generalized to arbitrary even di-
mensions, in particular for the case of dimension 2,
which is important for model considerations. (In odd
dimensions the representation theory of the Clifford
algebra is somewhat more involved [21].)

2.3. In the following we discuss the symmetries of
the Dirac-Kdhler equation and the conserved currents
related to them.

The first symmetry we want to consider, is the
global “flavour” symmetry described by the “fla-
vour” group SU(4) mentioned in the preceding sec-
tion (2.28)ff.. It is a simple consequence of the asso-
ciativity of the v -multiplication, that right v -mul-
tiplication with a constant diffefential (fi. UeSU(4))
transforms a solution of the DKE into another so-
lution:

P=0pvU,
(d—6+m) &' =(dx'v i, +m)(PvU)
=((dx"v d,+mPd)v U=0.

(2.40)

Next we study the symmetry of the Euclidean DKE
under the 4-dim. rotation group SO(4) with help of a
general formula which extends the definition of a
Lie derivative L, acting on functions, i.e. O-forms

L, $(x)=0a"(x) 3, $(x)

to one which is defined on general differential forms

(2.41)

L,®=0o"(x)d,P+5(dav d—dvda) (2.42)
(see [11] for the assumption which is necessary for
this procedure). a=au,(x)dx"=0a"(x)g,,dx" denotes
the Killing form associated with the Lie derivative
L,. Commutator relations between different Lie de-
rivatives are conserved by this extension. This pro-
cedure is illustrated by an application to the in-
finitesimal rotations. The Lie derivative of an in-
finitesimal rotation in the pv-plane, ie. the operator
of the orbital angular momentum (multiplied by i),
is

I ¢(x)=(x"" — x* ") @(x). (2.43)
Its extension is

IPO=(x"8"—x"0" &+ LS v & — D v S, (2.44)
S*=1do® =1d(x*dx’ —x"dx*)=dx" ndx". (2.44)

The “Clifford commutator”, [S**,®], :=S"v $—&
v 8" in (2.44) describes correctly the infinitesimal
rotations of the differentials, fi.:

SIS, dx"], =g"*dx"—gtdx’  etc. (2.45)

From this, it follows that the extended Lie derivative
commutes with the DK operator

*d—-6+myP=d—o6+my " (2.46)
thus describing the rotational symmetry of the DKE.
The same discussion for translation invariance ex-
pressed by the “Lie derivative” P*=0* (—da=0), is
trivial.

What is the relation of the rotation symmetry of
the DKE, (2.44-46), to the well-known rotation sym-
metry of the Dirac equation? This question is some-
what intriguing, because (2.44) describes represen-
tations with integral spin, whereas the symmetry
transformations of the Dirac equation contain half
integral spins [22]. Formally the answer to this
question is the following. The minimal left ideals
9®, (2.26, 36), are not invariant under the infinite-
simal rotations I!*, (2.44). However, there are trans-
formations J* combining the infinitesimal rotations
I with infinitesimal “flavour” transformations $*”

§P=J"0 5B, =" +S5") -5,
=(xt" —x"OF+1S" V) @-6p
Sw P=1¢ v S»,

(2.47)

ny?

which

(i) leave the 2® invariant (2.12, 26),

(i) commute with the DK operator (2.40, 46)
and

(iil) satisfy the commutation relations of SO(4)

[J9, J07 = — 310 T 4 40 TP — 50 10 - 7P J 5,

These J* are the well-known 4-dim. angular mo-
mentum operators of a Dirac field (as can be seen
from (2.12,25) and (2.44')). We may interprete this
result by the following statement: “The half-integral
spin of Dirac fields can be described by a coherent
superposition of differential forms. The coherence is
formulated with help of an irreducibility condition
applied to the representation of the Clifford algebra
on differential forms via left v -multiplication”. Such
a form of a coherence condition is common in quan-
tum mechanics [23].

The chiral symmetry of massless Dirac fields
plays an important réle in the discussion of lattice
formulations of fermions. Hence we consider this
symmetry here for the DKE. According to (2.12,25),
the infinitesimal chiral transformation of a Dirac
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field: 8y =iy> -6 corresponds to the “chiral trans-
formation” of the differential forms:

dP=ev @-6f=(dx* ndx®> ndx> Adx*)v & 5. (2.48)

It can be easily seen that ev (dx*v d,)= —(dx*Vv3,) ¢
v, and hence solutions of the massless DKE (d
—0) ®=0 remain solutions under chiral transfor-
mations. The main automorphism 7, (2.18), trans-
forms solutions of the massless DKE into solutions,
too:

d=0) A P=—of(d—05) P=0.

Since we can write &/ in the form S/ P=cv P veg,
the relation between / and the chiral transfor-
mation equation (2.48) is similar to that between the
infinitesimal rotations I#” and J* according to
(2.44,47).

Symmetries imply conserved currents. In order to
relate the symmetries discussed above to currents,
we may use the following identity for differential
forms [11]

AP, E); =(D,(d—0) )y +((d— ) P, E),. (2.50)

Here we used expressions (@, £), called scalar pro-
ducts by Kéhler. (&, £), is a (d—p)-form, (d=4), con-
structed from the forms @, Fe% in the following
manner:

(@,8),:=(BD)vE)Ae

=(GE+9, 8+
1 uvp 1 uvpe
+3_’:(puvp£ +H(puvpo'é )8

:(% o(x, H) S(x, H)) ¢, (2.51)

(@, 5),:=e, J(dx*v &, E)y=e, 1{(dx*v v BE) A&}

) . , 1
= {(P é,, + CD,,é + q)u éd‘u + Py éﬂ + ; ((pauv fuv + (Puv éat/w)

+3i!((0va EWe 4 P fa#vp)} 3—12—8“Bvadx” Adx? Adx®,
(2.51)
(P, 5),:=e, de, 1..e, {dx"**v. . vdx"v E)
=.... (2.517)
These scalar products are bilinear and symmetric:

(2, E)pz(—l)(g)(ﬂ, ®),. (For additional formulas see
[11]). The complexified scalar products expressed in
Dirac components, (2.23,27), get a familiar form

(@7, @)y =42 YL I* YP(x) ¢, (2.52)

(2.49)

(@', @), =e, 1{(dx*v ®'vBD) A&}
=4 ) WOX)* i yP(x) e, te,

7
a,a’,b

(2.52))

where we easily calculate: Yre, le=dx, . Similarly,
higher products correspond to higher tensor pro-
ducts, like T, A4, P.

From Kihler’s formula (2.50), conservation laws
follow easily. If @ is a solution of the DKE then &:
=/ @' is a solution of the adjoint DKE:
D:=of BT,

(d—6—m) $=0, (2.53)

Furthermore, if & and & are solutions of the DKE

and its adjoint equation, respectively, then
J=j,dxt =519, ), (2.54)

satisfies a conservation law, as it is seen from (2.50):

Sj=—Yc ld¥kj=—Y 1S, D),

=—%"H(d—9) D, D)y +(P,(d—5) B),} =0, (2.54)
or

o4j,=0.

These currents get a familiar form, if we express the

Dirac components of the adjoint form & by

VP0=42 @0x H) iyt (2.55)
H

instead of (2.27). Then Yy ®(x) =P (x), ..., ¢ P(x)) sat-
isfies the adjoint Dirac equation

("0, ~m)§x)T =0

as a consequence of the adjoint DKE (2.53). Similar
to (2.52), the expressions for the most familiar con-
served currents related to symmetries become:

— from reality of the DKE:

J=0 U@, 9); -, =2 ¥ P00 3,0 (),

b

(2.56)

— from flavour invariance:
J=5% N8, @ v O);— j,()=Y ¥P(x)y, Cp¥ P (x),
b%
{2.56")
— from 73 invariance of the massless DKE:
j=Eve B, v 0), =) () =Y ¥ 7,7 YO (x).
b
(2.56)

Finally we would like to have a look on the real
solutions of the DKE. These seem even more na-
tural from a geometrical point of view. The reality
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of the DK field: ¢'=¢ might be expressed in the
Dirac components. Of course, this form of the re-
ality condition depends on the representation of the
Dirac matrices. In our Weyl basis, (2.13), we have
for the complex conjugate of Dirac components of
real Dirac-Kédhler forms

wom=—wnys, == ) es)
0 o,
In order to get the physical interpretation of this
relation, we have to consider the charge conjugation
of Dirac fields. For euclidean fields, this is some-
what involved [24]. Therefore we repeat the essen-
tial points. We start from the well-known definition
of charge conjugation of Minkowski fields

EY) () =CP(x)"=Cy°Y(x)*, €*=+1. (2.58)

. 1, ..
In Weyl basis, (2.13), ¥° == p* it is

0

— O

1
—-10
C=—iy2=

0 —1
I 0

<

By the continuation to the euclidean region, the
relation J(x):lp(x)* yU becomes lpeucl(xoﬂ i)zweucl
(—x° %)Ty° Tt relates fields at different space-time
points. Therefore in a consistent treatment of local
euclidean Dirac fields, one has to consider
Youa(x) as an independent field, which satisfies
the adjoint Dirac equation. The charge conjugate
field is then defined by “Y(x)=Cy(x)T, C=y**. It
satisfies the Dirac equation. We use this formula in
order to define the charge conjugation of a general
complex euclidean Dirac-Kihler field by that of its
Dirac components ‘4 (x)= Cy¥®(x)":

D=3 YPX) Z,= ) (CYOx)),Z,,
a,b a,b

=Y YOx) (p**yt3 2%y, Z_, with (2.57)
a,b

=/ Pvdx®*  with (2.12, 491).

Although there are no real euclidean Dirac fields,
there are real DK fields. Following (2.53), we may
set for real DK fields

& =(A D) vdx*. (2.60)
Then we get
‘p=¢vdx>. (2.60"

The right- v -factor dx* in (2.60) is necessary to get
‘(‘@)=4. Since in our basis:

0 (1)(1)
) —
V= )
0 -1 0
1 0

the flavour transformation related to chatge con-
jugation interchanges the (1-4) and (2-3) flavours.
This means that for real DK fields, the different
flavours represent pairwise charge conjugate fields.

24. The Dirac-Kihler equation in the presence of a
gauge field follows straightforward from free DKE
(2.1). This procedure is particularly simple for the
coupling of a complex DK field to a U(l)-gauge
field 4,(x). In this case one has only to substitute
the derivative d, by the covariant derivative D, =0,
—ied,in (29):

(@dx*vD,+m)d=(dx"v(0,~ied)+m &=0, (2.61)
or, with the differential form A=eA4 (x)dx":
d—0+m)d=iAv . (2.62)

The resulting DKE with minimal coupling to an
electromagnetic field is then invariant against local
gauge transformations

P(x)— 0 P(x), (2.63)

A, ()~ A, (x) —l—é d,0(x).

In the interesting case of a non-abelian gauge theory
like QCD, the differential forms get an additional
colour index « or, in general, they become vectors
with respect to a representation of the gauge group
G. The DKE with gauge interaction then looks like
(2.61) with D, the covariant derivative with respect
to G. In the case of QCD the field equation for
quarks becomes

([d—3)d=idvd (2.64)

with the Lie-algebra valued differential form [25] A
A :

= gE“AZ(x) dx*, In mathematical terms @,

=Y ¢,(x,H)dx" is a cross section in the Whitney
H

product of the Atiyah-Kahler bundle of differential
forms with the vector bundle of local colour spaces
[10]. This concept is particularly useful for the
consideration of gauge interactions in curved space-
time manifolds as in general relativity.

The proof of the flavour invariance of the DKE,
(2.40), goes through for the DKE with gauge in-
teraction (2.64). Hence, the decomposition of this
equation into elementary Dirac equations according
to (2.36)ff. is possible, too. However, it is not in the
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spirit of the geometrical approach to consider the
DKE always in its Dirac decomposition. The power-
ful calculus with differential forms allows often a
direct solution of this equation. The treatment of the
electron in a Coulomb field by Kdhler [11] may
serve as an example for such a procedure.

On the other hand, one should not forget that
the DKE describes a multiplet of Dirac fields with
global flavour symmetry, (2.30, 40). The discussion of
the lattice formulation of the DKE will give some
arguments (Sect. 3.5d) in favour of the consideration
of the flavour symmetry as a local symmetry. For
this one has to insert in (2.61) the covariant de-
rivative D, in the form

D, &=(0,+)®,
A, 0= ALDV T,

(2.65)

7, is the differential form which generates infinite-
simally the flavour group ¥ ={C} defined in {2.30).
The DKE with minimal gauge invariant flavour
coupling

(dx*vD,+m)®

=(dx*va,+m)®+Aldx*v Pv1;=0 (2.66)

is invariant under local gauge transformations

D0V C(x), A CX)V (s, +3,)v C~(x). (2.67)

This can be shown in the usual way by a simple
straightforward calculation. We would like to illus-
trate this scheme by a simple example, which will be
used in a later discussion. The group ¢ is the Abe-
lian group generated by T=dx'2.

It follows from (2.28, 30):

C-d=dv C=Pe "= v(cos—sin 0 dx' A dx?).
(2.68)

Hence, the gauge transformations and covariant de-
rivatives of such a DK field are

&'(x)=P(x) v (cos B(x) —sin O(x) dx' A dx?),

A (x)=A4,(x)+0,0(x), (2.69)
D,®=0,0+A4,x)Pvdx">

For Dirac components this corresponds to
VPP €T, T for b ={§ " (2.70)

as might be seen from (2.29, 30). If we consider this
flavour gauge coupling to a real DK field, then the
charge generator t anticommutes with charge con-
jugation ‘@=¢ v dx?; (2.60'). This model describes

correctly two charged fields coupled to an abelian
gauge field.

2.5. Finally we discuss the Lagrange function of the
Dirac-K&hler equation and its formal quantization
with help of the Feynman path integral formula. Let
us consider first the complex Dirac-Kidhler field &.
The Dirac-Kahler equation might be derived from
the following action:

where the gauge invariant coupling is described with
help of the covariant exterior differentiation d, and
its adjoint d,, formed with help of the covariant
derivative D

dyP=dx*AD,®,

S,0=—e"_ID,®. (2.72)

This action becomes
S,=2 Jd*x P (x) (3D, +m) P (x)
b

when we express Kihler's scalar product (@, '),
(2.51,52) by the Dirac components y®(x), ¥®(x),
(2.27,55). It is a sum of the Dirac actions of the
independent flavours, in agreement with our inter-
pretation of the DK field @. In deriving the Dirac-
Kihler equation from the euclidean S by the action
principle, we have to consider ¢ and & as inde-
pendent fields [26]. By the same reason we have to
integrate over the independent Grassmann fields &
and @ in the path integral formula for the generat-
ing functional of the Schwinger functions of the
Dirac-Kéhler fields [27]:

T, ny =2 {7, n}/Z {0, 0},

Z{ny=[2[41]2[2][[¥]

S [®, ®]+Sc[A]1+ [(7, D)y +(B, 1),
e LA {07 B (B 2.73)

For the Grassmann integration [2[®][2[®] we
adopt the sign convention “{2[&][{P[P] D=
+17. The action of the gauge field is called S;[A4];
we suppress all details related to the gauge field
integration. The action of the DK field has the bi-
linear form S, =(®, T ®). Therefore “Gaussian in-
tegration” allows the evaluation of the Grassmann
integral [28]:

j‘g [‘p] §9[5] 5l P+ (7. D)o+ (B, 1o

=e MO U@a=darm o det[Ld,—5,4+m)].  (2.74)

The formal expressions (2.73, 74) are the starting
points for the derivation of Feynman rules for DK
fields, effective interactions etc. This is not subject of
this paper. We only want to add the expression of
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the propagator for DK fields, which we get from
evaluating (2.74) for the free case:

HZK fd*xfd*yi(x, H) {o(x, H) @(y, K)> n(y, K)

= —4{(7, (d~5+m)~ " n),.

Using (d—6+m)~t=(d—-6-m)([0—m?)~1, with d
—d0=dx"vd, and (O—m?) Adg(x—y)=—d(x—}), as

well as the definition of the scalar product, (2.51),
leads to

{o(x, H) ¢(y, K))

=4(Y [H; p; K18, —md™%) Ag(x—y) (2.75)
n
with
Bdx" v dx*vdx®)ne=[H; p; K] ¢ (2.76)
xS Pw g 8K E pek,
[H:M:K]—{ w u 1
AP0 if peK.

For the notation see the Appendix.

The decomposition of the ¢(x, H), @(x, K) in Di-
rac components shows that (2.75) is in agreement
with the vacuum expectation values for euclidean
Dirac fields

<l//£1b)(x) lp}z?l)(y)> = 5b’ Y Saa'(x - y)a

S(x)=(y*8,~m) 44(x). (2.77)

We add a short remark on the action of a free real
Dirac field. Following (2.60, 71) we set

S[@]=% (A D v dx*, (d—5+m) D). (2.78)

With the interpretation of the real DK field @ as a
pair of charge conjugate Dirac fields y)(x), y*¥(x),
Y3(x)= —YD(x), Y (x)= +Y"(x), the action S is
the appropriate Dirac action

S= i §d*x g ®(x) (y#8,+m) y(x).
b=1

The form {®, 5} is antisymmetric:

(@, E}:=((A D) vdx* E)y= — {5, D}. (2.79)
This follows directly from the properties of the
Dirac-Kéhler product (@, 8}, =(Z, ®); =(F D, A ),
(2.51), and (4 ®) v dx* = — /(P v dx*). Therefore the
path integral for the generating functional (2.73) can
be evaluated by Gaussian integration. It leads to a
2-point function of the form (2.75), with @ set equal
to (& P) v dx*.

In this discussion of the Feynman path integral
formulas for DX fields, the action §,, could be al-

ways separated in the actions of the Dirac com-
ponents; S,,=Y S®. From this we conclude that we
b

can represent, formally, the Green’s functions of Di-
rac fields by path integrals over DK fields which
satisfy the subsidiary conditions (2.36).

Let us shortly summarize the results of this sec-
tion. We discussed Dirac spinors in terms of differ-
ential forms &. The general solutions of the DKE
are equivalent to four {complex @) or two (real @)
Dirac fields. Then we studied several physical con-
cepts like symmetries, currents, minimal coupling to
gauge fields and quantization by Grassmann path
integrals for Dirac-K#hler fields. The necessary tools
for relating them to Dirac fields were given. This
differential geometric description of fermions might
be a basis for the construction of different kinds of
field theoretical models. For such purposes we plan
to develop further the Feynman rules for interacting
DK fields in a forthcoming paper. Our main interest
here is to analyse with help of the DKE the prob-
lems of the lattice approximation of the Dirac equa-
tion.

3. The Dirac-Kéhler Equation on the Lattice

3.1. There is a natural way to find a formal lattice
approximation to a field theory which is formulated
in terms of differential forms. In order to express
such a correspondence between continuum and lattice,
one considers the lattice embedded in the euclidean
space-time and the p-forms mapped on functions
depending on p-dimensional lattice elements:

rp25PP(rC)= | PO (3.1)
PC;
We use sometimes the language of algebraic to-
pology [13], and consider the lattice as a cell com-
plex I' with its elements ?C; as cells: points, links,
plaquettes, cubes, super-cubes for p=0, 1, 2, 3, 4. In
this spirit we regard (3.1) as the definition of a
“cochain”, ie. a linear functional @(*C) defined on
the “p-chains”: PC=Y «,?C; of the lattice I The

well-known boundary 4 and co-boundary V of a cell
PC have an intuitive geometric meaning (for exam-
ples see Fig. 1). They are extended as linear oper-
ators acting on chains C of any dimension p. The
“dual boundary operator 4” and “dual co-boundary
operator ” acting on co-chains are defined by

(AB)C)=B(AC), (VP)(C)=B(VC). (3.2)

It follows from Stokes’ theorem, that the mapping Z,
(3.1), transforms the exterior differential d into the
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Fig. 1. a The boundary A of elementary zero-, one- and two-
chains. b The co-boundary V of elementary zero- and one-chains
in three dimensions

dual boundarysoperator 4:Zd=A%, ie.

jcd(P*145)= [ 7= to=&(4 7C)=(Ad)(*C). (3.3)

4rC

This 1s an example of a correspondence between
objects and operations on the lattice and on the
space-time manifold. Another example is the cor-
respondence between § and ¥ which might be based
on formula (2.4). The Ye-operation maps the lattice
on its dual lattice such that V= —v%~!Av%. Trans-
ferred to the co-chains gives d~¥% Our conside-
rations up to now lead to the upper half of Table 1:

Continuum Lattice

path chain C

boundary 4 boundary 4

differential forms & co-chains &

exterior differentiation d dual boundary operator 4
d*=0 42=0

co-differential & dual co-boundary operator ¥
§2=0 72 =0

Laplace operator - (d6+ dd) Laplace operator - (4 V4V A)

wedge product A
contraction operator e _]
Clifford product v

cup product A
contraction operator ¢*_J
Clifford product v

The Appendix contains a glossary of all these
different notions which puts its emphasis on the
continuum lattice correspondence.

Applying these correspondences to linear field
equations in differential form results in a natural
lattice approximation. This procedure gives for the
DKE (2.1) the Dirac-Kéhler equation on the lattice

(4d—V+m) d=0. (3.4)

For the further analysis of this equation, the possi-
bility of extending these correspondences to oper-
ations like 3¢, A, v, ... will be decisive. In the
following we shall consider only cubic lattices. This
allows us to introduce the following notations (see
Fig. 1):

points °C;:=x=a(n, ..., n%,

links *C;:=(x, x+e,)=(x, ), (3.3

pCi;z(x,x+e x+e

1t H2? "

x ke, )=(x H).

a is the lattice constant set equal to 1 in most of the
general consideration, e, the free unit vector in u-
direction, H={p,, ..., 1} as in (2.2). The basis of co-
chains dual to the cells (3.5} is defined by

& (e, H') = 5% 68 (3.6)
Hence, a general co-chain can be written in the form

=Y o(x, Hyd (3.7)
x, H

The action of the dual boundary and dual co-
boundary operator on the basis vectors d*¥ is ex-
pressed by the following formulas:

o m o
AdE= % piy by d=Hm,

ue¥H

Vit = E}q P, mg — 00 ) &% .
ge

(3.8)

Here, 9 and 0, denote the forward and backward
difference operators, respectively:

+ g, H, _ 1x—ey, H x, H
OF ot = grewt _geH,

(3.9
au— dx’H= :dx,H_dxa—e,L,H'
Applied to a general co-chain (3.7) yields
0y @=Y. (plx-+e, H)—olx, H) d~*, (3.9)
x, H

0, &= (p(x, H)—o(x—e,, H))d* 5
x, H

This justifies the notation. py x is a sign function,
which is (—1), v=number of pairs (ij} with
ieH,jeK and i>j, €H:={1,..,4}\H is the com-
plementary (ordered) set of H.

In cubical homology theory [297 a cup product
is defined which corresponds to the wedge product
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of differential forms. It is bilinear, associative and
therefore determined by

5x+eH,ydx,HuK

if HnK=0,

d5H A K= Pk
4 {0 (3.10)

otherwise,

=3 e,. Intuitively, A describes the product of
peH

elementary co-chains on cells with matching bound-
aries (see Fig. 2). By this matching condition the cup
product is not local, but combines nearest neigh-
bours as expressed by the arguments of the Kronec-
ker symbol 6**¢=™¥ The product rule holds with
respect to the dual boundary operator:
MBAE)=(AP)AE+

(of D) A AE, (3.11)

A PP =(—1)?7 like in (2.18).

A lattice analogue of the Clifford product does
not have all the nice properties one would like to
have. However, the following procedure leads to a
useful definition. First, we define a lattice correspon-
dence of the contraction operator (2.17):

doBK  if KcH

Ky gof = PRK ’ 312
¢ {0 otherwise, (3.12)
e (@ EAdK)y=(e* Jd"F) A d— oK
+H(AL =T A JdP K, et=e, (3.13)
(x,0) {x1) {x,1) X X

® A @& >re - @ o dx,¢/\d,{l1}=d.{l1}

X X X

(%) A [X*gjl'@?: {x,u) . dX,{P},\dX'EU:q’:d*r{”}

*— @
X X+ X+9u

(x+ep,v) . (%, uvl

A = ol grreniia pgy oy gxiidt

{¥,u) i D b
@
Xy o Xegy Yy
(X/V) (X*Ey,p,)

x+eV
" ©—>—. p
TX EX X+gy _ dulvIA greew. {u}_p{ " }dx gAY}
'

Pvhu)=~Pivpiu}

[x+£y Vo) (X,i2vp)
" . T dodut o green fupl
- - P}
{x,u ’ b “Plulivel "
@
X+Eu X+Ep, X+ep
(xvp (X+EV+Ep ) gn el el
= {wy,0 }
Pt

Fig. 2. The exterior product of elementary co-chains. The Figure
illustrates the matching condition for the elementary chains, on
which the respective co-chains are different from zero

This allows the generalization of the definition of

the Clifford product in the continuum
(—1)®

(Pv5=p§0 ) (APe, J...e, 1P)

Alet .. et 15) (3.14)

to the lattice:

vE=Y (~)AT_, AP AL IE), (315

L

T, d>%:=d*~*=X |=number of elements of L. The
v -product is non-local like the cup product; it is
even non-associative in general; however, we shall
show that right-Clifford multiplication with constant
cochains transforms the solutions of the Dirac-
Kéhler equation on the lattice similar to (2.40j.

3.2. Now we have sufficiently extended the corres-
pondences between continuum and lattice for a dis-
cussion of the Dirac-Kdihler equation on the lattice

(A—V+m)d=0 (3.4)

along the lines of Sect. 2. First we want to check the
energy-momentum spectrum. For this, we multiply
by the adjoint operator

(—(A—=D+my(A—V+m)
=(AV+VA+mY) d=(—0} 0" *+m}) &=0.  (3.16)
The iterated DK equation is indeed the correct Klein-
Gordon equation on the lattice. If we go to mo-
mentum space, we consider plane wave solutions on
the lattice

olx, H)=u(p, H)-e™#",  —Z<p, <™ (317)
With this ansatz (3.16) becomes

2. p 5
(Z( sin—£— ) +m )u(p,H)zO. (3.18)
" \a 2

2 . pa. .
Because fsm-g— is monotoneous in the cut-off mo-
a

7 T
mentum range ——<p, <—, the energy-momentum
a a

spectrum is the same as that of the Dirac-Kéhler
equation in the continuum. This is in contrast to the
spectrum problem, which arises from the naive lat-
tice approximation of the Dirac equation. In this
sense, the Dirac-Kihler equation is a realization of
the most general first order linear lattice formulation

. without spectrum degeneracy of the form discussed

in [12]. This result was already anticipated in this
paper. Of course, the DKE on the lattice has a 4-
fold multiplicity of Dirac components as discussed
for the continuum in (2.25)ff.
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In order to study this multiplicity we have to
discuss the lattice analogue of the reducing group %
{2.37). For this, we bring the Dirac-K&hler operator
with help of the Clifford product in a form similar
to (2.9). By comparison of (3.8) with (3.10,12) we
observe that

A=d"r0d;, dﬂ::gdx’u, (3.19)
V= —e“J@;;

hence, with help of (3.15):

A=V=(d" A +e* )0, =d"v 3. (3.20)

This formula allows an easy calculation leading
from the first to the second line of (3.16):

(T4

=@ v o)) v oy )= vdv)d; o; (3.21)
=3dvd' v +dvd“v)ao; oy

:5#‘,7;“6’; a;—:a:@_’”.

Here, we have used

FNvdy VA =28, (3.22)
and T, 0, =0,. Now we get the invariance of the
DKE under lattice flavour transformations by v-
multiplication from the right with constant cochains

C=> CH)d"". Using the definition of the v-
x, H
product, (3.15), one can show, that

d*v (@ By C)=(d* vd=T)v C (3.23)
ie. the v-product is associative in this special case.
From (3.20,23) it follows that the linear transfor-
mation

C-o=pvC (3.24)
transforms the solutions of the DKE similar to
(2.40). The linear transformation of the components
@(x, H) of & might be easily calculated from the v -
product definition (3.15). However, the resulting gen-
eral formula is too clumsy. Therefore, we restrict
ourselves to calculate the transformations of the lat-
tice analogue #={1,7,¢, 7} to the reduction group
R, (2.37):

dd=idvd,
Te.- = —idvdt»

o — {1234}
& d=0dvd , (325)

with 47: =Y ¢*# This means for the components:

X

(@) (x, )= —i-(=1)Pp, 0,
Px—ey, (12 Ha{12}),

6 ) (5, H)=(~ )P py gy o(x— e €H),  (326)
(Te- D) (x, H)=i-(— 1)(§)Px,{34}\x
Px —ex przay, Ha{34}),

where L:=H {12}, K:=Hn {34} and |, k, h are the
numbers of elements in L, K, H, respectively. Ha H’
denotes the symmetric difference (H\H')w(H™\H).
Because of the nonlocality in the definition of the v -
product (3.15), the action of the #-transformations
on @ is non-local, too. This means in contrast to the
continuum, the transformations of the components
at fixed x are combined with translations. Therefore
the operations of # don’t close under multiplication.
Rather, 7 and & generate a group # which contains
the translations along e, +e, and e, +e,+e;+e, as
a subgroup. # is defined by the generators £ and &
which satisfy the following relations:

22 22
T & _T—(21+22+23+24)’

A

tvéi=évi=T Te.

~

—{er+e2)?

(3.27)

This abelian group contains the translations generat-
ed by T_ .., and T . .., as invariant sub-
group 7. The factor group #/7 is isomorphic to
the reducing group £ in the continuum. The reduc-
ing group on the lattice # forms the basis for the
reduction of the Dirac-Kidhler equation to Dirac
equations. However, because the flavour transfor-
mations are intertwined with the translations, this
reduction is more involved on the lattice.

We start the further reduction of the DKE with
a short remark on the representation theory of the
group #. Since # is abelian, its irreducible repre-
sentations are one-dimensional and can be expressed
by exponentials:

T — + eiﬁIZ/Z’ S + ei[f1234/2‘ (328)

These irreducible representations are characterized
by [b,B1,,81234], 1e. the “momenta” B,,, B34,
—a<Pys, Biz3a=n, and the 4 different sign com-
binations of 7 and &: (— —), (+ =), (— +), (+ +) for
b=1, 2, 3, 4, respectively. Since in physical momenta
exp(if;,/2)=exp(i(p; +pz)a/2) and  exp(ifi;;34/2)
=exp(i(p; +p,+ps+p,) a/2), one sees that in the
formal continuum limit 7 and ¢ approach the repre-
sentation of the reducing group on the Dirac com-
ponents ® in the continuum, (2.34, 39).

The symmetry group % allows the decompo-
sition of the lattice DKE. However, in contrast to
the continuum case, the intertwining of # with the
translations requires the transition to the momen-
tum space. Following the usual group theoretical
procedure, we make for ¢(x, H) the ansatz

B
o(x, Hy=e¢ 2 Trace(y},y(B)) e~ #*. (3.29)
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V() denotes a matrix of Dirac components like that
in (2.27). Now, the equations (3.8, 9) allow the straight-
forward calculation

(4-7 ) (x, H)

N
—iseg\u —ifx
=2 Pupmwe > g Trace((ypy) W(B) 4, e
ueH

_if.

H o {u} — —ifx
+ Y pame 2 V¥ Trace((yy ) W(B) 45 e
ueéH

e Tracel(ry)' T (— 2i sin%ﬂ) 'yulll(ﬁ)) o-ibx
" (330)

We used the formulas

>

Afe = _Dje~ w2 sin—ﬁ—” e ihx

Ay e = —2jehu? sin%"~ e~

(3.30)

(Ve {u})Jr = (VH)T ?LP{,;}, H>
Omw) =00 7P s V=0

and the definition (A.17) of the Appendix for 47 .
The completeness relations of the Fourier trans-
forms and of (2.22,23) allow to conclude from (3.30)
that the Dirac components ¥®(f) of solutions of the
DKE: (A—V+m) =0 satisfy the Dirac equation in
momentum space

(Z (—Zisin%) vu—i—m) YO(B)=0.

u

(3.31)

This result is very similar to that of the continuum
case, (2.27). It is also possible to characterize the
different columns ¥®(pB) in the matrix of Dirac com-
ponents by the symmetry properties with respect to
the reduction group £. A direct calculation, similar
to that of (3.30), leads from the definition (3.26) of 7
and £ to

iéen —iEe . N
(F-®)(x, Hy=e 2 "¢ 2 " Trace((yy) W(B)iy*?) e =,

B
i-e1234

B
(§- (15) (X, H)=e 2 e_IEeH Trace((vH)T 'ﬁ(ﬁ) Vs) e——iﬂx.

(332)

The sign combinations (b), which characterize the
different representation of # according to (3.28), are
produced by right multiplication of (f) with the
diagonal matrices iy'2, y°.

There is an important difference to the con-
tinuum case. The lattice subsidiary conditions anal-
ogous to (2.36, 38), are in momentum space:

T-Y(B)=sign(12) "2 (),
£ () =sign(1234) 1232y (p).

(3.33)

They cannot be expressed by local relations between
lattice fields. This is a consequence of the factors
exp(if,/2), exp(if;34/2), which describe in coor-
dinate space a translation by half a lattice link.

Thus we have given a complete analysis of the
DKE on the lattice, which leads to similar resuits as
in the continuum. However, the fact that the sub-
sidiary conditions which reduce the DKE to the
Dirac equation hold only for fields extrapolated
from the lattice points, will make the description of
interacting Dirac fields by Dirac-Kihler fields on
the lattice much more involved.

3.3 In the following, we shall clarify the relation
between the DKE and the naive Dirac equation on
the lattice. Our result will be that the Susskind re-
duction of the naive Dirac equation is equivalent to
the Dirac-Kihler equation. The naive lattice approxi-
mation of the Dirac equation consists in the sub-
stitution of the partial differential operator by the
symmetric difference operator

(Y 4,+m) Y(y)=0, (3.34)
@)U +A7)00) =3 G0+ e) b0 —e,).

There is an algebra of symmetry transformations
{M™} [301, (the “spectrum doubling group”) which
commutes with the Dirac operator y‘”Zu and causes
a 16-fold degeneracy in the energy-momentum spec-
trum compared to the continuum. M¥ is defined as

(M™y) ()= ¥™= My (). (3.35)
Here M¥ denotes
Me=iySyh,  MA=M*.. M peH (3.36)
and
n/a for ueH,
L 3.37
() {0 otherwise. (3:37)

It is easy to check, that M* and M* satisfy the
defining anticommutation relations of the Clifford
algebra of vp-matrices. Because of the factor
exp(iymy) in (3.35), the symmetry transformation shifts
the momentum in the solution by ny/a and pro-
duces in this way the energy momentum degeneracy.

In order to prove
(M 4, = 8, M) ¥ (y) =0, (338)

we first state a remarkable symmetry between the
Clifford algebras {y7} and {M"}:

Mt=iy*y',  M°=y?,
(MH)—I yKMH:eieKnHvK’

= —iM>M"*
(,VK)— IMH’))K=€ieK"HMH.
(3.39)
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This means that the MY act on the y’s as a group of
equivalence transformations isomorphic to (Z,)*
The formulas are proved by iterated application of

(Mu)— 1 vau — eievnu yv’ 77:” = R{ﬂ}.

Further we have
A, (y) =€l e A g (y).

Combining this with the relations (3.39) yields im-
mediately (3.38).

Our aim is to decompose the naive Dirac equa-
tion by use of the symmetry transformations {M¥}.
These transformations do not commute with general
lattice translations but only with those by a multiple
of two lattice constants. This suggests considering
the lattice of blocks with points x:

(3.40)

y=x+ey, x=2a(n,,...,n,), (3.41)

H and ey defined as usual. In this block notation we
get:

YW=Y(x, H),  eP™y(y)=e“" =y(x, H), (342
- A (x, H\{p})  if peH, ,
(4.9) H)—{(A SV HOW)  if pewH. O

On the four components of ¥(x, H), (x, H) fixed, the
Clifford algebra M¥ is represented by 4 x 4 matrices.
This representation differs by an H-dependent sign
factor exp(ieym) from the representation of the MX.
Because all irreducible representations of these Clif-
ford algebras are equivalent we can remove this by
an equivalence transformation

W, H—0(x, Hy=(" g (x, H). (3.43)

We use (3.39) in order to show
(™) M5 (x, H)=eemm<(y™)! My (x, H)= M p(x, H),

which means TM=MT In the basis o(x, H) the
spectrum doubling group acts particularly simply:

-~ T . .
M¥+— MX. Since the Dirac operator commutes

with this group, y*4, decomposes in the ¢-basis.
This means:

i=1,2,3, 4,

Voo H)=rthoe ), (3.44)

is invariant under the application of y*A4 - Equation
(3.44) is called the Susskind reduction of the naive
Dirac equation [31].

Now we can formulate our main result relating
the naive lattice Dirac equation to the Dirac-K#hler

equation [32]: The co-chain

&= o,(x, H)d"¥ (3.45)
x, H

satisfies the lattice Dirac-Kédhler equation iff
W, (x, H) according to (3.42), is a solution of the
naive Dirac equation. It is

Ty A,y =(4—NTy.

In order to prove this, we have to perform the
following calculation:

N 4,9) (x, H)
=3 (T Aly(x, H\{u})

neH

+ 2 OGN AT Hofu))  (3.42)

ue¢H

=2 P a4 @0 H\{1})
peH

(3.46)

+ %H P, udy o, Hu{u}) (3.30)
=(A-D) P)(x,H). (3.8

Because of this equivalence we also may say that the
Dirac-Kéhler equation is the formal continuum limit
for the Susskind formulation of Dirac fields on the
lattice.

3.4. Although the DKE on the lattice is equivalent
to the Susskind formulation of lattice fermions, we
have the strong opinion, that the description in the
framework of Kéhler’s formalism is the superior one.
It is geometrically more intuitive. The close cor-
respondence to the continuum makes many of the
lattice definitions and manipulations more trans-
parent. This is illustrated by the definition of cur-
rents and by the derivation of their conservation laws.
For this we define scalar products analogously to
the continuum, (2.51), using the lattice correspon-
dences, (3.10), (A.35, 42):

(D, E),: =§("¢, "E)os (3.47)
(”QD, PE)y:=(BPP) A KPE=PP A +PE,

We get for elementary cochains

(d%H, @Ky, =t K 5% g= {1234} (3.48)
and therefore in general

(D, 5)y= ZI‘} o(x, H) &(x, H) d> 1 3% = (5, @),.  (3.49)
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The first derived scalar product is defined as
(,5),:=e, N(T_,d"v ®,5),

=Y PP ARFTIELPE AP TID,
p

(3.50)

A direct calculation using the product rule, (A.37),
leads to

(49,5),—(2, VE)0=A“(§P¢ ARPFIE), (3.51)

V9, 8)y— (D, AB)y= — A3 PE A+7+19).

p
From (3.50, 51) the lattice correspondence (A.81) of
the Green’s formula (2.50) follows:
(A=D1 8, E), +(@, (4~ 1) 5),=4(®, 5),. (3.52)

By the same reasoning as in (2.54) ff. we can define
conserved currents in the form of 1-cochains

j=% N, @), (3.53)
From solutions of the DKE and its adjoint
(A—V+m) @'=0 and d—V-m)P=0 (3.54)
current conservation follows

Vi=—%~ ' d¥cHe =4S, ¢), =0. (3.55)

Examples of such conserved currents are the lattice
correspondences of (2.56):

Dirac current: j=1% "4, d),, (3.56)
flavour current: j=33¢" Yo, 0v C),, (3.57)
chiral current: j=1iv¢ " 1(®,ev P),. (3.58)

(for m=0)

3.5. Finally we want to make some first remarks on
the problem of the minimal coupling of a DX field to
a gauge field. As in the case of the continuum, the
first steps look straightforward within the well-
known scheme of lattice gauge theories. We assume
that the coefficients of the cochains ¢(x, H) allow
the transformations of a symmetry group G={g}.
Then we can define the local gauge transformations
of ¢(x, H) and of the lattice gauge field U(x, ¢ ):

o(x, H)—g(x) o(x, H),
U(x, e)—g(x+e,) U(x,e,) g(x)~".

(3.59)

Geometrically, U(x, e,) describes the parallel trans-
port of the local symmetry transformation along the
link (x, #). Hence, we define the positive and nega-
tive covariant lattice derivatives D, and D, as the

gauge covariant generalizations of 8, (3.9'):

Dy ) (x, H):=U(x,e,)"" o(x+e,, H)—o(x, H),

Dy @) (x, Hy:=¢(x, H)— U(x — e,,e,) o(x— e,, H).
(3.60)

This allows us to define the covariant dual boundary
and dual coboundary operator

Ay0:= 3 (Y oy me(Di @) 6 EN() &7, 5 6))

Vi@i==3 (X puyuDy @) (x, Hu{w)) 7.

x,H pe¥H

The gauge invariant DK equation on the lattice
becomes
(A,—V,+m) d=0. (3.62)

This equation is related to an action which is similar
to (2.71):
S =4, (4= V;+m) D)y (V). (3.63)

The volume V is represented by the constant 4-
chain

V=> (x,(1234)).

x

(3.64)

This action is the starting point for the calculation
of the euclidean Green’s functions by the path in-
tegral formula. As only one illustration of the spe-
cial feature of the quantized DX field on the lattice
we give its free propagator:

{o(x, H) p(y, K))
=4() [H;u; K14, + Y [H;pu; K14

ek ue¥K

—m&™E) Ag(x—y)
with
(Af A%~ —m?) Ag(x~y)= -9,

Ag(x)=2m)"* i d* pe~ix (Z (2 Sin%)z . )~1

u

and A%, [H;p; K] according to (A.17), (2.76), re-
spectively. The calculation is completely analogous
to that of the continuum, (2.74-76). The propagator
does not suffer from a spectrum degeneracy.

These simple-minded remarks don’t even touch
the most fundamental problems of interacting DK
fields on the latticee. We mention some questions
which should be pursued:

a) In the continuum we discussed a large variety
of interacting DK fields: real or complex fields
coupled to abelian or non-abelian external or
flavour-type gauge groups. Our first attempts to
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translate these models to the lattice showed that it is
difficult to treat them in the same way. The
geometrical interpretation of the differently interact-
ing fields must be considered separately. In this sen-
se, (3.59-63) describe only the simplest case of the
coupling of an external gauge field to a complex DK
field.

b) The currents defined in (3.56-58) show nearest-
neighbour pointsplitting. For interacting DK fields they
must be formulated gauge invariant. It is an
important question to answer whether these fields
lead to the correct anomalies [33] like for example
the point-split current of the Susskind field of Sha-
ratchandra, Thun and Weisz [31].

¢) The reduction of the DKE to a simple Dirac
equation can be performed for free fields with help
of the reduction group or subsidiary conditions. On
the lattice, the reduction group 4%, (3.26){f, gets in-
tertwined with the translation group; the subsidiary
conditions, (3.33), are non-local. This fact makes it
difficult to find a gauge invariant flavour separation.
Therefore, the problem of the description of a simple
interacting Dirac field on the lattice is still open

d) As an approach to this problem one can con-
sider in the continuum a model where only one
flavour is coupled to a U(1)-flavour gauge field. The
other Dirac components are free. The coupling of a
real DK field to the flavour charge dx'?vi(1—¢)
similar to (2.69) is such an example. The lattice
version of this model might be considered as the
laitice approximation to a simple interacting Dirac
field. It will be accompanied by auxiliary Dirac
fields which decouple in the continuum limit. The
complete exposition of this model still requires the
solution of the problem of flavour ganging men-
tioned in point a).

4. Conclusions

It was the aim of this paper to discuss the problem
of the lattice approximation of Dirac fields from a
geometric point of view. For this, we used an exten-
ded correspondence between the calculus of differen-
tial forms and lattice concepts known from algebraic
topology. A suitable basis was given by Kahlers
formulation of a generalized Dirac equation. After
having discussed the open problems of interacting
Dirac fields on the lattice at the end of the last
sections, we want to conclude with a summary of
the results of our approach:

a) The lattice approximation of the Dirac-K&hler
equation is straightforward. There is no spectrum
degeneracy problem caused by the lattice approxi-
mation.

b) We describe explicitly the decomposition of
real or complex Dirac-Kéhler forms into simple Di-
rac fields. The application of the corresponding
methods to the lattice leads to a decomposition of
the Dirac-Kéhler equation into Dirac equations in
momentum space.

¢) The decomposition of Dirac-Kihler forms
into Dirac fields sheds some new light on the geo-
metric meaning of spinor fields as coherent super-
positions of differential forms.

d) We gave a coordinate-free description of the
Susskind reduction of the naive lattice Dirac equa-
tion and established their equivalence with the lat-
tice Dirac-Kédhler equation. This implies that we
found the formal continuum limit for Susskind fer-
mions.

e) The construction of conserved currents from
symmetries was given in the continunm and on the
lattice in complete analogy.

f) We considered the quantization of Dirac-Kih-
ler fields by the path integral formula. In particular,
we calculated the DK propagator in the continuum
and on the lattice. Because of its simple form, we
expect that perturbation theory for Sussking fer-
mions becomes more straightforward in the frame-
work of DK fields.

g) We gave first hints on gauge interactions of
Dirac-Kdhler fields in the continuum and on the
lattice.

h) The description of matter by Dirac-Kihler
fields opens the possibility of new types of models
which are inspired by geometric intuitions. In this
spirit one should look for generalizations of gauge
theories with fermions and supersymmetric theories
in the continuum and on the lattice.

At the end we want to state again that we were
inspired by the special feature of “differential geo-
metry as a field in which geometry is expressed in
analysis, algebra and calculations and in which anal-
ysis and calculations are sometimes understood in
intuitive steps that could be called geometric” (Kui-
per [34]). We believe that the relevance of this geo-
metric viewpoint for physics is revealed by the suc-
cess of quantized gauge theories and the increasing
understanding of renormalized field theory as the
description of the dynamical continuum structure of
physical spacetime.

Acknowledgement. This paper did profit from discussions with
many colleagues. In particular, we would like to thank R. Haag,
H. Lehmann and P. Weisz for helpful remarks. We have to thank
also Professor W. Barthel from the Mathematisches Institut der
Universitdt Wiirzburg for a comprehensive guide to the literature
on algebraic topology. One of us (H.T) started this work during a
visit at the Centro de Investigacién y de Estudios Avanzados del
LP.N. in Mexico City. He would like to express his sincere thanks



360 P. Becher and H. Joos: Dirac-K&hler Equation and Fermions on the Lattice

for the kind hospitality extended to him in a stimulating atmos-
phere.

Appendix

The Dirac-Kédhler spinor field is a purely geometric
object. The essential point of our approach to lattice
fermions is the systematic transcription of this object
to the lattice. The possibility to do so is illustrated
best by de Rham’s theorem which states the equiva-
lence of the de Rham cohomology theory (in terms
of differential forms) with the cubical cohomology
theory of any smoothly triangnlated manifold
[13,29]. In this Appendix we supplement our dis-
cussion by a short continuum-lattice glossary. For
this, we restrict ourselves to the flat, 4 dimensional
euclidean space-time manifold and to a hypercubic
lattice. Also, for the reader’s convenience we do not
try to formulate coordinate free, we introduce car-
tesian coordinates from the very beginning. For ge-
neralizations we refer to the literature.

a) Cubes. In the language of algebraic topology
the hypercubic lattice is a geometric cubical complex
which defines a triangulation of the space-time ma-
nifold. The complex consists of p-cubes (x, uy...4,),
Bas s =1, 4y <py <...<p,, p=0,1,..., 4.
The O-cubes x are the lattice points with x*=a-n",
w* integer, a the lattice constant. For p=1, a p-cube
is the set

(X, 1y )

={y*|y"=x"+E& and y’=x" for vy, (A1)
¥y i

SMeli=1,...,p},

I the open interval (0, a). We introduce the follow-
ing

b) Multiindex-Notation (see fi. [35]): we write
generically H,K,... for the index set {u...u},
Iy <py<...<p, such that x=(x,0), § the empty set
and (x, g, ...4,)=(x, H). For any two ordered index
sets H, K we define the union HUK, the intersec-
tion HANK, the difference H\K, the symmetric dif-
ference Ha K:=(H\K)uU(K\H) and the comple-
ment ¥H:={1234}\H. These new index sets are
again taken to be in their natural order. In order to
account for permutations which are necessary for
this ordering, we introduce a sign function py . if
HNK=0. py g is equal to (—1)', where v is the
number of pairs (i,j)e H x K with i>j, and for the
trivial case pg p=py o= +1.

¢} A chain is an element of the vector space € of
formal linear combinations

C=> a(x,H)-(x, H)

x, H

(A2)

of cubes, where the coefficients «(x, H) are real or
complex numbers. ) is the sum over all ordered

H
index subsets of {1, 2, 3, 4}. The chains with «(x, H)
=6%6"-K are called elementary. They can be iden-
tified with the oriented cubes (y, K). If all coefficients
w(x, HY in (A.2) are zero except those with cardi-
nality of H equal to p, the chains are called p-chains.
They constitute the subspace *% of ¢: € =P *%.

p
d) The boundary operator A and the co-boundary
operator V are linear operators on 4:

A PG —P=1g,  Yrg Pt (A.3)

For elementary chains they are defined according to

A(x, H)= ZH Pus, mim [(x+ €L HN\{u})—(x, H\{u})],

(A4)
nx, H)= %H Pug,rlx—e,, Ho{u})—(x, Ho {u})].
(A.5)

Here, ¢, is a ‘free’ vector of length a in p-direction
and ) =0 if H=0. It follows

ueH

A=A4=0, V=pr=0. (A.6)

(Hence, (%, 4) is a cubical chain complex I')

e} The dual spaces € and % of € and #% are the
spaces of cochains and p-cochains, respectively. The
basis vectors d*¥ of € dual to the basis vectors
(x, H) of & are defined by
d*B((x', H")= 8% 0%, (A7)
They are called elementary cochains. The most gen-
eral cochain @<% is given by

&= o(x, Hyd~¥,

x, H

(A.8)

@(x, H) real or complex. If ¥ runs only over H with

H
cardinality p, ¢e¥% is called homogeneous of degree
p. For constant ¢(x, H)=1 we introduce

dﬂzzz a2 gr=gi =y a {u}

X X

(A9)

for the resulting constant cochain. The boundary
and co-boundary operators can be dualized by the
Stokes formulas

(AD)(C)=H(4C) and (F)(C)=d(FC)  (A.10)

with ¢e% and Ce¥ according to (A8,2). 4 is the
dual boundary operator, V is the dual_co-boundary
operator. They are linear operators on 4:

AP —rrlg,  VrgPlg (A.11)
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In order to express the action of A and ¥ on elemen-
tary cochains, we introduce the linear translation
operator T, on %

x, K, _ Jx—en, K
T, dK:=d ,

egi=) e,

peH

(A.12)

For H={y} we write T,=T,

- and we define the
difference operators

a:::'l—;—l, 07 :=1-T T_#E(T;l)_l, (A13)

n —p
such that
oy =T,0,. (A.14)
With help of (A.10, 4, 5) we calculate:
A=Y po g 0F d=HV, (A.15)
pe€H
Va™ == pyy imgn0s ¢, (A.16)
peld
and, for a general cochain (A.8):
0= (X Py muldy @) (c H\ (i) d= 7, (A.1S)

x, H peH

Po=—3 (3 puuldy o) HO{uh) &%, (A1)

x,H pe¥¢H
where
(457 0) (x, H): =g(x+¢,, H) = p(x, H), A1)
(4, 9)(x, H):=¢(x, H)— p(x—e,, H).
It follows from (A.6, 10) that
A*=A4=0, P=7V=0. (A.18)

(%, 4) is the cubical cochain complex dual to the
chain complex (%, 4).)

fy The exterior algebra A of differential forms
€9 over the 4dim. flat euclidean space-time ma-
nifold 1s generated by the 1-forms
dx*e'A,

p=1234. (A.19)

The cartesian basis on the space A of p-forms is
given by

dx" A Adxtr=dxH,

H={p, ., i} 0 <...<p,.

Here, we use the multiindex notation introduced
above. A is the bilinear, alternating, associative and

(A.20)

distributive exterior (Grassmann) product on A
= A:
P
PAXIAPTIA
A 4 o (A.21)
dxH/\dez{pH’de it HhK=9,
0 otherwise.

g) A general differential form can be expanded
with respect to the basis (A.20) according to

P=) o(x, H)dx". (A.22)
I

A change of coordinates x=f(y) transforms & into
@°f==§@f(y,ﬂ)dy”'

with

@V, py ey

= Y (Y sig@ Y )

My Tt i
Vis ey Vp eSp 6_)7 ay P
Vi<...<Vp

O(f W, vy,

&, the symmetric group of p elements. p-forms

(A23)

PPePA4 can be integrated over p-chains PC
=3 a(x, H) (x, H)e?%:

x, H
[P0=73 a(x,H) | *®, (A24)
FC X, H (x, H)
especially

§ A m) Ay =05% 62, (A.25)
o H)

if %, g is the characteristic function of the elemen-
tary p-chain (x, H):

(1/ay

if ye(x, H),
X(x,H)(y): O

otherwise.

(x, H)e?%,

By comparison of (A.25) and (A.7), we conclude that-
the differential form X%, o) dy" corresponds to the
elementary cochain d>" on the lattice-triangulation
of space-time.

The integration of p-forms over more general p-
dimensional domains S can be done by mapping the
standard p-cube (x=0, H) onto S:f:(x=0,H)>S. S
is called a singular p-cube. The integral over S is
then given by ‘

[ro:= | r@of,
S (0, H)

(A.26)

where ?@of is the f-transform of ?@ according to
(A.22). This definition with help of the transfor-
mation of variables can be readily extended to the
more general cubical singular chains as integration
domains. .

h) The exterior differential d is a linear operator
on A:

d:P A >P+ig (A.27)
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defined by

d®:=dx"n0,P, (A.27)

where

auqm:Z (0,0) (x, H) dx™ (A.28)
H

for the general differential form (A.22). It follows
that

d*=dd=0. (A.29)
With help of (A.21) we calculate
dd=Y (8,¢)(x, H)dx* ndx"
H
=X X Py, (0, 0) (e, H)dx e {A.30)

H pc¥H

= Z ( z p{u},H\{u}(auCP) (x, H\{u})) dx*.
H peH

Comparing (A.30) and (A.15") we conclude that the
lattice analogue of the exterior differential d is the
dual boundary operator 4. This can also be seen
from the Stokes formulas

fdo= | &,

AC

(AP)(C)=d(4 C), (A.31)

which are valid in the continuum and on the lattice,
respectively.

i) It is convenient to define the main automor-
phism o/ and the main antiautomorphism % on A and
%:

AP:=(—1)P o
( )(p) if @A or PeP¥. (A.32)
BP:=(—1)¥P
Some properties of & and # are
A*=B*=1, AB=RBA, (A.33)
d=—d A=-4.
A , dv , (A.34)

Bd=dAB, BA=AAB.

k) The exterior product of forms has a lattice
analogue, which is bilinear and associative on the
space € of cochains:

A PG X AG PG,

(A.35)
Pu.x
dx,H /\dy,Kz{ .
0

it HnK=0,
otherwise,

5x+eH,ydx,HuK

(compare (A.21)). The definition is such that the
product formula

AP AE)=(dP) A E+(4 D) AdE, (A.36)

which holds for differential forms @, £ in the con-
tinuum is also valid for cochains @, 5 on the lattice:

MNP AE)=(AP)ANE+(LP)AAE. (A.37)
The formula
A (P AE)=(AL D) A (A E) (A.38)

holds in the continuum and on the lattice, whereas
the continuum equation

B(® AE)=(BE) A (BD) (A.39)

has no simple lattice analogue.

Remarks. 1) The exterior product A on the lattice is
not alternating in the simple form as it is in the
continuum. On the other hand, for constant 1-co-
chains we have

A*Ad A +d° AdE A =0. (A.40)

2) In the literature on algebraic topology the
exterior product is usually called “cup product”, in
notation “U”. We do not adopt this convention in
order to make the analogy between continuum and
lattice notions more striking and in order to avoid
confusions in the notation with respect to the Clif-
ford product “ v ™.

1) The Hodge star operator ¥< is a linear opera-
tor on A and ¢:

YO PASATPA, YoPE A rg (A.41)
defined by
wi=22, (A.42)

H, __ ¢ H x,H, _ x+ex, §H
*dxti=py opdXx®,  xd™Ti=py g dTR

in the continuum and on the lattice, respectively.
Some properties of this operation are

4
F¥=lond, *k=[]T,oné, (A43)
n=1

Yool =/ ¥c | on A or € and for space-time
. . . (A.44)
Y B = .of B¥c) dimension 4.
From (A.43):
—1_
%~ l=% on 4 and . (A45)

Y ld A =p,y (Bd €T on .
The dual boundary and the dual co-boundary oper-
ator on the lattice are related by

V=—%c14%. (A.46)

In the continuum, the analogous relation defines the
co-differential or generalized divergence é:

§=—Yc td¥e. (A47)
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The co-differential 6 and dual co-boundary V are
corresponding operations. It follows from (A.29) that

62=66=0
and from (A.47, 46, 44, 34):

AO=—0sf, AV=—Vd,

- (A.43)
BS=—5ARB, BV=-VAdB.

m) The differentiation with respect to a differen-
tial e¥_) is a linear operation on A and on % de-
fined by

oK ) s — pK’H\deH\K if KeH, (A.49)
0 otherwise '

and

LNy -3 Prmed ™ if K<H, (A.50)
0 otherwise, '

respectively. For K={u} we write ¢ _| =¢*_I. The
comparison of (A.50) with (A.16) yields

V=—e"_10; (A.51)
on the lattice; similarly we get
A=d"no; (A.52)

from (A.15, 13, 35, 9). The corresponding continuum
formulas are

o=-—e"_10, (A.53)
and
d=dx"r0,. (A.27)
Note the properties

" - _ i
(e _1)sof (e ), (A54)

(" 1) B = Ble" )

on A and on €. The product rules for e* _| are

e* J(dx" A dx®)=(e* 1 dxP) A dxK

+ (s dxH) A (e* LdxF) (A.55)
in the continnum and

bt x, H Y, Ky {1 dx,H T 'y, K

e Wd»F Ad»B)y=(e" 1) A T, d (A.56)

+(t &) A e Jd5)

on the lattice. Successive derivations are antisym-
metric:

¢ _le* 1+e’ le* 1=0 on A and on 4. (A.57)
n) The Clifford product of differential forms is a

bilinear, associative and distributive mapping of

A x A into A defined by

(- 1)( )
vE:i=Y (e, ..., 19)
pz0

Alef .. .eM 15), (A.58)

For the generating 1-forms this yields
i JR B i

dx*v d=dx* A d+e" _|D, (A.59)
Svdxt=Pndxt—e' 1A D
and
dx v dx’ v +dx’ v dx* v =28, (A.60)

Equation (A.60) is the defining relation for the Clif-
ford algebra of the metric g"’'=6*" of euclidean
space-time.
On the lattice, it is possible to define a Clifford
product as well. The lattice version of (A.58) is
vE=Y(-D G, e adyn(e_gE),  (Asl)

| the cardinality of L, which can be written in the
form

A
PR DD o ()
. 5x+eH,_v.dx+eA,HAK
for elementary cochains. Here, A=H~K and A and
h are the cardinalities of A and H, respectively. For
constant 1-cochains d* and arbitrary cochains &, =,
(A.62) yields

d*vE=d"AE+e" E,

(A.63)
<15vd”=<1§/\d"—T_ue“_1d¢
and
d“vd v +d"vd“v=25’”’1‘1 (A.64)

as lattice analogues of (A.59) and (A.60). In general,
the product (A.61) is not associative, however, the
relation

(d*v @) vdb=d"v(®vd¥ {A.65)
which holds for an arbitrary cochain & and the
constant cochains d* d¥ is enough to discuss the
global flavour symmetry of the Dirac-Kihler equa-
tion. The Yx-operation is a special Clifford product:

Kd=Pve (A.66)

where e=dx'A...Adx* in the continuum and
g=) d="23% on the lattice. Also, the automorphism

X
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o/ can be written with help of the Clifford product:

ADP=(evPve=sv(Pve) {A.67)
on A and on 4. This relation follows from
evd=(AP)ve (A.68)
and

eve=l (A.69)

in the continuum and the corresponding equations

- (f[ Tu> (L D) ve) (A70)

and

(@ve)ye= (f[ T,u) & (AT1)
w1

on the lattice. The equations (A.38, 39) for the ex-
terior product are valid also for the Clifford product.

A(@DVE)=(4 ) v (AL E) (A.72)

holds in the continuum and on the lattice, whereas
the continuum equation

B v E)=(BE) v (BD) (A.73)

has no simple lattice analogue. The Dirac-Kdihler
operator d—§ and its lattice version A—V can be
written with help of the Clifford product, too. For
this, we use (A.27, 53, 39) and (A.51, 52, 63), re-
spectively. The result is

d——ézdx“v@u
Av—?:d’“vag

on A,

on €.

(A.74)
(A75)

The differentials dx* and the cochains d* satisfy the
Clifford relations (A.60) and (A.64), respectively.

0) The scalar product between two differential
forms or cochains @, = is given by

(®,E)o: =Y. (B7®) A %P5 =(8, D), (A.76)

where ?® is the part of @ which is homogeneous of
degree p. The first derived scalar product is defined
according to

(®,E),:=e, I(dx" v &, 5),

(A.77)
=Y (B°P) AP IEH(BPE) A YFTIDE
p
in the continuum and
(@, E)lizeu_l(T_ud”\/qj, E)O (A78)

=Y (B*P) AP IE+(BPE) A Y2 P 1DESF
p

on the lattice. Higher derived scalar products are
necessary for the discussion of higher tensor cur-
rents., These are, however, not considered in this
paper. From the identities

(AP, E)—(®,85)y=d(L(B ) AR T1E),  (p 79

(69, E)o—(9,dE),= —d(Z(gng)Ai\(prl@),

p

which hovld also on the lattice, if we substitute d— A
and d— V we derive the Green’s formulas

(d—0) B, E)y +(D,(d—6) E)y=d(®,E), on A (A.80)
and
(A~P) &, 5)4+(&,(4— V) B)y=A(, E), on .

(A.81)

They are the starting point for the discussion of
conserved currents.
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