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Abstract. The formulation of a generally covariant quantum field theory is
described. It demands the elimination of global features and a characterization
of the theory in terms of the allowed germs of families of states. A simple
application is the computation of counting rates of accelerated idealized
detectors. As a first orientation we discuss here the consequences of the
assumption that the states have a short distance scaling limit. The scaling limit at
a point gives a reduction of the theory to tangent space. It contains kinematical
information but not the full dynamical laws. The reduced theory will, under
rather general conditions, be invariant under translations and under a proper
subgroup of the linear transformations in tangent space. One interesting
possibility is that it is invariant under SLR(4). Then the macroscopic metric must
evolve as a cooperative effect in finite size regions. The other natural possibility is
that each family (coherent folium} of states defines a microscopic metric by the
scaling limit and the tangent space theory reduces to a theory of free massless
fields in a Minkowski space. Irrespective of the assumption of a scaling limit we
show that the theory can be constructed from strictly local information.

I. The Physical Picture

Quantum Field Theory may be regarded as a synthesis of special relativity
(incorporating the restricted principle of locality) and quantum theory. In classical
physics the principle of locality, originating in the development of electro-dynamics
by Faraday and Mazxwell, was sharpened in special relativity theory by the
statement that “no causal influence can propagate faster than light” and was
ultimately implemented in the general theory of relativity in its most stringent form:
The laws of nature regulate only the behavior of physical quantities in the infinitesimal
neighborhood of each point.

In special relativity there is still one last remnant of global laws, namely the rigid
metric structure of space-time. This is removed in the general relativity theory in the
following way:

(i) The basic physical quantities relate to the tangent spaces at the points of the 4-
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dimensional space-time continuum M, i.e. they are vector fields, tensor fields etc.
Among them is the tensor field g, governing the metric.

(i) The laws are differential equations for these quantities (field equationy.

(iii) The field equations are required to be intrinsic, ie. independent of the
coordinate system used to describe M. This last requirement, also called
“general covariance” is extremely restrictive once the types of all fields with
which one has to deal are specified.

It is by no means clear that Quantum Theory should (or even can) follow the
development of classical theory towards an elimination of global features from the
formulation of basic laws. In the last decade quantum field theory has relied
increasingly on the use of the Feynman path integral to compute a distinguished
global state. In addition there is justified doubt that the notion of a space-time
continuum (or in fact any continuum) makes physical sense in the small.
Nevertheless it seems important to us to clarify whether it is possible to incorporate
the unrestricted principle of locality and general covariance into quantum theory. It
is the purpose of the present paper to study how this can be achieved.

Let us, first, consider general covariance and ask whether it can be interpreted in
an active sense as invariance of the laws under a very large symmetry group, the
group of local diffeomorphisms of the manifold. Throughout the paper we shall only
be concerned with local properties. Suppose we have a chart mapping some (open,
contractible) region of ./ into 0, < R*, the coordinates being denoted by x = {x*},
u=0,1,2,3. Consider a smooth, invertible transformation

X = X'(x) (1)

such that there is a closed subregion /" < @0, which is transformed into itself as a set
and so that (1) is the identity transformation outside of K:

for xed x'eA andfor xe@,\HA x =x

We may interpret this transformation either as a transition to another chart so that x
and x’ represent the same point of .# in two different coordinate systems (“passive
interpretation”) or as a shifting of the points of the manifold so that x’ describes the
image point in the same chart. In this second, “active” interpretation (1) describes a
local diffeomorphism of .#. Clearly, if in the classical theory we have a field
configuration allowed by the laws, the action of a diffeomorphism on it is well
defined (because the diffeomorphism of .# defines also maps of the tangent spaces)
and there resuits a different field configuration on the manifold which again satisfies
the laws. If, metaphysically, we imagine that the points of the manifold have a reality
in their own right, then the transformed field configuration is a different physical
situation from the original one. This, however, would mean that we have no
deterministic prediction of the future from the past because a local diffeomorphism
changes the fields in the region where it acts nontrivially while leaving them
unchanged in the past where it acts trivially. To understand the significance of this
let us consider the case of generally covariant electrodynamics. We have then only
the electromagnetic field F,, and the metric field g,, satisfying together the
Maxwell-Einstein equations. Suppose these ficlds are known prior to some space-
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like surface X then, indeed, without conditions for the coordinatization of future
points one has no Cauchy problem. As is well known, the Einstein equations give
four constraints for the metric field and its normal derivative on the surface ' and
only 6 “dynamical” equations for the 10 quantities g,,,. If the observer establishes the
labelling of future points of M (coordinatization) by means of conventions using
only F,, and g,,, then the mentioned diffcomorphism will have no effect on his
observations. The “change of the physical situation” is exactly compensated by his
change of the labelling of the points. The field equations together with such
coordinate conditions provide a deterministic scheme. The active interpretation of
general covariance demands therefore that we imagine the possibility of decoupling
the labelling of (future) points of the manifold from the prevailing configurations of
fields which obey a closed system of intrinsic field equations. It need not concern us
here whether such an imagination fits into the ideal of a complete, classical field
theory of the world!. On the one hand there are circumstances in which such a
decoupling is approximately realizable, And there is quantum physics which, in its
present formulation, starts from a cut between the macroscopic world and the
quantum phenomena.

In orthodox quantum theory we have a division of the world into a macroscopic,
naively described part associated with “the observer” and the microscopic regime
behind it. The need for such a division is stressed in Bohr’s words that we have to be
able “to tell our friends what we have done and what we have learned?.” Space-time,
as attached to the observer establishing a reference frame by means of “rigid” bodies,
clocks, signals is a concept of the macroscopic world serving as a vessel in which the
phenomena are placed. It is inherent in this picture that this macroscopic space-time
continuum and its coordinatization by the observer is prior to the quantum events
studied and unaffected by them. Since our direct means of determining the
placement of a phenomenon in this frame is limited to the rather poor accuracy of,
say, 1077 cm, the structural assumptions and detailed formalism of the theory must
be judged indirectly by their ability to account correctly for the observed
phenomena. Among these assumptions is the mathematical representation of
physical quantities as elements of a noncommutative algebra and, in quantum field
theory, the generating of this algebra from quantities associated with arbitrarily
small space-time regions. The spectacular quantitative success of this formalism in
Quantum Electrodynamics and its qualitative success in elementary particle
physics, using significantly subdivisions of space-time down to extensions of
10716 cm suggests that it is worthwhile to pursue this approach till its limits become
{clearly) apparent.

1 The realistic interpretation of the space-time points underlines their role as the carrier of physical
action as envisaged by Faraday. For that reason Einstein sometimes advocated the reintroduction of the
term “ether” e.g. in [ 1]. On the other hand it contrasts with the point of view, probably first advocated by
Leibniz and shared by many to-day, that space-time is just an ordering device for physical events without
independent significance

2 This description must be unambiguous and objective (“intersubjective”) and this is probably the reason
why it may still use concepts and laws of classical physics to shorten the explanation. The distinction
between macroscopic and microscopic is necessary but not sufficient in the division as exemplified by the
existence of macroscopic quantum phenomena
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The general frame indicated is then: We consider a (classical) 4-dimensional
manifold .# and associate to each open region @ c .# an involutive algebra A(0)°.
The selfadjoint elements of () are usually interpreted as the “observables” which
can be measured in @. This becomes somewhat painful if we think of regions of
10~ ' cm diameter, since it suggests a rather incredible employment of hardware
which does not correspond to actual laboratory practice. A better picture is perhaps
to maintain that certain positive elements in 2[(¢) represent elementary events
whose intrinsic extension and placement in .# is described by @. Although in .#, as
the macroscopic space-time of an observer, there is a classical, pseudo-Riemannian
metric available we should not use this metric to formulate the microscopic laws. It
has to be taken into account as a comsistency condition matching prevailing
quantum states with the classical description of space-time by the observer. In order
to accommodate general covariance and unrestricted locality, the algebra  has to
be flexible, free of relations between quantities associated with disjoint space-time
regions. In this respect we must depart from the usual scheme of Quantum Field
Theory in Minkowski space, where we have a natural correspondence between the
causal independence of two distant regions and the commutativity of observables in
these regions. H. Ekstein had advocated for many years that one should distinguish
between “observables” and “observation procedures,” the former being equivalence
classes of the latter, and he pointed out that this distinction becomes crucial in the
generally covariant extension of quantum field theory [2, 3]. We are ready to follow
his advice now.

In the notion of “equivalence classes of procedures,” ie., relations between
algebraic quantities of different regions, the concept of “state” enters. A state w,
intuitively understood as summarizing previous history-—or our knowledge of it as
far as it is relevant—defines a probability for subsequent events. It is mathematically
described by a positive linear form (expectation functional) on U. Given a state w we
obtain in a canonical manner a representation x,, of 2 by an operator algebra in a
Hilbert space 9,, (Gelfand—Naimark—Segal construction), we get a full folium & , of
related states, namely those represented by vectors and density matrices of $,,;
furthermore we (may) get relations in the algebra. Two algebraic elements 4,, 4, are
equivalent with respect to this folium of states if ' (B*B) =0 for all w’e &, (putting
A; — A, = B). The set of such relations defines a 2-sided ideal J(¢) in every
subalgebra A(O); it is the kernel of the representation =, i.e. the set of elements in
A(¥) which are represented by the zero operator in $,. For mathematical
convenience we may pass from the operator algebras =,(2(0)) to the associated von
Neumann algebras R (0) in the Hilbert space $,,.*

3 Analgebra over the complex numbers with an involution (adjoint operation, *-operation) denoted by
A— A*. At this stage we leave open the topology put on those algebras. They may be thought of as C*-
algebras or as equipped with a set of seminorms. The correspondence @ — () will be called the net of
local algebras. Of course W(O,) = (O,)if O, < O, and all algebras shall have a common unit element. We
shall sometimes write 2 for the algebra of the largest region under consideration

4 Typically there is no norm on 2 satisfying the condition |AB| < ||A|||B], and therefore the
representors 7,,(A4) may be unbounded operators. Therefore the transition from =, () to R, needs some
explanation. There is, however, a canonical procedure which is described in the appendix. For an abstract
construction of Banach algebras associated with the Borchers algebra, see [13]
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The first step in the formulation of a specific theory is a description of the net of
algebras A(0). The second is the characterization of all possible states, ie. all
physically allowed positive linear forms on . The division between these two tasks
is to some degree movable. The less structure one incorporates in the specification of
A the more restrictive information must be put into the second. In the present paper
we take the simplest possible choice for 9, the free tensor algebra of smooth scalar
functions on .#. We shall sometimes refer to it as the Borchers algebra [4] of a scalar
field, although in contradistinction to [4] it is not equipped with relations expressing
local commutativity. It will be described explicitly at the beginning of Sect. IT°. A
local diffeomorphism of .4 induces an automorphism of 2. That this action is not
merely an empty definition but carries physical content is illustrated in Sect. IL. It
allows us to compare the counting rates of idealized detectors in different
(accelerated) motions.

Concerning the specification of the set of physically admissible states, we make
here several tentative assumptions of a general nature. The first is that there are
states which are “everywhere primary.” These are such that the von Neumann
algebras R _(0) have only trivial center for each sufficiently small, contractible region
O (they are “factors”)®. All other admissible states shall be built up by convex
combinations {possibly continuous mixing) from such primary states. We can then
restrict attention to these primary states and folia. We denote the set of admissible
states in this (primary) class over an algebra (O) by F(0), the set of such folia by
F(0). Since (O} = W(O,) for O, =0, and since the states considered are assumed
to be primary over all regions, we have natural restriction maps SF(0,)—F(0,),
F(0,)— F(0,). Mathematically, & and & are presheafs. This allows us to define a
“germ” in & or & at a point Pe.# as an equivalence class consisting of all states
respectively folia such that there exists some open neighborhood of P on which their
restrictions coincide. We assume further that there remain no quantum observables
atapoint: N %,,(0) = {11}, where the intersection is taken over all neighborhoods of
a point Pe.#. This implies that two states in the same folium become indistingui-
shable in infinitesimally small regions; more precisely, the norm distance of their
restriction to algebras A(0,) goes to zero as ¢, shrinks to a point. This generalizes
the principle of “local definiteness” stated in [5]. There the metric structure was
assumed to the given, and as a consequence a unique germ was assumed. Now we
have to deal with a stalk of allowed germs.

As a first orientation towards a description of these germs we use in Sect. Il a
scaling assumption proposed in [5] which reduces the theory to one in the tangent

5 The generalization to fields of vector, tensor-character is obvious. Spinor fields and gauge connections
require a more subtle starting point. The essential structure used is that if @ = | | &, (open covering), then

A(O) shall be the free algebra generated from the (0;), for which we use the sy;nbol A(Y) = V A(0)). By

“free” we mean that no new relations are introduced, a typical element of WO ,)V W0,) is a sum of
products of factors from (@,) and W(P,), where products composed of the same factors appearing in
different order are considered as different elements (apart from the identification of elements in the
intersection region ¢, @, and relations within the algebras W(0O,), AD,))

6 This is suggested by our knowledge of customary theories in Minkowski space, but there may be
reasons for abandoning it ultimately
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space at a point, and yields for each primary folium & and each point P one
distinguished state wj for the tangent space theory. The set {wy } forms a fiber
bundle over .#. The primary folia give sections in this bundle. The scaling limit
carries, of course, much less information than the above mentioned germs. The
reduced state wj is dilation covariant by construction, translation invariant by
reasonable continuity assumptions. Due to general covariance the action of the full
linear group in tangent space is defined on the fibers. If the w} were not invariant
under some subgroup of GLR(4) each primary folium would define a flat affine
connectionin .#. To allow curvature there must be invariance under some subgroup
of GLR(4). The maximal possible invariance group is SLR(4). This may be an
interesting possibility. If the scaling below the Planck length has physical meaning,
the symmetry should be increased beyond Lorentz invariance. The macroscopic
metric would then arise, analogous to the phase formation in statistical mechanics,
as a symmetry breaking effect by cooperative action. The other natural possibility,
suitable if one neglects the gravitational constant, is that the invariance group is
isomorphic to the Lorentz group. Then a (primary) folium defines by the scaling
limit a microscopic metric in the tangent space. In this case the most natural
possibility is that the tangent space theory reduces to a free, massless quantum field
theory in a Minkowski space and thereby defines the kinematical structure of the
theory. The step from tangent space to infinitesimal neighborhoods (germs) will
carry the dynamical information corresponding in the standard treatment to the
field equations and the local part of commutation relations. There remains the
problem of constructing the folia of extended regions from the germs. We shall
address ourselves to this problem in Sect. IV.

11. Idealized Detectors in Different Motion

As mentioned above we take in this paper the simplest possible choice for 2,
the free tensor algebra of scalar test functions on the manifold. The elements of
W(0O) are formal linear combinations of monomials /™ of different degrees n where
f®=f"Pp,,...,P,)is a complex valued smooth function on A" = M x M X --- M
with support in ¢ in every argument’. The algebraic product of /™ with g™ is just the
tensor product

f{n}_g(m) =h{n+m); h(n-!-m){Pl’“"Pn'!-m):f(n)(Pl:"'apn)g(m)(Pn+19"'an-{-m)' (21)

The involution is the complex conjugation together with the inversion of the
sequence of arguments. A diffeomorphism sending the point P to xP acts as the
automorphism «, on A

(@ SV (Py, .., Py =[O Py, TP 22

A state @ on (0) is given by a hierarchy of distributions 0™eZ'(0 x --- x 0).
w™(f™) is the expectation value of the monomial element /™ in the state .

7 A more familiar notation where the “quantum field ¢ is regarded as an “operator valued distribution”
would be to write for the degree 1 elements ¢(f") instead of £V
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The use of (2.2) to compute the effects of acceleration on detectors depends on
our ability to assign an element in ¥ to a specified observation procedure. This can
be done without essential ambiguity only under every idealized circumstances, i.c.
when a purely geometric description of the procedure in space-time suffices. The
simplest idealization is to neglect the spatial extension and internal structure and
consider the detector as a world line of which a certain segment in temporal
extension is activated. This activation may be described by a structure function of
the proper time on the world line (with respect to the macroscopic metric pertaining
in some chosen primary folium of states). The choice of the world line and of this
function are the only data which enter into the description of the detector. Suppose
we choose an algebraic element A according to these specifications. Then if y is a
diffeomorphism which deforms the world line leaving the proper time parametriz-
ation unchanged, a,4 will describe “the same detector” in different motion.

Let us assume now that among the admissible folia there is one containing the
vacuum state w, of a quantum field theory in flat space so that in the corresponding
representation space $, the Poincaré group is implemented by unitary operators
U(a, A) and the o are the Wightman distributions (vacuum expectation values) of
a Minkowski space theory. We have a Hamiltonian H and linear momentum
operators P generating the translations in this folium,

Ula) = elHa°~Pa) g = (g%, a).

In the remainder of this section we shall be concerned only with this folium and will
use Minkowski coordinates x to denote points of .#.

To represent a detector at rest at the origin we choose the simplest positive
element in the algebra which answers to these specifications. In the notation of” we
take

C=¢(f)*o(f) (2.3)
with
)=V, x=(t,x). (24)
If we want to select quanta of encrgy E we may choose the structure function
o(t) = eFte 017, (2.5)

Assume, for simplicity, that the theory describes only one type of particle (mass m).
Denoting C of (2.3) with (2.4), (2.5) inserted by C(E, 1), we may interpret

dP(E) = const(E* —m?) "2 lim 1 *o(C(E, 1))dEA 2.6)
as the probability in the state w for a particle of energy in the interval [ E, E + dE] to
hit the detector in the time interval At. The constant depends on the normalization
of the field.

We sketch briefly the justification for the interpretation {2.6). If the particle
density in the state w is low and correlations between particles meeting the world line
of the detector at different times may be neglected, then only the matrix elements of
¢(f) between single particle states and the vacuum are relevant and interaction
between particles plays no réle. The matrix element of ¢{f) between a single particle
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state with momentum p and the vacuum is (we omit constant factors)

g

f \/—f(X)d"'x —% e~ GBI = Ay(p) £ = (p? + mP)H2,

where i is a normalized single particle wave function, ie. [[y|?d*p=1, and
A% = t(E? — m*)"* for large ©. ¢ describes a particle with zero angular momentum
with an equally large inward and outward directed radial probability current. Its
probability of crossing the origin in the future is 3. Thus 4~ ?w(C(E, 7)) gives the
expected number of particles in the energy range E + 7~ ! crossing the detector in the
time 27. This is easily converted into (2.6).

The diffeomorphism x’ = yx,

t' =(a+xMsinh(t/a), x =(a+ xV)cosh(t/a),

X = x5 = 5, (2.7
sends the world line of the detector at rest at x = 0 to the linearly accelerated orbit
X = (@ 4 212 X =X =0 (2.8)

such that the proper-time differences for the image points and for the original points
are the same. Let us compute the response of the accelerated detector C’ in the
vacuum state w. We have

C(E,7)=a,CE)=d(f*o(f) [ =fr "
0o(C'(E, 7)) = o (F' ®f) = [ du(p)e ™~ (x}) /' (x)d* X,

5x2
Hox,!

6x1

= [dup)§d*x, [ d*xye™ 702D flx) ) flx e

Inserting phe definitions (2.4), (2.5) for f and (2.7) for y, this reduces to

j‘du(p)j‘dtldtze—ili(n —tq) —iap©)(sinhty/a ~ sinhtz/a) +ip(l)a(cosht!/a—coshtz/a)_e(tf+t§)/12

Using the Lorentz invariance of du{p) we get

wo(C'(E)) = lim 1™ *wo(C'(E, 7)) = [ dp(x*) F(E, k?), 29

T

where dp(x?) is the Lehmann-Kallen weight of »$ and
o0 o0
F(E,k?)=4na | de(e* — k?)'/2 | di' ™ P2aE Hosinht), (2.10)
x — 0
Since ¢ is always positive we can change the contour of the ¢'-integration in the
complex plane within the strip Im sinh z < 0 or, putting z = ¢ — i (¢, e real), within
0 £ ¢ £ 7. For the evaluation a = n/2 is most convenient, giving

F(E, KZ) — 4nae—7mE j‘ d8(82 - K2)1/2 j‘ dte—iZaEt,e—laacosht. (211)

For x =0 the ¢-integration can be performed first, and the result evaluated by the
residue theorem. One obtains
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F(E,0)=4n?E(e*™E —1)7 1. (2.12)
For k #0 the substitution ¢ = xcoshu and use of the relation
K,(z)=3%[dre" "=, Rez >0,
K, denoting the modified Bessel function of the third kind of order v [6], leads to
F(E, k%) =2nax?e” ™ (| K, - jp,ax)|* — | K i (ax)|?). (2.13)

One sees that the contribution for k = 0 is the Planck distribution for the Hawking-
Unruh temperature kT = (2na) %, while the contribution for k50 is not precisely
the corresponding Bose distribution for massive particles in flat space. If, as assumed
in (2.6),

dp(?) = 8(x> — m?) + dp’ (x?),

where dp’ has support starting from « = 2m, then for m # 0 the main contribution to
the counting rate comes from x = m.

Our purpose in this section was to illustrate in a simple example how the general
covariance can be used to compare the response of idealized detectors in different
motion. The method can be applied to the more interesting case of circular motion in
a synchrotrone [7]. We hope to return elsewhere to a more detailed discussion of
such problems. One remark concerning the above mentioned temperature should be
added. If one shifts the integration path in (2.10) to a =7, then one obtains the
relation

F(E, %) = e~ 2™EF( — E, x2), (2.14)

which is the KMS-relation and follows directly from the theorems of Bisognano—
Wichmann [8] (see Sect. ITI of [5] and the literature quoted there). It does, however,
not help directly for the computation of counting rates since the commutator
[(f)*, ¢(f)] changes under the diffeomorphism.

III. The Scaling Limit

The contents of this section generalize and clarify Sect. I of [5]. The main difference
in the point of view is that now ./ is not equipped with a given metric field; rather we
ultimately want that a primary folium determines a metric field (at least macroscopi-
cally). The laws must therefore admit different such folia and a set of germs at a point.
Hence the “principle of local definiteness” stressed in [5] must be softened. We can,
however, still explore the consequences of the assumption that the theory has a
scaling limit in the sense of [5].

Consider a vector field X which vanishes at a point Pe.# and is to first order
“radial” there, i.e. in a coordinate system (chart ¢ with X = @(P)) it is of the form

X*(x) = x* — %* + O(x — X)°. 3.1

Note that this is an intrinsic property of X since the Kronecker % is invariant. The
form of X*(x) will differ in different charts only in the quadratic and higher terms in
(x —X).
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The orbits

dx*(4)
da

= A XH(x () (3.2)

will contract an open neighborhood @ of P to this point as 4 — 0. The solutions of
(3.2) with the initial condition x(1) = x define for A £ 1 a 1-parameter semigroup of
local diffeomorphism 8% (in multiplicative notation) generated by the vector field,

P—6FP corresponding to  x(1)— x(4). (3.3)

Let #* P be the tangent vector of the curve 6¥ P at A =0. y*:P—n*Pis then a
diffeomorphism from a neighborhood @ of P into the tangent space 7 . This may be
seen by substituting x*(A) = 1y*(1) in (3.2). The mapping y(1) - y(0) describes #* in
terms of the chart ¢. One has

W 6XP = in*P. (3.4)

We shall suppress the index X in 6, and # when not essential for distinction. The
action of 4, on the algebra (0) (see (2.2)) will be denoted by «;. Similarly # defines
an isomorphism g from (@), the tensor algebra of test functions in 7, with support
in & =0, to A(0O) by

BF") Py, Py =F(Py,...,nP,) (3.5

and, according to (3.4), (2.2) isomorphisms from 9(®) to A1)
=P 1o, (3.6)
@, 7N zy,. .z =P (A7 2q,..., A7 2,); 2,€T 5. (3.7

We shall say that a state w has a scaling limit at Pe.# with respect to the
contracting vector field X if there exists a scaling function N{1} (monotone,
nonnegative for ie(0, o0]) such that for all neN and f™e2(0") the limit of
N(A'0™(a, f™) for -0 exists and is nonvanishing for some n, f™3. Since f is a
linear positive map we may regard the limit as a state on U:

@ (™) = lim N(3)' o™ (o, ™) = lim N(AY'w™(Be, J®). (3.8)
A0 A=0

Note that in the last form w; is defined over the tensor algebra 9 of all functions in
9(T p) since the support of &, f will move inside @ for sufficiently small A whenever 7
has compact support.

3.1 Theorem. If w has a scaling limit at P with respect to the contracting vector field
X, then it has a scaling limit with the same scaling function N(A) for every contracting
vector field (in the class (3.1)) and the limit state on the “tangent space algebra” % is
independent of the choice of X.

Proof. Suppose o has a scaling limit w, with respect to the vector field X, and

8 A*N(4)—0 for A—0 if the distributions w™ are more singular than the Lebesgue measure
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scaling function N(4). Let X, be another contracting vector field. Set
w,(f™; ) = N(A)"w(")(ﬁi@f(")); Bi=p% i=12
Note that &, = B a4’ B; does not depend on X, due to (3.7). From (3.6) we get
@ (5 2) = 01 (F ™o 15 2)
with
Yi@=1""Ylz; z=(z,...,2,)
Y@ =n"*(")" ().
From condition (3.1) we have
Y(@y=z+ x(z), where x(iz)=0(?).

w,(4) is by assumption a pointwise converging sequence of distributions, and
therefore uniformly bounded. To prove that w,(4) converges and has the same limit as
@, (4), if suffices therefore to show that for all f™eP(T7}) f™ <y, converges in the
topology of 2(J}) to f™, ie. there is a compact set ¢ with supp f®oyr, = A" for
sufficiently small 4, and f ™oy, converges together with all derivatives uniformly on
A to f®.

The support of f®oy, is ¢, *(suppf™). Since

A
Yl @=A""Y A=z + igdi’(l//“l)"(l'Z)(z, z),

we see that for all 1 < Ay, A, sufficiently small, the support of f ™, is contained in a
compact neighborhood # of supp f®.

To prove the convergence of the derivatives of f® <y, one uses the fact that all
derivatives of a composed function gog, ¢ = (¢?,..., ™), g, ¢’ being smooth func-
tions, are finite sums of terms of the form

(0%go@)ofigit ... oPxgi

with multi-indices «, f,,...,8,, with j;,...,jxe{l,...,m} and keN. Therefore it is
sufficient to prove that &%y, converges uniformly on # for all multi-indices 8 to
0% id, where id is the identity mapping.

From the definition of y,,

4n
ey =A""1PY (), |Bl= Y B

=1

Thus for || =2, 0%y, — 0, uniformly on 2#". For the first derivative we obtain

V(@) =y (Az)— 1 for A0 (uniformly on ')
and finally
1
Y,z —(2)= g dt(y;(tz2) — 1)z -0

(again uniformly on 2¢"). This finishes the proof.
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3.2 Theorem. Suppose the state w belongs to a primary folium F and has scaling limit
wp. Then, for a dense set of states in F the scaling limit exists with the same scaling
Junction N(7), and all the limit states coincide with wp.

The proof, demanding a discussion of the relation between =,(2) and R, is
deferred to the appendix.

There are a few general properties of scaling limits of distributions.

3.3 Lemma. Let Te2'(R") and assume that

113(\) N)T(f)=S8(f) (3.9

exists for all fe 2(R") and is nonvanishing for some f, where f;(x) = flA~ ' x) and N(1) is
a monotone positive function. Then S is a tempered distribution and for some oeR

b) S(f)=A7"S(f). (3.11)
Proof. § is a distribution due to the sequential completeness of Z'. Now
N(4y)

S(fi)= lim N(ix)T(fx,A) = lim N(4, A)T(lea)-
410

1o NG A)
Since lim N(4; ) T(f),;) = S(f) exists and does not vanish for some f, we have for
A0
allf

. N(4y)
= ;o n(A)=1 .
S() =nS(y n(h)= lim emty
n{A} is continuous because f; depends continuously on 4 in the sense of the topology
of 2. It satisfies

n(d1 4;) = n(A)n(4,).

Thus n(/) is a power and we have (3.10), (3.11),1.e. S is a homogeneous distribution of
degree o, where a is given by (3.10). A homogeneous distribution is always tempered.

We shall now make some assumptions concerning the dependence of the scaling
procedure on the contraction point P.

3.4 Assumption. An admissible primary folium contains states in which the
convergence of (3.8) is uniform for P ranging through some neighborhood A"

To explain the precise meaning let us use a chart (coordinates x), identify the
tangent spaces at points in the mentioned neighborhood with R*, e.g. by using
frames in the tangent space corresponding to the coordinate axes, and let us choose
the family of contracting vector fields

XH(x) = x* — & (3.12)

for % ranging through 4. Then, defining f; accordingly {see (3.1) through (3.5)), the
assumption means that for fixed /™e2(R*") there shall be a bound R,(4) with
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lim R (/) = 0 such that

i-0

INGAY o™ (B,8,7®) — 0 (f®) < R (1) for all %eA. (3.13)

The proof of Theorem 3.1 shows that this property does not depend on the choice of
the chart. We have then

3.5 Theorem. Under Assumption 3.4 the limit states are covariant under dilations and
invariant under translations. Specifically, defining

(T.™zyy...,2) =Pz, —a,...,2,— a), (3.19)

one has
DG, ] P) = A" 0p(F), (3.15)
DT f ) = dp(f™). (3.16)

Proof. The dilation covariance follows trivially from Lemma 3.3. Concerning the
translation invariance let us choose a chart ¢ (¢p(P) = x), identify the tangent spaces
with R* by means of d ¢ and use the family (3.12) of contracting vector fields. Then

B, f Py, %) =FPA Y (xy — %),..., A7 (x, — X)), (3.17)
and consequently
Bebu Tuf = Brssa9af . (3.18)
Put
N By, w62 f™) = F(t, 1), (3.19)

For fixed A, F is a continuous function of ¢. Choosing an arbitrary ¢ > 0, we can find
by Assumption 3.4 a value 4, such that |F(t,1) — F(t,0)| < ¢/d4 for A< 1, and all t in
some fixed interval |¢] < t,. Due to the continuity in ¢ we can find a t; < t, such that

|F(t, ) — F(0,4,)] <§ for |t|<t,. (3.20)

Then
|F(t,4)— F(0,0)| S |F(t, ) — F(t,0)| + F(t,0) — F(t, A,)]
+F(t,A,)— F(0,A)| +|F(0,4,) — F(0,0}]. (3.21)
Therefore, for [t| <t,,4 <14,
[F(t,2)— F(0,0) <e. (3.22)

By (3.19) the left-hand side of (3.16) is hm F(A, A). Therefore (3.21) gives the
translation invariance (3.16) and also the contmulty hm (d)x +m(f) ) =

The discussion so far has lead to the picture that each admlssﬂ)le primary folium
F determines a section in a fibre bundle & over 4. The fibre over Pe.# is the set of
all w7 arising from the different admissible folia by the scaling limit (3.8) at the point
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P. Alocal diffeomorphism y of .# induces an action o on the states (the dual action
to (2.2)} and, since the images of all states in one primary folium lie again in one
primary folium, it induces an action on the set % of primary folia which we shall also
denote by a¥. The change of the section &” due to the local diffeomorphism  is
geometrically given:

ap() = a7 ("), (3.23)

where #' = o} F; P' = yP; L= L(P, x) = (dy)p is the differential of y, mapping the
tangent space at P on that at yP and

fizy,....z)=f(Lz,,...,Lz,). (3.24)

For the subgroup of diffeomorphisms leaving the point P fixed L is a linear
transformation of the tangent space at P and (3.23), (3.24) define a corresponding
action on the fiber &p. Once we have chosen a frame in the tangent space it
determines an action of the group GLR(4) on the fiber.

We shall assume that the fiber consists of a single orbit of this group action. This
is the minimal set of states &, demanded by general covariance, and there is at this
stage no reason to consider a larger set. The fibers over different base points must be
isomorphic due to (3.23). Therefore, for all points P and all primary folia & the &}
result from a single reference state &, over the tensor algebra of test functions in R*
by a choice of a frame in the tangent space at P which depends on #. If &, were not
invariant under some subgroup of GLR(4) then each primary folium would define a
section in the frame bundle, i.e. it would determine a flat affine connection in .#, a
teleparallelism. In order to allow curvature &, must be invariant under some
subgroup of GLR(4).

The next question is what this stability subgroup should be. It cannot be the full
GLR(4) because there is no translationally invariant 2-point distribution &® which
is also invariant under GLR(4). A maximal possible stability group is SLR(4) with
either

d)(z)(f) = Cff(znzz)d‘t% d*z, (3.25)
or

() =c|f(z,2)d*z. (3.26)

The first case corresponds to o = — 4, the second to & = — 2in (3.15),(3.10). In both
cases each primary folium defines a volume element but not a microscopic metric in
the scaling limit. This high symmetry may be an interesting possibility if the
philosophy described at the end of Sect. I is adopted.

Another interesting possibility is that the stability subgroup is isomorphic to the
Lorentz group. This case corresponds to an essentially classical treatment of
gravitation. It is natural then to demand that the tangent space theory at P should
satisfy beyond Poincaré invariance also the other standard principles of quantum
field theory in the Minkowski space with the metric g defined by & at P, i.e. space-
like commutation and “positive energy.” The scaling power is then restricted to
values o = — 3. In the case o > — 3 the scaling limit of the 2-point distribution is

w(z)(zl,zz) = jdkz(’cz)“zA +(Zl — 22, Kz)s (3.27)
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where A * (z, x?) is the positive frequency solution of the Klein—~Gordon equation
(with respect to the metric g%) with mass x; in the case « = — 3 one obtains

0®zy,2,) = A" (2, — 2,,0)= D" (2, — 2,). (3.28)

In the latter case the higher truncated functions vanish (see [5]), thus the tangent
space theory is the theory of a free massless scalar field.

IV. Reconstruction of the Theory from its Germs

We address ourselves now to the central question, the compatibility of the strict
principle of locality with quantum physics. Is the local information about the laws,
as it is contained in the specification of germs, sufficient to determine the laws at
large? This is evident in classifical field theory where the only laws are differential
equations. In quantum theory we have in addition the commutation relations, and it
is not evident how they can propagate.

The basic problem is: Given an open covering ¢ = u 0, and given for each ¢); a
folium #,(0)), i.e. the equivalence class® of a representation m; of 2(0,),

1) can there exist different folia % () whose restrictions to the ¢, are the given ones?
2) What are the compatibility conditions for the set {F,(0,)} so that an extension

F (0) exists?

A full analysis of these questions is beyond the scope of the present paper. We shall
show, however, that in a somewhat different sense the theory can be constructed
from strictly local information. The input then is a “tame state” o, for each region ¢,
of the covering; compatibility means that the restrictions of these partial states to the
overlap regions @;n ¢; must coincide. The “extended theory” to the covered region
¢ means an additive net of von Neumann algebras in ¢, coordinatized in the small
by affiliated Borchers algebras. It is uniquely determined by the {w;}. In general the
Borchers aigebra of the large region will no longer be affiliated with the von
Neumann algebra on 0. It is not clear whether this discrepancy is a weakness or a
strength of this construction. If one wants to retain the correspondence between von
Neumann algebras and Borchers algebras in the large then stronger compatibility
conditions must be imposed. They should be conditions for local equilibrium of the
set {w;} and may imply that the construction of the theory can be done—as
suggested by the questions above—using as local information only the set of partial
folia {#}.

We recall that in ordinary quantum field theory the positivity of the energy leads
to analyticity of Wightman functions and that this, in turn, as shown by Reeh and
Schlieder [9], implies that the subset of state vectors obtained by applying the
algebra of any open region to the vacuum is already dense in the Hilbert space of ali
state vectors. In short, the net of algebras {7, (2(0))} has a common cyclic vector for
all open regions. In fact it has many such vectors since any state with finite energy

9 We should be speaking of “quasiequivalence classes” but since we anticipate dealing with type III
factors quasiequivalence and unitary equivalence coincide
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has this property. Let us call a state w over (0) “fully correlated within ¢” if in the
GNS-representation the set of vectors 7, (U(0)R is dense in §,, for any open
subregion & < @. One has then

4.1 Theorem'°. Let O be open and connected, O = | ] O, an open covering and o a state
iet

on W(O) which is fully correlated within ©. Then there exists no other state on U(0)

whose restrictions to the subalgebras (0, coincide with those of .

Proof. Suppose o' is another state on 2(0), not assumed to be fully correlated on ¢
but satisfying

(0 -y WO,)=0; ied. 4.1

Let (9,7, 2) respectively (9,7,42') be the GNS-representations induced by
respectively @’. Due to (4.1) we may put for each ieJ,

V()2 =n'(A)Q"; AeW0O), 4.2
and, since n(A(0;)) Q2is dense in $, by assumption ¥, is an isometric map from § into
9 with

Vi(Ay=7'(A)V,;; AeW(0,). 4.3)
If 0;n0; # ¢, we have
Vin(A)2=V;n(A)$2, AeW(0;n0)).

But by assumption n(W0;~ ¢))Q2 is again dense in $. Thus V;= V. This leads to the
equality of all ¥:

V,=V; iel, (4.4)

for, if (4.4) would hold for a subset J,, < J we could obtain ¢ as the union of the two
open sets

ieJo ielg
which are disjoined. As @ was assumed to be connected 0 = ¢. Now we get for a
product of elements from different regions

w’(ﬁAi) - (.Q’, ﬁﬂ’(AQ.Q’) - ( v, T =4 V:z(An)Q)
i 1 1
- <V.Q, Vﬁn(A,)[)) - w(H A,.>,
1 1

where (4.3), (4.4) are used to move V successively to the left on the right-hand side of
the equation. Thus o’ coincides with  on the algebra generated by the U(¢;) which

10 In a different context W. Driessler proved a closely related theorem. Compare Proposition 3 of [10]
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is U(0O) in the case of the Borchers algebra or, more generally, whenever U is an
additive net.

We turn now to the construction of a state over 2(0) from the partial states w, of
a covering. Let @, n 0, # ¢ and w,(i=1,2) states over (0,) respectively fully
correlated within their regions of definition and compatible in the intersection
region:

w,(A) = w,y(4); AeU(,N0,). 4.5)

Denote the GNS-representations of (¢;) induced by w, by (9;, 2, 7;). Then (4.5)
together with the cyclicity of 2, with respect to 7,(2(0, n ¢,)) implies that we have a
unitary map V;, from $, onto $, uniquely determined by

Vi,0,=0,, 4.6)
Viama(A)V i) =n,(4); AecW(O,n0,). 4.7
If we have three regions with O, "0, 04 # ¢ and
w{A)=wiAd); AcWO,N0)), {4.8)
then the unitaries satisfy
Vi Vo =Vis. 4.9)

4.2 Theorem'l. Let O = U 0, be a covering of a path connected, simply connected
ieJ

topological space O by path connected open sets, let 9,,i€J be a family of Hilbert

spaces, and let for each pair i,jeJ with 0;n0;# ¢V,; be a unitary operator from 9;

onto 9, such that

Then there exists a Hilbert space © and a family of unitary operators W;: 9, — 9, ieJ
such that
V=W 'W,. (4.11)

Y

Proof. FixigeJ and x,€0; . Let jeJ and ye0;. Since O is path connected there is a
path y from x, to y,ie. a continuous mapping y from the unit interval [0, 1] into @
with p(0) = x, and y(1)=y. For each keJ y~*(0,) is an open subset of the unit
interval. Its connected components are intersections of open intervals with the unit
interval.

Let C, denote the set of connected components of y ~*(0,), and let € = %/(y) be the
disjoint union of the sets C,, ke J. € is a covering of [0, 1] by openintervals. For IeC,
we set k(I) = k. We have Oy Oy # @ if INT # ¢ and Oy Oy, O Oy # ¢ if
InI'nl”#¢.

Since the unit interval is compact, it can be covered by finitely many intervals

11 This theorem was stated by J. E. Roberts [11] and proved by him in the context of non-Abelian
cohomology
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Iy,...,1,€%. We can choose them such that Oel,eC;, 1€l,eC; and I)nl,,, # ¢,
I=0,...,n—1. Using such a sequence of intervals we define W, by

Wi = Viaowan Vaa, - puay- (4.12)

We have to show that W; does neither depend on the choice of the intervals I, ..., I,
nor on the path y from x, to y nor on the choice of ye0;.

Provided this can be achieved the proof is completed as follows. Given ieJ with
0;n0;# ¢, wetake ye ;N 0;and a path y from x to y. We can select the sequence of
intervals such that I,_,eC;. Then Vj; .=V and

W.Vi=W, (4.13)

The independence of W, from the choice of the intervals I,..., I, is equivalent to
the statement that

Vp= Vk(Dl)k(Dz)“' Vk(z),,w kD) Vk(Dn)k(DI) =1 (4.14)
for any sequence of intervals D,...,D,, % with D,nD, (# ¢,I=1,...,m—1 and
D,ND, #+ ¢. For m=2, (4.14) follows directly from the cocycle condition (4.10).
For general m we proceed by induction and assume that (4.14) holds for any
such sequence of (m— 1) intervals. Let D,=(a,,b,),a,<b,,/=1,...,m and let
a, =mina, TheneitherD,,, < D,,D,_, = D,orb,eD,_,nD,, (wesetD,=D,_
for ZeZ). In all cases three subsequent intervals have a nonempty intersection,

D DDy, #¢, s=r—1, r or r+1,
thus

Vi, gy Voo, = Vio,- o,
and
VD - S VDf S -1

with D,=D, /=1,...,5-1,D,=D, ,{=s,....m—1 and S=1 for s#1,8=
Voo, for s = 1. By the induction hypothesis Vp, = 1, hence V), = 1.

In the next step we show the invariance of W, under continuous deformations of
the path 7. Since O is simply connected this implies the independence of W, from y.
Let a be a continuous mapping from the unit square [0, 1] x [0, 1] into ¢ such that

O((O, t) = y(t)v tE[O, 1]7
s, 0)=x,, ofs,)=y, se[0,1]

Let y4(t) = afs, 1), 5, t€[0, 1], and let W,(s) be the unitary operator W, associated to y,.
Let I,={(a,,b,)n[0,1],a,<b,,£=0,...,n be a sequence of intervals in ¥ which
fulfils the conditions mentioned before relation (4.12). Then for ¢ sufficiently small,
there are intervals I,(s)=(a,(s),b,(s)) with b,(s)>a, (5)./=0,...,n—1,
0el,y(s),1el,(s),0 < s <& which are connected components of 1((Ok(,/)). Inserting
this sequence in {4.12) we get

Wis)=W, for 0Zs<e,

hence W; is constant under continuous deformations of y.
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It remains to show that W, does not depend on the choice of ye0;. Let § be
another point in ¢;. Since (;is path connected, there is a path §in O; from y to j. Let
¥ = Jy be the composed path. Then the connected component of the intersection of
the path y’ with ¢; with contains y also contains J, thus the intervals I %(y') which
enter in (4.12) can be chosen such that k(I}) = k(I,), hence W; does not change. This
finishes the proof.

We conclude: given a covering ¢ = U 0, as specified in Theorem 4.2 and given a
fully correlated partial state w; on each ¢, such that the system {«w;} is compatible in
the intersection regions in the sense of (4.8), then there is a Hilbert space $ with a
vector {2 and a system of operator algebras in

(WO,)) = Wim,, (W(0)) Wi (4.15)
such that 7; is a representation of (0,), the system {#;} is compatible in the sense
#(A) =7 [4); AeU(O;~0O)) (4.16)

and
(Q,7(A) Q) = w,(A);, AeNO,),iel. @.17)

Furthermore Qs cyclic for #,(2(()) whenever ieJ and & c 0, is open. Conversely,
the structure ($, 2, 7;) is uniquely determined up to unitary equivalence by the
requirements that 7; are representations of A(¢,) satisfying (4.16) and that Q2 satisfies
(4.17) and has the stated cyclicity properties!Z.

Does the system 7#; define a representation of A(Q)? There are two possible
obstacles. First, with our choice of U (the Borchers algebra) the operator 7;(A) will
be unbounded in general, and we need a common, dense, invariant domain to be
able to multiply operators coming from different ieJ. Only then can we generate an
operator algebra

A =V #WO,)). (4.18)

iet
Secondly, if 9 exists we have to verify that it is a representation, i.e. that no relations

within 2(0) are violated in 9. This will certainly be true if 2(0) is free over {A(O,)} in
the sense of the following definition.

4.3 Definition. Let U, icJ be a family of subalgebras of W. W is called free over
{U,,ieJ} if the following holds: For any algebra U for which there exist morphisms
U, - N satisfying the compatibility condition

2 WU =y, 1WA, (4.19)
there is a morphism v: U — U with y [ W, =y,. One checks

12 For the purpose of studying the significance of local gauge invariance in the algebraic frame of
quantum field theory in Minkowski space, J. E. Roberts [11] considered such a system of representations
7, of a given net of von Neumann algebras. He called it a “local representation.” The extension problem
encountered there is not present in our simple model but may be very relevant in more realistic theories
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4.4 Theorem. Let O = w @, be an open covering of a differentiable manifold @. Then
the Borchers algebra W(0) is free over {W(0,),ic]}.

Proof. Let p:(0;) >N, ieJ be a family of morphisms into an algebra A with
(vi—70(4)=0for Ae WO, O}). Let fe2(0) and A" < ¢ compact with suppfc A"
There is a finite ¥-decomposition of the identity on ¢ subordinate to {0,,ieJ}, i.e.
afinite family {@,€2(0,)} with ¥ ¢,(x) = 1 for xe 4. Since f,e D(0;} = W(O,) we can
set

() =Y v f o).

If {y;€9(0))} is another finite ¥*-decomposition of the identity on ', we have
fo;e2(0;n0)), and therefore

Z'Yi(f‘ﬂi) = ;Vi(fﬁoi‘ﬁj) = ZVj(fq’i'ﬁj) = Z’)’j(fl/jj):

hence y( /) does not depend on the choice of the family (¢;). Since for any compact set
A = A we can enlarge the family (¢,) to a finite decomposition of the identity on
X" by adding functions vanishing on 4, y(f) also does not depend on the choice of
A. Hence y is a well defined linear map from %(¢) into . Moreover, if
fe2(0).fo,e2(0;n0)), hence

yf)= Z_Vi(f‘l’i) = ZYj(fﬁoi) = Vj(f)-

Since () is the tensor algebra over Z(0), y has a unique extension to a morphism of
A(O) into A, and y(4) = y,(4) for 4eA(0,).

Thus 9 in (4.18), if it exists, i.. if the multiplication is not obstructed by domain
problems, is a representation n of (®). The state

w(A)=(2,1(AQ2); AeA(O) (4.20)

extends the given w, and is fully correlated on @. Due to Theorem 4.1 w is the only
possible extension of {«;} and 7 the only possible extension of {n, } to 0. The
conditions used are that the covering is as specified at the beginning of Theorem 4.2,
that each w; is fully correlated within its region of definition, that the natural
compatibility condition (4.8} for the intersection regions is respected and last, but
not least, that the domains of the 7, fit together.

To assess the physical significance of the last probelm we must remember that we
would prefer to obtain an extension of the set of partial folia {#;} (which define “the
laws” in the small) and not one of individual states. If each #; contains a fully
correlated state w;, then &, is determined by w, but not vice versa. Therefore, if we
hope that the specification of {#;} determines a unique extension # to the covered
region ¢, we need stronger restrictions on the choice of the w; and stronger
compatibility requirements in the construction described above, Concerning the
restrictions for the choice of each partial state w; a guide line is the requirement that
w; should generate within ¢; a well defined additive net of von Neumann algebras
ER“,!_(FO), 0 < 0, where R, (@) is obtained from w; | @ by the construction described in
the appendix. Let us call a state w; on H(0,) “tame” if it generates an additive net R,
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within @,. Tame states must be fully correlated and satisfy additional conditions'?,
Concerning the compatibility of the set {w;} we note that if @, is given and
0,n0, # ¢, then we can change w, by a unitary from R, (0, nO,) without
changing the folium % , or the relation (4.8). This freedom of the choice of w, within
& , is reduced if one requires that the domains of 7, and @, shall fit together. This
requirement will also demand a stronger compatibility condition between %, and
% , than the naive one that they agree on O, n0,. It may lead to a unique
determination of the extended folium & to ¢ from {# ,, % ,} alone. As mentioned at
the beginning of this section we would interpret such conditions as a demand oflocal
equilibrium. We shall not pursue this line further here.

Irrespective of these last speculations the results of this section show that in a
weaker sense an extension of the theory to @ from local information on a covering
{0;} is possible and unique. Namely, specifying a set {w,} of tame states on the
covering respecting (4.8) we obtain first additive nets R, of von Neumann algebras in
$,,, with an identification of elements,

XeR(O;n0)—7; XeR(0;n0)), 4.21)

given by the common affiliation of A(®;,N ;) with these two von Neumann
algebras. We can then regard w; as a state on R,(¢);} and obtain a system of von
Neumann algebras R, within the bounded operators of a single Hilbert space § and
Qe®, replacing (4.15)-(4.17) by

BX)=WXW: 1l XeR,(0,) (4.22)
T(X) = Fy(X); XeR(0,n0)), (4.23)
(@, 7(X)Q) = w(X);, XeR(0)). (4.24)
Then
RO)= V 7(R) (4.25)

is well defined and gives an additive net of von Neumann algebras over ¢. The vector
0 gives a state on R(0) which is fully correlated within @ and this pair (R, w) is the
only possible extension of the system {R;, w;} up to unitary equivalence. In general
A(®) will no longer be affiliated with R(0), but this may not be relevant. The only
role which the Borchers algebra plays now is to define the identification map y i of
the elements of (0, 0;) and R (0, O,). However, the identification of elements
in the intersection region is already uniquely determined by the geometric interpret-
ation given by the net structure in ¢;n0; unless R, possesses automorphisms
transforming every subalgebra R;(0), @ < 0, into itself, i.e. in physical terms unless
there exist internal symmetries. In that case, however, we face the problem indicated
in'? which we want to leave aside here. Thus one might drop the Borchers algebra
and base the theory directly on local nets of von Neumann algebras in the small.

The problems discussed find a natural expression in the framework of sheaf

13 Adapting the methods of [12] one can work out conditions for “tameness” which look reasonable
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theory. As an illustration let us consider the presheaf ¢ — & (@), the set of fully
correlated states within @. The strictly local part of the information in &, can be
described by the associated sheaf &, = U ¥, (x), where & (x) is the set of germs of
states in &, at the point x. The topology in Z, is given in terms of a basis of the
system of open sets,

B,o=1{95lg, germof waty, ye0}, (4.26)

where ¢ is open and we ¥ (0).

Now let s:x —5,€%,(x), xe0, ¢ open be a continuous section of the sheaf Z,. s
summarizes the local information on the laws as well as on the initial conditions.
Continuity means that to each point xe @ there is a neighborhood 0, of x and a state
w,e%.(0,) such that s, is the germ of w, at y for all ye,. We may choose the
neighborhoods (@, to be path connected and such that their intersections are
connected. Forallze 0, n0,,w, and w, have the same germ at z, i.e. they coincide ina
neighborhood of z. Thus from Theorem 4.1 w, and w, coincide on O, N 0,. This is
exactly the compatibility condition (4.8).

The preceding attempt to construct a global state from a compatible system of
partial states corresponds to the question as to whether a continuous section in &2,
gives an element of the presheaf .. In the case of &, the answer was not complete
due to the mentioned domain problems. Instead of &, one may consider other
presheafs, e.g. the presheaf of local nets of von Neumann algebras without internal
symmetries and with a distinguished fully correlated state. In the latter case we have
shown that every continuous section over a path connected, simply connected
region does correspond to an element of the presheaf.

V. Summary and Outlook

Sections I and IV show that basic tenets of the general theory of the relativity, namely
general covariance and strict locality, can be incorporated into quantum theory.
These sections also give a rough sketch of the frame of such a unified theory.
Many questions remain to be answered before a viable theory along these lines
can be proposed. The most important one is to find an explicit charaterization of the
germs, In particular, what is their relation to a “Lagrangian”? Further: does the
distinction between space-like and time-like directions become established only at
scales large compared to the Planck length? In Sect. I1I we have attempted to obtain
some partial information about the germs using the assumption that the theory has
a scaling limit. Then each quantum state defines a reduced theory in the tangent
space of each point and one of the possibilities is that it thereby defines a metric field.
This possibility fits into the picture of an asymptotically free quantum field theory
where gravitational effects are included in a semiclassical way. The other interesting
possibility is that the tangent space theory has higher symmetry and that the metric
evolves only at scales large compared to the Planck length. Nothing has been said
here about the mechanism which could lead to a macroscopic metric by a
cooperative effect. This needs, of course knowledge about the dynamical laws
contained in the germs. Other untouched problems are the role of local gauge
invariance and of spinor fields. The relation of technical properties of partial states
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used above such as “full correlation” and “tameness” should be better understood in
their relation to their behavior under diffeomorphisms and to a precise characteriz-
ation of local stability of the theory.

There are other aspects within this scenery which have an interest in their own
right. Among them is the use of general covariance for the computation of the
response of idealized instruments in non-uniform motion as illustrated in an
example in Sect. IL

Nothing in the formal structure described depends significantly on the
dimension of the underlying manifold. Conceptually, however, unless we choose it as
4-dimensional space-time, it will not fit with the orthodox interpretation of quantum
theory, in particular Bohr’s emphasis on the necessity of an unambiguous (classical)
description of the operational side and the Heisenberg cut.

It is, of course, entirely open whether future theory will develop along these lines
or whether the reference to an underlying manifold and strict locality will disappear.
Irrespective of the ultimate answer a clarification of the scope of a synthesis between
the conventional tenets of general relativity and those of quantum physics is
important.

Appendix

In this appendix we want to describe how one can pass from the operator algebras
7,(W(0)) in the GNS representation induced by some state w on U to von Neumann
algebras R, (0).

Let w be a state on 2, i.e. a linear functional on A with

w(l)=1, and o(4*A4)=0 (A.1)

for all AeA. Then, by the GNS construction, one has a Hilbert space 9, a
representation of U by operators on some dense subspace D, of §,,, and a unit
vector 2 €9, such that

7, W2 ,=D,, 2, 7,(4)2,)=c(4), AcU. (A.2)
The operator rn,,(4) may be unbounded; however, because of
7,(A%) = m (A)* (A.3)
its adjoint is densely defined, thus =,(A4) is always closable. Let
o(A)” =V 4l7,(A)] (A.4)

denote the polar decomposition of the closure 7,(4)~ of 7,(4). Then R,,(¢) may be
defined as the von Neumann algebra which is generated by V, and the spectral
projections of |, (A)| for all AeU(O). R_,(O)is the smallest von Neumann algebra to
which all operators n,(A4) ", AcA(O), are affiliated.
We now can turn to the proof of Theorem 3.2. Let o be a state on U belonging to
some primary folium F. Then for Pe.#,
( R,(0)= {A1]1eC}. (A.5)
OcP
Now assume that o has a scaling limit w, at P with the scaling function N(4) (cf.
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(3.8)). Let for fe, 1> 0 sufficiently small,

f9=NQypa, f®, neZ,, (A.6)

and define for fe? and c >0,

AL =1+ S m,(f)* ) o (f) (A7)
We have
0 14D S5
(i1) HALS) = 7 () D] é%llnw(f*f)@ll, €D,
(iii) (D, (Af) — m (/NP < -;—Il T,(f*)@ ||, (f) P, PeD,,
(iv}) A(NeR(O) if feUO). {A.8)

A.l. Lemma.

w—limw — lim 4,(f;) = ws(f)1.
c—0 A= Q)

Proof. Let © be an arbitrary open neighborhood of P. Then for 4 sufficiently small

A (A)eR,,(O) for all ¢ > 0. Hence according to Eq. (A.5) the weak limit points of the

uniformly bounded sequence (A4,(1));..o are multiples of the identity, i.e.

A ) — (2, A(f)2,)1 — 0, A-0.

But by inequality (A.8) (iii) these limit points differ from the limit wu(f) of the
sequence (2, 7,(f)R2,) = o(f,),A—0 at most by %a)ﬁ(f'*f)l/zwp(ff*)l/z. In the
limit ¢ —0 one obtains the statement of the lemma. q.e.d.

It is now easy to find a dense set in 9, for which the scaling limit exists. Namely,
let © be an open neighborhood of P and let B'eR (0). Then B'(2,, is in the domain
of definition of (1)~ for all feU(O). We have for an arbitrary fe W and 4 sufficiently
small,

(B’qu nw(fl)_ B,‘Qw) = (B’*Blg(m nm(fk)gw)
=(B*B'Q,,(n,(f2) — A(f:))R,) + (B* B 2, A(f) 2 ).

In the limit A—0, ¢ >0 the first term in the last line of this equation vanishes
according to inequality (A.8), the second term converges to ||B'2,|%ws(f)
according to Lemma A.1. Hence in the state induced by B' 2, the scaling limit exists
with the same scaling function N(4) and coincides with w; From Eq. {A.5) the set

R0y 2, is dense in H,, thus the finite convex combinations of the induced
GeP
states are a dense subset of the folium % on which the scaling limit exists and

coincides with w;.
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