Z. Phys. C — Particles and Fields 34, 497-522 (1987)

ze . Particles
andFields

© Springer-Verlag 1987

Two-Jet Cross Section in ¢™ ¢~ Annihilation

G. Kramer and B. Lampe*

II. Institut fiir Theoretische Physik der Universitdt Hamburg, D-2000 Hamburg, Federal Republic of Germany

Received 17 November 1986

Abstract. We calculate the two-jet cross section in
order ¢ in the framework of massless perturbative
QCD, using for jet resolution the jet mass. We derive
results for two different approaches. One approach
is based on the singularity structure of the various
contributions. The other one is adjusted to the meth-
ods used in three- and four-jet calculations so that
the total cross section can be reconstructed.

1. Introduction

Much experimental [1-6] and theoretical work [7-
18] has been carried out to analyse the O(x?) correc-
tions to differential three-jet cross sections in e*e”
annihilation. Differential and integrated four-jet cross
sections have been calculated in [19]. The integrated
three-jet cross section is studied in [20].

In this paper we present the calculation of the
two-jet cross section. This is an integrated cross sec-
tion by definition, depending only on the resolution
parameter that defines the jet. Although simpler in
concept and although the O(a,) two-jet cross section
has been given as early as 1977 by Sterman and Wein-
berg [21] the O(a?) corrections have not yet been
calculated. To know the two-jet cross section up to
O(a?) is useful for several reasons. First it can be used
to determine the coupling constant a, or the scale
parameter A by comparing the resolution dependence
with experimental two-jet rates obtained from a clus-
ter analysis of e”e™ annihilation data [22]. Second
it is important to know for consistency that the sums
with the integrated three- and four-jet cross section
yields the well known O(«2) correction of g,,,, which
has been obtained independently via the optical theo-
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rem from the imaginary part of the vacuum polariza-
tion of the photon already some time ago [23].

One wants to calculate gluon corrections to Fig.
1. In this lowest order the two-jet cross section is
identical to the total cross section

4o’
Uo=7q“2“NcZQ%~ (1.1)
s

because only the two-parton diagram Fig. 1 contrib-
utes (x is the fine structure constant, N, the number
of colours, Q, the flavour charges and the momenta
are defined in Fig. 1).

In higher orders gluon radiation comes in and
makes three- and four-jet events possible. However,
qualitatively one expects these to be suppressed by
powers of a, compared to two-jet events.

The higher order contributions to the two-jet
cross section have ultraviolet, infrared and collinear
singularities. All these are regularized by going to
n=4—2¢ dimensions. The ultraviolet singularities
will be removed by renormalization in the
MS-scheme, while infrared and collinear singularities
cancel in the sum of real and virtual contributions.

All calculations have been done in the Feynman
gauge of massless QCD and in the one photon ap-
proximation. Also all correlations with the incoming
beam have been integrated out. To define a jet one
can use (g, d)-cuts, i.e. a cut for the energy and inde-
pendently for the angle [21, 9]. We worked with an
invariant mass cut defined as follows: Let s;;=(p;

e*(py) qipy)

viq)

e=(p.) Gip2)

Fig. 1. Lowest order diagram for e*e™ —q4q



498

+p)?=2p; p; be the invariant mass of two partons
i, j. Normalized to the energy, it is

yij:Sij/qz‘ (L.2)

Then we say that i and j are in one jet, if y;; is less
than a given number y. One can easily see that this
is both an energy and an angle cut.

The region of allowed y values is quite small:

0.02<y<0.06. (1.3)

The lower limit comes from the fact that perturbation
theory breaks down for very small values of y. One
would have to take into account the radiation of an
arbitrary number of gluons.

The upper limit is dictated by an additional ap-
proximation we are working with, namely we neglect
terms of order y.

The outline of the paper is as follows. In Sect.
2 we will review briefly the derivation of the Sterman-
Weinberg formula (two-jet cross section up to O(o)).

In O(a?) one has three classes of diagrams. There
are two-parton diagrams which fully contribute to
the two-jet case (Fig. 3). Here one has to do two
virtual integrations. These diagrams are discussed in
Sect. 3. Then one has three parton diagrams, where
one virtual integration has to be done (Fig. 4). These
diagrams only contribute to the two-jet cross section
in case the outgoing gluon is soft or collinear with
one of the quarks. This is discussed in Sect. 4. In
Sect. 5 the renormalization is explained and the coun-
terterms are derived.

Finally there are the four-parton diagrams which
are tree level diagrams. They have to be integrated
over those regions of phase space, where the four par-
tons make up for two jets. In Sect. 6 and 8 we present
two different approaches to handle them. In Sect. 7
and 9 we discuss the final results for the two ap-
proaches respectively.

To streamline the paper we have published many
technical details in a separate paper [24] which we
will often refer to.

2. Order o, Two-Jet Cross Section

In order to elucidate the main steps in the higher
order calculation we outline in this section the com-
putation of the two-jet cross section in O(x,) with
invariant mass cut resolution. The relevant diagrams
are shown in Fig. 2. The real diagrams yield the differ-
ential three-jet cross section to O(x,) and contribute
to the two-jet cross section only in case the gluon
is collinear with one of the quarks or soft. (The region
where the two quarks are collinear gives an O(y) con-
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Fig. 2. a One gluon bremsstrahlung corrections to Fig. 1; b virtual
one gluon corrections to Fig. 1

tribution, because there is no y,,-pole in the matrix-
element (2.2).)

o au?)

Lo, ~
%1 T (1—¢) 2n

CrT(y13, ¥23) dPS®. (2.1)
where

2
T(yls,y23)=(&+&i)(l—s)+—yi—2s. 2.2)
Y23 Vi3 Y13 Va3

Here y,,=1—y,3—y,3 from energy-momentum con-

4 2\¢ 22—
servation and 0¥ =g, (%) %—"2%

order cross section in n dimensions. Cr=4/3 and u
is the up to now arbitrary mass parameter on which
the coupling constant depends if one wants it to be
dimensionless also in n dimensions.

is the lowest

2 2y2
q-(4n/q") -

dPS(a):—*—‘fnar(z_zg) O(1—y13—V23) Y13 V23
(L=y13—y23) *dy13dy23 2.3)

is the three-particle phase space element in # dimen-
sions. To get (2.3) one has to integrate over the angles
with respect to the e™ e ™ -beam direction.

In Fig. 6 we have marked the two-jet regions of
this phase space. Integrating over the two strips one
gets poles to up to second order in ¢ and powers
of In y up to second order. A typical integral is

=y~ */e? (2.4)

y y

dy —& d —&
g 13 V13 6[ Y23 Va3 V13 Va3
The ¢ singularitics are removed by adding the result
of the virtual diagrams Fig. 2b and one can do the
limit £ — 0 and obtains {29]
o

&z_je,=ao [1 +2; Cy(—=21In?y—3Iny

—1+m¥3+ O(y))]. (2.5)
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Table 1a—¢. a O(y) corrections to the integrated three-jet cross sec-
tion in the region {y 3>y, y23>y} (see Fig. 6). b Integrated cross
section in the region {y;,<y} (see Fig. 7). ¢ Leading terms of the
three-jet cross section in order « (cf. (2.6)). The numbers in Table 1

o,
are normalized to ¢,Cp 2—S The error is less than 1 in the last
decimal “

y a b ¢
O(M)3-jer o’y 03— jer
0.05 0.640 0.212 8.172
0.02 0.331 0.186 18.082
0.01 0.194 0.119 27.807
0.005 0.111 0.043 39.454
0.002 0.052 0.021 57.809
0.001 0.029 0.012 73.921

Our aim is to extend this Sterman-Weinberg type for-
mula to O(a?). There one expects powers of fourth
order in In y and all powers of lower order including
constants. Also one expects true nonabelian contribu-
tions (~N,) and contributions from fermion loops
which are proportional to the number of flavours
n,=2T,. Before we continue to do this let us note
that one can get the O(y) correction to (2.5) easily
by integrating over the three-jet region (y;3>y, y23
>y). Analytically one gets for the integrated three-jet
cross section to order a, [29]:

(xS
0'3-je1=09 py. CF(2 In?y+3 lny
5 2
to—m3+00)). (2.6)

There are no singularities in the three-jet region. So
one can integrate numerically including terms of
order y. Taking the difference with (2.6) one gets the
numbers of Table 1a.

The physical two-jet cross region should also con-
tain y,, <y. In this region the two quarks are in one
jet and the other jet is a pure gluon jet. The contribu-
tions from this region are also order y, because there
is no y;,-pole in (2.2). For convenience they are given
in Table 1b.

In Fig. 9 we have drawn the Sterman-Weinberg
formula including order y corrections for a wide range
of y values (for o,=0.12). One sees that for y<0.01
the perturbative result is not useful, because the cor-
rections to the tree level produce a change by more
than a factor 2. For very small values of y one gets
negative cross sections. For higher values of o, the
situation is even worse.

The higher order corrections in the “partial frac-
tioned” and in the “physical” scheme will show a
similar behaviour. They lead to negative cross sec-
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tions already for y~0.01. In the singular scheme (see
Sect. 6) we shall find smaller corrections to the Ster-
man-Weinberg formula (see Fig. 10a and the discus-
sion at the end of Sect. 8).

Note that by adding (2.5) and (2.6) one gets the
total cross section to order oy, which can be calculated
independently from the imaginary part of the vacuum
polarization of the photon via the optical theorem.
All y dependence should drop out from the total cross
section. So from Table 1 one can read off the O(y)
corrections to (2.5), too.

In the order o the structure of the qgg cross sec-
tion (2.1) with (2.2) is such that all the terms propor-
tional to Iny and the constant terms in (2.5) come
from the integration of the pole terms in (2.2). The
terms O(y) which are neglected in (2.5) come from
the strip y,,<y and from taking into account exact
kinematics. We see from Table 1 that the O(y) terms
are fairly small even for y=0.05 as compared to the
dominant terms in o3 ;. They approach zero for
y — 0 whereas the dominant terms diverge.

In order o we can proceed analogously. The total
cross section g, as calculated by the authors of [28]
is obviously independent of y. In terms of jet cross
sections we have

Ot0t =03 jot T O3.jet T O4jer 2.7

(since we go only up to O(x2)). Therefore it is an
important check for these jet cross sections that the
y-dependence in the sum cancels. So far this check
could not be done since only three- and four-jet cross
sections had been calculated. Actually to calculate
0, ;e including all O(y) terms seems to be an unsuz-
mountable task. Therefore we try to compute o,
up to O(1) terms. Then this O(«?) o,_;,, is still a good
check on the y-dependence of 65, and o, ,. The
calculation of these cross sections will be presented
in [20]. It turns out that they can be calculated with
all the O(y) correction terms although some parts only
by numerical integration. Then after having checked
that the In™y (m=1, ..., 4) terms cancel in the sum
(2.7) and that for very small y the constant terms
in the sum reproduce the known O(«?) terms in g,
one can calculate the exact o, _;,, (with all O(y) terms
included) from the difference 0, =0,—03. ;¢
—04.je With 63 5, and 6, ;. taken from [20].

3. The Two-Parton Diagrams

We want to calculate the contribution of the diagrams
in Fig. 3. The techniques to calculate all the integrals
needed have been presented in [24]. Also the results
for all scalar diagrams are given there. So here it is
enough to present the final results and to make some
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Fig. 3a-n. Virtual two gluon corrections to Fig. 1

general remarks: First the general form of the contri-
bution of diagrams like Fig. 3 to the cross section
is [29]

Ir'l—e
2I'(2—2¢)

p 2ma (47”12)8
Octe-—qa™ 6 2
q q

2
q v
<—? 8uv g*‘e‘ —>qu> (31)

where H*" is the hadronic tensor of those diagrams
2

and —% g,, comes from averaging out initial state

effects. Second the self energy insertions Fig. 3a—g
can be consistently set to zero [9]*. This has already
been done for the two self energy diagrams of Fig.
2b.

So we are left with the diagrams in Fig. 3h-n
to be multiplied with Fig. 1. In addition there is the
square of the vertex diagram in Fig. 2b, which will
be called D. Including the lower orders we have

a? ag(1?) (Amp’\e
O'e+e—_,qq=m{1— +CF 27I (—(3‘2‘-) Al

o (1?)\? (4 p*\2e
+CF( - ) ( 7 ) AZ}. (3.2)

* One can think of ultraviolet and infrared divergencies cancelling
one another. One can calculate the ultraviolet divergence in princi-
ple by setting p? 40
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_Fz(l——s)l"(1+s)(_ 2 1

=TT-29  \ @ 0

+3¢, 8—88) (3.3)

is the lowest order result Fig. 2b (including terms
of order ¢ which we shall need for renormalization
later).

N,
A2=CFD+J\LS1+TR82—2<CF—~25) S,+2CpSs

N,
—NCG+CFL+(CF—70>K. (3.4)

Tr=ns/2 comes from the diagram involving the fer-
mion loops. Note that the g>-dependence of all dia-
grams is universal (4, only depends on ¢ and the
group parameters). The result for the single diagrams
is
L=Re(—1)"2Ir3(1—¢g) I'(1+2e)2I(1—-3¢)e™*

[t e+(R420,) 2+ (G120, +2605) &

+ (232 —9¢,+100{5 +45(,) £*]. (3.5

Re (—1)"2% comes from the fact that ¢° is timelike
(see [24]).

K=Re(—1)"2I3(1—g) I'(1+2e)/2I (1—3e)e™*
C[1+3e+(12—60,) 62 +(42—6{, —305) £

(146300, — 5475 —67L,) 6] (3.6)
L, Pl—-grd+2g[ 1 & 5,
G=Re(=1) 24T (1—32) [_§+2+5’3
63 517
Lol

¥ (1—e)r(1+2e
263 (1—3¢)

S,=Re(—1)"2¢ [1+(%—2C2)8
+(%Z—7CZ—ZC3> g2
+<%—31C2——7C3—9C4>83]. (3.8)

Bl—eI'(1+2¢)

Ss=Re(—1)2

2637 (1—3¢)
5 39 249 |
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S, =Re(—1)"2

rP*A—-egr{d+2[ 5 61
2630 (1— 39 6 18°

1530 5 , (31351 61 5 3
—(W+§CZ>£ ‘(W*‘g*@*i@)g ]
(3.10)
(1 —e) r(+2e)
26 T(1—3¢)

2 22 269+4C 5
BRI P RS &

S,=Re(—1)"2

(5423 4 4 1D

20 A4, F s
e+ C2+3c3)s ]
_I*(A—gI*(1+¢)
T 44T (1-2e)

7168+ 1766%].

[4+8&+29¢”

(3.12)

From this we find

3—g)F(1+26) (. [2
2= 39 {CF[‘

29/2—-12 1 /281
-I-%Z‘ _( —21¢,

8

+6C3)+

o 1133 Gy 173133
el s 2\ 36 T 2) e\ 2t

1413 151
T—“‘Z‘“CZ +42(:3+67C4:|

4025

26 13
)5

-3 52—7

629 29 11
+o ety G )

5423

1 11 1/269 10 N
27 324

+TR[§+§?+E 543

110 2
. C2+§ Cs]}-

A few remarks concerning (3.13) are in order here.
First one notes that the Cg-contribution carries the
leading singularity ~&~*. The leading singularities of
the N, and Ti-term are of order ¢~ % and their coeffi-
cients are proportional to the zeroth order approxi-
mation of the p-function. This is not accidental. In
fact the e %, ¢~ 3 and £~ 2 contributions of our result
can be generated using exponentiated expressions ad-
vocated by the authors of [25]. The coefficients of
these poles are universal in the sense that knowing

(3.13)
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<&
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>

Fig. 4. Three parton contributions in order a?
% %

Fig. 5a,b. Four parton contributions in order «?

them for one process (e.g. ours) one can deduce them
for other processes (e.g. deep inelastic scattering).

Gonsalves [26] has published a result for 4,
which agrees with our (3.13) only in the leading singu-
larity (i.e. ¢~* and £~ terms respectively). His result
does not have the mentioned universality property
[25]. In addition the cancellation of infrared singular-
ities with the diagrams of Fig. 4 and 5 would not
be possible with his result. With our result (3.13) we
will be able to cancel all singularities to get a finite
two-jet cross section.

We shall postpone the discussion of renormaliza-
tion to Chapt. 5, after all virtual integrations have
been done.
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4. Three Parton Diagrams

Consider the one-loop corrections to the process

et (p)+e (p-)—q(p)+d(py)+g(ps) (4.1)

shown in Fig. 4. They have to be multiplied with
the tree level contributions Fig. 2a*. This as well as
the virtual loop integrations has been done by several
groups [7-9, 16, 17], who have calculated differential
three jet cross sections to O (c2).

We are interested in integrated cross sections. So
we have to do a phase space integration over the
n-dimensional 3 particle phase space (2.3). This phase
space is drawn in Fig. 6. We are not interested in
the total cross section — we are interested in the sepa-
rate two- and three-jet contributions of the three par-
ton diagrams. So we have marked the two- and three-
jet regions in Fig. 6. In fact Fig. 6 was already needed
for the Sterman-Weinberg formula.

The result of the virtual integration of the dia-
grams in Fig. 4 is at most of order ¢~ 2. In the two-jet
region the additional phase space integration can pro-
duce an additional &2 singularity. This means: we
need the result of the virtual integrations including
terms of order &2, whereas for calculating differential
three-jet cross sections (thrust distributions etc.) terms
up to O(1) in ¢ were needed only. The exact basic
loop integrals without & expansion have been given
in our earlier work [10], so that only the trace calcu-
lations had to be repeated. The following formulas
give the result of the virtual integrations including
terms of O(e?)

o (1) ., (Amu*ye
d62+e—_>q‘—1g=6(2)—2‘;— CF(?~ dy13dy23

Y13Y23 (1 =Y13—Y23) FO(1—y13—Y23)
T3 YZs)/F(l —¢)

‘{1 PF—er(l+g <4n52>sRe(——1)‘£
q

Irii—-2eg
2
.as(” ) Cr X} 4.2)
27
where
NAN[—4+2A4,42A4 1-24,—-2A4
X—_—_(CF——C)[ + 21+ 2+ 2 1
2 g &
2 1~—6 —g —g —£
—5—8¢—166%42 2 (yiz+yis+y2s3)

* Once again diagrams with self energy insertions in outgoing par-
ton legs can be consistently put to zero
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¥23

collinear —"|

y

Y13

collinear

infrared

Fig. 6. Three particle phase space for e™ ¢ ™ — ggg. It is divided into
a two-jet region which contains the singularities and a three-jet
region free of singularities

Y23

.
7
%/_ 7707

£

Y13

Fig. 7. Three particle phase space for e* e~ —ggg. It is divided into
the physical two-jet region and the physical three jet region

+

N2
2

1-24,
—(A5—1
EI

—5—83—1632]

_ N, N,
+T 1()’13:y23)[(CF_7>Rc+“2“ RN]' 4.3)

Here

A1=< Y12 V13 > zFl(—S,—s,l—s, Va3 >
Y12 Y13+ Y23 Y1z Y13t Va3

_( Y12 Vi3 ) 2F1(—8: e 1—g, Y23 )

YiztY23 Yiz+Ya3

_( Yi2 V13 ) 2F1(—33 g 1—g, Va3 >
Y12t Y23 Y12+ Y23

A,=4,(12) 4.9
A;=A4,(1-3,352,2-1).

2
Rc=7{(2 yﬁ_i,ﬁ)
& Y1z Vi3

- <1—A1—y;;—y;;)+(1e>2)}

—i—%{S—%—N(—I, 2, —4+4Q2+wyw(l—yi)}
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Vi3 Y23 - Y12 Y23
4424, +24,-4—(1—-A4,)-4—({1—-4 + 5(—3—i—24—-2—)
T oAt ods )’23( 2 )’13( 2) Vi3 Yis Yi2+ Y23
+8w2+12w+N(—1,5, —3)
ey +y;;(—3+2&—2—%)}. (4.6)
+4y1‘;(1+13+£—2w2—2w) Va3 Y12 13
Y23 Y13
Y12
Wi=— 4.7
+y1_35(_1_y12__&+4&__—_y23 ) y13+y23
Yis Vi3 Y2z YViz2t+Yas ,
_ ayi3 Ya3 Vi3
N(a, b, c)=(1— 8[ +
_|_y2—3s<_1_y12_2£+4ﬁ_i§7) ( )=1-715) (V12+¥23)* V12 tYas
Y23 Va3 Yis Yi2tVis
CYas
+———|+(12). 4.8
+8{4+2A1+2A2_2%§(1_A1) Y1z+)’23] =2 (*8)
23
V23 5 First we want to integrate this over the two jet region
—2}-(1 —Ay))+N(—2,5, —5)+16w"+24w which can be written as
13
y 1 y
r2yt (&+ﬁ+z) Rasu= ) 41342 [dpss— | dyssf 49)
23 Vi3 0 0 0
e 2y13 Yiz Y23 because of symmetry properties. (4.9) is valid only
tVis Yoz Vis Vi +Vas to order 1 in y. Working in this approximation one

has to look for poles in y, 5 in (4.2-8).
_8(2 Y23 Yiz Vi3 )} Most of the integrals are elementary. The terms
Vi3 Vaz Viz+Vis with denominator (y,3+y,3)" can be integrated by
splitting the y,s-integration into
+&2 {16+N(—4, 8, —12)

y Y13 y
Id)’z:s: | dyas+ § dy,s. (4.10)

+32w? (1 —y13) +(48 =32y ) w 0 0 vis
—of g Y12 Y2z 5 Va3 The only difficulty lies in integrating the hypergeo-
sl o Vis Vis  Via+FVas metric functions in (4.5). They originate from the box

diagrams in Fig. 4. In Sect. 3 of [24] we have shown

5 Y12 Yis_, Vi3 )} @.5) how to treat such hypergeometric functions by inte-

Va3 Va3 Viz+ s/ ) grating the scalar box diagram. The box diagrams

of Fig. 4 can be reduced to scalar box integrals and

certain vertex integrals already at the virtual level

[7]. This is why the hypergeometric functions in (4.2)

show up only in the combination (4.4) which is typical
for the scalar box diagram [24].

What is needed of (4.4) for our integration neglect-

ing terms O(y) is collected in Table 2. The integrations

+y£§<

1 -
RN:;{6A3+2(1 +yi5+y23)+N(=1,4, —4)}

+2—|—2A3+y{3‘(1+&+h3—y$)
Y1z Vi3 Yi2tVYa3

- y y
+N(—1,5, —3)+y2§<1+—12+k13
Y23 Jas Table 2. Approximate formulas for certain hypergeometric functions
Vi3 as explained in the text
Ty iv. +e<4+N(—-2,7, —5)
Y121 Y13<V, Y23>y
] 2 Yi2 J’23 Alzkyl_;(l_yZS)‘ezFl(“E, —é&, 1—8, y23)
+yis| 2+———F— Al (1 — v V==t
Yz YiztV2s Ay 1—(1=y23) " —y33
Az —yi3ya3.Fi(—e —& 1—g 1—y,3)
- Y12 Y13
a2t el e
Y23 Via+Vis V3P 2z =y

Ay, As as above

+82{8+N(—4, 12, —12) Az~ —ya3
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can then be done straightforwardly after expanding
the hypergeometric function ,Fy (—e¢, —¢, 1—¢, *). The
final result for the two-jet contribution of the three-
parton diagrams is:

o 0 (41r#2)5

t—e F 21 \ ¢°

GZ-jet(qq-g):

2 4 2\ ¢
-{Bl+°‘3(”)( ila )Bz}. @.11)
2n q
F2(1—~8)F(1+S)
= 4—4
=T T(1—29) + &
—31ny—21n2y+8(7—8c3+C2
7
+(4C2—4)1ny+51n2y+21n3y>}. 4.12)

B, is the order o, contribution which we have in-
cluded for convenience.

rd—erl+e)

B =Ti=29
4 8 159
| {CF[—?“;—?(7'24C2)
1/147 98
—E(T—SOCZ 36C3) —+128(,—35(,

6 1 4
+o3 IHY+E(22—16C2) anH‘g_z In?y
1 4
- 1n2y—z In?y+(65—20{,—56{;3) Iny

7 2 3 7 4
—Eln y—In y+§ln y]

N 1 1154'
TN ToE T T2\

——(6 50,+8(35)— > +10C2—l—1161«,——21§4

3 5 2., 5

il e il —Z In2
+821ny+81ny+821n y——In%y

4
—;ln3y+(12—12C2+16C3)1ny
4.13)

14
—(5+4¢) In?y+6 1n3y+? ln“y]}.

Let us also discuss the contribution of the three-par-
ton diagrams to the integrated three-jet cross section.
For one this can give us a check on all the logarithms
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in (4.11), since in the sum of the integrated two- and
three-jet contributions all y dependence should can-
cel. This way we get also the contribution of the three-
parton diagrams to the total cross section which is
perhaps interesting by itself.

In the three-jet region of Fig. 6 all the phase space
integrals are finite. This means that we can take the
result from [7, 9] without the terms ~¢ instead of
(4.2) as integrand. Just as at the end of Sect. 2 one
can do the integrations both analytically (neglecting
O(y) contributions) and numerically. For the analyti-
cal integration we rewrite the result in [7, 9] as

1-y13

fdy” j d)’zs{T(yn,yz3)()’13)’z3)’12)“E
y

vu'tual

- [—2C¢ )’1_28/3 —N.(yi2/¥13 y23)£/82_3CF/8]

N,
+T(J’13,,V23)(452(CF ) 8Cp+N,(In?y,,
—Iny;;In(y;3y23)+Iny; ln)’23)>

+F(J’13,J’23)}- (4.14)

The function F which is independent of ¢ is defined
in [7, 9].

For the terms in (4.14) containing &-poles one has
to keep £40. Despite this they lead to elementary
integrals. The other terms which can be integrated
in 4 dimensions, can all be taken from standard tables
[27]. The final result is

a® au?) (47w ) c,

03 ,et(qqg)—

1—e 2n \ ¢?

r?’(1—er+e
r1—2e)

5 20+

(4ZM)R e(—1)" s(u)A(s)}

5
-{2 Iny+3lny+-—

(4.15)

where

14 7
A = —(?Ncﬁ—g Cp) ln4y+<CF—6M
4 ([T
+ 3 (Co ) 54| (5= 1202) Co 1 (520 N

SN, +Cg
+ £

1 2

4CF+2N]

+[(2Cz+5653‘65) Cot (B~ 1605~ 12) N,
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1 1
—;(5Nc+(22—16§'2) CF)—8—2(3M+6CF)] Iny

1 5
| (G AT

1 29
+g|:(4C2+8§3_7) N,

+(200, +24{;—38) CF]
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+Cr(810,+90{5+31({,—195). 4.16)

One can see easily that in the sum (4.11)+4(4.15) all
logarithms drop out and one is left with the contribu-
tion of the three-parton diagrams to the total cross
section:

_ 0 o (uP) (AnpPye
O-tot(qqg):l_g ' (qz )CF

r(l—e (2 1 13
{raslatat 1)

og(1%)
27

r-gri+e fdny
ri—29) ( 7 )Re(_”

1 N\ 1
-[-?<4CF+7)—?(8CF+NC)

1 /(69 3
—al(F1sa) err(s-32))

1

223 41
+E((26C2+6OC3—T) cF+(6z2~7) N)

2

31 955
+(2scz+15:3—?c4—§) N]}

241 1183
+< c2+9053+101§4—T) Cr

4.17)

Now we come to the numerical analysis of (4.14) in
the three-jet region. We report only the O(y) correc-
tions to the various terms in (4.16) which we write
as

A® (order y)=<—8£2 0+ Qf/e+fc) Cp

+(—Q/e>+ 0¥ /e+ fMN,

Q can be obtained from Table 1 since it is the result
of the integral over T,=T|,—,. The other numerical
results are found in Table 3.

(4.18)
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Table 3. O(y) corrections to the three-jet contributions of the dia-
grams in Fig. 4

Order y corrections for the three parton diagrams in the three-jet
region= —order y corrections for the three parton diagrams in the
two jet region

y 0f of Ie fr

0.05 —6.1886 —6.4066 —13.260 —40.843
0.02 —3.891 —4.202 — 9.728 —34.101
0.01 —2.612 —2.854 — 7.537 —27.65
0.005 —1.695 —1.681 — 6.05 —21.60
0.002 —0.92 —1.01 — 452 —-15.17
0.001 —0.59 —0.62 — 340 —115

The errors are one unit in the last digit.
All the contributions go to 0 for y—0

Now we meet a surprise. In contrast to O(x,) the
O(y) corrections are rather large here, especially for
the N-term (~30% at y=0.05). Therefore we should
be prepared that the O(x?) contributions to the Ster-
man-Weinberg formula (2.5) which we are going to
derive will have non-negligible corrections for larger
y’s, y=0.05 say, caused by O(y) terms.

5. Renormalization

We have now calculated all virtual corrections of
e*e” —» QCD-quanta to order a2. So it is reasonable
to do the renormalization.

Renormalization commutes with all the phase
space integrations. So it is similar for differential and
for integrated cross sections. (We shall concentrate
on the two-jet case.)

Because of chiral invariance our massless theory
gets no mass renormalization. So our final expression
(3.2)+(4.11) is renormalized by using the renormal-
ized coupling gy instead of the naked coupling g, :

gR=|/ YAVAYVAY % (5.1

In (5.1) Z, is the renormalization constant for the
quark-antiquark-gluon vertex, Z, for the quark field
and Z; for the gluon field. We need these quantities
only to order a,, because the O(x,) Sterman-Weinberg
formula gets no contribution from renormalization.

Many schemes have been discussed on what to
absorb into the coupling constant (5.1) [26]. We
worked in the MS scheme which is most standard,
technically the most convenient and which also seems
to lead to the smallest higher order corrections in
most cases*. It is defined as follows:

* For a discussion see [29]
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One absorbs only terms proportional to &'

+1n 47—y into the coupling constant, i.e. terms which
are proportional to the pure ultraviolet singularity
plus certain constants which are an artefact of dimen-
sional regularisation. These constants compensate for
the factor (4n)f and certain I'-functions in (3.2) and
(4.11). The ultraviolet singularity of (3.2)+(4.11) is
mixed up with the infrared singularities in our proce-
dure. However, from the structure of the renormaliza-
tion constants one can deduce that it is only a weak
singularity { ~ &~ 1) compared to the infrared singulari-
ties. This is the reason why no In?(4x) etc. terms enter
the MS prescription.

In fact one can produce the counterterm to
(3.2)+(4.11) by inserting

11 2 g fl
cxsb—ocsR{1~(F ]Vc—g TR) i <8+1n 471—’}))} (5.2)

into the Sterman-Weinberg formula (2.5) keeping the
terms of order o2. Here 1t N,—3% Ty is the first order
approximation to the f-function. As (2.5) is finite one
sees at once that the counterterm is of order ¢~ *.

One should note that because of the singularity
~¢~ 1 one needs the Sterman-Weinberg formula in-
cluding terms of order ¢. These can be calculated by
the same methods by which one arrives at (2.5). We
have given these order & corrections to A, and By
already in (4.12) and (3.3).

Using (5.2) one gets for the counterterm

(2) 2\2 (41 2y2¢
o§h= 2 ¢, (BU) (H2A
1—e¢ 2n q

12 \/(1 ,
- (zm—g TR)(;—y) [2¢ 1n%y

+(%s——2> In?y+@4e((,—1)—3)Iny

+(4L,—4L3—1)e+2L,—11. (5.3)

If one adds the counterterm (5.3) to the result (3.2)
+(4.11) obtained so far one knows that the sum is
free of ultraviolet singularities. All remaining
singularities must be infrared and collinear ones and
they must be cancelled by the two-jet contributions
of the diagrams in Fig. 5, to which we turn our atten-
tion now.

6. Four Parton Diagrams: The Singular Approach

In this section and the following sections we describe
the integration of the four-parton diagrams (Fig. 5)
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over such regions of phase space corresponding to
unresolved two- and three-parton configurations.
Based on our experience with e*e™ — 3 jets [9, 12,
13, 17] we approximate the four-parton matrix ele-
ments by their singular contributions which are re-
sponsible for the infrared/collinear singular terms
~&~" (n=1—4). The motivation for proceeding in
this way is that the four-parton matrix elements in-
volve so many terms of very complicated structure
that we want to prove the cancellation of all singulari-
ties ~¢ ” first before we try to evaluate the exact
matrix elements. We also might hope that the result
obtained with the singular terms alrcady gives us a
reasonable good approximation to the final result.
However, this is not the case, cf. Sect. 9. The diagrams
of Fig. 5 stand for the processes

e*(p)te” (p-)—>a(p)+q(p2) +8(pa) +8(pa)-  (6.1)

and
et (pi)te (po)—=ap)+aP)+4q(s)+q(ps). (6.2)

The 4-dimensional matrix elements for these pro-
cesses can be found in several papers [19, 7]. They
are finite in the four jet region (all y;;>y), so for four
jet cross sections the 4 dimensional expressions are
sufficient. For two- and three-jet cross sections one
has to extend some of the terms to n dimensions,
namely those which yield singularities when integrat-
ed over the two- and three-jet regions. In the three-jet
case these n-dimensional corrections are very simple.
There the singular terms factorize into a tree level
type amplitude (Fig. 2a) and an Altarelli-Parisi kernel,
the generalization of both factors to n dimensions
being very well known [7]. In the two-jet limit there
are other n-dimensional corrections which we shall
present in the following.

The integration of the four-parton diagrams over
the two-jet region is rather involved. One has two
topologically different kinematical configurations de-
pending on whether three partons are collinear (e.g.
V134 <), the second jet then consists just of one par-
ton, or whether both jets are made of two partons
(e.g yi3<y and y,,<y). Neglecting order y terms
the second configuration can be neglected for most
of the diagrams (e.g. for the ¢4 g g-diagrams).

The techniques of how to do the phase space inte-
grations are discussed in our paper [24]. However,
the difficulty comes in not only through the phase
space integration. In addition one has to be careful
to integrate over any region of four-particle phase
space at most once. For example if one has to inte-
grate over the two regions y 3, <y and y,34 <y one
cannot simply add the two results but has to subtract
the overlap contribution. This problem already ap-
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A
1=
Y34
Lo Jet
et
N 537 3et /
7 | L
y Yy 1-yry byl L Y234

Fig. 8. Four particle phase space in a 34-system for fixed y;3,. It
is divided into the regions {yi34<y}, {¥34 <V, Y134>y} and {ys4
>y}

pears at order o« (Fig. 6) where it is easily manageable
because only one region of overlap exists. In our case
however there are four two-jet configurations* and
lots of overlaps exist. In this section we shall take
care of all these overlap regions. However, we will
only calculate the singular terms of the two-jet contri-
butions of the four-parton diagrams proving the infra-
red cancellations and including only those finite loga-
rithms and constants that arise out of these singulari-
ties. Thus, for example, —2Iny arises from

¥y
y ?fe=—2 [ dy 34 yiaa >% where the singularity
0

V134 comes from the matrix elements. We are not
sure whether there are constants or even logarithms
in the nonsingular parts of the matrix elements. To
examine this question would be rather cumbersome
because of the appearance of terms of order y/s. These
make it impossible to integrate the nonsingular parts
of the matrix elements numerically.

To avoid overlap and O(y/e)-terms in the three-jet
case the authors of [7] have used partial fractioning
of the matrix elements. With this method they have
calculated inclusive cross sections where all 3- and
4-parton contributions arc summed. In [20] we have
carried through this approach also for the integrated
three-jet cross section. In order to check all these cal-
culations it would be good to have an independent
calculation of the two-jet cross section in this ap-

* {yiza<y}
U{yasa<y}
Uyis <y, 24 <y} U {y23 <y, yra<y}

This can be read off directly from the singularities of the propagators
of the 4-parton diagrams
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proach to see whether the total cross section can be
reconstructed. Such a calculation will be done in Sect.
8.

But let us return to the singular approach. As
long as one is interested in the case that (at least)
parton 1 and 3 are going in one jet, the following
formula for the n-dimensional four-particle phase is
most convenient [7]

dPS® =gody153dy134dy13(V123 Vi3a—Y13) Vi3
W13+ 1—=y123—V134) 7O (y13) O (V123 Y134~ V13)
O3+t 1—yi3—y134)dvv (1 —v)"*d¢
-sin " 280 (6.3a)
[4m\3e Sq*r(1—e)
gO_(?) 22 S (126 (2 2¢)

(6.3b)

Here S is a statistical factor, S=2 for (6.1), S=4, for
(6.2). p, has been put along the z-axis here and p,
+p;=0. The phase space can almost fully be de-
scribed by invariants (y;,==y;;+ ¥, + yu) with the ex-
ception of the azimuthal angle & of p; and the vari-
able v which contains its polar angle 6 with the z-axis,
vi=%(1—cos0) 0< O <7, 0<O<n).

Exchanging the roles of the partons one can derive
other phase space formulas from (6.3) which are useful
if other jet configurations are considered.

The combination y,3+1~y,,3—y 34 Which ap-
pears in (6.3) is just y,,, as momentum conservation
shows. This means that (6.3) is not only suited to
implement the two-jet condition (y,5,<y) but also
the condition (y,, <V, y,3 <))

We remind the reader how one treats (6.3) in the
three-jet limit (y,3 <y, all other y,;>y). To get differ-
ential distributions one can interpret y,,; and y a4
as effective three-particle variables of an effective
three-particle phase space (I=1+43, II=2, [II=4).
Then one only has to integrate over v, 8’ and y,;.
If one neglects order y contributions one can restrict
oneself to the poles ~ y;3' in the transition probabili-
ties. Then one has to consider only a few terms, be-
cause all the invariants reduce very much in this limit,

e.g
Y1a= 132 —=y13) 01 =p)+7(1—-0)

~2cos 0 |[/v(1—1) y(1—7)), (6.4)
where y:==y,3 ¥24/(¥134a— V13) 123 —V13), reduces to
Yia=yym- V- (6.5)

We find a strong reduction of the matrix elements
also in the two-jet case (y;3<y, y,4<y) Where only
terms ~ i3 y,4 are important, if one neglects order
y contributions. Such terms only come from the plan-
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ar and nonplanar QED type contributions* and only
in the CZ contributions and are of the form

Cr

M(y;3—-0,y,,>0)= B;';(U) E;:;(l"“hu), (6.6)

13)24
where Pg,is the generalization of the Altarelli-Parisi
function to n dimensions

13;;(0)=21L_v+(1—g)(1—v). (6.62)

In (6.6) and in the following we leave out the factor

o \?
<—2‘E> CF‘
(6.6) has to be integrated over that part of (6.3)
where y,3<V, V24<Y, Yi3.>y.- (We will consider

V134 <y later.) For y,3—0 and y,,—0 (6.3) reduces
very much so that the integration is easy. One has

¥y
PS®(113<Y, Y24 <Y, V134> Y) =80 jdy13 Vi3
0

¥ 1 1
'IdJ’za,.Vz_f de’134)’1~3€4(1_Y134)_£ jdvv“s(l—v)_s.

0 y 0
(6.7)

In contrast to this and to the three-jet case config-
urations with three-partons in one jet are more in-
volved. One reason is that a formula like (6.4) is still
quite complicated in the region y,44 <y. (In the region
V234 <y it is appropriate to choose another coordi-
nate system.) In this region one has to look for double
poles (~ y;4) in the transition probabilities. One can
work with the approximation

lim 24
y134—0 V134

=0(1—2)+2zy24(1—0)

—2cos 0 [/v(l—v)z(1—2)y,s  (6.8)

In our technical paper [24] we have described how
to integrate a term with y,, in the denominator, be-
cause this is a rather characteristic case. This case
occurs for four types of contributions

(A) The planar QED type contributions of Fig.
S5a(~Cp)

(B) the nonplanar QED type contributions of

Fig. 5 C N

ig. 5a P
(C) the interferences of QED diagrams with dia-
grams involving the three gluon coupling in Fig. 5a

(~N/2)
(D) the nonplanar contributions of Fig. 5b.

* We use the same classification of transition probabilities as in

1
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All other contributions contain at most poles in
V234 and y3, besides y,;,-poles. Instead of using the
“13-system” which leads to (6.3) in this case it is ap-
propriate to use a “34-system” for them, which one
can get from the “13-system” by interchanging par-
tons 1 and 4. (This strategy is useless for the y, ,-poles,
because they appear in combination with
V13> V23> Y24 OF V34.)

Let us begin with these simpler contributions:
First there are planar contributions of Fig. 5b which
pick up a factor Tr=n,/2 because of the additional
fermion loop involved. In the limit y,;, — 0 they re-
duce to

2 I*(1—e)
MT(}’134—>0)—§ Txm

1 7 13 7
ol —s e —2 14—
{z( 3£+9s) 1+3s
2—8e+2e 45563
V3342
—2+3¢—3%¢’
+#},

V234 2

(6.9)

(6.9) has been written down in a 34-system. The §'-
integration, which is trivial here, and the v-integration
have already been carried out. A variable z
= y34/V134 V234 instead of y;, can be introduced as
integration variable, which has the advantage that
it is integrated between 0 and 1.

(6.9) should be integrated with

’ 1 y
Ry,= j dJ’134{2 j dyr3a— j dy234}
0 o 0

1
Y138°V338 (1= y234) 7" [ dzz7*(1—2)7". (6.10)
0

In (6.10) the factor 2 is the contribution from the
region (y,34 <) and the contribution from the over-
lap region (yy34 <V, V234 <)) is subtracted in order
that it be not counted twice.

(6.9) can be integrated with the measure (6.10)
quite easily. So it is not necessary to give the result
here. It will be included as the Tz-term in (6.25). We
only note in passing that it contains poles of at most
third order in the dimensional parameter & (There
is one ¢~ ! for y;,—0, and one for y;3,—0 and
y,34 — 0, respectively.) This gives just what one needs
to cancel the Tg-part of (3.4) and (5.3).

The second class of simple contributions comes
from the “pure QCD” transition probabilities in Fig.
5a. Topologically they have the same structure as
the Tx contributions. Analytically they lead to an ex-
pression similar to (6.9).
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I'?(1—¢)
F(2 25))’134

IRTECIUE VR O
555\ T15% 4

1 2 4
+ (_2__8__82)

Mp(y 34— 0)=

V234 2 15 45
T ! ER Ay N
V2az 5°745°% 7135

(6.11)

This is integrated just like (6.9) and gives part of the
N.-contribution in the total result (6.25). Let us now
come to the contribution of type E, i.e. those nonplan-
ar transition probabilities of Fig. 5b which survive
Furry’s theorem. In a sense they are still simpler than
(6.9) and (6.11). The reason is that in their sum all
y;i;-poles drop out. Therefore they give order y contri-
butions in the three-jet regions.

However, they have singularities in one two-jet
variable y;;, say y;s4. So from the two-jet region
V134 <)y One expects a 1/¢ singularity after integration.
In fact in the limit y,3,—0 the matrix elements

squared read
Cyr—N,/2 {1 ( v )
M 2O=— e\,
E(y134 ) y%34 z y14/y134
Y234
. [ (v—28) y234+1—20)

Vi24

+1—s+(v—vs+82)y234]

Va3a 2 2
_ vV+vE—v°—¢
Y124Y14/Y134(y234( )
+y,34{1 —2vs+e)—1)

—v
—2———y14/y;34 (1—&)+ 2534 (e 4+ £2—2)
+—— 1 [1—e+yy3,(1 —2ve+e—¢?)
e —2vet+e—¢
Via/V13a Vass

+y234(v(1 +8_32)

+UZ(1—-8)—28+82—22(1—8))]}. (6.12)

The expression has been written in such a way that
the absence of a pole in z is explizit. Just as in (6.9)
and (6.11) we have worked in a 34-system here. This
means that y,,/y, 5, should be approximated by (6.8)
with y,, replaced by y,,21—y,4,. (v and z of course
change their meaning.) y,,, can be approximated by
Vi2a®=1—=Y334(1—0).

The details of the integrations in (6.12) have been
described in our technical paper [24]. There we have
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devoted some care to describe how terms with y,,
in the denominator are treated. Such terms will also
be important in the following where they occur in
connection with stronger poles in &.

Concerning (6.12) one should note that there is
no overlap problem because there is no such term
as Y134 Y2+ OF YY1+ So one can integrate with

y 1
R3,=2 de134 yisd® j dy234 Y3348 (1= Y234)~°
0 0

1 1
fdzz7*(1—2)7" [ dvv~*(1—0v)~*
0 0

-jd(?’ sin~2?0'/N,,. (6.13)
0
The result is
N.j2 13 113
Z;=N- Fﬁ[ (—7+6C2—4C3)+—4——12C2
+5085;—750,+(13—12{,+8(3) In y], (6.14)

where N :=¢'?(a,/27m)% (4n u?/q%)?** Cp.

Now we come to the remaining contributions of
Fig. 5a in the limit y;5,—0. In a 13-system (z
=Y13/V123 Y134) they are

1
M 45c(y134 —0)= 2 (1_8)(1—0) (J’123)
Y134

2vy? 20y, (1+
F (=8P 0y s+ Y123 Yi23(1+y24)
Z2Y24 Y234 Y234 Y24 Via/V134
20123 1—¢
(1—U)J’24J’14/)’134 Vi4/V13a

y
: (2 1j4v+(1—s)y§23v)]

(0= 2 e

. 20}’%23
Z2Y24 Y234

+( Y123 v? J’123
J’24(1—U) J’24

29)’%23(1 +¥24)
V234 Y24 V1a/V134

+2e(l—¢) y3+

v(1—=v)+(1—&)(—&y24 V123

2
+(L+8)vyrayi23— 14123 ‘72)>__

Via/Y13a
2t v
—_ 1—¢
Zy14/Y134 <y123( )(1“

1
—v(l—s)—y—24 B, )]

v
v~v—s)+1—_£(1+s)
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N, 2v 20¥323
4 o P" —
2 [2(1_0) qq(y123) ZY234 Y24
2t V123 4
+— P —24+—-2(1—9v
ZY34/V13a (y234 0 (123) 1—v ( )
2
+(1—8)y,a 1+v——)
1—v
1 4 1
+—|1l+e+(1—gv— )>+
Y24 ( ( I—v V3a/Vi3a

-(2(1—.9) Vae +yi(2(1—a)+202(1-e)+4vs)
24

Y234

4
+4s+v(4—8£)—4172(1—s)—m

4
+y24<—48—80(1 —8)+202(1—-8)+—1~:;)

yha-a(ao- )|

Here the term ~ Cp corresponds to the planar

(6.15)

N,
QED type contributions A4, the term ~CF—7 to

the nonplanar QED type contributions B and the
term ~ N, to the interferences C. In all three cases
the most singular terms containing a pole in z have
been written down first. All the other terms can be
arranged in such a way that poles in z drop out
(t:=2cos ¢ ]/v(l—v)z(l—z) ¥24)- This means that
poles in z never occur in conjunction with poles in

Y14 OT YV34.
In (6.15)

lim y;,/y,34 can be determined from
y134—0
(6.8) by remembering y34=y134— Y13~ Via- FOI Y123
one can use the approximation y;,3=1-—y,,4. There
are no poles in y;,5, but in y,,. In this sense the
situation is asymmetrical compared to (6.10). For y,3,4
one can use the approximation y,3,=1-—0Y;23.
There are many cancellations in the terms ~y;5, of
(6.15), as will be demonstrated in our three-jet work
[20]. This does not mean however, that there is no
contribution from the region y,3, <y. There is an ex-
pression symmetrical to (6.15) with 1 and 2 inter-
changed. One can also see from (6.15) that there must
be an overlap contribution from terms like
1/(y?34 2(1—v) y,4), if one remembers that y,3
=(y123—Y13) (1 —0).

For the contribution ~ N, it would be equally rea-
sonable to use a 34-system instead of a 13-system,
because the typical denominator contains ya4 Y13 Vaa-
Then either y,; or y,, would be a complicated vari-
able of the type of (6.8).
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In Sect. 8 we shall pursue a different strategy (at
least for the N.-term of (6.15)). There we shall use
a different phase space system for each single expres-
sion to be integrated. For instance a term with de-
nominator ys, ¥,3 V4 can be treated in a 13-system,
where the role of 2 and 4 is interchanged compared
to the 13-system we are using here. In this way one
can avoid a complicated &'-integration for all but a
few terms. But let us come back to the integration
of (6.15). Most of the technical details of the integrals
have been presented in our paper [24]. Therefore we
concentrate here on the treatment of the overlap re-
gions.

As can be seen from (6.6) the N,-term has no con-
tributions from the overlap region (y;3<y, V2a <V,
Yiza<y)and (y23 <V, Y14 <Y, Y134 <}). Thus we could
use (6.10) if we were working in a 34-system. In a
13-system the condition y,5, <y (which is part of the
overlap condition) is nontrivial, because y,3, is not
an integration variable, y,3,=1—0y55+0(¥134)
But for the integration measure one can write

y 1 1
2 j dy34 )/i3_428 IdZZ*E(l_Z)_8 jd)’z4 Vi1 =y24)7"
0 0 0

s 4

. fldvv_s(l—v)"E | a
0

- sin~2¢¢
0 9

y y 1 '
- j dyiaa y}3—42£ jdy234 y334° f dzz7*(1—z)"*
0 0 0
! T4y
dvv (1 —v)"% | —sin~ 240’
Tanoa-a {

0

(6.16)

where it is assumed that the second term acts on the
N-part of (6.15) given in a 34-system. N, is defined
after (B.7).

For the second term one needs only the infrared
singular contributions of the N.-term (gluons 3, 4 in-
frared). These arc

Mg(IR gluons)

_M 1 [ 1 N 1
2 J’%34 (1—0) y13/V134 U-Y1a/V134

" 1 1(1 1 1 )
o(1—=0)y13/V134 V1a/V13a Z v 1—v

1 1 1 1
+ (1 + )+ (1 +—)]. (6.17)
ZY14/V134 1—v) zyi3/V13a v

The terms without poles in z come from the diagrams
of class B, the terms with poles in z come from dia-
grams of class C. y,5 and y,, can be approximated
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by
Y13/Y13a=v(l—2)+z(1—)
—2cos8 )v(l—v)z(1—2)
(6.18)

V14/¥134=(the same with v 1—uy,

cos '« —cos ).

Therefore (6.17) can be reduced very much by symme-
try arguments:

N 1 8
My (IR gluons)=— R —
scR g )= 2 J/134[ZJ’14/J’134

+ 2 1<1 2 )]
zZ(1—=0)y14/y134 2 I—v/]

(6.19)
The #'-integration can now be done using [24]
T 40 sin” 240
o NoVia/Visa
=(s+/2)2£r11_282F1(—£, —26, 1, j—+) (6.20)

where s.=r,+r_ and r,=[p(l1—2)+z(1—v)|.

The examples described in [24] all refer to the first
region of (6.16). In contrast to them here the hyper-
geometric function may not be approximated by 1.
Instead one should use the full series representation

2¢?
(1—2¢)
F(k 2)
— 8)

JFi(—e —261—g x)=14+

L k=g

6.21)

The series in (6.21) is nonleading, so it can be integrat-
ed term by term using suitable approximations. After
the integration one ends up with a series which can
be summed by standard methods.

The integrals with the first term in (6.21) can all
be integrated by standard techmiques. One of them
will be needed in Sect. 8, so we include its result for
convenience here:

1 1
Jdzz7 ' 7o (1—2)7F [ dvv *(1—v) "' ¢
0 0

-A{O(z—0v) (1 —v)**(z—v)~ 172
+O@v—2)v**(1—z)* (v—2z)"* 2%
26{36—11.5(, &

3
=3 —10(,~ (6.22)
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Note that there is a factor y~*%/4¢* in front coming
from the y, 34~ and y,44-integration which fully decou-
ple from all other integrations. (6.17) then leads to

Ny ™1 1y
‘N?4l}EﬁF

1 , 1129
+8—2<2Cz—'y —§)+E(?(3+Y

chass B, C(IR gluons)

2 1
3P —4r—1-3 )

373 s
—2+TC4+552+C2 y+40, V“—EC:«;

29 1
—TC3y+2y—y2+§y4]. (6.23)

For the Cg-terms of (6.15) the overlap structure is
more complicated than (6.16), because one also has
to prevent the regions (y,3 <V, V24 <V, V134 <<y) and
(V14<Y, Y23 <, Y134 <Y) being counted twice. Using
the symmetries of the matrix clements one can derive
the following formula (see Appendix A):

1
T dyra yii(1—yy0) 7"

¥

2 jdy134y13 jdzz_e(l

—¢ ~¢ ¢ dy
-Ojdvv (1—v) IV

o '

sin~ 2@

y ¥y 1
+ j dyi3a J’i;fg de’234 y%3_428 j dzz7*(1—2)"*
0 0 0

T /

. j‘ldvv_g(l—v)_e | a9

2
sin”“%0
0 ]"07

(6.24)

where, just as in (6.16), the first term has to be read
in the uswal 13-system  (z=y;3/V134 V123>
v=Y13/(y123—Y13)...) and the second term in the 34-

system (z=Y34/V134 Y2345 ---)-
All the integrals can be calculated with the meth-

ods described in [24]. Adding all contributions gives

0254988, 4999)=N/(1 &) I'*(1 &) {Cp Fe

+N, Fy+ Ty Fy) (6.25)

Fo=2/e*+4/e3+ (15— 120 ,)/e?
+(307/8—9C, —30L,)/e
+5335/48 —261/4¢,—7¢,—10(,
+1n y(—6/e2—(22—160,)/e—251/4+17¢,
+44(5)+In?y(—4/e” + 1/6+10—6(,)

+In3y(4/e+T7)— L In%y (6.26)
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Fy=1/(26%)+23/(12¢%) +(223/36 —3 {,)/e?
+(4033/216 —10{, +{3/2)/e +434561/7776
—27(,—625/120,+781/16¢,

+In y(—3/e2—21/(26) + 58/3¢, — 10¢5 —403/12)
+1In?y(—2/e* +4/(3e)+121/8+6(,)
103 y(4/e+4/3)— 14/3 In*y. (6.27)

Fp= —1/3&%) — 11/(9¢%)— (233/54 — 20,)/e — 18092/1296
+16/30,+16/305+(23/3—8/3,+2/e) Iny

+(4/(36)—10/9) In?y—8/3 In3y. (6.28)

7. Result and Discussion of the Singular Approach

The sum (3.2)+(4.11) +(5.3) +(6.25) is finite for ¢ — 0.

All the terms in the sum have been derived by
expanding expressions of the form y~*/¢",
k,n=0,1, 2, 3, 4. (Some finite logarithms may still be
missing in (7.2), see the discussion at the beginning
of Sect. 8.) The cancellation of the singularities can
best be understood in terms of these quantities. For
instance the leading singularity is cancelled in the fol-
lowing way

lim Cpe™*{2+4y 2 —8y~*

=0
+8y 25 —8y 342y 1 =2Cp In*y. (7.1)

The first term in (7.1) comes from the two-parton
diagrams, the next two terms come from the three-
parton diagrams and the rest from the tree diagrams.

The right hand side of (7.1) will be the leading
logarithm of our two-jet cross section (7.2). Thus we
see how the leading singularity generates the leading
logarithm. Analogously the nonleading logarithms
are generated by the nonleading singularities. The re-
sult is

s(‘”cF( 2In?y—3Iny+20,—1)

O'z-jet/o'o

(xs(qz) s 5 S
+H 5L CHCrZe+ N2y + T ZY) (12)
13
ZSC=2ln4y+6ln3y+(7—64’2)1n2y

9 1 51
(330120 Iny g =T Lot 11 4L

(7.3)
11 169 57
Zh=g Wy (26— ey (60— ) my
31 32 53
2R D &
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19 38
ZST=—§1n y+ 9 ln y+5Iny +-9~—-Cz (7.5)

In (7.2) we have included the Sterman-Weinberg con-
tributions O (ay).

We have identified the arbitrary parameter u?
with the energy of the virtual photon. In order a2
this can be justified by renormalization group consid-
erations [29].

The coefficients of the cubic term in (7.4) and (7.5)
are such that they can be absorbed into the running

coupling constant by going from «,(g?) to

o) =) (1250
2
(% NC—§ TR) Iny+ O(af)). (7.6)

This is a necessary condition for the exponentia-
tion properties of our result which we will discuss
now. There is a conjecture by Smilga [30] that the
leading and even the next to leading logarithms of
the two-jet cross section exponentiate to any or-
der in o, This means they can be generated by
writing the leading and next to leading logarithm
of the Sterman-Weinberg result into an exponential

exp (% Ce(—21n%y—31n y)). Note that it is impor-

tant here to choose a, = a,(y ¢%), because otherwise one
could never generate a N, or T,-contribution.

We can prove Smilga’s conjecture to order o2,
which means we can generate all quartic and cubic
terms in In y in our result (7.2)H7.5)*. It should be
stressed however that the nonleading logarithms do
not exponentiate. One has to add a correction factor
to take them into account

_ [ %(yq?)
Gz-jet/o'o =C&Xp T
2
-{1+°‘ O e, 1y ¢;

+(%> Co(CrZ e+ N2y + TRZT)} a7

~ 29 17 4 19 38
ZT=?1n2y+(?— Cz)lny 9——C2 (7.8)

Cr(—21In?y— 31ny)]

~ 3
ZCZ '—262 lnzy—"(z—:;Cz"“ 12C3) Iny

1 51
+§—-4~C2+11C3+4C4 (7.9)

* This is in agreement with earlier leading logarithm calculations
for the off shell quark form factor [30] and the two-jet cross section
for massive quarks [32]
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~ 367\ . , 11 193
ZN—-<2C2"‘—'?E)IH y+<T§2+6C3——E)IHy
31 32 53
+g T3 L 1B3G+ T, (7.10)

Formulas (7.2) and (7.7) are identical, if one neglects
terms of order .

The corrections (7.8)(7.10) typically contain
squares of logarithms.

In Fig. 9 we have drawn the Sterman-Weinberg

result and our two formulas (7.2) and (7.7) for a wide
range of y values and for a,(q?)=0.12. In this plot
also the order a, y contributions of table 1 are taken
into account. The region of physical y-values is on
the right half of the diagram.
In that region the o2 contribution is of the order
of 10% which is reasonable for a perturbative result.
In the physical region (7.2) and (7.7) practically give
the same result. Only for small y the exponentiated
version improves the result. One can see this from
the fact that for y —» 0 the Sterman-Weinberg formula
and our naked result (7.2) become negative. This is
an indication for the breakdown of perturbation
theory. The exponentiated curve remains positive.
The exponentiation sums up multigluon radiation at
leading logarithmic level.

Instead of calculating ¢, _./0, one could have
given the two-jet multiplicity 6, _;.,/0,,, Where [23]

3 . alg®)  (os(@))?
0'10120'0{1'}’5 CF e +< o ) CF

3 11 123

(7.11)

This will be done in Sect. 9, where we shall compare
(7.2) with the result of the partial fractioning ap-
proach, which will contain all finite logarithms and
constants and all order y corrections.

8. Four Parton Diagrams: The Partial Fractioning
Approach

It is the purpose of this section to go beyond the
approximations applied in Sect. 6, where we took into
account only the singular terms in the four-parton
cross section, which are responsible for the infrared/
collinear singularities. This means we must integrate
the complete four-parton matrix elements over the
two-jet region. This task seems impossible due to the
fact that the four-parton terms are too complicated
to allow an exact integration over several variables
in n-dimensions in analytic form. In addition we want
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to define the two-jet region in such a way that the
integration over its complement in the four-parton
phase space yields the three- and four-jet cross sec-
tion. In our complementary work on integrated three-
and four-jet cross sections [20] we describe how
through partial fractioning of the four-parton matrix
elements we separate the singular contribution in such
a form that it is integrable analytically in n-dimen-
sions and the remainder is finite and integrable in
n=4 dimensions which can be done partly numeri-
cally. These singular terms are also suitable for inte-
gration over the two-jet region. But the terms which
are non-singular in the three-jet region have still
singularities in the two-jet region. Nevertheless we
accomplish to integrate them analytically although
only approximately, neglecting contributions O(y).
For an exact integration with all terms O(y) included
further partial fractioning would be necessary. In the
partial fractioned expressions we have presented [20]
one avoids y/e terms only in the three-jet region. In
the two-jet region O(y/e) terms prohibiting numerical
integration are still present.

Our result which is valid up to terms O(y) can
be added to the integrated three- and four-jet cross
section [207]. This sum should yield the O(«2) terms
in o, at least for very small values of y (y<1073).
We shall find rather big O(y) contributions for the
N-term (just as in Table 3). Once the total cross sec-
tion is reconstructed one can be quite sure that the
differential and integrated three- and four-jet cross
sections are correct (even including terms of order
y). Then the exact two-jet cross section can be calcu-
lated via the sum rule

02 —jet = O0tot —03—jet — 04— jet-

In the partial fractioning approach (PF approach)
the contributions (6.9), (6.11) and (6.12) remain un-
changed. The reason is that there is not more than
one pole in any y;; at a time, so no partial fractioning
has to be done. (The variables y,; are not subject
to partial fractioning.) In the PF approach only the
expression (6.15) is changed. The matrix elements
squared contributing to (6.15) are rewritten as [20]

M=Cy [%+(1H2)+(3H4)+(1H2’ 3(«)4)]

+Nc[i+l+(1<—>2)+(3«—>4)

V34 Y13

T2, 394)] (8.1)

where R, S and T have the property that they remain
finite for any one y,; going to zero. This property
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can be achieved by partial fractioning. Consider for
example the equation
1 1

- +(1e2). (82)
Vi3Vas  Yiz(P13+¥23) (

The first term on the right hand side has a singularity
only for y,; —0.

The partial fractioned expressions in four dimen-
sions are given in our three-jet paper [20]. Here they
have to be supplemented by the n-dimensional correc-
tions that are singular when integrated over the two-
jet regions.

The partial fractioning can be chosen in such a
way that the “13-terms” R/y,; and T/y,, give finite
or order y contributions when integrated over the
two-jet regions (y234<J, Yi3a>¥, y13>y) and (¥4
<Y, Va3<V, V134>V, V13>)). Analogously the 34-
term S/y;, gives finite or order y contributions in
the regions (y;3<V, V24<V, Y134>), Y234>y) and

(V14<D ¥23<¥, ¥134>), Y234>y). These regions
have been integrated over numerically and for the

time being treated together with the finite three- and
four-jet contributions in [20]. So for R and T we
define an “unphysical” two-jet cross section with the
help of the region (y,3,<¥)U(y13 <V, ¥24<y) and for
S with the help of the region (y3a<y)u(yis
<7, ¥34<y) and for S with the help of the region
(V134a<y)U (V234 <y). This is sufficient for the recon-
struction of the total cross section. To get a physical
two-jet cross section one should disentangle the finite
two-jet contributions from the three- and four-jet
cross section. This is done in [20] and the result is
summarized and discussed in Sect: 9.

In fact the singularity structure (poles in &) of this

“unphysical” two-jet cross section in the PF approach
will turn out to be the same as the singularity struc-
ture of (6.25). The difference is in the finite terms
(In?y, In y and constants).
"~ To understand the core of the matter let us recon-
sider the example (8.2). If one wants to integrate
1/v13(y13+ y,3) over the two-jet region of Fig. 6 one
can first integrate over the stripe (y,3 <y) thereby get-
ting all e-singularities. The (finite) contribution from
the region (y,3> ¥, ¥23 <)), which is ~{,, can be cor-
rected for afterwards.

Now why can we restrict our attention to the 13-
and 34-terms of (8.1) and (8.2)? The reason is the
following: Because of symmetry

' R S T
(full phase space) [C r—+N, <— + A)]
Y13 Y3a Vi3

1
=7 (full phase space) M. (8.3)
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For the y,s;-terms (full phase space) can be divided
into four disjoint regions: the here for convenience
called four-jet region (y,;3>y), the three-jet region
(V13<V, ¥24>), y13a>y) and the two-jet regions
(r134<y) and (y13<y, y24<¥, y134>) (All are un-
physical in the sense described above)) For the
y34-term the division is as follows: the four-jet region
is (y34>Y), the three-jet region is (Y34<V, yisa
>V, V234>Y) and the two-jet regions are (y;3,<y)
and (y234 <) V134> ).

Let us start now with the two-jet contributions
to the Cp-term. We begin with the region (y,,
<Y, Y24 <Y, V134> )%, for which we had a very sim-
ple approximation of the matrix elements in Sect. 6.
Here we have to integrate

F(1—y134)
Mpe(y13 =0, y2u = 0)=Cp—H—=
RS 240) " 1313 +24)

V1230
{2 —""—+(1—¢ I—U)-I—AK +1y. 8.4
< Yia+Yas ) ) TN ®4)

AK; and I, will be defined later. We use the 13-
system of Sect. 6 here. In (8.4) the first term corre-
sponds to the old approximation (6.6). However, inte-
grating it with the methods described in our technical
paper [24] gives a very different result as compared
to the resuit of integrating (6.6). The difference is al-
ready in the leading contribution (which is ¢ 3 here,
because y, 34 is not allowed to approach zero). The
appearance of this difference is not astonishing. As
a consequence of the partial fractioning the various
contributions are distributed in another way. Only
in the final result the singularity structure should be
the same. To be definite let us shortly describe how
one integrates the term 1/(y;3(yi3+¥24) (V13

+Y23) Y134)- In the 13-system y,3=(y123—y13) (1 —0v).
Then the v-integration yields

1
_f dvv™ (1 =) (13 +y23) "
0

1 Fz(l—g) 1 .
:J’123 [_SF(I—-ZS)_I_EF(I_S)F(1+8)y13J’123]
+0(y13) (8.5)

It is a characteristic feature of the PF approach that
the approximation (y,;3+y,3) '~yz5 cannot be
made here [7, 24].

With (8.5) the y,;4-integration becomes simple.
Then the y,s- and y,,-integrations can be done by

* We should have noted already in Sect. 6 that the proper upper
limit for the y,s-integration is y;s<min(y, y134 y123). However,
here we have y1333 1 —yy34, 80 ¥> Y134 Y123 only for y; 34 <y, which
is excluded, or for y,,3<y, which gives an order y contribution,
because there is no pole in y,,3



G. Kramer and B. Lampe: Two-Jet Cross Section in e* e~ Annihilation

expanding (y;3+V,4)~ " around y,;=0 for y;3<y,4
and around y,, =0 for y,3>y,4.

Now we come to the correction terms K, and
Iy in (8.4).

In=4y15 Y123 V124/(V13+Y24) W13+ V14)
(Vi3 tV23) V14t V24)

gives a finite though nonnegligible contribution
here*. It is the only integral for which we found no
analytical expression. However, it can be integrated
numerically because it is finite. The numerical result
can be fitted by 4(0.28 —1.47 ln y)**. It will be in-
cluded in the final results (8.19) and (8.20) for the
Cp-term.

2
AKT:y—(}’134(1 —&+ ,V123)

13 Vi34

_[1 ( v Y123 )
Y234 \Y13+ Y24 Vi3 t)V2s3

Y1230
- 8.6
()’13+YZ4)(J’13+)’23)] ®6)

gives a leading contribution ~In y/e. It contains those
V13-Vaza-pole terms that are not absorbed into the
terms singular for y,;—0 since their sum is finite
for y,; — 0. Without approximation 4K, reads

2 1—
AKf=h—{ Via(l—=y,24) (1—¢)
Viz W23a(V13+¥24)
V12 Y14
+ 1—¢
V134 Y23a(V13+Y24) J’134( )
_J’12(1+Y134)+ Vi2 V1231 +V34)
Y134 Y234 Vi3a V23a(V13+Y23)
V12 Y1a(1—9) . Y12
V23413 ty23) izt Yaa) iz +Y23)
-2
- (y134(1—a)+w)}. 57)
Vi34

In (8.6) y,34 can be approximated by 1 —v+y,,. With
this AK; can be integrated analytically. In fact the
v-integration is very similar to (8.5). For the terms
containing (y,3+Y,3) ¥234 in the denominator one

* Iy will also give contributions in the regions y,;,<y which are
even singular. For these we shall be able to offer analytical results
** One gets this fit from the numerical integration of

In(xy)In(1—x+2z)
x+z)(x—z) °

which is the relevant approximation of Iy in the region (ys
<Y ¥24<Y, Y134>)
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should write
1 _ 1
(1—U+ y13)(1_”+J’24) Voa— Y13
Y123 V123
1 1
Cl—v+ ®8)
1—pt Vi3 YVaa
V123

y13- and y,-integration can then be done by expand-

ing(y _J’13.>_1
2 Yi23

Now we come to the contribution of R/y, 5 in the
region y,;4<y. First we have the terms singular for
¥13 — 0 which in the limit y;;, — 0 read

i Cr [ 1=y, ]
MPE= +(1—¢
Py z(1—y,4) Vi3tV ) Vae
1—Yy54 ]
22— 2+(1—¢)(1—-v)|. 8.9
[J’13+J’23 ( )( ) ®.9)

Once again the expression is written in the usual 13-
system and again one must not use (y;3-+Y4) !
~yy4 and (y;3+y,3) '~ Y54 here. However, the y,,-
and v-integration can be done with the help of a for-
mula similar to (8.5). The result is

. Cr 2 -
If;gg:y%MZ(c+;1"(1+3)1’(1—8)z £y8134)
2 _
-<d+EF(1+8)F(1——8)z 5y8134), (8.10)
r2—gr(—¢ rd—gre—e
r2—2¢)1(—e rQ2—eI1—2e)

The y,;34- and the z-integration are then straightfor-
ward.

From the terms nonsingular for y,; —0 (“three-
jet-finite”) only a few survive in the region y,3, <.
In the usual 13-system they are:

o—(1=0)yps
Y%34(1 ~Y24)

Va3 €2
Y13V14 Y24 V134

M§s=(1—e>[

Y12 YVaa é 2
+e +2 )]+—(1+3)~——»
<Y%34 J’%34 2 Y13 V14 Y134

+Iy+K% + 4K, (8.13)

Here ¢;=y14 Y3+ V13 V20— V12 V34 and
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: 2t
2 20y,4—v(1 _U)+UJ’§4(1 —U)_)’24+7(U+}724_UY24)

K£1=

2
Vi34

Most of the terms in (8.13) give O(¢ '), only I and
4K, contribute O(¢~?). The integration of Iy over
the region (y,34 < y) has been described in our techni-
cal paper [24].

To integrate the terms in (8.13) containing &, one
should use a 13-system, where the role of partons
2 and 4 is interchanged. In this system

€2=2¥123V134[ 2240+ COS & ‘/U(1 —0)2(1—2) y34]
+0(yisa), (8.15)

Via=Visa(l—2y123) 0, (8.16)

so that the #-integration becomes trivial.

In the same system one should integrate part of
K4, . (For that purpose (8.14) has to be transformed.)
We will not go into the details of this calculation.
We only note that in intermediate steps poles of sec-
ond order in ¢ appear. Also one has to subtract and
add many pole terms before one can apply such for-
mulas as (8.5). The final result is

—2e

7
V13a <V K&, ="y—8*(2C3—1)

2 y—3s
3%

(1—-C3)+5957. (8.17)

The bracket (y, 34 < y) means that part of the 4 particle
phase space, where y, 34 <y.

To calculate 4K, we return to our old 13-system.
In the limit of small y, 5, (8.7) reduces to

4

AK = .
I Y134 V234013 +Y23) (W13 +V24)

(8.18)

The approximation y,3,~1—vy,;,3 can again be
justified. So one has a denominator of the form
(1=y123(1=2y134)) (1—0(1—2y;34)) (1 —y1230). Be-
fore one can apply (8.5) to the v-integration one has
to do a partial fractioning. The y,,;-integration can
then be handled similarly. The result one finally ob-
tains has the same singularity structure as the Cp-term
F. in (6.25). Only the finite contributions differ.

2 1

B =Tt 5+ (15-120)

1 /307
+E(‘8——9cf3oc_3)—6.920

(8.14)

¥y
(y2at+¥i13) (—14 +ZY123) (I—v+zy;34)
Yi3a

6 1
+Iny- _87_;(22—16@)4—33.118)

4 1
+ln2y-(~£—2+;+10—852>

4 1
+<§+7) 1n3y—§1n4y. (8.19)
This changes Z. of (7.3) to
ZF=21In*y+6In’y+(2—8(,) In*y
—2.094 1n y+5.218. (8.20)

The finite contribution 4-(0.28 —1.47 In y) from Iy is
included here. Therefore the finite simple logarithms
and constants have numerical coefficients.

For small y the most prominent change of (8.20)
as compared to (7.3) is the term —2{, In?y. One
should stress that with this new result the term
~{, In? yCp still does not exponentiate (cf. (7.9)).

For physical values of y the In y-term in (8.20)
is just as important. It has changed strongly as com-
pared to (7.3).

Now we come to the N-term. What is left is to
calculate the contributions of class C. All other contri-
butions can be either taken from Sect. 6 or they are
hidden in (8.4), (8.9) and (8.13) where the class B terms

N,
must be multiplied with Cp —70 instead of Cp.

In total the N.-contributions of (6.15) are to be
replaced by

(U1+U2+UT'_% Wl_% WT)]VC (8.21)

Here U,, U, and Uy come from the class C contribu-
tions and will be defined below. W, are the contribu-
tions from class B in the region (y;34 <y):

Va3 &
W= (s <K —(1- 0 22—
Yi3Y14 Y24 V134
+2 2
+8(1_8)Y12 : Y24q Y12

Yi3a V1313 +¥a3)

Vi3a Y24 Y123
S (1—£)+——————]
[(J’13+)’24 J’134) Vi3a(V13+¥24)

&z 2Y12 V123 }
+
V1313 +Y23) Vi3a Vaza
(8.22)

£
+=(1+¢)
2 V13 Y14 V134
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Wy are the contributions from class B in the region
V13 <V Y24 <Y, ¥134>y). Remember that for the sin-
gular approach of Sect. 6 these contributions can-
celled against those of class C in the same region
(compare (6.6)). This is no longer true here.

Wr=(13<¥, ¥24<Y, Y132>Y)

. { 2y12 V123
Vi3 Yi3a(Vi3+Y23) 013 +Y24)

(l—ym)}.

2y n
By
Vi3 V23a(V13+¥23)

(8.23)

The bracket (y;3 <Y, V24 <Y, V134> ) stands for inte-
gration over four particle phase space with the addi-
tional restrictions y,3<y, ¥y,4a<y and y;34>y. The
finite contribution 4(0.28 —1.47 In y) from I is not
included here, but will be included later.

The integrals in W, and W; have already been
done in connection with the Cg-term.

For the Cp-term we have used the explicit decom-
position of R/y, 5 into terms singular for y;; —0 and
into three-jet-finite terms. For the N,-contributions
of class C we will not use such a decomposition but
instead will make contact with the strategies of Sect.
6.

We begin with the terms to be treated as 34-pole
term (i.e. two-jet region=(y 34 <Y)U (V234 <V, V134
> y)). Again we include the n-dimensional corrections,
wherever necessary. We leave out those terms which
give order y contributions after integration. In the

region (y34 <Y, ¥134<¥)

1
Uy =(V134 <V, V234 <Yy) —
V3a

. { Yi2 Y12
2(y3a+Y13) (V3a+V24)  2Y234
Y12 V123

(Vi3 +Y34) Y234

)’14)’134(1“3)_ V12 }
(V13 tY34) Y2324 V134 V23a

(8.24)

are the relevant terms.

Both the 34- and the 13-terms have to be integrat-
ed over (y,34<y). Therefore they can be treated to-
gether. This means some of the partial fractioning
can be undone, so that the integrations are less in-
volved. Finally the following expression has to be in-
tegrated over the region y s, <y:

Yi2
2y34(Vi3+Vs4) (V2utV34)

Yi2
+
Y1313+ Y24) 13+ V34)

U =(J’134<}’){
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4 Y12
(V13 +Y24) W13t Y3a) (V24T 34)
V12 V123 4 1—e¢
V34 Y13 V234  V3a

Y14 Yi3a | ViaV2a | V13
V13 Y234 V13 V134 VYiza

Yia Y12
V34 V13 V34 Vi34 V234
_ YiaVias 3y12
V13 V134 V234  2V34 Y134
1—e
+2)’34)’134
€1 [5—38 (1—¢)ya3

(5y24+y23—1)

+
Y13 V34 V134 4 2y54

+y23(3—3)+J’24(1+5):|}' (8.25)

4y334

Here € =y14 Y23~ Y12 V34— Y13 Y24 annihilates the
singularities for y,;—>0, y;,—0 and y,,—0. (This
is the reason why no partial fractioning is necessary
for the terms proportional to ¢;).

The contribution of the 13-terms of class C in
the region (y,3<¥, y24 <, Y134y) will be called U;.
Only a few 13-terms are relevant, namely

Ur=013<¥, ¥24<V, Y134>Y)

. { Y12
Y1313 +Y24) (V13 +¥34)
4 Y12
(13+Y24) V13t Y34) (V24 +V34)
Yi2+Y14 J’134(1—3)}
V1313 +y3a) Vaza )

(8.26)

It is important that the decomposition into 13- and
34-terms presented here is the same as in our three-jet
calculations [20]. Otherwise the parts of phase space
over which the terms are integrated would not sum
up to the total phase space. One would not be able
to reconstruct the total cross section.

Of course it is still possible to take advantage of
the symmetries of the integration regions. For in-
stance the region (y,3, <) is symmetrical under 34
exchange. So the term y,,/y5 ¥134 Will yield the same
as y,,/V14 V134 in this region etc. Note however that
the region (y;34<y) has no (12, 3 4)symmetry.
This is the reason, why the first three terms of (8.25)
cannot be interpreted as y;,/2¥;3 Vz4 V34, although
they have been constructed out of this by partial frac-
tioning:
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ﬁy—z:+(1ﬁz)+(3«»4)+(1ez, 3erd)
_ Y12
 2¥34(V13+ V3a) (V20 Y3a)

Y12

+
V1313 +¥34) V24 +13)

Y12
Viz+¥24) W13+ V34) V24 +V34)

N

+(1e2)+Bed)+(1o2, 3e4)., (8.27)

Most of the integrals in (8.24), (8.25) and (8.26)
are standard by now. Because of the appearance of
¥a4 in the denominator one should work either in
a 34-system or in a 13-system, where y3, =(V134— V13)
(1—v) is simple. In this way the #'-integral can be
made trivial in all cases. The integrals are then typi-
cally of the form

1
I(k> l: m, n, d, b)= j dJ’123 yli'z‘aZE(l _y123)l_S
o]
1
'j'dzz"'f's(l—z)"_E
0

1
fdvv* (1 —v)P e
0

(I1-v(l—zyy33)” !

k,n,a=0,1,2,....,Lmb=-1,0,1, .... (8.28)
Ways to integrate (8.28) have been described in [24].
So instead of giving further details let us present the
final result for the N -term, the analogue of equations
(8.19) and (8.20):

1 23 (23 3
PF___~ . 2
F _284+1283+<36 2C2>/8

4033 1

4 19
+1n3y(;+—)—— In*y (8.29)

4

Z =~y In*y+ 4 Iny 162 Iny

—10.4 In y+51.29. (8.30)
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Fig. 9. Two jet cross section of the singular approach as a function
of y in units of g4 for a,=0.12. O(a?) is according to equations
(7.2-5). O(a) is the exact lowest order result including all non-lead-
ing terms in y and “exponentiated” is according to (7.7-10)

The contribution —4(0.28 — 1.47 In y) is also included
in (8.29) and (8.30).

The most prominent change in Z§F as compared
to Z3 is the appearance of a In* y-term although with
a rather small coefficient. This makes it impossible
to exponentiate the partial fractioned result. We can
see from Fig. 9 that exponentiation is important for
y<0.01. (x,=0.12). Therefore for physical applica-
tions our final result is useful only in the region
0.02<y<0.05. This conclusion is supported by the
fact that for y <0.01 our physical two-jet cross section
is smaller than 1 of the O(a,) Sterman-Weinberg re-
sult (see Sect. 9). Perturbation theory breaks down
in that region. For higher values of o, perturbation
theory breaks down already for higher values of y.

The origin of the additional In*y-term lies in the
different treatment of the term (8.27) in the two ap-
proaches. So let us compare them: In the full singular
approach the left hand side of (8.27) was integrated
over the region

(V134 <Y+ 132>V, Y234<Y)

T (V13 <Y Y24 <V ¥134>); V234> Y)

+V1a <V Y23 <V, V134>V, V234> Vs
Y13>Y O ya>Y).

This is just the sum of the phase space regions (6.24)
and (6.7) written differently (see appendix A). It was
shown that the last two regions in this expression
do not contribute to the N-term. However, for the
PF approach the region (y,3 <Y, ¥24<Y, V134>)) 18
essential (at least for the 13-terms). It even contributes
to the singularities. In the singular approach, how-
ever, the N-terms coming from the contribution of
type B) and C), as defined in Sect. 6, compensate each
other in the region (y13<¥, Y24 <J, Y134>Y). The re-



G. Kramer and B. Lampe: Two-Jet Cross Section in e* e~ Annihilation

519

Table 4. O(x?) corrections to the two-jet cross section in various schemes. The normalization of these corrections is as in (7.2). Also
given are the two-jet multiplicities in O(a) and in O(x?) for the various schemes for a,=0.12

y z3=2F >  Z} ze zp zy zy g my(a)  m3 m5* mgh>e
0.05 27.00 30.03 1749 —4850 —1091 — 5606 — 6497 —104.12 0789 0762  0.708 0.670
0.04 36.20 38.87 3147 —4244 — 176 — 80.14 — 9510 —133.88 0739  0.696  0.629 0.594
0.02 74(14) 7585 12127 2070 6522 —17944 —21890 —25514 0551 0466 0348 0322
0.01 128.28 129.39  317.57 187.16 24046  —32144 —39595 —430.33 0.315 0214  0.0285 0.012
gion (y134>Y, ¥234 <), y13>y) (for the y,s-term) Ty jet 1Ot dg=12
which gives finite contributions is left out here. It is | | , | |
included in our calculation of the 3- and 4-jet cross
section and appears there as a finite contribution to 100%- ]
02 —jer [20].

In summary the singular terms proportional to 80%l-
&”" in the two approaches are quite distinct in inter-
mediate steps, but agree in the sums (8.19) and (8.29). 60%
The finite terms are different however.

40%
9. Results and Conclusions 20%i
With (8.20) and (8.30) we have obtained the two-jet ! I I !
cross section in the PF-scheme (cf. (7.2) and remember ) 001 00z 003 004 005 y
that the Tp-term is the same for both methods). How-
ever, this is not a physical cross section. Some finite
two-jet contributions have not been treated here (e.g. Oy jet ! Tiot
(¥12 <V, y34<¥). Instead they have been called three- T ] I T
and four-jet temporarily in our paper [20]). This is 100% |
correct for the reconstruction of the total cross sec-
tion, if only every contribution is counted exactly
. . . 80%]|- -

once. To get the physical two-jet cross section one ag=16
should disentangie those finite contributions from the
three- and four-jet numbers. This way one gets the 60%|- N
exact physical three- and four-jet cross sections. Sub-
tracting them from the total cross section (7.11) one 4L0%- —
is led to the exact physical two-jet cross section. This
all has been done numerically in [20]. Here we only 20%} _
quote the numbers for the physical values of
Zy, Zc, Zy (cf. (7.2)) and compare them to the corre- ! ! |
sponding values obtained with the singular approach b) 001 002 003 004 005y

and PF approach respectively (Table 4). We give these
numbers only in the region* 0.01 < y<0.05. From Ta-
ble 4 one concludes that the O(a2) corrections differ
in the two schemes.

In Table 4 m3, m5F and m5s are the two-jet mul-
tiplicities in the singular, partial fractioned and physi-
cal scheme. One gets them by dividing by the total
cross section of (7.11). For m,(x) we have divided
by 0,(1+ay/7). In the physical two-jet multiplicities
m5™* all order y corrections are included, especially
corrections of order y-«, (see Table 1). In the PF and

* cf. the discussion at the end of Sect. 8

Fig. 10. a Comparison of the two jet multiplicities in the various
approaches for o, =0.12. O{x) is the lowest order result according
to (2.5). “Sing” is the result of the singular approach (7.2-5), “PF”
is the result of the partial fractioned approach equations (7.2), (7.4),
(8.20) and (8.30) and “phys” is the final physical result of [20];
b. physical two jet multiplicities for various couplings «,=0.12, 0.14,
0.16 and 0.18

singular multiplicities m5¥ and m5 they are not in-
cluded. We worked with o,=0.12. The numbers are
drawn in Fig. 10a.
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Table 5. Physical values for the two-, three- and four-jet multiplici-
ties according to [20] for a;,=0.12. For comparison we have also
included the numbers one receives in O{a) including the O(y) correc-
tions of Taples 1a and b

y my (o) m3 (%) my M3 | M

0.05 0.789 0.211 0.670 0.326 0.005
0.04 0.739 0.261 0.594 0.397 0.009
0.02 0.551 0.449 0.322 0.637 0.041
0.01 0.315 0.685 0.012 0.871 0.117

From Fig. 10a we conclude that the PF and physi-
cal results give a larger correction to the Sterman-
Weinberg formula than does the singular result. This
feature already appeared on the level of differential
three-jet cross sections and gave rise to some discus-
sion [7, 9] there. For the three-jet case we have re-
solved it in [20].

As a sort of summary in Table 5 we have given
the physical results for the two-, three- and four-jet
multiplicities as given in [20]. As noted in [20], an
abelian theory (N?*'=0, Tz*'=3-n,, C¥"'=1 [29])
would lead to quite distinct results, because the
N-contributions are large in the case of QCD. For
the abelian version of the theory in the MS-scheme
and with the g%-scale in &, no value of «, exists, such
that my > 5% at y=0.05, which is a strong contradic-
tion to experimental results (see [29] for a discussion).

Let us repeat that with the PF values of Table
4 the total cross section can be reconstructed, if one
adds the results of the PF three- and four-jet cross
sections [20] and goes to the limit of small y (y
<1073). In this sense the numbers in Table 4 are
cross checked. In Fig. 10b also the «, dependence
of our physical result is shown. The coupling con-
stants used are 0.12, 0.14, 0.16 and 0.18, which corre-
sponds to Ayg=286, 215, 420 and 710 MeV at ¢*
=34 GeV, respectively. We see that a measurement
of the two-jet rate with an error less than 10% would
determine Aygg quite accurately.

Thus the two-jet cross section is a possibility to
test the structure of higher order QCD matrix ele-
ments. After having done a cluster analysis of the
hadronic final states it should be possible to obtain
two-jet multiplicities in a range of cuts between
y=0.01 and y=0.1 and so check via the y-dependence
our higher order QCD calculations and to determine
Ays.

Appendix A

Two Jet Phase Space for Symmetrical Matrix
Elements

We want to derive the equations (6.7) and (6.24) of
the full dressing approach.
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In the following we denote by ( ) subsets of four
particle phase space which are thought to operate
on the matrix elements (with the appropriate n-di-
mensional integration measure).

In the singular approach the integrand is symmet-
rical in (12), 34) and (12, 34).

Originally the two-jet region is
RS e =(y134 <)+ (V234 <> V132>Y)
+(V13<Y, Y24 <Vs V134>, V234> )
+(14<Y; Y23 <Vs V134> Y5 ¥234>))

—(V14<Y; Y23 <V, Y13 <V, Y24 <V, Y134> Y, V234> ))-
A

Here the last region gives an order y contribution
for every term in the matrix clement. So we leave
it out. Using the (1 < 2)-symmetry we find

RS jee=2(1134<Y)~ (V134 <Vs Y234 <)

+2(013<V, Y24<¥, V132>, V23a>))-  (A2)

Now one has

V13<Y¥ Y24 <Y V134>, Y234>))
=(13<Y, Y24 <¥ V134> )

—(V13<Y, V134> V234 <Y) (A.3)

because y, 34 <y implies y,q <.
Also

V13<V, V134> Vs Y234 <V)

=(V134 <P Y24 <V = (V134 <> Y234 <Y) (A4)

because of (1<2,3<4) symmetry and because

V234 <y implies y,, < y. Inserting (A.3) and (A.4) into

(A.2) one gets

RS e =2y13<V; Y24 <), V134>Y)
20134 <Y =2(y134 <P, Y24 <))
+ (V134 <P Y234<Y)

which is the content of (6.7) and (6.24).

(A.5)

Appendix B

Phase Space Formulas

The phase space for j massless state particles in »
dimensions is

PSO=(2my "D [ Id"p;5* (p7)

o (q — é} pi). (B.1)
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For j=3 and g>-channel processes it can be fully ex-
pressed by the invariants y, 5, y,3:

PS(3)_ q2(4n/q2)25 1

12873 (2—2¢) ({ 4yys yid

1-yi3

j dyr3y25(1=y13—y23) " (B.2)
0

For j=4 two angle variables 6, § are needed. They
are defined as follows. One chooses a system, where
p: +p3=0 and where p, | e, [7]

pi=%3)/s13(1, ..., sin 8 cos &, cos §) (B.3)

p =103 g0, 1), (BA)
21/ 813

ps=3%)/s13(1, ..., —sin @ cos &, —cos 0), (B.5)

Pa=—213% (1, ..., sin B, cos f). (B.6)

21/513
Setting v=1 (1 —cos 6) one gets
20487 I'(2—2¢) I'(1—e)
f AY123dy1344y13V134 V123 —V13)"°

Wis+t1=Yi23—= V134 ¥13O0(¥13)
“OY134Y123—Y13) O3+ 1—y130—V123)

1 . -, = 40
‘gdvu (1—v) IF

o '

sin~ 2. (B.7)
Ny =2%*nI(1—2¢)/T'*(1—¢) is the normalization of
the §'-integration. For integrations over full of phase

space a representation of PS¥ is useful, where all
integrations are between 0 and 1:

q*(4n/q*)*

@ _
PS 2048n° I'(2—2¢) I'(1—¢)

1 1

: 5 dylam,}’%;ctza(l_3’134)2_38y"jksl_zs(l—s)_8

0 0

1

'J‘dzzﬁs(l—Z)~*2(1_2J7134)_2+2*S

o

1

fdvvH(1—v)"

0

ﬂdel

. sin~2:¢. B.S

J N, (B.8)
Here z=y3/(y13a¥123) and s=y53(1—zy34)/

(1—y134)- The invariants y;; may be expressed with
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the help of variables appearing in (B.8):
Vi2=(1—y134) s, (B.9)
V23=(1~y134)s(1—v), (B.10)
Via=Y13a(1—2y123) (1 —y)+7(1—0)
—2cosé |/v(1~v)y(1—y)), (B.11)
V3a=Yi13a(l=2y123) (1 —v) (1 —y)+vy
+2cosb' |/v(1—0v)y(1—7y), (B.12)
V2a=(1—=y134)(1—5), (B.13)

where y:=zy,./(1 —2y123) (1 —2y134)).

In the main text we are concentrating on the re-
gion y;3,<y. There the invariants may be approxi-
mated by

Y12=V1230; (B.14)
V23 =Yy123(1-0), (B.15)
V2a=1—y123, (B.16)
V1a=Y134(0(1—2)+z(1—0) y,4
—2cos 0 /(1 —0) 2(1—2) y,4), (B.17)
V3a=Y134(1 —0) (1 =2)+vzys4
+2cos 0 [/ v(1—v) z(1—2) y,a). (B.18)
The phase space in this limit is
q*(4n/q*)> 1 _
4) 1-2¢
B = a8 T =20 T =) Ofdywm
1
',(d)’24}’2_zf(1*h4)1_2£
0
1 1
. I dzz7*(1—2z)~¢ j dvv™ ¥ (1—v)~*
0 0
T4
. in 280
3" N, sin~%°f, (B.19)

If one exchanges the role of particles 2 and 4 in (B.7)
and evaluates the limit y, 5, —0 one gets back (B.19).
However, v now has a different meaning and the
structure of the invariants differ from (B.14)+B.18)
(apart from 2«4 interchange):

Y1a=Y13a(1—2y123) 0, (B.20)
V3a=Yi3a(l—2zy153) (1 —v), (B.21)
Yaa=1—Yy123. (B.22)
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Via= 2B (o1 —2)+2(1 1) y2a
12 1—-zyi,3
—2cos @' |/v(1—1) z(1—2) y2a). (B.23)
_ Y123 _ N
)’23**1_”}123((1 v)(1—z)+2z0y2,
+2cos @' )/v(1—0) z(1 —2) y,a). (B.24)
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