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The implementation of Gauss’s law in perturbative calculations in temporal gauge is achieved through an explicit con-
struction of the vacuum state. In this scheme the free gluon propagator is calculated. Terms in addition to the principal value

part are found.

It is well known that perturbative calculations in
non-abelian gauge theories profit from the use of the
temporal gauge since there are no ghosts and the
hamiltonian has a simple polynomial form. One of the
problems discussed in the recent literature is the regu-
larization of the propagator of the gauge field [1-3].
General methods as the path integral or canonical
quantization as well as the principle of unitarity have
led to a principal value prescription. A recent calcula-
tion by Miiller and Riihl [4] of small coupling expan-
sions on a lattice has shed doubts on this regulatiza-
tion. These authors propose an improved propagator.
Caracciolo et al. [S] come to a similar conclusion by
studying the Wilson loop in temporal gauge.

In this note we propose a construction of a physical
vacuum explicitly satisfying Gauss’ law. This leads to a
limiting procedure that has to be applied to every or-
der of perturbation theory. For the free propagator we
arrive at the usual principal value prescription plus
terms constant respectively bilinear in time. In fourth
order it is exactly these latter termsleading to additional
contributions which can be simulated by a change in the
free propagator of the kind proposed by refs. [4,5].

In temporal gauge the time componénts of the
gauge fields Aﬁ (a refers to the colour of the field) are
set equal to zero, A3 (¢, x) = 0. The hamiltonian of a
pure non-abelian gauge theory without fermions takes
the simple form
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H= % [(EeEF +BBE) a3 (1)

in the chromoelectric and chromomagnetic fields
Ef =—39Af, Bf=—jey Fj. ©)

The space components of the field strength tensor are
as usual

Ff =09, A7 — 3 A +gr*cal af. 3)

Here g is the coupling constant, f° b¢ are the structure
constants of the non-abelian group. The canonical
quantization scheme starts from the canonical commu-
tators at equal times for the gauge fields and their time
derivatives

[4%(t,x), A7 (¢,x')] = 0 = [Ef(t, %), EP(1,x)], (4a)

and

[Ef(t,x), AP (¢, x")] =185 ; 6(x—x"). (4b)
Using the covariant derivative

Dfb =593, _ gfobeas, (52)
Gauss’ law has the form

DfPEP =0 (5b)

for the classical chromoelectric fields. Since it does not
contain time derivatives it does not occur among the
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Hamilton equations in temporal gauge and has to be
required as a condition on the physical states of the
theory

D E? |phys) = 0. (6)

In the interaction picture the Maxwell equations in
temporal gauge read

(08, +2;8)4% =0. (7

The gauge field A can be decomposed into a trans-
verse field A?T free of sources and a longitudinal field
A?L free of curls

— »4aT L
Al(t,x)=AL (1, x) + AZ-(t,x). (8)
The Maxwell equations for the two fields read
04T =0, (O6;+8;9)4%"=0. 9)

The canonical commutation relations that do not
vanish among the components read

=g [6;6(—x") —djye—x")], (10a)
[4%5(t,x), 8047 -(t,x")] = i6%dy(x—x"),  (10b)

dyj(x—x") = ;9 A7 5 (x—x"). (10¢c)

According to Frenkel [3] the longitudinal field as de-
termined by the Maxwell equation (9) is at most linear
in time so that we may write

AL (%) = 3, [(— )" xax) +1(—2) V¥ 2 ).
(11)

This takes the explicit representation of the operator
(—A)* into account:

8 fe) = [ 3 K, @—x') fix'), (12a)
with

3
K= (izi}—l)% (k2) exp(ik -x)

_22e432 @+3/2) 1
(2m)3/2 F(—a) |x|2a+3
The particular powers of A are chosen such that the
hermitian scalar fields x,,x _ are of the same dimen-

sion. As a consequence of (10b) they fulfil the com-
mutation relation

(12b)
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[x2(x), x 2 ()] = 67 8(x—x"), (13)

with all other combinations vanishing. In order to sat-
isfy Gauss’ law for physical states perturbatively we
impose on the unperturbed vacuum the constraint,
see also refs. [3,6]

0; Ef (¢, x)|)=0, (14a)
which implies
x%(x)I2y=0. (14b)

In order to present an explicit construction of {§2) we
decompose the x’s into

x 2y =272 [ab(x) +a®* ()],

x50y = 27121 [P (x) —a* (w)], (153)
with

[a®(x),at(x")] = 825 (x—x"),

[a®(e),a°(x")] =0 = [a®*(x),a""(x")]. (15b)
We introduce the Fock-vacuum |0) by
a®(x)10y=0. (16)

The construction of |£2) is analogous to a limiting
process given in ref. [7]

[92) = lim |Q,), (172)
A1
with

19,0 = N, exp (_% 2 () 2 (x) d3x) 10), (17b)
where NV, is a normalization ensuring (£2, |£2,)> = 1.1t
tends to zero as the number of degrees of freedom as-
sumes infinity. Matrix elements have to be calculated
with |©,), the limit X - 1 has to be carried out from
below at the very end.

The state |2, guarantees Gauss’ law (14b) in the
limit A —>1

X)) =2"12(1-0a*(x)1Q,. (18)

In contrast to the canonical quantization of ref. 3]
the vacuum state |£2) secures the implementation of
the commutation relations (13).

The calculation of the free longitudinal propagator
yields
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(Q T Ay, %)) ALY (g, x) 1020 = — 5187
X {Ity—ta 1= [(1=N/(1+N)] 1,1, A}/?
F[A+N/(-N] ATV dy (xg—xy). (19)

The first term is independent of A and is the usual
longitudinal propagator with principal value regular-
ization. The second term vanishes with A > 1. The
third term is time-independent, diverges as A = 1 but
does not contribute to gauge invariant quantities. Ob-
viously, the product of the second and the third term
may lead to A-independent, however time-dependent
contributions in higher orders. As an example we look
at the four point function of the longitudinal gauge
fields. We find

QT ANty x VAP (8 x0) AFR (5 x3) AT (24,x4)1 200

= —28%8% |ty — 15| |t~ 4]
- 1, A7 28312 1y, 71205 147)
Xdy (e1—x7)dyy(x3 —x4) (20)

+ other contractions + O(1—2A) + o((t-n~1.

As expected, there are finite terms bilinear in time in
addition to the product of the usual propagators. If
one looks for instance into a one-loop propagator in-
sertion one finds that the finite terms of all contrac-
tions are reproduced by the real part of the product of
effective propagators of the form *1

*1 The imaginary part of the product of two effective propa-
gators does not contribute to a gauge invariant quantity as
calculated in ref. {5].
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inabl _  1.¢ab
iDjj efr= — 716

X [ltl_t2|+10(t1+t2)] di]-(xl——xz), (21)

where ¢ is one of the values +1, —1.

The arguments presented here show how the im-
proved propagator of refs. [4] and [5] can be under-
stood on the basis of a canonical quantization as an ef-
fective propagator that reproduces the fourth order re-
sult. The i in front of ¢ in eq.(21) guarantees the cor-
rect hermiticity properties of the T-product of the
hermitian longitudinal fields *2.

Of course, the Alimiting procedure can be applied
to any order of perturbation theory. Only higher or-
der calculations can decide whether the effective
propagator reproduces the results of the A-limit also
there.

*#2 It js consistent with the findings of Miiller and Riihl [4]
since they are working in euclidean space—time.
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