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Different final state configurations contributing to F HAD and F POINT'LIKE are discussed in a QCD improved parton 
model. The leading log part of the perturbatively calculable F POINT'-LIKE is found to be independent of A at all orders in 
a s. At experimentally relevant Q2 values non-leading log terms are important, QCD corrections to the naive QPM predic- 
tion are small and the sensitivity of F~ to A is weak. 

The photon structure function as measured in the process e+e - ~ e+e - hadrons [1-3] has been the focus of 
considerable attention, both theoretical and experimental, during the last decade. The presence of an "anomalous" 
component [4] due to the point-like coupling of quarks to the target photon has been confirmed by the first [5] 
and many subsequent [6] experimental measurements o f F  2. 

Much interest was generated by the first QCD calculation of the F2, F L structure functions by Witten [7]. 
Using the OPE (operator product expansion) technique the leading logarithmic (LL) part of the anomalous struc- 
ture function, summed to all orders in a s was predicted absolutely in the Bjorken limit Q2 ~ 0% x = const. Witten's 
result (valid for massless quarks) was confu-med using different calculational techniques by several authors [8-10] 
and generalised to sub-leading order (where terms ~ In In Q2 in the Bjorken limit are accounted for) by Bardeen 
and Buras [11] and Duke and Owens [12]. 

The aim of this note is a critical discussion of the applicability of these QCD calculations to experimental 
measurements in the Q2 range 5-100 (GeV/c) 2 , in particular the controversial question of the sensitivity of F 2 
to A, the QCD scale parameter [13-15]. Our conclusions will be discussed in relation to other recent theoretical 
work at the end. 

For clarity we consider first the light quark contribution in the naive parton model for F2, and how this is ex- 
pected, from general physical arguments, to be modified by QCD corrections. In the parton model the F 2 struc- 
ture function is given by integrating over the PT of an outgoing quark with respect to the target photon direction 
(fig. I a) or, equivalently over the four-momentum transfer _p2 of the virtual quark line. As has been pointed out 
by Peterson, Walsh and Zerwas [16] there is a direct relation between the PT of the quark and the "anomalous" 
and "hadronic" parts of the photon structure function. For small values of PT the Cl~ state coupling to the real 
photon has a long lifetime ~-k/(p 2 +m 2) where k is the target photon energy and mq the constituent quark mass. 
The coupling constant for gluon exchange between q and F: 1 is large (~%(p2T + m 2) favouring multiple gluon ex- 
changes that give bound state effects (production of virtual p, ¢o, ~) which cannot be described perturbatively in 
QCD. For large values of PT the qF t state has a short lifetime giving a point-like qF:13, coupling, gluon exchange ef- 
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o f  the  PT Integration: 
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Fig. 1. Feynman diagrams for (a) parton model contribution (b) leading O(c~s) correction, to the photon structure function. 

(p~.)2 dFHADdp2 + W2/4 dFPL d 2 

where pO defines a boundary (which must be determined phenomenologically from experimental data) between 
the hadronic (non-perturbative) and point-like (perturbative) regions. Data on inclusively producQd hadrons [I 7] 
or jets [18] indicate that pO ~ 1.5 GeV for ~'7 masses I¢ of ~-6 GeV in rough agreement with the naive expecta- 
tion pO ~ m?r; With a A value of 100-200 MeV/c this implies that as((p°) 2) is sufficiently small that QCD cor- 
rections to F~ L can be estimated perturbatively. For PT > pO scaling behaviour ~pT 4 is observed [17,18]. In 
general pO isa function of I¢ 2, the target photon (mass)2(-e -2) and the probe photon mass squared ( _Q2): 

pO =pO(W2,p2,Q2), 

pO is expected to be an increasing function of I¢ 2 (due to phase-space effects [ 19]), a decreasing function of p2 
- HAD 2 2 2 2 (due to suppression o f F  2 by the p form factor ~ 1(1 +P /rno) and a decreasing function of Q (due to the 

suppression of F~ tAD at any Finite x by logarithmic QCD scale breaking corrections). 
We now discuss successively the first-order QCD correction to F~ L and the all-orders LL Bjorken limit QCD 

predictions to both F~ IAD and F PL. A suitable starting point for a discussion of the first-order correction is the 
Altarelli-Parisi equation (APE) [10,20] for the quark density in a photon q(x, Q2) where 

F~L(x, Q2) = ~e2x[q(x, Q2) + 7/(x, Q2)], (2) 

x is the Bjorken variable Q2/2(k" q) (see fig. 1 for four-vector notation) and eq is the quark charge in units of 
the electron charge e. The asymptotic LL, APE to first order in a s is 

°is(Q2) ~ dy 
Q2 dq/da2 =(3ae2q/2~)[x2+ (1 -x)2] + ~  J 7 q(y' a2)Pqq(X/Y)" (3) 

X 

As we are interested in non-asymptotic Q2 values (3) is re-written in a fully differential form with exact kinema- 
tics. This implies the replacements 

1'2 

dQ2 /Q2-~ d lnp2 = dt2/t2 ' ~ s ( Q 2 ) ~ s ( t l 2 ) '  q(y' Q2)-+ (3~e2q/2r) Lv2 + (1-  y)2l fr~l 1 IN dtl /tl " 
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where (see fig. lb) 

t i = mq2-p2 ( i = 1 , 2 ) ,  y=po l / k ,  Q2 = _q2 ,  t l 2 = t l  i f t l > t 2 ,  tÂ 2 =t2 i f t 2 > t  1 . 

The scale o f a  s is given by the most virtual quark. Strictly the argument o f a  s should be _p2 [21]. We have veri- 
fied by explicit computation that our results are unchanged if t i is used instead. The fully differential form of (3), 
with exact kinematics, is 

dq = dq (0) + dq (1) , dq (0) = (3a/2rr)e 2 [x 2 + (1 - x) 2] dt2/ t2 ,  (4a,b) 

dq(1) = (a/rr 2) eq 2 [(x/z) 2 + (1 - x/z)  2 ] [(1 + z 2)/(1 - z)] + (dz/z) (d t 1/t 1 ) Ots(t 12) d t2/t 2 , (4c) 

where z =x/y .  (The [ ]+ operator is defined in ref. [20]. 
It is instructive to consider the dt 1 dt 2 integral in the first-order correction term q(l). As is well known [22] th 

LL correction comes only from the ordered (t 2 > t l )  part of the domain of integration. The lower limit on t l ,  t O 
is kinematically fixed by pO: 

to = t0(W2 ' Q z , p 2 , y ,  m 2, (POT)2) , 

For example if k2(1 _y )2  > p2, m 2, (pO)2: 

to =yp2+ [mq2 + (pO)21/(1 _ y ) .  

The LL term is then contained in the integral 
tMAX 

It = f "~2 %(t2) f - ~ l  25 
to ¢0 

where the four-flavour one4oop formula is used for %: 

as(t ) = ~ n/In (t /A2).  (6; 

It can be seen that the LL term in (5) (the first term in square brackets) is independent o f  A. As will be shown be 
low this feature is retained in the all-orders QCD calculation. In the Bjorken limit this term gives a In Q2 factor in 
q (y, Q2). However for experimentally relevant values of Q2 the contribution of the "non-leading" term in (5) is 
large. For t~12 AX = 20 (GeV/e) 2, t O = 1 (GeV/c)2; A = 100 MeV]e, the second term in the square brackets of(5)  i~ 
77% of the LL term, leading to strong cancellation. This is to be expected since I t -+ 0 as A-+ 0, and actually A 2 
,~ to, t MAX. For non-asymptotic Q2 values the LL term strongly overestimates the correction. 

A prediction for F~ L, including the first,order QCD correction due to the real gluon radiation graph in fig. la, 
is given by integrating dq over the full phase space of z, t l ,  t 2. The integration was performed numerically using 
the recursive gaussian algorithm RGAUSS. The result, with A = 100 MeV/e is compared to the PLUTO experi- 
mental measurement o f F  2 with (Q2) = 5.3 (GeV/e) 2 in fig. 2. Based on the experimental data reported in refs. 
[17-19] pO was taken, for the light quarks u, d, s as 1.5 GeV/e for W> 6 GeV and cx W for W< 6 GeV. For the 

0 0 charmed quark PT was set to zero. This first very rough estimate of PT can be refined when more precise experi- 
mental data is available. The numerically important nonqeading terms in F~ 0) are included: 

F~ 0) = (3a/Tr) e 4 {x [x2 + (1 - x) 2 ] 111 (/~2 AX/t0) + 8x 2(1 -- x) -- x},  (7 

.MAX/, = [m 2 + , where ,2 /"0 W2[ (1°O) 2 ] 
The contributions of u, d, s, c quarks with constituent masses 300,300,500,  1700 MeV/c 2 are summed. The 

prediction is almost independent of the light quark mass since the lower limits of the t integrals are determined 
by pO. The usual phenomenological approximation (with a coherent sum over ufi, dr, sg quark pairs) is taken for 
F~ AD [16] 
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Fig. 2. PLUTO measurer0ent of,Fo. (<Q2) = 5.3 (GeV/e) 2 ) 
compared to F~_ AD + F(2 °) + F~I) (sofid fine), F HAD + F~ °) 
(dashed line), F~ tAD + F~ °) with p-I- = 0, m u d --" 300 Me~r/c 2 , 
m s = 500 MeV/c 2 (dotted line) and F~ °) withp ° = 0 m u d = • 
300 MeV/c 2 , m s = 500 MeV/c 2 (dot-dashed line)'. ' ' 

F HAD = 0.2 a(1 - x ) .  (8) 

Also shown in fig. 2a (dashed curve) is F2 HAD + F~ 0) (no QCD correction). This gives only a marginally worse 
fit than F HAD + F~ 0) + F~ 1) . The sensitivity o f F  z t o A  is very weak. varying A in the interval 5 0 - 2 0 0  MeV/c, 
makes only a tiny change to F~.  More quantitatively, at Q2 = 45 GeV/c 2, where F~ 1) is proportionally much larger 
than for Q2 = 5.3 GeV/c 2 a ( _ 1 ~ ) %  change in A at A = 100 MeV/c gives only a -+ 5% change in F 2. In contrast a 
10% change in the value o f p  0 at the same Q2 value changes F 2 by 4%. Since p0  is only crudely determined from 
experimental data, any possible sensitivity o f F  2 to A is completely obscured by the "theoretical .uncertainty" in pO. 

In fig. 2 the PLUTO data is also compared with (dotted curve) F HAD + F~ °) where pO is set to zero for all 
quark flavours (i.e. for the light quarks, the lower limits of  the t integrals are f'Lxed by the constituent quark 
masses), and also with (dot-dashed curve) F~ 0) (again with p0  zero). The dotted curve lies well above the data for 
small x values. This is because the hadronic contribution is "double counted" when pO is set to zero in F~ O) . F~ 0) 
alone however lies well below the data for x < 0.2, indicating that an additional hadronic contribution is required 
at smallx values. As f'trst observed in ref. [5] at large x values F~ 0) is completely dominant. 

To discuss the all-orders LL QCD results we follow the derivation of  Llewellyn-Smith [8] in summing ladder 
graphs in an axial gauge. Considering first only the non-singlet contribution then graphs such as fig. I b but with N 
gluons emitted from the virtual quark line (fig. 3) must be summed. From (1) the hadronic part o f F  2 Comes 
from PT < pO, the point-like part from PT > pO. So summing ladder graphs, or equivalently, iterating the APE: 

tMAX 
3e2qCt 1 dy 1 dt  I _ 

1 dYl C qPL(Q2,x)= ~ f [y2 + ( 1 - y l ) 2 ]  -~--1 f "~-1 C)V, (9a ,b)  q~AD(Q2,x) = f qHAD(to,Yl)-f-~I N, 
Y2 Y2 to 

where 
.MAX 

b (i=[I2 fx  tMAX ) 'N?  d/N+ 1 N 1 dy___~ if dtipqq(Yi+l/Yi) b CN =Pqq(Y2/Yl)'~ A2 ~ , • ( 2 / )  y. Yi tMIN ti i n ( t ; 1 / A 2 )  MdlN tN+l b =6/25  
• t t N + l  

The suffix N indicates the term where N gluons are radiated. To extract the LL term in the Bjorken limit Q2 ~ o~ 
it is sufficient to evaluate the convolution integrals in the limited phase-space region [22] 

MAX = Q2 
tMIN = to ,  ti< ti+l , tN+l , Yi+l <yi, YN+I =x . 
Performing the t integrals and taking moments  to decouple the y convolution gives the LL contributions 
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Fig. 3. Non-singlet ladder graphs contributing to the LL terms in F~ IAD and F]~ L. 

qNHAD(Q 2, n) = qHAD(t0, n) {d~s In [in(Q2/A2)/In (to[A2)I)N/N! , 

here 

qPL(Q2, n) = a(n)ln(Q2/to) (d~s) N , 
(10a,b) 

a(x) = (3ae2q/2~r)[x 2 + (1 -x )21  , 
1 

f (n)  = f f ( x ) x  n - I  d x ,  
0 

and d~s  is the non.singlet anomalous dimension [20] : 

d~q S = bPqq(n) . 

Summing (lOa), (lOb) to infinity gives for the all-orders LL non-singlet quark densities 
d n n qHAD(Q2, n) = qHAD(t0, n) [In (Q2/A2)/ln(to/A2)] NS , qPL(Q2, n) = a(n) In (Q2/to)/(1 - d N s  ) . 

The logarithmic term in (1 lb) is the same as in (5) In (a2/to) = ln(tl~lNAX/to) and is independent of A. 
The generalisation of (11) to include the singlet and "next to leading order" terms is straightforward. The full 

result for the moments of the quark densities is 

1 - d  n d n q ( a 2 , n )  = ~. {qHAD(to,n)r-d7 + [aT/(1 - d ~ ) ]  [ln(a2/A2)] (1 - r  ) - (bn /d~ ) (1  - r-  i)} +C n ' (12) 
t 

where 

r = In (to/A2)/ln (Q2/A 2) = as(Q2)/%(to),  

and the sum i is over the components +, - ,  NS of the anomalous dimension matrix. The coefficients ~ ,  b n were 
first derived using the OPE in refs. [7,11,12]. Eq. (12) agrees with the formula of Uematsu and Walsh [23] when 
to = p2, except that a hadronic term (which is important at finite Q2 values) is included in (12). As the point-like 
contributions (the second and third terms in the curly brackets of (12)) are completely defined once t o is pheno- 
menologieaUy determined, a definite prediction for this contribution is possible. Eq. (12) has no singularities asso- 
ciated with the poles at 1 - d n - = 0, tin_ = 0 in the "asymptotic" LL and next-to-leading terms [24]. An ad hoe 
"regularisation" [14] of the associated divergences is therefore unnecessary. The importance of using the full 
solution (12) for finite Q2 values has been stressed by Gliick and Reya [13]. Knowledge of t o enables however an 
absolute prediction to be made for the point-like contribution to F 2. In ref. [13] only the evolution o f F  2 from a 
scale Q2 (where F 2 is assumed to be known) to Q2, is predicted. We confirm, however, the lack of sensitivity of 

( l l a , b )  
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F 2 to A pointed out in ref. [13]. 
It has become common practice to take the Bjorken limit Q2 -+ o o  ha eq. (12) and to compare the "'leading" 

term in this limit 

[a~//(1 - dn)] ln (Q2/A2) ,  

with finite Q2 data in an attempt to determine A 2 . Such comparisons are meaningless because: 
(i) At experimentally interesting Q2 values the non-leading terms are always important. 
(ii) Even if data with astronomically high Q2 values were available A could still not be determined since In A 2 is 

non-leading, and by defhaition negligible as compared to In Q2 in the Bjorken limit. 
In this context it is interesting to note that in the limit A 2 -+ 0 the second term in (12) reduces to 

a n In (Q2/to) , 

i.e. the Born term, as expected from consistency of  the perturbation expansion. If  only the Bjorken-limit term is 
retained, the corresponding A 2 ~ 0 limit diverges. In summary there is no sense in comparing asymptotic LL (or 
LL + subleading) terms with measurements o f F  2 at finite Q2. 

In fact the predictions in refs. [7 -12]  are exact asymptotic predictions in the limit where all mass scales are 
(logarithmically) negligible as compared to Q2. As already pointed out by Hill and Ross [25] this will not occur 
for any existing (or forseeable) experimental values of  Q2. 

It may also be remarked that our result is consistent with the findings of  ref. [25] that the QCD prediction is 
well defined at finite Q2 for heavy quarks where t O = m2/(1 - y )  >> A 2 . 

In summary we have made a study of  the F 2 photon structure function within the parton model and QCD, 
treating separately the t~mal state configurations contributing to the hadronic and point-like parts. The LL part of  
the point-like contribution is independent of  A. The non-leading terms are large compared to the LL term for Q2 
values o f  experimental interest and are only weakly sensitive to A. The sensitivity o f F  2 to A is also obscured by 
uncertainties related to the unavoidable phenomenological cut-offp0T . 

As the first-order QCD correction to the parton model prediction seems to be small, progress can perhaps be 
made by exact Feynman diagram calculations order-by-order ha as as is typically done for 13' e+e - annihilation 
into quarks and gluons. By restricting both the theoretical calculation and the experimental data to regions of  
phase space where perturbation theory is expected to be valid, meaningful tests o f  QCD should still be possible. 

We should like to thank Dr. M. Fontannaz for several enlightening discussions and Dr. G. Alexander for point- 
hag out the importance of  the Q2 dependence o f  our cut-offp O. 

References 

[ 1 ] S.J. Brodsky, T. Kinoshita and H. Terezawa, Phys. Rev. Lett. 27 (1971) 280. 
[2] T.F. Walsh, Phys. Lett. B 36 (1971) 121. 
[3] C.E. Carlson and W.K. Tung, Phys. Rev. D 4 (1971) 2873. 
[4] T.F. Walsh and P. Zerwas, Phys. Lett. B 44 (1973) 195. 
[5] Ch. Berger et al., Phys. Lett. B 107 (1981) 168. 
[6] W. Wagner, in: Proc. Vlth Intern. Workshop on Photon-photon collisions (Lake Tahoe, CA, 1984), ed. R. Lander (World 

Scientific, Singapore). 
[7] E. Witten, Nucl. Phys. B 120 (1977) 189. 
[8] C.H. Lewellyn-Smith, Phys. Lett. B 79 (1978) 83. 
[9] W.R. Frazer and J.F. Gunion, Phys. Rev. D 20 (1979) 147. 

[ 10J R.J. De Witt et al., Phys. Rev. D 19 (1979) 2046 ; D 20 (1979) 1751 (E). 
[ 11] W.A. Bardeen and AJ. Buras, Phys. Rev. D 20 (1979) 166. 
[12] D.W. Duke and J.F. Owens, Phys. Rev. D 22 (1980) 2280. 
[13] M. Gluck and E. Reya, Phys. Rev. D 28 (1983) 2749. 
[14] I. Antoniadis and G. Grunberg, Nucl. Phys. B 213 (1983) 445. 

367 



Volume 18 I, number 3,4 PHYSICS LETTERS B 4 December 1986 

[15] W.A. Bardeen and SJ.  Brodsky, in: Proc. Vlth Intern. Workshop on Photon-photon collisions (Lake Tahoe, CA, 1984), 
ed. R. Lander (World Scientific, Singapore). 

16] C. Peterson, T.F. Walsh and P.M. Zerwas, Nucl. Phys. B 229 (1983) 301. 
17] TASSO Collab., R. Brandelik et al., Phys. Lett. B 107 (1981) 290. 
18] PLUTO CoUab., Ch. Berger et al., Z. Phys. C 26 (1984) 191. 
19] A.B. Clegg and A. Donnachie, Z. Phys. C 13 (1982) 71. 
20] G. Altarelli and G. Parisi, Nucl. Phys. B 126 (1977) 298. 
21] H. Georgi and H.D. Politzer, Phys. Rev. D 14 (1976) 1829. 
22] L.M. Gribov, E.M. Levin and M.G. Ryskin, Phys. Rep. 100 (1983) 1. 
23] T. Uematsu and T.F. Walsh, Nucl. Phys. B 199 (1982) 93. 

[24] D.W. Duke, in: Proc. Vth Intern. Workshop on Photon-photon collisions (Aachen), Lecture Notes in Physics, Vol. 191, ed. 
Ch. Berger (Springer, Berlin, 1983). 

[25] C.T. Hill and G.G. Ross, Nucl. Phys. B 148 (1979) 373. 

368 


