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Abstract .  Explicit formulae are derived for the 2- and 3-cochains O(f)o(i,j, k) 
(3) i ' and f2,~o, ( ,j, k, f) in SU(2) gauge theory in 4 dimensions. It turns out that 

f2~e,,( i, j, k, E) is given by the volume of a spherical tetrahedron spanned by the 
gauge transformations relating the gauges i,j, k, 1. 

I.  Introduct ion  

Higher-order cocycles 

og(n) = S r/3 -nor O~(n) _ _,...__,... (1) 

(here written for 4 space-time dimensions), where O~!. is the n-cochain, play an 
important role in group representation theory, in the investigation of the structure 
of anomalies, Wess-Zumino effective actions and groups associated with a Kac- 
Moody algebra [1] as well as in the derivation of a closed expression for the 
topological charge [2]. It is therefore of great interest to know ~2~!. explicitly. In 
this paper we shall consider the case of gauge group SU(2) in 4 dimensions and 
derive explicit expressions for f2 (2) and r~(3) /zvQ ~tlvQtT" 

The starting-point is the Chern-Pontryagin density 

1 p = _  i i i i i ~ , 327c 2 ~.~Q~ Tr [F.~Fo. ], F.~ = 8.A~ - 8~A. + [A~, Aiv], (2) 

where the index i specifies a particular gauge. The 4-dimensional integral of P is the 
topological charge, which is an invariant. The Chern-Pontryagin density can be 
written as a total divergence, 

where 

e=Ga o (i) , (3) 

1 
, ' " ;  t )"°)'i'= - i 2 i %vo, Tr [Av(a~A~ + -~ AoA~] (4) 
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is the Chern-Simons density or 0-cochain. The latter is gauge variant. What 
interests us naturally is its gauge variation, which is given by the coboundary 
operation, 

( o )  . , o )  • ( o )  - ~a. O,j)=~ (0 -~ .  (J) 
1 

= - 24z~ 2 e,~o~ Tr [v~ 18vVijV~j 180l)ijl) ~ 18al)ij ] 

1 1 i 
- 8rc2 e.~o#0~ Tr [8ovijvi~ A~] ,  

where v~j relates the gauges i and j, 

j _  - 1  i A . -  v~j (A. + ~.) vii. 

Af2(u°)(i,j) can again be written as a divergence [3], 

AC~°~(i,:)= "~ i , 

where f2(~l:( i, j )  is the 1-cochain given by 

1 
f2(ul)(i,j) = - ~ (c~- sin e cos e)eu~Q~e~. (SQe. x 8~e~) 

and 

1 1 i 
- 8~za tu~o~ Tr [QQVisV:~ A ~ ] ,  

(5) 

(6) 

(7) 

(8) 

Vii ~- exp (i~- ~) = cos e + i sin eel. x. (9) 

The expression for the 1-cochain has been extended to any semi-simple and 
compact Lie group in [4]. 

II. 2- and 3-Cochains 

It is known that the descent (from the 0- to the 1-cochain, cf. Fig. la  and b) 
continues, and we shall turn to the higher-order cochains now. 

The gauge variation of Y2~l)(i,j) is given by the coboundary operation 

AY2~I](i,j, k)  (1) • • (1) • (1) . = ~.~ O,J)-  ~ O, k) + ~.~(j, k) 

1 

+ (/?-  sin/? cos/?)e,. (8~ep × 8#e,) 

- ( y -  sin7 cosy)%. (8~e~ x 8~%)] 

1 
4~ 2 e~[(Od~e , + sin~ cosc~ 8Qe~ + sin 2 ~e~ x 8ee,) 

• (8./?e¢ + sin/? cos/? 8~e~- sin 2/?e, × 8~e,)]. (10) 
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P " " (a}  
= ~.~ (°)(1) i 

A~ ( o ) ( i , j )  = ~ R ( 1 ) ( i , j )  

i 

E S  I (b}  

~%(1)(i,j,k ) : ~(z)(~,j,k ) ~ i  = 7k ~S 2 (c} 

i 

A~uvP(2) ( i ' j ' k ' l )  = ~o~uvp~(3) ( i ' j ' k ' l )  

t 

E S  3 (d) 

An ( 3 ) ( i , j , k , l , m )  = ~ n , n ~ Z  

1 

: n S 3 {el 

Fig. 1. Pictorial view of the cochain reduction from the Chern-Pontryagin density down to the 
"local winding number" n 

In  deriving (10) we have  m a d e  use of  the cocycle condi t ion  

VijVjk ~ Vik 

and  wri t ten 

v u = exp( i~.  ~), vjk = exp( ip ,  z), vik = exp (i?. z). 

(11) 

(12) 
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The cocycle condit ion (11) defines a spherical triangle by 

cos7 = cose c o s f l -  sine sinfie~. %, 

sin 7% = sin e cos fle~ + cos e sin fl% - sin c~ sin fle~ x ea, 

(13) 

as indicated in Fig. lc. Af2(,~](i,j, k) is again a total divergence, 

(:t)- - _ (2) • - AY2,~ 0,J, k ) -  0ef2,,Q(,,j, k),  (14) 

where f2~,)e(i, j,  k) is the 2-cochain. 
We find the expression [5] 

f2~2)e( i, j ,  k) 

1 
= -- 8rc2 e,~0~(1 + 2 cosc~ cosfl cos7 - cos 2 ~ - -  COS2f l  - -  C O 8 2 7 ) -  1 

• {(a + p-- 7)" (sin c~e,) [O~(sin flea). (sin 7%) -- sin fie a • 0~(sin 7%)] 

+ (~ + i~-- 7)" (sin fl%) [O,(sin ~,%) • (sin c~e,)-- sin;~% • O~(sin ~e~)] 

+ (e + Ii - 7)" (sin 7%) [-O~(sin c~%). (sin flea) - sin c~e,. ~ ,(sin flea) ] }. (15) 

The derivation of (15) is quite tedious and relegated to the appendix. It can be 
shown that  for infinitesimal gauge transformations (15) reduces to the form given 
in [1]. 

The gauge variation of (2) • • O,~(z,j, k) combines 4 spherical triangles to form a 
spherical te t rahedron as indicated in Fig. ld. I.e. 

A Q(u2 ) ( i, j, k, l) = Q(u2 ) ( i, j, k) - -  ~{u2]~ ( i, j, l) 

+ f2~e(i, k , / ) -  K2(~Q(j, k, /) .  (16) 

We show in the appendix that  (16) can be written in the form 

1 
A f2(u~o( i, j, k, l) = ~--~ ~,~o(a ~ ~A + fl a ~B + ? O ~F + (5 ~ ~A + ~ a ~E + f O oZ) , (17) 

where A, B, F, A, E, Z are the angles between two spherical triangles intersecting 
along the hinges e, fl, 7, 3, e, f (for the explicit expressions see the appendix). 

We recognize that  the term in brackets on the r ight-hand side of Eq. (17) is 
Schl/ifli's differential form [6] for the volume V(i , j ,k ,  l) of the spherical 
te t rahedron of Fig. ld,  i.e. 

½ ( a ~ A + f l ~ B + ? ~ F + 3 ~ A  +~E+~Q~Z)=e?~V( i , j , k ,1 ) .  (18) 

This allows us to give an explicit expression for the 3-cochain f2(.3~,ji,j, k, l) defined 

(2) • • _ (3) • • Af2u~o(t,j, k, I) - O,Q,~e~(z,j, k, 1). (19) 

That  is 
1 (3) . . _ f2u,,o~O, J, k, l ) -  ~2~2 ~u~Q~V(i,j, k, t). (20) 
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The volume V(i,j, k, l) can be constructed explicitly from the angles A, B, F, A, E, 
Z following [7]. 

The gauge variation of (3) • . £2,,~,(z,j, k,/) combines 5 spherical tetrahedra (see 
Fig. le), 

AO(3) ti i k, l, m) 
_ ( 3 )  , • ( 3 )  • • - O, .~ .O.j .k . / ) -  o , .~O. j .k ,  m) 

(3) • • (3) • l, m) + f2~o~(j, k, I, m) + f2u~o~O, 1, l, m) -- Ou,o~(t, k, 

1 
= ~z~uvo,[V(i,j,  k, l)-- V(i,j, k, m) 

+ V(i,j, l, rn)-  V(i, k, l, m) + V(j, k, l, m)], (21) 

which wind around S 3, the group space of SU(2). The volume ofS 3 is 2n z, so that 
we can write 

( 3 )  • . Af2~o~(z,y, k, 1, m) = e~o~n, (22) 

where 
n e Z .  (23) 

The latter is a consequence of the fact that the 5 spherical tetrahedra together are 
compact and so cover S 3. 

III. Discussion 

The result, that the 3-cochain is given by the volume of the spherical tetrahedron 
V(i,j, k, l), is not real ly  surprising. E.g. in 2-dimensional U(1) gauge theory the 
corresponding 1-cochain is a segment of S 1. 

As will be discussed in a subsequent paper [2], Eq. (22) allows us to derive a 
local, fully algebraic expression for the topological charge in SU(2) and SU(3) 
gauge theory. 

Appendix 

We shall first derive Eq. (15). Noticing that ~/in Eq. (113) can be expressed in terms 
of ~, ~ by using the cocycle condition (13), the most general ansatz for the tensor 
structure of Q(u2)o( i, j, k) is 

with 

1 
( 2 )  i ' 

+ f4(e .O~ep)+ fsa~%.(e, xetj)+ f6c?~e~.(e~xep) ] (A.1) 

f ~ -  f~(e,/3, e~. e~). (A.2) 
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Equat ion (14) is then equivalent to the following set of coupled partial differential 
equations:  

Of 2 8f ,  8e 8fl - 2e=" % -  2 sine sinfl ~-- sin7 c°sy sin2 ~ [1 -- (e~- %)2], 

8f4 a f t  - 2 sinfl 1 -- V cot 7 • V-- sin7 cos 7 
8e O(%.ep) c°sfl ~ + 2 c ° s ~ s l n f l  s~n3y ' 

Of 3 8f2 1 --7 cot7 _ 2 sine c o s 3 7 -  siny cosy 
93 O(e~.e~)-  2 s i n e c o s e  sin27 sin3ol , 

Of 3 Of, Of 4 0U2 
= 0 ,  - -  = 0 ,  

0 ( f 4 -  f3) _ 2 sin z e sin 2 fi 1 - 7 cot7 _ _ f3 = 2 sin e sin fl s~n?' 
8(%. e~) sin2~ ' j~ 

. . . y - - s i n y c o s 7  0f5 - . 2 l - - y c ° t 2  Ofs = 2 sme  smp 
Oct , 8fl - 2 sin e sin2 ~ , 

Of 6 2 sin2fl 1--~ cot7 8f6 7--sin2 cos7 
O e -  sin27 ' 8 f l - - - 2 s i n e s i n f l  sin3 ? , 

Of 5 Of 6 = 2 s i n g e s i n  3 _ l - 7 c o t  2 
i s  + (%" e~) O(e~. e~  + 0(e~. e/~ cos// s~na~ , 

0fs i -- ~ coty 8f-  . 
cte~. %) 

8£ 
[ 1 - ( e ~ ' e ~ ) 2 ] a ( e . %  ) 

[1 - - (% 'ee )2 ]0 (~ /e~  ) 

0 ( e . e e  ) -- 2 s i n e c ° s e s i n 2 3  sin2g , 

1 -- 7 cot7 
2(%. %)fs  = 2e--  2 sine cose 

sinZ~ 

. ,~7-- sin7 cos7 
-- Z sin e cos p s~nS- ~ , 

2(e~- %)f6 = -- 23 + 2 sinfl cos 31 -- y cot7 
sin2 V 

which can be solved giving 

f l  = ( e -  7) • e~, 

7 - sin 7 cos 7 
+ 2 c o s e s i n 3  ~ , 

f z=  - ( p - v ) - e p ,  

sine sinfl 
f3 ---- --f4 = --7 

sin7 

f5 ~ (~ + [I-- 7)" ep 

f6 = _ 2  (~ t+ l I -7)"  % 
t - ( % .  e#)  2 " 

Inserting (A.4) into (A.1) gives after a straightforward calculation Eq. (15). 

(A.3) 

(A.4) 
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We shall prove now Eq. (17). The angle A is given by (cf. Fig. ld) 

t a n A =  - e~-(e~ x e,) (A.5) 
(e~ x ep).  (e~ x e~)" 

The other  angles B, F, ... follow from (A.5) by permutation. From (A.5) we derive 

g~A = [1 - (e~- ea) 2] - 1 [e~- ea ea. (% x ~%) + e~. (ep x O,ea)] 

- [ 1 - (e~. e,.) 2] - 1 [e~ .  e. e.. (e~ x a,e~) + e~. (e, x a ,e~) ] .  (A.6)  

By summing over  all terms on the r ight -hand side of  Eq. (17) we obta in  (16) 
expressed in terms of  the (non-symmetric)  expression (A.1). 
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