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Abstract. The electromagnetic radiative corrections 
to e + e--annihilation into lepton pairs are calculated 
including hard photon bremsstrahlung in the stand- 

ard and extended electroweak models. For ]/~ 
= 38 GeV we find for the standard model, that the 
radiative corrections to Z-exchange reduce the 
charge asymmetry up to 1% which is mainly caused 
by the virtual and soft photon parts of the cor- 
rections. For models with a higher forward-back- 
ward asymmetry the situation is found to be quite 
similar. 

1. Introduction 

The measurements of a clear asymmetry in the 
angular distribution in e+e - - * # + # -  by the JADE, 
MARK-J and TASSO groups at PETRA [1] 
strongly support the existence of a neutral weak 
boson as predicted by the electroweak standard 
gauge model [2]. The low energy limit of this model 
has been tested very stringently by combining the 
experiments of neutrino scattering [3] and electron- 
deuteron scattering [4]. The e +e- experiments have 
now achieved an energy and an accuracy where not 
only deviations from the pointlike 4-fermion interac- 
tion, but also the effects of additional neutral cur- 
rents can be determined. Such alternative models 
with more than one neutral boson have been pro- 
posed by several authors: "Conservative" extensions 
according to SU(2)x U(1)• [5-7] and left-right 
symmetric models with SU(2)L x SU(2)R x U(1) [8]. 
A common feature of these models is the possibility 

1 Supported by the Deutsche Forschungsgemeinschaft 

of a Z 1 boson <90 GeV (together with a Z 2 above) 
and correspondingly a higher forward-backward 
asymmetry. Limits on the Z boson masses in 2-Z- 
models of the first type have been deduced by the 
PETRA groups I-1] and for left-right symmetric 
models by Barger et al. I-9]. 

The presently applied methods to determine the 
electro-weak parameters in single as well as in more 
boson models are based on the Born approximation 
for the 7--Z(k) interference and the pure Z(k ) ex- 
change contributions or on an effective neutral cur- 
rent Hamiltonian valid for qZ~MZ2" Radiative cor- 
rections from higher order QED are applied only to 
the pure 7 exchange part in the cross section. They 
are model independent and give rise to a positive 
QED charge asymmetry, whereas the electroweak 
charge symmetry is negative and model dependent. 

A complete treatment of the electromagnetic ra- 
diative corrections includes real and virtual photon 
contributions also to the ?,-  Z(k ) interference and Z(k ) 
exchange terms in the differential cross section. 
These should be respected when comparing the ex- 
perimental data with the model predictions for sev- 
eral reasons: 
- They are expected to become visible in the charge 
asymmetry and, for alternative models, also in the 
integrated cross section at PETRA energies; 
- l i k e  the pure QED corrections they include 
bremsstrahlung and therefore depend on the specific 
experimental set up (e.g. energy and/or accollinearity 
cuts to the outgoing leptons); 
- together with the pure QED corrections they are 
expected to be at present energies the most essential 
part of the complete electroweak corrections (for the 
standard model see [10-12, 17]). 
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The present paper contains an investigation of 
the effects of the complete electromagnetic correc- 
tions in e + e - ~ # + # - ( 7  ). In particular their influ- 
ence on cross sections and charge asymmetries at 
PETRA is worked out. Special care was taken to 
exhibit the r61e that hard photons play in an ad- 
ditional reduction of the electroweak charge asym- 
metry for # pairs. 

Section 2 contains the virtual and soft pho- 
ton corrections of order ea to e +e  -~y,Z~, 
Z2, . . . ~ # + # -  without a restriction on the number 
of gauge bosons. In Sect. 3 the differential cross sec- 
tion for hard photon emission is given. A numerical 
evaluation and discussion is performed in Sect. 4 for 
the standard model and for 2-boson models with 2 
different values (M l, M2) for the boson masses in 
order to estimate the model dependence of the cor- 
rections. 

X 

Fig. 2. Feynman diagrams for bremsstrahlung corrections to 
e + e - ~ f f  

2. Virtual and Soft Photon Corrections 

For energies large compared to the fermion masses 
(s>>m}) the cross section of e +e--annihilat ion into 
# + # -  or z+z - can be decomposed into the photon 
exchange contribution a~, the photon-Z~-boson in- 
terference terms a ~zJ and the diagonal a zj and non- 
diagonal a zjz~ contributions of the heavy vector bo- 
sons in the following way: 

4s da u N k-1 
. . . .  a '+ Z (a 'zJ+azo+ Z • az~zk" (2.1) 
~2 d~2 j=x u=2 j=~ 

X 
Fig. 1. Feynman diagrams for the virtual radiative corrections to 
e + e- -~ f f  ( ~ = y-exchange, Zj exchange) 

The virtual and soft photon contributions of the 
diagram of Figs. 1 and 2 are summed up to infrared 
CIR and finite C v corrections to the lowest order 
expressions o o: 

a~ = o-~(1 + CIR-~- CF) 

a'zJ = ~ ( 1 + ~IRt~YZJ "1" cYFZJ) 

Zj Zj 
a z~ = 00 (1 + CtR + CZO 

r~zJzk + CZJZ~). (2.2) azJz~ = ~ 1 + - I R  - 

Assuming universality the lowest order cross sec- 
tions are built from the vector and axial vector 
coupling constants vj, aj of the leptons to the Z/s  
normalized to the electric charge and the reduced 
propagators of the Z;bosons  with masses Mj and 
total widths Fj: 

)(j(s)= s/(s-s~) with s~=M 2 - i M j F j  (2.3) 

in the following way [-13]: 

0"~ = 1 ~- C 2 

a~ zJ = 2 Re )0 [v~. (1 + c 2) + a~. 2 c] 

a zj = I;gjl 2 [(v 2 + a2) 2-(1 + c a) + 4vZa 2.2c] 

a zjz~ = 2 Re ()~Z~') [(vjvk + aiak) 2 "(1 + c 2) 

+ (via k + Vk@ 2. 2C], (2.4) 

where c = cos 0 with 0 the angle between the incom- 
ing electron and the final # -  or z- .  
The corrections CxR and C F, including soft photon 
emission up to a maximum photon energy co t ~ E  

=1/~/2, for models with one intermediate boson 
have been derived in [11, 12, 15]. Therefore we 
present here without entering again into details their 
generalisation to the multi-boson case: 
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2~ 

z 2 ~ R e { ( l + .  M f / \ [ f l r  ~ 
Mj -s) 

mE-+5 in'ln s -s+2 lf 

s - - M 2  0 

q- fif lrl ~ -  + flint In (~ 1 s d _ s q _ 2 ( . O l ] ~ }  

CZ;Z~ 2aRe( l+ip jk )  IR = 
7"C 

�9 ~flr In (sj-s)(s~ - s )  
( (sj-s+2co~lf;)(s~d-s+2%lfij 

(ol 1 1 

- - -  - , ( 2 . 5 )  

C~ = C s + 2 R e / F  + a_ (X + V t + A 1 �9 2c/(1 + c z)) 

v Ot G+aeU 
7C 

M,r  

+ A t + A { ) - ~  A 2 - A  ~vzJ/,.dzs ~5 I~0 

C~' = G + - ( X  + VJ + A{ ~sz~'/~o ~'" 

The formulas (2.6) contain the photon self energy: 

s j - s  ~ FF' ~ Q~ . ( f l v -~ ) - i sR;  R= Z Q~, (2.9) 
Lept Lept 

Quarks Quarks 

the finite antisymmetric bremsstrahlung term: 

X ( c ) = ( l n ~ ) 2 _ [ ,  1+c\2  ~ m ~ )  - 2 S p ( ~  c) 

+2Sp (1 2 ~ c )  2 (2.10) 

with the Spence function: S p ( z ) = -  i d t ~ l n ( 1 - z t )  
0 

and the finite parts of the 77- and 7Z;box diagrams 
V 1 ... .  , A~. Their explicit form is given in the appen- 

z~z~ result from dix. The expressions a~ ... .  ,o- 5 
~r~o, ,,zjz~ (2.4), by the substitution 1+c2~-~2c. 

3 .  H a r d  P h o t o n  C o r r e c t i o n s  

We expect the expressions (2.2)-(2.6) for the ra- 
diative corrections to be a reasonable approximation 
for photon energies of the order o),~O.1E. For 
smaller values of the experimental energy resolution 
multiphoton emission becomes important and 
should be respected by suitable exponentiation [14, 
15]. On the other hand, for higher values of the 
energy of the emitted quantum, the hard photon 
corrections have to be taken into account�9 This 
amounts to the use of the exact single photon emis- 
sion matrix element together with the complete 
treatment of the kinematics and phase space of the 
3-particle final state: 

7~ 

. A k ] ] , , . r Z j Z k / t r Z j Z  k �9 

(2.6) 

Here we have 
( f  =#/z): 

S S 
fle=ln~22- 1, f i f= ln~f - -1 ,  

cs=GG+fls) + 

= aretan M g - s  MjF~ ' q~i= arctan 

- M f j ( s -  M~)+ MkC(s-  M~.) 
Pjk- (s - M~. )(s-  M~) + MjFjMkFk 

used the following abbreviations 

1 - c  
flint=2 In 1 +c '  

(2.7) 

M f  - s  + 2col l f  s 
M f j  

(2.8) 

e + (q) + e- (p) -+ l+ (q') + l-  (p') + 7(k ). (3.1) 

Following the notations of Berends et al. [12] we 
introduce the invariants: 

s =(p+q)2, t =(q_q,)2, u =(q_p,)2, 
s, =(p, + q,)2, t ,=(p_p,)2 ' u,=(p_q,)2" (3.2) 

The cross section dSa which is differential with re- 
spect to the fermion solid angle dr2, the photon 
energy dk o and the photon solid angle df2~ (0r, q5 
refer to polar coordinates with p' as polar axis) 
emerges as: 

4s dSa 2o: kop' o 
(xl + x+ + x int) 

O~ 2 dt?dt2vdk o -re 2 2 E - k o  +k o cos0 v 
(3.3) 

with: 
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Xi= 
2S '2 

( /3 2 U'2  ~ ]  

A(s')(t2 +t'2)+ B(s')(u2 +u'2). 

X i n  t : 

4s'(kp)(kq) 

[A(s) 
+B(s/kk T+(k T! ] 

A(s)(t 2 + t '2) + B(s)(u 2 + u'2). 
q 

4s(kp')(kq') 
C(s, s')(t 2 + t '2) + D(s, s')(u 2 + u '2) 

4ss' 

i IA bl t 
" k p 3 ( k q )  + 

t t )  
(kq)(kq') 

+ (u 2 _ u' 2) (s - s') F (s, s') 
2ss'(kp)(kq)(kp')(kq') eu*P~ q'PP'~" 

(3.4) 

The indices i, f, int denote initial, final state emission 
and the interference between them. The double poles 
in the square brackets of Xi, X s contain mass singu- 
larities which are compensated by the factors m 2, 

2 m}. In this sense (3.3) is valid for s>>m e, m} up to 

O[ rn~ - ~ ) .  The electroweak parameters like cou- 
\ s '  

pling constants, masses and width of the Z2-bosons 
determine the functions A . . . . .  F with the result 

2 2 . A (s) = 1 + ~ (vj - aj ) 2 Re Zj(s) + ~ (v 2 - a~) z [Tj(s)l 2 
J J 

+ Z ( v2 - 4 ) ( v ~ - a ~ ) 2  Re(zj(s)z~'(s)), 
j < k  

B(s) = 1 + Z  (v~ +a] )2  Rezj(s) + Z [(v~ +a~) 2 
J J 

+ 4 vf a] ]  I z~.(s)l ~ + Z [@ + a])(v# 4- a#) 
y<k 

+ 4 vjajv~ak] 2 Re (Z~(s)X* (s)), 

C(s, s')= 1 + Z (v~. -a]) Re(zj(s)+ zj(s')) 
J 

+ Z - Re Z; 
J 

+ ~ (v] - a~)(v~ - a~) R e (Zj (s'))~t (s) 
j<t ;  

D(s, s')= i +~(v~+a])Re (Xj(s) + Zj(s')) 
J 

+ Z [(v] + a]) 2 + 4 v] a] ]  Re (Zj(s) Z* (s')) 
i 

+ 2 [(v~ +a~)(vk a +a~) 
j < k  

t , i , + 4vjajvkak] Re (Zj(S)Zk (s) + Zk(S ))~ (S)), 

F (s, s') = ~ v~aj Im (Zj-(s') - Zj(s)) 
J 

+ ~ 2 v~a~(v~ + a 2) Im (Zi(s')z* (s)) 
J 

+ ~ (Viak + vka~)(VjVk + ajak) 
j < k  

�9 Im (Z~(s') Z* (s) + Zk (S') Z* (S)). (3.5) 

The summations are to be understood in the sense 
of (2.1). Equations (2.1)-(3.5) represent a complete set 
of formulas for the calculation of virtual and real 
photon corrections to e + e-  --, l § l- annihilation in 
the frame of electroweak models with one (standard 
model) or several neutral intermediate bosons Zj. 
Purely weak higher order contributions are not in- 
cluded. 

4. Numer ica l  Results  and Discuss ion  

The hard bremsstrahlung contribution (3.3) to the 
cross section for lepton pair production is differen- 
tial with respect to the angles and energies of the 
emitted photons. Integration over the photon phase 
space has to be performed respecting the specific 
experimental conditions. A commonly accepted 
method is to restrict the accollinearity angle 6 
= ~(p', -q ') .  A maximum photon energy AE allows 

final leptonic energies between ] / s - A E  and l /s .  
We perform analytically the integration over the 
azimuth qS~ and part of the 0~ and k o integrations. 
Special care was taken to guarantee the required 
accuracy in those regions where the cross sections 
are large. For numerical evaluations we choose 6 

=10 ~ with AE=O.5E (E=I/~/2) and AE=O.1E 
with no accollinearity cut. The virtual and soft pho- 
ton parts of the cross section are calculated from the 
equations of Sect. 2. 

4.1. Standard Model Results 

Let us first apply our calculations to the standard 
model with one Z boson. We choose Mz--89 GeV 
and Fz=2.5 GeV for the mass and width of the Z 
boson. The coupling constants are calculated with 
the Weinberg angle sin a 0w=0.23. In order to get an 
impression of the magnitude of the radiative cor- 
rections to the Z-exchange contribution we discuss 
the charge asymmetry for g pair production 

da(O)-da(n-O) (4.1) 
Ac-da(O)+da(n-O)  
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Fig. 3. The standard model charge asymmetry A~ at 1/s=38 GeV 
(AE=O,5E, 8= 10 ~ in lowest order ( . . . . .  ), including pure QED 
corrections (---)  and including also the radiative corrections to 
Z exchange ( ) 

at l/s---- 38 GeV. In Fig. 3 we show besides 
(i) the lowest order results 

also 
(ii) the results including radiative corrections to 

the QED part o -~ in (2.1), but not to the Z and yZ 
interference parts o J and o -z (reduced QED cor- 
rections), 
and 

(iii) including radiative corrections also to the 
weak contribution o -~z and ~z (full QED correc- 
tions). 

A comparison between the curves for the cases 
(iii) and (ii) shows that the charge asymmetry is 
reduced by the radiative corrections to ~r ~z and o -z 
up to 1 ~ .  The values of the forward-backward 
asymmetry integrated over 0 in the interval 
I cos 01__< 0.8 in e + e - ~ # + #  - are presented in the 
following table: 

(i) (ii) (iii) 

Are(~o) - 10.38 - 8.52 - 7.78 

The numerical error of the integration in AFB is 
estimated to be smaller than 0 .04~.  The difference 
between AFB (ii) and (iii) shows clearly that radiative 
corrections to ~r ~z and az become important already 
at present energies. 

For  the integrated cross section, on the other 
hand, we do not get a measurable change by the 
additional radiative corrections. 

It should be emphasized that the reduction of the 
charge asymmetry is not an effect due to the emis- 

sion of hard photons. In order to clarify this point 
we have evaluated the influence of the radiative cor- 
rections for the situation of a maximum photon 
energy A E--0.1 E, where the soft photon approxima- 
tion of Sect. 2 (col=AE) becomes reasonably good. 
Figure 4 contains the percentage corrections to the 
lowest order differential electroweak cross section 
for the two cases: 

(i) Radiative corrections only to ? exchange 
(ii) radiative corrections also to ? and Z ~ ex- 

change, (r ~z and o -z. 
Besides the calculations including hard photons 

also the corresponding soft photon approximations 
are displayed (upper curves). The difference between 
the soft photon approximation and the exact treat- 
ment is < 0.5 ~ in the case (i) and < 0.7 ~ for (ii). 

On the other hand, however, the differences be- 
tween (ii) and the approximation (i) amount  to _+(3 
- 4 ) ~  and are therefore more important  than the 
differences between soft and hard photons. The dif- 
ference between (i) and (ii) is amplified in the for- 
ward-backward asymmetry since the corrections in 
(ii) are more negative in the backward and less nega- 
tive in the forward direction than those of the ap- 
proximation (i). 

The differential charge asymmetry (4.1) is shown 
in Fig. 5. The differences between (i) and (ii) are even 
more pronounced than in the case discussed above, 
where also hard photons play an important  role. 

s t X 
-lO , ' / ~ - / /  

/3  >, 

. 
-I.0 -.5 0 .5 1.0 

cos 0 
Fig. 4. Percentage corrections to the lowest order standard model 
differential cross section to the photon exchange only (QED) and 
to photon and Z exchange (QED+WEAK) in the soft photon 
approximation (---, - - - )  and with hard photons (- , -) 
(1~-=38 GeV, AE=O.1E) 
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Fig. 5. The charge asymmetry A~ (1/s=38 GeV, AE=O.1E) in 
lowest order (-.-), with radiative corrections to photon exchange 
( - - - )  and the complete calculations with soft (...) and hard 
photons ( ) 

Furthermore, the hard photon contribution to 
the charge asymmetry is very small (<0.25 %), as is 
also shown in Fig. 5, where the soft photon approxi- 
mation (dotted curve) is very close to the prediction 
with the complete bremsstrahlung calculation. 

The additional reduction of A~ by the radiative 
corrections to Z ~ exchange is therefore clearly an 
effect which has to be assigned to the virtual and 
soft photon corrections. 

4.2. M o r e  B o s o n  M o d e l s  

If we abandon the restriction of a single neutral 
weak boson we have to admit the class of left-right 
symmetric models as well as the "conservative" ex- 
tensions of the standard group, S U(2) x U(1) x G. 

Since our approach is restricted to the photonic 
corrections, which at least at present energies should 
be the most essential ones, the only input in the 
calculation are the masses of the neutral bosons. To 
these the coupling constants are related in a model 
dependent way. According to (2.5-6), (3.5), the cor- 
rections then become also model dependent. For  a 
precise determination of the boundaries for the mod- 
el parameters (coupling constants) from experimental 
data the corrected rather than the Born expressions 
should be used. The correct treatment of the ra- 
diative corrections will become essential in particu- 
lar at LEP/SLC energies for an analysis in the frame 
of e.g. left-right symmetric models or to separate 
them from the GSW model, because extended gauge 
models may also simulate the GSW features in the 
unpolarized sector [16]. 

0 

GSW 

6o/9~"-. " - ~  
-. -. ........ :..;.- 

-I 
cos 0 

....----"IL 

_5. "~'-~.__,~ '1"1 

-1 .... 6 
b COS 0 

Fig. 6a and b. &_u (4.2) for different (GSW, 80/100, 69/92) gauge 

boson masses. ]/s =38 GeV. a 6=10 ~ AE=O.5E, b AE=O.1E, no 
acollinearity cut 

The great variety of different models makes it 
necessary to restrict our discussion to specific exam- 
ples. We choose the most conservative extension of 
the standard model with 2 neutral bosons according 
to the group SU(2) x U(1) x 0(1) [6] and no change 
in the charged sector. In Fig. 6 we have plotted the 
difference 

6 M = ( d ~r (i) - d a( ii) / d o "QED * (4.2) 

for two pairs of Z 1, Z 2 masses and the standard 
model (GSW) as a measure of the model dependence 
at presently accessible energies. As in (4.1) do -(i) in- 
cludes corrections only to 7-exchange, da (i~ also to 
boson exchanges and interference parts. 

The dependence of 5~t on the specific model is 
quantitatively enhanced if the photon energy is con- 
strained to lower values of A E,  i.e. if the photons 
become softer. In the GSW model h~t changes its 
sign at 0=90  ~ with the consequence that the in- 
tegrated cross section is nearly independent of cor- 
rections to Z exchange. This is no longer true for 
the case of a light Z t boson, where &M is negative a t  
all values of 0 and therefore gives an additional 
negative correction also to the integrated cross sec- 
tion. 

* da QED includes e3 corrections 
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Fig. 7. The charge asymmetry A c (4.1) for M 1 =60 GeV, M2=92  
GeV in Born approximation ( . . . . .  ), with radiative corrections to 
the QED part ( - - - )  and radiative corrections to all Born dia- 

grams ( ) (3 = 10 ~ AE =0.5E). ] / s  = 38 GeV 

On the other hand, if we exclude the small angle 
range ([cos 0l >0.8) the additional corrections to the 
charge asymmetry (4.1) are approximately the same 
for all the models under consideration, since the bza 
curves are nearly parallel. 

Figure 7 explicitly shows A c for a light Z 1 boson 
which predicts at 1.3 % higher forward-backward 
asymmetry than the GSW model in lowest order. 
Comparing with Fig. 3 one finds that the further 
reduction of A c in the 2 boson case is slightly smal- 
ler than in the GSW model. At small angles both 
curves nearly coincide. This means that the differ- 
ence in A~ occuring at the Born level essentially 
survives the application of radiative corrections with 
the tendency to become even higher. 

Appendix 

The functions V1,2, A1,2 and V~,2, A{,2, which ap- 
pear in (2.6) are the real and imaginary parts of the 
following expressions: 

V= V 1 + 2niV z=M(s, t)--M(s, u) 
A =Aa + 2 n i A  2 =M(s, t)+M(s, u) 
VJ= V~ + 2ni VJ2 = Mr t ) -  Mr u) 
AJ=A{ + 2niAJ2 = M~(s, t)+ M~(s, u) 

with t=- �89 u = - � 8 9  +cos 0)and 

s 
M(s, t) = 2(s + t) In t/(s + ie) 

s(s+2t) 
4(s + t) a [ln: t/(s + ie) + n:], 

M ~ v ( s , t ) = 2 S p ( - t ) + 2 1 n ( - t ) l n ( ~ t )  

- 2 1 n  ~ In - 

+21n(Sj-Stln(S+st), s / 

( s j - x t [ 4 ~ i + 2 1 n ( S j - S t ]  - : n  j 

\ s+t ! 

\s--sj/ \s j--s/ 

s-SJ(s~tln(S~Jt)+sj-Sln(-s~-ts)s s+t 

[ 3s(s-st)+ 2s(t + s J) 
+ - (s + t) 2 

4s,] s (st+_ t_t t 

- S p  ( t ' s - s J  6 JJ 

M~(s' t)=s-st  { s+t st in (-s--tit) + s - s t  l n s + t  -(s~-s) 

s(s - st) + 2s(s t + t) s 

\sj--s! \t s--st/ 

s t means: s t = Mf - i M f i  for the j-th neutral boson. 
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