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The axial-vector current of Dirac-K~ihler fermions on the lattice is studied. We consider a 
U(I) gauge theory in two dimensions as well as an SU(N) gauge theory in four dimensions. Using 
a short-distance expansion of the fermion propagator in an external gauge field, we show that the 
correct anomaly is reproduced in the continuum limit. 

1. Introduction 

The incorporation of fermions into the scheme of lattice gauge theories encoun- 

ters the well-known degeneracy problem: the naively discretized Dirac action 
describes more than one species of fermions in the continuum limit. Several methods 
have been proposed to cope with this unwanted "doubling", e.g. by Wilson [1], 
Susskind [2] and Drell et al. [3]. A somewhat different approach due to Becher 

and Joos [4] (see also [5]) starts from the Dirac-Kiihler equation. It has the 
advantage that there exists a straightforward correspondence between the con- 
tinuum and the lattice description and that the degeneracy is no lattice artifact [6]. 

An important question concerning fermions on the lattice is the following. Does 
the lattice description reproduce the correct anomaly of the axial-vector current 
[7, 8] in the continuum limit7 Karsten and Smit [9] have shown that the anomaly 

vanishes in the continuum limit, if one uses the naive action and the most obvious 

definition of the current on the lattice. This result originates from the fact that the 
contributions of the different species to the would-be anomaly cancel. On the other 
hand, applying Wilson's degeneracy regularization they found the correct anomaly 
in weak-coupling perturbation theory at the one-loop level. That Wilson's action 
reproduces the continuum anomaly was also proved by Kerler [I0]  in a non- 
perturbative analysis. Defining an axial current different from that used by Karsten 
and Smit, Sharatchandra et al. [11] derived the correct anomaly for Susskind 
fermions as well as in the naive formulation. 

In this paper we study the axial anomaly in the Dirac-Kiihler framework. The 
close connection between lattice and continuum, which exists in this approach 
because of its geometrical interpretation, leads immediately to the definition of an 
axial-vector current on the lattice. This current is conserved in the free case. We 
want to show that the corresponding gauge invariant current of the interacting 
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theory has the correct anomaly in the continuum limit. The plan of the paper is as 
follows: in sect. 2 we set up our notation and given the necessary preliminaries; 
sect. 3 contains the calculation of the anomaly. 

2. Preliminaries 

In the Dirac-K~ihler formalism the Dirac field is described by a general differential 
form 

qb=°go(x)+ ~ ~0~,(x)dx"+ ~ ~o~,~(x)dx~'^dx"+ ' ' ' .  (2.1) 
~ = 1  /.L.v = I 

hi. "~ v 

(For details about this formalism see [4].) We take q~ to be complex and work in 
n = 2 or 4 euclidean dimensions. Using a multi-index notation we write 

q~ = Y. w(x, H) d x " ,  (2.2) 
H 

where the sum extends over all ordered sets of indices H = {tZl, tz2 . . . . .  tZh} with 
l <~l~: <tzz<" " "<~h <~n and 

d x  H = dx" '  ^ dx "2 ^" • • A dx"" .  (2.3) 

The action for a free Dirac-K/ihler field reads 

S¢ = -  d"x ~(x, H ) ( ( d - 8  +m)CI))(x, H) 
n 

= f d"x b=~ ~ to'b'(x)Q,~l y,O~, +m)~0'b'(x). (2.4, 

Here d is the exterior derivative, 6 is the co-derivative, and the connection between 
the components ¢(x, H), if(x, H) and the Dirac spinors ~O, ~ is given by 

¢ ( x , H ) =  ~ ~b~b)(x)(y~)b,, 
a , b =  1 

f f ( x , H ) =  ~ ~a0'(X)(yT)ba. (2.5) 
a , b = l  

For the euclidean y-matrices we use the following conventions: 

{y~,, yv} = 26~,~, (2.6) 

V H  = Y ~ I Y t ~ 2  " " " Y . h ,  for H = {t~, tz2 . . . . .  /Zh }, 

txx < t z 2 < " "  " < ~ h ,  y ~ = l .  (2.7) 

Eq. (2.4) shows that the Dirac-K~ihler field @ represents n "flavours" of Dirac 
fermions in n = 2 or 4 dimensions. 
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We can define the 1-form 

of an axial-vector current :  

M. G6ckeler / Dirac-Kiihler fermions 

.A 
1~, (x) dx ~" 

p . = l  
(2.8) 

( _1 )  " '2 
• A e2~'~/"'~ " l ( ~ , E  V ~ ) I  

n 

( -  1 )./2 
- - - e  -z~ j ' ,  ~ - ~ ( e  v ~ ,  ¢,)~ 

n 

where 

s = d x  I Adx2^  • • • ^ d x  " ,  (2.10) 

3'5 = -i3"~3"2, for n = 2 ,  (2.11) 

3'5 = 3"13'23'33"4, for n = 4 .  (2.12) 

The  definitions of the Hodge  star opera to r  ~-, the Clifford produc t  v and the 

expressions ( , )p (p = 0, 1 . . . . .  n) may be found in [4]. We have chosen the 
phase factors in (2.9) such that the convent ional  axia l -vector  current  emerges  when 
we rewrite /.A in terms of Dirac spinors by using (2.5). If tP and g5 are solutions 

of the Dirac-K~ihler equat ion and its adjoint,  respectively, 

( d - 6  + m ) t P  = 0 ,  (2.13) 

( d - 6 - m ) ~  = 0 ,  (2.14) 
we have 

2 _2~ri/nFi l 8/A = - e  ~ ' - l ( ~ ,  e v ~ ) 0 ,  (2.15) 
n 

i.e. 

.A Y. OM,,(x)=O, f o r m  = 0 .  (2.16) 
kt 

Now we int roduce a hypercubic  lattice with lattice spacing a. Let  e~, be a vector  
of length a in the tz direction. Then  the cells of our  lattice are: 

lattice points x =- (x, Q ) ,  

links (x, x + e , )  - (x, {tz }), 

plaquet tes  (x,x + e , , x  +e~)=-(x,{tz, u}), I~ <~,, 

etc. A general  cochain tP (the lattice analogue of a differential form) is written as 

tp = ~ ~p(x, H) d TM , (2.17) 
x,H 
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where  H has the same mean ing  as above  and the e l emen ta ry  cochains d x'H act on 

the cells (x', H')  according to 

d~'rl((x ', H')) = ah6x.x'6H.tC. (2.18) 

Here  and in the following h is equal  to the n u m b e r  of e lements  in H. Using the 
prescr ipt ions of [4], we get for  the free act ion on the lattice: 

a "  

So = - -  ~ qS(x, H)( (dL--SL+m)@)(X,  H ) ,  (2.19) 
n x,H 

where  dE and 8L are the lattice versions of d and S, respectively.  
In o rder  to define an axia l -vector  current  on the lattice we write down the lattice 

analogues  of (2.9) according to the rules in [4]. We have now 

e = ~ d ~'(1'2 ...... ), (2.20) 
x 

and one  realizes that  the two express ions  

( -1)" /2  e2"i/" ¢r 1(~5, e v ~)1 , (2.21) 
n 

( -  1)~/: 2,~/, ~r- l(e e v ~ ,  q~)l (2.22) 
n 

which are equal  in the cont inuum,  do not coincide on the lattice. Never theless ,  
each of them represents  a conserved  current  (for m = 0) in the sense that  

~c (  (-l)~/2e2,' ' /"n ¢ r  l ( ~ , e  v q~)l) 

= 8L e -2"~i/"* l(e v ~ ,  q~)l = 0, (2.23) 
n 

if ~ and ~5 are solut ions of  the free lattice Dirac-K~ihler  equa t ion  and its adjoint ,  
respectively.  So it seems reasonable  to take  

2n e2"i/" ¢r - 1(45' e v 4~)1 + e-2"i/~ ~" 1(~ v ~ '  q~)l 

1 ~ ~ (_I)(~)+h,lpH\{~},CH 
2n x.~, 

~ c H  

× {e 2,~i/. [(_ 1 )~'ff (x + e~,, H\{tz })q~ (x + ell, CH)  + ¢ (x, H)~o (x + ell, C H  u {/x })] 

+ e - 2 ' ~ / " [ ( -  l )"f f (x  +el l ,  CH)q~(x +e~,, H\{tt }) 

+ ¢ (x + ell, C H  ~ {tt })~o (x, H)]} d ~'(") , (2.24) 

as the axia l -vector  current  on the lattice. He re  ~H . ,~a  means :  sum over  all o rde red  
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index sets H which contain 9.. The complement  CH of an ordered index set H, the 
difference H\{Iz} etc. are again taken to be naturally ordered. The sign function 
pr~,K is defined for index sets H, K with H c ~ K =  ~ .  It is equal to ( -1 )  ~, where u 
is the number  of pairs (i, i)  such that i e H,/ '  ~ K and i > / .  Furthermore,  PO.H = PH.O = 
1. Note the particular point splitting in (2.24) and that the term with coefficient 
e -2"~/" looks like a "hermitian conjugate" of the term with coefficient e 2'~/". 

A lattice gauge field is introduced as usual. On each link (x, {tz}) we have a 
variable U(x, p-) which takes its values in the gauge group ~ = U(1) or SU(N).  The 
Dirac-K~ihler field carries an additional colour index (for ~J = SU(N))  and trans- 
forms according to some unitary representation of ~J. The local gauge transforma- 
tions are given by 

q~(x, H),--*g(xk0 (x, H) ,  

qS(x, H)~--+ q5 (x, H)g(x) -1 , 

U(x, tz )~g(x  +e,,)U(x, t~)g(x) ' (2.25) 

with g ( x ) ~ .  For H = {tzl, p-2 . . . . .  p-h} (p-1 < p - 2 <  . . "  <p-h) we define 

eH = ~ e~, (2.26) 
t ~ c H  

and 

U(x,H)=U(x+e~,,+e~,2+'"+e~,, , , p - h ) ' ' "  U(x+e,,,~2)U(x,p-,). (2.27) 

Then products of the form 

~(x, K)U~(x, H)~p (x +e~l, K ' ) ,  

ff(x +ell ,  K)U(x,  H)¢(x,  K') (2.28) 

are gauge invariant. When taking the continuum limit we shall write 

U (x ,  t~ ) = e i~aA~'~x~ . (2.29) 

Here  g denotes the gauge coupling and A,(x)  is a smooth continuum gauge field. 
The gauge invariant action reads 

S = S g [ U ] -  Y. qS(x, H)G-~(x,  Hly, K)q~(y, K) ,  (2.30) 
x , H  
y , K  

where S , [U]  is the action of the pure gauge field and 

= - -  C , ( H ,  K) - (U(x -e~,, p-)6r,,_," -Sr.~) G-I (x ,  HIy, K) n a 

1 
(S~.~ U+(x, tz)Sy . . . .  , ) - m S ~ S ~ K / .  (2.31) +Y. CT(H,  K) 

a " " 
J 

In this formula colour indices have been suppressed, and the 2 " x 2 " - m a t r i c e s  
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C~,(H, K) (H = row index, K = column index) are given by 

C~,/H, K) = tO,  otherwise, (2.32) 

tt = 1 , 2  . . . . .  n .  

The matrices C~,, C~ satisfy the anticommutation relations 

{C,,,C~}={Cv,,CV,.}=O, {C,,,C~}=6~,,, (2.33) 

and are analogous to the matrices A~', A[  of [12]. As a gauge-invariant version 
of the axial-vector current (2.24) we take 

,A I = ~ /A(  x,/x) d 'a~'~ , (2.34) 
x,/.a 

with 
1 

iA(x, u )  = t--l) ~ P H \ I ~ } . C l t  

~El t l  

x (e2"u"[( - l)"~(x +e,,, H\{t~ })U-(x *e,,, H\{tz})u~(x +ell, CH) 

+ q5 (x, H)U +(x, H)~o (x + ell, CH w {# })] 

+e 2"u"[ ( - I  )~'qS(x +e~,  CH)U(x +e~,, H\{tz})~/x +e,,, H\{tz}) 

+~(x  +ell, CH ~ {/z})U(x, H)g,(x, H)]}. (2.35) 

In the following we shaft need the propagator G of the Dirac-K/ihler field in an 
arbitrary external gauge field. We define 

Z,~ = I Dqb Dq5 e -s , (2.36) 

where J Dq~ D ~  is the usual integration over the Grassmann variables ~0(x, H), 
~(x, H), and get 

G(x, Hly, K)~ i = Z~, ~ I D ~  D ~  e -s~(y, K),c~(x, H),  i, / = colour indices. 

(2.37) 

In order to find a series expansion for G we split the Dirac-K~.hler operator G-I  
into a free part and an interaction part: 

G-l(x, H[y, K)ii = -a"[G,~'(x, Hly, K)Sii + V(x, Hly, K)#], (2.38) 

with 

o , - ,  1 (x ,  Hly, K) = l---y [C,,(H, K)(~.~ - ~,..~_ ~) 
n a  u 

T m 
+ C~ (H, K)(By . . . .  ~. -8~.~)]+--6,.ySii.K, (2.39) 

n 
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V(x, Hly, K)ii = __1 y. [C~,(H, K)6~.x_e,(8# - U~i(y, IX)) 
na ,, 

+ C ,  v (H, K)Sy . . . .  , (U~ (x, Ix ) - 6,i)], (2.40) 

and consider G-t(x ,  Hly, K)#, V(x, H[y, K)# etc. as matrices with row index (i, x, H) 
and column index (], y, K). The free propagator - a  - "do  has the usual representation 
as a Fourier integral: 

Go(x, HIy, K)~j = Go(x, Hly, K)6,j, (2.41) 

Go = aA +aZM,  (2.42) 

A(x,  Hly, K ) = Y . ( C , ( H , K ) [ ~ , ( x - y ) - C ~ ( H , K ) f , , ( y - x ) ) ,  (2.43) 

M(x,  H[y, K) = mSH.Kf(X - -y) ,  (2.44) 

I1 ' • x l a  " 
f~,(x) = (21r)" , ,d"q go(q) e'" (e ,o, _ 1), (2.45) 

f(x ) = d~q go(q ) e iq ~/~, (2.46) 

=(4~s in2 (~q . )+a2m2)  -1 . (2.47) go(q) 

Now we can expand G in a series: 

G = - a  

Applying (2.29) we have for a -~0: 

"do ~ (-1) '(VGo) r. (2.48) 
r = l l  

O(a '+l ) ,  i f r < n  - 1  , 

G0(VGo)' = ~O(a" In a ) ,  if r = n - 1 , (2.49) 
/ 

tO(a  ") ,  if r > n  - 1 . 

Eq. (2.48) is essentially a short-distance expansion of G. Since the axial anomaly 
is a quantum effect induced by the singularities of the propagator, only the first 
few terms of (2.48) will contribute to the final result. 

Later on it will be useful to write 

V = V ° + a V  1 +O(a  2) (2.50) 
with 

V°(x, Hly, K)= - t g  E [C,(H,  K)Sy.~-_e,A,~(y)+C~(H, K)6~ . . . .  A , ( x ) ] ,  (2.51) 
II  ~, 

2 

g ~ [C~,(H, K)Sy.~_e~A,(y) z - C v . ( H ,  K)6y . . . .  A , ( x ) 2 ] .  V'(x, HLy, I<) = 

(2.52) 
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Note the following symmetry properties: 
o m(x, Hly, K) -- -A(y,  KIx, H),  V°(x, nly, K)~ = W (y, KIx, n)~, 

M(x, HIy, K) = M(y, KIx, H), V~(x, H]y, K)# = - V~(y, Klx, H),;. (2.53) 

3. Calculat ion  of  the a n o m a l y  of  the axia l -vector  current 

We start from the equations of motion on the lattice, which follow from the 
action (2.30): 

1 
~, PI.},H',I.}- ( U+( x, At )q~(x + e~,, H\{At })-q~(x, H\{At })) 

1 
+ ~ P~,},H--(~0(X, H~{At}) -U(x  -e~,,At)q~(x -e~., Hw{At})) 

~tcCH a 

+ m~o(x, H ) = 0 ,  (3.1) 

1 
PI~,},H',I~,}- (~(x +e~,, H\{At })U(x, At)-~(x,  H\{At })) 

. c r i  a 

1 
+ ~ Pl~,l ,--(~(x, Hw{At})-¢(x -e~,, Hu{At})U+(x -e,.,At)) 

,,~Ctl a 

- r n ~ ( x ,  H) = 0.  (3.2) 

Using (3.1) and (3.2) one gets for the lattice divergence of the axial current: 

~. 1 (/A(x, At) _/.A( x _ e~,, At )) 
u . a  

= r / l - -  
(-1) "/2 

~ . z  tx{~l r 2rri/n -e 
~-~) - PCH.~te ~¢~X +ell, CH)U(x, H)¢(x, H) 

n rt 

- e  2"u"~(x, H)U+(x, H)~o(x +el~, CH) ]+B(x ) .  (3.3) 

We shall show that the vacuum expectation value of B ( x )  will give the anomaly in 
the continuum limit. The explicit expression for this B-term reads 

B ( x ) - ( - 1 ) n / 2 Y .  ~ ( -1 ) -  Prl\l~,l,cH 
2na ,, ~ 

× {e-Z'~/"[(- 1)~',~(x +e~,, H\{At })Wl(x, At, H)~,(x +ell, CH) 

+(-1)~'¢(x, H\{At })W2(x, U, H)~0(x +ell, CH) 

-q~(X 4- eol ,  H) W3(x, At, n)q~(x, CH w {At }) 

-ff(x +eo l ,  H)W4(x, At, H)~(X -e~,, CH ~ {At })] 
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+ e2"~/"[(-- 1)"¢(x +ell, CH)W~ (x, It, H)~0(x +e,,, H\{It }) 

+ ( -  1)~'qS(x +ell,  C H ) W / ( x ,  It, H)q,(x, H\{It }) 

- qS(x, CH u {it })W~ (x, It, H)q~(x +ec,t ,  H) 

- f f ( x  -G, ,  CH w {it })W~ (x, tz, H)~0 (x +ecH, H)]}, (3.4) 

Wl(x, It, H) = U+ (x + e~,, H\{It }) -  U (x, It )U* (x, H) ,  

W2(x, It, H) = U+(x, H) - U '(x, H\{it })U+(x + en\{~,l, I t ) ,  

W3(x, It, H) = U(x, C H ) -  U+(x + e c . ,  It)U(x,  CH w {/z }), 

W4(x, It, H ) = U ( x - e ~ , , C H w { I t } ) - U ( x ,  C H ) U ( x - e , , I t ) .  (3.5) 

Three points should be mentioned at this place. First, because 

8L ( ~ j (X ,  I t )dX&'} l=-- I  ~ ( j ( x . ' , ) - j ( x - e ~ , , I t ) ) d  x'~ , (3.6) 
\ ~ x,ta. 

the expression 

1 
- ~  (j(x, It ) - j t x  - e . ,  It )) (3 .7)  
a ,, 

is the natural (from the geometrical point of view) lattice analogue of the divergence 
of a current in the continuum. Secondly, in the classical continuum limit 

( -1 )  "/2 . , ~  r Z,,~/,-. 
m ~ (- -1)  PCH.H[e qv(X + e l l ,  CH)U(x,  H)w(x, H) 

n H 

- e  2"i/rt(~(x, H)U"(x,  H)q~(x +ell, CH)] 

2mi Y. ~'h~(x)ys~O~b~(X). (3.8) 
b ~ l  

Thirdly, in the free theory we have U(x, I t )=  1 and consequently B ( x ) =  0. If in 
addition m = 0, eq. (3.3) shows that our axial-vector current is conserved on the 
lattice. 

If one replaces the products of fermion fields in the B-term by the propagator 
in the external gauge field, the resulting expression should tend to the anomaly as 
a -* 0. Therefore  we study 

Z¢, 1 [ DO DO e-SB(x) 

( -1)  "/2 (h)4-h 
= Y.Y. ( -1 )  ~ PH\{U.}.CH 

2na ~, H 
ta. E H 

x {(- 1)" tr~ [e-2"~/"Wl(x, It, H)G(x +ell, CHIx +e . ,  H\{It }) 
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+e2~i/nW~ (x, p., H ) G ( x  +e~., H\{/~ }Ix + e r a  CH)]  

+ ( - 1 )  ~' trc [e-2=~/"W2(x, t~, H ) G ( x  + e . ,  CH[x, H\{tz }) 

+ e 2 " i / n w 2  (x ,  Id., H ) G ( x ,  H\{~z }Ix +el l ,  CH)]  

- t r ~  [e-2'~i/"W3(x, ~, H ) G ( x ,  C H  ~ {/z }Ix +ecH,  H) 

+e2"i/"W3 (x, tz, H ) G ( x  + e c . ,  H]x, C H w  {tz})] 

- t r ¢  [ e  2"m"Wa(X, tz, H)G(x - e . ,  C H  ~ {tz }Ix + e c n ,  H) 

27ri/n . . , +  . 
+ e  w4  (x, U, H ) G ( x  +ec . ,  Hlx -e~,, C H  w {/.t })]} 

for a --* 0. Here  trc means  trace over  colour  indices. Because 

with 

WI(x, ix, H ) =  - iga 2 ~ Fua(x)+O(a3),  
A c t l  
A-<tx 

W2(x , l . t ,H)=- iga  2 ~. F~,A(x)+O(a3), 
h e l l  
A :>ix 

W3(x, lx, H ) = - i g a  2 ~ F~,a(x)+O(at),  
A c C I I  

A > t t  

W4(x, tz, H ) = - i g a  2 Y. F . , ( x )+O(a~) ,  
A c C I I  
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(3.9) 

(3.10) 

The  integral f~(el) +fl(e12) can be calculated in the limit a --, 0 (see [11 ]): 

lim (f,(e~)+f~(e~2)) = lira d2q go(q) sin 2 (~ql) cos 2 (~q2) 
a ~ 0  a ~ 0  7/" .n- 

22 
f'rr/2 s in z q~ cos 2 qz 2 

= - -  / d2q i 2 - - 
¢r ~-,,/2 ~ ,  s n q~, rr 

(3.13) 

Z~'t I D ~  D ~  e-SB(x) = ig(fl(el) +fAe12))Flz(x) + O(a In a ) .  (3.12) 

F~,x (x ) = 8~,AA (x ) -8AA~,(x ) - ig [  A~, (x ), AA (x)] ,  (3.11) 

we need G up to te rms  of o rder  a 1 
Consequent ly ,  in the case n = 2  with gauge group  U(1) only the first t e rm of 

(2.48) cont r ibutes  to the anomaly .  So we can replace G in (3.9) by - a  1A. 
(M(x, HIy, K ) =  0 for  the combina t ions  (H, K) occurr ing in (3.9).) Inser t ing the 
explicit express ion (2.43) we find: 
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So we obtain the result 

lim Z~, 1 f D4'  D ~  e SB(x ) =--ig y e~,,.F~,~(x) , (3.14) 
a ~ O  71" ~ . v  

(e,2 = 1), which is the correct anomaly for our model with two flavours. 
Evaluating the vacuum expectation value of the B-term in n = 4 dimensions we 

have to take into account the terms with r = 0, 1, 2 in the expansion (2.48) for G. 
A typical contribution in (3.9) is of the form 

l t r ~  (WG(x, Hly, K ) -  W+G(y, Klx, H)) ,  (3.15) 
a 

where W is a matrix in colour space, which is of order a 2 and antihermitian in this 

order. It is easy to see that 

C , (H,  K)=  c,T (H, K) = ,5..K = 0 (3.16) 

for all combinations (H, K) which occur in (3.9). So Go does not contribute. 

Therefore  one can write by means of (2.53): 

1 
- t r c  (WG(x, Hly, K ) -  W-G(y, Klx, H)) 
a 

• 3 + 0 =a Y . { (W -W  )jAAV~iA)(x, HJy, K) 
i.i 

+ a Wj, Y. [(A V°,A V',~A )(x, HJy, K) 
k 

o -(AV,kAV°iA)(x, Hly, K)]}+ O(a In a ) ,  (3.17) 

for all (H, K) which appear in (3.9). With (3.17) we get the following contributions 
to the a - 0 limit of the vacuum expectation value of the B-term: 

Z~,l I D4) Dc~ e SB(x)=Bl(x)+B2(x)+O(a In a ) .  (3.18) 

Here 

i , . , ( ~ ) + h  

BI(X) = 8a~ }~I ~--I) ' H\{~. }.CH 
~*6F! 

× Z {(-I) "+' VC,(x,/z, H)i~(A V:IA)(x +ell, CH[x +e., H\{/z }) 
i,i 

+ ( - 1 )  "+' I/v'2(x,/z, H)ig(A V#A° )(x + ell, CH[x, H\{tz}) 

+ W'3(x, ix, H)j,(AV','iA)(x +ecH, HIx, CH w~tt }) 

+ ff/4(x, I.L, H)j,(AV~IA)(x +ecH, H[x -e , , ,  CH w {/z})}, (3.19) 
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i )@+h ,,~+1 ,,, , 
1 W l t X ,  b6, B 2 ( x )  = ~ ~ ~ (-  1 OH~{.},CH Z {(-1 H) i  i 

i . i ,k 
~ c l l  

and 
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X ( A  V ~ j A  (' o o V i k A  - A V i k A  V k i A  )(x + ell, CHIx + e~,, H\{lz }) 

+ (--1)~' ' l W2(x,/.t, H)i~ 

x(A*Z°a*z° a o "ki~ ~k~  - A  VikA V~iA)(x +ell, CHlx, H\{/z}) 

+ W~(x ,  lz, H)ii(A o o V k i A  V~kA - A V(}kA V ~ i A  )(x + eCH, HIx, CH u {/z }) 

V ° A V ° A (' " HIx - e , ,  CH u {~ })} + W4(x ,  ix, H)ii(A ki ik - A V i k A V k i A ) ( x  +ecH,  

(3.2O) 

ff/~,(x, lx, H ) = W , . ( x , # , H ) - W ~ ( x ,  tz, H ) ,  a = 1 , 2 , 3 , 4 .  (3.21) 

So we have to calculate products  of A and V °. We find: 

(AV"A)(x, Hly, K ) =  E A ( x ,  H]z, L)V"(z ,  Liz' ,  L ' )A(z ' ,  L'Iy, K) 
z . z  
L. .L '  

= ig f " / "  eiP.(x+y~/2 
26zr 8 J . / , ,  d4p ,.~,, A" (P )  

X { e  - i a  p +p  ) / 2  r.,- t " ~ t ~ , . ~ p , e , . ~ - e ~ - x  + y ) ( C ~ C ~ C ~ ) ( H , K )  

+ e-'"'~"'+o''""~/2K,.T( p, e,, + e .  - e= - x + v ) (C , .C .C~ ' ) (H,  K) 

+ e  i"(P"+"")/ZK,.(p, e,. - e ~  - x  +y ) (C .CV~CT) (H ,  K) 

+e- ' ( t ' "+P"Pv) /ZK, . . (p ,  e,. - e v  - e T  - x + y ) ( C . C ~ C ~ ) ( H ,  K) 

+ e- 'P" /~K, . .  ( p, e~ - x + y ) ( c T c ~ c . ) ( H ,  K) 

+ e-'~"'+P"'/ZK,~.(p,  e~ - eT - x + y )(Cv~C~C T )(H, K) 

T T + e  -i"PJ2K,~(p,  - e ~  - x  + y ) ( C , . C . C . ) ( H ,  K) 

+e-~a '° '+PP/2K, . (p ,  - e ~ - e . - x  + y ) (C~CV~C~ )(H,  K)}. 

(3.22) 

Here  we have in t roduced the Four ie r  t ransform of A . ( x ) :  

A ~ ( p )  = a 4 ~ e ~ P X A , ( x ) .  (3.23) 
x 

Fur the rmore ,  we have used: 

1 f "/'~ = " ( x + y ) / 2  r l  / ~ , A v ( z ) f , , ( z + x ) f ~ ( z + y )  1 - - ~ - ~ j . , , / a d 4 p . z ( v ( p ) e - ' P  t t ~ t p ,  x - y ) ,  (3.24) 
z 
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with 

K ~ ( p ,  x) = d4q go(q -~ap)go(q  +~ap) e '° ~/"(1 -e-'q"÷'"P"/2)(1 -ei"'+i"°*/~). 
~r 

(3.25) 

By means of (2.32) the products of the matrices C~, and C~" are evaluated, and the 
resulting expression for A V ° A  is inserted in (3.19). Next we expand the exponen- 
tials and the functions K,.~ up to first order in a, keeping p fixed and taking into 
account that le,,I = a .  All terms that might give contributions of order a ~ in B~ 
cancel, and we see that ff'~(x, p., H) is needed only in the lowest order. So we use 

(3.10) and get finally (elE34 = 1): 

2 

B](x  ) = --i g--~--- (ll -- 3IE + 313-- I4) ~ e .  .... tr~ (O~A~(x ) -O~4~(x  ) )F.~(x  ) 
2re 4 ,,.v.~,.~ 

2 g 
- i - - - ~ ( I i - 2 I E + I 3 )  Y. e ,  .... tr~(O~A~(x))(F~,,(x)+F,,~(x)) 

tz.v.tr.r 

+ O(a In a)  (3.26) 

with 

f ,~/2 sin E ql sin 2 q2 • • • sin 2 qj 
I i = d4q / = 1, 2, 3, 4 .  (3.27) 

a - w / 2  ( ~"/.L sine q~)2 , 

The evaluation of B2 proceeds along similar lines. With the help of the ant icommuta-  
tion relations (2.33) and eq. (3.16) we find for the combinations (H, K) actually 

occurring in BE: 

vzo A 1zo A _ A V°kA o ~. (A ~k/.~ ~ik.'~ Vk /A) (x ,  H[y, K) 
k 

2 

= g  4 Y. [ A ~ ( x ) , A x ( y ) ] , i  
°¢"D" p.,X.r 

× {N.(x - y  - e .  -ex)(CTC~.C~)(H, K) + N.(x - y  - e .  + e x ) ( C . C . C ~ ) ( H ,  K) 
T T 

+ N . ( x  - y  +e~. - e ^ ) ( C ~ C . C ~ ) ( H ,  K) + N . ( x  - y  + e .  + e x ) ( C . C . C A  )(H, K) 

+ N . ( x  - y  +e .  -e~, - e x ) ( C . C x C ~  )(H, K) 

T T 
+ N . ( x  - y  +e .  -e~. +eA) (C , .C~C.  )(H, K) 

T T 
+ N .  (x - y + e. + e,. - e^ ) (C~C. C .  )(H, K) 

T T T + N . ( x  - y  + e . + e .  + e A ) ( C . C A C .  )(H, K)} + O(a In a ) ,  (3.28) 

where 
- 2  

(3.29) 
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Using again (3.10) we obtain 

3 

B 2 ( x ) = 2 g l  4 ~ e,,~,,tr¢[A~(x),A,(x)] 
I.,L.V.O'.T 

x {(11 - 312 + 313 - I4)F~,,~ (x) + (11 - 212 + I3)(F~, (x) + F,,~ (x))} + O(a In a ). 

(3.30) 

Combining (3.26) and (3.30) one gets 

2 

z~ l  I D~  D~  e-SB(x) = - i ~ ( [ 1 - 3 1 2 +  313-/4) 

x Y. e~,~o, tr~F,~(x)F,,(x)+O(a l n a ) .  (3.31) 
~ ,  u . ( r . ' r  

Because 

f ~/2 s in  2 q 1 c o s  2 q2 c o s  2 q3 cos2  q4 
(2rr) 4(Ii-312+313-I4)=(2zr)-4 d4q - (3.32) 

J ,,/2 (y.~, sin 2 q ,  )2 

is equal to the integral (?4, which was shown by Sharatchandra et al. [11] to have 
the value (32rr2) -1, we arrive at the final result for the vacuum expectation value 
of the B-term in the continuum limit: 

2 

l imZ¢,  1 I D ~ D ~ e  S B ( x ) = - i ~ 2  ~ e.~,.trcF.~(x)F~,.(x). (3.33) 
a ~ 0  / z .  ~.. t.r. r 

This is the correct anomaly of the axial-vector current for four flavours. 
We want to make some remarks. First, we have checked that the anomaly in the 

continuum limit does not depend on the ordering of the indices/z~ e H in (2.27). 
Instead of the natural order, which we have chosen in (2.27) for all H, one could 
have taken an arbitrary order for each index set H separately without affecting the 
result. Secondly, the series (2.48) might, of course, diverge. But actually we need 
only the first few terms explicitly, and with respect to the rest it suffices to know 
certain regularity properties. It should be possible to establish these without relying 
on an expansion like (2.48). 

We close with remarking that there exists an alternative method for the calculation 
of the axial anomaly due to Sharatchandra et al. [11] (see also [10]). Applying this 
procedure one performs an infinitesimal local chiral transformation of the fermion 
field in the integral 

f D ~  e (3.34) D43 

where O is an arbitrary observable. In this way one obtains a kind of anomalous 
Ward-Takahashi identity on the lattice. As a ~ 0, one should recover from this 
identity the divergence of the axial-vector current in the continuum including the 
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anomaly .  So one  has to find a su i tab le  chiral  t r ans fo rma t ion .  In the  con t inuum 

-e -2"~i / "e  v qb = - e  2 , , i / ,  y. (_ 1)~I+"/2pcH.Hq~ (X, CH)  dx H (3.35) 
H 

c o r r e s p o n d s  to i'rs~b~b~(x), and e2'~/"e v ~ is equ iva len t  to i ~ b ~ ( x ) y s ,  if one  uses 

the  c o r r e s p o n d e n c e  (2.5). Since on the la t t ice  

6. V (I) = ~ (--1)t~+n/2O¢:H.H~O(X + e l l ,  CH)  d TM , (3.36) 
x,H 

one  takes  as an inf ini tesimal  local chiral  t r ans fo rma t ion  that  p rese rves  gauge  

invar iance :  

6 ~  = - e  -2"i/" ~ ( - -1)~9+"/2pCH.t tU ~(X, H)ff,(x + e l l ,  CH)  d TM 6 a ( x )  , 
x,H 

6(~ = e 2'~i/n ~ (--1)t~)+'t /ZPcH.ii~(X + e l l ,  C H ) U ( x ,  H) d ~'H 6 a ( x )  . (3.37) 
x,H 

O n e  should  not ice  the charac te r i s t i c  poin t  spl i t t ing in (3.37). Now it is easy  to 

de r ive  the  above  m e n t i o n e d  W a r d - T a k a h a s h i  ident i ty .  But it turns  out  that  it 

r equ i res  much more  work  to eva lua t e  the  anoma ly  by t ak ing  the con t inuum limit 

of this ident i ty  than to pe r fo rm  the ca lcula t ions  ou t l i ned  in the main  par t  of  this 

sect ion.  T h e r e f o r e  we have used this second  m e t h o d  only for the U(1) theo ry  in 

two d imens ions .  In that  case we found  the correc t  con t inuum a n o m a l y  as above .  

It is a p leasure  to thank  Professor  H. Joos  for useful  advice  and Dr.  P. Weisz  

for a cri t ical  r ead ing  of the  manuscr ip t .  
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