Z. Phys. C - Particles and Fields 15, 337-342 (1982)

Zeitschrift

fiir Physik C PartiCIeS
andFields

© Springer-Verlag 1982

3-Dimensional SU(2) Lattice Gauge Theory

in Terms of Gauge Invariant Variables*

Annette Holtkamp

1L Institut fiir Theoretische Physik der Universitdt, D-2000 Hamburg, Federal Republic of Germany

Received 23 July 1982

Abstract. As a first step towards a duality transfor-
mation for the SU(2) lattice gauge theory in 3 dim-
ensions, the integration over all gauge variant vari-
ables is performed explicitly after introducing gauge
invariant auxiliary variables. The resulting new
Hamiltonian is complex and involves a sum over
closed loops. Each of these loops is confined to an
elementary cube of a dual lattice. Like in a previous
investigation for the O(4) symmetric Heisenberg fer-
romagnet Riihl’s boson representation is used to
derive the result.

1. Introduction

It is commonly believed that nonabelian gauge theo-
ries are the most promising candidate for a correct
description of hadronic matter. However, the exis-
tence of the essential property of conlinement has up
to now only been conjectured.

Some time ago, ‘t Hooft and Mandelstam [1, 2]
suggested a dual Meissner effect as a possible quark
confining mechanism. It thus seems desirable to de-
velop a concept of duality transformations for non-
abelian gauge theories.

Up to now, duality transformations have only
been worked out for abelian systems [3]. There it
turned out to be important to formulate the theory
in terms of gauge or rotation invariant variables. In
a previous paper [4], the analogue of this step has
been carried out for the simple case of the 2-dimen-
sional Heisenberg ferromagnet with global O(4) sym-
metry. Our main concern, however, are nonabelian
gauge theories. In the present paper, we apply our
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method to the SU(2) lattice gauge theory in 3 dim-
ensions.

To avoid the appearance of vector coupling coef-
ficients, use is made of a formalism introduced by
Riih! in his investigation of SU(N) lattice gauge
theories [5, 6]. Its main ingredient is the Bargmann
space realization of group representations of SU(N)
£7].

After a character expansion of the partition func-
tion and introduction of auxiliary gauge variant C?
variables the integration over the original SU(2)
variables can be carried out. Rijhl’s formalism al-
lows to sum explicitly over the irreducible unitary
representations of SU(2). The quartic interaction of
the auxiliary €? variables can be rewritten in qua-
dratic form with the heip of new gauge invariant
complex variables. The gaussian integrals over the
C? variables factorize and result in a product of
determinants each of which is expanded into a sys-
tem of closed loops.

In contrast to the situation for the O(4) sym-
metric Heisenberg ferromagnet [4], these loops are
localized, ie. they are each confined to elementary
cubes of the dual lattice.

As intended, the new system of closed loops is
formulated entirely in gauge invariant variables.

Unfortunately, our result has the undesirable, but
possibly inevitable feature that the new Hamiltonian
is complex and thus does not allow an interpre-
tation as a system of statistical mechanics.

2. The Model

We consider Wilson's action for an SU(2) gauge
theory on a 3-dimensional cubic lattice A< Z3

L(u):éZtr u, (2.1
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Fig. 1. Orientation of links on the lattice
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Fig. 2. Orientation of plaquettes on the lattice

where u, is the product of four SU(2) variables u,
attached to the links of the plaquette p.

The partition function of the system is

z=[]] du, e"® (2.2)

bed

where du, is the normalized Haar measure on SU(2).

We assume periodic boundary conditions. If we
further assume that the lattice contains an even
number of links in every direction it is possible to
orient the links in alternating order (see Fig. 1) so
that the lattice consists of a set A, of starting points
of links and a set A, of end points. Then each link is
denoted by b=<{xy), xeA;, ye4,.

On this lattice, each plaquette variable u, takes
the form

~y y-! ~1
U, =, Up Uy Uy (2.3)

We have an additional freedom of choice for the
orientation of each plaquette. We will use the no-
tation bedp resp. b~edp if a given link b belonging
to the boundary of the plaquette p has an orien-
tation parallel resp. antiparallel to the orientation of
the plaquette p. If b~'edp then u, will contain the
inverse u; ! rather than u,. In the present case, it is
convenient to choose alternating orientation for the
plaquettes, as shown in Fig. 2.

We will further use the notation (p, p) Ab for an
unordered pair of plaquettes touching at the link b.

3. Integration of the Group Variables

The partition function is expanded into characters of
irreducible unitary representations of SU(2)
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z:ij]dubHZCJ-pxjp(up) (3.1
P Jp

with the expansion coefficients
2 .

C,-=E(2J+1)12,-+1(ﬁ) (3.2)

where the I, are modified Bessel functions.
Each plaquette carries a representation j=0,

1/2,1,... of SU(2). The characters are decomposed
into

1w, = Z’D{nlmi(ubl) D{nimz(ul;zl)

'D{nzm;_(ub3) Din'zml(ul;,l)- (3.3)

In complete analogy to [4], the integration over the
field variables is performed in the Bargmann space
formalism [5-7] where a Hilbert space of entire
analytic functions over €?* is introduced with gau-
ssian measure

]‘ 2 2
du(zy=— [] dx;dy,e -

T"iz1,2
=dzdzt e "7,

z
Z=( 1)6032; z,=x;+1y;.
Z2

The analytic homogeneous polynomials of degree 2j
form a subspace carrying the irreducible represen-
tation D/, A basis of this subspace is given by the
polynomials

T
LG m!(G—m)Y
so that the representation matrices D’ take the form
D} (W)= [dulp) du(z) 5 (0) K(u; p, 2) 0} () (34)
with the kernel

v}(2)

—jEmsj

K(u; p,z)=e""""".

Using

Di, (= Y=(~1""Di )

we get

D}, H=(=D¥"""" {du(p) du(z)

V(2K p 7, 2) v (0). (3.5)

For each link b=<{xy) of each plaquette p we have
introduced two €? vectors p!), and z\),, where the p
resp. z variables are associated with the m resp. m'

variables and therefore with A; resp. 4,.
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The partition function now reads

z= jﬂdubH{Zc 1y (= 1r=mox

xeap My x

xedA;
. H Z (_l)jp~mp’y H [:jl d‘u(pp,x) d.u(z;,y)
yedp myp, bedp
yed; b=<{xy)

v}n}; x(pp x) K(ubi pp x’Zp y) vmp y( ;y)]

-1 [§dutel, ) du(z,, ) o5,, (2,,)

b leop
={xy)

Ky Pyl 25,0 Vo, (07,01} (3.6)

Doing the summation over m

iomeio g o (PTEP)Y
%(_ 1) Um(p) U—m(p )—W

and over m’

(3.7a)

(z ez™)

;(— Y™l (), (2)= 2! (3.7b)

we get
z= [[]du,D u(p,2) D u(p’, 7)
b

TS, I Bt 1 Coatei”
r Uip Jpxeap (2Jpl yedp (sz)’
xeAd; yedy

T KO py055) T1 K(ub,p;;,z;,»} (3.)

bedp

where

Dulp,2)=]1 11 dulp, ) [1 du(z, ).

p xebp yedp
xed; yeds

Setting

Pp.. if bEdp
7.5 = {p if b-tedp

p.x
(z,, if bedp
a”’y(b)—{ﬁ if b~'edp

b,y

(3.9)

the integrals over the field variables », can be done
by means of the formula

Saf @Ty)

{due " ——ﬁdue

—+2 (y g0t ¢ 10*‘)

(3.10)

The summation is over unordered pairs (ij).
The partition function is now

i _1
=111 (gdvbe E ) Dulp, 2) D plp', 7)

H{z H pp,xap;,x)sz H (Z;;,ysz;y)sz}
Jp Jpxeﬁp (ij)' yeip (2.]11)’
YEAfF

- H exp[vb Z (Yp,x‘g’Yp’,x)(o{;,yghla;’,y)]

b=<xy) P, p)AD

(3.11)
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(p.P)Ab denotes an unordered pair of plaquettes
with common link ». The ¢ products in the exponen-
tial relate variables belonging to the same site but to
different plaquettes.
With each corner of each plaquette we associate

a complex variable 7, . by means of the complex
contour integral
(zezt)¥ 1 dz

Q) 2ni %ZT

tz'ez

(3.12)

The sum over j yields a factor
B 1
Blr)=(, 't ex”

T,= I1 T,

xedp

(3.13)

for each plaquette (see [4]).
Thus we arrive at the partition function

z=[DvDpu(p,2) D ulp', 2

{Hfﬁ DX T, x P, xEPB,x
r

xedp 27'[1
xed;

1§ 5

yeop
yedys

1 explo, Y (paedp )b, e of )]

b=<{xy) @:p)Ab

ete yz}r,yfzfiy} . B(’Ep)
(3.14)

with the abbreviation

i a1
Duzﬂz—lﬂ—dvbe %,

b

4. Elimination of All Gauge Variant Variables -
Loop Expansion

The quartic terms in the exponential are eliminated
by introducing one gauge invariant complex variable

Nop = 7717 14 (4.1)
for each pair of plaquettes (p,p’) with a common
link.
vV e’ 8“‘a'*):£ j dndy o= T g2 rey'nrat el g
e
(4.2)

The partition function becomes

z=[DvDu(n) D ulp,2) D ulp’, 2)

1141165

xedp 27[ 1
xed;

H p ¥ P yZp, yszp v B(’C )
yeapcﬁ 2ni } ?
yedy

) H eXP[Ul/Z Z (vp,xgyp',xnpp'+g‘; gt Ay, ynpp)]
b=<{xy> (P p)nb (4 3)

N
e, xPp,x8Pp,x
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Fig. 3a-¢. Possible relative orientations for a given link and two
neighboring plaquettes

where

Du(m=[1

(p,p")

—Napiipp

1 =
Edn”" dij, e

The integration over p’, z' amounts to the substi-
tution [4]

gy 7

ZP»Y p:ypsy

Py T, Py (4.4)

within the exponent of the last line of (4.3).

Due to our choices for the orientation of links
and plaquettes we have to distinguish three cases
which are illustrated in Fig. 3.

The substitution (4.4) yields

if beop, dp’
if b-ledp,dp’
if bedp, b=l

pp,x gpp’,x
+ +
yp,x‘e'yp‘,x-) Tp,x‘cp’,xpp,x EPp x

At
Tp,xPp,x Py .x

+ =1+ 1 4

TpyTw.vZp y& Zp.y if bEap, (9p
+ -1 .4+ -1 3 -1 4
ay e ug Rz, 8 2, if b='edp, op

Tov oy oty
Evidently, only variables belonging to the same site
interact. Consequently, the p and z integrals factor-
1Ze.

For each site xe/; we introduce two antisym-
metric matrices A and x
v/, if xedp, op’
Aypr(X) = and bedp, Op’ for any b
0 otherwise
0y T, Ty oy If XE0D, Op’
K, pr(X) = and b~'edp, dp’ for any b
0 otherwise
and a matrix p
—uy?7, m,, if xedp,op’
P,y (%)= and bedp, b~'edp for any b
0 otherwise.

if bedp,b~*eop’.
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Analogously for each yeA,:

112’?37;7 if yedp, dp’

A ()= and b~ledp,dp’ for any b
0 otherwise
%21, Ty 7,y i yEdp, 3P

Kpp(¥) = and bedp, 0p’ for any b
0 otherwise
U117/2 p',y ﬁpp’ If yeap7 ap/

0= and b~'edp, bedp’ for any b
0 otherwise.

Thus the partition function takes the form

z= {DvDu(n) Dt Dulp,2)

Hepo(le PpePy+ 2 Kpp pp P;‘F,OW',DP'Q})
xed; vy

H epo(ll’pp ZptZy + pp Z; 12;+p;p,zp~z;;)
yeds (4.5)

where we have introduced the abbreviation
dt
Dt= — Pz .
=I5 e

The gaussian integrals over z and p are evaluated in

-the appendix. The result is the loop expansion

z= jlijy(n)D‘c

11 eXpZ v(C)T(C)ff(C)
11 expz 000 (0) (46)
where
v(C)= [] /%
b/\(pp)
(p, p)eC
1(O=]]1,.
peC
1(O= [] 1,y
(p, p)eC

Sc 1s the number of ordered pairs (p,p)eC with
bedp, b=tedp/, and n is the length of the path C in
units of the lattice constant. For a given site zeA,
the sum in the exponent extends over all closed
paths C consisting of ordered pairs (p,p,)
(P2, P3)--- (P py) With (p;, p,, ) Ab for any baz and
obeying the restriction that p,, p;, ,, and p,, , do not
share a common link. Paths which are cyclic per-
mutations of one another are not identified.

The sums over paths C in the partition function
(4.6) can be replaced by a sum over equivalence
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Fig. 4. Simplest allowed path on a cube of the dual lattice.
x Original site; e dual sites

classes C of paths. We define two closed paths to be
equivalent if they differ only in initial point or direc-
tion. Every path C can be represented uniquely in
the form C=C¥% where C, is a simple closed path,
ie. cannot be expressed as a power of a path of
lower order. This defines an integer p, for every
closed path C. The corresponding equivalence class
contains 2n,/p. paths. Then the partition function
can be rewritten as

z= fDuDy(n)Dr

Tlew 22 w(€) () n(C)
Tew2y (_ " oo, @7
yeds I

Finally, we may replace the sum over all equivalence
classes C by a sum over all equivalence classes C,
of simple paths only. The partition function even-

tually becomes

z= 5D9D;z(7g)Dz'

I = (=1 2(Co) v(Co) n(C)1~ %}

xeA; 50

TAI {1 =(=1ree(Co) v(Co) A(CT~ 2. (4.8)
yeds C,

In contrast to the O(4) symmetric Heisenberg model
[4], the paths are localized, ie. cannot extend over
the whole lattice. In fact, the allowed paths may be
visualized on a “dual” lattice whose sites lie in the
centers of the old plaquettes. If we draw a cube
around each original site the new sites lie in the
middle of the edges as shown in Fig. 4. An allowed
path is confined to the surface of a single such
“dual” cube. It connects “dual” sites in such a way
that three subsequent sites never lie in a plane. If the
paths are drawn along the dashed lines in Fig. 4 we
have the equivalent condition that no backtracking
paths are allowed.

The path displayed by a solid line in Fig. 4 is of
lowest possible, i.e. third, order.
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Appendix

Consider one gaussian integral of the partition func-
tion (4.5) belonging to a given site x€,.

I={ H dulp,) exp 7(2 Dt P €0

xeﬁp

+3K —lp;+ppp’pp.p;)‘

pp’ pp

It is transformed into an integral over real variables
by introducing vectors rpelR4 via

_(rl—l—irz)
£r= ratir/

Furthermore, we introduce an antisymmetric block
matrix C consisting of 4 x 4 blocks

0 F 0 —F* S
Cpp’:ipp'(—_F 0>+Kpp’ F* 0 )"— P'p

and a block matrix D consisting of antisymmetric
4 x4 blocks

E 0 E* 0
vr’ = Ppp 0 E +pp’p 0 E*)
where
E—l (1 —i)
2\ 1)
The result of the gaussian integration is

I= jnd“rpe

—[del(1— C—~D)]~*/*

—X(rprp)+ X , (rp'[C+ Dlpprip)
p pp

1 21
=exp= ). —tr(C+D) (A1)
2,5
with
4 - .
(s 1= 2114
i=1
The powers of D are given by
E 0\ ., (E* 0
O = (5 )+ e (g o) A2

We have to distinguish even and odd powers of C
E 0 . (E* 0
(CZn)pp’ _—_(,1 ;c);p, (0 E) +(x )“)PP' ( 0 E*>,
0 F )
—F 0
0 -F *)
F* 0

(€2, =10 A,

+ kA" «],, ( (A.3)
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For the trace in (A.1) not to vanish C has to appear
an even number of times.
From the relations (A.3) and

[(co"cl,, =(Gp"K),, (ﬁ g)
e A) (E; EO*) (A4)

we see that 4 and x have to appear alternatingly
where 1 may be followed by powers of p” and x by
powers of p. Thus, the nonvanishing terms in the
exponential of (A.1) take the form

tr...xp" AlpTy 2 p™ A ...

These contributions may be represented by closed
paths connecting the centers of neighboring pla-
quettes which have the point x in common.

With each oriented closed path C consisting of
ne ordered pairs of plaquettes (p;, p,), (P2, P3) .-
(p,.» P1) We associate the algebraic expressions

WC)= [] »”?
bA(p,p)
(p.p")eC

W(C)=[]1,,x

peC

n(C= [1 n,,-

(p,p)eC

(A.5)

Moreover, we define an integer s, which is the num-
ber of pairs (p, p')e C with bedp, b='edp'.
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Then (A.1) can be written as

(-1

C

(A.6)

I=expzcl v(C)t(C)y(C)

where the sum is over all closed paths C

{C ={y,p2) ..., p)lfor all 4, (p;, p; ) A D,
b={xy) with xe/, fixed, and
PisPiy 1> Dy 2 do not share a common link}.

The integrals belonging to sites yeA, are being
treated in a similar way.
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