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Abstract. In the present note we further explore the 
possibility of measuring the number of ~v generations 
by means of Z ~ ~ 9v decays. We investigate in parti- 
cular the case where the radiative transitions e + e -  ---, 

Z ~ are studied on the Z ~ resonance itself. The various 
background reactions are discussed as well as the 
statistical significance that can be obtained for an 
additional 9v generation. 

I. Introduction 

The suggestion to determine the number of existing 
neutrino generations using the Z ~ decays from 
the e + e -  ~ yZ ~ transitions has been widely discussed 
[1-3].  Let us recall that the width F~ of the Z ~ gauge 
boson can be expressed in terms of the number of 
fundamental fermions. In the standard model [4] with 
massless neutrinos it is given by: 

GFM~ 
F= - 24x/~1 t {2N v + [1 + (1 - 4 sin 2 0w) 2 ] N t 

+ 3 [1 + (1 - ~sin 2 0w) 2] N2/3 

+ 31,1 + (1 - 4sinZ Ow)2]U_ 1/3} 

where G v is the Fermi coupling constant, M z is the 
Z ~ mass and Ow is the Weinberg angle [4]. Here, N v 
is the number of neutrinos, N z is the number ofleptons 
and Nz/a(N1/3) the number of quarks of charge 
32_(_ 1). Clearly only fermions having masses smaller 
than Mz/2 contribute to the above expressions in which 
phase space effects have been ignored. For three 
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generations and s in20w=0.23 one obtains F z =  
2.6 GeV whereas additional fermions will lead to an 
increase of: 

0.08 GeV for an additional lepton 

0.16 GeV for an additional neutrino 

0.27 GeV for an additional charge ~ quark 

0.35 GeV for an additional charge �89 quark. 

Radiative corrections increase these values and the Z ~ 
mass by a few percent. These radiative corrections are 
not considered here. 

As already pointed out [2], the detection of an 
additional (fourth) neutrino as a three standard devia- 
tion effect would require the measurement of F~ with 
an accuracy of about  2%. Such a precision is not easy 
to obtain as one expects to measure the Z ~ excitation 
curve with a point to point uncertainty of 5 to 10%, 
yielding thus an error of typically 6% on the deter- 
mination of F z I-5]. In the following we will consider 
the values of 5% and 7%. 

The method of counting the number of neutrino 
generations by means of the radiative transition 
e+e - ~ Z  ~ has also been envisaged I-1-3]. The idea 
is to sit at a center-of-mass energy well above the Z ~ 
mass and to search for e + e - ~ T Z  ~ events where 
Z ~  Initially it was proposed to carry out this 
study at a c.m. energy of about 14GeV above the Z ~ 
mass I-2]. Integrated over the photon momentum 
spectrum in the range of 12 to 16.5 GeV, the cross 
section for the e+e - ~ g v  process was found to be 
a -~ 0.025 nb. Apart  from the inconvenience of dealing 
with such a small cross section, the running at 14 GeV 
above the Z ~ does not allow the simultaneous study 
of the gross features of the Z ~ boson. It was therefore 
suggested [3,6] to run at the Z ~ itself and to detect 
the e+e---*79v processes with photons of low 
momenta,  i.e. k~<3GeV. In fact benefiting from 
the 1/k behavior of the bremsstrahlung spectrum a 
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counting rate about 10 times higher than in the former 
case can be obtained. 

The aim of this note is to further explore the 
possibility of neutrino-counting while carrying out the 
experiment at a c.m. energy corresponding to the Z ~ 
mass. We will in particular discuss the feasibility of 
such an experiment taking into account the various 
backgrounds as well as the errors made in the deter- 
mination of the Z ~ width. The background reactions 
which will be considered are e+e ~ # + # - ,  ?e+e -,  
7Y~ where one photon is recorded in the detector and 
where the other outgoing particles escape detection. 

2. Th e  e + e  - ~ ? ~  P r o c e s s  

In order to calculate the e+e - --,~,~v cross section 
[a(?~v)] we used the differential cross section derived 
in [1] in the framework of the standard model, i.e. 

d 20"(y VV) 

dxdcos  O~ 

G2as(1 - x)[(1 - x/Z) 2 + x 2 cos 20J4]  F(x) 
6 7[ 2 X sin 20~ 

with 

F(x) = N*(g2~ + g]) + 2(gv + ga)[ l  - s(1 - x) /M 2] + 2. 
[1 -- s(1 -- x)/M2] 2 + r=/Mz'- 2 

Here x / s  is the c.m. energy, ~ is the fine structure 
constant, 9a and 9~ are the axial and vector-coupling 
constants given by: 

1 
g A - -  2 

9~ = - �89 + 2 sin / Ow 

0~ is the angle between the outgoing photon and the 
incident beam direction, and x is the ratio of the 
photon energy to that of the beam. Taking for the Z ~ 
mass M z = 89 GeV we integrated the above expression 
in the domain defined by Icos 0rl < 0.7 and 0.25 < k < 

(v / s  - 89 + 2.45) GeV using x / s  = 89 and 90 GeV. The 
Icos 0~1 range was chosen to allow a good detection 
efficiency of the photon in any detector whereas the 

highest ( ~ s -  89 + 2.45)GeV limit is such that the 
endpoint energy of the 7 spectrum corresponds always 
to the same position on the Z ~ resonance curve (left 
tail). The calculated cross sections are plotted in Fig. 1 
as a function of F~ for N~ = 3, 4. One sees from these 
plots that a(7~v) is strongly dependent on F,.  By 
comparing the minimum value of the cross section for 
N~ = 4 within one standard deviation of F= and the 
maximum value for N~ = 3, we obtain Table 1, which 
gives the precision required in the measurement of 
a(y~v) in order to detect an additional neutrino 
generation as a 3 or 5 standard deviation (s.d.) effect. 
To this end we use errors in F~ of 5 and 7%. In both 
cases the high precision required for the measurement 
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Fig. 1. The a(y~v) cross section as a function of the Z ~ width F= 
for c.m. energies of & = 89, 90 GeV. Here, N~ represents the number 
of neutrinos and A is the error on F~(7%) at the value of F= = 2.6 GeV 
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Fig. 2. The a(79v) and R~ = a(y~v)/tT(#~) quantities as a function 
of F= for a y reduced momentum spectrum (1.0 2.45 GeV) 

of the absolute a(~,~,v) cross section makes the 
neutrino-counting difficult if the luminosity is only 
known within a point to point uncertainty of 5 to 
10%. For  comparison we also give in Fig. 2 the 
variation of a(79v) as a function of Fz for 1 < 
k < 2.45 GeV (see also Table 1). 

To diminish the influence of the luminosity it is 
desirable to use the cross section ratio 

R~- a(##) 

instead of a(?~v) itself. Here the luminosity will only 
enter in the background subtraction (see below). The 
e + e -  ~ #+ # -  cross section a(##) is simply obtained 
by integrating in the Icos 0.1 < 0.7 range the following 
differential cross section [7]: 

da(##) a 2 
d~2 - 4s (1 +c~ 

�9 (1 + 2ovRe(X) + (9 2 + 9])IXI 2) 
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T a b l e  1. Precision (~)  with which a(y~v) or  Rv=a(y~v) / a (##)  have 
to be measured in order  to detect an extra neutr ino as a 3 or 5 
s tandard deviation effect. The calculations were made by assuming 
two values for the errors on F, ,  namely 5 and 7% 

measured 

quantity 

A F~/F:  = 0.07 A r,/r, = 0.05 

~ / s  a(y~v) momen tum 3-or 5-or 3-a 5-a 
(GeV) (nb) limits eft.. eft. eft. effect 

(GeV) % % % % 

o(7~) 

89 0.130 0 . 2 5 - 2 . 4 5  3.1 1.8 5.1 3.1 
90 0.150 0.25 - 3.45 2.4 1.5 4.9 2.9 
89 0.028 1.00 -- 2.45 7.1 4.3 8.3 5.0 
89.5 0.163 0.25 - 2.95 1.8 1.1 2.5 1.5 

89 0.25 -- 2.45 8.7 5.2 9.7 5.8 
a(y~v) 90 0.25 -- 3.45 9.2 5.5 9.5 5.7 
a(#p)  89 1.00 - 2.45 6.0 3.6 7.7 4.6 

89.5 0.25 - 2.95 11.9 Z 1 11.9 7.1 
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Fig.  3. Fo r  N v = 3,4 the cross section rat io R~ = a(y~Tv)/a(##) as a 
function of F z for various c.m. energies 

where 

X-zx /27 t~  - M  2 +imzr~ 

The term odd in cos 0 has been omitted as it does 
not contribute to the integrated cross sectmn (0 u is the 
angle of the outgoing muon with respect to the beam 

direction). The ratio R v is less dependent on F= 
(Figs. 2, 3) than ~r(7~v). This latter fact in conjunction 
with the smaller influence of the luminosity measure- 
ment makes the R~ ratio very convenient for the 
determination of the number of neutrinos. Fig. 3 also 

shows that, for x/s__ = 89 GeV, R~ increases slightly with 
F=, whereas at , ~ -  = 90 GeV the situation is opposite. 

This indicates that one may find a x / s  value where R~ 
(N~=3,4)  does not depend on F~ at all. For  the 

0 . 2 5 < k < 2 . 4 5 G e V  range this occurs at x f ~ =  
89.5 GeV (Fig. 3c). In Table 1 we also indicate 
the precision which should be obtained on R in order 
to detect an additional neutrino. The errors tolerated 
are now higher than in the case of the a(y~;v ) measure- 
ment. 

3. The Background Reactions 

We now examine the importance of the various 
background reactions. Clearly the e § e -->Te + e - ,  777 
reactions may simulate the process under study if the 
final state is such that only one photon in the required 
momentum range is detected. Moreover at the center 
of mass energy corresponding to the Z ~ mass one has 
also to consider the background induced by the 
e+e  - - - , 7 # + / ~  - reaction which has a sizeable cross 
section (see below). The above reactions are considered 
as contributing to the background if they also fulfill 
the following conditions: 

[ e + e - ~ 7 # + #  - 

Ices 0rl < 0.7 0~ < 0ma x 

I e+e ~ y e + e  - 

l ees  0y[ < 0 .7  0 + < 0ma x 

e e -  ~ 7 7 7  
One photon having its momentum in the 
chosen m o m e n t u m  range and being emitted with 
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L lcos 0~1 < 0.7 whereas the other ones have an emission 
angle Oj~<Om,x (0~ is the angle between the 
outgoing particle i and the beam direction). 

For  the veto angle limit 0max we considered two values 
0max = 20 ~ and 30 ~ beyond which the outgoing parti- 
cles can be detected easily. In practice, 0ma~ can be 
made much smaller by the addition of veto counters. 

As already stated above, the ]cos 0~] < 0.7 limit was 
chosen to allow a good detection efficiency for the 
e +e -  ~ 7 9 v  reaction. Furthermore the background 
reactions decrease more rapidly than the e + e - ~ 7 ~ v  
reaction for increasing 0~ [8]. 

In order to estimate the background cross sections 
we used existing Monte Carlo programs [9]. For  the 
e+e - ~ 7 # + #  - case the contribution of the Z ~ was 
taken into account, while for e + e -  ~ 71'7, the diagram 
of Fig. 4 was not included as its contribution was 
found to be small. For  radiative Bhabha, to the best 
of our knowledge, no Monte Carlo program exists yet 
that includes the Z ~ contribution. However, most of 
the e + e -  background events are expected to arise from 
the t-exchange diagram contributing to the e + e - ~  
7e+e - reaction (no Z ~ influence apart  from inter- 
ference terms). The utilisation of the e + e -  ~ e + e -  y 
Berends/Kleiss Monte Carlo program requires, how- 
ever, a great deal of computer time. We have therefore 
only estimated the inclusive photon cross section by 
using the, Williams-Weizs/icker approximation*. The 
background cross sections obtained from the e + e -  - ,  
7e + e -  reaction (Table 2) are thus overestimated as no 
tagging condition has been applied to the outgoing e e. 

All the background cross sections used for the cases 
which will be considered below are given in Table 2. 
Because of the uncertainties and to be on the con- 
servative side, we will use in the following a total 
background cross section (ab) which is twice as much 
as that given in Table 2. 

4. Discussion and Conclusions 

In order to investigate the feasibility of the neutrino 
counting experiment at the Z ~ we will consider two 
limiting cases concerning the luminosity (Ar and the 
running period (T): 

~,%0 . =  103o c m - 2  S -  1, 

i.e. ~ dt ~- 15.6pb -1 
~ ( ~ , :  1 0 2 9 c m  - 2  S - 1 ,  

i.e. ~ r  d t -  ~ 3.1 pb -1 

T = 6 months, 

T = 1 year, 

* T. Walsh, private communicat ion:  The photon inclusive cross 
section in this approximation is given by: 

a=48O:aoln(E~ln(kmax~ I_c~ O,I 

~z \me~ \kmin/1 - cos 20~ 

where kmax(kmin) is the maximum (minimum) photon momentum,  E Bis 
the beam momen tum  and m~ the mass  of the electron. Here, a o is the 
point like e +e ~ # + # -  cross section at the considered c.m. energy 
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Fig. 4. Diagram which was not  taken into account in the e + e -  ~ 3 7 
background calculation. Here the 3 photons are coupled to the Z ~ 
via a quark or lepton loop 

We consider these cases where the luminosity is known 
with a precision of 2.5%, 5?/0 and 10%. We study here 
the measurement of the R v ratio taking into account 
the various backgrounds as well as the errors made 
on the luminosity and on the determination of the 
width Fz(AFz/F z = 5%, 7%). 

We give in Tables 3 and 4 the number of standard 
deviations (s.d.) with which a fourth neutrino will be 
observed for the various cases. One sees from these 

tables that at x/~ = 89 GeV an additional generation 
can be easily detected with the method outlined if 
0.25 < k < 2 . 4 5 G e V  for the detected photon. This 
remains true if the background cross sections are twice 
those given in Table 2 even in the case of the low 
luminosity (3.1pb-1). For the same y momentum 
range the number of standard deviations is significant- 
ly increased when the c.m. energy is 0.5 GeV a b o v e  
the Z ~ mass. In the framework of our assumptions 
this corresponds to the position where the results do 
not depend on the precision reached in the Fz measure- 
ment. By carrying out an experiment at this c.m. energy 
one has also the opportunity to study the properties 
of the Z ~ boson (for Fz = 2.6 GeV, the ratio of the 

peak cross section a(x/~ = M2) to that obtained at 

x~- = Mz + 0.5 GeV is about 1/0.87). 
In order to extract from the experimental Rv value 

the number of neutrinos one has also to take into 
account the c.m. energy dispersion of the e + e -  collider. 
In other words, the experimental R, values have to be 
compared with the theoretical ones folded with the 
energy resolution of the machine. This is a rather trivial 
procedure as long as the dispersion a~ (in fact the 
energy resolution function which we assume to be 
gaussian) is known. An additional error will of course 
occur if aE itself is only known within a given precision. 
In order to appreciate the importance of this effect let 
us consider the case where a E is known to within 10~o. 

Even for a large energy dispersion [3] of a E = 0.04x/s, 

the theoretical R~ value at x ~  = Mz will suffer an 
uncertainty of only 0.7%. This uncertainty (which is 
almost entirely due to the a(##) cross section) will not 
change significantly the number of standard deviations 
given in Table 3 and 4. For instance, in Table 3 the 

value of 5.9 s.d. corresponding to . , / ~ =  89GeV, 
a b = 59 pb, A F J F  z = 0.05, A ~r162 = 0.05 and 
0.25 < k < 2.45 GeV will be reduced to 5.2 s.d. The 
present example shows that the knowledge of a~ within 
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Table 2. The background cross sections for 0ma x = 20 ~ 30 ~ (obtained with the help of the Monte Carlo 
programs) which will be used below 

,fss = 89 GeV , / s  = 89 GeV , / ;  = 895 GeV 
background 0.25 < k < 2.45 GeV 1 < k < 2.45 GeV 0.25 < k < 2.95 GeV 

0~x = 20~ 0max = 30 ~ 0r,,x = 20 ~ 0max = 30 ~ 0m, x = 20 ~ 0max = 30 ~ 

e + e - ~ v # + #  - 4.2pb 10.0pb 1.3pb 3.5pb 4.8pb 10.4 pb 
e + e- ~ ~ ~,7 6.0 pb 6.2 pb 2.2 pb 2.2 pb 7.5 pb 8.5 pb 
e+e-~) , e+e  - 43 pb 43 pb 17 pb 17 pb 47 pb 47 pb 
Total 53.2 pb 59.2 pb 20.5 pb 22.7 pb 59.3 pb 65.9 pb 

299 

Table 3. Statistical significance (in standard deviations) with which a fourth v will be observed for various 
cases. The values were obtained with an integrated luminosity of ~ 2" dt = 15.6 pb-1 corresponding to a 
six month running period with 2" = 1030 cm-2 s- 1. Note that with our assumptions the calculated values 

do not depend on F z at the c.m. energy of ~ -  = 89.5 GeV 

x/s y spectrum a(y ~v) a b A F~/F~ 

(GeV) range (GeV) (nb) (pb) 

Statistical significance for 
a 4th 9v generation (s.d.) 

A ~  A2" A2" 
- - = 0 . 1 0  - - = 0 . 0 5  - - = 0 . 0 2 5  
2" 2" 2 '  

89 0.25 -2.45 0.13 53.2 

89 0.25 -2.45 0.13 59.2 

89 0.25 - 2.45 0.13 2 x 53.2 

89 0.25 - 2.45 0.13 2 x 59.2 

0.07 3.9 5.6 7.2 

0.05 4.3 6.2 8.0 

0,07 3.6 5.3 6.9 

0.05 4.0 5.9 7.7 

0,07 2.3 3.7 5.2 

0,05 2.6 4.1 5.8 

0.07 2.2 3.4 4.9 

0.05 2.4 3.8 5.5 

89.5 0.25 -- 2.45 0.163 59.3 6.0 8.6 11.0 
89.5 0.25 --2.45 0.163 65.9 5.6 8.1 10.6 
89.5 0 .25-  2.45 0.163 2 x 59.3 3.6 5.7 8.0 
89.5 0.25 -2.45 0.163 2 x 65.9 3.3 5.3 7.6 

0.07 1.3 1.8 2.2 
89 1.0-2.45 0.028 20.5 

0.05 1.7 2.3 2.9 

0.07 1.2 1.7 2.1 
89 1.0-2.45 0.028 22.7 

0.05 1.6 2.2 2.7 

10~o a p p e a r s  to  be  a c c e p t a b l e .  I n  a n y  case  in  o r d e r  to  
d e t e r m i n e  t h e  n u m b e r  of  ~v g e n e r a t i o n s  o n e  h a s  to  
k n o w  the  e n e r g y  r e s o l u t i o n  f u n c t i o n  of  t he  co l l i de r  
a n d  e v e n t u a l l y  i ts e v o l u t i o n  as  a f u n c t i o n  of  t ime.  

T o  s u m m a r i z e  we  h a v e  s h o w n  t h a t  t h e  m e a s u r e m e n t  
of  t h e  n u m b e r  of  n e u t r i n o s  c a n  be  c a r r i e d  o u t  b y  m e a n s  
of  t he  e + e - - - . T Z  ~ t r a n s i t i o n s  s t u d i e d  o n  t he  
Z ~ r e s o n a n c e  itself. W e  used  r a t h e r  pe s s imi s t i c  
e s t i m a t e s  for  the  b a c k g r o u n d  i n d u c e d  b y  t he  r e a c t i o n s  

e + e - ~ T P + #  - ,  7 e + e - ,  777. A m o r e  a c c u r a t e  est i -  
m a t i o n  of  t he  b a c k - g r o u n d  c r o s s  s ec t i ons  wil l  be  o n e  
of  t h e  m o s t  c ruc i a l  p r o b l e m s  t o  be  so lved .  T h i s  c o u l d  
be  d o n e  for  i n s t a n c e  b y  u s i n g  t he  t h e o r e t i c a l  w o r k  o f  
[1 1] as  t he  s t a r t i n g  po in t .  

T h e  p r e s e n t  n o t e  h a s  a l so  s h o w n  t h a t  o n e  h a s  to  
detect-  p h o t o n s  of  l ow  m o m e n t u m ,  p r e f e r a b l y  in  t he  
0.25 - 2.45 G e V  reg ion .  T h e  e x t r a c t i o n  of  t h e  n u m b e r  
of  n e u t r i n o s  f r o m  t h e  d a t a  is b a s e d  o n  t he  c o m p a r i s o n  
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Table 4. Same as in Table 3 but with a one year running period using a luminosity of Le = 1029 cm -2 s-  1 
corresponding to S Le dt-~ 3.1 pb-1 

Statistical significance for 
a 4th ~v generation (s.d.) 

~ss 7 spectrum a(y~Tv) crb AF,/F~ 
ALe ALe ALe 
- -  =0.10 - - = 0 . 0 5  - - = 0 . 0 2 5  

(GeV) range (GeV) (nb) (pb) 5 a Le 5e 

89 0.25 -- 2.45 0.13 53.2 

89 0.25 -2.45 0.13 59.2 

89 0.25 - 2.45 0.13 2 x 53.2 

89 0.25 -2.45 0.13 2 x 59.2 

0.07 2.6 3.3 3.8 

0.05 2.9 3.7 4.2 

0.07 2.5 3.2 3.7 

0.05 2.8 3.5 4.1 

0.07 1.8 2.4 3.0 

0.05 2.0 2.7 3.3 

0.07 1.6 2.3 2.9 

0.05 1.8 2.6 3.2 

89.5 0.25--2.45 0.163 59.3 4.0 5.1 5.8 
89.5 0.25--2.45 0.163 65.9 3.8 4.9 5.7 
89.5 0.25--2.45 0.163 2x59.3 2.7 3.8 4.7 
89.5 0.25-2.45 0.163 2• 2.5 3.6 4.5 

89 1.0 - 2.45 0.028 20.5 

89 1.0 - 2.45 0.028 22.7 

0.07 0.8 1.0 1.1 

0.05 1.1 1.3 1.5 

0.07 0.8 1.0 1.1 

0.05 1.0 1.3 1.4 

of  the  e x p e r i m e n t a l  R~ = a(79v)/a(#l~) value  wi th  the  
t heo re t i c a l  p r e d i c t i o n s .  As a f u r t he r  c ros s  c h e c k  it is 
a lso  essen t ia l  to  s t u d y  the  p h o t o n  s p e c t r u m  s h a p e  a n d  

to  c o m p a r e  it w i th  the  t h e o r e t i c a l  p r e d i c t i o n  in o r d e r  
to  verify the  va l id i ty  of  t he  u n d e r l y i n g  a s s u m p t i o n s .  
The  d e t e c t o r  c h o s e n  for  a n e u t r i n o  c o u n t i n g  exper i -  
m e n t  s h o u l d  thus  have  a g o o d  ene rgy  r e s o l u t i o n  for  
low m o m e n t u m  p h o t o n s .  
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