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We discuss the symmetry properties of a geometrically motivated mass term giving different masses to the four flavours
of Susskind fermions. Using this mass term we calculate the fermion self-energy in weak coupling perturbation theory at the
one-loop level as well as the relation between the fermion masses on the lattice and in the continuum.

Among the different lattice fermion schemes,
Susskind’s method [1,2] is distinguished by the fact
that it has a deep geometrical foundation: It can be
interpreted as the geometrically natural way of putting
the Dirac—Kéhler equation on a lattice [3—5]. How-
ever, as compared to the Wilson formulation [6] or
the SLAC fermions [7], it has the disadvantage of re-
taining a part of the species doubling. The Susskind ac-
tion describes four fermions of equal mass. But this
degeneracy is no lattice artifact, it is already present
in the continuum Dirac—K4éhler equation. Therefore
it seems possible to interpret the additional degree of
freedom as some kind of flavour, as was originally pro-
posed by Susskind. In order to formulate a more real-
istic lattice model of QCD, based on the Susskind
fermions, it is, however, necessary to lift the mass de-
generacy of the different flavours. Several degeneracy
breaking mass terms have already been discussed in
the literature [8—16]. Important questions concerning
such mass terms are: Will they be stable under renor-
malization and how do they modify the symmetries
of the Susskind action?

We want to study these problems for a geometrical-
ly motivated mass term [14] and thereby substantiate
the remarks concerning this point which were made in
ref. [16]. We use the notations of ref. [3] and write
the action for the free euclidean Dirac—Kéhler equa-
tion in the four-dimensional continuum as
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Here ¢ is an inhomogeneous differential form:
¢= E«p(x, H)ydxf |
H

The sum over H runs over all ordered sets of indices
(multi-indices). Projection on flavour b is given by ¢
~ ¢ vPP) where v denotes the Clifford product and

p® =1 27
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Here we have introduced the set of multi-indices ‘X
= {@, {12}, {34}, {1234} } related to the reduction
group of ref. [3]. This choice of the reduction group
corresponds to the use of the Weyl representation of
the y-matrices. Furthermore
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Now it is straightforward to write down an action
which gives a mass m,, to flavour b:

4
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By transition to Dirac components according to the
formulas given in ref. [3] this action becomes
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Using (2) we get for the mass term
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Note that (4) is invariant under the replacement
poovdxK, §>Fvixk (KeX), ®)

i.e..under the action of the reduction group.

We introduce in euclidean space a hypercubic lat-
tice with lattice spacing « and lattice unit vectors e, :
(e,), =asd,,,. The cells of this lattice are denoted by
(x, H), where x is a lattice point and H a multi-index.
A general cochain (the lattice analogue of a differen-
tial form) can be written as ¢ = Z, 7 o(x, H) @ in
terms of the elementary cochains d*.# defined by

axH((x',H") = ahﬁx,x@ HH'

(h = number of elements in H) . 9

Furthermore, let <V be the volume four-chain

= Z,(x, 1234). Applying the rules for the translation
of continuum expressions into their lattice equivalents
given in ref, [3], we get for the lattice analogue of the
action (1):

16, A=V +m)e)p(V). (10)

Here A and V denote the dual boundary operator and
the dual coboundary operator, respectively.

What are the symmetries of this action? (See refs.
[11,13,16] for related discussions.) Apart from the
well-known U(1) (U(1) X U(1) for m = 0) symmetry
of Susskind fermions, we have invariance under the
discrete flavour transformations, the lattice transla-
tions, and the lattice point group. The discrete flavour
transformations are given by
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with @ = 25 dx%H | (1)
X

Here we used the lattice Clifford product as defined in
ref. [3]. An element S of the lattice point group acts
on a cochain ¢ according to the formula

(S* o) ((x, H)) = (S " Hx, H)). (12)

The continuum analogue of (12) transforms the com-
ponents ¢(x, H) of ¢ as antisymmetric tensors, The
corresponding spinor transformation can be written as
a product of this tensor transformation and an appro-
priate flavour transformation [3,4,16]. A rotation
about the angle « in the u—vp-plane, for example, has
to be accompanied by the flavour transformation

¢~ ¢ v[cos(af2) +sin(a/2) dx#¥] . (13)

Comparing with the lattice flavour transformations
(11) we see that (13) is available on the lattice only
for a = 7. Therefore we can define spinor rotations

D, , on the lattice only for rotation angle m:

D, =F,,°D,, . (14)
where
(D‘wx);\ =x,, ifA#Fuw
(u<v).
=—x,, ifA=up. (15)

Analogous considerations may be applied to S, , the
reflection with respect to a lattice hyperplane orthog-
onal to the u-direction:

(S0 = (~1)Phux, . (16)

They lead to the following spinor transformation 5-'”
on the lattice:

s'“:= Fe(u)® Sy, Cluy={12343\{u}. an

A mass term which gives different masses to the fla-
vours and therefore breaks flavour invariance is no
longer invariant under the tensor transformations, be-
cause they contain a flavour transforming piece. It
should, however, be invariant under spinor transforma-
tions. Hence we require that the lattice analogue of (6)
be invariant under D,,,,, §,, as well as with respect to
the flavour transformations F; 5, F34, F1334, which
correspond to the reduction group (compare (8)). It is
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straightforward to check that the mass term

Ly
16 kX
which is hermitian and reproduces (6) in the naive
continuum limit, fulfills these requirements. Here k
denotes the number of elements in K, and the transla-
tion operator T, is defined by

exMx2* Lo B.(T,,9)vdK (), (18)

Tequ:xEH o tep Hyd*>H | ¢ = #2 e, (19)

The introduction of the T’s is necessary in order to

achieve invariance under D, , S, . Note that

ur:Pue
L 3.1, 0) vaK)y () (20)

is invariant with respect to the tensor transformation
R:w where R, is a rotation about 7/2 in the u—v-
plane, provided K N {u, v} =0 or K N {y, v} = {u, v}.
Consequently, (18) is invariant under /2 rotations in
the 1-2- and in the 3—4-plane, although correspond-
ing spinor transformations cannot be defined. In the
special case my = m,, my = my, where My =M,y
=0, we even have invariance with respect to all R:‘w.

What happens to these symmetries upon introduc-
ing interaction with a gauge field? We couple the gauge
field in such a way that the lattice gauge transforma-
tions act at the center of the lattice cells. This coupling
corresponds to the original Susskind formulation. The
resulting theory with interaction has the same invari-
ances as in the free case, provided the transformations
of the fermion field are accompanied by suitable trans-
formations of the gauge field (see refs. [16,17] for de-
tails). Nevertheless, the restoration of Lorentz invari-
ance in the continuum limit might be questionable,
since (18) with four different masses is not invariant
under all lattice rotations. Furthermore, one would
like to know the connection between the bare masses
m; on the lattice and the continuum masses.

In order to study these problems, we have calcu-
lated the fermion self-energy in weak coupling pertur-
bation theory at the one-loop level. It turns out to be
advantageous to use Susskind’s one-component formu-
lation. Therefore we put

o, H)=x(x +3ey), @, H)=X(x +3ey), (21)

so that the x’s live on a lattice with lattice spacing a/2.
They transform according to the fundamental represen-
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tation of the gauge group SU(V). For convenience we
replace @ by 2a, but retain the conventions that x de-
notesa point with coordinatesx, =an, (n, €Z)and
that (e, ), =a8 . In this way we get for the action of the
fermions coupled to the lattice gauge field U, (x)

€ SU(N)

2° 26, (OROU )xxte, )Y x—e, Jxx—e, )

4 —k -
+a K§‘K ex My 2 LCEK §0K(x)x(x)UZ(x+eL)

X Uy (xte x(x—egxt2e;). (22)
The sign factors ¢, (x), o (x) are defined by
e (x) = (~1)F Xt Xy a (23)

op(x)=1, o1p(x)=—(-1y27,

034 ()= ~(-1409 0,334 (x) = (-1)F2*¥V2 (24)

Moreover

Uy(x)=U, (x—e, WU, (x—e,, ~€y,) ...U“h(x—eH)
(25)

for H= {uy, uy, ..., iy}, uy <ap <...<py. The ac-

tion (22) is invariant under the gauge transformations

XGe) = gGx(x) . Xx) > Xex)g ~L(x),

U,(x) > glx +e,)U,(x)g71(x), gx)ESUW).(26)
For the gauge field we take the standard Wilson action
1 +
=5 x? Te(1- Ul U (e +e U, (x+e, )U (1)) , (2T)
with the gauge fixing term

2
72 (B e)
22 VA CHORRHEEEN) I (28)

We have set U, (x) = exp(igadf(x)T?), where the T¢
are the hermitian generators of SU(V) in the funda-
mental representation.

Calculating (x;(x)X; (") (7,7 = SUQV)-indices) at
the one-loop level we get in the spinor basis
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HZ;{, (V)ab X (2x + €)X, (2" + ey D (Vg )eq
’ n/(2a)

d4p explip-(2x — 2x")]
—7/(2a)

= ﬂ—4

x (6w T ol s amdi+..).
c ':d'
29)

where asa > 0

4
G(p)2? ,21 (B +m) e (Bpg +o(D),  (30)

4
2(p)2d ]EI Z D) (P)yg * o), (31)

and Yy = Yy Yug Yy 0T H= {ug, Mgy s tn s iy
<y <...<py. The indices a, ¢ are spinor indices, b,
d are flavour indices, and f’j is the matrix in flavour
space which projects onto flavour j. Under the assump-
tion m; > 0 for allj, we find for the self-energy 2]- in
the Feynman gauge £ = 1:

Z,(p) = (£2/8n)[(V? — 1)/2N]

X [(BEP@H +mzP(p?) + Al (32)
with
1
2;1)(p2)= fdxx In[a®(1 —x)(p2x +m}2)] t4,,
0 1 (33)
z](.z)(pz) =2 fdx In[a2(1 —x)(p2x+m].2)] tA4,,
s 34)
Ay =m,By +(my+my)B, ,
Ay,=m B + (m3 +m4)B2 ,
Ay=(m; +my)B, +mB,
A, =(m1 +m2)32 +tmsB, . (35)

The constants A, A,, By, B, are combinations of cer-
tain integrals. Numerical computation yields the values
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Ay =3.53,4,=6.52,B,=-272,B,=-9.70. In the
expression (32) Lorentz invariance is recovered. But
some remnant of the flavour mixing on the lattice is
still present in the continuum: The self-energy for fla-
vour j depends on the bare masses of all other flavours
through the Aj-terms.

Comparing (32) with the continuum expression for
the fermion self-energy one can derive the relation be-
tween the bare mass on the lattice and the renormaliza-
tion group invariant mass in the continuum [18-20].
The latter is usually defined as

7= [In(u/A)} 270/ Pomy) . (36)

Here m(u) is the running mass at a scale u, A is the
continuwm coupling constant A-parameter in some re-
normalization scheme and v, §; are the coefficients
of the first term of the v, and § function, respective-
ly. We have

Yo =3(N2 — 12N, (37)

and in the quenched approximation f takes the value
11 N/3. One finds

;= m;[(812/By)g ™2 + In(AL/A)

+1In C — A;/3m;] 2volbo . (38)

In this formula, A] denotes the lattice A-parameter.
In the MS scheme we obtain

where 7y is the Euler—Mascheroni constant. In the
MS scheme we get

InC=14, —A4,+3)=-0.83. (40)

Note that Aj/mj depends only on the ratios of the bare
fermion masses.

Summarizing we can say that the mass term (18)
does not generate new mass counterterms, This is a
consequence of its symmetry properties. Furthermore,
eq. (38) shows how the bare masses m; have to vary
with a, if the bare coupling constant g depends on the
lattice spacing in the usual way and ﬁ]- is kept fixed.
But it is, of course, an open question, whether this one
loop result is sufficient in connection with present
Monte Carlo simulations.

I wish to thank Dr. J. Stehr for performing the nu-
merical calculations and Professor H. Joos for many
helpful discussions.
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