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Differential three-jet cross sections have been measured in e+e--anrtihilation at an average CM energy of 33.8 GeV and 
were compared to first- and second-order predictions of QCD and of a QED-like abelian vector theory. QCD provides a 
good description of the observed distributions. The inclusion of second-order effects reduced the observed quark-gluon 
coupling strength by about 20% to a s -- 0.16 ± 0.015 (stat.)± 0.03 (syst.). The abelian vector theory is found to be in- 
compatible with the data. 
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High energy e+e --annihilation into hadrons pro- 
vides unique possibilities to test QCD. For example, 
the total cross section is explained by perturbative 
QCD, and detailed tests have been performed by sev- 
eral groups [ 1 ]. Remarkable qualitative agreement be- 
tween the order a s predictions [2] and the data has 
been found. In addition [3] ,1, there is strong evidence 
for the gluon to have spin 1, and,  more recently first 
experimental evidence [5] o f  four-jet structure, as pre- 
dicted by higher-order QCD diagrams [6], has been 
reported. 

In this letter we present an analysis o f  three-jet 
events and compare the resulting differential cross 
sections with theoretical predictions which include all 
second-order diagrams. Since QCD reveals its full gauge 
structure only in second order, it is of  considerable in- 
terest to test whether the second-order predictions are 
sensitive to its non-abelian nature giving rise to the 
gluon self-coupling. In order to elucidate this point 
we compare the data not  only with QCD but also with 
an abelian vector theory. The comparison uses the sec- 
ond-order QCD results of  ref. [7] ,2, which are based 
on jet definitions closely related to observable quanti- 
ties. For a recent discussion of  these results in com- 
parison with other second-order QCD calculations, see 
ref. [9] *3. The cross sections for the abelian vector 
theory are obtained from the expressions of  refs. [7,8] 
by replacing the group constants of  SU(3) by the ones 
of u(1). 

The analysis is based on data measured with the 
JADE detector at center of  mass energies v~-of  the 
e+e - storage ring PETRA between 30 GeV and 36.7 
GeV with a luminosity weighted average of  x/~ "= 33.8 
GeV. A detailed description of  the detector, the trigger 
conditions and the criteria for the selection ofhadronic 
events is given in ref. [11]. In addition to the cuts 
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mentioned there, events with a missing momentum 
exceeding half the beam energy were rejected and an 
acceptance cut was imposed on the angle 0 between 
the event sphericity axis and the beam direction I cos 0 I 
< 0.83. 

The 4799 events remaining after these cuts were 
subjected to a jet search algorithm allowing for an ar- 
bitrary number of  jets. Each event was then categorised 
according to the number of  jets found. This event clas- 
sification depends on the definition of a particle jet. 
In order to estimate to what extent the fmal results 
depend on the jet def'mition used, we pursue two dif- 
ferent methods, which both aim for a particle jet defi- 
nition similar to the def'mitions used in refs. [7,8] for 
the partons. The first method is the angular cluster 
algorithm described in detail in ref. [12] which pro- 
ceeds via the following steps: (1) particles (charged 
or neutral) within 30 ° of  each other are combined to 
form preclusters, single isolated particles are also re- 
garded as preclusters; (2) preclusters within an angle × 
of  each other are combined to form clusters, single iso- 
lated preclusters are also regarded as clusters; (3) clus- 
ters with an energy of  at least 2 GeV and with at least 
two particles are called jets i f  at least (1 - e) o f  the 
visible energy Evi s is contained in such clusters. The 
number of  jets found in an event yields the jet multi- 
plicity and the sum o f  the momenta  of  the particles 
within a jet gives the jet momentum k. The second 
algorithm, rather than using the angle between two 
particle momenta  Pi and p / employs  the normalized 
pair mass Yil = (Pi + P/)2/E2s, where charged particles 
are assumed to be pions and neutrals to be photons. 
IfYkl is the lowest value of  all possible Y i/ particles k 
and l are replaced by a pseudoparticle of  four-momen- 
tum (IPkl + IPll, Pk + Pl)" This procedure is repeated 
until Ykl exceeds a given threshold value ymax. The 
number of  remaining pseudoparticles defmes the jet 
multiplicity and their three-vectors give the jet direc- 
tions. 

The distributions of  jet multiplicities obtained by 
these cluster algorithms depend on the jet defiming 
parameters (e, ×) a n d y  max. For smal ly  max and small 
e as well as small X many jets are found because of  the 
fluctuations of  the hadronisation process, whereas for 
large ymax and large values of  e and of  X mostly two- 
jet events are found and the q~lg-events are not resolved. 
However, Monte Carlo studies show that there is a 
range of  cluster parameters, for which QCD effects 
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can be resolved and the fragmentation effects are suf- 
ficiently small. In the following, the parameters ymax 
= 0.04 and e = 0.1, X = 45 ° are used, which were found 
to be a reasonable set. With these parameters less than 
4% of the events have more than three jets, and, using 
the y-method (e, ×-method), about 30% (20%) have 
three jets and about 70% (80%) have two jets. 

The analysis is mainly concerned with the class of 
three-jet events, for which normalized jet energies x i 

(x 1 > x  2 > x 3 )  are calculated in the following way: 
the measured jet momenta k i (Ikll > Ik21 > Ik31 ) are 
projected onto the reaction plane defined to be normal 
to (k 1 X k2) + (k 2 X k3) and the angle Oij between 
these projections determines the normalized je t  ener- 
gies X i 

x i = 2 sin Okl/(sin 012 + sin 023 + sin 031 ) , 

i, k, l cyclic, 

which will be compared with the theoretical jet ener- 
gies x i of re fs. [7, 8] defined by twice the energy going 
into the ith jet divided by the total energy going into 
all three jets. There are two independent variables, 
since ~ x i = 2. We shall analyze the distributions of 
x 1 , the maximum normalized jet energy, and of x± 
= x  2 sin 012 =x  3 sin 031. 

Before confronting the data with corresponding 
theoretical predictions several corrections have to be 
applied. The corrections have to account not only for 
the experimental resolution and the acceptance of  the 
detector and the effects of initial state photon brems- 
strahlung, but also for the fluctuations in the hadroni- 
sation process, which might for instance cause a pri- 
mary q?q-process to be classified as a three-jet event. 
We used model calculations to unfold these effects 
from the raw distributions such that one can compare 
the corrected distributions with the theoretical pre- 
dictions directly. The model calculations are based on 
first-order QCD, using a quark-gluon coupling strength 
a(1) 0.17 at x/s = 34 GeV. They reproduce the mea- $ -- 

sured particle distributions rather well. For details see 
ref. [13]. For the present analysis two different frag- 
mentation schemes were applied, in order to estimate 
the uncertainties due to hadronisation. In the Lund 
scheme [14], the fragmentation proceeds along the 
colour flux lines; in the scheme ofAli et al. [15] along 
the parton directions. As we have shown in ref. [13], 
these two fragmentation schemes yield significantly 

different distributions for low momentum particles. 
The events were generated by Monte Carlo techniques, 
taking the resolution and acceptance function of the 
detector into account, and underwent the identical 
chain of  analysis programs and cluster algorithms as 
the real data. The distribution of jet multiplicities ob- 
tained from these two fragmentation models are sub- 
stantially different only for narrow jet definitions 
O 'max ~< 0.02) and are in reasonable agreement with 
the observed jet multiplicities for broader definitions 
(ymax .~ 0.04). These model calculations are used to 
account for the detection probability of a q?:lg-event 
as well as for the background of three-jet events pro- 
duced by primary q?t-processes by relating the number 
of generated events Nqqg to the number N n of n-jet 
events (n = 2, 3, 4...) obtained by the cluster algo- 
rithms. For instance for the x l'distribution: 

Nqo.g (Xl) = a 2 ( X l ) N  2 + ~ a3(xl,  ~1) N3(X"l) 
X l  

+ a 4 ( X l ) N  4 , (1) 

where x 1 is the generated and Xl the "observed" value 
of the maximum normalized jet energy. The correc- 
tions are applied to the data assuming that the correct- 
ed and the observed number of real events are related 
by the coefficients a i obtained from the model calcu- 
lations. The overall corrections can be estimated from 
fig. 1, where the raw and the corrected x 1 and x± dis- 
tributions are shown. The overall corrections are smaller 
for the mass method. This fact, however, is not only 
due to its better efficiency of finding q?:lg-events but 
also to its larger q?:l background. For the jet parameters 
chosen the corrections are, within the errors, indepen- 
dent of the fragmentation scheme used. 

One can now directly compare the corrected distri- 
butions of fig. 1 to the theoretical predictions, which 
in first order, independent of the jet parameters used, 
are given by [2] 

17 -1 d•]dx 1 dx 2 

= ~(a~l)/Tr)(x 2 + x22)/(1 - Xl)(1 - x2 ) ,  (2) 

where a~ 1) is the quark-gluon coupling strength of 
QCD (in first order). Fitting this expression, after inte- 
gration, to the experimental x 1 and x±-distribution one 
obtains the values of ~1) listed in table 1. The fit was 
restricted t o x  1 ~< 0.85 (x.L >/0.30), a range, which is 
sufficiently far away from the artificial separation be- 
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tween qcl and q?:lg events used in the models to avoid 
the divergencies in the three-jet cross section. Both 
distributions, as well as both jet measures, yield, within 
the errors, the same first-order coupling strength a~l); 
on average ot~ 1) = 0.20 + (0.015 stat.) +- 0.03 (syst.). 
It has been verified, that the resulting value of  a s is 

Table 1 
Coupling strength ~s resulting from fits of first- and (first + sec- 
ond)-order QCD expressions to the experimental x I - and x±- 
distributions in the region xt ~ 0.85 and x± ~ 0.30. The errors 
quoted result from the fitting procedure and include no system- 
atic effects. 

Jet definition Fit to First-order (first + second)- 
via distribution order 

invariant mass xl 0.208 ± 0.015 0.163 ± 0.010 
x± 0.205 ± 0.013 0.158 ± 0.010 

energy flow xl 0.196 ± 0.013 0.170 ± 0.010 
x± 0.195 ± 0.013 0.175 ± 0.012 

essentially unchanged if a s = 0.20 is used as input for 
the model calculations (a change of  the input a s by a 
factor o f  two results in a change of  the corrected data 
by about 20% at x 1 < 0.85). The systematic error 
represents an estimate of  the uncertainties due to the 
jet definition and the different fragmentation schemes 
and fragmentation parameters used for the corrections. 
The theoretical expression provides in all cases a good 
description of  the data; in the worst case we obtained 
a ×2/DF = 6.8/5. 

The result is in good agreement with our previous 
result a~l) = 0.18 + (0.03 stat.) + (0.03 ~yst.) [16], 
which was based on a direct comparison of  data and 
Monte Carlo calculations. For a summary of  the results 
from other experiments see ref. [14]. The PLUTO [3] 
and CELLO [3,4] groups, using a similar cluster tech- 
nique, quote somewhat lower values: t~ 1) = 0.15 +-- 0.03 
+ 0.02 at x/~ -= 30 GeV and a~l) = 0.16 + 0.02 -+ 0.03 
at x/s -= 34 GeV, respectively. One should note, how- 
ever, that these groups include data up to x 1 = 0.95 
in the fit, whereas the present analysis is limited to 
x 1 ~< 0.85 for the reasons mentioned above. The inclu- 
sion of  data up to x 1 = 0.95 for instance would in our 
case result in an average reduction in a~ 1) of  about 1 0% 
and would yield a somewhat worse fit. 

The inclusion of  second-order terms makes the 
comparison more complicated, since the theoretical 
predictions depend on the jet definition. The relevant 
three-jet cross section formulae are given in refs. [7,8] 
for parton jets defined (a) by (1 - e) of  the total energy 
going into 3 cones of  full opening angle 8 and (b) by an 
invariant mass c u t y .  Comparing data and theory, we 
identify e a n d y  with e a n d y  max of  the corresponding 
cluster algorithms and take 5 = 60 °, which, as the 
model calculations show, corresponds roughly to × 
= 45 °. In using the formulae of  refs. [7,8], which are 
derived for massless quarks, we take for the number 
of  flavours Nf  = 3 since the contribution of  heavy 
quarks to the inner loops is strongly damped. (All pri- 
mary pho ton-qua rk  couplings are of  course properly 
taken into account by the normalization to °tot-) In- 
creasingNf from 3 to 5 changes the QCD predictions 
by less than 3%. The coupling strengths ~1+2) obtain- 
ed by fitting the theoretical expressions to the data 
are listed in table 1. As an example, the corresponding 
best fit curves to the x 1- and x±-distributions are 
shown in fig. 2 for the jet definition via invariant 
mass y .  The broken curves in fig. 2a show the first- 
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Fig. 2. (at The corrected x l- and X.L-distributions for the mass 
method (vmax = 0.04) together with the second-order QCD 
best fit. The first-order contribution of this fit is indicated 
by the broken curve. The fit did not include data above x 1 
= 0.85 for theXl-fit and belowx.L = 0.30 for thex±-fit. 
(b) The corrected xl-  and X.L-distributions compared to the 
second-order predictions of the abelian theory, for three dif- 
ferent coupling constants ¢=A- The one yielding results closest 
to the data corresponds to the full line. The dotted line shows 
the predictions for a coupling constant smaller than the "best 
fit" and the broken line for a bigger one. The e, X jet defini- 
tions have been used for these plots. 

order contr ibut ion to this fit, which are hardly dis- 
tinguishable in shape from the full curves * 4. The in- 
clusion of  second-order terms yields essentially a re- 
duction o f  the coupling strength of  about 20%: on 
average a~ 1+2) = 0.165 -+ 0.015 (stat.) -+ 0.03 (syst.), 

where a s is defined in the MS scheme. 
The abelian vector theory [18] * 5 yields first-order 

• 4 The x2/DF-values for the x±-distributions are: 3.2/5 (first 
order), 3.3/5 (first + second order). 

~:s For a recent comparison with deep inelastic lepton seat- 
tering data, see ref. [19]. 

results identical to QCD (after renormalization o f  the 
_ 4  

quark-g luon  coupling strength a A - ~ as). The second- 
order contributions,  however, are much larger, as 
shown in fig. 2b where the (first and second)-order  
predictions o f  the abelian theory ,6 are compared 
to the data. The theoretical curves are obtained with 
a A defined in the MS scheme in analogy to QCD. The 
larger number of  quarks caused by the colour degree 
o f  freedom in QCD is simulated by tripling the num- 
ber o f  flavours. In this framework the abelian theory 
gives in second order reasonable results for the total  
cross section, 

• R = R 0 [ 1  + ~ a A / r r  - -  1.65(aA/Tr)2 ] . 

But the differential three-jet cross section is nearly an 
order o f  magnitude below the first 'order results. This 
is evident from fig. 2b, where the full curve is the sec- 
ond-order predict ion closest to the data. Both a smaller 
and a larger coupling strength a A yield a smaller three- 
je t  cross section, since the order ~A 2 contr ibution is 
large and negative. 

In summary,  the observed three-jet cross sections 
are in good agreement with the QCD predictions. The 
inclusion o f  second-order effects causes a reduction 
of  the QCD coupling strength o f  about 20% with re- 
spect to the first-order value a~ 1) yielding a~ 1+2) = 
0.16 -+ 0.015 (stat.) -+ 0.03 (syst.). In contrast to this 
the abelian vector theory,  which in first-order is iden- 
tical to QCD, fails to describe the data in (first + second)- 
order. 
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~:6 The (first + second)-order three-jet cross sections for the 
abelian vector theory can be read off from the formulae 
of refs. [7,8] by simply putting C F = 1, N c = 0 and Nf 
= 6 • N Q  CD. 
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